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Abstract 

The elemental composition within structured insect populations was tested by creating a new 
method to analyze how variables (survival, growth and fecundity) within a population matrix 
could potentially affect the stoichiometric regime of a structured population at steady state. 
This was done by focusing on if the growth rate hypothesis, which states that there is a linear 
relationship between an individual growth rate and the percent of phosphorus within the 
individual, works at a population level. This was analyzed by creating and combining two 
matrices: the matrix-population containing the variables and a matrix containing the element 
phosphorus and dry weight. Data from a beetle species, Chrysomela tremulae F., was used as 
a guideline to create eight stoichiometric generic populations, where survival, growth and 
fecundity were tested in each of the eight generic populations. The results showed deviations 
from the growth rate hypothesis, suggesting that the hypothesis does not always work within 
structured populations. However, more research is needed to predict exactly how this 
hypothesis works in populations. Overall, this new method for analyzing stoichiometry within 
structured populations is a useful analytical tool, but there is a need for analyzing the results 
from these models in a more efficient way. 
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1 Introduction 
An axiom (a statement taken to be true) regarding organisms‟ chemical stoichiometry states 
that there are differences between species in the rates at which they can obtain elements 
(Reiners, 1986). Therefore, different species can have different stoichiometric regimes 
(Sterner and Elser, 2002). This statement makes logical sense. However, could it also be 
applied to the differences among different life-stages within a species, which an individual 
experiences from birth to death? Studies have shown this to be the case in many insect 
species (Harvey et al., 1975; Filipiak and Weiner, 2014). However, the method with which 
most ecologists have been studying ecosystems has been to assume that all individuals within 
a population have the same elemental compositions when, in fact, the population is built up 
by several individuals, all showing different elemental compositions (Simon et al., 2013; 
Filipiak and Weiner, 2014). How does this affect the way we see populations when assessing 
their effects on other parts of the ecosystem? How does the elemental composition within an 
individual potentially affect other individuals within the whole population? To answer these 
questions one first needs to understand what ecological stoichiometry is, as well as how a 
population functions, and combine these entities into a mathematical theoretical model. 

1.1 Ecological Stoichiometry  
Elemental composition is the essential elements within the body of an organism, and all 
species differ in their elemental compositions (Sterner and Elser, 2002). The ratios and mass 
balance of these elements can be used to explain an organism‟s growth, trophic interactions, 
and effect on biogeochemical cycles. This theoretical framework is known as ecological 
stoichiometry (Sterner and Elser, 2002; Campbell and Reece, 2011).  Carbon (C), nitrogen 
(N), and phosphorus (P) are the major essential elements that build a living organism, and 
uptake of these elements is limiting for many organisms. These essential elements, as with 
most elements, are generally not available as pure substances but are often found within 
molecular compounds in living organisms (Griffiths et al., 2007).  

Ecological stoichiometry is used when examining the relationships between organisms and 
the structure, function, composition, and diversity of the ecosystem (Güsewell et al., 2005; 
Sardans et al., 2012). For example, ecological stoichiometry can affect an organisms ability to 
adapt to temperature changes in the environment, an organisms capacity to nitrogen fixation, 
litter decomposition, cascading effects in food chains, and insect herbivores‟ interaction with 
plants (Sañudo-Wilhelmy et al., 2001; Woods et al., 2003; Kagata and Ohgushi, 2006; Kagata 
and Ohgushi, 2007; Güsewell and Gessner, 2009). An organism‟s C:N:P stoichiometry is 
even said to have important impacts on ecosystems (Sterner and Elser, 2002). 

The growth rate of an individual can affect its fitness and the growth of the whole population 
(Begon et al., 2005). Interactions between communities, and nutrient cycling within the 
ecosystem, may also be affected by individual growth rates (Stephens et al., 2015). 
Stoichiometric differences in ratios of C:P and N:P have been hypothesized to reflect an 
individual‟s growth rate. This is known as the growth rate hypothesis (Elser et al., 2003), 
which proposes that a high availability of P is needed to supply P-rich ribosomal RNA (r-
RNA) for an individual to achieve higher growth rates (Sterner and Elser, 2002). During high 
growth rates of an individual, there will be a higher demand for protein synthesis, requiring 
an increase in distribution of P into r-RNA, which is in charge of the translation process 
within the individual‟s cells (Woods et al., 2003; Hessen et al., 2007). Organisms are 
individuals and the variation in an organism ‟s C:P and N:P ratios, in most cases, reflects the 
variation in P associated with distribution of r-RNA under different growth rates (Sterner 
and Elser, 2002). Therefore elevated growth rates of individuals are only possible within 
environments with high P availability (Main et al., 1997). r-RNA and P is positively and 
linearly related to the organism‟s growth rate, and RNA contributed a substantial fraction of 
overall biomass P (Acharya et al., 2004). When an individual grows, the r-RNA and proteins 
are formed in strict proportions, leading to a tight constrain of C:N:P stoichiometry when 
producing ribosomes (Sterner and Elser, 2002). This is applicable for a wide range of 
different organisms including crustaceans, insects, and microbes (Elser et al., 2003). The r-
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RNA synthesis is limited by the amount of P acquired through the diet of an animal, or 
environment, when it comes to bacteria and algae (Acharya et al., 2004). 

The growth rate hypothesis is still being tested, and has been observed in fish (Pilati and 
Vanni, 2007), zooplankton (Main et al., 1997; Hessen et al., 2007), and unicellular organisms 
(Karpinets et al., 2006). A study on Atlantic krill could not confirm a relationship between 
the growth rate and N:P ratio on an individual level; however, the overall mean of the N:P 
ratio over several krill species could possibly match the growth rate hypothesis when applied 
across species (Arnold et al., 2004). These empirical studies are all dealing with single 
individuals, or the mean of several individuals, and do not consider the structure of the 
population, the populations demographic properties. How will the growth rate hypothesis, 
and stoichiometric events, hold up when considering populations that contain distinct 
stoichiometric structures within populations?  

1.2 Population demography  
The sum of individuals of the same species interacting and reproducing with one another 
within an area during a certain time period is known as a population (Sadava et al., 2011). A 
population shows ecological characteristics that do not necessarily need to reflect the 
individuals within the population because the interactions among individuals are key in 
determining population properties. This is known as the emerging properties of a system, 
which cannot be predicted by the individuals building up the system (Begon et al., 2005). 
This is because a population can be functioning within a larger area of time and space while 
an individual organism will always be of a particular age and size at one single point in time 
and space. Members of a population vary in age and size and are spatially distributed (Sadava 
et al., 2011). These differences between individuals make populations important items to 
study as a unit, as populations generate different ecological characteristics compared to 
individual organisms.  

For a given type of organism, its life history will affect the number of expected offspring it can 
produce. This is due to how organisms budget energy within their bodies during their 
lifetime. An individual can invest in different bodily functions such as protection, fast growth, 
camouflage, and several other life strategies. Differences in investment generate trade-offs 
during an organism‟s life (Campbell, 1993). When an individual reaches a certain point in life 
they start having offspring. The balance between the new offspring and the amount of 
individuals dying (assuming no immigration and emigration) in the system is the net growth 
rate of the population (Caswell, 2001). There are three major characteristics when it comes to 
number of offspring for each individual female: 1) how many offspring they produce each 
time they reproduce, i.e. the clutch size (number of eggs), 2) how many times they reproduce 
during their lifetime, and 3) what life-stage the individual needs to be in to be able to produce 
offspring (Campbell, 1993). 

The life-cycle of an organism starts off small in the form of a juvenile, egg, or other beginning 
life form, followed by growth until it has fully developed, reached sexual maturity, and has 
offspring of its own. Within a population, this is what is commonly referred to as a structured 
population (Otto and Troy, 2007). Insects are a prime example of just how different the 
individuals can be, not only in mass but also in body shape, during their life-cycle. This 
makes insect populations a strong candidate for analyzing population demography‟s potential 
effect on stoichiometry. An insect can have three to four major life-stages; they are often 
called the egg, larval, pupal, and imago (adult) stage, but not all insect species have a pupal 
stage (Douwes et al., 2004). The individual insect‟s biomass growth period is within the larval 
stage (Filipiak and Weiner, 2014). During this life-stage, the individual will periodically shed 
its skin as exuviae (Foster and Soluk, 2004). Each time this happens, the larva‟s body 
becomes larger, bulkier, and in some cases changes color. Each shedding event generally 
defines a new life-stage for the insect. The last larval stage the larva turns into a pupa, or 
directly into an adult (Douwes et al., 2004). Without a pupal stage the insect is said to have 
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an incomplete (hemimetabol) development, and with a pupal stage is called a complete 
(holometabol) development (Douwes et al., 2004). 

Knowing that we have populations of insects with very different body structures during the 
different life-stages of each individual‟s life, there is a reasonable assumption that each of 
these life-stages in life might vary slightly in stoichiometry from life-stage to life-stage. Some 
stages of life might, for example, include a pupal stage, where a thick outer layer consisting 
mainly of carbon molecules is formed (Douwes et al., 2004). It has been shown in the Red-
brown Longhorn Beetle, Stictoleptura rubra L., that P is significantly different between the 
pupal stage and the adult stage (Filipiak and Weiner, 2014). There are many different types of 
structures for an insect population, which makes insects a perfect candidate for analyzing the 
effect a demographic population may have on stoichiometry within the population. The main 
question here is how these demographic differences within a population will potentially affect 
the stoichiometry within a population at steady state.  

1.3 Working theoretically with populations  
There are many ways to classify a population. The population is most commonly classified by 
the age, size, or life-stage of individuals (Kareiva and Marvier, 2014). Many insect species 
have distinct life-stages, i.e. eggs, larval, pupal, and imago stages (Douwes et al., 2004). The 
developmental rate of insect individuals typically increases as the temperature rises, until a 
maximum when internal organs stop working (Simpson et al., 2015). This means that age and 
size is a poor marker of development, as insects will reach life-stages at different points in 
time depending on environmental factors such as temperature. This attribute makes insects 
well suited to be classified in discrete life-stages (Kareiva and Marvier, 2014).  

One way to picture the population and how the individual goes from one life-stage to the next 
is through a life-cycle graph (Figure 1), which shows how all the possible stages are related 
within the population. When creating a life-cycle graph the first step is to determine how 
many stages (called  -stages) are needed to best represent the population (Caswell, 2001). 
The number of i-stages depends on what organism is represented and what aspects of the 
population are studied. One can divide by age, size, or by life-stage. Each stage within the 
population is denoted with nodes    , the  -th stage is denoted as    (Caswell, 2001). In this 
example, the population will be structured after four life-stages. In Figure 1, these life-stage 
are egg (  ), larva (  ), pupa (  ), and adult (  ) stages. These life-stages can often be 
determined by the biological changes undergone by the individuals within the population, 
such as shedding, molting, pupations, and sexual maturity (Otto and Troy, 2007).  For 
example, there will be a pupation event between the larval and the pupal life-stages, 
assuming complete (holometabol) development, and a shedding event between pupa and 
adult life-stages. Each of these life-stages will have their own probability of survival and 
growth, and have a certain number of offspring produced per female per time step 
(fecundity) (Begon et al., 2005). Some life-stages can even have a probability of survival at as 
low as 5%, when being heavily attacked by predators and parasites (Augustin and Lévieux, 
1993). 

Given what has already been observed (the survival, growth and fecundity for the life-stages), 
the population is projected through time to predict the future population structure. This is 
known as the projection interval and is the time step between successive surveys of the 
population (     ) (Caswell, 2001). Depending on what type of organism is studied the 
projection interval will be altered. For example, a tree species could have several years 
between its seedling and fully grown seed-producing tree stage, while insects can reach their 
final stage within a couple of days (Otto and Troy, 2007). The projection interval is important 
to choose early as this should reflect how fast each change occurs in the population. 

When all the stages have been organized and the projection interval and order of the stages 
have been decided, the transitions of the individuals with each time-step need to be included. 
This is done by adding lines (or arches) to the life-cycle graph (black arrows in Figure 1). The 
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general rule is: if one life-stage (stage  ) at time   contributes to the amount of individuals 
within a different life-stage (stage  ) at time    , then a line should be drawn between the 
two life-stages,    and    (Caswell, 2001). These contributions are because individuals in a 

stage go from one stage to the next (lines    ,     and     in Figure 1), or because they have 
offspring (line    in Figure 1). The amount of individuals within each life-stage will affect how 
many will survive and go to the next life-stage. There is a set amount of individuals that go 
from    to    at time    , labelled as the coefficient     (Caswell, 2001). In some cases there 

might be individuals staying within the life-stage (  ) from time step   to     (Caswell, 
2001). Then    is drawn with an arc back to itself, called a self-loop (arrow     in figure 1). 
The mathematical equation for the life-cycle graph is: 

          ∑         
 
   .           (1) 

 

 

Figure 1 . Life cycle graph. A population with four life-stages (  ), constructed by life-stages    (eggs),    (larva),    
(pupa) and    (adult). Life-stages contribute to the amount of individuals within a different life-stage at time     
by  a probability of maturing/growing (lines    ,     and    ) and producing eggs (line   ), which always 
contributes to life-stage   . Individuals may stay within a life-stage at a set probability of surviving to time    , 
shown on the figure as a self-loop      (Begon et al., 2005).  

1.3.1 Matrix populations 
All the information from the life cycle graph can be summarized mathematically into a 
population matrix, keeping all the elements of the population within square brackets (Begon 
et al., 2005). Matrices and vectors are written with bold-faced letters for easier reading.  The 
number of rows and columns in a population matrix are the same as the number of life-
stages. For example, if the population has four life-stages the population matrix will be a 4x4 
matrix (Case, 2000). The M matrix that reflects Figure 1 will be as follows:  
 

  [

 
   

 
 

    

 
 
   

 

  

 
 
 

      

   

  
 
 
   

]         (2)  

 
This matrix is referred to as a Leslie Plus Matrix. The “Plus” designation signals the presence 
of a self-loop, as it has the     element (Carslake et al., 2008). In matrix M (2) the    element 
in the first row indicates how many offspring/eggs will be generated into stage 1, from stage 4 
fecundity (   ). Leslie matrices generally consider only the females in a population, so it 
represents approximately half of the total population. 

The element     is the final stage of the population and represents the survival probability of 
individuals within life-stage 4 (the self-loop in Figure 1). The sub-diagonal (   ,      and    ) 
shows the probability for transition of individuals from stage    to stage   . For example,     

shows the transition of individuals from life-stage   (eggs) to life-stage   (larva). The 
diagonal (0, 0, 0,    ) in this case is mostly zeros except     and indicates the probability of 
individuals within the population to survive and remain within a life-stage (this is shown by 
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the self-loop     in Figure 1). Individuals in life-stages 1, 2 and 3 in this matrix population do 
not survive within their life-stage, as indicated by the zeros in the diagonal. Individuals in 
these life-stages either go on to the next life-stage or die. The population matrix M is used in 
discrete time models of a changing population (Kareiva and Marvier, 2014). This means that 
the matrix M can be seen as a more detailed version of the intrinsic rate of increase for the 
whole population,    with both scalar geometric growth equations having similar 
characteristics:  

                       (3) 
 
With      representing the total population size at time   (Otto and Troy, 2007). This being 
equivalent to: 

                         (4) 
 
With      representing the population vector, with the life-stages of the population (  ) at 

time  :  

     (

  
  
  

  

)           (5) 

The measurement of what determines the long-term direction of the population, assuming all 
variables remain the same, is calculated using the methods of linear algebra, resulting in 
eigenvectors of the matrix (Kareiva and Marvier, 2014). The eigenvector is a special 
population vector, which is left unaffected by its multiplication by M. It represents the stable 
population structure towards which the population converges after many time steps. Each 
eigenvector is associated with a specific value, called eigenvalue, which predicts the speed 
with which the population converges to the eigenvector‟s structure. An eigenvalue can also be 
referred to as a characteristic exponent (Case, 2000). A     matrix will always have   
eigenvalues and eigenvectors. The eigenvalue with the highest value (or real part if the 
eigenvalue is a complex number) is called the dominant eigenvalue, denoted by lambda, λ, 
and is the intrinsic steady growth rate for a population at steady regime (Caswell, 2001). 
Assuming all constants within the matrix population remain the same over time, the 
dominant eigenvalue, λ, of a population matrix will yield the population‟s ultimate growth 
rate (Case, 2000). Lambda produces exponential growth if λ>1 and exponential decay if λ<1 
(Caswell, 2001). Matrix coefficients are assumed to remain constant during projection. But 
since the demographic parameters of a species generally vary as the environment fluctuates, 
matrix models cannot predict the actual trajectory of the population. One can compare the 
projection matrix to a cars speedometer. The speedometer provides the current speed at 
which the car is traveling, for example 50 km h-1. However, the speed of the speedometer is 
simply a projection and there is no way of telling if the car will be able to travel 50 km within 
one hour‟s time (Caswell, 2001). The projection matrix is still a good estimate of what 
direction the whole population is heading (Case, 2000). Therefore, matrix populations could 
be used as a method of evaluating the elemental composition of the whole population.  

This study focuses on how the elemental composition of a structured population is affected 
when a population is growing at steady state. The elemental composition of a structured 
population could potentially be analyzed by creating and combining two matrices: the matrix 
population containing the variables and a matrix containing the element phosphorus and dry 
weight. This would allow the relationship between the population‟s ultimate growth rate at 
steady state and its elemental composition to be evaluated. Because the growth rate 
hypothesis predicts a linear relationship between %P and the individual‟s growth rate 
(Sterner and Elser, 2002), any deviations from a linear relationship are interesting to analyze 
further.   
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2 Methods 

2.1 Original Data  
Demographic and stoichiometric data for the beetle Chrysomela tremulae F. was collected 
during the summer of 2013 from individual beetles grown on their plant resource in 
individual cages in a greenhouse (Mehdi Cherif, pers. Comm.). The mean (± SE) number of 
eggs for C. tremulae is 43.6 ± 7.9 in natural conditions (Augustin and Lévieux, 1993). In the 
collected 2013 data, the mean number of eggs was 20 ± 5. This beetle species has 8 distinct 
life-stages: egg, 1st instar larval, 2nd instar larval, 3rd instar larval, pre-pupal, pupal, imago and 
an adult stage (Augustin and Lévieux, 1993). These data were used as a guide to determine 
how populations‟ dry weight and P are distributed within the different life-stages of the 
population. Dry weight was used as an indication for the sum of all the elements in the 
beetles, giving an indication of the stoichiometric structure of the life-stages of the 
population. 

2.2 Data variable manipulation 
The detailed life cycle of C. tremulae was reduced to the generic 4-stage cycle to ensure 
generality and easier analysis of the matrix model of the population (Figure 2). Life-stage 1 in 
the aggregated population with the 4-stage cycle was the same as the original data with the 8-
stage cycle, as eggs are physically and physiologically different from the other life-stages. 
Life-stage 2 within the aggregated 4-stage population was constructed from the average of 
life-stages 2, 3, 4, and 5 of the original data because all these stages had the structural 
properties of a larva (Figure 2). The next life-stage, life-stage 3, of the newly constructed 4-
stage data and life-stage 6 of the original data were the pupal stage. The final stage, life-stage 
4, the adult stage, was constructed from the average of life-stages 7 and 8 from the original 
data set, and is structured as an adult beetle. The aggregated 4-stage population is referred to 
as the base population. These data provide the basis for a large analytical exploration of the 
link between population stoichiometry and growth rate. 

 
Figure 2. Population with eight life-stages (top), reduced to a population with four life-stages (bottom). Green 
lines show the reductions. X-axis represents number of life-stages. Left y-axis represents total phosphorus per 
life-stage in mg (blue full line), and the percentage phosphorus per life-stage (blue dashed line). Right y-axis 
represents dry weight per life-stage in mg (red full line). Note different range of the right y-axis in the two graphs.  
 
 

2.2.1 Creating different populations 
In order to determine how changes in the parameters of the matrix M affect the 
stoichiometry of the whole population, eight different populations were created from the base 
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population (Section 2.2) by manipulating the %P in each of the four life-stages. This was done 
in order to determine the importance of the pattern of %P in structured populations. These 
eight populations were created in MATLAB, version R2015b (MathWorks, 2015). The specific 
code used to create the eight populations in MATLAB can be found in the Appendix Code II. 

The first four populations were created by manipulating the distribution pattern of %P across 
the four life-stages. These four populations were called: 1) increase through stages, 2) 
decrease through stages, 3) increase then decrease, and 4) decrease then increase (Figure 3). 
These populations with different distribution patterns were grouped under the name the 
magnified dataset (Figure 3).  

 

 

Figure 3 . The magnified dataset: Four populations with different distribution patterns of %P through life-stages. 
A  - %P increase through life-stages. B - %P decrease through life-stages. C - %P increase then decrease, having a 
local maximum. D - %P decrease then increase through life-stages, having a local minimum. 
 

 
The next four populations were created to determine if the %P within each life-stage is of 
importance for the %P of the whole population in relation to variation in λ, the intrinsic 
growth rate of the population at steady state. This was done by altering the amount of total P 
within separate life-stages for different populations. Four populations were created, each 
with a different life-stage having an increase in %P while the other three life-stages in the 
population were kept constant at 1.5% P. These populations were grouped under the name 
„the one stage dataset‟ (Figure 4). 
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Figure 4. The one stage dataset: Four populations with different distribution patterns of %P in life-stages. 
A  – Life-stage 1 has the highest %P, compared with other stages. B - Life-stage 2  has the highest %P, compared 
with other stages. C - Life-stage 3  has the highest %P, compared with other stages. D - Life-stage 4 has the highest 
%P, compared with other stages. 
 

2.3 Population matrices and calculations 
A life-cycle graph was designed for working with the variables of the eight populations. 
Several different population structures are being analyzed, therefore a generic life-cycle 
graph where each variable could be altered, or set to zero, if needed, was created (Figure 5). 
 

 
Figure 5. Generic life-cycle graph of the populations created to show every possible life history event of individuals 
within the population. Life-stages (            and    ) contribute to the number of individuals within a different 
life-stage at time     by a probability of maturing/growing (lines   ,    and   ) and producing eggs (lines 
            and   ) which always contributes to life-stage   . Individuals may remain within a life-stage at a set 
probability of surviving to time     (self-loops             and   ). 
 

The generic life-cycle graph can be written in matrix form for the general matrix M (6). 
 

  [

     
  

 
 

    

  
  
  

 

      

  
 
  
  

       

  
 
 
  

]         (6) 

 

The fecundity of each life-stage was denoted by   , the survival within each life-stage was 
denoted by    and the probability of individuals going from life-stage   to   was denoted by    
(to represent growth). The main diagonal (                 ) within matrix M is the proportion 
of individuals which will survive and stay within the same life-stage after one time step, as 
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well as offspring being able to produce offspring (  ). For example   , in the second row 
second column, indicates the probability of individuals that survive and stay in life-stage 2 for 
the next time step. The sub-diagonal (          ) within matrix M shows the probability of 
surviving and growing to the next life-stage. Survival per life-stage was formulated as the 
probability of surviving (    ) multiplied by the remaining individuals within the life-stage 

after growth (      ), leading to the survival probability of each stage having the equation: 

  
                            (7) 

  
The probability to grow from one life-stage to the next (  ) was constructed using the 
probability of survival multiplied by the probability of growth within each life-stage: 
 
                        (8) 

 
All survival and growth probabilities were assigned the same set value: low (0.2), medium 
(0.55) and high (0.9). This was done so that the effects of the growth and survival 
probabilities of a single life-stage of interest could be singled out. The reason for having a 
low, medium, and high value for the remaining population was to simulate different 
populations having different environmental pressures. An example of this could be that some 
populations have no predation pressure and have a higher intake of high-quality food, 
potentially boosting their rate of growth. This would lead to every individual within the 
population having a higher survival and growth rate (0.9).  
 
Assuming that the mean total number of eggs a female could lay is 20 ± 5 based on the 
original data, 15 (the lowest total number of eggs) was used as the starting point for fecundity 
when analyzing change in λ through changes in demographic parameters. The amount of eggs 
produced per female was also analyzed separately for effects on the population‟s %P; a range 
of 1 to 100 eggs produced per female was used. The populations were manipulated to have 
one, two, three, or four fecundity stages. This was done in order to determine whether the 
number of life-stages with the ability to produce offspring in a population could affect the %P 
of a population at steady state. When determining if the number of reproductive life-stages 
has an impact, the fecundity for each life-stage was divided by the total number of life-stages 
with reproductive abilities. For example, the equation for a population with four life-stages 
which has the ability to produce offspring looks as follows:  
 

     
             

 
          (9) 

 
This was done in order to keep the total population fecundity constant. The assumption was 
made that once reproductive maturity is reached, an insect keeps reproducing during the 
remaining life-stages. Non-fertile older life-stages would result in matrices with undesirable 
properties, called imprimitive matrices, which do not fall under the reach of the Perron-
Frobenius theorem (see Appendix A for further detail on the Perron-Frobenius theorem). In 
order to check each matrix population M created, the corresponding identity matrix   was 
added to the matrix M. The identity matrix has the same dimensions as M,    , with a 
diagonal of ones and zeros for all other elements in this matrix. The sum of     was raised 
to the power of life-stages minus 1. If this calculation was positive, the population matrix was 
irreducible (Otto and Troy, 2007).  
 
                    (10) 
 
This was used as a safety line to make sure the structure of the population did not change 
drastically when altering elements within the matrix. Reducible matrices require a different 
set of analytical methods than those used here.  
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2.3.1 Mathematical calculations 
The eigenvalues and eigenvectors of the matrix population determine the long term direction 
of the population and are calculated using the methods of linear algebra (Kareiva and 
Marvier, 2014). This section explains how eigenvectors and eigenvalues are calculated. The 
matrices and vectors are denoted in bold letters. The right eigenvalue and associated 
eigenvector of M satisfies: 
 
                  (11) 
 
In equation 11,   are the eigenvalues associated with M and   is the right eigenvector 
corresponding with M. An eigenvector is a special population vector which is left unaffected 
by its multiplication by M (Case, 2000). The right eigenvector,  , is the stable population 
structure of the population at asymptotic regime (steady state). Equation 11 can be rewritten 
to include M‟s corresponding identity matrix. 
 
                    (12) 
 
In equation 12,   is the identity matrix corresponding to M. The identity matrix is a matrix 
with ones in its diagonal with the same dimensions as M. This equation (12) is equivalent to  
 
                    (13) 
 
In equation 13,   is a vector consisting of zeros. This leads the eigenvalues of the matrix M to 
satisfy the characteristic equation. Leading   to be associated with M if and only if it satisfies 
the characteristic equation (Anton and Rorres, 2010). The characteristic equation has the 
following equation: 
 
                       (14) 
 
The highest value of     in the characteristic equation is the dominant eigenvalue, 
    which I simply called lambda ( ) in this work, and is the population‟s ultimate growth 
rate, assuming that all vital rates remain constant over time. All calculations for right 
eigenvectors, and λ of the matrix was calculated in MATLAB using code originally created by 
Caswell, 2001 (Code can be found in the Appendix Code I).  
 
The right eigenvector   is the stable population distribution when the population is growing 
at a steady state. This eigenvector was standardized and used as      to keep the population 
at a steady state. 
 
                 (15) 
 
With the stable population distribution included, the equation (15) will lead        to be 
equivalent to the following equations (16 and 17). 
 
                         (16) 
                               (17) 
 
In the above equations,   is the standardized stable population distribution and used on the 
population at time step  . This asymptotic regime lets the population‟s growth rate be at a 
constant exponential incline or decline (depending on if   was higher or lower than 1). Both   
and   were used when evaluating the elemental composition in a structured population.  

2.4 Adding stoichiometry  
One way to project the population using matrix populations is through the theory of matrix 
multiplication (see Appendix B, for further details). A stoichiometry matrix was created using 
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the means of dry weight and P from each life-stage of the population. These means were 
generated for each of the eight previously created populations, four from the magnified 
dataset and four from the one stage dataset. As the main focus for the analysis was on the 
growth rate hypothesis, only P was altered and the dry weight was used as an indicator for all 
other elements. From this the percentage of P (%P) within the populations can be calculated.  

These averages for each life-stage of a population allow for matrix multiplication of the 
population at a steady state. A 2x4 matrix, S, was created including the mean amount of dry 
weight,   , and total phosphorus,   . This matrix describes stoichiometry within the 
population in each life-stage. 

  [

  

  

  

  

   

  
  

  

  

]           (18) 

Using matrix multiplication the         vector with the transpose of the matrix S, denoted 
as   , gives the population‟s dry weight and total P. Remember that        now represents 
the standardized stable population distribution when the population is growing at a steady 
state. The elemental composition of a structured population at asymptotic regime can be 
written as: 

                          (19) 

The       vector is constructed from the dry weight and the total P of the four life-stages in 

the population. This can also be written as: 
 

[
      

      
 ]  [

  

  
  
  

  
  
  

  
  
  

  
]  [

    
    

    

    

]        (20) 

 

In order to calculate the percentage P for the whole population in time step      the 
population total P was divided by the total dry weight of the population:   
 

             
       

      
          (21) 

 
 

2.5 Evaluating the growth rate hypothesis  
The ultimate growth rate for a population at a stable population distribution, λ, was 
calculated and plotted with the corresponding %P from vector        corresponding to the 

matrix populations right eigenvector; from        multiplied by     Each variable (survival, 
growth, and fecundity), as well as the effect of the number of fecundity stages, was analyzed 
for each of the eight populations, generating 864 graphs in MATLAB. Each graph represents 
a population with a different demographic and stoichiometric pattern. An example of one of 
these 864 graphs is shown below in Figure 6A. This graph shows the parabolic relationship 
between lambda and the dry weight, total P and %P composition of a population in order to 
understand the mechanisms behind the relationship between elemental composition and the 
intrinsic growth rate, lambda, of the population. Figure 6B provides a closer look at the 
relationship between lambda and the %P for the population in order to determine how the 
growth rate hypothesis works in a structured population. 
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As a safety net to make sure the population structure was being altered in the %P-vs-λ 
graphs, the right eigenvectors for the population at different λ were plotted as bar-graphs 
(Figure 6B). This was done by taking each starting and ending point of the range of the %P-
vs-λ graph (which should be different depending on what variables were being altered), as 
well as any local maximum/minimum point, and using the population matrices associated 
with these points and calculating their right eigenvectors.  
 
 

 
Figure 6. Relationship of λ graphs. Figure 6A shows the parabolic relationship between lambda and the dry 
weight, total P and %P composition of a population in order to understand the mechanisms behind the 
relationship between elemental composition and the intrinsic growth rate of the population. Figure 6B shows a 
closer look at the relationship between λ and the %P for the population in order to determine how the growth rate 
hy pothesis works in a structured population. Bar graphs show the distribution of the life-stages at steady state, the 
right eigenvectors. Start and end point of %P range are marked by red points, local minimum  (or maximum) is 
marked by a green point.  

 

2.6 Analysis  
Each of the 864 %P-vs-λ graphs created were analyzed visually and sorted in Microsoft Excel 
2013 (Microsoft, 2013). The graphs from the magnified data and the one stage data were 
organized based on whether the %P-vs-λ relationship decreased (negative relationship), 
increased (positive relationship), or had a parabolic shape (local maximum or minimum). For 
example, the graph from Figure 6B would be placed in the parabolic shape group. Population 
structure at stable population regime bar graphs were created in MATLAB to determine how 
the populations react to different λ and stoichiometric regimes using three different tests. 
These tests were on: 1) effects from each life-stage variable: fecundity, growth and survival 2) 
the effect from the number of fecundity stages, and 3) the effect of different %P structures of 
populations (Figure 8). In all instances where there was a parabola, the range of %P (the y 
axis) was noted to see how large the %P variations were in growing populations at steady 
state.  
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Figure 7. In the Data set  column, the two data sets magnified (red lines) and one stage (blue lines) were created 
from the original data that was altered to have four life-stages. Variable column: Each data set was analyzed for 
the effect of separate life-stage variables (Survival, Growth and Fecundity) on population growth as well the effect 
of the number of fecundity stages. The variables not being analyzed were locked at low (0.2 ), medium (0.55) or 
high (0.9) survival and growth probabilities. %P vs λ column: Graphs with the percentage of P within different 
growth rates of populations growing at steady state, lambda, were organized based on whether the population‟s 
%P-v s-λ  relationship was Negative, Positive or had a Parabolic shape with a local maximum or minimum. Range 
of %P in graphs column: The range of %P was ev aluated in boxplots.  

3 Results 
A total of 864 graphs were generated in MATLAB that assess variation in %P within the 
whole population in relation to variation in lambda, the intrinsic growth rate of the 
population at steady state. Then, the graphs were grouped according to if the %P-vs-λ 
relationship was increasing (positive relationship), decreasing (negative relationship), or had 
a parabolic shape. There were 432 graphs generated for the magnified data set and 432 
graphs generated for the one stage data set.  

3.1 Magnified dataset 
First, each of the four stoichiometric population structures (increasing %P through life-stages 
(Figure 3A), decreasing %P through life-stages (Figure 3B), increasing then decreasing %P 
through life-stages (Figure 3C) and decreasing then increasing %P through life-stages (Figure 
3D)) were analyzed using the magnified data set for whether %P-vs-λ  had a positive, 
negative, or parabolic relationship for populations at a steady state. Each of the four 
stoichiometric structures produced 108 graphs for %P-vs-λ. Whether these graphs showed 
positive, negative, or parabolic relationships is shown in Figure 9. There was no distinct 
indication that the different magnified populations produced any tendencies towards positive 
or negative %P-vs-λ relationship trends when analyzing the population‟s growth at a steady 
state. However, the parabolic shapes of the %P-vs-λ graphs occurred less often than the 
positive or negative relationships.  
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Figure 8. Bar graph showing the percentages of positive, negative, or  parabolic shapes of the %P-v s-λ relationship 
within each of the four different population stoichiometric structures. These four structures are: decreasing %P 
through life-stages (Decrease), increasing %P through life-stages (Increase), increasing then decreasing %P 
through life-stages (Local maximum), decreasing then increasing %P through life-stages (Local minimum).  
 

Next, the magnified data set populations with either 1 (only fecundity in life-stage 4), 2 
(fecundity in life-stage 3 and 4), 3 (fecundity in life-stage 2, 3, and 4), or 4 (fecundity in life-
stage 1, 2, 3, and 4) fecundity stages were analyzed for whether %P-vs-λ generated graphs had 
a positive, negative, or parabolic relationship for populations at a steady state. Populations 
with only one stage of fecundity (life-stage 4 only) had the highest percent (17.59%) of 
parabolic shaped %P-vs-λ generated graphs (Figure 10). This population structure with only 
one fecundity stage also had a slightly lower percentage (37.96%) of graphs with a negative 
relationship compared to the other populations with 2 or more life-stages with fecundity.  
 

 
 
Figure 9. Bar graph showing the occurrences, in percentage of graphs generated, of the magnified data set 
populations‟ %P-vs-λ shape (positive, negative, or parabolic) within populations with different numbers of 
fecundity stages.   
 

Then the magnified data set with separate life-stage variables (Survival, Growth, Fecundity, 
also including all three variables combined) were analyzed for whether %P-vs-λ generated 
graphs had a positive, negative, or parabolic relationship for populations at a steady state. 
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The variables not being analyzed were locked at low (0.2), medium (0.55), or high (0.9) 
survival and growth probabilities. The variable fecundity had the highest percentage of 
parabolic shaped graphs, 20.83%, compared to 2.6% for both growth and survival (Figure 11).  
 

 
 
Figure 1 0. Bar graph showing the occurrences, in percentage of graphs generated, of the populations‟ %P-v s-λ 
relationship within populations with the variables: Fecundity, Growth, Survival, and all three combined. All 
v ariables affected the intrinsic growth rate and percentage phosphorus of the populations. All graphs were 
generated from the magnified populations‟ data set.    

 

3.2 One stage dataset 
Graphs were generated using the one stage data set for four population structures where one 
life-stage (either life-stage 1, 2, 3, or 4) had a higher %P while the other three life-stages were 
kept at 1.5 %P. Then the graphs from these four population structures were analyzed for 
whether %P-vs-λ had a positive, negative, or parabolic relationship for populations at a 
steady state. There was no apparent difference in the relationship of %P-vs-λ between the 
four population structures (Figure 12). However, when the %P in life-stage 3 was increased 
and the other life-stages remained at 1.5 %P, there was a slightly higher percentage of graphs 
generated with a parabolic shape (15.74%) compared to when %P was increased in the other 
three life-stages.  
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Figure 11. Bar graph showing the occurrences, in percentage of graphs generated, of the population‟s %P-v s-λ 
relationship for four population structures. The four population structures each have one life-stage with a higher 
percentage of P while all other life-stages keep %P at 1 .5%. Generated populations are from the one stage data set. 
 

Next, the one stage data set populations with either 1 (only fecundity in life-stage 4), 2 
(fecundity in life-stage 3 and 4), 3 (fecundity in life-stage 2, 3, and 4), or 4 (fecundity in life-
stage 1, 2, 3, and 4) fecundity stages were analyzed for whether %P-vs-λ generated graphs had 
a positive, negative, or parabolic relationship for populations at a steady state (Figure 13). 
The highest percentage of %P-vs-λ graphs with a parabolic relationship occurred in 
populations that had only fecundity in one stage (life-stage 4). The populations with four 
fecundity stages had the highest percentage of generated graphs with a negative %P-vs-λ 
relationship.   
 

 
Figure 12. Bar graph showing the percentages of positive, negative, or  parabolic shapes of the %P-v s-λ relationship 
within each of the four different population structures with different numbers of fecundity stages. The populations 
were generated from the one stage data set.  
 

Then the one stage data set with separate life-stage variables (Survival, Growth and 
Fecundity) were analyzed for whether %P-vs-λ generated graphs had a positive, negative, or 
parabolic relationship for populations at a steady state. The variables not being analyzed were 
locked at low (0.2), medium (0.55) or high (0.9) survival and growth probabilities. When 
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analyzing the change in lambda through changes in affecting variables, the variable fecundity 
had the highest percentage of parabolic shaped graphs (Figure 14). The fecundity variable 
also had the lowest percentage of graphs generated (37.5%) where %P-vs-λ had a negative 
relationship where the %P decreased with a steady growth rate of the population.   
 

 
 

 
Figure 13. Bar graph showing the occurrences, in percentage of graphs generated, of the population ‟s direction of 
P%-v s-λ . Change in lambda occurred through change in four different variables: Fecundity, Growth, Survival, and 
all three. Generated populations are from the one stage data set.  
 

3.3 The parabola 
Out of all 864 %P-vs-λ graphs created, there were 75 graphs where the %P-vs-λ relationship 
had a parabolic shape with a local minimum or maximum. The graphs with a parabolic shape 
were investigated further because they differed from the growth rate hypothesis for 
individuals, which predicts a linear positive relationship between the growth and the %P. The 
variable survival had a total of 45 parabolic shaped graphs (60% of the 75 total parabolic 
graphs), the variable growth had 10 parabolic shaped graphs (13.33% of the total), and the 
variable fecundity had 20 parabolic shaped graphs (26.67% of the total). For each variable 
(survival, growth, and fecundity), the range of each of the graphs in %P was recorded. All of 
the ranges of the parabolas for each variable are presented in Figure 15. The survival variable 
had an average range of 0.1133 %P including four extreme ranges: 0.9, 0.85, 0.5, and 0.45 
%P (Figure 15). The growth variable had an average range of 0.0357 %P including one 
extreme range of 0.14 %P. None of the growth %P range values were over 0.2 %P. The 
affecting variable fecundity had an average range of 0.6025 %P including two extreme ranges 
at 1.8 and 3.5 %P (these two extremes are not provided on Figure 15 because it made the y-
axis too large). 
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Figure 14. Boxplot showing the percentile ranges of Survival, Growth and Fecundity where the %P had parabolic 
tendencies. Red line shows mean range values of %P. Red crosses are the extreme values. Two extreme values for 
Fecundity (1.8 and 3.5 %P) not shown due to graphs size. The blue box shows third and first quartile. Dashed 
black lines are the minimum and maximum values of the ranges.  

 
 

4 Discussion 

4.1 Population phosphorus and growth rate relationships 
The growth rate hypothesis predicts a linear relationship between %P and the individual‟s 
growth rate (Sterner and Elser, 2002). However, when the population‟s growth rate at steady 
state in relation to the population‟s %P was analyzed, instead of using only individual‟s 
growth rate, the models generated both linear and parabolic relationships. This indicates that 
there might be something more to the growth rate hypothesis when considering structured 
populations with distinct life-stages instead of just looking at individuals. There was no clear 
pattern when analyzing the %P-vs-λ graphs in either the magnified dataset or the one stage 
dataset, other than negative and positive relationships were more common than parabolic 
relationships. This indicates that the demography of a population is of high complexity 
because 1) the parabolic relationships challenge the growth rate hypothesis and 2) altering 
variables did not always affect the %P-vs-λ  relationships the same way.  
 
When testing the effect of the life-stage variables survival, growth, and fecundity on the 
relationship between %P and lambda, with the magnified dataset, the variable fecundity had 
the highest percentage of parabolic shaped graphs. However, the fecundity variable had a 
lower percentage of graphs than survival and growth variables where the %P decreased with a 
steady growth rate of the population. This indicates that fecundity could be of importance 
when considering these types of stoichiometric patterns in a population.  
 
Overall, while the survival variable had the greatest percentage of %P-vs-λ parabolic shaped 
graphs, the fecundity variable had the second highest percentage. Both these variables are 
directly linked to the intrinsic rate of increase for the whole population,   (from Equation 3 in 
Section 1.4) (Otto and Troy, 2007). The growth variable of a life-stage should theoretically be 
indirectly linked to the growth of the population, as growth of an individual (in mass) does 
not directly affect the growth of the population (in numbers of individuals). However, 
through emerging properties of the growth variable from the life-stages, this variable will, in 
time, also affect the growth of the population (Begon et al., 2005). One possible reason for 
why the survival and fecundity variables produced the highest percentage of parabolic shaped 
%P-vs-λ graphs could be that the more direct a life-stage variable is, the more likely it is to 
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have drastic effects on the relationship between %P and the growth rate of a structured 
population at steady state.  
 
In the results from the one stage dataset, when only the %P in life-stage 3 (the pupal stage) 
was increased, there was a slightly higher percentage of %P-vs-λ graphs generated with a 
parabolic shape than for the other life-stages of the structured populations when looking at 
change in lambda through changes in affecting variables (Figure 12). Other research, using 
empirical data, has also noted a difference both in the physical and elemental structures of 
this life-stage (Bownes and Rembold, 1987; Douwes et al., 2004; Radchuk et al., 2012; 
Filipiak and Weiner, 2014). These findings indicate that it would be interesting to conduct 
future research on the pupal state within structured insect populations. Pupal stages are not 
only uniquely different from the other stages but may also affect the population stoichiometry 
differently when looking at demographic processes.  
 
The populations that only had one life-stage with fecundity (fecundity only in life-stage four) 
had the highest percentage of parabolic relationships. This was seen in both the magnified 
and one stage dataset (Figure 10 and Figure 13). This could be because when the model was 
created the assumption was made that once reproductive maturity is reached, the individuals 
keep reproducing during the remaining life-stages (from Section 2.3). This means that %P-
vs-λ graphs will always include life-stage four as being able to produce offspring. Regardless 
of the amount of fecundity stages the population has, life-stage four will always have a link to 
life-stage one in these types of populations (Otto and Troy, 2007). This means that in the 
created models, every time the adult survival variable was increased, it always led to a higher 
amount of eggs in the population (Otto and Troy, 2007). This higher amount of eggs in the 
population could possibly change the amount of %P within the whole population. This is 
because insect eggs have a lower dry weight compared to the rest of the life-stages of an 
insect population (Douwes et al., 2004). Increasing the survival variable for life-stages other 
than life-stage four could, in some cases, alter the population structure to not be as egg 
dominant. This is an emerging property of the population and more research is needed to 
fully understand why populations with only one life-stage with fecundity will have parabolic 
relationships between %P and the growth rate of a structured population.  
  
The range of %P within the %P-vs-λ graphs was in many cases very small, meaning the direct 
effects of the insect population structure on %P fluxes might be negligible. However, the 
indirect effect that this range of %P has on ecosystems would be interesting to analyze 
further. Higher trophic levels that predate on the insect population could be affected by the 
small changes of the %P. This would be similar to the bottom-up cascading effect seen in 
plants, where the concentration of elements in host plants might affect several hierarchal 
levels up in the food chain (Kagata and Ohgushi, 2007). My methods of analyzing population 
demography‟s potential effect on stoichiometry could prove useful when researching these 
bottom-up cascading effects.  
 
The results indicate that the demographic properties and the structure of a population can 
affect the elemental composition when studying the whole population. The variables of the 
life-stages have the potential to affect the stoichiometric structure of the population in a way 
that does not clearly coincide with the growth rate hypothesis. The growth rate hypothesis 
works well for individuals (Elser et al., 2003; Acharya et al., 2004; Pilati and Vanni, 2007), 
predicting a linear relationship between the %P and the growth of an individual (Sterner and 
Elser, 2002; Acharya et al., 2004). However, within structured populations this linear 
relationship is not always observed between the population‟s %P and population growth, at 
steady state. This can be seen in the bar graphs (created from the %P-vs-λ graphs) in the 
result section, and could be because an individual will always be a particular age and size at 
one single point in time and space, while a populations functions within a larger area of time 
and space (Begon et al., 2005). 
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4.2 Evaluation of methods 
Overall, the method of using matrix populations when evaluating the stoichiometric regime 
of a population at steady state is a good tool to use with structured populations. The model 
was made to be as simple as possible, so certain aspects of stoichiometry that could be of 
importance were omitted. Examples of these are feeding rates and excreting rates for each 
individual of a population (Sterner and Elser, 2002). The input and output rates of each life-
stage will presumably be different. Analyzing these variables would need more vectors, or a 
more advanced S matrix. A factor like temperature could also be added to the model as the 
rates of feeding, growing, and the amount of offspring, will be affected by the temperature 
(Grimm, 1973).  
 
The dry weight was used as an indicator for all elements, other than P, so therefore it could 
also be interesting to analyze other important stoichiometric elements. This could be done by 
expanding the S matrix, (Equation 18 from Section 2.4) to a 3x4 matrix with C: N: P instead 
of dry weight, which was used as an indicator for the elements. This would mean the new S 
matrix would be constructed as follows: 
 

     [

  

  

  

  

  

  

  

  

  

  

  
  

  

  

]          (22) 

The matrix 22 would fit right into the methods, and similar analyzes could be performed 
using the rest of the method section.  

The right eigenvector, the population distribution at steady state, was included in the analysis 
when looking at each population result (%P-vs-λ graphs). However, there was no effective 
way to show this for all 864 graphs. This is something that could be improved upon in future 
research using this method, as there are several similar ways to analyze population matrices. 
There are mathematical methods including the sensitivity and the elasticity of each matrix-
element of a population matrix (Caswell, 2001). Both these methods generate separate 
matrices that indicate what parts of the matrix will drastically affect the λ of the structured 
population (Caswell, 2001). Another interesting part of the matrix population models to 
evaluate could be the left eigenvector, which indicates the reproductive values of each life-
stage within the population (Caswell, 2001). Code for using alternative mathematical 
methods and for calculating the left eigenvector was created (see Appendix Code III). 
However, because the number of graphs created when analyzing all variables within a 
structured population was so high, these analyses would be impossible to assess thoroughly 
when examining all graphs visually one by one. This method of analyzing the right and left 
eigenvectors as well as the sensitivity and elasticity of the matrix-elements for high amounts 
of data could theoretically be done by collecting the data in tables for each %P-vs-λ graph. 
Then the data could be evaluated with a statistical analytical tool such as ANOVA and Tukey‟s 
HSD. For further information on the sensitivity and elasticity analyses and the left 
eigenvector, H. Caswell‟s book, Matrix Population Models: Construction, Analysis, and 
Interpretation (2001), is recommended. 

In summary, using matrix populations when analyzing the stoichiometry within populations 
is a good analytical tool. However, there is need for analyzing the results from these models 
in a more efficient way. Instead of visually analyzing and organizing the %P-vs-λ graphs, and 
trying to distinguish patterns, a recommendation for further research with more time and 
resources would be to store all collected data from the model runs in tables and then analyze 
them statistically, in tests such as ANOVA and Tukey ‟s HSD. This method would show any 
statistical differences between the different population structures and their variables. 
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Appendix A: The Perron-Frobenius theorem  
There is several ways in which a matrix population can be structured, depending on what 
organism is being studied the outcome of the matrix structure can vary. Depending on what 
type of matrix is used the how the calculations to obtain lambda will vary. This is known as 
the Perron-Frobenius theorem.  

This theorem states for matrix that are irreducible and primitive, that one of the matrixes 
eigenvalues will be real, positive, and have larger absolute value than the other eigenvalues. 
This eigenvalue is called the leading eigenvalue, and is referred to as lambda in this report. 
When a matrix is irreducible and primitive it is possible to calculate strictly positive right and 
left eigenvectors associated with the leading eigenvalue.  

Matrices can be positive, having every element of the matrix positive, or non-negative, having 
every element of the matrix zero or positive (Otto & Troy, 2007). The matrices may also be 
Irreducible meaning that every life-stage can be reached after a within a finite number of 
time steps, if every life-stage cannot be reached then the matrix is said to be reducible (Otto & 
Troy, 2007). What type a matrix M is can be tested by the help of the mathematical 
formula         , where   is the number of classes (the dimention of the matrix) and   is 
the       identity matrix which is a matrix with a diagonal of ones and zeros for all other 
elements (Caswell, 2001). An example using a four life-stage Leslie matrix would look as 
follows: 
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If all the resulting elements from          is positive then the matrix is said to be 
irreducible (Otto & Troy, 2007).  
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Appendix B: Matrix vector multiplication  
A way to project the population using matrix populations is through matrix multiplication 
(from Section 1.4 Equation 4). 

                        (4) 

     being the population life-stage vector for time step  . Each life-stage of the vector 
indicates the amount of individuals within each life-stage of the population, whereas the 
projection matrix shows what will happen with these individuals through a time step.  
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]      (24) 

When multiplying a matrix with a vector there is a set of rules. A vector is always an n*1 array 
of numbers. The matrix needs to have the same dimension for the multiplication to work, an 
n*n matrix (Case, 1999). Figure (16) shows the general rule for matrix vector multiplication, 
indicating that when a matrix is multiplied with a vector the product will always be a vector. 
This also means that certain ways of multiplying with matrixes and vectors doesn‟t work. I f 
the multiplication of matrix M and vector v works in the case     but not in the case    .  
Matrix multiplication works in a similar way, though the product will not be a vector, and the 
multiplication of two matrices products will be different depending on how they are ordered 
(Case, 1999). 

                      (25) 
 

 

Figure 16. Rules of matrix vector multiplication. The first dimension of M and the last dimension of      must be 
the same, red in figure. The first dimension of M and the last dimension of      make up the new vector       , 
blue line.  
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Appendix Code I 
Lambda-vs-%P graph for survival (similar code for growth and fecundity).  
from MATLAB file: biomass_4_S_ode_sys.m 

function result = biomass_4_S_ode_sys( q , PS, f, ST) 
%Ps=Probability of survival, Pv=Probability of Growth (individual) 

%q=same set variable value, f=fecundity stage on(f)/off(0) 
Ps1=PS; Pv1=q; f1=0;   
Ps2=q;  Pv2=q; f2=0;  
Ps3=q;  Pv3=q; f3=0;   
Ps4=q;  Pv4=q; f4=f;  
%m=probability of growth, s=probability of survival (life-stage) 
m1=(Ps1 *Pv1); s1=Ps1*(1-Pv1);  
m2=(Ps2 *Pv2); s2=Ps2*(1-Pv2);  
m3=(Ps3 *Pv3); s3=Ps3*(1-Pv3);  
               s4=Ps4*(1-Pv4);  
%creating the general matrix M 
n1=[f1+s1,  f2,   f3,   f4];  
n2=[m1,     s2,   0,     0]; 
n3=[0,      m2,   s3,    0]; 
n4=[0,      0,    m3,   s4]; 
M =vertcat(n1,n2,n3,n4); 
%calculating eigenvalues and lambda for matrix M (code from Caswell, 2001) 
[W,d]=eig(M); 
eigen=find(d); 
lambda=diag(d); 

%find maximum eigenvalue lambda 
imax= find(lambda==max(lambda)); 
V= conj(inv(W)); 

lambda1 = lambda(imax); 

%right eigenvector(w1) left eigenvector(v1) associated with lambda 
w1 = W(:,imax); 

v1 = real(V(imax,:)).'; 
if any(w1<0) 
   w1=w1*-1; 
end 
if any(v1<0) 
    v1=v1*-1; 
end 
% Scaling the right and left eigenvectors  
scaledv1=v1./sum(v1); 
scaledw1=w1./sum(w1); 
%Set population stable stage distribution (w1) It=n(t) is a (4x1) vector 
It=scaledw1; 

%the elemental composition of a structured population at asymptotic regime  
Bt= ST  * It; 

%percentage P for the whole population 

proP= Bt(2,1) / Bt(1,1); 
 

%results PS=probability of surviving; Lambda1=lambda; 

   %P= percentage P; DW= dry weight; P=total P 
result=[PS ; lambda1 ; proP ; Bt(1,1) ;Bt(2,1)]'; 

 
% Check if matrix is primitive or imprimitive (can be turned off, Ctrl+r)  

prim=M^((length(M)^2)- (2*length(M))+2); 
 if any(prim<0) 
     disp('matrix is Imprimitive!') 
 else 
     disp('matrix is Primitive!') 
 end 
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Appendix Code II 
Lambda-vs-%P graph for survival (similar code for growth and fecundity).  
from MATLAB file: run_biomass_4_S_ode_sys.m 
 

%clear any previous saved data 

Clear 

%Set other variable value at low(0.2), medium(0.55) or high(0.9), 

q=0.2; 

%set number of fecundity stages (f) reflecting matrix M 

amount_of_f_stages=2; 

%Probability of survival range that will be looped 
PS_range = ( 0.1 : 0.01 : 0.9 ); 

%keep total population fecundity constant 

f=15/amount_of_f_stages; 

%create stoichiometry matrix ST (element x stage) 

%original DW and P of 8stage grouped to 4stage data in vector format  
meanDWT=[(0.02970625), (((0.18145833)+ (0.73815714)+ (4.95697059)+ 

(19.81648571))/4), (18.91220000), (((13.04760714)+ (20.64609677))/2)]; 
meanDW=meanDWT'; 
meanPT= [(0.0003531744), (((0.0024127062)+ (0.0026462375)+ (0.0235817611)+ 

(0.1159146839))/4), (0.1434531417), (((0.1449698437)+ (0.1695408080))/2)]; 
meanP=meanPT'; 

 
%creating the magnified dataset 

%P increases through stages 
mag_in=[-0.0002, 0.1, 0.8, 0.8]; 
%P decreases through stages 
mag_de=[0.001, 0.1, 0.001, -0.1]; 
%P increases, then decreases over stages 
mag_in_par=[-0.0003, 0.05, 0.1, -0.1]; 
%P decreases, then increases over stages 
mag_de_par=[0.001, 0, 0.001, 0.8]; 

  

%creating the one stage dataset  
%all stages the same (set at 1.5%) 
stagethesame= ((meanDWT*0.015)-meanPT); 
%stage1 magnified 
stage1mag=stagethesame.*[2, 1, 1, 1]; 
%stage2 magnified 
stage2mag=stagethesame.*[1, 2, 1, 1]; 
%stage3 magnified 
stage3mag=stagethesame.*[1, 1, 2, 1]; 
%stage4 magnified 

stage4mag=stagethesame.*[1, 1, 1, 2]; 

  
%Here the different stoichiometric structured populations are used to 

%create the P vector by adding mean PT (original data) to one of the 

%following: magnify P: mag_in , mag_de , mag_in_par , mag_de_par 

%stage1mag,stage2mag, stage3mag, stage4mag, stagethesame 
PT=(meanPT + stage1mag ); 

%Create the stoichiometric matrix S 

S=[meanDWT;PT]'; 

%and transpose it 

ST=S'; 
  

%loop everything in a for loop 

for iii = 1 : length( PS_range )     
    % Set probability of survival PS to the right value 
    PS = PS_range(iii);     
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    % Solve ODE for the specified S 
     Result_S_change=biomass_4_S_ode_sys( q , PS, f, ST);     
    % Store equilibrium density in M_eq_range 
    Res_eq_range(iii,:) = Result_S_change;      
end 
%results are in a vector in the following structure –  

%  [fecundity; lambda; %P; DW; P] 

  
%organizing the results for plotting 
Dry_weight_total=Res_eq_range(:,4); 

P_total=Res_eq_range(:,5); 
lambda_vec=Res_eq_range(:,2); 
pro_p_vec=Res_eq_range(:,3)*100; 
 

% %P-vs-lambda graph 
figure  
%for DW, P and %P relationship to lambda                                                      

%create graph with two yaxis and plot DW or left and P on right  
[ax,h1,h2] = plotyy(lambda_vec ,Dry_weight_total , lambda_vec , P_total ,  

@line,@line);  

%plot %P on left yaxis 

hold(ax(1), 'on'); 

plot(ax(1),lambda_vec , pro_p_vec, '--'); 

%label all axies ax(1)= DW and %P, ax(2)=P   
xlabel(ax(1),'Lambda') %  
ylabel(ax(1),{'Dry Weight mg';'% Phosphorus '})  
ylabel(ax(2),'Total Phosphorus mg')  

% add legend and title 
legend('Dry weight mg', '% Phosphorus','Total Phosphorus mg') 
title('population stable growth') 

 
% focus on %P relationship to lambda                                                      
figure 
plot(lambda_vec , pro_p_vec, '--') 
[ymax,imax,ymin,imin] = extrema(pro_p_vec); 
hold on 
plot(lambda_vec(imax),ymax,'r*',lambda_vec(imin),ymin,'g*') 
xlabel('lambda') 
ylabel('%P') 

 

%%% codes for graphs of the stoichiometry within life-stages of the 

population where done in a similar fashion as the %P-vs-lambda graph %%% 
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Appendix Code III  
Creating reproductive values, stable population structures, sensitivity analysis and 
elasticity analysis for the Lambda-vs-%P graph when looking at the Survival variable  
from MATLAB file: stages_4_lefteigenvector_graph.m 

%% do this AFTER run_biomas_4_x_ode_sys.m to create population stable stage 

%% table graphs  

  
%get the first value of tested variable from the %P-vs-lambda graph 
first_in_graph=Res_eq_range(1,1); 
%if minima use the code lowest_in_graph=Res_eq_range(imin,1); 

%if maxima use the code lowest_in_graph=Res_eq_range(imax,1); 

%and turn off the other line of code 

lowest_in_graph=Res_eq_range(imin,1); 

lowest_in_graph=Res_eq_range(imax,1); 
%get the last value of tested variable from the %P-vs-lambda graph 
last_in_graph=Res_eq_range (max(size(Res_eq_range (:,1))),1); 

  
% calculating variable S (or G, or F) for first point of %P-vs-lambda graph 

%%for fecundity variable use 
% Ps1=q; Pv1=q; f1=first_in_graph;   

% Ps2=q; Pv2=q; f2=first_in_graph;  

% Ps3=q; Pv3=q; f3=first_in_graph;   

% Ps4=q; Pv4=q; f4=first_in_graph; 

%%for survival variable use 
%Ps1=q;   Pv1=q;   f1=0;   
%Ps2=first_in_graph;  Pv2=q;   f2=f;  
%Ps3=q;    Pv3=q;      f3=f;   
%Ps4=q;    Pv4=q;      f4=f; 

%%for growth variable use 
% Ps1=q; Pv1=first_in_graph;   f1=0;   
% Ps2=q; Pv2=q;     f2=f;  
% Ps3=q; Pv3=q;     f3=f;   
% Ps4=q; Pv4=q;     f4=f; 
 

%create variables for matrix 
m1=(Ps1 *Pv1); s1=Ps1*(1-Pv1);  
m2=(Ps2 *Pv2); s2=Ps2*(1-Pv2);  
m3=(Ps3 *Pv3); s3=Ps3*(1-Pv3);  
               s4=Ps4*(1-Pv4);  

%create matrix M        
n1=[f1+s1,   f2,   f3,   f4];  
n2=[m1,      s2,   0,    0]; 
n3=[0,       m2,   s3,   0]; 
n4=[0,       0,    m3,   s4]; 
M=vertcat(n1,n2,n3,n4); 
%calculating eigenvalues and right- and left eigenvector 
[W,d]=eig(M); 
eigen=find(d); 
lambda=diag(d); 
imax= find(lambda==max(lambda)); 
V= conj(inv(W)); 
lambda1 = lambda(imax); 
w1 = W(:,imax); 
v1 = real(V(imax,:)).'; 
if any(w1<0) 
   w1=w1*-1; 
end 
if any(v1<0) 
    v1=v1*-1; 
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end 
 

%Scale right- and left eigenvectors 

ScalarProduct = v1'*w1; 
scaledv1=v1./sum(v1); 
scaledw1=w1./sum(w1); 
%Population stable stage distribution in time step t 
It=scaledw1; 
%senmat = sensitivity analysis of matrix M. 
senmat=v1*w1'; 

emat=senmat.*M/max(eig(M)); 
%plot into graphs 

figure() 
subplot(2,2,1); 
bar(scaledv1) 
title({'reproductive value';'(right eigenvalue, v1)'}) 
subplot(2,2,2); 
image(100*senmat); 
title('sensitivity anlysis (*100)') 
subplot(2,2,3); 

bar(scaledw1) 
title({'stable population structure';'(left eigenvalue, w1)'})  
subplot(2,2,4); 
image(100*emat); 
title('elasticity analysis(*100)') 
ylim=get(gca,'YLim'); 
xlim=get(gca,'XLim'); 
set(text(xlim(2),ylim(2),'first in 

graph','VerticalAlignment','top','HorizontalAlignment','left'),'rotation', 

90) 

 

%%% Same was done for the local minimum/maximum point and the last point of 

the %P-vs-lambda graph. Instead of using “...=first_in_graph;” the code 

line “...=lowest_in_graph” was used for the local minimum/maximum point and 

the code line “...=last_in_graph” was used for last point in %P-vs-lambda 

graph %%% 
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