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Abstract

A brief description of the multibody system mechanics is given as the first step
in this thesis to present the dynamical equations which will be the main tool
to analyze the two-body tire model. After establishing the basic theory about
multibody systems to understand the main character in the thesis (the tire) all
the physical components playing in the tire terrain interaction will be defined
together with some of the developed ways and models to describe the tire rolling
on non-deformable terrain and the tyre rolling on the deformable terrain. The
two-body tire model definition and general description will be introduced. Using
the tools acquired on the course of the thesis the dynamic equations will be
solved for the particular case of the two-body tire model rolling on a flat rigid
surface. After solving the equation we are going to find out some incongruences
with respect to reality and then we are going to have a proposal to adjust the
model to agree with real tires.
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Chapter 1

Introduction

The physics of a tire is primordial to explain the the behavior of vehicles on
the ground. To describe the resultant outcome product of all the phenomenas
involved in the tire-terrain interaction and its components can be quite complex
and tedious for computational solutions. However modeling can simplify at
big scale real behavior in desired accurate ways. The University of Umea and
Algoryx-simulation AB company proposed a useful model called two-body tire
model which can be able to reproduce the deformation modes in a tire. This
model shows a very similar behavior as the real tire does but still there can
be different situations where the model will not be able to reproduce correctly.
In this thesis the dynamic of the tire will be analyzed to find out fails in the
two-body tire model and a solution will be proposed to adjust the model to
agree with a real tire.

For many years researchers have been looking for models and theories able to
describe accurately the real behavior of the tire over the terrain. For the mod-
eling of the whole system it is necessary to have separately a terrain model and
a tire model. There are many different types of terrain with a huge amount of
physical properties, but basically they can be characterized as non-deformable
and deformable terrains. For the non-deformable terrain the shape can vary
from the flat terrain (the most simple but useful in matter of physics) to many
possible shapes. For the deformable terrains the physics can be quite com-
plicated in front of the extensive variety of terrain types. However there are
developed models already that can give a good terrain representation. In this
thesis the center of attention will be the tire modeling and the protagonist will
be the two-body tire model. This model is conformed by two rigid bodies which
are coupled with constraints and interact with the terrain at the same time with
other constraints. In many circumstances the two-body tire model can repro-
duce the behavior of tires rolling over the terrain but as with any model there
are always advantages and disadvantages. To be able to explain and understand
this thesis matter it is necessary to know multi-body dynamics, how a tire work
in general and of course the terrain understanding is a necessary complement.
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After going through all those subjects we will see how to compute the two-body
tire dynamic equations and taking it as starting point some flaws will be found
during the rolling over the flat surface. A solution will be proposed to adjust
the fail and make it more consequent with the real tire .
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Chapter 2

Theory

2.1 Multibody systems theory

2.1.1 A brief introduction to Multibody systems

A multi-body system consist in interconnecting rigid and deformable compo-
nents [1]. Many mechanical and structural system such as vehicles, satellites,
robots, aircraft and simple or complex mechanic structures used and seen in
the daily life are components that undergo translational and rotational dis-
placements. These mechanisms conformed by the joint of a certain amount of
elements are called multibody systems. In resume it can be said that a multi-
body system can be represented as a collection of subsystems knows as bodies,
connected with links that restrict their relative motion Fig.2.1. Those bodies
move following the influence of different forces coming from any origin or cause.

To establish the equations of motion that govern the dynamic of multibody
systems it is necessary to find out a way to describe them. We make it with
variables that describe the configuration of the system at any time, those vari-
ables give the position of all the point that compose the body, these variables
are generalized coordinates. The minimum number of variables necessary to
describe the configuration of the multibody system is called as degrees of free-
dom of the system. Each body have six degrees of freedom for the spatial case.
Determining the number of degrees of freedom of a multibody system is mostly
the first step in analyzing mechanical system, which typically consist of several
bodies interconnected by different types of joints and force elements.

To understand the behavior of the whole system we need to know what is
going on with each component of the set of bodies. For exploring the whole
system it is necessary to use some more primitive resources as the mechanic
of the single rigid body to build a set of complete equations subjugated to
constrains to describe the phenomena.
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Figure 2.1: Abstract multibody general representation

2.1.2 Rigid body mechanics

The Charles theorem

The rigid body is a distribution of masses which can be identified by using six
coordinates, three of translation and three of rotation. Define a global frame of
reference in O with coordinates X1, X2, X3. The coordinates of the body with
origin Oi with respect to the global frame of reference are Xi

1, X
i
2, X

i
3. As a

rigid body has no deformations, it means that the distances between the origin
of the system of coordinates in the body Oi and one arbitrary point pi will be
a constant denoted by the norm of a vector that will be called ūi. Lets call Ri

the vector from the origin of the frame of reference to the selected origin on the
body and ri the position of the point P i with respect to the global frame of
reference.

To illustrate what will happen when a rigid body move in a arbitrary way
it is convenient sometime to analyze in two dimensions as the Fig.2.2 shows.

Following the Fig.2.2 and the notation described earlier the position of the
point pi can be localized with the following vectorial relations:

r0 = R0+ū is the initial position of the point p with respect to the reference
frame

Rf = R0 + d is the final position of the body origin of coordinates

rf = Rf + uf is final position of the point p after the motion, where uf is
the vector pointing from the origin of coordinates in the body system to the new
position of the point p in the new configuration after the motion. Note from
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Figure 2.2: Random motion of the rigid body in two dimensions

the figure that the components of the vector uf are simply found by rotating
the vector ū an angle α, it can be mathematically expressed as:

uf = Aūi where A is the matrix of rotation.

Hence rf can be expressed as the final position of the point p as function of
the initial vectors

rf = R0 + d+Aū

It means that any motion experienced by a rigid body between two points
can be instantly interpreted as a translation plus rotation of the body with
distance d and angle α respectively. In general the position of the point p on
the body i will be expressed by:

r(i)p = R(i) +A(i)ū(i) (2.1)

Using the Euler angles notation, the matrix Ai for the 3-D configuration can
be expressed as follow:

Ai =

cosψ cosφ− cos θ sinφ sinψ − sinψ cosφ− cos θ sinφ cosψ sin θ sinφ
cosψ sinφ+ cos θ cosφ sinψ − sinψ sinφ+ cos θ cosφ cosψ − sin θ cosφ

sin θ sinψ sin θ cosψ cos θ


(2.2)

This expression resume what is known as the Charles theorem that can be
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Figure 2.3: A visual representation of the Euler angles rotations

useful to simulate any rigid body motion and can be used also to build more
complicates theories as mechanic of deformable bodies.

Kinematic Equations

Using as a good example the planar motion again to get a more intuitive idea we
define ωi = θ̇ki (angular velocity )pointing perpendicular to the plane formed
by the unitary vectors ii and ji. Taking the derivative of the position of the
point p with respect to the global origin it can be found that the velocity of the
point p with respect to the global origin is:

v(i)p = Ṙ(i) + ω(i) × ū(i) (2.3)

Taking the derivative again with respect to time it can be found that the
acceleration of the point p with respect to the origin is:

a(i) = R̈(i) + ω̇(i) × ū(i) + ω(i) × u̇(i) (2.4)

Defining now the angular acceleration α(i) = ω̇(i) in combination with the
(eq.2.4) it can be found that:

a(i) = R̈(i) +α(i) × u(i) + ωi × (ω(i) × u(i)) (2.5)

where R̈(i) is the acceleration of the origin of the body reference with respect to
the global reference frame. The term αi × ū(i) is the acceleration of the point
p(i) with respect to the origin Oi. The term ω(i) × (ω(i) × ū(i) is called the
normal component of the acceleration of p(i) with respect to the origin Oi.

The total differential of angle deduced by the independent Euler angles are
expressed as:
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δθ = G[δφ δθ δψ]T

where G is given below by (eq.2.7).

The vector angular velocity then can be expressed as:

[ω1 ω2 ω3]T = G [φ̇ θ̇ ψ̇]T (2.6)

with

GT =

0 cosφ sin θ sinφ
0 sinφ − sin θ cosφ
1 0 cos θ

 (2.7)

Generalized coordinates

At the beginning of this chapter it was shown that the position of any point p
at the rigid body can be found as rip = Ri + Aiūi (eq.2.1), using this relation
the general coordinate for the body i can be defined as follows:

qip = [Ri θi]T (2.8)

where Ri define the global position of the origen and θi is the set of rotational
coordinates that can be used to formulate the rotation matrix.

In general the generalized coordinates in the multibody system can be ex-
pressed as:

q = [q1 q2 ..qi.. qn]T

Constraints

In multibody systems, the system coordinates are not independent because of
the specified motion trajectories as well as mechanical joints. These kinematic
constraints can be introduced to the dynamic formulation by using a set of
nonlinear algebraic constraint equations that depend on the system generalized
coordinates and possibly on time. One can write the vector of all constraint
functions as:

C(q1, q2, ...qn, q̇1, q̇2, ...q̇n, t) = C(q, q̇, t) = 0 (2.9)

where q is the total vector of generalized coordinates q̇ the vector of general-
ized velocities and t the time. In the multibody system these n generalized
coordinates are related by nc constraint equations where nc ≤ n.
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C = [C1(q, q̇, t), C2(q, q̇, t), ...Cn(q, q̇, t)]T is the set of independent constraint
equations.

Different types of constraints are found in the multibody system, we can di-
vide them as holonomic constraints and non-holonomic constraints. The holo-
nomic constraints depending on time are called Rheonomic and if does nor
depend on time is called Scleronomic.

Constraint that can not be written as C(q1, q2, ...qn, t) = C(q, t) = 0 are
called non-holonomic constraints. For example one of the more used non-
holonomic constraint is the on in the following form:

a0 +Bq̇ = 0 (2.10)

(non-holonomic Pfaffian constraint) where a0 = a0(q, t), q̇ = [q̇1 q̇2...q̇n]T what
is known as the system of generalized velocities and B = B(q, t) is an nc × n
coefficient matrix. The non-holonomic constraints are non integrable.

Once defined what are generalized coordinates and constraints, the number
degree of freedom of the system will be calculated as:

DOF = 6× nb − nc (2.11)

where nb is the number of bodies and nc the number or constraints.

Kinematic analysis

We have defined what is a constraint already and it is a useful concept to find
out important conclusions in dynamical problems before doing the dynamical
analysis. Kinematic constraint analysis is the study of motion of the system
independently of the forces that produce it [2]. In the kinematical analysis the
motion of the system is specified by driving elements that govern the motion of
specific degrees of freedom of the system during the analysis. Position, velocity
and acceleration in the system are defined by kinematic constraint equations
that describe the system topology. The kinematic analysis is performed doing
a solving of the set of equations that result from the kinematic and driving
constraints.

As we mentioned before let us call with C notation the kinematic indepen-
dent constrain. Then the constraint equation in compact form will be written
in the following way [3]:

C(q, t) = 0 (2.12)

where q is the vector of the generalized coordinates and t the time variable. For
finding the velocity constraint equation is is necessary to perform the first time
derivative of the last equation and then we get that:
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Cq q̇ +Ct = 0 (2.13)

where Cq is the Jacobian matrix of the constraints equations, Ct is the partial
derivative of the constraint vector with respect to time and q̇ the vector of
generalized velocities.

A second differentiation of the spatial constraint equations with respect to
time leads to the acceleration constraint equation and they will look as follows:

Cq q̈ = −(Cq q̇)q q̇ − 2Cqtq̇ −Ctt (2.14)

where q̈ is the generalized acceleration vector.

Some kinematical relations and matrices for ωi and ui

Before to deduce the dynamics equations it is necessary to define some other
elements that can useful in case of 3-D configuration systems .

We are going to use always the Euler angles notation in our analysis. Let
say that θ(i) = (φ θ ψ)(i) and differentiating the position of the point p (eq.2.1)
in the body we get:

ṙ(i) = Ṙ(i) + Ȧ(i)ū(i) = Ṙ(i) + u̇(i) (2.15)

This can be written in terms of the angular velocity

ω(i) = [ω
(i)
1 ω

(i)
2 ω

(i)
3 ]T (2.16)

as

ṙ(i) = Ṙ(i) + ω(i) × u(i) (2.17)

It is useful to express the las expression in matrix form, let’s say that:

ω(i) × ū(i) = ω̃(i)u(i) = −ũ(i)ω(i) (2.18)

then

ω(i) × u(i) =

∣∣∣∣∣∣∣
î ĵ k̂

ω
(i)
1 ω

(i)
2 ω

(i)
3

x
(i)
1 x

(i)
2 xi3

∣∣∣∣∣∣∣ (2.19)
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These equalities can be satisfied if ω̃(i)

for ω̃i and ũi:

ω̃(i) =

 0 −ω(i)
3 ω

(i)
2

ω
(i)
3 0 −ω(i)

1

−ω(i)
2 ω

(i)
1 0

, ˜̄u(i) =

 0 −x3(i) x
(i)
2

x3
(i) 0 −x1(i)

−x2(i) x1
(i) 0

 (2.20)

As we know from (eq.2.6): ω(i) = Ḡ(i)θ̇(i)

Collecting all these results and putting into the equation of the velocity of
the point p can be found that:

ṙ(i) = [I, −A(i) ˜̄u
(i)
Ḡ(i)] [Ṙ(i) θ̇(i)]T (2.21)

Where Ḡ(i) is a matrix that depends on selected rotational coordinates of a
body i and it can be expressed as follows:

Ḡ(i) =

 sin θ sinφ(i) cosφ(i) 0
sin θ(i) cosφ(i) − sinφ(i) 0

cos θ(i) 0 1


Mass Matrix

It is well know that the kinetic energy can be expressed as the following integral
over the volume V i:

T (i) = 1/2
∫
ρ(i)ṙ(i)T ṙ(i)dV (i) where ρ(i) is the mass density of body i.

Substituting the matrix equation (eq.2.19) into the kinetic energy equation
and carrying out matrix multiplication utilizing orthogonality of the transfor-
mation matrix it can be found that:

T (i) = 1/2
∫
V
ρ(i)[Ṙ(i)T θ̇(i)T ]

(
I −A(i) ˜̄u

(i)
Ḡ(i)

symmetric Ḡ(i)T ˜̄u
(i)T ˜̄u

i
Ḡ(i)

)
dV (i)[Ṙ(i) θ̇(i)]T

which can be written as:

T (i) = 1/2q̇r
(i)TM (i)q̇r

(i) whre M (i) is what is known as the Mass Matrix
of the rigid body.
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M (i) =

∫
V

ρ(i)

(
I −A(i) ˜̄u

(i)
Ḡ(i)

symmetric Ḡ(i)T ˜̄u
(i)T ˜̄u

(i)
Ḡ(i)

)
dV (i) (2.22)

Defining:

m
(i)
RR =

∫
V
ρ(i)IdV (i)

m
(i)
Rθ = −

∫
V
ρ(i)A(i) ˜̄u

(i)
Ḡ(i)dV (i)

m
(i)
θθ =

∫
V
ρ(i)Ḡ(i)T ˜̄u

(i)T ˜̄u
(i)
Ḡ(i)dV (i),

the Mass Matrix can be written as:

M i =

(
m

(i)
RR m

(i)
Rθ

symmetric m
(i)
θθ

)
(2.23)

Here m
(i)
RR is associated to the translational motion of the body and it is a

constant diagonal 3× 3 matrix with the following form:

m
(i)
RR = δlkm(i) where δlk is the Kronecker delta and m(i) the mass of the

body i.

m
(i)
Rθ represent the inertia coupling between the translation and rotation of

the body reference. Due that A(i) and Ḡ(i) are independent of space one can

write m
(i)
Rθ conveniently as:

m
(i)
Rθ = −A(i)[

∫
V (i)

ρ(i) ˜̄u
(i)
dV i]Ḡ(i) (2.24)

Then there is a matrix associated to the rotational coordinates of the body
reference that can be expressed as:

m
(i)
θθ =

∫
V (i)

ρiḠ(i) T ˜̄u
(i) T ˜̄u

(i)
Ḡ(i)dV (i) = Ḡ(i) T

∫
V (i)

ρ(i) ˜̄u
(i) T ˜̄u

i
dV iḠi

(2.25)

defining a term as Ī
(i)
θθ =

∫
V (i)

˜̄u
(i) T ˜̄u

(i)
dV (i)
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the matrix m
(i)
θθ = Ḡ(i) T Ī(i)θθ Ḡ(i)

Taking the matrix of ˜̄u
(i)

as (eq.2.18) suggest and doing some algebra can

be found that the elements of the matrix m
(i)
θθ are:

I11 =
∫
V i ρ[(x

(i)
2 )2 + (x

(i)
3 )2]dV (i), I22 =

∫
V (i) ρ[(x

(i)
1 )2 + (x

(i)
3 )2]dV (i)

I33 =
∫
V (i) ρ[(x

(i)
1 )2 + (x

(i)
2 )2]dV (i) I12 = −

∫
V (i) ρ

(i)x
(i)
1 x

(i)
2 dV (i)

I13 = −
∫
V (i) ρ

(i)x
(i)
1 x

(i)
3 dV (i), I23 = −

∫
V (i) ρ

(i)x
(i)
2 x

(i)
3 dV (i)

Due the symmetry of the matrix the rest of the terms can be found easily.

These elements Ilk are called the mass moments of inertia. For the particular
cases where l 6= k the matrix element are called products of inertia.

Finally the total kinetic energy can be expressed as:

T i = T iRR + T iRθ + T iθθ (2.26)

where

T
(i)
RR = 1/2 Ṙ(i)Tmi

RRṘ
(i), T

(i)
Rθ = Ṙ(i)Tm

(i)
Rθ θ̇

(i), T
(i)
θθ = 1/2 θ̇(i)Tm

(i)
θθ θ̇

(i)

The rotational kinetic energy can be written in term of the angular velocity
vector and the inertia tensor in the following form:

T
(i)
θθ = 1/2 ω(i)T I

(i)
θθ ω(i) where Iθθ = A(i)Ī

(i)
θθA

(i)T

In many cases it is convenient to set the body reference on the center of
mass, the Mass matrix would take the following form:

M (i) =

(
mi
RR 0

0 m
(i)
θθ

)
(2.27)

and the total kinetic energy will be expressed as:

T (i) = T
(i)
RR + T

(i)
θθ

2.1.3 Dynamic equations for the multibody system

So far we have defined all the necessary elements to present dynamic equations
for multibody systems. There are three well known ways to derive the governing
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equations of the dynamic motion, the Newton-Euler, Lagrangian and Kane’s
methods [13].

The Newton-Euler method is very straightforward in terms of assembling
equations and providing all reaction forces. The Lagrangian and Kane’s meth-
ods have difficulty in locating generalized coordinates and forces symmetrically,
specially when new constraints of forces are introduced in the problem. In this
thesis the Newton-Euler method will be the used one due the mentioned ad-
vantages in front of the other methods but the Lagrange’s equations will be
presented as a complement. As we mentioned important concepts have been
defined to give sense to the following section.

Newton-Euler equations

Let us introduce n bodies with the generalized coordinates vector as q = (R,θ)
. The dynamic equation for the system of bodies can be witten as [1]:

M(n×n)q̈ = Qe +Qr

where Qe is a vector with the generalized external forces and Qr is a vector with
the generalized reaction forces. These reaction forces are generated from physi-
cal connectors of non-joints and joints. Non-joint can be for example springs or
dampers and joints can be revolute or translational ones. Non-joint connectors
do not affect degrees of freedom and directly generate reaction forces that de-
pends on the q and q̇. The joint or constraints produce a reduction of degrees of
freedom. They generate reaction forces based on the Jacobian matrix(2.33, see
below) of the constraints equations . The joint reaction forces can be expressed
in term of the Jacobian matrix G of the constraints equations and a vector of
Lagrange multipliers λ as follow:

Qjoint = GT λ̄ (2.28)

If we say that Qr = Qjoint +Qnon−joint we get that

M(n×n)q̈ −GT λ̄ = Qe +Qnon−joint (2.29)

At this point a set of differential-algebraic equations are specified for a system
of n generalized coordinates with coordinates qi and m Lagrange multipliers.
In the dynamic equations we have m unknown Lagrange multipliers and that is
why we need m independent constraint equations to completely determine the
behavior of the system.
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If we take the second derivative respect to time of the constraint equation
(eq.2.12) and make it equal to γ we will the following relation :

Cq q̈ = Gq̈ = γ (2.30)

Combining this equation with the dynamic equation we get the following equa-
tion in matrix form:[

M GT

G 0

] [
q̈
−λ

]
=

[
F

γ(q, q̇)

]
Lagrange’s equation with contraints

If we have a configuration of a dynamic system described by n generalized
coordinates qi and if the system is subjected to m constraints, then as we know
the system will have N = n−m degrees of freedom. In this case, the equations
of motion of the system may be formulated using Lagrange’s equation with
multipliers, for the body i in the multibody system, Lagrange equation takes
the form [1]:

d

dt

(∂K
∂q̇i

)
− ∂K

∂qk
+CT

qiλ = Qi (2.31)

The solutions of this equation satisfy the constraint equations (eq.2.9)

Here Ki is the kinetic energy associated to the body i, Qi is the general-
ized force associated with the generalized coordinate qi and λ is the vector of
Lagrangian multiplier associated with the constraints equations. These equa-
tion lead to a set of n+m differential-algebraic equations for the n generalized
coordinates and the m Lagrange multipliers.

Jacobian

As we saw in the dynamic equation there is the presence of the Jacobian. It is
good to know its meaning and how it can be calculated. Jacobian is a gradient
and for a given scalar function g(x) of a real vector x ∈ Rn, that is defined as
the row vector

∂g
∂x = 5g = Ḡ =

[
∂g
∂x1

, ∂g∂x2
, ..., ∂g

∂xn

]
Let us say that the function g(x) = 0 define a constraint. Now if g(x) is a

vector of m dimensions then:
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g(x) =


g1(x)
g2(x)

...
gm(x)

 (2.32)

Having the row vector the Jacobian will be found as follow:

G = 5g =


∂g1
∂x1

∂g1
∂x2

∂g1
∂x3

. . . ∂g1
∂xn

∂g2
∂x1

∂g2
∂x2

∂g2
∂x3

. . . ∂g2
∂xn

...
...

...
. . .

...
∂gm
∂x1

∂gm
∂x2

∂gm
∂x3

. . . ∂gm
∂xn

 (2.33)
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Chapter 3

The tire

3.1 The tire mechanics

The tire is the main element of interaction between the vehicle and the terrain.
In the interaction several action and reaction forces and moment are generated.
These forces and moments are responsable of the traction, braking and give
directionality to the vehicle. The study of these features is important to under-
stand how the vehicle behave in its interaction with the terrain. To understand
the dynamics features involved in the tire rolling, let us study the mechanics of
the tire and define some important concepts. The first thing we have to do is
to define a axes system.

3.1.1 Preliminar definitions

Axis system

To describe the characteristics of a tire the first is define the axes system to use
it as a reference for the definition of the magnitudes of interest. One of the most
common axis systems used is the one where the origin of the axis system is the
center of tire contact. Following the Wong nomenclature [4] the axis are defined
in the following way. The X axis is the intersection of the wheel plane and
the ground plane with positive direction forward. The Z axis is perpendicular
to the ground plane with a positive direction downward. The Y axis is in the
ground plane and its direction is chosen to make the axis system orthogonal and
right hand. See Fig.3.1

Forces and moments acting on the tire

In general there are three forces and three moment acting on the tire from
the ground which are responsable for the pneumatic behavior.The forces and
moment will be defined following the Wong axis system [4].
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Figure 3.1: Wheel with tire general representation from [4]

The tractive force (Fx) which is responsable for the impulse of the vehicle
when the resultant is > 0 and braking force when the resultant is < 0.

The lateral force (Fy) which is perpendicular to the traction force and pro-
duced mainly by lateral acceleration in curves.

The normal force (Fz) which are perpendicular to the last ones and represent
the reaction to the vehicle weight corresponding to each pneumatic. One way
to calculate normal forces is if we treat the tyre as a linear spring and damper
when computing the vertical force component. The vertical force acting at the
point p on the contact patch has a contribution due to the stiffness and another
contribution due to the damping. If we call Fz the vertical force, Fzk the force
associate to the stiffness and Fzc the force associated to the damping we get the
following relations:

Fz = Fzk + Fzc, with

Fzk = −kzδz

Fzc = −cvz
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with δz is a deformation term in z direction.

The overturning moment (Mx) is exerted on the tire by the road.

The rolling resistance moment (My) tends to brake the tire motion mainly
due the tire deformation.

The aligning moment (Mz) is responsible for the straightening of the tire
after the turning maneuvering.

Also there are two important angles associated to the tire rolling known as
the camber angle γ that provide lateral support and drift angle α which is the
angle between the velocity vector and the real trajectory produced due to tire
deformations mainly in curves.

Contact patch

Normally real tires are made from rubber, that is an elastomeric material to
which they owe a large part of their grip capacity. The grip implies contact
between two surfaces: one is the tire surface and the other is the road surface.

The contact patch is the region where the tire is in contact with the road
surface.It is important to say that the shape and size of the contact patch and
also its position with respect to the reference system will depend on the tire
operating conditions.

Rolling resistance

The rolling resistance arises because the normal pressure in the leading half of
the contact patch is higher that in the trailing half [?]. This is mainly caused
by the hysteresis in the tire due to the deflection of the carcass while rolling. A
number of tire operating conditions affect rolling resistance. The most impor-
tant are load, inflation pressure and temperature. The rolling resistance can be
affected by different parameters like tyre size, inflation pressure, normal load
and longitudinal velocity.

Effective Radius

The effective ratius or dynamic radius of an pneumatic is a quantity defined as
a consequence of deformations of the elastic-plastic material used to build the
tire. If the tire would be considered as a rigid body the relation between the
tire angular velocity ω and the lineal velocity v of the tire will be:

vR = ωRRg
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where Rg is the geometric radius. Nevertheless for a deformable tire it is con-
venient define the effective radius as the relation between the angular velocity
and the displacement velocity measured effectively on the ground.

If one particle belonging to the tire perimeter is followed it can be found
that the particle velocity is far from being constant due to that between the tire
and the terrain there is not a contact point but there is a contact area and a
deformation. To estimate the effective radius let us follow Fig.3.2 , [9]:

Figure 3.2: Effective radius under free rolling from [9] modified

From it we see that

Rc = Rg cos(φ)

where Rc is the distance between the geometric center of the tire to the surface.

We also see that a = Rgsin(φ) and sin(φ) = (R2
g −R2

c)
1/2.

Comparing the motion with a rolling rigid tire with radius Reff , the distance
rolled by this tire will be φReff for a angular rotation φ, we get the following
relation after the comparison:

Rgsin(φ) = Reffφ , it means that the effective radius can be found as:

Reff =
Rg sin(φ)

φ or Reff =
(R2

g−R
2
c)

1/2

Sin−1(
(R2

g−R2
c)

Rg
)

The effective radius depends of several factors as the weight on the tire, the
tire pressure, and some particular characteristic of the tire.

The value of the effective rolling radius is important because the translating
relative velocity of the wheel with respect to the terrain is given by:

v = ωReff , where ω is the hub angular velocity.
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Once we have defined the effective rolling radius a new parameter can be
define in case of slip ratio as follow:

Slip =
v−ωReff

v = v−vd
v

where v is longitudinal speed of the wheel center, ω the angular velocity of the
wheel and Reff the effective radius of the tire.

3.1.2 Tire-Terrain interaction. Particular cases of interest

The mechanics of the tire-terrain interaction is fundamentally important in char-
acterizing the performance of the tire terrain. The mechanics of the tire-terrain
interaction is divided in two different parts, on-road and off-road cases. For
the on-road the terrain is considered as a solid (non deformable) surface with
irregularities. For off-road cases the terrain is considered as a deformable me-
dia and it results in a more complicated problem to model. Different terrains
respond differently to the similar loading inputs. In general the key factor for
the characterizing of the interaction tire-terrain problem is to study different
terrain responses to loading inputs using mathematical relationships such as
stress-strain relationship, pressure-sinkage relationship and shear stress-shear
displacement relationship. The structure of the real terrain varies greatly and
it happens that the terrain response can not be modeled using a single theory
or method. Normally a practical solution is to construct an empirical model
through curve fitting and statistical analysis of the measured data. In order
to understand better the physics of the terrain interaction and characterize it
more accurately the terrain response to normal and shear loading are studied
separately. Now the normal response and the response to shearing theories will
be presented after defining some important concepts and their roll.

Pressure distribution in the tire contact patch

In order to understand the manner by which forces and moments are generated
in the contact patch of a rolling tyre an initial appreciation of the stresses acting
on an element of thread rubber in the contact patch is required .

Each element will be subject to a normal pressure p and a shear stress τ
acting in the road surface. It should not slip if ft ≤ µfn (Coulomb friction)
where µ is the coefficient of the friction between the thread rubber and the road
surface [5]. The pressure distribution will depend on the tire load and whether
the tire is stationary, rolling, driven or braked. The pressure distribution is not
uniform and will vary both along and across the contact patch.

Contact patch forces and moments

Any set of forces or distributed load is statically equivalent to a force-couple
system at a given (arbitrary) point O. Therefore, regardless of the degree of
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roughness of the road, the distributed normal and tangential loads in the foot-
print yield a resultant force F and a resultant couple vector moment Mo as
follows:

F = Fxî+ Fy ĵ + Fz k̂ (3.1)

and

M0 = Mxî+My ĵ +Mz k̂ (3.2)

The component of forces and moment used were defined earlier. Now differ-
ent cases will be analyzed for on-road and off-road.

Flat road surface.On-road case.

To perform further investigations in the two-body tire model is necessary to
study different road surfaces and as usual is better to start from the most
simple which actually is going to give us the most important result of this
thesis, ”The perfectly flat road surface”. Even if it is the simplest case, it can
not be underestimated because it can tell us a lot.

Assuming a perfectly flat surface the pressure acting on the contact patch
will be always vertical and will be denoted as p(x, y)k̂ and hence forms a parallel
distributed load. Moreover the flatness of the contact patch in this case implies
that the tangential stress t(x, y) = txî+ ty ĵ forms a planar distributed load.

As consequence the force Fp and the moment Mo
p of the distributed pressure

p(x, y) are given by the following expressions:

Fp = k

∫∫
Patch

p(x, y)dxdy (3.3)

and

Mo
p = Mxi+Myj =

∫∫
Patch

(xi+ yj)× k̂p(x, y)dxdy (3.4)

where

Mx =

∫∫
Patch

yp(x, y)dxdy (3.5)
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and

My = −
∫∫

Patch

xp(x, y)dxdy (3.6)

As expected Fp and Mo
p are perpendicular. The force-coupled resultant

(Fp,M
o
p ) can be reduced to a single force Fp having a vertical line of action

passing through the point with coordinates (ex, ey, 0).

The resultant tangential force Ft and the couple Mo
t of the distributed tan-

gential t(x, y) = txi+ tyjare given by:

Ft = Fxî+ Fy ĵ =

∫∫
Patch

(tx(x, y)̂i+ ty(x, y)ĵ)dxdy (3.7)

Mo
t =

∫∫
Patch

(x̂i+ yĵ)× (txî+ ty ĵ)dxdy = k̂

∫∫
Patch

(xty(x, y)− ytx(x, y))dxdy =

(3.8)

k̂dt
√
F 2
x + F 2

y

where

Fx =

∫∫
Patch

tx(x, y)dxdy (3.9)

and

Fy =

∫∫
Patch

ty(x, y)dxdy (3.10)

In this case Ft and Mo
t are perpendicular. Also in the same way the force-

coupled resultant (Ft,M
o
t ) can be reduced to a tangential force Ft lying in the

xy-plane and having a line of action with distance dt from the origin O.

In general:

F̄ = F̄p + F̄t (3.11)

M̄o = M̄o
p + M̄o

t (3.12)
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Deformable homogenous terrain.

When the tire is traveling over the deformable terrain, a normal pressure distri-
bution is generated in the tire contact patch normal to the tire-terrain interface.
This pressure distribution amplifies the normal stress tensor in the soil levels
that are closer to the surface. This makes the terrain surface to deform accord-
ingly which cause the tire to sink into the ground. The first method introduces
to study the mobility of vehicles over unprepared terrain are mainly empirical.
The most common one was introduced by M. G. Bekker while he was working
for the Land Locomotion Lab in the U.S Army Detroit Arsenal in the fifties.
The model is semi empirical and relate the sinkage with the normal pressure of
a plate pushed down into the soil in the following way [7]:

σn = (kc/b+ kφ)zn = keq · zn (3.13)

with σn is the stress distribution, z the sinkage, b is smallest dimension of
the contact patch and kc, kφ, n are the pressure-sinkage parameters that can be
found empirically. It has been shown by Bekker that kc and kφ are insensitive to
the width of rectangular plates with large aspects ratios in homogenous terrain.

Bekker proposed also a relation to characterize the shear strength of the soil
as the following formula shows:

τ =
K3

2K1

√
K2

2 − 1

{
exp[(−K2 +

√
K2

2 − 1)K1i]− exp[(−K2 −
√
K2

2 − 1)K1i]

}
(3.14)

where K1, K2, and K3 are constants obtained experimentally . It should be
mentioned that in the method proposed by Bekker there is no coupling between
the shear displacement and the normal stress. For this reason [10] introduced an
alternative formulation that has gained great popularity in the terra mechanics
community. They assumed that the shear stress, tangential to the surface of
the sinkage plate, can be predicted through a combination of the Mohr-Coulomb
Failure Criterion and the normal stress distribution as follow:

τ = (c+ σn tan(φ))(1− exp(−j/k) (3.15)

where:

c+σntan(φ) is the Mohr-Coulomb failure criterion, c the soil cohesion, j the
soil-plate interface shear displacement, k the shear deformation modulus in the
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direction of motion, φ the internal angle of friction.

This formulation is still just empirical, and introduces a strong causative
physical connection between the kinematics (the shear displacement) and the
stresses (the Mohr-Coulomb criterion) which is completely absent in the Bekker
shear equation. The approach proposed theory by Janosi and Hanamoto with
give good results especially on sand, saturated clay, fresh snow and peat. Reece
proposed a n improvement of the Bekker model which would give more physics
insights to the pressure sinkage dependence. The suggested equation by Reece
account separately for the cohesion of the soil and the soil weight.

σn = (ck
′
+ bγK

′

φ)(z/b)n (3.16)

where σn is the pressure normal to the sinkage plate, kc the cohesion-dependent
parameter, kφ the friction angle dependent parameter, n the sinkage index,, b
the plate width, γ the unit weight of the soil and c the soil cohesion.

Soft and homogeneous terrain reaction on a rigid wheel

Using the Wong-Ishigami model it can be found that the normal stress distri-
bution under the wheel is [8]:

σn = (ck
′
+ bγK

′

φ)(z/b)n[cosθW (θ)− cos(θ1)]n (3.17)

θW (θ) =

{
θ, θM ≤ θ < θ1

θ1 − θ−θ1
θM−θ2 (θ1 − θM ), θ2 ≤ θ < θM

}
(3.18)

θM is the angular location point with maximum of radial stress and the rest
of the parameters are defined already. As guide see Fig.3.3

Reaction forces and Torque acting on the rigid wheel

A small differential of surface in contact with the soil is dS = brdθ, where r is
the radius of the wheel and b the width of the wheel. The normal force to any
differential of surface is dFnormal = (σz + τz)dS and the drawbar force acting
on any differential of surface is dFdrawbar = (σx + τx)dS. The total normal
force, drawbar force and the torque acting on the wheel can be calculated as
follow: [6]:
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Figure 3.3: Schematic of rigid wheel and soil contact.

Fnormal = rb

∫ θ2

θ1

[σcos(θ) + τsin(θ)]dθ (3.19)

Fdrawbar = rb

∫ θ2

θ1

[σsin(θ) + τcos(θ)]dθ (3.20)

T(wheel) = r2b

∫ θ2

θ1

τdθ (3.21)
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Chapter 4

Two-body tire model

4.1 The two-body tire model

4.1.1 A brief introduction to the two-body tire model

The car pneumatic is an structure formed by a set of bodies as the carcass,
the rim, the hub and so on. The two-body tire model treat the wheel hub and
the tire as two distinct rigid bodies that may be displaced relatively from the
reference configuration [11] and [12]. The model have four modes of deformation,
corresponding to radial, lateral, bending and torsional deflection of the tire to
the hub. The Fig.4.1 shows the different possibles displacements of the wheel
hub with respect to the tire.

Properties of the two-body tire model

1. The two tire model is a dynamic tire model capturing the transient be-
havior of tire-ground contact forces.

2. Is based in a physical model with a few parameters(It may represent an
advantage to computational processing).

3. Can be used for on-road and off-road conditions and can interact with
deformable terrain.

4. Is integrated into AgX Dynamics and co-solved with the complete system
simulation including vehicle and surrounding.

5. Support front and side-ways contacts, as well as freely spinning wheels.

4.2 Method

The method that will be used to find out the flaws of the model is basically to
solve the dynamical equations for the two body system under certain conditions
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Figure 4.1: Illustration of AGX two-body tire model taken from [11] (a). A
general deformation (b) is a combination of the four modes of deformation:
torsional (c), radial (d), lateral (e) and bending (f) deflection of the tire relative
to the hub

(constraints) and then compare the results with what happen with the real tire
case to know if there is something that may show inconsistencies. The problem
will be describe in term of generalized coordinates qT = (x, y, z, ψ, θ, φ) where
the rotational components are the Euler angles and the dynamic formulation
and theory used will be the one described in the Chapter 2 and Chapter 3.
Under the dynamic specific conditions a set of equations will be obtained which
can be solved to describe the system motion.

The surface (terrain) where the system will roll over will be chosen as flat
and non-deformable because this simple configuration can lead to interesting
conclusions.

4.3 Two-body tire description

4.3.1 Two-body tire model coordinates

To understand the behavior of the two-body tire system let us find out the gen-
eralized coordinates following the formulation described earlier in the rigid body
mechanics. Fig.4.2 shows two rigid bodies (circles) for the 2-D representation.
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In the three dimensional configuration these bodies bodies are cylinders but the
two-dimensional representation will be sufficient to find out what we want to
and at the same time easier to follow.

Figure 4.2: Two-body tire abstract representation in 2-Dimensions. from [12]

Following the figure configuration any point at the bodies are found accord-
ing the following equations:

r1p = R(1) + A(1)R̄1 and r2p = R(2) + A(2)R̄2, where R(1) and R(2) are the

position of the bodies references respect to the global reference, R̄1 and R̄2 the
position of any point p1or2 respect to the the bodies reference and A1 and A2

the rotation matrix corresponding to the body1 and body2 respectively. For
convenience and due the particular symmetry of the bodies the bodies reference
will be set at the center of mass that will be at the same time the center of the
circles in the two dimension configuration. The material mass of the wheels are
distributed homogeneously.

In two dimensions R(i) contains the coordinates (x(i), y(i)) and A(i) con-
tains the angular coordinates θ with i = 1, 2 for two bodies. Let us define
for the body1 the general coordinate as q(1) = (R(1), θ(1))T = (x(1), y(1), θ(1))T

and for the body2 the generalized coordinate will be q(2) = (R(2), θ(2))T =
(x(2), y(2), θ(2))T . To be more general we can also write the generalized coor-
dinates in 3-D configuration: q(1) = (x(1), y(1), z(1), ψ(1), θ(1), φ(1))T and q(2) =
(x(2), y(2), z(2), ψ(2), θ(2), φ(2))T .

4.3.2 Two-body tire mass matrix

As it was explained in the Chapter 2 the mass matrix correspondent to a body
i in general is given by (2.23) as:
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M i =

(
mi
RR mi

Rθ

symmetric mi
θθ

)
(4.1)

In this case we have set the bodies coordinates system in their center of
masses. The rotation axis corresponding to the cylinder will be chosen in wheel
configuration(taking in account the wheel symetry). The axes will be set in
a symmetrical configuration crossing each other in the center of mass of the
cylinders (or circles in 2-D representation). As a consequence of the chosen
configuration the component mi

Rθ will equal zero and the mass matrix for any
body i will look like (2.27):

M i =

(
mi
RR 0
0 mi

θθ

)
(4.2)

As it was explained in the Chapter 2 the mi is a diagonal matrix with the
values of the mass of the body i in the diagonal. The mi

θθ is a matrix where the
component where defined too.

The mass matrix will have the following form for the two-dimension config-
uration (we will use 2-D in the further problem):

M =



m(1) 0 0 0 0 0
0 m(1) 0 0 0 0
0 0 I(1) 0 0 0
0 0 0 m(2) 0 0
0 0 0 0 m(2) 0
0 0 0 0 0 I(2)

 (4.3)

4.3.3 Constraints in the two-body tire system

To analyze the dynamics of the two tire model it is necessary to find out the
constraints that limit the independent bodies motion, there are two super im-
portant constraints in this system. Those important constraints are the tire-hub
constraint and the tire-contact constraint. The constraints that will be used are
defined in [12] and are:

-Tire-hub constraint: A hinge-type of constraint with regularization of side-
ways displacements, axial bending and deformation of the tire around the wheel
axis ( deviating from co-rotation).
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-Tire-contact constraint: The contact points are reduced to one effective
contact point with normal and tangent plane. Besides normal and tangential
friction, rotational friction torque about the contact normal as well as rolling
resistance about wheel axis are included.

Regularizations

In order to add new physical information to the problem, regularizations can
be added to the constraints. We add stiffness to the different constraints with
regularization as the following matrix equation shows:

ελ+ g = 0 (4.4)

The ill-conditionated matrix introduce stiffness parameters causing changes
in the system of constraints and they will look as follows:

ε =

εr 0 0
0 εφ 0
0 0 εn

 (4.5)

and for the non-holonomic case

ε̃λ̃+Gv = 0 (4.6)

Tire-hub constraint, regularizations and Jacobians,

In the two-body tire model we have holonomic and non-holonomic constraints.
Holonomic constraint are defined as follow (the following constraints, regulations
and Jacobians will be the ones that will be used in the further analysis):

Radial constraint

gr =| R(1) −R(2) |= 0 (4.7)

Regularization

εrλr + gr = 0 (4.8)

Jacobian

Gr = [r̂T , 0̄T ,−r̂T , 0̄T ] (4.9)

where r̂ = R1−R2

|R1−R2| (an unitary vector along the radial displacement) angular
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displacement constraint

gφ = φ1 − φ2 = 0 (4.10)

Regularization

εφλφ + gφ = 0 (4.11)

Jacobian

Gφ = [0̄T , [1, 0, 0]T , 0̄T ,−[1, 0, 0]T ] (4.12)

this constraints correspond to the hub tire constraint.

Tire-terrain constraint, regularizations and Jacobians

The tire terrain can be any geometric shape. In general tire-terrain contact
consist of Nc contact points. It is convenient to reduce it to one single effective
contact point having a normal n and a tangent t. The terrain is assumed
perfectly rigid but penetration is allowed and is used for modeling the tire
deformation and the effective rolling radius which we identify as the distance
from the wheel axis to contact point rc. We are going to assume the sticky case
but coulomb law could be used also. In case of non penetration:

Constraint

gn = (R(2) + R̄2 − rc) · n̂ ≥ 0 (4.13)

, where rc is the contact point. For penetration: Constraint

gn = (R(2) + R̄2 − rc) · n̂ < 0 (4.14)

Regularization

εnλn + gn = 0 (4.15)

Jacobian

Gn = [0̄T , 0̄T , n̂, 0̄T ] (4.16)

In the contact with the terrain we have a rolling constraint (no Slip). In this
case is a non-holonomic constraint in the following form:

Constraint

g̃t =
d

dt
[r2 + R̄2 − rc] · t̂ = 0 (4.17)
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Regularization

ε̃tλ̃t + G̃tv = 0 (4.18)

Jacobian

G̃t = [0̄T , 0̄T , t̂T , (R̄2 × t̂)T ] (4.19)

Figure 4.3: Illustration of deformed tire from [11]

Tire-terrrain contact constraint

The complete contact Jacobian is:

holonomic Jacobian

G =

GrGφ
Gn

 (4.20)

multipliers for the holonomic constraints:

λ̄ =

λrλφ
λn

 (4.21)

non-holonomic Jacobian
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G̃ = [0̄T , 0̄T , t̂T , (R̄2 × t̂)T ] (4.22)

multiplier for the non-holonomic constraint will be λ̃

4.3.4 Dynamic equation for the two-body system

We wrote the dynamic equation for a multibody system subjected to constraints
in the Chapter 2. Let us write a suitable dynamic equation for a multibody
system as follow:


Mq̈ = Q̄e +GT λ̄+ G̃T λ̃

ε̄λ̄+ ḡ = 0

ε̃λ̃+ G̃v = 0

where ε (eq.4.5) is a diagonal matrix with the radial, angular and normal epsilons
in the diagonal respectively and Qe is the generalized external force applied
column vector and the rest are defined magnitudes. Epsilons can be interpreted
physically as the inverse the stiffness constant corresponding to each reaction
force under the deformations. We could add damping to the system but in this
case we are going to take in account only the stiffness.

4.3.5 Solution for the stationary rolling

So far we have defined all the necessary elements to finally describe the two-tire
model motion. The gol with this thesis is to present incongruences with two-
body tire model respect to real tires. The stationary state case will be analyzed
and from that point some conclusions will be useful to fulfill this thesis purpose.

Approach for the stationary rolling case

One two-body model tire will roll under stationary condition with velocity v
(2)
x =

v0 along the horizontal component (dvdt = 0). As a consequence we get the
following equations.

q̈ =

[
q̈1
q̈2

]
= 0 (4.23)

and

q̇ =

[
v1
v2

]
= 0 (4.24)
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Then we get the following system of equations:


Q̄e +GT λ̄+ G̃T λ̃ = 0

ε̄λ̄+ ḡ = 0

ε̃λ̃+ G̃v = 0

Now the motion will be analyzed in the x and y components, splitting the
system of equation and using all the definitions made before, we will get the
following equations for the bodies.

For the body 1

Translational equation

F
(1)
x + r̂xλr = 0 and −m1gacc + r̂yλr = 0

Rotation equation

τ + λφ = 0

For the body 2

Translational equation

−r̂xλr + λ̃ = 0 and −m2gacc − r̂yλr + λn = 0

Rotation equation

−λφ +R2λ̃ = 0

Constraints with regularization

εrλr+ | r1 − r2 |= 0

εφλφ + φ1 − φ2 = 0

from this equation we can get that ω1 = ω2 where ω1 and ω2 are the angular
velocities of body1 and body2 respectively or otherwise λ̇θ 6= 0.

εnλn + gn = 0

ε̃λ̃− vx + ω2R2 = 0

Solving the last group of equation we get the following relations:
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λr = m1gacc

r̂y
(1)

λn = (m1 +m2)gacc (2)

λφ = −τ (3)

λ̃ = − τ
R2

= −F (1)
x (4)

r̂x = − F (1)
x

m1g(acc)
r̂y (5)

(4.25)

The found equations have a physical interpretation.For the boxed equations
(eq.4.25) the equation (1) in the box give the value of λr and this is the the
reaction force to the radial deformation, the equation (2) give the value of λn
and this is the reaction force due that the weight of the system pressing the
ground , the equation (3) give λφ which is the reaction to the twisting due

the driving torque action , the equation (4) give λ̃ which represent the rolling
resistance and the equation (5) define unitary vectors directions with the applied
force directions.

One special case is considere that the pulling force and (driving or breaking)
torque equal to zero to represent the stationary free rolling case. Then we will
get the following relations for the free rolling as a stationary solution:

Fx(1) = τ = λφ = λ̃ = 0 (4.26)

As consequences we will get that

−vx + ω2R2 = 0 (4.27)

ω1 = ω2 (4.28)

4.3.6 Comparison of the two-body tire model with real
tires

First comparison

In absence of pulling force or driving force we got the stationary free rolling of
an elastic tire but with no rolling resistance. In this case due the masses and
radial elasticity the distance between the hub to the soil will be smaller than
the tire radius.
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In real deformable tires, if the apparent radius will be smaller than the tire
radius it means that there is rolling resistance due the tire deformation. Hence
there is the first contradiction.

Second comparison

The solutions for the two-body tire under stationary conditions fulfill the rolling
condition it means that the center of the tire displacement velocity coincide with
v = ω2R2 and ω2 = ω1, where ω1 is the hub angular velocity. In real deformable
tires due the effective radius defined earlier because the effective radius is smaller
than the tire radius the displacement velocity v = ωhubReff < ωhubRtire Hence
there is a contradiction because the two tire model will not reproduce the slip
in real elastic tires.

Slip for the two-body tire model Earlier we defined the Slip ratio as follow

Slip =
v − ωRe

v
=
v − vd
v

(4.29)

In the two tire model the displacement velocity vd coincide with the longitudinal
speed.of the wheel center and that is why the slip ratio will be zero for the two
tire model.

In the case of real tires due that effective radius is smaller than the tire
radius the slip radius is non zero. Hence the two tire model can not reproduce
the slip ratio of real tires and can not reproduce the decrease in speed due the
real tire deformations, since the hub is connected to a drive axis that connects to
a motor, the motor in a simulation with two-body tire model will see a different
motor velocity than the real one.
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Chapter 5

Proposal

5.1 Proposal to adjust the two-body tire model
to real tires

In this section proposals is to add a gear constraint to achieve different angular
velocities between the hub body and the tire body. For being more specific the
two-body tire system will behave as Internal Gears Assembly fig.5.1 where the
distance between the center of the small imaginary gear to the big gear coincid-
ing with the radial displacement. In this kind of configuration the instantaneous
imaginary point of contact between the small and big gear move with the same
velocity(together). The second proposal will be add a new constraint to adjust
the rolling resistance to the model.

Figure 5.1: Internal Gear Assembly

5.1.1 Analysis of the proposal

Under the stationary free rolling the center of the bodies will move with v
respect to the global reference. Let us call the position of any point in both
bodies respectively as r1p and r2p given by the following relations (see Cap1):

38



r
(1)
p = R(1) +A(1)R̄1 and

(2)
p = R(2) +A(2)R̄2

where R(1) and R(2) are the position of the center of mass of the bodies and those
positions will be the position of the bodies reference. The distance between the
center of mass of the bodies once the body is rolling, is defined by the elongation
of the connector system between the bodies.

To get the correct behavior a gear constrain should be introduced . Doing
the derivative of the position for each body we get the following equation that
will be related according to the gear configuration:

ṙ(1)p = Ṙ(1) + ω × R̄1 (5.1)

ṙ(2)p = Ṙ(2) + Ω× R̄2 (5.2)

The velocities of the center of mass of each body will be Ṙ(1) and Ṙ(2) and
under the stationary free rolling they are equal (Ṙ(1) = Ṙ(2) ) due that the in
matter of translation the system move together. It means that we will get the
following relations:

ṙ(1)p − ω × R̄1 = ṙ(2)p −Ω× R̄2 (5.3)

So far we have not changed anything but now comes the proposal.

Proposal

Now the proposal will be that instead of having the angular constraint (eq.4.10)
there will be a Gear constraint. A gear constraint in general can be written as
[16]:

gφ =
d

dt
(αφ1 − φ2) (5.4)

where α for this time is a constant.

For the gear constraint the instantaneous point belonging to the hub and
tire indicated by the arrow in the fig.5.1 will move with the same velocity.
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|ṙ1p| = vp1 = |ṙ2p| = vp2 (5.5)

The point where they move with the same velocity is R1 + d where d is the
radial displacement.

As consequences we get the following relations:

α =
R1

(R1 + dr)
(5.6)

then from the (eq.5.6)

ωR1 = Ω(R1 + dr) (5.7)

where d is the radial displacement.

Finally we get that:

Ω = ω
R1

(R1 + dr)
(5.8)

In this case we get that body 2 is rolling with an smaller angular velocity if
there is any radial displacement d > 0. If we multiply the new value of angular
velocity and the tire radius it will give us a translational velocity minor than
the the translational velocity if there would be no radial displacement. It mean
that we have slip and having a gear constraint as proposed the deformable tire
behavior can be reproduced.In this case we get Slip due that ω2R2 < ω1R2 as
follows:

Slip = 1− α = 1− R1

R1 + dr
(5.9)
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Figure 5.2: Slip coefficient vs radial displacement
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Chapter 6

Summary and Future
Directions

A general description of the dynamics for multibody system was given, which in
combination with the pneumatic theory were used to conclude that the two-body
tire model, despite of being a good modeling to simulate the real tires modes of
deformation, have some weakness and incongruences with respect to real tires.
The two-body tire model can not reproduce the rolling resistance under radial
deformation for the rolling on a flat surface if the radial displacement is used
to reproduce the deformation of the tires. In addition the two-body tire model
can not reproduce the slip of real deformable tires but by introducing a gear
constraint it was adjusted to agree with the desire behavior.

It is good to say also that as an extension of this thesis it would be good
to analyze the two-body tire model moving on a deformable surface to compare
with the known model and find out how good is the model modeling in this
type of situation. It can be good also to analyze the axial deformations under
the rolling on irregular surfaces to find out if there is any contradiction or
incongruence respect to the real tires.
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Chapter 7

Anexes

https://vimeo.com/248475451

(a) Simulation Load Haul Dump using two-
body tire model

(b) Simulation of Load Haul Dump using
two-body tire model with extra load

Figure 7.1: Examples of simulation with two-body tire model(the red signaling
shows the radial deformation) [14]
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