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Abstract: Recent experiments suggest that the human genome (all of our DNA) is organised as
a so-called fractal globule. The fractal globule is a knot–free dense polymer that easily folds and
unfolds any genomic locus, for example a group of nearby genes. Proteins often need to locate
specific target sites on the DNA, for instance to activate a gene. To understand how proteins move
through the DNA polymer, we simulate diffusion of particles through a fractal globule. The fractal
globule was generated on a cubic lattice as spheres connected by cylinders. With the structure in
place, we simulate particle diffusion and measure how their mean squared displacement (〈R2(t)〉)
grows as function of time t for different particle radii. This quantity allows us to better understand
how the three dimensional structure of DNA affects the protein’s motion. From our simulations we
found that 〈R2(t)/t〉 is a decaying function when the particle is sufficiently large. This means that
the particles diffuse slower than if they were free. Assuming that 〈R2(t)〉 ∝ tα for long times, we
calculated the growth exponent α as a function of particle radius rp. When rp is small compared to
the average distance between two polymer segments d, we find that α ≈ 1. This means the polymer
network does not affect the particle’s motion. However, in the opposite limit rp ∼ d we find that
α < 1 which means that the polymer strongly slows down the particle’s motion. This behaviour is
indicative of sub-diffusive dynamics and has potentially far reaching consequences for target finding
processes and biochemical reactions in the cell.
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1 Introduction

The nucleus inside our cells is a cramped and busy place. It houses all of our DNA that is constantly
being worked on and modified by different bio molecules. They perform the work necessary for it
to fulfill its function as our hereditary material. Everything from preserving genetic integrity to
transcription and duplication is handled by a whole ensemble of molecules working together. The
molecules are as numerous as they are diverse but share a common challenge which is to locate
specific targets where they fulfill their function. Their primary mechanism of movement is through
Brownian motion, but the speed with which they are able to find their targets is faster than one
would expect from free diffusion in generic polymer structures1, such as the equilibrium globule2 [1].
How they are able to do this is still an open question. In order to begin to answer it one would first
have to know something about the spatial arrangement of DNA, also an area of ongoing research.

The problem of DNA packing is not trivial. The human cell nucleus has a diameter of around 10µm
and houses roughly 2m of DNA. This is comparable to storing 2000 km of sewing thread into a
normal sized car. Just like the thread would turn into a tangled mess if simply crammed into the
car so would the DNA chain in the nucleus. Since such a packing wouldn’t be conducive to human
cell life one should expect the DNA to form some higher order structure, keeping it densely packed
and relatively free of knots. In recent years evidence has been acquired in support of a structure
called the Fractal Globule, discussed further in section 2.1. Quickly summarized it is a polymer
model of DNA with the properties of being densely packed, knot-free with regional clumping, see
figure 1.

In the context of using the Fractal Globule as a model for DNA packing we want to look at
how it affects the trajectories of molecules as they diffuse in the open spaces within the globule.
Specifically we want to relate how the Mean Square Displacement (MSD) of molecules is impacted
by their molecular size. The MSD is a measure which tells us the average volume "searched" by an
ensemble of diffusing particles. While we will go into more detail in the theory section we want to
briefly mention now that the MSD has a parameter α which tells us to what degree the particles are
restricted in their search. If α = 1 the particle is not restricted at all and undergoes free diffusion.
An example of this would be a grain of pollen suspended in a stationary fluid. An α < 1 is indication
of sub-diffusion and implies that the particles are greatly obstructed by their surroundings in a non
trivial manner. An example of this would be dirt particles diffusing through porous soil. The main
result of this study is a plot relating the MSD exponent α to the radii of the molecules.

Much has been written about the intricacies of the fractal globule [2] as well as on diffusion in
different types of porous media [3] but there seems to be relatively little in the literature specifically
about particles diffusing in the fractal globule. Only one publication was found in Web of Science
database on facilitated diffusion [4] and it did not cover the relation between particle size to Mean
Squared Displacement.

2 Theory

Here we will give an overview of what the Fractal Globule is, as well as provide an overview of what
we know of how DNA is packed in the cell nucleus. Next we will go through the model used to
simulate diffusion, what we want to measure and how to interpret the data.

1A polymer is a molecular chain consisting mainly of a repeating set of similar units called monomers.
2The equilibrium globule is a high entropy arrangement of a polymer confined in a small space, such as a pair of

pocketed headphones (see figure 1).

jakob.hariz@gmail.com 1 October 5, 2016



Particle Diffusion in Fractal Globules 2 Theory

Figure 1: Representation of the equilibrium globule and the fractal globule. Regions of the same
colours are close together along the coil. Notice the ordered regions of the fractal globule compared
to the equlibrium globule. Image taken from tech.mit.edu.

2.1 Fractal Globule

The Fractal Globule (FG) was first published in 1988 by Grosberg et al as a polymer model for the
spatial arrangement of DNA inside the nucleus of human cells. Before providing an overview of the
properties of the FG we want to put it into context by giving some background on what we know
of how DNA is packed.

The total human genome is made up of around 109 base pairs arranged into the famous double
helix and consists of 23 separate chromosome pairs. It does not sit around naked in the nucleus
however, but is coiled around disc-shaped proteins called histones. The histones are linked together
by scaffolding protein like beads on a string and form a 10nm fibre called chromatin. Although
larger hierarchies are theorized to exist nothing is conclusively known until the level of the individual
chromosomes. The majority of the cell’s life is spent in what is called the interphase where the
chromosomes are arranged into blobs conducive to molecular access. This is the period in the cell’s
life when it absorbs and metabolizes nutrients, copies its genetic material and prepares for cell
division. During cell division (or metaphase) the chromosomes are tightly packed into the famous
X-shape before they split in two [5]. For a visualization of this see figure 2.

The Fractal Globule is a polymer model of the interphase chromatin fibre. It is generally formed
by collapsing a polymer under the constraint of non self intersection [2], [6]. Local clumps form
everywhere on the polymer which forms an effectively thicker sort of polymer. This polymer crum-
ples further in the same manner to an even thicker fibre and so on3. The end result is a densely
packed structure that is free from knots. It also displays local clumps on all size scales making it
self-similar which is a key property of fractal curves (hence its name) [2].

The following properties of the FG are considered conducive to the functions required of the chro-
matin fibre.

• It is space filling which coupled with the low volume of DNA means that it can fit into a small
region, such as the nucleus of a cell.

• It has a simple mechanism of formation in the sense that it is not unreasonable that conden-
sation of a polymer could occur in the cell nucleus.

3It was originally named the Crumpled Globule but is more recently known as the Fractal Globule.
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Figure 2: Structural organization of DNA at different cell stages and size scales.
(Top) The double helix structure is at its lowest scale connected like beads on a string around
disc-like proteins called histones. The image is made by wikipedia contributer Zephyris.
(Lower Left) The chromosomes during the interphase are shaped like blobs and clumped together
in the cell nucleus. At this stage it is theorized to be arranged into a Fractal Globule. It is imaged us-
ing fluorescence in situ hybridization (FISH) and the image was taken from http://www.nature.com.
(Lower Left) In the metaphase the chromosomes are ordered into the famous x-shape. Imaged
using light microscopy by PD Dr Steffen Dietzel, researcher at LMU Muchen.
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• Copying and transcription is much easier for a knot free state than a tangled state as knots
hamper folding and unfolding processes.

• Having local regions on all size scales carries two important properties.

– Sites located close along the chain have a high probability of being close together in space.
This could make communication between neighbouring genes faster than for example an
equilibrium globule4 [2]. For larger size scales this takes the expression of different regions
sharing a high surface area with each other, putting areas which are further away along
the chain closer together in space, again making communication easier.

– The local clumps are conducive to the folding and unfolding of genetic loci observed to
occur in chromosomes [7].

These properties gave the FG a foothold as a potential candidate for the spatial packing of DNA.
Recently it has also received some experimental evidence in a landmark paper by Aiden et al [6].
Using a method called Hi-C they managed to map the contact probability between DNA segments.
They found that segments located close along the chromatin fibre had a high probability of being
close in space as well. The relation drops off proportional to P (s) ∝ s−κ with κ measured to be
close to one above the 0.5 mega base pair scale. This is consistent with the looping probability
calculated for the FG [2]. The paper by Aiden et al also showed the existence of structure to the
chromatin fibre which could not be explained by the FG alone, so we know that it is not the whole
story. The FG however is still a good contender for the large scale packing of interphase chromatin
fibre.

2.2 Diffusion

Diffusion is a process where particles being subjected to random forces are spread from regions
of high density to regions of low density. This is a fundamental process present in many physical
systems such as heat transfer or chemical mixing. It is the main mode of transportation for molecules
in the cell nucleus. Next we will explain how the Mean Square Displacement can characterize the
diffusion process and cover the Langevin equation which will be used to simulate it.

2.2.1 Mean Squared Displacement

We want to calculate the Mean Squared Displacement (MSD) of particles diffusing in a Fractal
Globule. As can be gathered from its name it is defined as

〈R2〉 = 〈|r(t)− r(t0)|2〉 (1)

where r(t) is the position of the particle at time t. It can be related to the average distance a
particle will travel in the time interval t− t0. The MSD can then be related to the average volume
explored by an ensemble of particles.

The general formula for the MSD is

〈R2〉 = K(t− t0)α, (2)

whereK and α are parameters depending on the environment in which the particle is moving. When
plotting the MSD vs time it is usually done with logarithmic axis so that α will be represented by

4See figure 1 for a visualization of the equilibrium globule.
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the slope of the plotted line, (log(〈R2〉) = α log(t) + log(K)). K is a generalized diffusion constant
while α tells us more about the surrounding medium. To better understand the meaning of α we
will describe a few different scenarios and see how the resulting MSD plot would look. See figure 3
for a visualization of the different scenarios. Henceforth when referencing the particle we are talking
about the average behaviour of a large ensemble of non-interacting particles.

For free diffusion, such as a mote of dust suspended in a liquid, K and α remain constants with
K = 6D and α = 1 for all timescales, showing no sign of a surrounding structure. The plot will be
a straight line as seen in top left plot in figure 3.

Next we think of a particle diffusing in two dimensions surrounded by a square grid with small
openings on the walls between the boxes, see top right plot in figure 3. This plot will have different
regimes for small, intermediate and long time scales. Each regime describes the behaviour of the
particle during those time scales. Starting at time equal to zero the particle will undergo free
diffusion. It is ignorant of the surrounding structure as not enough time has passed for it to come
into contact with the walls. In this regime α will be equal to one, same as for the dust mote in the
previous example. After enough time has passed it starts to feel the edges of the box and the plot
will flatten out. In this regime α is equal to zero signaling that the particle is confined to a finite
space. The width of this region depends on the size of the opening between the squares. Eventually
the particle will find the openings and move into the next square. Here we start to observe the
asymptotic behaviour of the particle as it moves between multiple squares. At these long time
scales the only impact of the grid is to lower the effective outward speed of the particle and thereby
the diffusion constant. Thus α resume a value of one signaling that the particle is undergoing free
diffusion again.

If the asymptotic behaviour of the plot is less than one it means the particle may be undergoing
sub-diffusive behaviour. This means that the particle’s movement is greatly restricted by its sur-
roundings in some complicated way. We will visualize such a system by looking at one dimensional
diffusion. The experiment is from the paper Comb model with slow and ultraslow diffusion (2016)
[8]. Imagine a particle diffusing on a line along the x-direction. On each length unit extrudes a ray
going up the y-direction perpendicular to the x-axis producing a comb-like structure. When the
particle encounters such a ray it can start diffusing up along it. If it ever comes back to the base of
the ray it starts diffusing along the x-direction again. The particle can spend a long time (possibly
infinite) on the teeth of the comb before it comes back again. As MSD is measured only along the
x-axis any time spent sub-diffusing will not count towards 〈R2〉. The MSD of this system will have
α lower than one.

Sub-diffusion may also be an indication of weak ergodicity breaking [WEB]. One feature of WEB
is that the ensemble average of a process no longer is the same as the time average. An ergodic
process is one where they are equal which makes intuitive sense. Tossing 1000 different coins should
be the same as tossing one coin 1000 times. Another process relevant to us is free diffusion where
the measured trajectory of 1000 particles should average to the same as 1000 measures of the same
particle. In a process showing signs of WEB, in other words not free diffusion, this would no longer
be true and would mean that certain particles are less likely to visit some locations as others.

The take home message of sub-diffusion is that systems which produce them are complex and often
cannot be described in a simple way. Sub-diffusion has been observed to occur in the cytoplasm
of yeast and E. coli [9] [10] and our hypothesis is that sub-diffusion will be present in the Fractal
Globule as well.
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Figure 3: Exaggerated representations of log(R2) vs log(t) for different types of diffusion.
(Upper Left) MSD of free diffusion, the slope is one.
(Upper Right) MSD of diffusion in a connected grid. Region 1 shows the intra grid diffusion
which is effectively free diffusion on time spans lower than it takes for the particle to come into
contact with the walls. Region 2 shows the diffusion within a grid and spans the time it takes the
particle to find its way out of the box. Region 3 shows how free diffusion is resumed on timespans
larger than it takes the particle to move between grids.
(Lower Left) The comb like structure of a one dimensional sub-diffusion experiment. The particle
can diffuse along the x-axis until it encounters a vertical tooth and start diffusing up along it. Since
it may spend a long time sub-diffusing along a tooth the asymptotic MSD measured along the x-axis
will have a slope lower than one as shown in the lower right image.
(Lower Right) The MSD for the 1D comb structure seen in the lower left figure.
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2.2.2 Langevin Equation

Inside the nucleus of human cells viscous forces dominate, having a low Reynold’s number. We
model the Brownian motion of molecules using an over damped version of the Langevin equation.
The original Langevin equation is

m
d2x

dt2
= −β dx

dt
+ R(t) + f(x).

By letting the particle mass m go to zero and the drag coefficient β go to one we get

dx

dt
= R(t) + f(x), (3)

where x = x(t) is the position of the particle, f(x) is an external force and R is a random force
assumed to be Gaussian where < R(t) >= 0̄ and < R(t)R(t′) >= 2Dδ(t− t′).

To get the update scheme we first integrate the force from time t to t+ ∆t∫ t+∆t

t

dx(t′)

dt
dt′ =

∫ t+∆t

t

R(t′)dt′ −
∫ t+∆t

t

f(x(t′))dt′.

Assuming ∆t is small we Taylor expand to first order to get the update scheme

x(t+ ∆t) ≈ x(t) + σ(t)W(t) + ∆tf(x(t)). (4)

Here W(t) is a probability distribution function belonging to N(0, 1) in each direction, that is
W(t) = [N(0, 1), N(0, 1), N(0, 1)]. σ(t) =

√
2D∆t where the diffusion constant D(rp) is propor-

tional to one divided by particle radius rp. In our case D is chosen such that D(rp) ≡ 1 when rp is
0.01 units of length.

The external force f(x) is the interaction between the particle and the surrounding structure which
will be modelled as a spring force

f(xp) = −kxpn̂, (5)

where xp is the penetration depth of the particle with the fractal globule, k is the spring stiffness
and n̂. is a unit vector pointing radially out from intersection. In our case k is chosen such that
the average size of the spring force f(xp) is approximately 1.2 times the size of the sthocastic force
R(t).

One simplification we have made is to not account for molecular crowding. In reality the cell nucleus
is a crowded place with lots of different molecules moving around and interacting with each other.
For simplicity we will restrict our focus to a single molecule at a time.

3 Method

Here we will cover key components of the simulation program such as the generation of the fractal
globule, how to handle automatic selection of periodic boundaries and the collision detection.
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Figure 4: Figure and text from the paper Anomalous diffusion in fractal globules [1]. (A) On the
next step the probabilities of choosing steps 3 and 5 are large compared to steps 1 and 4, P4 = P1;
P3 = (1 + 2A)P1 = 20001P1, P5 = (1 + A)P1 = 10001P1, probabilities of steps 2 and 6 are
proportional to ε and are essentially zero; (B) trapped configuration: weights of all possible steps
equal ε and are equiprobable.

3.1 Building the Fractal Globule

The most common ways of generating fractal globules fall into the class of dynamic polymer gen-
eration algorithms5 by collapsing a polymer either through the use of Monte Carlo methods or
mechanical simulations (for example via a Lennard Jones potential). We employ a static algo-
rithm6 published in 2014 [1] for constructing our FG. It is a modified version of the biased sampling
method7 on a cubic lattice where the bias is skewed such that the chain will hug itself. The specific
algorithm is given below.
On a cubic lattice:

1. Start at some site and label it as occupied.

2. For each of the neighbouring sites:

(a) If the site is unoccupied : Calculate how many occupied neighbours it has and give that
site a weight of W = (1 +A×#OccupiedNeighbours) where A = 104.

(b) If the site is occupied : Give that site a weight of W = ε where ε = 10−5.

3. Let the weights of the 6 directions form a discrete probability distribution and choose from it
the next step.

4. Repeat from step 2 until the desired length is reached.

This produces a self avoiding walk which is biased to hug itself. See figure 4 for a visualization of
the algorithm and figure 5 for an example of a 100 steps chain.

5Dynamic algorithms means that one starts with a pre-made polymer of some sort and modify it to the desired
state [11].

6Static algorithms grow chains from scratch into its final form.
7The biased sampling method is a static algorithm for generating a self avoiding walk.
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Figure 5: A generated fractal globule with 100 steps. The line below is the unraveled coil. Notice
how the openings between the monomers in some places form into intertwined corridors. This can
be seen in the upper left part of the globule between the red and green chain segments. Particles
that are too big to fit between two neighbouring chain segments should be able to move along these
corridors.

In order to approximate an "infinitely large" curve we use periodic boundaries. That means that
we will generate a globule of finite size and crop out a dense region. If the particle should pass over
the edge of the cropped region we will move the particle to the opposite side preventing it from
escaping. As we generate up around 10000 globules per simulation we must choose our boundaries
in an automated fashion. They must be large enough to be representative of the whole curve while
still remaining space filling. Since the curve is stochastic there is nothing stopping it from becoming
concave, S-shaped or in any way organize itself such that it does not play nice with rectangular
boundaries.

The boundary selecting algorithm starts with a rectangle encompassing the whole polymer. The
total density of the enclosed volume and its six faces are calculated. The face with the lowest density
is then removed, reducing the volume and increasing the enclosed density. We proceed to shave
off the the faces with the lowest density one by one until the internal density is higher than some
desired value. See figure 6 for an example of how the globule looks before the shaving compared
with after.

If a particle crosses the boundary there must be continuity between opposite sides. If a chain is
jutting out of the left it must be joined on the right. Figure 7 shows different options for obtaining
boundary continuity. We chose option three in the figure as it was the simplest one to implement.

3.2 Collision Detection

Our system is composed of a diffusing molecule represented by a sphere and a fractal globule made
up of spheres linked together by cylinders. From now on we refer to the molecule as a particle
and the globule as a chain made up of links. Each link consists of a Sphere-Cylinder pair. The
whole chain is made up of N links which together with the particle give a total of 2N collidable
geometries.8 Since the chain is static we don’t need it to check for collisions with itself after it is
created. For a naive collision detection algorithm we would need to make 2N − 1 checks every time
step. With N on the order of 104 we need to do better.

8The last link consists only of a single sphere so 2N − 1 geometries for the chain plus 1 for the particle.
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Figure 6: A visualization of the boundary creation process.
(Top) A 500 monomer globule before the boundary has been cut out.
(Bottom) The globule from the top image after the boundary has been cut with a density of 0.9.
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Figure 7: Three ways of achieving continuity across a given boundary. Option one works by joining
opposite segments where they are crossing over the boundary and mirroring the stumps if there is
room (see lower right corner in option one). Option two works the same as option one but cuts off
any stumps if they can’t be joined on the opposite side. Option three simply removes all segments
crossing the boundary. We chose option 3.

Collision detection is generally split up in two stages, broad phase and narrow phase. Broad phase
collision detection uses a fast imprecise method to quickly sort out impossible collisions while narrow
phase does more costly checks to resolve actual collisions among the few remaining candidates. Even
though we only deal with spheres and cylinders the section on broad phase detection is valid for all
types of geometries.

3.2.1 Broad Phase

First we want to introduce the concept of a bounding volume. Bounding volumes are simple
geometries (usually spheres or rectangles) used to fit around other more complicated geometries
in order to perform easy collision checking. We will make use of what is called an Axis Aligned
Bounding Box or AABB. An AABB is just a rectangle which is always aligned to the coordinate
axis, see the left image in figure 8. In this section we don’t care about the specific geometries, we
only care about the AABB associated with them.

There are many ways to implement a broad phase collision detection system. Which one to choose
depends entirely on the density, spread and shape of the geometries and if there are any constraints
governing their movements. For example systems which contain constraints such as hinges or
skeletal movement may use tree-based data structures. Since our chain is static with a roughly even
distribution of spheres and cylinders we use a grid based system called a collision grid.

The collision grid works by dividing the world into a grid of boxes. Each box keeps track of all
geometries that exist within it. See the right image in figure 8 for an example. Every time the
diffusing particles position is updated we will check which boxes it overlaps with and perform narrow
phase collision detection on only those.

The collision grid is basically just a discretized version of the world coordinate system. Each point
in grid space represents a box in the world space. The filling of boxes with geometries is thus only
a matter of transforming the geometries from world space to grid space. The grid space is defined
to be the positive integers on the x,y and z axis.

We will make use of some definitions specific to this subsection and they are as follows:

• An AABB is defined by two points G = {gmin,gmax}, where gmin holds the lowest values
along each coordinate axis and gmax holds the highest values along the coordinate axis.
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Figure 8: Structures relevant for the broad phase collision detection algorithm.
(Left) An axis aligned bounding box containing a friendly lion.
(Right) A grid based Broad Phase collision detection data structure. The sphere is overlapping
box 2 and 4. Any other object not intersecting those boxes will have no possibility of intersecting
the sphere.

• A mathematical operation on G means doing it on each point individually. For example
G/d = {gmin/d,gi,max/d}.

• All operators on points are applied element wise, for example p/d = [px/dx, py/dy, pz/dz].

• A Group of AABBs is denoted by cursive letters: G = {G1.G2, G3, . . . , GN}.

• Amathematical operation on G is done on each AABB in turn. G/d = {G1/d, G2/d, . . . , GN/d}

• Normal letters refer to world space, letters with bars over them refer to grid-space. For
example G is an AABB in world space and Ḡ is the same AABB in grid-space.

The creation of the grid needs two inputs: the box size d = [dx, dy, dz] and a group of AABB’s
G = {G1, G1, . . . , GN}. d should preferably be slightly larger than the average AABB in G.

The first step in creating the collision grid is to construct a spanning AABB S containing all of G.
S is then used to map G from world space to grid space with the following equation:

Ḡ = f(G,d, S) =

{
floor

(
gi,min − smin

d

)
, roof

(
gi,max − smin

d

)}
. (6)

We use floor and roof since in grid space we don’t care about where inside the box something is. S
is also moved to grid space: S̄ = f(S,d, S).

Our implementation of the collision grid will use a table to store the geometries position in grid
space. Each point p̄k satisfying 

ḡx,i,min ≤ p̄x,k < ḡx,i,max

ḡy,i,min ≤ p̄y,k < ḡy,i,max

ḡz,i,min ≤ p̄z,k < ḡz,i,max

(7)

for an AABB Ḡi is a unique box intersected by Ḡi. The AABB is then mapped to the table using:

m(p̄k, s̄i,max)i = p̄x,k + s̄x,i,maxp̄y,k + s̄x,i,maxs̄y,i,maxp̄z,k, (8)

for all points p̄k related to Ḡi.
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Let us clear this up with an example: Let our grid size be d = [4, 4, 4] and let G be the AABBs of
two spheres with centers at c1 = [−4,−8, 5] and c2 = [3, 5, 4] both with radii r ≡ r1 = r2 = 2. The
AABB for the two individual spheres are then:

G = {G1, G2} =
{
{g1,min,g1,max}, {g2,min,g2,max}

}
=
{
{c1 − r, c1 + r}, {c2 − r, c2 + r

}}
=
{
{[−6,−10, 3], [−2,−6, 7]}, {[1, 3, 2], [5, 7, 6]}}

The spanning AABB S containing all of G is created by taking the highest and lowest values along
each axis in G:

S = {smin, smax} = {[−6,−10, 2], [5, 7, 7]}.

Using equation (6) we map G and S into grid space:

Ḡ =f(G,d, S) =
{
{[0, 0, 0], [1, 1, 2]}, {[1, 3, 0], [3, 5, 1]}

}
S̄ =f(S,d, S) = {[0, 0, 0], [3, 5, 2]}

The boxes holding Ḡ are the set of all points p̄k satisfying equation (7). The containers holding the
two spheres are:

p̄k,G1 ∈{[0, 0, 0], [0, 0, 1]}
p̄k,G2 ∈{[1, 3, 0], [2, 3, 0], [1, 4, 0], [2, 4, 0]}

We use equation (8) to retrieve their table IDs. For Ḡ1 this becomes

g([0, 0, 0], [3, 5, 2]) = 0 + 3× 0 + 3× 5× 0 = 0

g([0, 0, 1], [3, 5, 2]) = 0 + 3× 0 + 3× 5× 1 = 15

and for Ḡ2 this becomes

g([1, 3, 0], [3, 5, 2]) = 1 + 3× 3 + 3× 5× 0 = 10

g([2, 3, 0], [3, 5, 2]) = 2 + 3× 3 + 3× 5× 0 = 11

g([1, 4, 0], [3, 5, 2]) = 1 + 3× 4 + 3× 5× 0 = 13

g([2, 4, 0], [3, 5, 2]) = 2 + 3× 4 + 3× 5× 0 = 14

Each table entry with key {0, 15} gets a reference to G1 each table entry with key {10, 11, 13, 14}
gets a reference to G2.

In summary: Our collision grid is made up of a table whose keys are integers and values are an
array of references to collision geometries. Given a chain built up of N geometries with associated
AABB’s G = {G1, G2, . . . , GN}, with corresponding span S and a grid size d we, for each geometry
in G:

• Map Gi to Ḡi using equation (6).

• Find all the containers spanned by Ḡi using condition (7) and retrieve their keys using equation
(8).

• Add for each key a reference of Gi to the table entry corresponding to that key.

When done we have created a collision grid for the chain.
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When the grid is up and running we can use it to find possible intersections between the particle
and the chain. This is done by retrieving the keys for the particle using the method described
above and check them against the table. If the table does not hold those keys there are no possible
collisions. If the key exists in the table we retrieve the referenced geometries and perform narrow
phase collision detection.

In the end this reduces 2N − 1 collision checks per time step to a few table look-ups at the expense
of setting up the collision grid once. Time complexity of table look-ups is constant so the broad
phase collision detection does not scale with N .

3.2.2 Narrow Phase

Once we have a set of geometries where collisions are possible we do more rigorous collision checks.
If a collision took place we want to know the collision normal n̂ and the penetration depth p. These
are used to calculate the spring force from equation (5). In broad phase collision detection we
relied only on AABBs disregarding the underlying structure. Here we care about the underlying
structure and collisions need to be handled on a geometry to geometry basis. We only use spheres
and cylinders which are simple to work with. The set of possible collisions we have are sphere-sphere
and sphere-cylinder. As the chain is static no cylinder-cylinder collision can take place.

Here are some other notations and definitions used in the following section:

• A point is denoted by bold capital letters and vectors by bold small letters. Scalars are
denoted by normal letters.

• The vector going from point A to point B is denoted by AB = B−A.

• The norm |r| is the Euclidian length.

• A sphere is defined by its center point A and its radius ρs

• A cylinder is defined by two points P and Q and its radius ρc, see figure 9.

Sphere-Sphere: The spheres are intersecting if:

|A1A2| < ρs,1 + ρs,2.

The penetration depth is:
p = ρs,1 + ρs,2 − |A1A2|.

The collision normal is:

n̂ =
A1A2

|A1A2|
.

Sphere-Cylinder We derive a few helpful quantities (see figure 9):

h ≡ |PQ| is the height of the cylinder.
B ≡ PA·PQ

h2 PQ is the point along the axis of the cylinder such that AB is per-
pendicular to PQ

∆ ≡ |PB| = |PA·PQ|
h is the distance from P to B.

δ ≡ |AB| is the distance from B to the center A of the sphere.
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The two geometries will intersect if and only if δ < (ρ′s + ρc) for a properly chosen ρ′s. There are
three cases for finding ρ′s dictated by the order of P, Q and B along the cylinders central axis. The
three cases are:

(a) P→ Q→ B if PQ ·PA > h2 (shown in figure 9).
First we get:

d ≡ ∆− h =
PQ ·PA− h2

h

Applying it again we get:
ρ′s ≡

√
ρ2
s − d2

No intersection exists if d > ρs

(b) B→ P→ Q if PQ·PA < 0 is treated the same way as case (a) but with P and Q interchanged
so that:

d ≡ ∆− h =
QP ·QA− h2

h

and then calculating ρ′s with the equations in (a).

(c) P→ B→ Q we simply chose:
ρ′s ≡ ρs

finally we just check if δ < (ρ′s + ρc).

We are fortunate since in our case a cylinder will always be joined with a sphere at either end so
the cases (a) and (b) can be ignored. Those will fall into the category of sphere-sphere collision.
We only need to identify case (c) where the penetration depth becomes

p = ρs + ρc − δ

and the collision normal is

n̂ =
BA

|BA|
.

3.3 The Simulation

Here we will describe in broad strokes the flow of the simulation. The inputs are:

• The collision grid box size d. This is the grid size of the collision grid described in section
3.2.1.

• The chain length Nchain.

• The chain radius rc.

• The particle radius rp.

• The simulation time T .

• The time step size ∆t.
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Figure 9: Cylinder - Sphere intersection test. Figure and method taken from an on-line resource
on geometry intersection.

.

• The globule density ρ. This parameter decides the stopping condition for the algorithm
determining the periodic boundary size. See end of section 2.1.

• The number of plot points M . This decides the time resolution of the output data.

• The number of samples S deciding the number of simulations we perform.

Some other predefined constants were the spring constant ks which decides the scale of the collision
force between the particle and the chain monomers. It was tuned so that the push from a collision
was on average 1.2 times the size of the stochastic force. The diffusion constant D which was scaled
such that a particle with radius rp = 0.01 would have D = 1, that is D ≡ 0.01/rp.

When calculating the MSD from equation (1) we don’t use the particle’s position at every time
step. Instead we average the positions over a time interval in a practice called binning.

The general flow of the simulation is:

1. Find the number of update steps Nstep = T/∆t.

2. Calculate the sizes of the binning intervals using M and T . We use exponentially increasing
intervals to get equally spaced data points on a loglog plot.

3. Take the average time for each of the M intervals. These will be the positions along the time
axis of plots and are denoted by ti.

4. For each sample s = {1, 2, . . . , S}:
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Figure 10: A 200 monomer chain with radius 0.4 length units. The left image shows the full uncut
chain while the right image shows a cut-out with a density of 0.9. The red boxes are part of the
collision grid used for broad phase collision detection. Except for the short length it is a true
representation of the chain used in the simulations described in section 4.

.

(a) Generate a chain Nchain long with radius rc. See the left image of figure 10 for an
example.

(b) Create a rectangular boundary with density ρ

(c) Cut out the part of the chain that falls inside the boundary and create a collision grid,
see the right image of figure 10.

(d) Put a particle with radius rp at the center of the periodic boundary and let it diffuse
according to equation (4) for Nstep. Should the particle exit the boundary on one side
simply move it to the opposite side. Store the position at each time step.

(e) Bin the position data into M units and store it in the column of a matrix.

5. What we end up with is aM×3S matrix where each set of three columns contains the binned
positions of the particles. 〈R2〉 is then calculated for each ti using equation (1). The M sized
colum vector of MSD is saved to a file.

The data are then plotted and analyzed using matlab. The value α for each radius is acquired by
manually selecting the asymptotes for each MSD and fitting them to a straight line using linear
regression.

When manually selecting the asymptotes we divided the MSD with time to get a clearer picture of
the different regimes. The data points was then fitted to a linear function using linear regression.
The slope was used when used to plot the relation between α and rp. In figure 11 is an example of
how this worked. The dots mark the places where the interval was cut. The thin line is the fitted
slope.
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Figure 11: An example of how the slope was determined. The particle radius was 0.175 and the
chain radius was 0.4.
(Left) The MSD divided with time brings out the different regimes. The interval between the red
dots was manually selected from this graph and used to fit the red line.
(Right) The normal MSD together with the fitted line.

4 Result

The following simulations were run on the fractal globule:
Common parameters used in all simulations were chain radius rc = 0.4, total simulation time
T = 102 (except for one where T = 80), Plot intervals M = 102, sample size S = 104 and grid size
d = 1. A chain length of Nchain = 50000 with a density ρ = 0.9 gave a boundary with an average
size of 20 × 20 × 20. The particle radius rp and the time step ∆t was the only parameter that we
varied across simulations, opting for:

rp 0.200 0.175 0.150 0.125 0.100 0.075 0.050 0.010
∆t 0.005 0.005 0.001 0.001 0.001 0.001 0.001 0.001

The result is shown in figure 12, 13 and 14.
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Figure 12: The MSD from the simulation plotted against time with logarithmic axis. Each line in
the plot corresponds to a different particle radius. Free diffusion is indicated by a slope of one and
sub-diffusion by a lope lower than one.

Figure 13: This figure shows the MSD from the simulation divided by time and plotted against time
on logarithmic axis. The MSD is divided by time to more clearly bring out the different regimes as
well as differences in slope between the particle radii. Free diffusion is indicated by a slope of zero
and sub-diffusion by a negative slope.
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Figure 14: This is our main result. The figure shows the asymptotic slopes of figure 12 plot-
ted against Particle Radius. The error bars show the 95% confidence interval of the measured α
extracted from the linear regression as shown in figure 11.

Before we start describing the result it is useful to go through what the relevant parameters are. The
FG was generated on a cubic lattice with a lattice constant of one s = 1. We had a polymer radius
of rc = 0.4 which gives an opening between monomers of dop ≡ 0.2. That means that particles of
radii rp < dop/2 = 0.1 can pass between monomers on all sides while particles with radii rp > 0.1
will be constrained by the polymer.

Figure 12 shows us the lines for particles with radii 0.01 < rp < 0.2. Ignoring the fluctuations in
the lower lines for now, which is discussed in section 5.2, we see eight fairly similar trajectories. It
is hard to see any differences between their slopes, so to bring them out more clearly we divide the
MSD with time, seen in figure 13. Here free diffusion is visualized as lines with zero slope.

Focusing on figure 13 we see three regimes just like in the example of the partitioned grid in section
2.2.1, which we will call "the grid experiment". For small times the slope is approximately zero
indicating free diffusion as the particle has not yet had time to be seriously affected by the FG.
Then we see the slopes start to trend downward, reaching a minimum before flattening out again.
This intermediate regime hints at some transition period similar to the grid experiment when the
particle tried to find the exit of the boxes. The minima occurs after successively longer times as the
radius increases. This makes sense as larger particles should have a harder time to move around in
the globule. For longer times the lines flatten out again which indicates that the MSD has stabilized
into a power law. Normally, to be able to identify a power law one wants to see it extend over at
least two orders of magnitude. The larger particles don’t settle in to their asymptotic behaviour
until after around t = 101. For reasons discussed further in section 5.2 we only run the simulation
to T = 100 when ideally it should be to T = 1000. The asymptotic slopes are difficult to see in
figure 13 so we turn instead to figure 14.
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Here we see how the asymptotic slope α decreases with increased particle radii. We see free diffusion
for particle radii much lower than dop/2 = 0.1. They are small enough to move between the
monomer openings with ease and the diffusion process behaves similarly to the grid experiment. As
the particles radii approaches 0.1 we see them start to show sub-diffusive behaviour and α decreases
as rp increases.

5 Discussion

Here we will discuss what the implications can be for target finding in the FG and discuss the
efficiency and stability of the program.

5.1 Analyzing the data

If the particle is larger than the monomer openings, shouldn’t α be zero? This would be true
for the grid experiment as the particle would be trapped inside the first box. The FG however
is more complicated than that. Instead of forming equally shaped boxes the FG forms complex
interconnected corridors, seen for example in figure 5. Some may be long and others short and some
may lead to an interconnected network. For large particles the asymptotic behaviour is analogous
to the comb experiment in section 2.2.1, where a particle could spend a long time diffusing up and
down the tooth of a comb. In our case a particle could spawn in a small corridor and get trapped
while another spawning in longer corridor can move further. This is the sort of behaviour that
could lead to weak ergodicity breaking.

If we define the phase space as the excluded volume of the globule not all particles would be able
to reach the whole phase space. The average position taken by a particles diffusing through an
ensemble of fractal globules could have a different MSD than if we let the same particle diffuse
through one fractal globule many times. However it has to be tested before any final conclusion
can be made.

What does this imply for target finding of molecules in the cell nucleus? The take home message
of seeing sub-diffusion behaviour is twofold. For starters it means that the molecules movement
should be greatly inhibited by the presence of the globule. This would lead to a reduction of their
search volume compared to molecules undergoing free diffusion. On its face this may seem like a
bad thing for the process of target finding. But a trade of of not being able to search a large volume
should be that the given smaller volume will be explored more thoroughly. This coupled with the
local clumping of the globule could mean that if a molecule is created close along the chain to its
target it could spend more time searching in a relevant area. A freely diffusing molecule could go
whizzing off in any random direction. To explore this hypothesis further one could look at the first
passage time of molecules of different sizes. If this hypothesis is correct one should find sub-diffusing
molecules to have a higher target finding rate than freely diffusing molecules, given that the targets
are located close to their initial position. Another hypothesised effect of sub-diffusion is that it may
in some cases benefit chemical reactions which are diffusion controlled. Being diffusion controlled
means that the diffusion rate is the limiting factor in the speed of the reaction. This usually occurs
in systems where viscosity is high such as the nucleus of a cell. The reasoning goes that diffusing
particles may take a longer time to reach the area where the reaction can take place. Once they are
there however they will spend a longer time in that area increasing the likely-hood of a chemical
reaction to take place.

The second take home message of sub-diffusion is that the systems which facilitate them are complex
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and usually can’t be fully described analytically.

5.2 Efficiency and speed of the program

There are two limitations with this program. One has to do with the stability of the simulations,
the other with its simulation speed.

First let us describe the stability issue. Notice in figure 12 that the trajectory for rp = 0.2 is a bit
jagged. This stems from a stability issue manifesting itself for larger particle radii. To achieve hard
collisions that prevents particles from squeezing through neighbouring monomers we used quite stiff
springs. This worked well for particles with a radii around pp ∼ 0.1. It is a size where the particle,
on average, only collides with one chain segment at a time. When the particle becomes larger it
more often than not starts colliding with 2, 3 or even 4 segments at a time which multiplies the
spring force term. Together with the fact that larger particles have less space to move around in
it would cause the particle to get knocked into opposite chain segments, penetrating deeper than
what the stochastic force could manage. This would increase the spring force contribution further
and the particle would start bouncing back and forth like an accelerating flipper ball. It would
not diverge completely however as long as the spring force never became large enough to cause
tunneling. This is a behaviour which, once triggered, won’t stop.

Simulations where particles that begins to behave like flipper balls will also take longer to run. This
is due to the increased number of collisions that needs to be resolved. This is why the time step for
particles with radius 0.2 and 0.175 in our simulation increased from 0.001 to 0.005.

The effects of this instability on the MSD is mainly to increase value of K = 6D of equation (2). A
larger force on the particle means an effective increase in the diffusion constant D. Its impact on α
is harder to determine. The value for α is dictated by the shape of the structure surrounding the
particle so the flipper effect should not impact it too much as long as the particle does not tunnel
through the globule.

A quick fix to this would be to set a hard cap on the size of the spring force. This is not a half bad
solution as the main purpose of the springs is to deflect particles colliding with the chain. Another
solution would be to implement an adaptive time step and lower it significantly if the spring force
got too large.

Both of these solutions are not feasible to implement at this stage because of time constraints. The
simulations take a long time to run. In order to get good statistical accuracy we need to run on
the order of 104 simulations. The time step also makes a big difference. Since the stochastic force
scales with the square root of the time step it needs to be really small to let particles sneak their
way between monomers in the dense system.

There is however room for improvements that could significantly speed up the program. One
already mentioned is to use an adaptive time step. Another way would be to rewrite the program
for multiple threads. Each of the 104 simulations are independent of each other and could be run on
a separate thread. One could also investigate the possibility of doing the calculations on the GPU
which is optimized for parallel computations. Then there is also room to optimize the streaming of
data to the CPU. As no consideration was spent on the problem of cache misses there should be
lots to improve on that front.

Having said that the collision detection works wonderfully!
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