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Abstract

Path tracking has been an important issue in robotics for many decades
now and it is used to give a robot entity the ability to follow a path.
The many different algorithms used to do path tracking all have specific
behaviors and may not be optimal or even work in all areas. To broaden
the use of an existing path tracking algorithm, this report sets out to
modify it to work in three dimensions instead of two.
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1 Introduction

The purpose of this paper is to modify a Pure Pursuit algorithm to work in a three di-
mensional environment. Pure pursuit is a path tracking algorithm typically used for robots
following a path[4].

A path in the physical environment, such as roads or some other trail, may be continuous
with a unlimited number of target points. When looking at artificial path in a computer, the
trail may just be a finite number of coordinates that put together create a path[5]. These
paths would leave gaps in between the coordinates, and with a lower number of coordinate
points the gaps would increase.

One field where map building can be used is while recording movement data from a gy-
roscope. The data collected could be saved as coordinates in a map in order to visualize
them later. When visualizing movement data the amount of coordinate points is key. If the
coordinate points are fewer than the number of frames used to show the data, some of the
coordinate points will be used multiple times, causing a disturbance in the visualization.
This gives a desire to fill the gaps in between coordinate points and thereby increase the
potential of showing unique frames during visualization.

One way to fill these gaps in a map is to use a path tracking algorithm and record a new map
that is following the old one but with a desired number of coordinate points. Preferably this
will be done in three dimensions.

In the case of tracking and building a new path of gyroscope data there wont be any necessity
to use a robot for the tracking since physical qualities (such as speed, friction and gravity)
will only add more inaccuracy to the results.

1.1 Problem

1.1.1 Working in 3d

The main problem to be solved is how to make the algorithm work in three dimensions. The
original pure pursuit algorithm follows a circle edge when moving from point A to B(see
section 2.3). In the three dimensional version the movement has to go from a circle edge
to follow the edge of a sphere or something similar. One approach to solve this problem
is described in the algorithm section, and also used in the implementation section. An
alternative approach is outlined in the Discussion section

1.1.2 Working in a non-robotic environment

The modified algorithm that is to be developed will, unlike the original algorithm (section
2.3), not be used by a robot[4]. When a robot is using the algorithm it can calculate a course
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that will keep it on a circle edge from A to B. Since there will not be a robot involved in this
version of the Pure Pursuit algorithm, there wont be a course that can be changed to follow
a circle edge. This gives the problem that the curvature wont be calculated, and instead a
number of points on a circle edge will be calculated. This will differ from the original pure
pursuit algorithm and needs modification.

When deciding which path tracking algorithm to modify, the non-robotic environment was
the main reason. To achieve the specific behavior of moving on circle edges seemed easily
translated between a robotic and non-robotic environment.

1.2 Goal

To show that the algorithm(section 3) is working by implementing the algorithm and fol-
lowing a map from start to end. During the path tracking the path taken will be registered
and saved to a new map. This new map will be compared to the original map to see how
well the path is being followed under different settings of the algorithm. The map that will
be followed is a map built from gyroscope movement data.
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2 Background

This chapter will explain two path tracking algorithms and briefly introduce how gyroscopes
in Android works.

2.1 Gyroscope in Android

Android gyroscope motion sensor is used to give the changes of the given units rotation
around its x/y/z-axis. Rotation in counter-clockwise direction (from a certain observation
position) gives a positive number and clockwise rotation gives a negative number.[1] Gy-
roscope data is what will be used as a path during the implementation of the algorithm(see
section 4).

2.2 Follow the carrot

Follow the carrot is a simple path tracking algorithm, used when a robot should follow a
path. The idea is to look at a path, obtain a goal point and then aim the robot towards that
point. To obtain this goal point the robot will calculate the point P on the path that is closest
to the robot. From this point the surroundings will be checked with a radius R. The point on
the path that is furthest away from P but within R will be picked as the goal point, or carrot
point[6]. Using the coordinates of the goal point and the robot coordinates and direction the
robot will be aim in the direction of the goal point.
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2.3 Pure Pursuit

This algorithm is an extension of the Follow the carrot-algorithm. The main idea of the
algorithm and what signifies it is the way it goes from its current position A to the goal
position B. It calculates a circle where both A and B is a part of the circle edge and then
moves on the edge towards the goal. The goal points are obtained in the same way as
Follow the carrot, but when aiming the robot towards the goal point a curvature is calculated
that will take the robot from its current location to the goal point[7]. To calculate this
curvature(γr) the following equations are used[6].

γr =
2∆x
D2 (2.1)

y2 + x2 = D2 (2.2)

x+d = r (2.3)

Equation 1 is derived from equation 2 and 3 using equations 4-9:

d = r− x (2.4)

(r− x)2 + y2 = r2 (2.5)

r2 −2rx+ x2 + y2 = r2 (2.6)

2rx = D2 (2.7)

r =
D2

2x
(2.8)

γr =
2x
D2 (2.9)

Figure 1 shows what the parts in equations 1-9 stands for.

Figure 1: Example of how the algorithm works.[6]
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3 Revised algorithm

To modify the pure pursuit algorithm to work in 3 dimensions the problem will be divided
into a number of steps presented in this section. Put together these steps will form the new
algorithm.

The following terms are used in describing the different steps:
1. Point - Refers to a coordinate point with the properties x/y or x/y/z.
2. Current point - Refers to the current position along a path. Refereed to as A in this
paper.
3. Target point - Refers to the position targeted and pursued. Refereed to as B in this paper.
4. Intersection - As used in this section a intersection refers to one or two points where two
circles meet. Two circles does not need to have any intersections. Refereed to as C in this
paper.
5. Map/Path - A series of coordinate points that together forms a map. Refereed to as M in
this paper.
6. Seeking radius - This is the radius of the surrounding that will be checked while seeking
for a new target. Refereed to as R in this paper.
7. Smooth - Refers to a quality of the path. A smooth path strives to make as little change
as possible to the direction of the path in each new step taken.

3.1 Finding a target

In order to acquire a target point, a scan of a map area will be made. This scan has the radius
R and the center A, looking for points in M. When the area around A has been scanned and
a number of points has been found, the point furthest away is picked as the new target point
B and can be pursued. This process will be the beginning of each new step along the map.

3.2 Finding the circle edge

3.2.1 Circle radius

When choosing a circle radius we need to choose a radius that is at least the distance be-
tween point A and B divided by two. If the radius would be smaller the circle couldn’t be
placed in such a manner that the two points where placed on its edge. Even though the
minimum distance would be sufficient to find the way along a map, the path would not be
effective. If the radius is set too big there will be no, or little circular movement between the
points, which would remove the circular motion of the path tracking. Therefore the radius
will be set equal to the distance between point A and B. This will make sure that the path
always moves with a circular motion between points.
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Figure 2: Example of how different choices of radius will effect the path.

3.2.2 Circle center

To find the circle center CC for which point A and B will lie on the edge, both A and B will
be used as a circle center with the radius from section 3.2.1. The intersections of these two
circles have the potential of being chosen as CC. Figure 3 gives an example of the steps to
find CC. Choosing which intersection that will be used is done in section 3.2.3.

Figure 3: Example of how to find a circle center.

3.2.3 Choosing intersection

Each time a circle is calculated there will be a choice between two intersections. No matter
what intersection chosen the path will be followed, but the path may look very different
depending on which is chosen as illustrated in fig 4.

Figure 4: Example of a choice between two edges.

In some cases a smoother path will be preferred, so when choosing which edge will be used,
the one which makes the smoothest transition into the new direction will be used(option b
in fig 4). To determine which of the edges to use an extension of the previous edge is made,
giving an extension point EP. EPs soul purpose is to determine which of the edges to chose.
Other than EP, one point on each edge is also calculated, we call these PA and PB. Using
Pythagoras theorem to calculate the distance between PA-EP and PB-EP, then choosing the
point/edge that is closest to EP(see Figure 5).
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Figure 5: Example of how an edge is chosen.

3.3 Making a step along a circle edge

When the circle center has been determined a new point will be calculated along the circle
edge between point A and B. To calculate this new point the following equations is used,
where c is the circle followed and p1/p2 is points on that circle:

angle1 = cos−1(
p1.x− c.x

c.r
)+

cos−1(p1.x− c.x)− cos−1(p2.x− c.x)
nro f points

(3.1)

angle2 = sin−1(
p1.y− c.y

c.r
)+

sin−1(p1.y− c.y)− sin−1(p2.y− c.y)
nro f points

(3.2)

y = c.y+(c.r ∗ sin(angle2)) (3.3)

x = c.x+(c.r ∗ cos(angle1)) (3.4)

In the equations nrofpoints is the number of points in between each of the original points of
a map. Circle has the properties radius, x and y. Points has the properties x and y.

Equations 3.3 - 3.4 uses the parametric equation of a circle[2]

When one step has been made, another begins with the new point as the new start point A
and a new target point B is acquired. This is iterated until the path has come to an end.

3.4 Double 2d calculation

The double 2d approach idea is to do the calculations two times in a 2d plane to gain
coordinates in 3d. To do this the calculations in sections 3.2 - 3.3 is executed two times.
First this is done one time with the X/Y-coordinates, where Y and X1 is saved. Then the
calculations in 3.2 - 3.3 is done one more time, but exchanging the Y with Z in all the
calculations. That gives us the Z coordinate and X2. The X coordinate is set to X1+X2

2 . This
method will only do calculations in a 2d plane but the result will be the X/Y/Z-coordinates
in a 3d plane.
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4 Implementation

To test if the algorithm works, an implementation has been made and this section describes
that implementation. The implementation has been done in Java, one part runs on a regular
computer and one part on an android device.

4.1 Data collection

The map used in the algorithm is collected from gyroscope data in an Android unit. The
Android units motion sensors are used to register the rotation around its x/y/z-axis. When
rotations are made in counter-clockwise direction a positive number is registered and clock-
wise gives a negative number.[1] This registration is done ten times per second for thirty
seconds and after that saved to a xml-file. Creating this file is the soul purpose for the An-
droid part and it is used in the upcoming section as data that will build the path that will be
followed by the algorithm.

Figure 6: Example of the data saved in xml-format.
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4.2 Data processing

4.2.1 Building the map

When building a path from motion data one will have to keep in mind that if the gyroscope
returns to its original position then so will the path(see Figure 7).

To build a path of the coordinates registered by a gyroscope and not have it circle origo an
increasing value will be added to each X coordinate.

Figure 7: Example where 2x is added to each point in a coordinate system(2D).

Figure 7 illustrates how a value of 2∗ pointNr is added to each points X-coordinate, forcing
the map to follow the x-axis in positive direction rather than circling origo. This makes
it possible to apply the pure pursuit algorithm to the map without getting the end point
reachable from the beginning.

In the implemented version 10 ∗ pointNr is added to the X-coordinates. These extra X:es
will be removed after the algorithm has executed and the map will go back to circling origo.

4.2.2 Targeting

Finding a target point to aim for is done each time a new step along the path is being
made. To find this target point the algorithm looks at ten points in the map, starting with its
previous target point T. Iterating over points T to T+9, it will choose the point furthest away
but within a distance R, and that point will be the new T. If no point from T to T+9 is within
the R, T+0(the old target) will be chosen as the target. If T is reached T will be replaced by
T+1 as the new target point to search from, this to always have a target point at the event of
no target points being within reach.
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4.2.3 Circle-to-Circle Intersections in Java

When a target has been obtained a circle center is produced to give a circle edge to follow. To
obtain this the current point A and target point B is used as circle centers and given a radius
that is equal to the distance D from A to B. These two circles have two intersections that is
calculated via an external library found on Github1. As the radius of the circles are bigger
than D/2, this will always give two intersections. To choose which of these intersection
to take, one point on each circle edge is calculated and compared to an extension of the
previous edge (see figure 4), the one with a point closest to that extension is chosen.

This procedure is done twice, once for the x/y-coordinates and once for the x/z-coordinates.

4.2.4 Making a step

When an intersection has been chosen a step will be made. How long of a step depends on
how many steps has been taken in total and which target point is chosen. Ten points will be
added per point in the original map, so for example:

If 22 steps has been made and the target point is the third of the original map, then one step
will be 1/8 of the way from the current position to the target position, reaching it in a total
of 30 steps.

The calculations of how to make a step is described in section 3.3. When one step has
been made the program goes back to targeting(section 4.2.2) and iterates this process until
reaching the end of the map.

Each time a new step is made that new position is saved to an xml-file on the same format
as figure 6.

1https://github.com/Lanchon/circle-circle-intersection
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5 Discussion

5.1 Result analysis

For all the data used in this analysis the algorithm has generated 10 points to the new data
for each point in the original data. Every point in the original data has been compared to the
corresponding point in the new data and the result from that comparison is used in Figure 8.

Figure 8 shows data collected from an execution of the implemented algorithm. Data
was collected from three maps with three different look ahead distances on each map.
The look ahead distance used for each map was the average distance between the maps
points(+0%,+20%,30%). Each map was generated from a gyroscope registering data ten
times per second for thirty seconds each, giving the maps 300 target points each. The col-
umn ’Average error’ shows the average distance between points in the original map and
their corresponding points in the map generated by the algorithm.

Figure 8: Data collected from executions of the algorithm.

The data in figure 8 show that a shorter look ahead distance often takes the new path to
or close to the target points, while a greater look ahead distance makes the new path cut
corners.

When analyzing the data for all the maps created, the start and end points are always the
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same for the original and generated map. Even though this does not say anything about how
the path tracking is done, it shows that the algorithm at least finds the end point.

5.2 Visual analysis

In this section a few examples from a generated map will be visualized and shown. The
selected parts of the map are all 5/50 points long and shows a few examples of how the
path is being followed and how they differ from expected results. The selection of these
examples have been made with two criteria:
* Unexpected behavior.
* Easily interpreted.

In figures 9-11 green lines are the original map and red lines are the generated map. These
visualizations have been generated with Matlab[3].

Figure 9: Unexpected choice of intersection.

Figure 9s circled area shows an example of a place where the algorithm generated a un-
expected choice when calculating which route to take to the next point. The choice goes
against the selection strategy described in section 3.2.3. This might be an error that occurs
due to a implementation error rather than a logical error in that part of the algorithm.
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Figure 10: Unexpected zig-zag move made by the algorithm.

Figure 10s circled area shows an example of where the algorithm generated a unexpected
path. The sub path in question makes a zig-zag move between two points rather than the
circular movement intended. Like the problem in figure 9 this is most likely a error that
occurs due to implementation error or a logical error when choosing intersections.
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Figure 11: Behavior when look ahead distance is low.

Figure 11 does not show any unexpected behavior but gives an example of how the algo-
rithm works when the look ahead is low. The generated path tends to follow the map closely
and does not make big shortcuts. If the look ahead would be increased the new map would
differ more from the original. This might be desired in some cases and unwanted in others.
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5.3 Conclusion

With the data from figure 8 which shows that the average error between the original map
and the generated map is reasonably low and the fact that the start and end points in both
maps are the same, shows that the algorithm can do path tracking in three dimensions.

However, in some cases when looking at the visualizations from Matlab, the path generated
by the algorithm does seem to pick the ”wrong” intersections which gives the path a less
smooth appearance than what could’ve been. These errors opens up for some investigation
on what causes them, an investigation that is yet to be made.

So to draw a final conclusion, the algorithm conversion from two dimensions to three di-
mensions with the ’double 2-dimensional’ approach did not work in the implementation that
was made. Even though some of the data showed a lot of promise.
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5.4 Future work

During the research done while writing this paper a few things where cut short or done in a
different way due to a limited time frame. Some of these parts might be interesting to look
into in future development.

• Investigate what makes the algorithm/implementation choose the ”wrong” intersec-
tions.

As discussed in section 5.2 the algorithm contradicts the expected behavior when choosing
which sub path to take between two points. Due to a lack of time, an investigation of why
this behavior exists has not been possible. If an extension of this work would be made that
would be a interesting part to put focus on.

• Choosing the intersection in a more sophisticated manner.

The way to choose sub paths described in section 3.2.3 only looks at its closest neighbors.
This is a simple way to do it, but possibly not a optimal way. For example, some of the
sub paths are almost equal, but the one that gives a slightly less smooth transition might
give a ”better” transition in the next step. If the decision making would be made in a more
sophisticated manner, a smoother path could be achieved.

• A spherical approach.

This paper describes a double two dimensional approach(section 3.4) to use a pure pursuit
algorithm. During the design of the algorithm a spherical approach was considered. The
spherical approach would not look at the paths as a part of a circle edge and instead calculate
the path as part of the shortest path on a spheres edge. The reason for not using this approach
in the algorithm described in this paper was the lack of time and the approach that seemed
least time consuming was picked. This could be an interesting thing to research in future
work.
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