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Abstract

In camera pre-calibration, images of a calibration
object are commonly used to determine the inter-
nal geometry of a camera. The calibration imag-
ing is often optimized to have the calibration ob-
ject cover as large image area as possible. This is
likely to yield a larger concentration of measured
image points near the center of the image sensor.
In this report, the hypothesis is investigated that
this non-uniform image point distribution results
in a sub-optimal calibration. An area-based re-
weighting scheme is suggested to improve the cal-
ibration. Additionally, the effect of a choice be-
tween a 2D and a 3D calibration object is investi-
gated.

A simulation study was performed where both a
standard and area-weighted pre-calibration scheme
was used in a parallel and a convergent scene. The
estimated uncertainty and true errors were com-
puted and compared to the first order predictions
and results of perfect calibrations. The area-based
calibration showed no reduction in estimation er-
rors. Furthermore, the 3D calibration object did
not give a noticeable improvement. However, for
the standard and area-based calibrations, the true
errors surpassed the estimated uncertainties by up
to 26 and 58 percent, respectively.

Keywords pre-calibration, weighting, IP distri-
bution, simulation, calibration object
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1 Introduction

1.1 Background

In 3D reconstruction, 2D information from mul-
tiple images can be used to partially recover the
depth information that was lost when the im-
ages where taken. 3D reconstruction has an
abundance of applications, including topography
(Fraser, 1989), motion capture (D’Apuzzo, 2003),
robot navigation (Cornelis et al., 2008), gait anal-
ysis (Broström et al., 2004), cultural heritage
restoration (Grün et al., 2004), industrial measure-
ments (Fraser et al., 1995) and many more.

When performing 3D reconstruction, measured
image points (IP) are used to estimate three types
of parameters: the interior orientation (IO) of
the camera; the pose, i.e., the exterior orienta-
tion (EO) of the camera when taking the different
photos; and the 3D locations of the object points
(OP). A core technique for 3D reconstruction is
bundle adjustment (BA), which simultaneously es-
timates these three types of parameters (Förstner
and Wrobel, 2016, Ch. 15).

If the IO, EO and OP are estimated simul-
taneously, this process is called self-calibration
(Kenefick et al., 1972), and if the IO is estimated
for a separate data set and kept constant during the
reconstruction, this process is called pre-calibration
(Förstner and Wrobel, 2016, Ch. 15.4).

When performing pre-calibration, a calibration
object is photographed from different positions.
The camera is usually positioned such that the en-
tire object is visible in each image. When pho-
tographing the object from certain angles, the ob-
ject will not fill the entire images. Fraser (1997,
2013) has shown that this results in an estimation
of the camera parameters that produces smaller
residuals for observations close to the image cen-
ters.

Furthermore, even if the IP from all the images
cover the entire camera sensor, most IP will be
concentrated close to the image centers. Thus the
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2 Theory

center of the sensor will be given a higher weight
during the calibration if every IP is assigned the
same weight.

Additionally, the disparity between the idealized
linear projection described by the pinhole camera
model and the non-linearity caused by lens distor-
tion is larger far from the image centers (Brown,
1971).

Fraser (2013) argued that performing camera
pre-calibration, in certain situations it is impor-
tant to utilize a 3D calibration object for a quality
calibration.

1.2 Aim

This report aims to address three questions:

1. What effect does the uneven IP distribution
have on the pre-calibration?

2. Does assigning equal weights to equal sensor
areas during the calibration yield a better cal-
ibration?

3. Do the answers to these questions depend on
whether the calibration object is planar?

1.3 Related work

Little in the literature has been found that ad-
dresses the issue with uneven calibration directly.
Jung et al. (2006) addresses the problem with poly-
nomials being poor extrapolators by making as-
sumptions about the characteristics of the radial
distortion function. These assumptions improved
the calibration of wide angle lenses, using a calibra-
tion software adapted for general camera lenses.

When estimating the quality of a calibration,
several metrics have been proposed. Rabbani et al.
(2007) and Grussenmeyer et al. (2008) compared
3D reconstruction techniques by fitting a model
object, e.g., a plane or a cylinder to points esti-
mated by one technique and examined the distri-
bution of the orthogonal distances between the ob-
ject and the points estimated by another technique.
Boehler et al. (2003) compared the absolute dis-
tances between the corresponding estimated points
for different calibration techniques.

Some authors estimate whether the resulting cal-
ibrations are consistent with each other, Rabbani
et al. (2007) compared the maximal distance be-
tween the fitted models for the different techniques.
Dickscheid et al. (2008) and Läbe et al. (2008) ex-
amined whether the estimated accuracy for the es-
timated parameters is similar enough.

Rabbani et al. (2007) and Fraser et al. (1995)
compared the estimated measurement uncertainty
to the accuracy stated by the instrument manufac-
turer.

Fraser et al. (1995) and Läbe et al. (2008) es-
timated the standard deviations of the estimated
IO, EO and OP. Fraser et al. (1995) used the root-
mean-square (RMS) standard deviation of the OP
as a measure of quality while Rabbani et al. (2007)
used the mean absolute standard deviation. Fur-
thermore, Fraser et al. (1995) separated the XY
uncertainty from the Z uncertainty since the Z un-
certainty is usually much larger for weak networks,
e.g., in aerial imagery. Additionally, Fraser et al.
(1995) estimated and the anticipated uncertainty
to detect any systematic error in the calibration.

2 Theory

2.1 Pinhole camera model

The pinhole camera model (Hartley and Zisser-
man, 2004, Ch. 6.2) aligns the OP with the camera
coordinate system according to the EO comprising
the projection center C and the rotation R such
that the camera is located at C and aligned with
the principal axis through C and with orientation
Re3. Then the OP are projected onto the image
plane with the normal e3 and distance 1 to the
origin.

The resulting IP are computed from these pro-
jection based on the IO comprising the focal length
f , principal point p0 = (x0, y0)T , skew S and as-
pect ratio mx : my. This yields the camera matrix

P = KR
(
I3 −C

)
, (1)

where the camera calibration matrix K is given by

K =

fmx S mxx0
fmy myy0

1

 . (2)

Thus, the entire camera matrix has 11 degrees of
freedom, and if the OP X and IP x are given in
homogeneous coordinates, x is computed from X
by

x = PX. (3)

The projection of an OP onto the image plane is
visualized in Figure 1.

2.2 Lens distortion

The pinhole camera model assumes an infinitesi-
mal camera aperture, which would yield infinite ex-

Niklas Fries 2 June 6, 2017



2 Theory

y

Y

x

X

x

p

image plane
camera
centre

Z

principal axis

C

X

Figure 1: Projection of the OP X onto the im-
age plane of a camera located at C
with principal axis e3 and focal length
‖p‖, generating the IP x. From Hart-
ley and Zisserman (2003). Used with
permission.

Figure 2: A convex lens is used to retain sharp-
ness while having larger camera aper-
tures.

posure times. To allow for larger apertures result-
ing in finite exposure times while retaining sharp-
ness, a lens is used (see Figure 2).

The projection modelled by the pinhole camera
model is linear, but the lens introduces non-linear
effects. Brown (1971) separates these effects into
radial and tangential (or decentering) distortion.
The correction for these effects can be expressed
as

∆x = x̄(K1r
2 +K2r

4 +K3r
6 + . . .)+

[P1(r2 + 2x̄2) + 2P2x̄ȳ][1 + P3r
2 + . . .], (4a)

∆y = ȳ(K1r
2 +K2r

4 +K3r
6 + . . .)+

[2P1x̄ȳ + P2(r2 + 2ȳ2)][1 + P3r
2 + . . .], (4b)

where (x, y) are the measured image coordinates,
(x+∆x, y+∆y) are the undistorted image coordi-
nates, (x̄, ȳ)T = (x−x0, y−y0)T is the distance be-
tween the uncorrected IP and the principal point,
r2 = ‖(x̄, ȳ)‖2 and Ki and Pi are the coefficients of
the radial and tangential distortions respectively.
Ki and Pi are counted towards the IO of the cam-
era and estimated during the calibration. Exam-
ples of common radial distortion effects are shown
in Figure 3.

(a) Barrel distortion,
K1 < 0.

(b) Pincushion dis-
tortion, K1 > 0.

Figure 3: Two types of radial lens distortion.

2.3 Bundle adjustment

Bundle adjustment (Förstner and Wrobel, 2016,
Ch. 15) estimates the IO, EO and OP that gen-
erate the model IP according to the collinearity
equations

x′ = x− x0 −∆x = −f U
W
, (5a)

y′ = y − y0 −∆y = −f V
W
, (5b)

where U
V
W

 = R

X −X0

Y − Y0
Z − Z0

 , (6)

(x′, y′)T is the estimated IP, (x, y)T is the projec-
tion of the OP onto the image plane, (x0, y0), f and
(X0, Y0, Z0) are the principal point, focal length
and projection center according to Eqns. (1) and
(2), ∆x and ∆y are the distortion corrections ac-
cording to Eqn. (4), and (X,Y, Z)T is the OP.

Except for the lens distortion, Eqn. (5) can be
derived immediately from Eqn. (3) if the aspect
ratio is 1 and the skew is 0.

The residual function that is minimized in a least
square sense is

r(x) =
(
. . . ri,j(x)T . . .

)T
, (7)

where

ri,j =

(
x′

y′

)
−
(
x̃
ỹ

)
(8)

is the difference between the modelled and ob-
served IP of point i as observed by camera j.

2.4 Non-linear least squares adjustment

A least squares adjustment solves a minimiza-
tion problem where the objective function is the
sum of the squared residuals. The residual func-
tion r : Rn 7→ Rm maps the estimated parameters
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Figure 4: Adjusting a circle to observed points.
The residuals are the horizontal and
vertical distances between the circle
and the points. The initial guess is
the red circle, the intermediate iter-
ates are the blue circles, and the min-
imizer is the green circle.

x to a residual vector. The minimization problem
is

min
x

f(x) = min
x

1

2
‖r(x)‖2

= min
x

1

2
r(x)T r(x). (9)

For the linear problem

min
x
‖Ax− b‖2, (10)

the minimizer x is determined by the normal equa-
tions (Griva et al., 2009, Ch. 11.3)

ATAx = AT b. (11)

An example of a non-linear least squares adjust-
ment problem is visualized in Figure 4.

In Eqn. (9), the implicit weight matrix I is used,
which means that every observation is given the
same weight when minimizing their residuals. To
give the observations different weights, a weight
matrix W is used. The minimized distance is

1

2
‖r(x)‖2W =

1

2
r(x)TWr(x). (12)

The corresponding normal equations for the linear
problem are

ATWAx = ATWb. (13)

The maximum likelihood estimate (MLE) of the
minimizer is computed if the weight matrix W =

C−1 is used, where C is the symmetric positive def-
inite (SPD) covariance matrix of the observations.
The then minimized distance is sometimes called
the Mahalanobis distance (Förstner and Wrobel,
2004, Ch. 2.2.6.6).

2.5 Error estimation

This section is based on Förstner (1987). When
the minimizer has been estimated, it is necessary
to compute error bounds by estimating the stan-
dard deviations of the parameters. Close to the
minimizer, the linearization Ax − b is a good es-
timation of the residual function, where A is the
design matrix or Jacobian of the residual function.

Let x̂ be the estimated value of the true mini-
mizer x, which yields the fitted values b̂ by

b̂ = Ax̂. (14)

Let b̃ be the observed values. Then the observed
residuals v̂ are

v̂ = b̂− b̃. (15)

Consider b̃ a sample from the stochastic variable
b, and assume that the true covariance Cbb of b is
known except for a scaling factor σ2

0 , i.e., Cbb =
σ2
0Q. Then the scaling factor σ2

0 is estimated by
the weighted sum of squares

σ̂2
0 =

v̂TQ−1v̂

m− n
, (16)

where m is the number of observations and n is
the number of unknowns. The covariance of the
observations is then estimated by

Ĉbb = σ̂2
0Q. (17)

By linear error propagation, Eqns. (13) and (17)
yield the estimated covariance of the minimizer

Ĉx̂x̂ = (ATWA)−1ATWσ̂2
0QWA(ATWA)−1.

(18)
If W = Q−1, Eqn. (18) collapses to

Ĉx̂x̂ = σ̂2
0(ATQ−1A)−1. (19)

The correlation between parameters i and j is
estimated by

σ̂i,j = [Ĉx̂x̂]i,j . (20)

The standard deviation of the ith parameter is es-
timated by

σ̂i =
√
σ̂i,i. (21)

The correlation between the ith and jth parameter
is estimated by

ρ̂i,j =
σi,j
σ̂iσ̂j

. (22)
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2.6 Parametrizations for bundle adjust-
ment

The photogrammetric network comprises the EO
and OP. To be able to estimate all IO, EO and OP
parameters, a strong network is required. Features
of a strong network include stable IO parameters, a
moderately large number of triangulated OP, con-
vergent EO and multiple roll angles (Brown, 1989).
An example of such a network is displayed in Fig-
ure 8, and the corresponding point cloud in Fig-
ure 9.

If the network is strong enough, the mini-
mizer can be determined except for a similarity
transform, i.e., a rotation, a translation, and an
isotropic scaling. These last 7 degrees of freedom
can be removed in several ways. A common way
is to use control points. For this to work, at least
two OP has to be fixed, and a third non-collinear
OP restricted to a plane which is not orthogonal
to a line through the first two OP. Another way is
to fix an EO, and determining the scale by setting
the distance to another EO, or restricting another
EO to a plane which does not contain the first EO
(Fraser, 1989, Ch. 8.3).

If the network is not strong enough, some param-
eters might be highly correlated. In the extreme
case, there might not be a unique minimizer. For
example, without diversity in roll angles, and with
insufficient point cloud depth, the principal point
and tangential lens distortion coefficients can be
almost perfectly correlated (Fraser, 2013). If the
network is strong enough only to estimate the EO
and OP parameters, the IO parameters can be esti-
mated beforehand, which is done in pre-calibration.

When estimating the IO parameters, the skew
and aspect ratio are sometimes omitted, as in
Eqn. (5). Depending on the strength of the net-
work, different lens distortion parameters are in-
cluded. Common parametrizations are only K1 for
medium accuracy-applications, K1 toK3 for higher
accuracy applications and wide-angle lenses, to K1

to K3 and P1 and P2 for very high accuracy appli-
cations (Fraser, 1997).

If the only error source is assumed to be indepen-
dent, isotropic measurement errors, the covariance
matrix will be a scaling of the identity matrix and
using that weight matrix during the bundle adjust-
ment will produce the MLE of the parameters (see
Section 2.4).

Figure 5: The distortion pattern resulting from
K1 = −10−4 mm−3 for a 36 by 24
mm sensor.

3 Experiments

3.1 Implementation

The bundle adjustment is performed with the
Damped Bundle Adjustment Toolbox (DBAT), ver-
sion 0.6.2.1, dated 2017-03-30 (Börlin and Grussen-
meyer, 2013, 2014).

The simulated camera uses a 20 mm lens, i.e,
a focal length of 20 mm, and a full-frame sensor,
i.e., a 36 by 24 mm sensor. For a pixel size of 6.25
microns, i.e., 160 pixels per mm, this yields 5760
by 3840 pixels, or about 22 megapixels.

For the simulations using lens distortions, K1 =
−10−4 mm−3 is used. This yields a contraction of
4.1% for the semi-diagonal. For comparison, Fraser
(2013) has a semi-diagonal of 12.8 mm and a con-
traction of 5.6%, while K1 = −10−4 mm−3 yields
a contraction of 1.6% for the same semi-diagonal.

The distortion is undone with Eqn. (4), and the
distortion uses the inverse polynomials and a cu-
bic spline with a node spacing of ∆r = 0.01 mm,
which yields a maximal relative error of 10−14. The
distortion pattern that results from the used K1 is
visualized in Figure 5.

3.2 Calibrations

Three different calibrations are used: perfect
calibration, which uses the true IO values; stan-
dard calibration, which uses the identity matrix
as weight matrix during the calibration; and area-
based calibration, which assigns equal weights to
equal sensor areas.

When performing the reconstructions, the true
IO, EO and OP parameters are used to compute
perfect IP. Then a normally distributed coordinate
error is added and the resulting IP are used in the
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bundle adjustment. For the perfect calibration, the
true IO parameters are used when estimating the
OP, while estimates are used for the standard and
area-based calibrations.

When estimating the IO parameters to be used
in the reconstruction, the true IO parameters as
well as the true EO and OP of the calibration
scene are used to compute perfect IP. Then the
same normally distributed coordinate error as in
the reconstruction is added to generate imperfect
IP used when estimating the IO parameters. Flow
charts that illustrate these computations are shown
in Figure 7.

For the area-based weighting, the sensor area is
divided into regions such that for all IP, the re-
gion associated with that IP is the set of all points
whose closest IP is that IP (The MathWorks, Inc.,
2017, voronoi). This yields areas A1...Am such
that Ai is the area of the region surrounding IP i.
Since each IP contributes with two observations,
the weight matrix will be

W =

A1

. . .

Am

⊗ I2, (23)

where ⊗ is the Kronecker product. Such a tessella-
tion of the IP in the 2D calibration scene is shown
in Figure 6.

3.3 Scenes

The experiments uses four scenes: scene 0a (the
2D calibration scene); scene 0b (the 3D calibration
scene); scene 1 (the wall); scene 2 (the corner).

To evaluate the quality of the calibration, the
uncertainty is estimated and error computed for
OP in the top (T), middle (M) and bottom (B)
rows and the leftmost (L), center (C) and right-
most (R) columns in scenes 1 and 2. These OP are
labeled in Figure 13 and Figure 16.

3.3.1 Calibration scenes

The 2D calibration scene is a common calibration
scene with a horizontal, square calibration plate
with 100 markers in a 1 by 1 meter grid, of which
4 OP are control points with known coordinates.
16 EO were simulated with an azimuth interval of
45 degrees, facing slightly downward and with or-
thogonal rolls for each azimuth angle. In addition,
4 EO are with nadir view and orthogonal roll an-
gles, with positions to cover the entire non-square
sensor. The EO and OP of the scene are visualized

IO∗

EO

OP

IPĨP

σ0

ÔP

IO∗

(a) Perfect calibration.

IO∗

EO

OP

IP ĨP

σ0

I

ÎO

ÔP

ĨP

σ0

IP EO

IO∗

OP

(b) Standard calibration.

IO∗

EO

OP

IP ĨP

σ0

W

ÎO

ÔP

ĨP

σ0

IP EO

IO∗

OP

(c) Area-based calibration.

Figure 7: An outline of the computations per-
formed in the experiments. IO∗ in-
dicate perfect IO, blue boxes with
rounded corners indicate the calibra-
tion and green boxes with sharp cor-
ners indicate the scenes. Tildes in-
dicate observations and hats indicate
estimates. For details see Section 3.2.
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Figure 6: The tessellation of the IP in the 2D calibration scene (see Figure 10, bottom right).

Figure 8: EO and OP of the 2D calibration
scene. Red triangles indicate control
points.

in Figure 8. The complete point cloud used for the
calibration is visualized in Figure 9. The IP of the
scene are visualized in Figure 10.

The 3D calibration scene is identical to 2D cali-
bration scene except that the centermost 4 by 4 OP
are raised by 20 cm. Every OP is visible for every
EO. The EO and OP of the scene are visualized in

Figure 9: The point cloud that results from
aligning all OP with all EO of the 2D
calibration scene.
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Figure 10: IP for the different EO in the 2D
calibration scene. Red triangles in-
dicate control points. Bottom right
image are IP of all EO.

Figure 11. The IP of the scene are visualized in
Figure 12.

3.3.2 The wall scene

The wall scene constitutes a vertical plane resem-
bling a wall with 5 rows and 13 columns of OP,
with each row and column separated by 0.5 me-
ters. The 11 EO are centered in front of the wall
at the same height as the middle OP row, 2 meters
from the wall and 0.5 meter between each EO. The
principal axes are orthogonal to the wall, and the
rolls are 0. The pose of the middle EO is fixed, and
the rightmost EO is restricted to its ideal sagittal
plane in the bundle adjustment. The EO and OP
of the scene are visualized in Figure 13. The field
of view for each EO is visualized in Figure 14. The
IP of the scene are visualized in Figure 15.

3.3.3 The corner scene

The corner scene constitutes OP in a grid around
a corner with 5 rows and 6 columns of OP per
side and 5 OP on the corner. 7 of the EO are
arranged in a quarter circle with radius 2.5 meters
such that the cameras orthogonal to the wall are 2
meters from the wall. The principal axes meet at
the center of the quarter circle. Two additional EO
for each side of the corner is added, 2 meters from
the the wall, 1 meter from each other and from
the EO in the quarter circle, and with principal
axes orthogonal to the wall. All cameras are at the
height of the middle row of markers, and with 0

Figure 11: EO and OP of the 3D calibration
scene. Red triangles indicate control
points. Crosses indicate the raised
OP.

Figure 12: IP for the different EO in the 3D
calibration scene. Red triangles in-
dicate control points. Bottom right
image are IP of all EO. Crosses in-
dicate the raised OP.

(B,R)

(M,R)

(T,R)

(B,C)

(M,C)

(T,C)

11

(B,L)

10
(M,L)

98

(T,L)

7654321

Figure 13: EO and OP of the wall scene. The
red EO is fixed while the blue EO is
restricted to its ideal sagittal plane,
i.e., the vertical plane containing the
principal axis.
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1 2 3 4 5 6 7 8 9 10 11

L C R

Figure 14: Rays to the leftmost and rightmost
OP visible for each EO in the wall
scene. Labels correspond to the la-
bels in Figure 13.

1 2

3

Figure 15: IP for the different EO in the wall
scene. Bottom right image are IP of
all EO. Numbers indicate for which
EO the IP are generated (see Fig-
ure 13).

roll. For an OP to be visible for an EO, the angle
between the normal of the wall at the OP and the
ray from the OP to the EO must be at most 75
degrees. The corner OP are visible for all cameras
whose field of view include the corner.

The EO of the middle camera is fixed, and the
rightmost EO is restricted to the ideal sagittal
plane of the centermost camera in the bundle ad-
justment. The cameras cannot see OP behind the
corner. The EO and OP of the scene are visual-
ized in Figure 16. The field of view for each EO
is visualized in Figure 17. The IP of the scene are
visualized in Figure 18.

(B,L) (B,R)

(M,L) (M,R)

(T,L) (T,R)

1 11

(B,C)

(M,C)

(T,C)

2 103 94 85 76

Figure 16: EO and OP of the corner scene. The
red EO is fixed while the blue EO is
restricted to the ideal sagittal plane
of the red EO (cf. Figure 13).

3.4 Point distribution

To illustrate that the IP are not evenly dis-
tributed across the camera sensor, heat maps of
the IP for all the EO were generated. Also, CDFs
with the number of IP within a certain radius were
generated, and compared to the ideal CDF that
would the result from the IP being evenly spread
across the sensor. The generated images are shown
in Figure 19.

1

2

3

4

5 6 7

8

9

10

11

L

C

R

Figure 17: Rays to the leftmost and rightmost
OP visible for each EO in the cor-
ner scene. Labels correspond to the
labels in Figure 16.
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1 5

6

Figure 18: IP for the different EO in the cor-
ner scene. Bottom right image are
IP of all EO. Numbers indicate for
which EO the IP are generated (see
Figure 16).

3.5 Uncertainty distribution

To visualize the uncertainty distribution result-
ing from the geometry, with perfect calibration
and thus image measurements being the only er-
ror source, the theoretical first order uncertainties
were computed. These results are visualized in Fig-
ure 20.

The theoretical results were compared to exper-
imental results where the OP are estimated for the
wall and the corner scene, and every combination
of the following settings:

• Perfect, standard and area-based calibration.

• Calibration using the 2D and 3D calibration
scenes.

• No lens distortion and lens distortion using
K1 = −10−4 mm−3.

• Measurement errors σ0 of 1, 0.1 and 0.01 pix-
els.

For each estimate and each of the 9 OP as de-
scribed in Figure 13 and Figure 16. the estimated
total uncertainty, i.e.,√

tr(Ĉi), (24)

where Ĉi is the estimated 3 by 3 covariance matrix
of OP i, and the error

‖OPi − ÔPi‖ (25)

were computed.

This was repeated 10000 times and the RMS of
the estimates were computed.

(a) The 2D calibration scene.

(b) The 3D calibration scene.

(c) The wall scene.

(d) The corner scene.

Figure 19: The left images are CDFs of the
number of IP within a certain ra-
dius of the image centers. IP are IP
of Figure 10, Figure 12, Figure 15,
Figure 18, bottom right. The radii
r1, r2 and r3 are the distances to the
vertical and horizontal edges and the
corners respectively. The red curves
indicate the ideal CDF for evenly
distributed IP. The right images are
heat maps, where brighter colors in-
dicate more IP for that part of the
camera sensor.
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(a) Scene 1.

(b) Scene 2.

(c) Scene 1.

(d) Scene 2.

Figure 20: Uncertainty ellipsoids for the esti-
mated EO and OP. The size of
the ellipses are 10000 standard de-
viations using σ0 = 0.01 pixels
(6.25·10−5 mm). Note the restricted
rightmost EO (see Figure 13, Fig-
ure 16).

No distortion K1 = −10−4

Calibration Wall Corner Wall Corner
Perfect 1% 1% 2% 2%

Standard 6% 10% 24(26)% 19%
Area-based 11% 21% 54(58)% 41(42)%

Table 1: The maximal deviations of the errors
from the experimental uncertainties for
σ0 = 0.01, 0.1, (1) pixels.

4 Results

The results from the experiment described in Sec-
tion 3.5 are presented in Table A.1 to Table A.3.

Notable results include that the theoretical and
experimental uncertainties are perfectly symmetric
about the horizontal plane containing the cameras
up to at least 4 digits. The uncertainty is also
slightly lower for the rightmost OP column than
for the leftmost one.

The experimental uncertainties deviate less than
0.05 percents when no lens distortion is used, and
up to 2.5 percents when K1 is included. For mea-
surement errors σ0 < 1 pixel, these values are
higher for standard calibration than for perfect cal-
ibration, and highest for area-based calibration.

The maximal deviations of the errors from the
corresponding experimental uncertainties are pre-
sented in Table 1.

The maximal deviations of the errors from the
uncertainties are most frequently observed in the
centermost and rightmost OP column, i.e., close to
the restricted EO.

Finally, no difference in the quality of the cali-
bration was observed between the two calibration
scenes.

5 Discussion

For both the wall and the corner scene, the first
order predictions and experimental uncertainties
are symmetric about the horizontal plane. This
is explained by the scenes being perfectly symmet-
ric about that plane. Furthermore, they are lower
for the rightmost OP column than for the leftmost
one. This is also expected since the rightmost EO
has one degree of freedom less than the leftmost
one.

The experimental uncertainties deviate more
from the first order prediction with lens distortion
than without. A likely explanation is that the lin-
earization of the residual function is a worse ap-
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proximation when lens distortion is present.

The small contribution to the uncertainty from
the imperfect calibrations compared to the sig-
nificantly larger contributions to the true errors
strongly suggest that an IO estimation error might
go completely unnoticed while having a large ef-
fect on the quality of the reconstruction. These
effects might be even larger for real cameras be-
cause of unmodelled effects. An investigation of
the redundancy of the estimates is warranted since
a low redundancies is a sign that there might be
unnoticed estimation errors (Förstner, 1987).

The results also suggest that there is no need
for a 3D calibration object. Fraser (2013) argued
that the need for such an object increases if there is
a diversity in image scales. The images used vary
very little in scale. Thus the results cannot be con-
sidered a counterexample to the given argument.

There seems to be no benefit in assigning equal
weights to equal sensor areas during the calibra-
tion. Instead, doing so increases the overall uncer-
tainty in the OP estimates, and increases the errors
even more compared to standard weighting.

Finally, nothing in the results suggest that there
is such a thing as an ”uncalibrated sensor region”,
since the increase in uncertainty that results from
the imperfect calibration is spread evenly across
the scene, and the error underestimation does not
seem to be concentrated to the periphery of the
scene.

5.1 Future work

The IP in the calibration scene has been demon-
strated to be concentrated close to the center of
the camera sensor, but the resulting effects have
only been touched upon. Several limitations exist
with the current experimental setup, and several
metrics remain to be evaluated.

It is the author’s belief that the effects of the
IP distribution can be assessed more directly. One
such experiment would be to use a calibration scene
where significant parts of the camera sensor is free
from IP. Another would be to use a calibration ob-
ject with increasing marker density with increas-
ing radius, such that it yields the ideal IP CDF
(see Figure 19) with EO similar to those in the 2D
calibration scene (see Figure 8). A third way of
approaching the issue would be to look at the es-
timates of the IO parameters. If there is no bias
or increased uncertainty in these parameters, none
could possibly carry over to the reconstruction.

Furthermore, no attempt has been made to as-

sociate IP location with OP uncertainty. For the
scenes used, it is indeed the case that peripheral IP
are mostly projections of peripheral OP, but this
need not be the case. In a scene where the images
are taken from all around the object of interest,
there will be peripheral IP, but there might not
be any peripheral OP. If the existence of ”uncal-
ibrated sensor areas” is demonstrated, this raises
the question of whether it is the IP or OP that are
to be considered peripheral.

When considering the parameters of the cam-
era model used, a few observations can be made.
Firstly, if there is no lens distortion, all IP will con-
tribute to the same estimate of the principal point
and focal length. Additionally, the radial distor-
tion is symmetric about the principal point, which
means that an IP concentration in one area of the
image could be assumed to improve the estimates
based on all IP with the same distance to the prin-
cipal point. However, the tangential or decentering
distortion is not symmetric, and thus the effects of
the IP distribution on those parameters could very
well prove to differ from those on the parameters
estimated in this experiment.

Finally, there are the limitations of the simula-
tion. An advantage of a simulation is that the true
errors can be computed, and indeed this has pro-
vided interesting results. But an apparent disad-
vantage is that there can be no unmodelled effects.
To investigate whether such effects contribute to
an uneven calibration, a very strong photogram-
metric network could be used to produce refer-
ence estimates, and then intentionally weakening
the network and use the IO parameter estimates
from a separate calibration whose quality is to be
estimated.
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A Simulation results

A Simulation results

L C R

W

T
T 39.0 16.4 33.1
M 35.7 14.2 29.4
B 39.0 16.4 33.1

P 0.03%

S 0.03%

A 0.03%

C

T
T 21.5 8.58 15.7
M 20.4 7.73 14.5
B 21.5 8.58 15.7

P 0.04%

S 0.04%

A 0.05%

(a) RMS of total uncertainty (no lens distortion).
Percentages are deviation from theoretical values.

L C R

W

T
T 39.0 16.4 33.1
M 35.7 14.2 29.4
B 39.0 16.4 33.1

P 2.46%

S 2.46%

A 2.46%

C

T
T 21.5 8.58 15.7
M 20.4 7.73 14.5
B 21.5 8.58 15.7

P 2.23%

S 2.26%

A 2.33%

(b) RMS of total uncertainty (K1 = −10−4 mm−3).
Percentages are deviation from theoretical values.

L C R

W

P
T -0.1% -0.6% -0.0%
M 0.1% -0.0% 0.6%
B 0.0% -0.9% 0.2%

S
T 0.7% 3.5% 0.8%
M 1.1% 5.7% 1.5%
B 0.9% 3.7% 1.1%

A
T 1.4% 8.2% 2.3%
M 2.0% 11.4% 3.0%
B 1.7% 8.1% 2.1%

C

P
T 0.6% 0.5% 0.3%
M -0.5% 0.8% -0.2%
B -0.3% 0.9% 0.5%

S
T 4.0% 8.4% 9.6%
M 2.7% 9.7% 10.4%
B 2.5% 7.4% 9.3%

A
T 8.4% 19.4% 20.0%
M 6.7% 21.1% 21.3%
B 5.8% 15.9% 18.6%

(c) Relative deviation of the RMS of true error from the
RMS of the total uncertainty (no lens distortion).

L C R

W

P
T 1.2% 0.9% 1.1%
M 1.3% 1.5% 1.9%
B 1.3% 0.6% 1.3%

S
T 9.4% 18.9% 11.8%
M 9.9% 24.0% 13.4%
B 9.1% 17.9% 11.9%

A
T 22.8% 44.6% 29.4%
M 23.8% 54.1% 32.4%
B 22.4% 42.4% 29.0%

C

P
T 0.9% 1.1% 1.5%
M 0.4% 0.8% 0.8%
B 1.6% 1.4% 1.6%

S
T 8.3% 11.4% 18.5%
M 6.9% 11.4% 18.1%
B 7.9% 9.8% 17.5%

A
T 20.1% 27.7% 40.9%
M 17.2% 26.1% 39.4%
B 18.4% 21.4% 37.8%

(d) Relative deviation of the RMS of true error from the
RMS of the total uncertainty (K1 = −10−4 mm−3).

Table A.1: RMS of total uncertainty and true error in microns for 9 OP over 10000 calibrations using
σ0 = 6.25 · 10−5 mm (0.01 pixels). Calibrations are theoretical (T), perfect (P), standard (S),
area-based (A). Scenes are the wall (W) and the corner (C).
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A Simulation results

L C R

W

T
T 390 164 331
M 357 142 294
B 390 164 331

P
T 0.03% 0.03% 0.03%
M 0.04% 0.03% 0.03%
B 0.04% 0.03% 0.03%

S
T 0.03% 0.03% 0.03%
M 0.04% 0.03% 0.03%
B 0.04% 0.03% 0.03%

A
T 0.03% 0.03% 0.03%
M 0.04% 0.03% 0.03%
B 0.03% 0.03% 0.03%

C

T
T 215 85.8 157
M 204 77.3 145
B 215 85.8 157

P 0.04%

S 0.04%

A 0.05%

(a) RMS of total uncertainty (no lens distortion).
Percentages are deviation from theoretical values.

L C R

W

T
T 390 164 331
M 357 142 294
B 390 164 331

P 2.46%

S 2.46%

A 2.46%

C

T
T 215 85.8 157
M 204 77.3 145
B 215 85.8 157

P 2.23%

S 2.26%

A 2.33%

(b) RMS of total uncertainty (K1 = −10−4 mm−3).
Percentages are deviation from theoretical values.

L C R

W

P
T -0.1% -0.6% -0.0%
M 0.1% -0.0% 0.6%
B 0.0% -0.9% 0.2%

S
T 0.7% 3.5% 0.8%
M 1.1% 5.7% 1.5%
B 0.9% 3.7% 1.1%

A
T 1.4% 8.2% 2.3%
M 2.0% 11.4% 3.0%
B 1.7% 8.1% 2.1%

C

P
T 0.6% 0.5% 0.3%
M -0.5% 0.8% -0.2%
B -0.3% 0.9% 0.5%

S
T 4.0% 8.4% 9.6%
M 2.7% 9.7% 10.4%
B 2.5% 7.4% 9.3%

A
T 8.4% 19.4% 20.0%
M 6.7% 21.1% 21.3%
B 5.8% 15.9% 18.6%

(c) Relative deviation of the RMS of true error from the
RMS of the total uncertainty (no lens distortion).

L C R

W

P
T 1.2% 0.9% 1.1%
M 1.3% 1.5% 1.9%
B 1.3% 0.6% 1.3%

S
T 9.4% 18.9% 11.8%
M 9.9% 24.0% 13.4%
B 9.1% 17.9% 11.9%

A
T 22.8% 44.6% 29.4%
M 23.8% 54.1% 32.4%
B 22.4% 42.4% 29.0%

C

P
T 0.9% 1.1% 1.5%
M 0.4% 0.8% 0.8%
B 1.6% 1.4% 1.6%

S
T 8.3% 11.4% 18.5%
M 6.9% 11.4% 18.1%
B 7.9% 9.8% 17.5%

A
T 20.1% 27.7% 40.9%
M 17.2% 26.1% 39.4%
B 18.4% 21.4% 37.8%

(d) Relative deviation of the RMS of true error from the
RMS of the total uncertainty (K1 = −10−4 mm−3).

Table A.2: Same as Table A.3, but with σ0 = 6.25 · 10−4 mm (0.1 pixels).
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A Simulation results

L C R

W

T
T 3900 1640 3310
M 3570 1420 2940
B 3900 1640 3310

P
T 0.04% 0.03% 0.04%
M 0.04% 0.03% 0.03%
B 0.04% 0.03% 0.04%

S 0.05%

A
T 0.04% 0.03% 0.04%
M 0.04% 0.03% 0.03%
B 0.04% 0.03% 0.03%

C

T
T 2150 858 1570
M 2040 773 1450
B 2150 858 1570

P 0.04%

S 0.05%

A 0.05%

(a) RMS of total uncertainty (no lens distortion).
Percentages are deviation from theoretical values.

L C R

W

T
T 3900 1640 3310
M 3570 1420 2940
B 3900 1640 3310

P 2.46%

S 2.43%

A
T 2.41% 2.40% 2.41%
M 2.41% 2.40% 2.40%
B 2.41% 2.41% 2.41%

C

T
T 2150 858 1570
M 2040 773 1450
B 2150 858 1570

P
T 2.22% 2.22% 2.22%
M 2.22% 2.22% 2.22%
B 2.23% 2.22% 2.22%

S
T 2.26% 2.26% 2.25%
M 2.26% 2.26% 2.25%
B 2.26% 2.26% 2.25%

A
T 2.32% 2.33% 2.31%
M 2.32% 2.33% 2.31%
B 2.32% 2.33% 2.31%

(b) RMS of total uncertainty (K1 = −10−4 mm−3).
Percentages are deviation from theoretical values.

L C R

W

P
T -0.1% -0.6% -0.0%
M 0.1% -0.0% 0.6%
B 0.0% -0.9% 0.1%

S
T 0.8% 3.5% 0.9%
M 1.0% 5.7% 1.5%
B 0.9% 3.6% 1.0%

A
T 1.4% 8.1% 2.3%
M 2.0% 11.3% 2.9%
B 1.7% 8.1% 2.1%

C

P
T 0.6% 0.5% 0.3%
M -0.5% 0.8% -0.2%
B -0.3% 0.9% 0.5%

S
T 3.9% 8.3% 9.6%
M 2.6% 9.7% 10.3%
B 2.3% 7.4% 9.5%

A
T 8.4% 19.3% 19.9%
M 6.7% 21.0% 21.3%
B 5.8% 15.8% 18.5%

(c) Relative deviation of the RMS of true error from the
RMS of the total uncertainty (no lens distortion).

L C R

W

P
T 1.2% 0.9% 1.1%
M 1.3% 1.5% 1.9%
B 1.3% 0.6% 1.3%

S
T 10.3% 20.6% 12.9%
M 10.8% 26.0% 14.7%
B 9.9% 19.6% 13.0%

A
T 24.7% 48.1% 31.9%
M 25.7% 58.2% 35.2%
B 24.2% 45.8% 31.5%

C

P
T 0.9% 1.1% 1.5%
M 0.4% 0.8% 0.8%
B 1.6% 1.4% 1.6%

S
T 8.8% 11.7% 19.4%
M 7.4% 11.7% 18.8%
B 8.4% 10.2% 18.3%

A
T 21.0% 28.0% 42.3%
M 17.9% 26.2% 40.6%
B 19.2% 21.6% 39.1%

(d) Relative deviation of the RMS of true error from the
RMS of the total uncertainty (K1 = −10−4 mm−3).

Table A.3: Same as Table A.3, but with σ0 = 6.25 · 10−3 mm (1 pixel).
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