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Appendix I 
with

Göran Broström

Coale and Trussell's "m" visits Sweden, or, why dö we get such lousy
fits?

Coale and Trussell's m index is a measure of the tendency of a given 
age-specific marital fertility curve to deviate systematically from a 
model "natural" fertility curve in the direction of a model "family- 
limitation" or "parity-depedent fertility control" marital fertility 
curve. 1 The chief characteristic of the deviation which presumably 
indicates family-limitation is a proportionately greater departure 
below the model natural fertility curve among older married women 
presumably a result of the cessation of fertility as married women 
achieve their planned family sizes and stop having children. When 
such a deviation from the age-pattern of "natural" fertility is 
clearly established, and especially where this tendency increases 
over a period of decades, the "m" index may be taken as one 
indicator of the advent of family limitation. With some forms of 
aggregated data, it is nearly the only indicator available.

The computor program which calculates an "m" value for a set 
of observed age-specific marital fertilities essentially fits to these 
observed values, by means of logarithmic regression, a set of 
predicted age-specific marital fertilities which, as nearly as possible 
by this method match, or fit, the observed data and which 
correspond to a given stage on the predicted evolution from a model 
"natural" fertility curve to a "family-limitation" curve. The m value 
for this fitted curve within the model system falls along a 
continuum in which a "natural" fertility curve yields an m equal to 0 
and a "family-limitation" curve yields an m equal to 1. Lower and 
higher values are possible. The value for this fitted curve within the 
model system is the m value assigned to the actual data submitted 
to the program.

Coale and Trussell's program also provides a measure of the 
"goodness of fit" of the fitted m curve to the actual data. They use 
simply the mean square error of the regression by which an m curve, 
and so m value, was fitted to the observed data. While they 
recommend that only the observed fertility values for married 
women 20-24, 25-29, 30-34, 35-39 and 40-44 be used in the 
regression which fits a model m curve to the observed data, as the 
fetility rate of women 45-49 is too variable to be reliable, they also 
suggest that the observed values for all groups of women be used in 
calculating the mean square error of the resulting m curve fitted by
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means of the regression. Coale and Trussell suggest that, where 
sample sizes surpass the minimum of 100 woman-years in every 
observed age-group in the marital fertility curve, a mean square 
error of .010 be regarded as a "terrible" fit, .005 as a "mediocre" fit, 
while, by definition, a mean square error of .000 denotes a perfect 
fit.

The problem, in Sweden, is that the fits are often very bad 
indeed. Repeated runs of the m program on individual-level data 
from Tuna and Fleninge parishes 1820-1890, using material stored in 
the Demographic Database in Umeå, on similar data from Åsunda 
härad (a härad is a civil district of 1-10 parishes) circa 1825-1885, 
published in 3ohn Rogers and Ingrid Erikssons 1978 dissertation, * 
and on aggregated data on age-specific marital fertility in the 
härader of Västmanland, Kopparberg and Gävleborg provinces in 
central Sweden in the years 1889-90, from the archive of the 
Statistical Central Bureau in Stockholm, yield mean square errors 
which in two-thirds of all cases run between .004 and .01. According 
to Coale and Trussel, these are mediocre to terrible fits of the 
modelled m values to the actual data. While in perhaps a fifth of the 
localities tested the mean square error of the fitted m value was 
below .004, in most of these cases mse was in the .004 - .002 range, 
or little better than mediocre by Coale and Trussell's standards. 
Only one locality approached or surpassed an mse of .001, the point 
at which "good" fits might be said to begin. On the other hand, a 
significant minority, perhaps a fifth òf all localities tested, showed 
mean square errors worse than .01, Coale and Trussell's "terrible" 
fit, and these ranged as high as .07, which might be labelled 
"abysmal" (see Appendix Graphs 1 and 4). To a worrisome degree the 
model employed by Coale and Trussell does not fit the Swedish data.

The main problem with the Swedish data seems to be that the 
fertility of married women 20-24 was so high. In roughly two-thirds 
of all localities, the observed fertility for women 20-24 exceeded 
the practical value assigned by Coale and Trussell's model by .025. 
Appendix Graph 1 shows the close relationship of this kind of 
positive deviation of the observed fertility in group 1 (women 20-24) 
from the predicted model value with the total mean square error in 
each case. (All cases in Appendix Graph 1 include at least 2000 
woman-years of experience, to eliminate lesser sources of 
variation.) This graph shows that the inability of the model to 
accomodate such high group 1 fertility is the major source of high 
mean square error in these cases. Appendix Graph 2 shows in the 
case of Ockelbo härad in Gävleborg province precisely how this bad 
fit results. Observed fertility among married women aged 20-24 in 
1810 was .520. The predicted value under the model curve fitted was 
.434, a discrepancy of .087. Further, the model curve fitted, while
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lower than actual fertility at this point, is still selected to have 
relatively high group 1 fertility, and so tapers off only gradually 
from a group 1 fertility of .434 to predicted fertilities for 
succeeding age-groups of .390, .337 and .261. But the actual 
fertilities in Ockelbo tumble from group 1 's .520 to subsequent 
figures of .338, 322 and .222, all significally below the values in the 
model curve. Thus, the high group 1 fertility in Ockelbo "deceives" 
the program into fitting a model curve which, while still not high 
enough in group 1 fertility, is too high to accomodate the actual 
fertility in imediately succeeding groups. Small wonder that the 
goodness-of-fit measure for the m curve fitted was a disastrous 
mse = .072! Coale and Trussell's model simply cannot describe the 
pattern of marital fertility in Ockelbo. In such a situation, frequent 
in nineteenth-century Swedish data, m values are meaningless.

Proportionately smaller excesses of observed over predicted 
fertilities among married women 20-24 in other localities are 
associated with proportionally smaller mean square errors, as is seen 
in Appendix Graph 1, until in the end an observed group 1 fertility 
only .020 - .025 above the model is associated with mean square 
errors in the .005 - .002 range, approaching a decent fit. Beyond this 
point, reducing the excess of observed group 1 fertility over 
predicted model fertility does not systematically reduce mean 
square error. In sum, where sample size is safely over 2000 women 
years of experience, the chief systematic cause of high mean square 
errors in the nineteenth-century Swedish data appears to be the 
frequent tendency of fertility among married women 20-24 to far 
exceed the capacities of the model. Only where this excess of 
observed over model group 1 fertility is less than .025 does the 
problem appear to cease.

What caused this problem in the first place? The answer is very 
probably that in the nineteenth-century the overall rate of bridal 
pregnancy in Sweden was virtually the highest in Europe, and that 
this rate may have been higher still among brides who married 
before age 25. Ann-Sofie Kälvemark has written of this pattern of 
high bridal pregnancy in Sweden. 3 The earliest reliable data is from 
1911, and at that time more than one-third of Swedish brides were 
pregnant at marriage. This rate varied on the provincial level from a 
low of circa 30% to a high of over 40% of all brides pregnant at 
marriage. The rates in Västmanland and Kopparbergs län, two of the 
three provinces which supplied data for the present study, are in the 
37-46% range, among the very highest in Sweden in 1911. 
Kälvemark's own research into three nineteenth-century parishes in 
central Sweden yields rates of pre-marital pregnancy which are very 
close to 30% regardless of the decades or parish selected.
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Significantly, in every one of these three parishes, while women 
pregnant at marriage are only slightly younger than other brides, 
such women tend to be just enough younger than the average 
marriage age of circa 25 years that they fall overwhelmingly into 
the 20-24 (inclusive) age bracket. Thus, these pregnant brides, who 
are counted as "at risk" for only the average of 5 months of married 
life before they actually have a baby, and who therefore have an 
astronomically high marital fertility rate, affect almost exclusively 
the fertility rates for married women 20-24. Few such brides fall 
into the next age group while "bridally pregnant". While the local 
statistical data available for the nineteenth-century in the Swedish 
Tabellverk do not include any significant information on bridal 
pregnancy, and while few other individual-level studies for the 
nineteenth-century have calculated this rate, as Kälvemark's study 
has done, the astronomically high relative fertility rates for married 
other women 20-25 (=20-24 inclusive) in other studies which do 
include information on nineteenth-century Swedish fertility do 
indicate a consistent pattern in which 25-50% of brides are pregnant 
at marriage and in which most of these, in turn, marry and have 
their first babies before age 25. After this point, they are only 
normally "at risk" for further pregnancies, but they have also passed 
on in to the next age group.

The presumed high rate of bridal pregnancy in nineteenth- 
century Sweden, and the associated high fertility in age-group 1, 
does more than produce a high mean square error when Coale and 
Trussell's m-model is applied to such data. There is a definite if 
loose correlation between the tendency of group 1 fertility to 
exceed the model, and positive m values (graph 3). Where actual 
fertility at ages 20-25 exceeds the model by more than 30 points 
(i.e. .400 actual v. .370 model) and up to the maximum of 90 points 
(i.e. .600 actual v. .510 model), the m values assigned to these areas 
tend to drift upward from an average m of .220 to an average m of 
.320. The correlation is loose around this slope, but there is a clear 
implication that the systematic peculiarity of high group 1 fertility 
presumably due to bridal pregnancy can, in extreme cases, entail not 
only badly fitted m curves, but also positive disortions in m on the 
order of +.100. The reason for this seems to be that the sharp 
discrepancy between the high fertility among women 20-25 and the 
more normal fertility rates among older groups of women (40-44, 
45-49) causes Coale and Trussell's program to fit a model curve 
which as much as possible shows this same feature, and such a "drop 
off" in fertility rates in older groups of women is characteristic of 
family limitation. Hence, ever higher rates of fertility among 
women 20-25 tend to produce model m curves with ever higher m 
values, as in Appendix Graph 3.
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John Knodel has in fact encountered similar problems with mse and 
with m in lesser degree and frequency in his German data, and has 
definitely pinned down bridal pregnancy as the cause. ^ It is hardly 
surprising that Coale and Trussell's m model cannot cope with a 
significant degree of bridal pregnancy, as its model parameters and 
its exclusion of married women 15-20 were designed specifically to 
rule out bridal pregnancy from consideration. Hence, wherever, as 
occasionally in Germany and frequently in Sweden, significant bridal 
pregnancy in age group 20-24, high error functions and a positively 
distorted m are to be expected. Indeed, the characteristic positive 
distortion in m values caused by high bridal pregnancy may explain 
why Knodel, in an earlier article, found m values ranging from .16 to 
.32 for Sweden as a whole from 1749 to 1880. If it can be shown that 
high rates of bridal pregnancy were widely characteristic of Sweden 
throughout this period, the suspicion must be that bridal pregnancy, 
and not a precocious first stage in the adoption of family-limitation 
in Sweden, explains these early, middle-level m values for Sweden in 
the late eighteenth and early. nineteenth-centuries. Such a proof 
that these earlier m values in Sweden were spurious would 
substantially reinforce Knodel's hypothesis that the great 
breakthrough in family-limitation (and in m values* naturally) after 
1880 in Sweden was, here as elsewhere, in important senses an 
innovation, that is, a form of behavior substantially without 
precedent in the 1749-1880 period. ^

Knodel himself employs an elegantly simple solution to the 
problem of bridal pregnancy in cases where individual-level data is 
available, as it is to him in his German villages. He simply counts 
women who had children within eight months after marriage as if 
they had been at risk for the same period of time on the average as 
women who had their children nine months or more after marriage, 
thereby reducing the fertility rate among married women in group 1 
(20-25) by increasing the number of woman-years these women were 
at risk without increasing the number of children born to this 
group. 6 Where aggregated statistics on marital age-specific 
fertility are used, individual cases of bridal pregnancy cannot be 
isolated and compensated for in this way, and this solution to the 
disortions caused by bridal pregnancy cannot be applied.

One solution with Swedish aggregated data would be simply to 
substitute for the model "natural fertility" and "family-limitation" 
parameters in Coale and Trussell's m-program, the parameters for 
fertility among all married women in Sweden circa 1845-50 and 
circa 1935-36. Such a "Sweden-m" program should build in, and so 
eliminate from consideration, most of the distortions caused by high 
bridal pregnancy and still capture the essence of the change in the 
structure of marital fertility in Sweden as the fertility transition
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took place. It would, however, create problems in Swedish localities 
where bridal pregnancy was not common, possibly underestimating 
"m" and giving poor fits in these instances. The solution in this case 
is to use Coale and Trussell's m and "Sweden m" simultaneously.

There are, however, still other sources of the high mean square 
error functions encountered when applying the m model to Swedish 
data. Appendix Graph 4 shows the relationship (in a sample of 
localities in which group 1 fertility is never more than .025 above 
the model, the level below which high group 1 fertility seems to 
cause no substantial increases in mean square error), between 
sample size in total woman years and mean square error. Below 
1500-2000 woman years, mean square errors range from .003 to 
.0256, that is, from little better than mediocre to worse than 
terrible. Bridal pregnancy can be ruled out as a source of this 
problem, and not simply because all localities are below the .025 
excess observed over model group 1 fertility, the point at which 
problems with mean square error seem to begin. Consider, for 
example, that neither Åsunda Cohort II Bönder (farmers) nor 
Tuhundra nor Svärdsjö show any excess group 1 fertility over the 
model's predictions, yet in these cases the mse is .006 - .0256. 
Further, while Sundborns (group 1 fertility .011 over the model), 
Husby (.015) and Söderbärke (.025 over) show mean square errors in 
the .015 - .019 range, Folkare (group 1 fertility .010 over the 
model), Forsa (.012 over) and Gamla Norbergs (.018 over), with 
larger sample sizes, show considerably lower mean square errors, 
ranging from .003 to .004. Plainly, the reason for the higher error in 
the former three cases is not the mild rate of bridal pregnancy 
which may still exist here, since the latter three cases appear also 
to have manifested this, but sheer small sample size.

Appendix Graph 4 suggests, therefore, that aside from all 
considerations of bridal pregnancy, a sample size on the order of 
1500-2000 woman-years is also necessary in Sweden to ensure error 
functions in the .005 - .001 range, in short, to guarantee a decent fit 
of the m model. This implies a sample with at least 200 woman- 
years in group 1, married women 20-24, because this tends to be the 
smallest age group in terms of woman-years in any sample and 
particularly in nineteenth-century Sweden, where compared with 
elsewhere in Europe relatively few women were married by this age. 
Such a sample size is double the minimum of 100 woman-years in 
every group, which in Sweden is equivalent to a total of 750-1000 
woman-years, recommended by Coale and Trussell. The apparent 
need for significantly larger sample sizes in Sweden suggests some 
further source or sources of variation from the m-model in the 
Swedish data beyond bridal pregnancy, causing as far as can be seen 
unsystematic variation, which in samples below 1500-2000 also
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contributes to bad fits and high mean square errors. More cases 
must be made available before the source or sources of this 
variation is understood. In the mean-time, larger samples are 
advisable. The evidence of graphs 1 and 4 suggests that, where 
bridal pregnancy is not a problem, or is controlled out, and where 
sample sizes are adequate, m-values in Sweden should be attended 
by mean square error functions between .007 and .0001, quite 
respectable by Coale and Trussell's own standard and essentially the 
same range encountered in the data from nineteenth-century 
German villages analyzed by John Knodel. 7

Still, the exact source of the variations which make larger 
samples advisable in Sweden will need to be investigated. Moreover, 
even with bridal pregnancy removed from consideration and with 
sample sizes doubled or more over Coale and Trussell's 
recommended level, (see the right-hand side of graph 4) there still 
seems to be a tendency of Swedish mean square error values to 
hover in the .003-.005 range, a trifle higher than the average for 
Knodel's German villages. Clearly, the problems of the Swedish data 
are by no means solved. Furthermore, even with good fits, the inter-
pretation of m values is far from automatic, as well-fitted but quite 
false m values can arise from a variety of circumstances. In this 
respect, it might be well to point out here that numerous further 
potential sources of high mean square error and/or of distorted or 
misleading m values have been identified. Some discussion of these 
problems might be helpful.

For example, a cross-sectional sample in which younger cohorts 
of women have suddenly begun to limit their families, but older 
cohorts have not, could in theory lead to both high mean square 
error and a deceptively low m value. Fertility for women in age 
groups 3 (30-34 and 4 (35-40) might drop off substantially, while the 
relative fertility of women in age groups 5 and 6 (40-50), cohorts 
who do not practice family limitation, might remain at levels 
predicted under "natural" fertility. A curve of this sort, which "sags" 
in the middle, would produce a badly fitted model m curve and an m 
value which is probably too low, the latter the result of the 
program's sensitivity to the high fertilities among older women. 
Thus, "m" would show nothing even though the younger cohorts of 
women were applying family-limitation intensely and even though 
total marital fertility, for which these younger women account for a 
large proportion, was low. Something of this sort may have occurred 
in Fleninge in the 1870's and 1880's, as here total (>3 000) and 
marital (>5 000) fertilities so low as possibly to indicate family 
limitation were nonetheless accompanied by an age-specific marital 
fertility curve which "sags" well below the model in groups 3 and 4, 
(age 30-40), producing an m value of .250 with mse = .03. To test
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this possibility, it will be necessary to compare the lifetime fertility 
behavior of the Fleninge cohort aged 30-40 in 1880 with that of the 
cohort then 40-50 years old. Substantially lower fertility, and a high 
m value with a low mse for the former group alone, will confirm the 
hypothesis that sharply differing cohort behaviors, with respect to 
family-limitation, can lead to cross-sectional age-specific marital 
fertility curves which do not register neatly or even accurately on 
the m scale. This form of cohort phenomenon could explain locally 
mediocre fits and slightly low m values in Sweden particularly in the 
period 1890-1925 when family-limitation made its sudden and 
dramatic break-through. Where the advent of famly-limitation 
behavior was most sudden, m may temporarily become a useless 
measure unless cohorts are analyzed separately.

Jacques Dupaquier has further pointed out that, even in the 
absence of family planning, differences in marriage age from 
locality to locality can "deceive" Coale and Trussell's "m" program. 
He points out that women who marry young, for example before age 
20, tend to have their children earlier and, for this and related 
reasons, their fertility by age 40-44 is very low, and by age 45-50 is 
virtually zero. This is the case even though these women do not 
seem consciously to limit their fertility at all. The more such 
women there are in a locality, the lower will be the average 
fertilities of all women in the later age groups, and the more the 
"m" program will tend to yield a high value for m! Conversely, and 
again for various reasons sometimes unrelated to family limitation, 
some women who marry over age 30 are still having children in their 
early 40's and to a degree even up to age 50. The more such women 
there are in a given area, the higher will be its fertility in groups 4 
and 5 (age 40-50), and the greater will be the tendency of Coale and 
Trussell's program to fit a model fertility curve which yields a low 
value for m. Dupacquier calculates that differences in the 
proportions of women marrying at various ages over time within a 
given locality, or more plausibly between localities, could create 
differences in m values on the order of .100. 8 Dupacquier does not 
consider the impact of such marriage-age-related phenomena on 
mean square error, but there could conceivably be implications for 
this error function as well, in cross-sectional data where different 
cohorts have radically differing marriage ages.

Admittedly, Dupacquier's examples are extreme, as he posits 
one case where 40% of women marry before age 20 (m =.134) and 
another where 40% marry over age 30 (m = 0) to make his point. He 
must do this because in fact his own data show it is only women 
marrying under 20 and over 30 who show significant tendencies to, 
respectively, early and late cessation of child-bearing. In Sweden, 
whatever the temporal and geographic differences in marriage age,
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so few women ever married before age 20 or (first marriages) after 
age 30 that virtually no impact on m or on mse can be anticipated. 
This is confirmed by a lack of correlation between m values and the 
proportion of married women aged 20-30 who were in fact 20-25 (a 
crude index of early marriage but, the only one available) across 45 
härader in central Sweden in 1890. The reason for the lack of 
correlation is probably that the massive proportions marrying before 
age 20, or after age 30, hypothesized in Dupacquier's example of 
potential distortions, seem not have existed anywhere in Sweden, 
and minor local variations in the proportion marrying at age 20-25 
versus 25-30, the usual range of variation for first marriages in 
Sweden, were not sufficient to distort m values at all.

But Dupacquier's observation, together with the earlier 
evidence of problems associated with bridal pregnancy, does make a 
point. There are in fact many demographic phenomena unrelated to 
family limitation which can cause misleading or distorted m values 
and/or enlarge the mean square error. Knodel, for example, adds to 
this list variations in nutrition, in the frequency of intercourse, and 
in the age difference between spouses. Any of these could produce 
moderately a high m value where there was no family limitation or, 
conversely, lower the m value in such a way as to obscure family- 
limitation practices well under way. ^ Some of these behaviors 
could, in theory, also distort an age-specific marital fertility curve 
sufficiently to yield a very bad fit of whatever model m curve was 
fitted. Further, where these factors or actual family-limitation 
behavior varied from cohort to cohort, they could create peculiar 
amalgamated curves in cross-sectional data, which includes all 
cohorts, and so cause still greater errors. The solution to all such 
residual problems as may exist in the Swedish data, even after 
controlling out bridal pregnancy and taking larger sample sizes, is 
twofold: One wherever possible use m in a time-series of 
observations, where the long-term growth of family limitation is 
most likely to manifest itself reliably, and two, wherever possible 
"clean up" local data by using cohorts instead of cross-sectional 
samples. Used together, these two further advices will take the 
researcher about as far as this single measure can go toward 
reliability.

Coale and Trussell's own advice is to use m whenever possible in 
a long time series with frequent observations. For they were well 
aware that "m" is best at describing the extremes of natural 
fertility, where m = 0, and of family limitation, where m = 1. As 
they note, steady progress in m over time from negative to positive 
values and within positive values toward m = 1, almost certainly 
captures the transition from natural to controlled fertility both 
within the terms of the model and in reality. But at any given point
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in time, and particularly where intermediate stages in the transition 
may be concerned (m + .150 to + .500), no one reading of m can be 
considered reliable. Too many peculiarities can arise in any sample, 
in any demographic regime, and in the intermediate stages of the 
fertility transition, for a single value for m, particularly in this 
range, to have significance. On the other hand, steady progress over 
time through a substantial part of the m spectrum is very difficult 
to interpret as anything but the advent of family-limitation. It 
makes the analysis very nearly immune to all problems.

Problems related to differences in demographic behavior 
between cohorts, which may create "noise" in fertility patterns 
when aggregated into a cross-sectional sample, can be removed by 
using cohorts rather than cross-sectional data. It is probably no 
accident that the best "fits" for m in the Swedish data are for the 
two cohorts which John Rogers and Ingrid Eriksson studied in 
Åsunda. The samples are large, approximately 4000 woman-years; 
bridal pregnancy does not appear to have been as high here, or 
anywhere in Uppsala province, as elsewhere in Sweden; and the data 
are, of course, for single cohorts, respectively of women married 
shortly after 1825 and shortly after 1855. The m values are .297 and 
.447, respectively, for these cohorts, and the mean square errors are 
.0006 and .0008. Cross-sectional data for adjoining areas, available 
through the Statistical Central Bureau, show m values in the .300 - 
.500 range in 1890; and it is expected that, when processed, the 
cross-sectional data for Åsunda härad will show a further increase in 
m in 1890 over the level shown by the second cohort.

In Åsunda, then, all of the advices of this article have been 
applied. Large samples, the relative absence of bridal pregnancy, 
the use of cohorts, and the beginning of a time-series permit us to 
do as much as can be done, through m alone, to detect the onset of 
family-limitation in the middle of the nineteenth-century in this 
locality in central Sweden. But of course Rogers and Eriksson did 
not stop with the age-specific curve of marital fertility, nor should 
any researcher in Sweden or elsewhere. For each cohort, and for 
different social groups within each cohort, they used additional 
indicators of fertility limitation available to researchers with 
individual-level data. These include studies of the length of intervals 
between births, measures of the proportion of a woman's total 
fertility which occurs after a certain age, and analysis of the ages 
at which women conceived their final children. Many of these tests 
are under challenge right now, as John Knodel, Jacques Dupaquier 
and others discuss their reliability just as they have debated the 
reliability of Coale and Trussell's m. H But m properly used, in 
conjunction with whatever of these further tests prove most 
reliable, will tell us as much as can ever know about the advent of
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family planning in Sweden or anywhere. In the case of Åsunda, the 
sound results for m, in conjunction with the general trend of the 
other tests, particularly the trend to long birth-intervals, makes it 
very likely that the fertility transition began among the farmers of 
this härad in Uppland sometime in the middle of the nineteenth- 
century. While Dupacquier or Knodel could no doubt conceive of a 
demographic artifact which would produce all of these results in the 
absence of family limitation, a little common sense must in the end 
be applied. If the fertility transition in Sweden did not begin in 
Åsunda härad circa 1850, where did it begin?
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