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a b s t r a c t 

Broadband precision spectroscopy is indispensable for providing high fidelity molecular parameters for 

spectroscopic databases. We have recently shown that mechanical Fourier transform spectrometers based 

on optical frequency combs can measure broadband high-resolution molecular spectra undistorted by the 

instrumental line shape (ILS) and with a highly precise frequency scale provided by the comb. The accu- 

rate measurement of the power of the comb modes interacting with the molecular sample was achieved 

by acquiring single-burst interferograms with nominal resolution matched to the comb mode spacing. 

Here we describe in detail the experimental and numerical steps needed to achieve sub-nominal resolu- 

tion and retrieve ILS-free molecular spectra, i.e. with ILS-induced distortion below the noise level. We in- 

vestigate the accuracy of the transition line centers retrieved by fitting to the absorption lines measured 

using this method. We verify the performance by measuring an ILS-free cavity-enhanced low-pressure 

spectrum of the 3 ν1 + ν3 band of CO 2 around 1575 nm with line widths narrower than the nominal res- 

olution. We observe and quantify collisional narrowing of absorption line shape, for the first time with 

a comb-based spectroscopic technique. Thus retrieval of line shape parameters with accuracy not limited 

by the Voigt profile is now possible for entire absorption bands acquired simultaneously. 

© 2017 The Authors. Published by Elsevier Ltd. 

This is an open access article under the CC BY-NC-ND license. 

( http://creativecommons.org/licenses/by-nc-nd/4.0/ ) 
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. Introduction 

Fourier transform spectrometers (FTS) are well-established de-

ection systems for molecular spectroscopy because of their ability

o measure broadband spectra with an absolutely calibrated fre-

uency scale. They are commonly used in combination with in-

oherent light sources in Fourier transform infrared (FTIR) spec-

roscopy [1] . An FTS is a Michelson interferometer that produces an

nterferogram of the light source when the optical path difference

OPD - �) between the interferometer arms is scanned. Fourier

ransform of the interferogram yields a spectrum spanning the en-

ire bandwidth of the analyzed light source with a nominal reso-

ution inversely proportional to the range of the OPD scan, �max .

ecause of the OPD truncation, the absorption spectrum is con-

olved with an instrumental line shape (ILS) [2] . Therefore, high

ominal resolution is needed to avoid distortion of the absorp-

ion lines in conventional FTIR spectroscopy, which can only be
∗ Corresponding author. 
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chieved with a large instrument [3] ; for instance, a 100 MHz reso-

ution necessitates scanning the OPD over 3 m. Furthermore, since

he OPD is usually calibrated using a stabilized continuous wave

cw) laser, the accuracy of the FTS frequency scale is affected by

.g. the beam divergence, interferometer misalignment, and fluc-

uations of thermodynamic conditions. Achieving high accuracy on

he frequency and intensity scales requires placing the entire spec-

rometer in vacuum and careful alignment, which are challenging

hen the instrument size grows. 

The advent of optical frequency combs (OFC) provided a new

ight source for the FTS [4] . The high spectral brightness together

ith the spatial and temporal coherence of the combs enable ac-

uisition times orders of magnitude shorter than in conventional

TIR spectroscopy. In the temporal domain, a comb is a train of

ulses separated by 1/f rep , where f rep is the repetition rate, there-

ore a comb-based FTS interferogram consists of a series of equidis-

ant bursts separated by c/f rep in the OPD domain, where c is the

peed of light. The spectral comb structure starts to be visible

hen an interferogram containing several bursts is acquired [5] .

owever, unless the interferogram is sampled correctly, the spec-
ral resolution is limited to the nominal resolution of the FTS and 
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retrieving the power of comb modes requires spectral interpola-

tion between the FTS sampling points [6] . Recently, we have shown

that the power of the comb modes can be precisely measured us-

ing single-burst interferograms with the length matched to c/f rep 

[7,8] . Such measurement yields high resolution molecular spectra

free from ILS distortion even when the molecular line widths are

much narrower than the nominal resolution of the spectrometer.

Moreover, the frequency scale is given by the comb, so high fre-

quency precision and accuracy are achieved even when the inter-

ferometer is not placed in vacuum. 

Here we use this sub-nominal resolution method to measure

an ILS-free cavity-enhanced low-pressure spectrum of the entire

3 ν1 + ν3 band of CO 2 in ∼10 mins with frequency scale precision

and signal-to-noise ratio high enough to observe the influence of

the speed-dependent effects on the absorption line shape. We de-

scribe in detail the different steps that are performed on a single-

burst interferogram to obtain an ILS-free molecular spectrum. We

discuss the influence of the uncertainty of the cw reference laser

wavelength used for OPD calibration on the accuracy of the re-

trieved line center frequencies, and we show that the technique is

particularly suited for high precision spectroscopy of narrow spec-

tral features. 

2. Method 

2.1. Truncation of optical path difference: nominal resolution and 

instrumental line shape 

The basic principle of an FTS is to acquire an interferogram of

the light source when the OPD ( �) between the arms of the in-

terferometer is scanned. In conventional FTIR spectroscopy based

on incoherent light sources, the interferogram consists of a single

burst occurring at �= 0. When permitted by the interferometer

length, it is convenient to acquire double-sided interferograms to

simplify the phase correction in post-processing [1] . The interfer-

ogram is usually sampled at OPD steps equal to a simple fraction

of the cw reference laser wavelength, λref , and the final spectrum

is obtained by taking the magnitude of the fast Fourier transform

(FFT) of the interferogram. In general, the spectrum is affected by

an instrumental line shape (ILS) originating from the OPD trunca-

tion and the divergence and misalignment of the beams inside the

spectrometer [1] . However, when the light source is a collimated

laser beam, as is the case for the comb, the divergence and mis-

alignment effects are negligible and the ILS is caused mainly by

the OPD truncation. For a boxcar acquisition function in the OPD

domain, the truncation-induced ILS is a normalized sinc function

defined as: 

g ILS ( ν, ν0 ) = 

�max 

c 

sin [ π ( ν − ν0 ) �max / c ] 

π ( ν − ν0 ) �max / c 
, (1)

where c/ �max is the nominal resolution of conventional FTIR, ν
is the frequency and ν0 is the center frequency (all in Hz). The

truncation-induced ILS, which has periodic zero-crossings at de-

tunings ( ν −ν0 ) equal to integer multiples of c/ �max , is convolved

with the spectrum measured by the FTS, leading to a broadening

of the measured lines, reduction of their intensity, and ringing on

each side of the lines. Using apodization methods that involve a

modification of the acquisition function of the interferogram [1] , it

is possible to smoothen the ringing resulting from the convolution

with the sinc function at the expense of a further broadening of

the lines. 

2.2. Comb-based FTS 

When a comb beam is injected in the FTS, the resulting inter-

ferogram is a train of bursts equidistant in the OPD domain and
eparated by c/f rep . As mentioned above, the comb structure be-

omes visible when at least two consecutive bursts are acquired

n the same interferogram, since the nominal resolution is then

maller than f rep . In this case, the number of spectral elements

n the spectrum after the FFT is at least twice higher than the

umber of comb modes. Moreover, without careful sampling of

he interferogram a fit to the spectral pattern is needed to pre-

isely find the power of each comb mode [5,9] . Therefore, the ideal

ase is to measure a spectrum containing one sampling point per

omb mode. As previously demonstrated in [7,8] , it is sufficient

o acquire a single-burst interferogram with a length matched to

/f rep to measure the power of all comb modes with high pre-

ision. When such single-burst interferogram is sampled with an

PD step equal to λref /q, where q is an integer, it contains a num-

er of points: 

 0 = round 

(
q 

c 

2 λref f rep 

)
(2)

n each side of the burst. The spectrum after FFT contains N 0 

oints at frequencies ranging from 0 to qc/2 λref (the Nyquist fre-

uency) spaced by the nominal resolution of a conventional FTIR

pectrometer: 

 

0 
FTS = 

c 

�max 
= 

q c 

2 λref N 0 

. (3)

The FTS sampling points can be indexed by an integer number

 and yield a frequency scale: 

FTS = nf 
0 
FTS . (4)

Meanwhile, the frequency scale of the comb is given by: 

OFC = n f rep + f ceo , (5)

here f ceo is the carrier-envelope offset frequency. The line width

f the modes of a stabilized comb is much smaller than the width

f the truncation-induced ILS, therefore the comb modes can be

onsidered as Dirac δ-functions. Thus the convolution of the comb

pectrum with the truncation-induced ILS simplifies to a product,

nd the FTS spectrum after FFT of a single-burst interferogram is

roportional to the sum of the comb mode powers, P n , multiplied

y their corresponding truncation-induced ILS: 

 FTS ( ν) = A 

∑ 

n 

P n g ILS 

(
ν, νn 

OFC 

)
, (6)

here A is an instrumentational factor that contains the detector

esponsivity, gains, etc. At the FTS sampling points this becomes: 

 FTS 

(
νn 

FTS 

)
= A 

∑ 

m 

P m 

f 0 
FTS 

sin 

[
π

(
νn 

FTS − νm 

OFC 

)
/ f 0 FTS 

]
π

(
νn 

FTS 
− νm 

OFC 

)
/ f 0 

FTS 

, (7)

here Eqs (1) and (3) have been used to express the ILS in terms

f the FTS sampling point spacing. 

The influence of the ILS and the FTS sampling on a comb spec-

rum is illustrated in Fig. 1 , which shows the spectrum of a single-

urst interferogram whose length is longer than c/f rep [panel (a),

n red] and exactly equal to c/f rep [panel (b), in blue]. For simplic-

ty, f ceo is assumed to be null. The comb modes are represented

y the black δ-functions, and the central comb mode, n abs , is ab-

orbed by a molecular transition with a line width much narrower

han f rep . The dashed curves show the truncation-induced ILS of

he central comb mode, and similar ILS (not shown) exists for all

omb modes. The FTS spectrum resulting from an addition of the

LS of all comb modes, shown by the solid curves, is sampled by

he FTS at discrete points separated by f 0 
FTS 

(circular markers, dot-

ed curves are guides to the eye). When the nominal resolution is

maller than f rep [panel (a)], the FTS spectrum at the mode posi-

ions is not proportional to the comb mode power because of the



L. Rutkowski et al. / Journal of Quantitative Spectroscopy & Radiative Transfer 204 (2018) 63–73 65 

Fig. 1. Schematics of the spectra obtained after FFT of a single-burst interferogram 

when the nominal resolution is smaller than f rep (a) and exactly equal to f rep (b). 

The comb modes are symbolized by the black vertical lines. The dashed red (a) 

and blue (b) curves are the ILS profiles of the absorbed central comb mode, n abs . 

The solid red (a) and blue (b) curves show the FTS spectrum resulting from the 

summation of the ILS profiles of all comb modes. The frequencies sampled by the 

FTS are marked with red (a) and blue (b) circular markers, the dotted lines are 

guides to the eye. (For interpretation of the references to color in this figure legend, 

the reader is referred to the web version of this article.) 
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Fig. 2. Schematics of the process of matching of the FTS scale (blue solid line) to 

the OFC scale (red solid line) in the spectral range of interest (around νopt ). For 

clarity, the initial mismatch is exaggerated and all scales are shown as continuous 

functions rather than discrete points. In the first step, f ceo is added to the FTS scale 

so that both scales have the same frequency origin (blue dotted line). In the sec- 

ond step, the FTS scale is shifted by f 0 
shift 

so that it overlaps with the OFC scale 

in a chosen optical range of interest (blue dash-dotted line), or the interferogram is 

zero-padded to correct the slope of the FTS scale before the shift is performed (blue 

dashed line). (For interpretation of the references to color in this figure legend, the 

reader is referred to the web version of this article.) 
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istortion caused by the ILS of the neighboring comb modes. More-

ver, the spacing of the sampling points is smaller than the spac-

ng of the comb modes. This mismatch accumulates with n and

esults in a substantial frequency shift between the FTS sampling

oints and the comb mode frequencies, which causes the ringing

n each side of the absorbed mode in the final spectrum. The in-

uence of the ILS vanishes when the nominal resolution is equal

o f rep [panel (b)]. In this case, the zero-crossings of the ILS of one

omb mode are at the positions of the neighboring comb modes,

eaving them unaffected. The sum of the ILS is proportional to the

omb mode power, and the sampling points, separated by f rep , are

recisely matched to the comb mode frequencies, so the final spec-

rum [markers in Fig. 1 (b)] has a flat baseline on each side of the

bsorbed mode. 

When the molecular absorption line is much narrower than f rep ,

nly a single comb mode is strongly absorbed by the transition, re-

ulting in one sampling point per absorption line. Mapping the full

rofile of absorption lines thus requires interleaving of single-burst

pectra taken with different OFC scales [10] , which is achieved by

tepping either f rep or f ceo . Stepping f ceo is preferred, as it results in

 linear shift of the optical frequencies, which is easily taken care

f in post-processing (see Section 2.3.1 below). However, this is not

ossible in e.g. cavity-enhanced techniques, in which the comb pa-

ameters must be locked to that of an external cavity. In this case

 rep is stepped instead, together with the cavity free spectral range.

When the interferogram is sampled at simple fractions of the

w reference laser wavelength, it is not always possible to pre-

isely match the nominal resolution of the spectrometer to c/f rep ,

ince f 0 
FTS 

can only take discrete values determined by the prod-

ct of λref /q and the integer number of points N 0 , while f rep can

ake any value from the laser tuning range. For example, the small-

st possible change of f 0 
FTS 

, obtained from Eq. (3) by changing

he interferogram length by two points, is qc/[2N (N + 1) λ ].
0 0 ref 
his yields 594 Hz for λref = 633 nm, q = 4, and f rep = 750 MHz, i.e.

 0 = 1.26 × 10 6 . Stepping f rep by this value results in an optical shift

f the comb modes by 150 MHz at 1575 nm, which is too large to

ap e.g. the absorption profiles of narrow molecular transitions

fter interleaving. Therefore in practice f rep has to be tuned by a

maller step than the available f 0 
FTS 

step and the two do not always

atch. This implies that in general there is a relative discrepancy

etween f 0 
FTS 

and f rep : 

 0 = 

f 0 FTS − f rep 

f rep 
, (8) 

hose absolute value is between 0 and 1/2N 0 , the latter for the

ase when the f rep value lies exactly in between two possible f 0 
FTS 

alues. The maximum discrepancy is thus of the order of 10 - 6 for

 0 of the order of 10 6 . For such a small difference between f 0 
FTS 

nd f rep the relative distortion of the FTS spectrum at the comb

ode positions is of the same order as ε0 , which is negligible (see

ection 2.5 below for detailed discussion). However, this discrep-

ncy also causes a significant shift of the sampling points with re-

pect to the comb line positions, as the small mismatch between

 

0 
FTS 

and f rep is multiplied by the comb mode number n, which is

f the order of 10 5 . Moreover, the FTS scale does not exhibit any

ffset frequency while f ceo can take any value between 0 and f rep .

herefore in the following sections we assume that f 0 
FTS 

is chosen

losest possible to f rep and we describe how to correct the FTS fre-

uency scale in order to sample the spectrum at the positions of

he comb lines. 

.3. Matching the FTS and OFC frequency scales 

The numerical procedure used to correct the FTS scale in post-

rocessing is illustrated in Fig. 2 . The OFC scale (red solid line) is

et by the experiment. The initial FTS scale (blue solid line), set

y the cw reference laser wavelength and the number of points

n the interferogram, has in general a different slope and no off-

et. The offset is corrected by shifting the FTS scale by f ceo (blue

otted line) and the remaining discrepancy between the frequency

cales is then equal to the error on the FTS sampling point spac-

ng multiplied by the index n of the considered mode. This error

an be corrected at a chosen mode position n opt (corresponding

o the optical frequency νopt within the comb spectrum) by an

dditional frequency shift of f 0 
shift 

(blue dash-dotted line). In this

ay, the error on the sampling point spacing remains but is now
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Fig. 3. Relative discrepancy of the FTS sampling point spacing with respect to the 

target f rep value as a function of k pad for different f rep values. f 0 FTS is set to 750 MHz, 

q to 4, while f rep is detuned from 750 MHz by 40 Hz (f rep,1 , black square markers), 

60 Hz (f rep,2 , red circular markers) and 100 Hz (f rep,3 , blue triangular markers, the 

curves are guides to the eye). (For interpretation of the references to color in this 

figure legend, the reader is referred to the web version of this article.) 
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multiplied by a much smaller number (n −n opt ). When matching of

the scales is required over a wider spectral range, the FTS sam-

pling point spacing, and thus the slope of the FTS scale, can be

corrected through spectral interpolation by zero-padding of the in-

terferogram, and afterwards, if needed, a smaller frequency shift,

f shift , can be performed (not indicated in the figure) to cross the

two scales at the desired frequency (blue dashed line). 

2.3.1. Offset correction 

The FTS offset frequency is null by definition of the Fourier

transform process while the comb offset frequency can take any

value between 0 and f rep . Although techniques exist to stabilize the

comb f ceo to zero [11] , it is most often locked to a frequency differ-

ent than zero for simplicity or for practical reasons (e.g. when the

comb is coupled to an optical cavity that does not permit arbitrary

tuning of the f ceo ). Therefore the FTS scale has to be shifted by f ceo ,

which is done by performing FFT of the interferogram power P( �)

multiplied by an exponential function containing f ceo: 

S FTS ( νFTS ) = A abs { FFT [ P ( �) exp ( − i2 π f ceo �/ c ) ] } . (9)

As a result, the FTS scale becomes νFTS = n f 0 
FTS 

+ f ceo , which cor-

responds to the blue dotted FTS scale in Fig. 2 , and the spectrum

is recalculated at the new frequencies. 

2.3.2. FTS sampling point spacing correction 

The difference between f 0 
FTS 

and f rep introduces an error be-

tween the n 

th comb line frequency and its corresponding sampling

point given by n ε0 f rep . After performing the f ceo shift, a local agree-

ment of both scales can be achieved at index n opt by shifting the

FTS scale by f 0 
shift 

given by: 

f 0 shift = −n opt 

(
f 0 FTS − f rep 

)
= −n opt ε 0 f rep . (10)

This shift is performed in the same way as the f ceo shift

[Eq. (9)] , and yields the dash-dotted FTS scale in Fig. 2 . This is

a simple and computationally efficient way to equalize the two

scales at index n opt . Moreover, it reduces the error between the

other comb lines and their corresponding FTS sampling points to

(n −n opt ) ε0 f rep . However, if the spectrum spans a large bandwidth

(thousands of comb lines), this error might become significant

away from n opt . In such a case, the discrepancy between the FTS

sampling point spacing and f rep can be decreased by zero-padding

of the interferogram . This spectral interpolation method involves

the addition of k pad N 0 zeros (with integer k pad ) on both sides of

the existing interferogram before performing the FFT. The resulting

spectrum contains k pad interpolated points between two previously

sampled points, spaced by f 0 
FTS 

/(k pad + 1). If instead the number of

zeros added on both sides is close to but not equal to k pad N 0 , the

FTS sampling point spacing changes. The number of points in the

zero-padded interferogram, N, that shifts the sampling points clos-

est to the comb modes for a given integer k pad is obtained by re-

placing f rep in Eq. (2) by f rep /(k pad + 1): 

N = round 

[
q c 

2 λref f rep 

(
k pad + 1 

)]
. (11)

The new FTS sampling point spacing is: 

f FTS = 

q c 

2 λref N 

(
k pad + 1 

)
, (12)

yielding a relative change with respect to the initial FTS sampling

point spacing of: 

ζ = 

f FTS − f 0 FTS 

f FTS 

. (13)
Note that the maximum value ζ can take is ε0 (when

 FTS = f rep ), which, in turn, is at most 1/2N 0 . The relative discrep-

ncy ε between f FTS and f rep is now: 

 = 

f FTS − f rep 

f rep 
. (14)

The smaller ε is, the more parallel the red OFC and blue dashed

TS scales are in Fig. 2 . The optimum number k pad that decreases

he discrepancy between the sampling point spacing and f rep with-

ut over-padding of the interferogram can be found by evaluating

as a function of k pad . Fig. 3 shows examples of curves obtained

hen calculating ε(k pad ) for q = 4, f 0 
FTS 

= 750 MHz and three differ-

nt values of f rep , off by 40, 60 and 100 Hz from 750 MHz. The

maller the initial discrepancy ε0 is, the larger k pad is needed to

ignificantly reduce ε. 

As computational time and memory requirement increase with

he number of points involved in the FFT algorithm, it is compu-

ationally more efficient to perform zero-padding with a low k pad 

nd combine it with the shift procedure, which does not increase

he number of points. The shift is then given by: 

 shift = −n opt ( f FTS − f rep ) = −n opt εf rep , (15)

nd the FTS frequency scale becomes (blue dashed FTS scale in

ig. 2 ): 

n 
FTS = nf FTS + f ceo + f shift 

= n f rep + f ceo + ( n − n opt ) εf rep , 
(16)

here Eqs (14) and (15) have been used in the last step. This

eans that the discrepancy between the FTS and OFC scales is

iven by (n −n opt ) εf rep . Once the offset and sampling point spac-

ng corrections are done the comb mode frequencies are assigned

o the points sampled by the FTS. 

.4. Residual ILS distortion 

The procedure described in Section 2.3 assumes that f 0 
FTS 

is

nown with the same accuracy and precision as f rep . In practice,

 rep is usually stabilized and known with accuracy on the 10 - 11 

evel, while the accuracy of f 0 
FTS 

is much lower, determined by the

ccuracy η with which λref is known, limited by the variations of

he refractive index of air (when the FTS is not in vacuum) and of

he alignment of the laser beam [1] . Thus in practice the cw ref-

rence laser wavelength is given by λ′ 
ref = λref (1 + η). This implies

hat the relative discrepancy between the corrected FTS sampling

oint spacing and f rep [Eq. (14)] becomes ε = f FTS /[(1 + η) f rep ] - 1,
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Fig. 4. Simulated absorption lines (black markers) with residual ILS distortion 

caused by an error η = 1 × 10 -7 on the cw reference laser wavelength for absorp- 

tion line widths equal to f rep /10 (a), f rep (b) and 3f rep (c). The red curves show the 

fits, and residuals are plotted in the lower panels. (For interpretation of the refer- 

ences to color in this figure legend, the reader is referred to the web version of this 

article.) 
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hich implies that f FTS = (1 + ε)(1 + η) f rep ≈ (1 + ε + η) f rep , where

he term of the order of εη has been neglected. The corrected FTS

requency scale thus becomes: 

n 
FTS = nf rep ( 1 + ε + η ) + f ceo − n opt εf rep 

= nf rep + f ceo + [ ( n − n opt ) ε + n η] f rep . 
(17) 

Below we show that the residual mismatch between the FTS

nd OFC scales causes a characteristic ILS distortion with ampli-

ude proportional to the error remaining between them, which, in

urn, allows iterative reduction of η until the ILS distortion be-

omes lower than the noise on the baseline. We also study the

nfluence of error η on the position of absorption lines retrieved

y fitting and show that it depends on the ratio of the absorption

ine width, 
, and f rep . 

Using Eq. (7) the FTS spectrum at the n 

th sampling point after

orrection of the FTS scale can be written as: 

 FTS 

(
νn 

FTS 

)
= 

A 

f 0 
FTS 

∑ 

m 

P m 

sin 

[
π( n − m ) f FTS / f 

0 
FTS + π

(
νm 

FTS − νm 

OFC 

)
/ f 0 FTS 

]
π( n − m ) f FTS / f 

0 
FTS 

+ π
(
νm 

FTS 
− νm 

OFC 

)
/ f 0 

FTS 

, 

(18) 

here νn 
FTS 

− νm 

FTS 
= (n − m)f FTS has been used. Since f FTS / f 

0 
FTS 

≈ 1

nd νm 

FTS 
−νm 

OFC 
� f 0 

FTS 
, the sine function can be series expanded to

rst order and Eq. (18) becomes: 

 FTS 

(
νn 

FTS 

)
≈ A 

f 0 
FTS 

∑ 

m 

P m 

( −1 ) 
n −m 

( n − m ) 
(
f FTS − f 0 FTS 

)
+ νm 

FTS − νm 

OFC 

( n − m ) f FTS + νm 

FTS 
− νm 

OFC 

, (19) 

here ( νm 

FTS 
−νm 

OFC 
) � ( n − m )f 

FTS 
for n � = m, which enables using

q. (13) to further simplify the equation to: 

 FTS 

(
νn 

FTS 

)
≈ A 

f 0 
FTS 

{ 

P n + 

∑ 

m � =n 

P m 

( −1 ) 
n −m 

[
ζ + 

νm 

FTS − νm 

OFC 

( n − m ) f FTS 

]} 

. 

(20) 

In the absence of molecular absorption the comb mode power

s locally flat. This implies that S FTS (ν
n 
FTS ) ≈ A P n / f 

0 
FTS because the

ontributions of neighboring comb modes cancel out after summa-

ion. When a comb mode n abs is absorbed by a molecular line with

 width narrower than f rep , the comb power changes by �P n abs 
at

his mode, while it remains constant at the neighboring modes,

P n � = n abs 
= 0. This induces an ILS distortion, �S ILS , around this

ode, i.e. at sampling points n � = n abs , given by the last term in

q. (20) evaluated for n = n abs : 

S ILS 

(
νn � =n abs 

FTS 

)
≈ A 

f 0 
FTS 

�P n abs 
( −1 ) 

n −n abs 

[
ζ + 

( n abs − n opt ) ε + n abs η

n − n abs 

]
(21

here Eq. (17) has been used to express the difference between

he FTS and OFC scales, and f rep /f FTS ≈ 1 has been assumed. The

pectrum is ILS-free when the maximum ILS distortion is smaller

han the noise on the baseline, i.e. when the last term in Eq. (21) is

maller than the inverse of the signal-to-noise ratio (SNR) of the

easured absorption line. The contribution of ζ to the residual

LS is negligible as long as ζ , which is at most equal to 1/2N 0 , is

maller than 1/SNR, which is fulfilled as long as SNR < 2N 0 , i.e. 10 6 .

he influence of the inaccuracy of the FTS sampling point spacing,

, can always be removed for a particular absorption line by set-

ing n opt = n abs in the shifting procedure. Therefore, in practice, the

esidual ILS distortion is determined by the error on the reference

aser wavelength, η. This distortion has odd symmetry with respect

o the absorption line center since it changes sign periodically with

n −n abs ), and a maximum at f rep away from the absorption line
enter, i.e. at the comb mode n = n abs ± 1. An ILS-free spectrum is

hus obtained when λref is known with accuracy better than the

imit set by the SNR in the spectrum, given by: 

lim 

= 

1 

SNR n abs 

. (22) 

his limit is of the order of 1 × 10 -8 for a comb mode at 1575 nm

nd f rep = 750 MHz (i.e. n abs = 2.5 × 10 5 ) and an absorption line

easured with a SNR of 400. 

Equation (21) gives an analytical expression for the residual ILS

istortion of an absorption line significantly narrower than f rep . To

llustrate how the residual ILS distortion depends on the ratio of

he full width at half maximum (FWHM) of the absorption line,

, and f rep , three different cases are plotted in Fig. 4 , for 
/f rep 

qual to 0.1 [panel (a)], 1 [panel (b)] and 3 [panel (c)]. The absorp-

ion lines are calculated using Beer–Lambert law and Voigt pro-

les with a Doppler width equal to twice the Lorentzian width and

ith an absorption line contrast of 10%. The index of the absorbed

omb mode closest to resonance is n abs = 2.54 × 10 5 . Single-burst

nterferograms are simulated using a fixed value of λref for dif-

erent f rep values and analyzed with λ′ 
ref , with η = 1 × 10 -7 . f rep 

s stepped by 
/20/n abs , yielding 20 points per 
 after interleav-

ng. The resulting interleaved spectra are shown with black mark-

rs in Fig. 4 . The red curves show fits of the model based on

he Voigt profile with line position, area and Lorentzian width

s fitting parameters, and the residuals of the fits are plotted in

he lower panels. When the absorption line is significantly nar-

ower than f rep [panel (a)] only one comb mode is absorbed by

he line in each single-burst spectrum and the ILS distortion has a

orm of discrete peaks at multiples of f rep away from the absorp-

ion line center, with amplitude changing sign periodically. Since

hese peaks are clearly separated from the absorption line and

heir combined area is zero, they do not distort the absorption

ine. The fit is not affected by the ILS distortion, it returns the

ine parameter values assumed in the simulation and the residual

s flat at the position of the absorption line. The residual also con-

rms that the maximum amplitude of the ILS distortion is equal to

 abs η�P n abs 
= 2.54 × 10 -3 , as predicted by Eq. (21) . When the line

idth is comparable to f rep [panel (b)] several comb modes are si-

ultaneously absorbed in each single-burst spectrum and the ILS

istortion takes the form of ringing with odd symmetry. This is
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Fig. 5. Simulation of the spectra of absorption lines with line width equal to f rep /10 

(a) and 2f rep (b) obtained when η = -5 × 10 -7 . The comb modes are symbolized 

by the black vertical lines. The absorption lines are depicted by the black dashed 

curves. The red solid curves are the sum of the ILS of all comb lines and the 

red circular markers are the FTS sampling points after scale correction. The blue 

square markers show the spectrum obtained after assigning the closest comb 

mode frequency to each FTS point, and the solid blue curve is the final spectrum, 

obtained after interleaving of many single-burst spectra. (For interpretation of the 

references to color in this figure legend, the reader is referred to the web version 

of this article.) 

Fig. 6. Simulated shift of the transition frequency obtained by fitting to absorp- 

tion lines analyzed with an error η on the cw reference laser wavelength in direct 

transmission (solid curves) and in cavity transmission (dashed curves) for two ab- 

sorption line contrasts, 10% (red curves) and 50% (blue curves), as a function of the 

ratio of the transition line width to f rep . The y-axis on the left side is expressed in 

terms of the FTIR shift ηn abs f rep , while the y-axis on the right side is in MHz for 

f rep = 750 MHz, n abs = 2.54 × 10 5 and η = 10 -8 . (For interpretation of the references to 

color in this figure legend, the reader is referred to the web version of this article.) 
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because the different discrete ILS peaks centered at multiples of

f rep away from the line center are now broader and merge. The

area and line width are not affected by the distortion, since it has

odd symmetry and its integral is zero, but the center frequency

of the line is shifted by − 0.65 ηn abs f rep . Finally, in the case when


/f rep = 3 [panel (c)], the ILS ringing becomes negligibly small and

the fit returns the correct area and line width. However, the cen-

ter frequency of the line is shifted by −ηn abs f rep , similar to what

happens in conventional FTIR spectroscopy with an error η on the

reference laser wavelength [1] . 

The characteristic shape of the ILS distortion in the sub-nominal

method, which is different than the truncation-induced ILS of con-

ventional FTIR or higher order corrections to the absorption line

shape, allows performing corrections to the cw reference laser

wavelength. The amplitude and sign of the ILS distortion are pro-

portional to the magnitude and sign of η, so the initially assumed

λ′ 
ref can be corrected by repeating the data analysis in an iterative

manner until the ILS disappears below the noise on the baseline.

In this way η is reduced down to the value ηlim 

determined by

the SNR in the spectrum and the absorbed comb mode number

[Eq. (22)] . For lines broader than f rep the shift of the line position

remains, however reduced by a factor η/ ηlim 

compared to its initial

value. 

Note that if initially η is larger than 1/2n abs , the iterative

matching of the FTS and OFC scales performed as described above

will result in a spectrum with no ILS distortion but frequency

shifted by an integer multiple of f rep , see Eq. (17) . This shift, how-

ever, is easily noticed by comparison with positions of known ab-

sorption lines, and can be eliminated. 

2.5. Absorption line positions 

The origin of the frequency shift of the absorption line position

described above has its explanation in the sampling process of the

sub-nominal resolution method. Fig. 5 depicts the influence of the

error η on the spectrum of an absorption line for 
/f rep equal to

0.1 [panel (a)] and 2 [panel (b)]. The index of the absorbed comb

mode n abs is 2.54 × 10 5 , η is equal to −5 × 10 -7 , and n opt = n abs to

cancel the influence of ε in Eq. (21) . The comb modes are symbol-

ized by the black vertical lines. Some comb modes are partially ab-

sorbed by an absorption line plotted with the black dashed curves.

The red solid curves depict the sum of the ILS profiles of all comb

modes [Eq. (18)] and the red circular markers are the FTS sam-

pling points after scale correction, offset from the comb modes by

- ηn abs f rep because of the error η on the reference laser wavelength

[Eq. (17)] . The blue square markers show the FTS sampling points

after the comb mode frequencies have been assigned to them. The

final spectra, obtained after interleaving of many single-burst spec-

tra, are shown by the blue solid curves. In the case of a line nar-

rower than f rep [panel (a)], the ILS sum in a single-burst spectrum

is much broader than the absorption line and the amplitude er-

ror induced by η is negligibly small, e.g. below 10 - 3 for η below

10 - 7 . This means that after assigning the comb mode frequencies

to the FTS sampling points the interleaved spectrum (blue curve)

overlaps with the absorption line. In the case of a line significantly

wider than f rep [panel (b)] the ILS distortion has a negligible im-

pact on the absorption line intensity and the ILS sum overlaps with

the absorption line. Yet, once the comb mode frequencies are as-

signed to the FTS sampling points, the absorption line is shifted by

−ηn abs f rep . 

For 
/f rep ratios between the two cases shown in Fig. 5 , the

frequency shift of the absorption line depends on the exact value

of the 
/f rep ratio and the shape of the absorption profile. The

odd symmetry of the residual ILS distortion counteracts the shift

induced by the error on the reference laser wavelength because

the slope of the distortion at the line center has the same sign
s η. Fig. 6 shows the frequency shift of the absorption line as a

unction of the 
/f rep ratio, obtained by simulations and fits sim-

lar to the ones shown in Fig. 4 . To illustrate the variation with

ransmission line shape, four different cases are plotted here, di-

ect transmission, i.e. Beer–Lambert law, with 10% (solid red curve)

nd 50% (solid blue curve) contrast, and cavity-enhanced model

12] with the same contrasts (red and blue dashed curves, respec-

ively), all based on Voigt profiles. For 
/f rep ratios below 0.2 the

requency shift is close to zero, while for ratios larger than 2 it

pproaches the FTIR limit of −ηn abs f rep (indicated with the hor-

zontal gray dashed line). This shift is equal to 1.9 MHz for the
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Fig. 7. Experimental setup: EOM, electro-optic modulator; λ/2, half-waveplate; PBS, 

polarizing beam splitter; λ/4, quarter-waveplate; PZT, piezo-electric transducer; FTS, 

Fourier transform spectrometer; f PDH , Pound-Drever-Hall modulation frequency; ϕ, 

phase shifter; DBM, double-balanced mixer; BPF, band-pass filter; LPF, low-pass fil- 

ter;. f clk , Rubidium clock frequency; DDS, digital direct synthesizer; f DDS , DDS fre- 

quency. Bottom: matching of the comb (red) to the cavity (black), the reflected 

comb modes are shown with dotted lines. (For interpretation of the references to 

color in this figure legend, the reader is referred to the web version of this article.) 
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ndex of the absorbed comb mode n abs = 2.54 × 10 5 , f rep = 750 MHz

nd η = 1 × 10 -8 . For intermediate 
/f rep ratios the exact value of

he frequency shift depends on the profile of the line measured

n transmission. The shift increases with absorption line contrast,

ince the line profile in transmission gets broader (i.e. the blue

urves in Fig. 6 are shifted to the left with respect to the red

urves). Moreover, for the same absorption line contrast the shift

s larger in cavity-enhanced spectra than in direct absorption, be-

ause of the larger broadening (i.e. the dashed curves are shifted

o the left with respect to the solid curves). In the experiment, the

ransition frequency uncertainty when the ILS distortion is at the

oise level can be estimated using Fig. 6 for the pertinent 
/f rep 

atio and contrast of the measured absorption line. 

. Experimental 

.1. Experimental setup 

The measurements were performed using a near-infrared comb-

ased FTS with an enhancement cavity, whose function was both

o increase the absorption sensitivity and to filter the comb to in-

rease the f rep , in order to reduce the uncertainty on the line posi-

ions (see Fig. 6 ). The experimental setup is depicted in Fig. 7 . The

omb source was an amplified femtosecond Er: fiber laser with a

epetition rate of 250 MHz, equipped with an f-2f interferometer.

he comb was coupled into an 80-cm-long cavity with a finesse of

11,0 0 0 and a free spectral range (FSR) of 187.5 MHz. In this con-

guration, every third comb mode was transmitted by every fourth

avity resonance, which led to an effective (cavity-filtered) repeti-

ion rate of f rep = 750 MHz, as shown at the bottom of Fig. 7 . The

avelength-dependent cavity finesse was characterized by ring-

own measurements with a precision of 1%. One of the cavity mir-

ors was mounted on a ring piezoelectric transducer (PZT) to con-

rol the cavity length. The cavity was connected to a supply of

0 0 0(2) ppm of CO 2 diluted in N 2 and of pure N 2 through a system

f flow and pressure controllers that provided 1.3 Torr precision on

he sample pressure. 

The comb modes were actively stabilized to the cavity res-

nances using the two-point Pound-Drever-Hall (PDH) technique

12] . To obtain the PDH error signals, the comb light was phase-

odulated at a frequency f PDH = 20 MHz using a fiber-coupled

lectro-optic modulator (EOM). The cavity reflected light was

icked up and directed onto a grating that dispersed the comb

pectrum. Two different wavelength regions of the dispersed light
ere detected by two photodetectors and their signals were syn-

hronously demodulated at f PDH to yield two PDH error signals.

he first error signal was fed into a proportional-integral (PI) con-

roller that acted on the injection current of the pump diode of

he oscillator and controlled both f ceo and f rep with a bandwidth

f 150 kHz. The second error signal was split into two paths and

ed to two separate PI controllers that worked in parallel to control

 rep . The first controller acted on the laser resonator length via an

ntracavity PZT, controlling f rep with a low bandwidth (6 kHz) but a

arge range (5 kHz). The second one was connected to an EOM in-

ide the laser resonator, which modulated the intracavity refractive

ndex and thus controlled f rep with a high bandwidth (500 kHz)

ut a small range (0.1 Hz). Once the comb modes were locked

o the cavity, the cavity length/FSR was stabilized using an error

ignal obtained by comparing the f rep value to a radio-frequency

inewave, f DDS , generated by a direct digital synthesizer (DDS) ref-

renced to a GPS-referenced Rubidium clock. The error signal was

ed via a low bandwidth ( < 10 Hz) PI controller to the PZT con-

rolling the cavity length. As a consequence, f rep was stabilized to

he Rubidium clock, while the f ceo was indirectly stabilized via the

wo-point lock to the cavity. 

The light transmitted through the cavity was analyzed with a

ome-built fast-scanning FTS enclosed in a box filled with ambi-

nt air. The OPD was swept at a speed of 80 cm/s and it was cal-

brated with a sinewave interferogram of a stabilized He–Ne cw

aser [specified λref = 632.9911 nm in vacuum] that co-propagated

ith the comb beam. The comb interferogram was measured using

n autobalancing InGaAs detector [13] , while the cw interferogram

as measured with a single Si detector. Both interferograms were

cquired simultaneously at a rate of 5 Msample/s with a 20-bit res-

lution data acquisition card. The comb interferogram was linearly

nterpolated at the zero-crossings and extrema positions of the ref-

rence interferogram during post-processing, yielding an OPD step

f λref /4 [i.e. q = 4 in Eq. (2) and following]. A scan over a single-

urst interferogram ( �max = 40 cm) lasted 0.5 s, and the measure-

ent could be repeated every 1.3 s. 

.2. Measurement procedure and comb parameters 

For spectroscopic measurements the cavity was filled with

0 0 0(2) ppm of CO 2 in N 2 at a pressure of 26.3(1.3) Torr and a

emperature of 296(3) K. The average FWHM of the absorption

ines at this pressure is 
 = 390 MHz. Single-burst spectra were

aken with 40 different f rep values stepped by 75 Hz, which re-

ulted in a step of 18.75 MHz in the optical domain and yielded

n average 20 points within FWHM, 
. Each single-burst spectrum

as averaged 10 times; therefore each f rep step was acquired in

3 s. There was a dead time between two consecutive f rep steps of

.5 s caused by the need to change the DDS frequency smoothly to

void unlocking of the comb from the cavity. Thus the entire mea-

urement took 700 s. 

The comb f rep and f ceo were continuously monitored during the

cquisition with a frequency counter at a rate of 1 Hz and the re-

ult is shown in Fig. 8 . The 40 f rep steps are clearly visible in panel

a). Because of the comb-cavity locking scheme, f ceo followed a

rend opposite to f rep in order to compensate for the f rep increase,

s shown in panel (b). The 22nd step is enlarged in the insets in

oth panels. Standard deviations σ of f rep and f ceo were equal to

 mHz and 1.2 kHz, respectively, during each step. This corresponds

o a total uncertainty on the comb mode frequency in the optical

ange equal to 1.7 kHz, mostly caused by the offset frequency un-

ertainty. 

The single-burst spectrum measured with the first f rep value

as used to reduce the uncertainty η on λref below the value de-

ermined by the SNR ratio in the spectrum. All single-burst spec-

ra were then processed using the f 0 
shift 

shift to correct the FTS
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Fig. 8. Experimental f rep (a) and f ceo (b) values measured during the step-by-step 

acquisition of single-burst interferograms, where the mean value of the 22nd step 

has been subtracted. The insets show zooms of the 22nd step together with the 

standard deviations. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 9. Cavity-enhanced spectrum of the 3 ν1 + ν3 band of CO 2 at 26.3 Torr. (a) Cav- 

ity finesse measured by cavity ring-down when the cavity was filled with N 2 (mark- 

ers) together with a third order polynomial fit (curve). (b) Normalized cavity trans- 

mission spectrum of 10 0 0 ppm of CO 2 diluted in N 2 at 26.3 Torr obtained from 40 

interleaved single-burst spectra (black) plotted together with a simulation based on 

the cavity enhanced model [12] and the HITRAN parameters [14] (red, inverted). (c) 

Enlargement of the spectral region containing the R14e and R16e CO 2 lines (black) 

and a simulation of the spectrum that would be obtained with conventional FTIR 

spectroscopy and the same nominal resolution (750 MHz, blue, horizontally and ver- 

tically offset for clarity). The two weak peaks at 6359.34 and 6360.11 cm 

-1 are CO 2 
lines. (For interpretation of the references to color in this figure legend, the reader 

is referred to the web version of this article.) 
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scale. When the residual ILS distortion for the absorption lines at

the edges of the comb spectral range was found to be larger than

the noise on the baseline, the combination of the zero-padding

method and the f shift shift was used instead. Each single-burst

spectrum was normalized to a background spectrum measured

while the cavity was filled with pure N 2 at the same pressure.

Since the background does not contain any narrow spectral fea-

tures, a single-burst spectrum taken at the first f rep value (aver-

aged 10 times) was sufficient to fully resolve it. For normaliza-

tion of spectra taken at other f rep values this background was lin-

early interpolated at the comb frequencies. The single-burst spec-

tra measured with different f rep values were interleaved and the

relative baseline of each step was corrected to compensate for

the drift of the laser envelope from step to step. Finally, the

baseline of the interleaved spectrum was corrected for the re-

maining etalons by fitting a 4th order polynomial function and

low frequency sine wave functions together with the transmission

spectrum. 

4. Results 

4.1. Broadband CO 2 spectra and sensitivity 

Figure 9 shows the spectrum of the 3 ν1 + ν3 band of

10 0 0(2) ppm of CO 2 diluted in N 2 at 26.3(1.3) Torr obtained from

interleaved single-burst spectra [panel (b), black curve], compared

to a model spectrum (red, inverted) calculated using the cavity-

enhanced transmission function [12] based on Voigt absorption

profiles with line parameters from the HITRAN database [14] , and

the experimentally determined cavity finesse [panel (a)]. The nom-

inal resolution of the FTS was 750 MHz while the average FWHM of

the absorption lines is around 390 MHz, yet no distortion induced

by the ILS is visible. The lack of ringing around the absorption lines

is even more evident in the enlargement of the range covering two

lines of the 3 ν1 + ν3 band, chosen for their high SNR and proxim-

ity to one of the PDH locking points, namely the R14e and the R16e

lines, plotted in black in panel (c). For comparison, a spectrum that

would be obtained with conventional FTIR with the same nomi-

nal resolution is plotted in blue (vertically and horizontally offset

for clarity). This spectrum was simulated by convolving the mea-
ured CO 2 spectrum with a sinc function described by Eq. (1) for

 nominal resolution of 750 MHz, which causes reduction of the

ine contrast, broadening of the line width, and ringing on the

ine wings. None of these effects was present in the experimental

pectrum. 

The spectrum spans 90 cm 

- 1 between 6295 and 6385 cm 

- 1 

nd contains 144,0 0 0 spectral elements spaced by 6.25 × 10 -4 cm 

-1 .

he standard deviation of the noise on the baseline near the

wo lines shown in panel (c) is 1.2 × 10 -3 . Therefore, the noise

quivalent absorption (NEA) is equal to 2.2 × 10 -9 cm 

-1 for an ac-

uisition time of 700 s, and the figure of merit, defined as the

EA multiplied by the square root of the ratio of the total ac-

uisition time and the number of spectral elements, is equal to

.5 × 10 -10 cm 

-1 Hz -1/2 . 

.2. Residual ILS distortion 

According to Eq. (22) , the absence of ILS-induced distortion on

he R16e line centered at 6360 cm 

-1 (n abs = 2.54 × 10 5 ), for which

he SNR is 280, implies that the cw reference laser wavelength has

een found with an accuracy below ηlim 

= 1.4 × 10 -8 . Fig. 10 (a)–

b) investigates the ILS distortion of the R16e line when the error

is deliberately made larger than this. The undistorted line cor-

esponding to | η| < ηlim 

, same as in Fig. 9 (c), is shown by black

arkers ( α) in panel (a). The blue and red curves show the same

ine analyzed using λ′ 
ref with η = -5 × 10 -8 ( β , blue curve) and

= 1 × 10 -7 ( γ , red curve) with respect to the value used to ob-

ain the ILS-free line, λref = 632.99115 nm. To quantitatively assess

he distortion amplitude, panel (b) shows the differences between

urves ( β) and ( α), and ( γ ) and ( α). As predicted by Eq. (21) and
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Table 1 

Vacuum transition frequency, line intensity and Lorentzian FWHM, 
L , at 26.3(6) Torr of the R16e CO 2 line retrieved 

from fits based on the VP and SDVP compared with the parameters from the HITRAN database [14] , Long et al. [18] 

and Li et al. [19] at 296(3) K. 

R16e line Vacuum line position [MHz] Intensity [cm 

- 1 /(mol. cm 

- 2 )] 
L [MHz] 

VP (this work) 190,667,024.1(5) 1.650(5) × 10 - 23 144(2) 

SDVP (this work) 190,667,024.2(7) 1.688(5) × 10 - 23 163(2) 

Systematic uncertainty 0.8 0.09 7 

HITRAN 190,667,023(3) 1.744(35) × 10 - 23 –

Long et al. 190,667,021.41(3) – –

Li et al. – – 151(5) 

Fig. 10. Spectra of the R16e CO 2 line at 6359.9673 cm 

-1 at a pressure of 26.3 Torr 

and temperature of 296 K. (a) Spectra obtained for different values of error on 

the cw reference laser wavelength: | η| < 1.4 × 10 -8 [ α, black markers, same as in 

Fig. 9 (c)], η = -5 × 10 -8 ( β , red curve), and η = 1 × 10 -7 ( γ , blue curve). (b) Residua 

between the distorted lines and the undistorted line. The dotted horizontal lines in- 

dicate the maximum of the ILS distortion calculated using Eq. (21) . (c) Undistorted 

spectrum [black markers, same as in panel (a)] together with a fit of the Voigt 

profile (VP, blue curve) and the speed-dependent Voigt profile (SDVP, red curve). 

Residuals of the fits are shown in (d) for the VP and in (e) for the SDVP. (For inter- 

pretation of the references to color in this figure legend, the reader is referred to 

the web version of this article.) 
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s  

o  

y  
y simulations shown in Fig. 4 , the ILS distortion has odd symme-

ry with respect to the line center and reaches a maximum at a

requency f rep away from the line center. Moreover, the amplitude

f these maxima changes sign and increases with η. The dotted

orizontal lines in panel (b) indicate the ILS distortion amplitudes

alculated using Eq. (21) for curves ( β) and ( γ ), equal to 4.3 × 10 -3 

nd 8.6 × 10 -3 , respectively, which agree well with the experimen-

al data in both cases. To assess the center frequency shift caused

y η we fit the cavity-enhanced model to the three curves, simi-

arly to what was done to obtain data shown in Fig. 6 . The 
/f rep 

atio for this line is 0.52 and we find from the fit that the shift is

qual to -2 η × 10 7 MHz. This implies that the uncertainty of the

enter frequency for the ILS-free line with ηlim 

= 1.4 × 10 -8 is at

ost equal to 0.28 MHz. 

.3. Speed-dependent effects on Voigt profile 

The undistorted R16e CO 2 transition is plotted again with black

arkers in Fig. 10 (c). The nearly overlapping curves show fits to

his line based on the cavity-enhanced model [12] with the Voigt

rofile (VP, blue curve) and with the speed-dependent Voigt pro-

le [15] (SDVP, red curve). The fitting parameters of the VP are the

ransition frequency, the line intensity, the Lorentzian width of the

ransition, the comb-cavity offset (induced by the cavity dispersion

12] ) and a linear baseline. The Doppler width is fixed to 354 MHz,
he pressure shift to −6.7 MHz (based on the value of the pressure

hift by N 2 of −0.0065(7) cm 

- 1 /atm from Gamache et al. [16] ) and

he finesse to 10,500. The residual of the VP fit is shown in panel

d). The characteristic (inverted) w-shaped residual caused by the

naccuracy of the VP at this pressure is clearly visible, demonstrat-

ng the need to consider more advanced absorption profiles. Panel

e) shows the residual of a fit of the SDVP, where the reduced

peed-dependent collisional width was introduced using quadratic

pproximation given by Priem et al. [17] : B w 

(x) = 1 + a w 

(x 2 -3/2),

here x is the reduced absorber speed and a w 

is a dimensionless

tting parameter. The small pressure shift was assumed to be inde-

endent of the absorber speed. The improvement of the fit within

he line core is evident. The standard deviations of the residuals

f the VP and SDVP evaluated between −1 and 1 GHz, indicated in

heir respective panels, show an improvement of the SDVP residual

y 36% compared to the VP. 

The spectroscopic parameters of the R16e line retrieved from

he fits of the VP and the SDVP are summarized in Table 1 and

ompared to the parameters from the HITRAN database [14] and

rom Long et al. [18] and Li et al. [19] . The statistic uncertain-

ies of the fitted parameters are indicated in parentheses, while

he systematic uncertainties are listed in a separate row. Not listed

n the table are the comb-cavity offset equal to 470(95) Hz and

60(70) Hz for the VP and SDVP fits, respectively, as well as the

 w 

parameter equal to 0.129(7) for the SDVP. The fitted transi-

ion frequency agrees within one sigma of combined uncertainty

ith the HITRAN value, and within three sigma with the result

btained by Long et al. [18] with frequency-agile cavity ring-down

pectroscopy. The reason for the relatively large discrepancy be-

ween our value and that of Long et al. [18] is most probably an

verestimated accuracy of the pressure shift parameter used in our

nalysis, which cannot be verified with a single pressure measure-

ent. Note, however, that already at this SNR the precision of our

easurement is better than that reported in HITRAN, even taking

nto account the combined effect of the uncertainty on the pres-

ure shift (0.7 MHz) and that caused by the uncertainty on λref 

0.28 MHz). The retrieved line intensity agrees with the intensity

rovided in HITRAN within the systematic uncertainty given by the

ombined effect of the pressure, concentration and cavity finesse

ncertainties. The fitted value of the Lorentzian line width of the

P agrees within the systematic uncertainty with the value calcu-

ated using the broadening coefficient for N 2 for the same CO 2 line

easured by Li et al. [19] . The systematic uncertainty is given by

he precision of the pressure and temperature measurement. The

orentzian line width found from the SDVP fit is larger, since this

arameter does not have to compensate for the speed-dependent

ine narrowing neglected in the VP. 

. Conclusions 

Optical frequency comb Fourier transform spectroscopy with

ub-nominal resolution allows precise measurement of the power

f the individual comb modes interacting with molecules and

ields absorption spectra with frequency resolution and precision



72 L. Rutkowski et al. / Journal of Quantitative Spectroscopy & Radiative Transfer 204 (2018) 63–73 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

A

 

q  

m  

m

F

 

c  

S  

F  

t

R

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

given by the comb rather than the FTS. It relies on the measure-

ment of single-burst interferograms with nominal resolution pre-

cisely matched to the repetition rate of the comb and matching

of the FTS sampling points to the comb mode frequencies in post-

processing. Any residual mismatch between the FTS and OFC scales

induces a characteristic ILS distortion with odd symmetry with re-

spect to the line center and a maximum at f rep away from the line

center, with amplitude proportional to the frequency mismatch.

This ILS distortion can be reduced below the noise level by iter-

atively adjusting the cw reference laser wavelength down to the

precision ηlim 

given by the inverse of the product of the SNR in

the spectrum and the absorbed comb mode number, n abs . Impor-

tantly, the parameters of absorption lines much narrower than f rep 

are unaffected by the residual ILS distortion. Thus, to fully bene-

fit from the sub-nominal resolution method, f rep should be chosen

larger than the line width of the measured absorption lines, which

can be achieved in practice using a filter cavity. 

The sub-nominal resolution method is similar to two ap-

proaches used in dual comb spectroscopy. The first is the ‘coher-

ent averaging’ technique [20] developed to allow the averaging of

successive single-burst interferograms in the time domain to re-

duce the amount of data. In this method, reproducible sampling of

the interferogram is obtained by setting the repetition rates and

the difference of the offset frequencies of the interfering combs

equal to integer multiples of the difference of the repetition rates,

which after FFT yields sampling points exactly at the comb mode

frequencies. The second method is the ‘super resolution’ technique

developed initially for the THz range [21] and later used in the

near-infrared range [22] . The lack of f ceo in the THz combs removes

the need to correct the FTS offset frequency. Moreover, because

of the rather low SNR in the spectra measured in both frequency

ranges, precise matching of the FTS and OFC scales was not nec-

essary and the effects described in this work were not observed.

Our approach allows obtaining ILS-free spectra with a much higher

signal-to-noise ratio and can be implemented in all FTS systems,

yielding resolutions orders of magnitude better than most accu-

rate FTIR spectrometers [3] using a compact interferometer ( �max 

of tens of cm) and in a much shorter acquisition time (seconds

or minutes instead of hours or days). As in conventional FTIR, the

temperature and pressure need to be stable during the acquisition

process; but contrary to FTIR, vacuum conditions are not required

since the absolute frequency scale is set by the light source and not

by the spectrometer. Moreover, all uncertainties on the FTS scale

can be compensated for in post-processing. 

Using the sub-nominal method we measured an ILS-free low-

pressure spectrum of the entire 3 ν1 + ν3 band of CO 2 spanning

90 cm 

-1 with optical sampling step of 6.25 × 10 -4 cm 

-1 in 700 s

with a SNR of 280 on the strongest lines. This SNR was sufficient

to demonstrate - for the first time with comb-based spectroscopy -

that the speed-dependent Voigt profile improves the fit quality for

low-pressure absorption lines. This profile is fully compatible with

the Hartmann–Tran profile (HTP) [23] that has been recently rec-

ommended by the International Union of Pure and Applied Chem-

istry for use in future spectroscopic databases [24] . Increasing the

SNR by longer averaging will further improve the precision of the

fitted parameters. 

The sub-nominal technique enables systematic measurements

of entire absorption bands with precision needed for retrieval of

line parameters beyond the Voigt profile [24,25] in acquisition

times of the order of minutes, yielding high fidelity spectroscopic

data with little influence of systematic errors. The comb-based FTS

is thus an ideal tool for high-accuracy broadband measurements

of parameters of millions of lines included in HITRAN and other

databases, which would take years to measure with other tech-

niques. 
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