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Abstract
This thesis presents work on methods for the estimation of computed tomography
(CT) images from magnetic resonance (MR) images for a number of diagnostic
and therapeutic workflows. The study also demonstrates sparse signal recovery
method, which is an intermediate method for magnetic resonance image reconstruction. The thesis consists of four articles. The first three articles are concerned with developing statistical methods for the estimation of CT images from
MR images. We formulated spatial and non-spatial models for CT image estimation from MR images, where the spatial models include hidden Markov model
(HMM) and hidden Markov random field model (HMRF) while the non-spatial
models incorporate Gaussian mixture model (GMM) and skewed-Gaussian mixture model (SGMM). The statistical models are estimated via a maximum likelihood approach using the EM-algorithm in GMM and SGMM, the EM gradient
algorithm in HMRF and the Baum–Welch algorithm in HMM. We have also examined CT image estimation using GMM and supervised statistical learning methods. The performance of the models is evaluated using cross-validation on real
data. Comparing CT image estimation performance of the models, we have observed that GMM combined with supervised statistical learning method has the
best performance, especially on bone tissues.
The fourth article deals with a sparse modeling in signal recovery. Using spike
and slab priors on the signal, we formulated a sparse signal recovery problem and
developed an adaptive algorithm for sparse signal recovery. The developed algorithm has better performance than the recent iterative convex refinement (ICR)
algorithm.
The methods introduced in this work are contributions to the lattice process
and signal processing literature. The results are an input for the research on replacing CT images by synthetic or pseudo-CT images, and for an efficient way of
recovering sparse signal.

Keywords: Computed tomography; magnetic resonance imaging; Gaussian
mixture model; skew-Gaussian mixture model; hidden Markov random field;
hidden Markov model; supervised statistical learning; synthetic CT images;
pseudo-CT images; spike and slab prior; adaptive algorithm.
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Sammanfattning
Denna avhandling presenterar arbete kring metoder för skattning av datortomografibilder (CT) från magnetiska resonanstomografibilder (MR) för ett antal diagnostiska och terapeutiska arbetsflöden. Studien demonstrerar även en metod för
gles signalrekonstruktion, vilket är en mellanliggande metod för rekonstruktion av
MR-bilder. Avhandlingen består av fyra artiklar. De tre första artiklarna handlar
om att utveckla statistiska metoder för uppskattning av CT-bilder från MR-bilder.
Här formuleras rumsliga och icke-rumsliga modeller för skattning av CT-bilder
från MR-bilder, där de rumsliga modellerna inkluderar dolda Markov-modeller
(HMM) och dolda Markov-slumpfältmodeller (HMRF), medan de icke-rumsliga
modellerna består av Gaussiska mix-modeller (GMM) och skeva Gaussiska mixmodeller (SGMM). De statistiska modellerna skattas via en maximum-likelihoodansats, där EM-algoritmen används för GMM och SGMM, EM-gradientalgoritmen
för HMRF samt Baum-Welch-algoritmen för HMM. Vi har även undersökt CTbildskattning med hjälp av GMM och övervakade statistiska inlärningsmetoder.
Modellernas prestanda har utvärderats med hjälp av korsvalidering på faktiska
data. Genom att jämföra prestandan hos modellernas CT-bildskattningar har vi
observerat att GMM kombinerat med övervakad statistisk inlärning har den bästa
prestandan, i synnerhet ifråga om benvävnad.
Den fjärde artikeln behandlar en gles modellering inom signalrekonstruktion.
Med hjälp av så kallade ”spike and slab priors” för signalen formulerade vi ett glest
signalrekonstruktionsproblem och utvecklade en adaptiv algoritm för gles signalrekonstruktion. Den utvecklade algoritmen har bättre prestanda än den nyligen
föreslagna iterativ konvex förfining (ICR)-algoritmen.
De metoder som introducerats i detta arbete är bidrag till litteraturen inom så
kallade ”lattice-processer” och signalbehandling. Resultaten levererar ett bidrag
till forskningen kring ersättandet av CT-bilder med syntetiska eller pseudo-CTbilder, samt till effektiv gles signalrekonstruktion.

Nyckelord: Datortomografi, magnetisk resonanstomografi, Gaussisk mix-modell,
skev Gaussisk mix-modell, dolt Markov-slumpfält, dold Markov-modell,
övervakad statistisk inlärning, syntetisk CT-bild, pseudo-CT-bild, spike and slab
priors, adaptiv algoritm.
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Introduction

Medical imaging technologies such as magnetic resonance imaging and computed
tomography are diagnostic imaging tools for obtaining three-dimensional detailed
anatomical images of a patient. Computed tomography (CT) uses an ionizing radiation to acquire the anatomical images. However, ionizing radiation may damage
the tissues of a patient and its use has a risk for radiation-related cancer (Mathews
et al., 2013). Magnetic resonance imaging (MRI) is an imaging tool for creating
detailed images of the human body. MRI does not use an ionizing radiation and,
therefore it is safer than CT.
CT scans show detailed information about bone tissues as well as a weak contrast among soft tissues. In comparison to CT scans, MRI scanners are well-suited
to image soft tissues and to delineate tumor and healthy tissues. One of the key
issues in radiotherapy treatment planning is to localize tumors and critical organs.
An accurate tumor localization can increase radiation dose to the tumor and at
the same time minimize dose to the surrounding tissues (Suit and Du Bois, 1991).
Since MRI can scan in any plane orientation and its images have high soft-tissue
contrast, it plays a key role in localizing tumors in radiotherapy treatment planning (Just et al., 1991; Heesters et al., 1993). The gold standard for radiotherapy
treatment planning is image fusion of magnetic resonance (MR) images and CT
images where targets and organs-at-risk are delineated on the MR images and the
dose calculation is performed on the CT images. The reason is that CT image intensities expressed in Hounsfield units (HU) can easily be correlated with tissue
electron densities. Because of limited soft-tissue contrast on CT images, however,
CT imaging can rule out reliable and precise tumour localization, especially in the
brain, head and neck regions. To deal with this drawback, MRI is being incorporated into the radiotherapy workflows, by the virtue of its high soft-tissue contrast
1
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and thereby its improved target volume definition (Rasch et al., 1999, 2005).
It is part of the clinical workflows to obtain both CT and MR images of a
patient. The most pivotal thing here is image registration, which defines a spatial
relationship between the MRI and CT images. This approach makes the workflows
highly dependent on the quality of the image registration (Nyholm et al., 2009;
Ulin et al., 2010). Using the two different imaging modalities increase cost and
workload for clinicians, and it is unwanted as well (Lee et al., 2003). Consequently,
there is a need to exclude CT from the radiotherapy process in order to reduce cost
and radiation exposure to patients, increase efficiency, and to completely remove
image registration uncertainty.
Due to the aforementioned limitations of using MRI/CT for radiotherapy treatment planning, there is a growing interest in using an MRI-only or fully MRI based
radiotherapy treatment planning. Since MRI is much less suited for the delineation
of cortical bone structures, however, there is an impediment in MRI-only based
radiotherapy treatment planning. It is problematic for MRI to portray solid bone
structures due to its short signal lifetimes and low proton density in bone tissue
(Wiesinger et al., 2016). There is no fundamental relationship between MR image intensities and tissue electron densities, which have correlation with CT image
intensities (Den Dekker and Sijbers, 2014). That is CT and MRI provide complementary information to each other and give add-on information for better diagnosis
(Khurana et al., 2017). There are other challenges for MRI-only based radiotherapy
treatment planning. For example, the MR image lacks electron density information
required for digitally reconstructed radiograph generation for patient position verification and radiation dose calculation (Boydev et al., 2017) and it also has both
geometrical and intensity distortions (Tanner et al., 2000).
Positron emission tomography (PET) is another advanced technology used for
diagnosis. PET scanning provides metabolic and molecular information of the tumor, and it also shows the distribution of the radiopharmaceutical agent. The three
medical imaging tools PET, CT, and MRI provide complementary information for
better diagnosis. Simultaneous acquisition of PET and MR images enables spatial and temporal correlation of the measured signals which creates an opportunity
to acquire signals that cannot be obtained by stand-alone instruments. Recently,
there has been a growing interest in the development and application of combined
PET/MRI scanners, which acquire PET and MR images simultaneously that can be
beneficial, especially for brain imaging studies (Herzog et al., 2010; Catana et al.,
2012, 2013). Tissue photon attenuation correction is necessary in order to obtain
quantitative PET information such as radiotracer activity. CT images in a combined
PET/CT scanning has been used to obtain attenuation maps in conventional PET.
CT imaging plays a vital role for attenuation correction in PET imaging due to
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the direct relation between CT image intensities and PET attenuation coefficients
(Burgos et al., 2014). However, there is no sufficient space for CT scanner in the
recently integrated PET/MRI scanners. Besides, it is challenging to exploit the
routine method for attenuation correction as CT uses radiation sources (Hofmann
et al., 2008; Herzog et al., 2010). This challenge inspired the derivation of attenuation maps from MR images. However, MR images do not provide attenuationrelated measurement of electron density (Schmidt and Payne, 2015; Chen et al.,
2017). Therefore, MRI-only based radiotherapy treatment planning and integration
of PET/MRI scanners can be effective if one can accurately estimate CT images
equivalent information (also called synthetic CT images, substitute CT images, or
estimated CT images) from MR images.
MRI is a key medical imaging tool with an inherently slow data acquisition
process. Compressed sensing aims to reconstruct signals or images from significantly fewer measurements. Applying compressive sensing to MRI has a significant potential to reduce scan time, which benefits patients by reducing exposure
time to scanning apparatus. MRI obeys the necessary requirements for successful application of sparse signal recovery that include compressibility of medical
imagery by sparse coding in an appropriate transform domain such as by wavelet
transform. Moreover, MRI scanners naturally acquire encoded samples, rather than
direct pixel values. A number of optimization algorithms have been proposed and
efforts are still needed to obtain fast biomedical image reconstruction algorithms.
The research presented in this thesis is a contribution to two areas of applications. The first part of the work focuses on CT image estimation from MR
images using Gaussian mixture models (GMMs), skew-Gaussian mixture models
(SGMMs), hidden Markov models (HMMs), hidden markov random fields (HMRFs), and by combining supervised learning methods and GMMs. The last work
deals with development of a fast algorithm for sparse signal recovery.
This thesis is organized as follows. The aim of the work is presented in Section
2. We introduce the statistical models and statistical learning methods in Sections
3 and 4, respectively. A brief introduction to sparse modeling is given in Section 5.
Section 6 introduces the statistical model estimation and signal recovery methods.
Finally, we summarize the appended papers and make conclusions in Sections 7
and 8, respectively.

2

Aim of the study

CT images can provide detailed information about bone structures and they have
a crucial role for the implementation of MRI-only based radiotherapy treatment
planning and for attenuation correction in PET imaging. Though MRI may deliver
multidimensional signals, its images may appear blurred due to the long scanning
times that can cause patient inconvenience and unwarranted movements (Lee et al.,
2017). MR image reconstruction from undersampled observations is one way to
speed-up MR scanning. The reconstruction requires developing fast signal reconstruction algorithms. The aim of this work is to develop statistical methods for
CT image estimations from MR images. In addition, it is aimed at developing
sparse signal recovery problem and fast signal recovery algorithms. The specific
objectives of our work are as follows.
• Formulate statistical methods for CT image estimation (Papers I, II, and III).
• Compare CT image estimation quality of the statistical methods (Papers I,
II, and III).
• Recommend feasible statistical methods for good quality CT image estimation (Papers I, II, and III).
• Formulate sparse modeling for sparse signal recovery (Paper IV).
• Develop efficient reconstruction algorithms for sparse signals (Paper IV).

4
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Statistical methods

In this section, we present basic concepts and provide brief overviews of statistical
methods used in this work.

3.1

Basic background

Let s = (s1 , s2 , · · · , sr ) ∈ D ⊆ Rr denote a coordinate in r-dimensional space, Ω be
a set of all possible outcomes of a random experiment under study, and F be a
σ -field that consists of the subsets of the sample space Ω. A spatial random field
Z (s, ω) is defined to be a measurable mapping from (Ω, F ) into (R, G ), where G
is the collection of open intervals on R. A finite-dimensional distributions of the
random fields are governed by
F (z1 , z2 , · · · , zn ; s1 , s2 , · · · , sn ) = P (Z (s1 , ω) ≤ z1 , Z (s2 , ω) ≤ z2 , · · · , Z (sn , ω) ≤ zn ) .
For the special case r = 1, the spatial random field is a stochastic process. The
randomness and the physical space nature of the model Z (s, ω) are specified by its
dependence on the elementary event ω ∈ Ω and vector s ∈ D, respectively. This
means that for an observed event ω ∈ Ω and a coordinate vector s varying in D,
Z (s, ω) is a realization or a sample path of the spatial random field. That is, the
model Z (s, ω) is a deterministic function of s for each fixed ω. The model is said to
be a continuous parameter or a discrete parameter model based on the continuous
or discrete nature of s, respectively. Hereafter, we denote Z (s, ω) by Z (s).
Let S = {s1 , s2 , · · · , sn } ⊆ D be the set of spatial locations for data defined on
discrete spatial features such as grid nodes, pixels, voxels, small areas, etc. A lattice
process is a spatial random field {Z (s) : s ∈ S} defined on a finite or countable set
5
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S. In image analysis, the spatial lattice S is usually a regular rectangular lattice
of pixels (Geman and Geman, 1984). The spatial lattice S can also be irregular,
for example, a collection of location identifiers such as centroids of small areas
(Besag et al., 1991). For medical image analysis, volume rendering methods use a
3-dimensional primitive in the form of a cube to represent the unit object volume
called voxel (or volume element) and the entire object is represented by the set of
all voxels that intersect the object volume (Ibaroudene, 1995).
A vector spatial random field Z (s, ω) is a vector of spatial random fields given
by
Z (s, ω) = (Z1 (s, ω) , Z2 (s, ω) , · · · , ZK (s, ω)) ,

where Z1 (s, ω), Z2 (s, ω), · · · , ZK (s, ω) are component random fields. For simplicity, denote the vector of spatial random field Z (s, ω) by Z (s).
Remark 3.1.1 (Dimension of space). Hereafter, the dimension of the space D ⊆ Rr
is restricted to the cases r = 1, 2, and 3.

Let Z (s) = (Z1 (s) , Z2 (s) , · · · , ZK (s)) be a K-dimensional spatial random field,
where Zk (s) is a Bernoulli random field that assumes 1 if the location s belongs to
category k and 0 otherwise, with the property:
P (Zk (s) = 1) = πk ,

K

∑ πk = 1,

k=1

πk ≥ 0,

k = 1, 2, · · · , K.

Assume that Z (s) follows a multinomial distribution over a single trial, which we
denote by
Z (s) ∼ Mult (1, π) ,

where π = {πk : k = 1, 2, · · · , K}.

3.2

Finite mixture distributions

A mixture of distributions can be more powerful and flexible than a single distribution. Let ϑ be an element of the parameter space Θ and H (ϑ ) be the probability
measure over Θ. Following Everitt and Hand (1981) and Titterington et al. (1985),
a finite mixture of distributions can be expressed as
f (x (s)) =

Z

Θ

g (x (s) | ϑ ) dH (ϑ ) ,

(3.2.1)

3.2. Finite mixture distributions
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where ϑ , g (x (s) | ϑ ), H (ϑ ), and f (x (s)) are an m-dimensional parameter vector,
a d-dimensional probability density function, the mixing distribution, and a mixture density, respectively and X (s) = (X1 (s) , X2 (s) , · · · , Xd (s)) is a d-dimensional
purely spatial random field. One can clearly view f (x (s)) as a marginal density
of a (d + m)-variate density. Based on the general definition of a finite mixture of
distributions, we can generate a special case when H is discrete and assigns positive probability to only a finite number of points {ϑ k : k = 1, 2, · · · , K}. In this
case, one can replace the integral in equation (3.2.1) by a sum to obtain the finite
mixture given by
K

f (x (s)) =

∑ Hk (ϑ k ) g (x (s) | ϑ k ) .

(3.2.2)

k=1

Remark 3.2.1. The spatial random field X (s) is purely spatial random field if X (s)
and X (t) are independent and their covariance cov(X (s) , X (t)) = 0 for every s , t.
Using a double lattice process {(X (s) , Z (s)) : s ∈ S}, one can define a twolevel model given by
n

K

Data model: X | Z ∼ ∏ ∏ g (x (si ) | ϑ k )zk (si ) ,
i=1 k=1
n K

Process model: Z ∼ ∏ ∏

i=1 k=1

(3.2.3)

z (s )
πk k i ,

where



• XT = X (s1 )T , X (s2 )T , · · · , X (sn )T .


• ZT = Z (s1 )T , Z (s2 )T , · · · , Z (sn )T .

The discrete multinomial latent variables describe the component of the mixture
that is responsible for generating the corresponding observation. Equation (3.2.3)
is obtained under the assumption that the observations are independent given the
locations. In addition to the assumption that the observations are only associated
with their corresponding lattice locations, the lattice locations are also assumed to
be independent. The augmented likelihood function of the data can be given by
L (π, θ | x, z) = P(x, z | π, θ ),

= P(z | π)P(x | z, θ ),
n

K

(3.2.4)

= ∏ ∏ {πk g (x (si ) | ϑ k )}
i=1 k=1

zk (si )

,

3.3. Hidden Markov random field
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where θ = {ϑ k : k = 1, 2, · · · , K} and π = {πk : k = 1, 2, · · · , K}.
At a given lattice location, we get a mixture density:
f (x (si )) =

∑

z(si )

f (x (si ) , z (si ) | π, θ ) =

K

∑ πk g(x (si ) | ϑ k ),

(3.2.5)

k=1

which is equivalent to the finite mixture distributions in equation (3.2.2). The mixture density in equation (3.2.5) is a GMM if we assume that g (x (si ) | ϑ k ) is the
density function of a normal distribution, N (x (si ) |µ k , Σk ), where ϑ k = {µ k , Σk }.
If g(x (si ) | ϑ k ) is the density function of a skew-normal distribution:


−1/2
g(x (si ) | ϑ k ) = 2N (x (si ) | µ k , Σk ) Φ λ 0k Σk (x (si ) − µ k ) ,
(3.2.6)
then the mixture density in equation (3.2.5) is a SGMM, where ϑ k = {µ k , Σk , λ k },
Φ (·) is a univariate standard normal distribution function, and λ is a vector of
skewness parameters.
Remark 3.2.2. From now on, the density function g (x | ϑ k ) represents the density
function of a normal distribution, N (x | µ k , Σk ), where ϑ k = {µ k , Σk }.

3.3

Hidden Markov random field

One can incorporate spatial information into statistical models using locations that
are neighbours to any particular location (Besag, 1974; Cressie, 1993). Markov
random fields can be a suitable method to model contextual dependencies of physical phenomena (Li, 2009). For lattice data, characteristics at neighboring spatial
locations may appear to be dependent. Using the notations:


ZT =
Z (s1 )T , Z (s2 )T , · · · , Z (sn )T ,


ZT−i =
Z (s1 )T , Z (s2 )T , · · · , Z (si−1 )T , Z (si+1 )T , · · · , Z (sn )T ,
the neighborhood Ni of the ith location si may be defined by

Ni = s j : j , i, f (z (si ) | z−i ) = f (z (si ) | z (Ni )) , j = 1, 2, · · · , n ,

where Z (Ni ) = (Z (s) : s ∈ Ni ), f (·) is a conditional probability density function,
and z−i and z (Ni ) are realizations of Z−i and Z (Ni ).
Figure 3.3.1 shows a neighborhood structure for a blue coloured three dimension spatial feature such as voxel in CT or MR images. Figure 3.3.1 (c) and (e)

3.3. Hidden Markov random field
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illustrate the most commonly used neighborhood structures — the blue coloured
cube has six and twenty-six nearest spatial neighbours. These common neighborhood structures are the first and the second-order neighborhood structures.

(a)

(c)

(b)

(d)

(e)

Fig. 3.3.1. Neighborhood structure with number of neighbours: (a) 0, (b) 3, (c) 6,
(d) 16, and (e) 26.
A neighborhood system for S is defined as
N = {Ni : si ∈ S} .
The lattice process {Z (s) : s ∈ S} is said to be a Markov random field on S with
respect to a neighborhood system N if and only if f (z) > 0 for all realizations
z of Z and f (z (si ) | z−i ) = f (z (si ) | z (Ni )) for every i, which is a Markovian
property. Using the spatial random field X (s), one can define a two-level model
for the double lattice process {(X (s) , Z (s)) : s ∈ S} as follows:
Data model: X | Z ∼

n

K

∏ ∏ g (x (si ) | ϑ k )Z (s ) ,
k

i

(3.3.1)

i=1 k=1

Process model: Z ∼ P(z).
According to Winkler (2003), the latent lattice process follows a Gibbs distribution

3.3. Hidden Markov random field
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given by
P(z) =

1
exp (−H(z)) ,
D+

(3.3.2)

where
• H(z) is an energy function.
• D+ is a partition function.
The partition function is a normalizing constant given by
D+ =

∑ exp (−H(z)) ,

(3.3.3)

z∈Z

where Z is the set of all possible realizations of z. The energy function can be
defined as follows:
H(z) =

∑ Vc (z),

c∈C

where the potential V depends on z only through a clique c ∈ C , where C is the
set of all cliques. For a neighborhood system N and a set of locations S, a clique
c is a set of spatial locations in S that consists of either a single location or a set of
locations that are neighbours to each other.
Spatial information is taken into account through the process model. The latent
lattice process {Z (s) : s ∈ S} is said to be homogeneous if Vc (z) is independent
of the relative location of the clique c ∈ S. It is said to be isotropic if Vc (z) is
independent of the orientation of c. In a Markov random field, we usually assume
homogeneity for simplicity. It is necessary to compute the partition function in
equation (3.3.3), which is the sum over all possible realizations in Z , in order to
evaluate the Gibbs distribution in equation (3.3.2). However, the evaluation of the
partition function is problematic as there are a combinatorial number of elements
in Z .
Since Z (s) is unobservable or hidden, the latent lattice process {Z (s) : s ∈ S}
is termed as hidden Markov random field (HMRF). For simplicity, one can assume
a first order neighborhood structure to incorporate spatial information into the process model. For example, voxels in a medical image have six first order spatial
neighbours except the voxels on the boundary of the image, see Figure 3.3.1 (c).
As a result, we have only first and second-order cliques. First-order cliques contain
single location while second-order cliques consist of two neighboring locations.
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The potentials for the possible cliques can be specified as follows:
V{si } (z) = ak

if Zk (si ) = 1,

V{si ,s j } (z) = bk

if Zk (si ) = 1 = Zk (s j ),

where k = 1, 2, · · · , K and i, j = 1, 2, · · · , n. The parameters ak and bk are spatial
trend and dependence parameters, respectively. Thus, the HMRF model has two
sets of parameters a = (ak : k = 1, 2, · · · , K) and b = (bk : k = 1, 2, · · · , K). Based
on this specification, the partition function depends on the parameters. Consequently, direct optimization of the objective function involving the partition function is not feasible. One can approximate the Gibbs distribution by a pseudolikelihood Pp (z) (Besag, 1975, 1977), which is the product of the full conditionals
of z. Using the first-order neighborhood structure and the extended form of the
auto-logistic model in (Besag, 1974), we can model Z by
Pp (z | a, b) =

n

∏P
i=1

n

=

∏
i=1



z (si ) | z(s j ) : j ∈ Ni , a, b ,

exp

K

∑

ak zk (si ) + bk zk (si )

k=1

∑

zk (s j )

j∈Ni
K

∑ exp

t=1

at + bt

∑

j∈Ni

!!

!

. (3.3.4)

zt (s j )

Since we assumed spatial dependence, the pseudo-likelihood is not the true likelihood function. According to Geman and Graffigne (1986), the maximum pseudolikelihood estimate in the large lattice limit is consistent. That is, the estimate
converges to the truth with probability one. The pseudo-likelihood function in
equation (3.3.4) can be made reasonable by using a coding method (Besag, 1974),
which is required for simplicity and leads to consistent estimators (Besag, 1975).
The main idea of the coding method is to partition the set of lattice locations S
into several disjoint sets or codings such that no two lattice locations in one coding
are neighbours, see (Li, 2009) for details. For example, Figure 3.3.2 shows coding
method in two-dimensional lattice data.
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a)

b)

Fig. 3.3.2. A first order neighborhood structure (a) and the corresponding sets
of conditionally independent pixels (b). The first coding consists of the green
coloured pixels in b) while the second coding contains the red coloured pixels.
In three-dimensional medical images, we have two codings S(1) and S(2) based
on the first order neighborhood system. The lattice locations in a coding given all
the other sets of locations are mutually independent under the Markovian assumption. Using the coding method, the pseudo-likelihood can be given by
nc

Ppc (z | Ψ) = ∏

∏

v=1 si ∈S(v)




P z (si ) | z(s j ) : j ∈ Ni , a(v) , b(v) .

We can further re-write the pseudo-likelihood as follows:

nc

Ppc (z | Ψ) = ∏

exp

∏

v=1 si ∈S(v)

K

∑

k=1
K

(v)
(v)
ak zk (si ) + bk zk (si )

∑ exp

t=1

(v)
(v)
at + bt

∑

∑

j∈Ni

!!

zk (s j )
!

, (3.3.5)

zt (s j )

j∈Ni

where
• nc is the number of codings.
• S(v) ⊆ S is the set of locations in coding v.

S  (v)
• Ψ = a(v) : v = 1, 2, · · · , nc
b : v = 1, 2, · · · , nc .

Using equation (3.3.1), the augmented likelihood function of the data may be given
by
L (Ψ, θ | x, z) = P (z) P(x | z, θ ),

(3.3.6)

3.4. Hidden Markov model

13

where
n

K

P(x | z, θ ) = ∏ ∏ g (x (si ) | ϑ k )Zk (si ) ,

(3.3.7)

i=1 k=1

and θ = {ϑ k : k = 1, 2, · · · , K}. One can approximate the augmented likelihood
function of the data by replacing P (z) with the pseudo-likelihood Ppc (z | Ψ).
Remark 3.3.1. The pseudo-likelihood specification in equation (3.3.5) is not identifiable, that means distinct values of the parameters may correspond to the same
(v)
probability distributions. To avoid this problem, we set a1 = 0 during the estimation of the parameters, v = 1, 2, · · · , nc .

3.4

Hidden Markov model

Hidden Markov model (HMM) is a popular tool for modeling sequential data. One
can observe the sequential data, but we do not know the sequence of states the
model goes through to generate the data. Data can be sequential in nature. For
example, time series data such as rainfall measurements on successive days at a
particular spatial location, the daily values of a currency exchange rate, etc. Sequential data can also arise from circumstances other than time series such as sequence of nucleotide base pairs along a strand of deoxyribonucleic acid, the sequence of characters in an English sentence, etc. On the other hand, data can also
be sequenced to obtain sequential data. In this case, observations that are closest
in the sequenced data are neighbours spatially. Such sequential data may arise, for
example, in medical image analysis.
The simplest way to treat sequential data is to ignore the sequential nature
and consider the observations as independent. However, such a procedure does
not consider the dependence between observations that are close in the sequence.
One of the statistical models that can take spatial dependence into account is an
HMM, which depends on a complete ordering of spatial locations of lattice data.
Since lattice data, for example medical images, lie in three-dimensional space,
we need to sequence the data in an appropriate way. Space filling curves have
been extensively utilised as a mapping from multi-dimensional space Rr into onedimensional space R. Space filling curves provide a way to traverse through points
in a higher-dimensional space in such a way that points that are very close to each
other tend to be close to each other in the traversal order. Strictly speaking, locality
is preserved in space-filling curve. Hilbert (1891) provided a clear understanding
of space-filling curves. The Hilbert curve is a space-filling curve that defines a
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one-one mapping between points in a multi-dimensional space and points in a onedimensional space. One of the key features in a Hilbert curve is self-similarity,
that is Hilbert curves can be obtained by putting together the basic construction
units only by applying rotation and reflection on these basic units. In D ⊆ R2 , a
Hilbert curve is self-similar, recursive, locality-preserving if it traverses through
2q × 2q , where the nonnegative integer q determines the resolution, level or depth
of the Hilbert curve. The idea of a Hilbert curve construction in D ⊆ R2 can
be generalized to the construction of Hilbert curves in D ⊆ R3 . In D ⊆ R3 , we
consider a Hilbert curve that is restricted to traverse through a 2q × 2q × 2q array
of points in D ⊆ R3 (Alber and Niedermeier, 2000). For several applications, the
Hilbert curve appears to be the curve of choice in comparison with other curves due
to its better locality-preserving properties (Voorhies, 1991; Alber and Niedermeier,
2000). Sakoğlu et al. (2014) studied simple linear ordering (row-wise or columnwise ordering), Z-ordering, and Hilbert curve for ordering a three-dimensional data
to a one-dimensional data and demonstrated that a Hilbert curve preserves local
structure best among the three space filling curves
After sequencing three (or two)-dimensional data, every voxel (or pixel) that is
not on the boundary has two spatial neighbours. This means that we can only make
partial use of spatial information in the data. For example, Figure 3.4.1 shows a
Hilbert curve in D ⊆ R2 that can be used to sequence a 24 × 24 lattice data.

Fig. 3.4.1. A sample of Hilbert curve for sequencing 24 × 24 lattice data.
In real applications, the dimension of the data may not be available in the form
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of 2q × 2q × 2q , where q is a non-negative integer. For example, medical images
may have a dimension 192 × 192 × 192. In order to sequence such data with the
help of Hilbert curve, one may put the data at the center of a cube that has a dimension of the form 2q × 2q × 2q and has a minimum size to cover the data. Hilbert
curve for sequencing such data may leave and re-enter into the data region a number of times. Therefore, we have to keep track on the voxels, where we leave
and re-enter the data region. Sometimes, the voxels where we leave and re-enter
to the data region may not be neighbours spatially and one can treat the resulting
sequences as independent. When the voxels are neighbours spatially, we connect
the sequences. After sequencing the data, we may obtain a number of independent
sequences.
Let {(X (s) , Z (s)) : s ∈ S} be a double lattice process. Using a Hilbert curve,
one can sequence the set of spatial locations S = {s1 , s1 , · · · , sn } ⊆ D ⊆ R3 to obtain
a collection of sequenced locations:

t j,1 ,t j,2 , · · · ,t j,n j ⊆ D ⊆ R | j = 1, 2, · · · , J ,
(3.4.1)

where t j,1 ,t j,2 , · · · ,t j,n j is the locations sequenced by the Hilbert curve, n j represents the length of the sequenced locations for the jth independent sequence,
j = 1, 2, · · · , J and J represents the number independent sequences.
Let

nj
(X(t j,i ), Z(t j,i )) i=1
,
(3.4.2)
be a sequence of double stochastic process corresponding to the sequenced locations in equation (3.4.1). We assume that Zk (t j,i ) is a Bernoulli random variable with P (Zk (t j,i ) = 1) = πk and Z(t j,i ) = (Z1 (t j,i ), Z2 (t j,i ), · · · , ZK (t j,i )) follows
a multinomial distribution over a single trial given by
Z(t j,i ) ∼ Mult (1, π) ,

(3.4.3)

where π = {π1 , π2 , · · · , πK } and k = 1, 2, · · · , K.
Using the notations,
XTj
ZTj

=
=

T



X (t j,i ) : i = 1, 2, · · · , n j ,

ZT (t j,i ) : i = 1, 2, · · · , n j ,

X=

J 
[

Xj ,

j=1

Z=

J 
[

Zj ,

j=1
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the data model can be given by
J

X|Z ∼ ∏ P(x j | z j , θ ) =
j=1

J

nj

K

∏ ∏ ∏ g (x(t j,i ), ϑ k )z (t
k

j,i )

(3.4.4)

,

j=1 i=1 k=1

while the process model can be given by
J

Z ∼ ∏ P(z j | Ψ) =
j=1

J

K

∏∏

j=1 k=1

zk (t j,1 )
πk

(

nj

K

K

∏∏∏

zu (t j,i )zv (t j,i−1 )
pvu

πk ≥ 0,

v,

i=2 u=1 v=1

)

,

(3.4.5)

where
K

∑

u=1

pvu = 1,

K

∑ πk = 1,

k=1

pvu ≥ 0,

u = 1, 2, · · · , K,

and pvu are transition probabilities from state v to state u.
Using equations (3.4.4) and (3.4.5), the augmented likelihood function of the
data can be expressed as
J

L (Ψ, θ | x, z) = P(x, z | Ψ, θ ) = ∏ P(x j , z j | Ψ, θ ),
j=1

where
S

• Ψ = {pvu : v, u = 1, 2, · · · , K} {πk : k = 1, 2, · · · , K}.
• θ = {ϑ k : k = 1, 2, · · · , K}.

(3.4.6)

4

Statistical learning methods

To understand data, we require statistical methods to manipulate and learn from the
data. One of these methods is a statistical learning, which is the process of identifying units in the input, such as categories, by ascertaining what features of the input
predict other features, and grouping features that are likely to occur together. In
general, statistical learning can range from the supervised learning, to unsupervised
pattern detection, to the probability learning exemplified in Bayesian models. The
goal of unsupervised learning is to discover the associations and patterns among
a set of input measures. There is no outcome measure in unsupervised learning.
In supervised learning, the main task is to predict the outcome measure based on
a number of input measures. Supervised learning problem encompasses classification and regression. Boosting, decision trees, and support vector machines are
some of classification methods. In this section, we give a precise overview of the
adaptive boosting method.

4.1

Adaptive boosting

One can improve the performance of learning algorithms by boosting, which is
a family of algorithms that are able to convert weak learners to a strong learner.
Weak learners are assumed to perform slightly better than random guess while a
strong learner is the one that has very close to perfect performance. Boosting can
be used in statistical learning methods such as classification and regression. It
was originally developed for classification problems (Valiant, 1984; Kearns and L.,
1989). The reason for boosting is to obtain a powerful learner from a weighted
combination of a number of weak learners. Schapire (1990), Freund (1995), Fre17
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und and Schapire (1997), and Schapire (1999) presented boosting algorithms in
which a number of weak learners are boosted (or combined) to produce an ensemble learner. Here, we focus on boosting in classification.
In classification, boosting works by sequentially applying a classification algorithm to re-weighted versions of the training data and then taking a weighted
majority vote of the sequence of the classifiers. Several boosting algorithms appeared to realize boosting theory (Schapire, 1990; Freund, 1995). However, Freund and Schapire (1996) offered the first practical implementation of the theory
in their renowned adaptive boosting (AdaBoost) algorithm, which combines multiple weak classifiers linearly to form a strong classifier. The AdaBoost algorithm
weighs each instance reflecting its relative importance and places larger weights
on those instances which are most often misclassified by the former classifiers.
As a result, the subsequent classifiers are forced to give more efforts for correctly
classifying harder-to-classify instances. Let Y (s) ∈ {1, 2, · · · , K} be a categorical
random variable at a spatial location s ∈ S and {(X (s) ,Y (s)) : s ∈ S} be a double
lattice process. For a double lattice process {(X (s) ,Y (s)) : s ∈ S}, the AdaBoost
algorithm takes a training set {(x (s1 ) , y (s1 )) , (x (s2 ) , y (s2 )) , · · · , (x (sn ) , y (sn ))}
as an input. Let X be the feature space and Y = {1, 2, · · · , K} be the label space.
Associated to x (si ) ∈ X, y (si ) is its class label. Algorithm 1 presents an AdaBoost
algorithm that uses mislabel distribution. For a spatial location si , a mislabel is a
pair (i, y), where y is an incorrect label associated to the spatial location si . Using the set of all possible mislabels B = {(i, y) | i = 1, 2, · · · , n, y , y (si )}, one can
define a mislabel distribution on the set B. With regard to the mislabel (i, y), one
can ask the question: Do you predict the label for the instance x (si ) as the correct
label y (si ) or as one of the incorrect labels y? Based on the question, the weight
W (i, y) associated to the mislabel (i, y) represents the importance of distinguishing
an incorrect label y on the instance x (si ).
For each iteration, the AdaBoost algorithm calls for an external weak learning algorithm and provides it with the mislabel distribution. The weak learning
algorithm returns a weak learner, which is a function h: X × Y → [0, 1], to the
AdaBoost algorithm. One can give meaning to a weak learner h in the following
manner. If h (x (si ) , y (si )) = 1 and h (x (si ) , y) = 0 then h has correctly identified
the label at spatial location si as y (si ). In a similar manner, if h (x (si ) , y (si )) = 0
and h (x (si ) , y) = 1, then h has incorrectly identified the label at the spatial location
si as y. If h (x (si ) , y (si )) = h (x (si ) , y), then label prediction by h is taken to be a
random guess. Even though the function h may not define a probability distribution, values of h ∈ (0, 1) can be interpreted probabilistically (Freund and Schapire,
1996).
In AdaBoost, each weak learner is trained sequentially. The first weak learner
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Algorithm 1. AdaBoost Algorithm
a. Let D = {(x (s1 ) , y (s1 )) , (x (s2 ) , y (s2 )) , · · · , (x (sn ) , y (sn ))} be the set of observations, X be a feature space such that x (si ) ∈ X, i = 1, 2, · · · , n, and
Y = {1, 2, · · · , K} be a label space such that y (si ) ∈ Y, i = 1, 2, · · · , n;
b. Let M be the maximum number of learners in the ensemble, WeakLearn be
a weak learning algorithm, and B = {(i, y) | i = 1, 2, · · · , n, y , y (si )} be the
set of possible mislabels. In this notation, i and y represent the index used in
x (si ) and one of the incorrect labels at spatial location si ;
c. Using B, initialise the mislabel distribution W1 , which is given by


1
W1 = W1 (i, y) =
: (i, y) ∈ B ,
|B|
where |B| denotes the cardinality of the set B;
d. For j = 1, 2, · · · , M, do
1 Call WeakLearn and provide it with mislabel distribution W j ;
2 Obtain a weak learner h j : X × Y → [0, 1];

3 Compute the pseudo-loss of the weak learner h j and the weight update
parameter α j :
εj =
αj =

1
∑ W j (i, y) [1 − h j (x (si ) , y (si )) + h j (x (si ) , y)] ;
2 (i,y)∈B
εj
;
1−εj

4 Update and normalise the weight W j (i, y) as follows:
1

W j+1 (i, y) = W j (i, y) α j2
W j+1 (i, y) =

[1+h j (x(si ),y(si ))−h j (x(si ),y)]

;

W j+1 (i, y)
;
∑ W j+1 (i, y)

(i,y)∈B

M



1
e. Obtain the final strong learner: H (x (s)) = argmax ∑ h j (x (s) , y) log
y∈Y j=1
αj



;
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is trained on a set of examples picked randomly with replacement from a training
set. The training set for the second weak learner consists of examples picked from
the training set with higher probabilities, which is according to the mislabel distribution assigned to those observations that are classified incorrectly by the first
weak learner. Features that are difficult to classify are more likely to occur multiple times in the training set because they are picked with replacement. As we
proceed to build each weak learner in the ensemble, features which are more difficult to classify correctly appear more and more likely. Since each weak learner
is asked to classify the more difficult examples, the training error of an individual
weak learner tends to increase as the number of weak learners increases. However the boosting algorithm shows that the ensemble training error rate decrease
as the number of weak learners increases. The ensemble output is determined by
weighting the weak learner with log(1/α j ), where α j is proportional to the jth
weak learner error rate. If the weak learner has good error rate performance, it has
good contribution to the output. At a given spatial location, the final classifier H
predicts a label y that maximizes a weighted average of the weak learners.

4.2

Weak learner

A weak learner is a classifier or an algorithm that performs slightly better than random guessing. According to Praveena and Jaiganesh (2017), AdaBoost that uses
decision trees as weak learners is usually taken as the best out-of-the-box learner.
A decision tree is a tree-like structure in which the root node and each internal node
represent a test on a feature, each branch at a node represents the outcome of the
test, and each leaf node represents a class label. For a given set of features, there
are exponentially many decision trees that can be constructed. Therefore, finding
the optimal tree is computationally not feasible because of the exponential size of
the search space. However, efficient algorithms have been developed to construct
a reasonable decision tree in a feasible amount of time. In most cases, these algorithms use a greedy strategy that grows a decision tree by making a series of
decisions about a splitting feature.
In decision trees, we split data sample into two or more subsets using a selected splitting feature. The splitting process is recursively performed until the
data sample is divided into several subsets. That is, we split nodes recursively to
obtain leaves. A root node, which represents the sample data, has no incoming
edges but it has at least zero outgoing edges. Internal node represents the subset
of the sample data and it has exactly one incoming edge and two or more outgoing edges. A Leaf or terminal node represents a class label and it has exactly one
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incoming edge and no outgoing edges. The non-terminal nodes contain feature
test conditions to separate instances that have different characteristics. Decision
trees can be parametrized by splitting features, feature test conditions, and depth
of the trees. One should be able to estimate the parameters of the decision trees to
obtain trained decision trees that can have better prediction performance of class
labels. The estimation of decision trees may be computationally expensive as all
of the possible combinations of features and the split locations must be processed
to grow the decision trees.
There are several methods to determine the best way to split a sample. These
methods are defined in terms of the class distribution of the instances before and
after splitting. The goodness of a split at each node is measured by an impurity
function ζ defined on the set:
(
)
(p1 , p2 , · · · , pK ) : pk ≥ 0,

k = 1, 2, · · · , K,

K

∑ pk = 1

,

1 1
1
K , K ,··· , K


.

k=1

with the properties:
• ζ has maximum only at the K-dimensional point

• ζ has minimum only at the K-dimensional points (1, 0, · · · , 0), (0, 1, · · · , 0),
· · · , (0, 0, · · · , 1).
• ζ is a symmetric function of p1 , p2 , · · · , and pK .
At a given node, the most common impurity measures are:
K

Entropy = − ∑ pk log2 (pk ) ,
k=1
K

Gini = 1 − ∑ p2k ,
k=1

Classi f ication

error = 1 − max pk ,
k

and a twoing criterion, which choose a split that maximizes
"
#
pR pL K
2
∑ p (k | Ln ) − p (k | Rn ) ,
4
k=1
where
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• pR and pL are the proportions of features at a given node that go to the right
node Rn and the left node Ln , respectively.
• p (k | Rn ) and p (k | Ln ) are the probabilities that a feature at the right node
Rn and the left node Ln has a class label k, respectively.
Gini index measures the diversity of class labels at the nodes of decision trees.
Classification and regression tree (CART) is the most well known top-down algorithm to grow decision trees (Breirnan et al., 1984). It generates binary trees
by evaluating the worth of a split using either the Gini index or the twoing criterion. Gini index and twoing criterion work exactly in the same way for binary
target features while twoing criterion chooses features with evenly divided splits
for multi-valued target features (Rokach and Maimon, 2014). It follows that twoing criterion biases when the target feature is multi-valued. In addition, twoing
criterion works slower than Gini Index, resulting in efficiency loss (Kantardzic,
2011). To determine the best binary split of a feature, we need to examine all the
possible binary splits of the feature and compute a weighted sum of impurities to
evaluate each binary split. For example, Gini index for split at a given node for a
feature X can be given by
GiniX (D) = pR × Gini (DRn ) + pL × Gini (DLn ) ,
where D is the set of observations, DRn and DLn are splits of D that go to the right
node Rn and the left node Ln , respectively. Each of the possible binary splits is
considered for each feature. For categorical or discrete feature, the subset that
gives the minimum Gini index is selected as the splitting subset. For continuous
feature, the point that gives the minimum Gini index is taken as the split-point of
the feature. The reduction in impurity that can be caused by the binary split may
be given by
∆GiniX (D) = Gini (D) − GiniX (D) .
The feature that maximizes the reduction in impurity or has the minimum split
Gini index is selected as the splitting feature. The selected feature and the splitting
subset or the split-point form the splitting criterion.
To stop the tree building, one can use the purity of the nodes, minimum parent
size, minimum leaf size or maximum number of splits. Once the decision tree is
grown, class label of a new instance is predicted by starting from the root node,
applying the test condition to the instance and following the appropriate branch
based on the outcome of the test. The outcome of the test leads either to another
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internal node for which a new test condition is applied or to a leaf node. The
process continuous until a leaf node is reached and a class label associated with the
leaf node is assigned to the new instance.

4.3

Minority class in boosting

In real-world applications, it is common to have more training instances that belong
to a given class. Conventional classifiers assume balanced distribution of classes
as a result they favor majority classes in the classification of skewed observations.
That is minority classes carry the highest cost of misclassification, which is not
acceptable in practice.
Sampling and boosting techniques have been proposed to ease class imbalance
problem (Galar et al., 2012). In sampling technique, the class distribution in the
set of observations can be balanced either by adding instances to the minority class
or removing instances from the majority class. Though undersampling leads to
loss of information, it reduces computational time required to train a classifier.
In oversampling technique, there is no loss of information although it increases a
computational time to train a classifier. It can also lead to overfitting (Drummond
and Holte, 2003; Ranneby and Yu, 2011).
Boosting is a method that iteratively creates an ensemble of weak learners
or classifiers. Even though boosting is designed regardless of the distribution of
classes, it is an effective technique to handle the classification of data with minority classes. The reason is that the minority class instances have more chance to be
misclassified, and therefore they are given higher weights in the next iteration. In
AdaBoost algorithm, information about relative hardness to classify each training
instance is obtained at each step of the algorithm. The relative hardness to classify information is fed into the weak learner such that the later weak learner tends
to focus on harder-to-classify instances. Based on AdaBoost, synthetic minority
over-sampling technique combined with boosting procedure (SMOTEBoost) has
been developed for learning from skewed datasets (Chawla et al., 2003). The sampling technique is used to balance the class distribution, which helps to improve
the classification performance based on the balanced set of observations. To learn
from an imbalanced class distribution in a set of observations, Seiffert et al. (2010)
have developed a combination of random under sampling (RUS) and boosting procedure (RUSBoost), which is a simpler, faster, and highly recommend alternative
for improving the prediction performance of learners on skewed observations.

5

Sparse Modeling

In many practical problems of science and technology, it is common to ask how
to infer an unobserved high-dimensional state of the world from a limited number of observations. For example, reconstructing images from a compressed set
of measurements, estimating model parameters in a high-dimensional but smallsample statistical setting, finding a subset of genes responsible for a disease, localizing brain areas associated with a mental state, etc. The observed measurement
y ∈ Rm×1 can be related to the signal x ∈ Rn×1 of interest via
y = Ax + ε,

(5.0.1)

where ε is a noise. The matrix A ∈ Rm×n models the linear measurement process
and the signal x can be recovered by solving the linear system. The traditional
approach requires that the number of observed measurements must be at least as
large as the length of the signal. If m < n, the linear system is underdetermined and
it may have infinitely many solutions. That is, it may not be possible to recover the
signal. However, it is possible to reconstruct the signal under certain assumptions.
The underlying assumption that makes the reconstruction possible is sparsity. A
signal is a sparse if all but few elements are zero. This means that the actual
information in the signal is much smaller than its dimension. Several real-world
signals are compressible in the sense that the signals can be well approximated
by sparse signals. For example, majorities of magnetic resonance images are not
sparse but they can be compressed in some transform domain such as the wavelet
transform, and a sinusoidal signal is not sparse in the time-domain though it is a
sparse in the frequency domain representation.
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It seems that it is wasting of resources to acquire at least as many measurements as the length of the signal with the knowledge that the signal is sparse or
compressible. Using the sparsity or compressibility nature of the signal, we can
obtain the compressed version of a signal via significantly fewer observed data
than the length of the signal. However, the locations of nonzero elements of the
signal are not known in advance. If the locations of non-zero elements are known,
one can reduce the matrix A to the columns indexed by these locations and thereby
the resulting system of linear equations is overdetermined and one can solve for
the nonzero elements of the signal.
The standard signal recovery problem involves the recovery of a sparse signal x ∈ Rn×1 from underdetermined measurements y ∈ Rm×1 using the model in
equation (5.0.1), where m << n. In this model setting, one can ask two questions:
• What are the matrices A ∈ Rm×n suitable for the reconstruction?
• What are the efficient algorithms to recover the signal x?
It is an open problem to obtain optimal matrices in a sparse signal recovery. However, a breakthrough has been achieved by random matrices such as Gaussian matrices whose entries consist of independent standard normal random variables. In
sparse signal recovery setting, any τ-sparse signals x, that is the signal has at most
τ number of non-zero elements, can be reconstructed from the model in equation
(5.0.1) using a variety of algorithms provided that:
n
m ≥ 2τ ln
,
(5.0.2)
τ

where A is an m × n Gaussian random matrix (Foucart and Rauhut, 2013). If τ < n,
then one can choose a small number of measurements m in comparison to the length
of the signal n using equation (5.0.2) for exact recovery of the signal.
With a priori knowledge that a signal is sparse, one can use an l p -minimization
algorithm to recover the signal. The l p -minimization algorithm for a signal recovery is given by
min ||x|| p

subject to

||y − Ax||22 ≤ ℑ,

where
• ||x|| p = (|x1 | p + |x2 | p + · · · + |xn | p )1/p .
• ℑ ≥ 0 is a user-specified parameter.
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The minimization algorithm gives a sparse solution for 0 < p ≤ 1 and it can not
provide a sparse solution for p > 1 . If 0 < p < 1, we can obtain a sparse solution
for the signal recovery problem. However, the minimization problem is not convex
and this makes the recovery of the signal very challenging computationally. Let
||x||0 represents the number of nonzero elements of the signal x. Using ||x||0 , one
can have l0 - minimization problem for sparse signal recovery. However, it is a
combinatorial problem and quickly becomes intractable as the dimension of the
signal increases. Therefore, p = 1 is the smallest value that provides a convex
problem and greatly simplifies the computation of the sparse recovery problem.
Figure 5.0.1 illustrates the balls of ||x|| p in two-dimensional space.

p=4

p=2

p=1

p=0.5

p=0.1

Fig. 5.0.1. The balls of ||x|| p in two-dimensional space. The regions are convex
for p = 4, 2, and 1 and non-convex for p = 0.5 and 0.1
Sparse signal recovery can also be seen from a Bayesian perspective. The key
issue in Bayesian sparse signal recovery is to assign a prior for the signal in order to
promote sparsity (Dobigeon et al., 2009; Chaâri et al., 2010; Mousavi et al., 2015;
Vu et al., 2017). The Bayesian model setting has shown to be effective to capture
sparsity in sparse signal recovery (Zou and Hastie, 2005; Jenatton et al., 2011).
Some examples of priors are spike and slab (Mitchell and Beauchamp, 1988),
Laplacian (Babacan et al., 2010), and generalized Pareto (Cevher et al., 2010).
Spike and slab prior is an appropriate sparsity promoting prior from the aforementioned priors (Ishwaran et al., 2005; Titsias and Lázaro-Gredilla, 2011; Andersen
et al., 2014). Spike and slab priors such as Bernoulli-Gaussian (Lavielle, 1993;
Mousavi et al., 2015; Vu et al., 2017) and Bernoulli-exponential priors (Dobigeon
et al., 2009; Chaari et al., 2013) have been used to encourage sparsity. In comparison to Bernoulli-Gaussian prior, Bernoulli-Laplacian prior provides sparser solutions and the increased sparsity is due to the Laplacian term (Chaari et al., 2013).
Let A ∈ Rm×n is a measurement matrix, m  n, and ε ∈ Rm×1 is a Gaussian noise.
Using the model y = Ax + ε, a hierarchical model with Bernoulli-Laplacian prior
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for the signal can be given by

y | A, x, σ 2 ∼ N · | Ax, σ 2 I ,



n 
2σ 2
2
+ (1 − ωi ) δ (xi ) , (5.0.3)
x | ω, σ , λ ∼ ∏ ωi Laplace · | 0,
λ
i=1
ω |κ ∼

n

∏ Bernoulli (κi ) ,
i=1

where
• σ 2 I is a variance-covariance structure. Here I is an m × m identity matrix
• δ (x) is the Dirac function, which is zero at x , 0, infinity at x = 0, and its
integration is constrained to give one.
• the notations N (·), Laplace (·) and Bernoulli (·) represent normal, Laplace,
and Bernoulli distributions, respectively, and
ω = (ω1 , ω2 , · · · , ωn )0 , κ = (κ1 , κ2 , · · · , κn )0 , λ > 0.
In most practical applications in science and engineering, signals are found to
be compressible rather than directly sparse in the observed space. For example,
magnetic resonance (MR) images except angiograms. A key feature of MR images is its compressibility under an appropriate sparsifying transform such as the
wavelet transform and spatial finite-differencing (Lustig et al., 2007; Gamper et al.,
2008). Let xo and y be a vectorized MR image of interest and the measured k-space
data from MR imaging scanner, respectively. One can reconstruct the MR images
by solving the following constrained optimization problem:
minkψx0 k1
x0

such that kFu x0 − yk22 ≤ ℑ,

where ℑ controls the fidelity of the reconstruction to the measured data, ψ represents linear operator that transforms the image into a sparse representation and
Fu is the undersampled Fourier transform corresponding to one of the k-space undersampling schemes (Lustig et al., 2007). To use the Bayesian approach for MR
image reconstruction, one may set:
x = ψx0 ,
where Fu = Aψ.

Ax = Aψx0 = Fu x0 ,

6

Statistical model estimation and signal recovery methods

This section provides an overview of statistical methods for the estimation of GMM,
SGMM, HMRF, and HMM. We also illustrate an alternating direction method of
multipliers for sparse signal recovery. For the case of HMRF and HMM, the density function g (x | ϑ k ) represents the density of the normal distribution N (x | µ k , Σk ).

6.1

Maximum likelihood estimation

Maximum likelihood estimation is the most popular and general method for estimation of statistical models. Let x be an observed dataset and θ be a vector of
parameters. Maximum likelihood estimation is based on the likelihood function
L (θ | x) or log-likelihood function log L (θ | x) to obtain the maximum likelihood estimator θ̂ of the parameters. One should be able to directly optimize the
log-likelihood function and thereby the estimators should be available in closedform in order to obtain the maximum likelihood estimators. However, closed-form
maximum likelihood estimators may not always be available. Thus, numerical
methods are often required.

6.1.1

EM-algorithm

The most common iterative method to obtain the maximum-likelihood estimates
under an incomplete data assumption is the Expectation-Maximization (EM) algorithm (Dempster et al., 1977). There are two key steps in the EM-algorithm. These
are the expectation step (E-step) followed by the maximization step (M-step). The
maximum-likelihood estimates of GMM and SGMM can be obtained through the
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EM-algorithm. Let η = {θ , π} based on equation (3.2.4). The two steps of EMalgorithm are given as follows.
• E-step:


h
i
Q η, η old = E log P (x, Z | η) | X = x, η old ,



n K
= ∑ ∑ P Zk (si ) = 1 | X = x, η old log {πk g (x (si ) | ϑ k )} ,
i=1 k=1

(6.1.1)

where


P Zk (si ) = 1 | X = x, η old =


πkold g x (si ) | ϑ old
k

.
K
old
old
∑ πt g x (si ) | ϑ t

(6.1.2)

t=1

• M-step:



η New = arg max Q η, η old .
η

(6.1.3)

The unobservable latent variable Z completes X, which is assumed to be an incomplete data.
The maximization with respect to π can be achieved using appropriate Lagrange multipliers. The algorithm begins with the initial values of the parameters
η old and update the estimates of the parameters recursively until convergence of the
algorithm. The expressions in equations (6.1.1) and (6.1.2) are directly used in the
Gaussian mixture model while one can not directly use them for the skew-Gaussian
mixture model, see detail in the appended paper II.
In summary, one should obtain the initial value η old of parameters η = {θ , π}
to estimate GMM using the EM algorithm. The elements of π are probabilities and
we can initialize them randomly from a uniform distribution. For the case of the
parameters in θ = {ϑ k = {µ k , Σk } : k = 1, 2, · · · , K}, we can apply the K-means
algorithm to the data in order to initialize µ k and Σk (Christopher, 2006). Using
the initial values, we compute the posterior probabilities to complete the E-step.
Once we obtain the results of the E-step, we can update η new using the M-step.
One can continue to use E-step and M-step in turn until some convergence criterion is achieved. We can control whether the convergence criterion, for example
the change in the likelihood function or the norm of the change of the parameter
estimates, is satisfied or not using some threshold.
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Once the parameters of the models are estimated, we can use the estimated
models for prediction. Based on X (si ) = (X1 (si ) , X2 (si ) , · · · , Xd (si )), consider the
following notations:
X2 (si ) = (X2 (si ) , · · · , Xd (si )) ,


XT2 = X2 (s1 )T , X2 (s2 )T , · · · , X2 (sn )T ,

(6.1.4)

XT1 = (X1 (s1 ) , X1 (s2 ) , · · · , X1 (sn )) .

One can use the conditional expectation E [X1 | X2 , η] and the conditional covariance V (X1 | X2 , η) as a point estimator and a measure of the uncertainty of the
prediction. They can be obtained as follows:
E [X1 (si ) | X2 , η] = E [E [X1 (si ) | Z, X2 , η] | X2 , η] ,

= E [E [X1 (si ) | Z (si ) , X2 (si ) , η] | X2 , η] ,
=

∑ P (z (si ) | X2 , η) E [X1 (si ) | Z (si ) , X2 (si ) , η] ,

z(si )

=

∑ P (z (si ) | X2 (si ) , η) E [X1 (si ) | Z (si ) , X2 (si ) , η] ,

z(si )

where E [X1 (si ) | Z (si ) , X2 (si ) , η] and P (z (si ) | X2 (si ) , η) are the conditional expectation of multivariate normal distribution and the posterior probabilities that
one can compute in a similar manner as in equation (6.1.2), respectively. We can
compute the variance of the point estimator using the law of total variance given
by
V (X1 | X2 , η) = E [V (X1 | Z, X2 , η) | X2 , η] +V (E [X1 | Z, X2 , η] | X2 , η) ,
where E [X1 | Z, X2 , η] and V (X1 | Z, X2 , η) are the conditional expectation and
variance of multivariate normal distribution. The outer expectation and variance
on the right-hand side are taken with respect to the posterior probabilities.

6.1.2

EM gradient algorithm

For the EM-algorithm to be applicable, the expectation in equation (6.1.1) must be
computable and the maximization in equation (6.1.3) must be available in closed
form. For example, EM-algorithm can not be used for estimation
of HMRF. In

HMRF, one can not explicitly express P Zk (si ) = 1|X, θ old unlike the one in
equation (6.1.2). This is due to spatial dependence assumption in the model setting.
Besides, the maximization in equation (6.1.3) is not computationally feasible as it
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is difficult to obtain the updates in closed-form. Lange (1995) has developed EM
gradient algorithm, which is similar to EM-algorithm except that the M-step of the
EM-algorithm has been replaced by a single step of the Newton-Raphson method.
One can combine Monte Carlo simulation and the EM gradient (EMG) algorithm
to estimate HMRF.
Using the augmented likelihood L (Ψ, θ | x, z) in equation (3.3.6), the gradient
of the log-likelihood can be obtained from the posterior distribution P (z | x, Ψ, θ )
and the gradient of the log-augmented likelihood as follows:
∇Ψ,θ log L (Ψ, θ | x) = ∇Ψ,θ log P (x | Ψ, θ ) ,
1
=
∇Ψ,θ ∑ P (x, z | Ψ, θ ) ,
P (x | Ψ, θ )
z
P (x, z | Ψ, θ )
= ∑
∇Ψ,θ log P (x, z | Ψ, θ ) ,
z P (x | Ψ, θ )
=

∑ P (z | x, Ψ, θ ) ∇Ψ,θ log P (x, z | Ψ, θ ) ,
z

= E [∇Ψ,θ log P(x, Z | Ψ, θ )|X = x, Ψ, θ ] . (6.1.5)
Let η = {Ψ, θ }. Using the gradient of the log-likelihood in equation (6.1.5), the
gradient ascent algorithm can be given by




η ( j+1) = η ( j) − H−1 η ( j) ∇η log L η ( j) | x ,
(6.1.6)

where H (η) is the Hessian matrix, j = 0, 1, 2, · · · , M, and M is the maximum number of iterations. The Hessian matrix determines the step size of the algorithm and
it can be given by
H (η) =

∇2
log L (η | x) .
∇η∇η 0

For simplicity reason, Fisher Information Matrix (IF ) of the complete data (x, z)
can be used to replace the Hessian matrix (Titterington, 1984; Lange, 1995; Bolin,
2014). The Fisher Information Matrix may be given by


∇2
IF (η) = −E
log P(x, Z | η) | X = x, η .
(6.1.7)
∇η∇η 0
Using some regularity conditions, one can re-write equation (6.1.5) as follows:
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E [∇η log P (x, Z | η) | X = x, η] =∇η E [log P(Z | η) | X = x, η] +

∇η E [log P (x | Z, η) | X = x, η] .

(6.1.8)

Only the component P (x | z, η) in equation (6.1.8) is available in closed form, see
equation (3.3.7). By approximating P (z | η) by pseudo-likelihood, see equation
(3.3.5), one can re-write the expectation as follows:
E [∇η log P (x, Z | η) | X = x, η] u ∇η E [log Ppc (Z | η) | X = x, η] +
(
∇η

n

K

∑ ∑ P (Zk (si ) = 1 | X = x, η) ×

i=1 k=1

)

(6.1.9)

log g (x (si ) | ϑ k ) .
The expectation of the first term in equation (6.1.9) is not feasible to compute
it analytically. Moreover, P (Zk (si ) = 1 | X = x, η) = E [Zk (si ) | X = x, η] is not
available in closed-form. Therefore, one can replace them with Monte Carlo approximations. Using Bayes’ theorem, one can have:



E Zk (si ) | z (s j ) : j ∈ Ni , X = x, η
∝ g (x (si ) | ϑ k ) ×
(
)
exp ak + bk
(

= exp ãik + bk

∑

zk (s j ) ,

∑

)

j∈Ni

j∈Ni

zk (s j ) ,

where ãik = ak + ln g (x (si ) | ϑ k ). Using first-order neighborhood system, one can
have two codings S(1) and S(2) associated to the set S of all lattice locations of a
three-dimensional medical image. Let Z− and Z+ be the partitions of the latent
variable Z corresponding to the codings S(1) and S(2) . Gibbs sampling of Z from
the posterior distribution P (z | X = x, η) can be obtained after the convergence of
the the Gibbs sampler in Algorithm 2.
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Algorithm 2. Gibbs sampler
1:
2:
3:
4:
5:

Initialise: Z(0) ,
for t = 1, 2, · · · do
(t)
(t−1)
Z− ∼ P(z− | z+ , x, Ψ)
(t)
(t)
Z+ ∼ P(z+ | z− , x, Ψ),
end for

Using the simulated z( j) from P (z | X = x, η), one can approximate the gradient of the log-likelihood and the Fisher Information Matrix as follows:
∇η log L (η | x) ≈
IF (η) ≈ −

1
M

1
M
M

M

∑ ∇η

j=1

n
o
log P(x | z( j) , η) + log Ppc (z( j) | η) , (6.1.10)

o
∇2 n
log P(x | z( j) , η) + log Ppc (z( j) | η) . (6.1.11)

∑ ∇ηη 0

j=1

After obtaining the simulated z values, we can use equations (6.1.10) and (6.1.11)
in equation (6.1.6) for iterative procedure of estimating the parameters. Notice that
Fisher Information Matrix and pseudo-likelihood Ppc (z | η) have been used instead
of the Hessian matrix and P (z | η), respectively. It can be seen from equation
(3.3.5) that the estimation of the parameters avk and bvk is based on the data in a
given coding v. It is not clear how to combine the estimates optimally, however,
the simplest approach to combine the estimates of the parameters is by taking an
arithmetic average of the estimates, that is:
âk =

1 c (v)
∑ ak
c v=1

and

b̂k =

1 c (v)
∑ bk ,
c v=1

where k = 1, 2, · · · , K and c is the number of codings.
To summarize the estimation process of the parameters, the initial value η old of
parameters η = {Ψ, θ } should be obtained to estimate HMRF using EM gradient
algorithm. For the case of Ψ, one can initialize them randomly. We can apply
K-means algorithm to the data to initialize θ = {ϑ k = {µ k , Σk } : k = 1, 2, · · · , K}.
One can also initialize θ by GMM estimates of θ . The underlying latent process
for Gibbs sampler can be initialized based on the posterior probabilities, which can
be computed at the E-step during GMM parameter estimation process. Using the
samples generated by Gibbs sampler, we complete the E-step of the EM gradient
algorithm and we exploit the results of Gibbs sampler to update η new by gradient
ascent algorithm. One can continue to use E-step and M-step in turn until some
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convergence criterion is achieved. Using some threshold, we can control whether
the convergence criterion, for example the norm of the change of the parameter
estimates is satisfied or not.
Once we train HMRF, one can use it for prediction. Using the notations in
equation (6.1.4), a point estimator and a measure of the uncertainty of the prediction can be obtained as follows. The conditional expectation can be given by
E [X1 | X2 , η] = E [E [X1 | Z, X2 , η] | X2 , η] ,
which can be obtained from the conditional expectations:
E [X1 (si ) | X2 , η] = E [E [X1 (si ) | Z (si ) , X2 (si ) , η] | X2 , η] ,
=

∑ P (z (si ) | X2 , η) E [X1 (si ) | Z (si ) , X2 (si ) , η] ,

z(si )

where E [X1 (si ) | Z (si ) , X2 (si ) , η] is the conditional expectation of multivariate
normal distribution. The posterior probabilities P (z (si ) | X2 , η) can not be computed analytically. However, one can estimate the posterior probabilities using
Monte Carlo integration as demonstrated in section 6.1.2.
Using the law of total variance, the conditional covariance can be given by
V (X1 | X2 , η) = E [V (X1 | Z, X2 , η) | X2 , η] +V (E [X1 | Z, X2 , η] | X2 , η) ,
where E [X1 | Z, X2 , η] and V (X1 | Z, X2 , η) are the conditional expectation and
variance of multivariate normal distribution. The outer conditional expectation
and the conditional covariance on the right-hand side are taken with respect to the
posterior probabilities P (z (si ) | X2 , η), which can be estimated using Monte Carlo
integration.

6.2

Baum-Welch algorithm

The most common method to obtain a maximum likelihood estimate of HMM is
a Baum-Welch algorithm, which uses the well known EM-algorithm to find the
maximum likelihood estimates of the model. Maximum likelihood estimation can
be used to estimate the parameters of HMM by marginalizing the augmented likelihood in (3.4.6) over the latent variables. However, this is not a feasible approach
because the joint distribution in ∑ P(x j , z j | θ ) = P(x j | θ ) can not be factorized
zj

over n j independently. Moreover, the summation over z j can not be performed
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independently on the elements of z j and one can not perform the summation explicitly because there are n j variables to be summed over, each of which has K
possible states resulting in a total of K n j terms. One can use EM-algorithm to
obtain a maximum likelihood estimator of HMM. Using equation (3.4.6) and the
notation η = {Ψ, θ }, the expectation step of EM-algorithm is given by


Q η, η old
=
=



old
P
z
|
X
=
x,
η
log P(x j , z j | η),
∑∑ j
J

j=1 z j



old
P
z
|
X
=
x,
η
log P(z j | η) +
∑∑ j
J

j=1 z j



old
P
z
|
X
=
x,
η
log P(x j | z j , η).
∑∑ j
J

j=1 z j

Using equations (3.4.4) and (3.4.5), the expectation step can be given by
(




J
K
old
Q η, η
= ∑ ∑ ∑ P z j | X = x, η old zk (t j,1 ) log πk +
j=1 k=1 z j
nj K K

∑∑



old
P
z
|
X
=
x,
η
zk (t j,i )zu (t j,i−1 ) log puk +
∑∑ j

i=2 r=1 k=1 z j

)


old
∑ ∑ ∑ P z j | X = x, η zk (t j,i ) log g(x(t j,i ), ϑ k ) .
nj

K

i=1 k=1 z j

Define γ (·) and ξ (·) as follows:


γ (zk (t j,i )) = P Zk (t j,i ) = 1 | X = x, η old ,
h
i
= E Zk (t j,i ) | X = x, η old ,


= ∑ P z j | X = x, η old zk (t j,i ),
zj

(6.2.1)
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where equation (6.2.1) is the probability that the process is in state k at time i for the
independent sequence j given the data and the estimate η old of model parameters.


ξ (zu (t j,i−1 ), zk (t j,i )) = P Zu (t j,i−1 ) = 1, Zk (t j,i ) = 1 | X = x, η old ,
h
i
= E Zu (t j,i−1 )Zk (t j,i ) | X = x, η old ,


= ∑ P z j | X = x, η old zk (t j,i )zu (t j,i−1 ),
(6.2.2)
zj

where equation (6.2.2) is the probability that the process is in state k at time i and in
state u at time i − 1 for the independent sequence j given the data and the estimate
η old of the parameters.
Consider the notations:
γ (z(t j,i )) = [γ (z1 (t j,i )) , γ (z2 (t j,i )) , · · · , γ (zK (t j,i ))] ,


≡ P z(t j,i ) | X = x, η old ,
(6.2.3)

ξ (z(t j,i−1 ), z(t j,i )) = [ξ (zu (t j,i−1 ), zk (t j,i ))]K×K ,


≡ P z(t j,i−1 ), z(t j,i ) | X = x, η old ,

(6.2.4)

where u = 1, 2, · · · , K and k = 1, 2, · · · , K represent the row and column of the matrix ξ , respectively.
Remark 6.2.1. The notations γ (·) and ξ (·) in equations (6.2.3) and (6.2.4) give
a set of K non-negative numbers that sum to unity and a K × K matrix of nonnegative numbers that again sum to unity, respectively. Moreover, we consider
P z(t j,i ) | X = x, η old and P z(t j,i−1 ), z(t j,i ) | X = x, η old in equations (6.2.3) and
(6.2.4) as a K-dimensional vector of probabilities and a K × K matrix of probabilities for the possible values of the multinomial variables, respectively.
Using equations (6.2.1) and (6.2.2), the expectation step can be re-written as
follows.
(
nj K


J
K
Q η, η old = ∑ ∑ γ (zk (t j,1 )) log πk + ∑ ∑ γ (zk (t j,i )) log g(x(t j,i ), ϑ k )+
j=1

nj

K

k=1

K

i=1 k=1

∑ ∑ ∑ ξ (zu (t j,i−1 ), zk (t j,i )) log puk

i=2 u=1 k=1

)

(6.2.5)

,

The key task of the E-step is to evaluate the quantities in (6.2.1) and (6.2.2) effi-
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ciently. The M-step of the EM-algorithm maximizes equation (6.2.5) with respect
to η in which γ (zk (t j,i )) and ξ (zu (t j,i−1 ), zk (t j,i )) are treated as constant. We use
Lagrange multipliers to maximize Q η, η old with respect to πk and puk . To evaluate γ (zk (t j,i )), we need to compute the posterior distribution of z(t j,i ) given the
data x and the initial values of the parameters η old . Using the notation in equation
(6.2.3), we have that:


γ (z(t j,i )) ≡ P z(t j,i ) | X = x, η old


P x | z(t j,i ), η old P z(t j,i ) | η old
=
,
P (x | η old )


P x j | z(t j,i ), η old P z(t j,i ) | η old
=
,
P (x j | η old )

P x(t j,1 ), x(t j,2 ), · · · , x(t j,i ), z(t j,i ) | η old
×
=
P (x j | η old )


P x(t j,i+1 ), x(t j,i+2 ), · · · , x(t j,n j ) | z(t j,i ), η old . (6.2.6)
Let

"



P x(t j,1 ), x(t j,2 ), · · · , x(t j,i ), z1 (t j,i ) = 1 | η old ,

α (z(t j,i )) =



P x(t j,1 ), x(t j,2 ), · · · , x(t j,i ), z2 (t j,i ) = 1 | η old , · · ·
#


P x(t j,1 ), x(t j,2 ), · · · , x(t j,i ), zK (t j,i ) = 1 | η old ,



≡ P x(t j,1 ), x(t j,2 ), · · · , x(t j,i ), z(t j,i ) | η old .
β (z(t j,i )) =

(6.2.7)

"



old
P x(t j,i+1 ), x(t j,i+2 ), · · · , x(t j,n j ) | z1 (t j,i ) = 1, η
,



P x(t j,i+1 ), x(t j,i+2 ), · · · , x(t j,n j ) | z2 (t j,i ) = 1, η old , · · · ,
#


old
P x(t j,i+1 ), x(t j,i+2 ), · · · , x(t j,n j ) | zK (t j,i ) = 1, η
,



≡ P x(t j,i+1 ), x(t j,i+2 ), · · · , x(t j,n j ) | z(t j,i ), η old .

(6.2.8)
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Using the notations in equations (6.2.7) and (6.2.8), one can re-write equation
(6.2.6) as follows:
γ (z(t j,i )) =

α (z(t j,i )) ∗ β (z(t j,i ))
,
P (x j | η old )

(6.2.9)

where
• The symbol ∗ represents element-wise multiplication of vectors.
• α (·) and β (·) represent forward and backward probabilities, respectively
• α (z(t j,i )) represents the joint probability of observing the data up to time i
and the value z(t j,i ).
• β (z(t j,i )) represents the conditional probability of the future data from time
i + 1 up to n j given the value of z(t j,i ).
• α (z(t j,i )) consists of a set of K numbers, where each element stands for one
of the possible settings of the multinomial vector z(t j,i ), see equation (3.4.3).
One can interpret β (z(t j,i )) similarly.
• The notation α (zk (t j,i )) denotes element of α (z(t j,i )) when Zk (t j,i ) = 1 and
β (zk (t j,i )) is interpreted similarly, k = 1, 2, · · · , K.
Using equations (6.2.7) and (6.2.8), α (z(t j,i )) and β (z(t j,i )) can be expressed iteratively as follows.


α (z(t j,i )) = P x(t j,i ) | z(t j,i ), η old ∗ α (z(t j,i−1 )) ×


P z(t j,i ) | z(t j,i−1 ), η old ,
(6.2.10)


β (z(t j,i )) = β (z(t j,i+1 )) ∗ P x(t j,i+1 ) | z(t j,i+1 ), η old ×

T
P z(t j,i+1 ) | z(t j,i ), η old ,
(6.2.11)
where


• P x(t j,i ) | z(t j,i ), η old represents a K-vector of the data contribution for the
possible settings of the multinomial vector z(t j,i ).

• P z(t j,i ) | z(t j,i−1 ), η old denotes a K × K matrix of transition probabilities
at time i − 1 and i.

6.2. Baum-Welch algorithm

39

In order to start the recursion in equation (6.2.10), an initial condition is required. Using equation (6.2.7) and i = 1, the initial condition can be given by
α (z(t j,1 )) = [π1 g (x(t j,1 ), ϑ 1 ) , π2 g (x(t j,1 ), ϑ 2 ) , · · · , πK g (x(t j,1 ), ϑ K )] .(6.2.12)
In similar manner,we need a starting condition
for the recursion in equation (6.2.11),

namely β z(t j,n j ) . Using α z(t j,n j ) in (6.2.7), comparing
 equations (6.2.9) and
(6.2.6), it is correct if we set each K elements of β z(t j,n j ) to 1.
To compute ξ (zu (t j,i−1 ), zk (t j,i )), one need to evaluate the joint posterior distribution of z(t j,i−1 ) and z(t j,i ) given the data x and the initial values of the parameters
η old . Using equation (6.2.4), one can obtain the following:


ξ (z(t j,i−1 ), z(t j,i )) ≡ P x j | z(t j,i−1 ), z(t j,i ) | η old ×

P z(t j,i−1 ), z(t j,i ) | η old
.
(6.2.13)
P (x j | η old )
We can re-write equation (6.2.13) to obtain equation (6.2.14) that ξ (·) can be computed directly by using α (·) and β (·).
"
"
##


ξ (z(t j,i−1 ), z(t j,i )) = α (z(t j,i−1 ))T P x(t j,i ) | z(t j,i ), η old ∗ β (z(t j,i )) ∗
P (z(t j,i ) | z(t j,i−1 ))
.
P (x j | η old )

(6.2.14)

In the M-step of the EM-algorithm,
we need to maximize equation (6.2.5), which

depends on P x j | η old through equations (6.2.9) and (6.2.14). The quantity
P x j | η old is a likelihood function for the jth sequence generated by Hilbert
curve. Though P x j | η old is cancelled out during M-step of the EM-algorithm
as it does not depend on the parameters, it is still needed to monitor the EM optimization and to evaluate equations (6.2.9) and (6.2.14). One can sum both sides
of equation (6.2.9) over z(t j,i ) and using the fact that the left-hand side is summed
to 1, the likelihood function of the jth independent sequence can be computed as
follows.


P x j | η old = α (z(t j,i )) β (z(t j,i ))T .
(6.2.15)

Using the fact that each K elements of β z(t j,n j ) is 1, we can compute the likelihood function of the jth independent sequence by running α (z(t j,i )) recursion
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from the start i = 1 to the end i = n j of the chain. It can be given by



P x j | η old = α z(t j,n j ) 1T ,

(6.2.16)

where 1 is a k-vector of ones.
In summary, the parameters θ = {ϑ k = {µ k , Σk } : k = 1, 2, · · · , K} can be initialized using K-means algorithm. In the case of Ψ, we can often initialize randomly from a uniform distribution such that the numbers are non-negative and the
summation constraints are satisfied. For HMM, we compute the forward α (·) and
the backward β (·) recursions using the initial values and one can use the recursion results to compute the likelihood function and thereby we can evaluate γ (·)
and ξ (·) to complete the E-step of the EM-algorithm. We can also exploit the results to update η new using the M-step of the EM-algorithm. One can continue to
use E-step and M-step in turn until some convergence criterion is achieved. Using some threshold, we can control whether the convergence criterion, for example
the change in the likelihood function or the norm of the change of the parameter
estimates, is satisfied or not.
Here we need to introduce how to apply the estimated HMM for prediction.
For a sequence of double stochastic processes:
{(X(ti ), Z(ti ))}ni=1 ,
consider the following notations:
XT

=

ZT

=

XT2

=


XT (ti ) : i = 1, 2, · · · , n ,

ZT (ti ) : i = 1, 2, · · · , n ,

XT2 (ti ) : i = 1, 2, · · · , n ,

X1 = (X1 (ti ) : i = 1, 2, · · · , n) ,

where the random vector X2 (ti ) = (X2 (ti ), X3 (ti ), · · · , Xd (ti )) and the random variable X1 (ti ) are parts of the random vector X(ti ) = (X1 (ti ), X2 (ti ), · · · , Xd (ti )). One
can use the conditional expectation E [X1 | X2 , η] as a point estimator while the
conditional covariance V (X1 | X2 , η) as a measure of the uncertainty of the prediction. The conditional expectation can be expressed as
E [X1 | X2 , η] = E [E [X1 | Z, X2 , η] | X2 , η] ,
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which can be obtained from:
E [X1 (ti ) | X2 , η] = E [E [X1 (ti ) | Z(ti ), X2 (ti ), η] | X2 , η] ,
=

∑ P (z(ti ) | X2 , η) E [X1 (ti ) | Z(ti ), X2 (ti ), η] ,

z(ti )

where E [X1 (ti ) | Z(ti ), X2 (ti ), η] is the conditional expectation of multivariate normal distribution. The posterior probabilities P (z(ti ) | X2 , η) can be computed analytically and it can be defined in terms of forward-backward probabilities in equations (6.2.7) and (6.2.8).
Using the law of total variance, the conditional covariance may be given by
V (X1 | X2 , η) = E [V (X1 | Z, X2 , η) | X2 , η] +V (E [X1 | Z, X2 , η] | X2 , η) ,
where E [X1 | Z, X2 , η] and V (X1 | Z, X2 , η) are the conditional expectation and
variance of multivariate normal distribution. The outer conditional expectation
and the conditional covariance on the right-hand side are taken with respect to the
posterior probabilities P (z(ti ) | X2 , η), which can be defined in terms of forwardbackward probabilities.

6.3

Alternating direction method of multipliers

In signal processing and statistical inference, several problems involve finding
sparse solution to some underdetermined system. A well known sparse signal
recovery method in the area of signal processing and optimization is a compressive sensing (Candes et al., 2006; Candès et al., 2006; Candès and Wakin, 2008;
Baraniuk et al., 2008), which is applicable to signals that are either sparse or compressible in a transformed domain. Algorithms for sparse signal recovery usually
involve finding solutions to the least squares optimization problem with l1 -norm
regularization. On the other hand, a hierarchical model with Bernoulli-Laplacian
prior on the signal may result in a signal recovery problem, which may contain
more general regularizations. This hierarchical model setting can lead to a model,
which may involve the l1 -norm penalty and a discrete variable. Therefore, the objective function of the resulting model is not differentiable. This property of the
model rules out the possibility of using the efficient optimization methods that demand the differentiability of the model. The hierarchical model in equation (5.0.3)
contains the Dirac function δ (xi ), which is unbounded. To develop a sparse signal
recovery problem using the hierarchical model, we need to approximate δ (xi ) by
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a distribution function P0 (xi ) given by
xi | ωi = 0 ∼ P0 (xi ) ,

P0 (0) = 1,

where x = (x1 , x2 , · · · , xn )T is a signaland ω = (ω1 , ω2 , · · · , ωn )T is a vector of
Bernoulli random variables. Let Λ = σ 2 , λ , κ . Using the hierarchical model,
the joint posterior density of x and ω can be given by



log f (x, ω | y, A, Λ) ∝ log g y | A, x, σ 2 h x | ω, σ 2 , λ P (ω | κ) ,
(
(
ω

n

2σ 2 i
2
×
= log N · | Ax, σ I ∏ Laplace · | 0,
λ
i=1
)
)
P0 (xi )(1−ωi )

n

∏ Bernoulli (κi )

,

i=1

n
1
n
= − log 2π − log σ 2 − 2 ||y − Ax||22 +
2(
2
2σ
)
n
2
4σ
∑ − ωi log λ − ωi log (1 − κi ) + ωi log κi +
i=1
n

∑ log (1 − κi ) −

i=1

λ n
∑ ωi |xi |.
2σ 2 i=1

Assuming σ 2 is known, the optimization problem given by

max 2σ 2 log f (x, ω | y, A, Λ) ,
x,ω

is equivalent to:

(

min −2σ 2 log f (x, ω | y, A, Λ) = min nσ 2 log 2π + nσ 2 log σ 2 + ||y − Ax||22 +
x,ω

x,ω

n

n

i=1

i=1

λ ∑ ωi |xi | − 2σ 2 ∑ log (1 − κi ) − 2σ 2 ×
n

∑

i=1

(

ωi log

(6.3.1)
))

4σ 2
+ ωi log (1 − κi ) − ωi log κi
λ

.
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The optimization problem in equation (6.3.1) may result in a sparse signal recovery
problem given by
(
)
n

min ||y − Ax||22 + λ ||x||1 + ∑ ωi γi ,
x,ω

(6.3.2)

i=1

γi = 2σ 2 log

4σ 2 (1 − κi )
.
λ κi

Assume that the support S = {i | xi , 0, i = 1, 2, · · · , n} of the signal x is known.
Then, the optimization problem in equation (6.3.2) is equivalent to

(6.3.3)
min ||y − AS xS ||22 + λ ||xS ||1 ,
xS

where AS = [ai : i ∈ S], ai is the ith column of the matrix A, and xS = (xi : i ∈ S)T .
Let
V (xS ) = ||y − AS xS ||22

and U (z) = λ ||z||1 .

The optimization problem in equation (6.3.3) is equivalent to:
subject to xS − z = 0

min {V (xS ) +U (z)}
xS ,z

(6.3.4)

The augmented Lagrangian of the problem in equation (6.3.4) can be given by
ρ
L (xS , z, w) = V (xS ) +U (z) + w0 (xS − z) + ||xS − z||22 ,
2
where ρ > 0 is the penalty parameter and w is a dual variable or Lagrange multiplier. Using the alternating direction method of multipliers (Boyd et al., 2011), one
can obtain the solution through the following sequence of iterations:
xSj+1 = arg min L (xS , z j , w j ),
xS

z j+1 = arg min L (xSj+1 , z, w j ),
z


w j+1 = w j + ρ xSj+1 − z j+1 ,

where j = 0, 1, 2, · · · . Based some threshold, the difference between consecutive
signal estimates can be used to stop the algorithm.

Summary of the appended papers
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We can divide the papers appended to this thesis into two groups according to the
application areas of the study. The first group consists of three papers that deal
with the estimation of computed tomography (CT) images from magnetic resonance (MR) images. The second group contains one paper that is concerned with
sparse signal recovery. In this thesis, we have introduced the models that have been
used by the four papers. The main emphasis of the papers is to develop feasible
methods for CT image estimation and sparse signal recovery. Following that, we
have presented the highlight of all the methods and reported the results of each
method.

7.1

Paper I: Comparison of hidden Markov chain models and
hidden Markov random field models in estimation of computed tomography images

In this paper, three statistical models, namely HMM, HMRF, and GMM have been
used to investigate CT image estimation from MR images. The main purpose of
the study was to compare CT image estimation performance of the models.
Two stages are involved to obtain estimated CT images. In the first stage, CT
and MR images for head of patients, where one CT image and four MR images
have been generated from each patient, are used to train the statistical models.
The parameters of the models were estimated by maximum log-likelihood via EMalgorithm, which is for the case HMM and GMM, and EM gradient algorithm
for HMRF. The hyperparameter of the models, that is the number of tissue types
44
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were selected by leave-one-out cross-validation. The major challenges during the
estimation of the parameters are that the estimation of HMRF is costly and it is
unstable when some heads are left-out for leave-one-out cross-validation. The key
issue in CT image estimation is to obtain better estimated CT images, especially
bone tissue estimation within a feasible time.
In the second stage, the estimated models are tested on validation dataset,
which is a set of MR images for head of a patient. The results indicated that
taking spatial information into account has improved CT image estimation quality.
In addition, HMM had better performance than HMRF and GMM. Though HMM
had better over all performance, it performed weaker than HMRF on bone tissue
estimations. Figure shows the original CT image, the estimated CT images, and
the associated estimation errors. Figure 7.1.1 shows the original and the estimated
CT image slices for a representative patient. The images are presented in three
different ways for the three models. The estimation errors associated to the estimated CT image slices are presented in Figure 7.1.2. We can see from the image
of estimation errors that it is not easy for the models have trace the bone tissues.

7.2

Paper II: Model-based estimation of computed tomography images

In Paper 2, we studied CT image estimation from MR images using the statistical
models HMM, HMRF, GMM, and SGMM. The main aim of the study was to
obtain CT image estimation with improved bone tissue estimation. It is also to
compare the performance of HMM, HMRF, GMM, and SGMM on bone and dense
bone tissues. In Paper 1, it has be found that HMM has weaker performance on
bone tissues than HMRF and HMRF is computationally expensive. As a result, we
partitioned the data into two datasets using CT image intensity threshold to further
investigate CT image estimation by training GMM and SGMM on each partition.
GMM trained on each partition was denoted by GMM∗ . The partitioning of the
data might introduce skewness, which was taken into account via SGMM.
At the training stage of the models, the CT and MR images for the head of
patients were partitioned into two datasets. The two partitions correspond to nonbone and bone tissues. We trained GMM∗ and SGMM on each partition and estimated their parameters by maximum log-likelihood via EM-algorithm. Leave-oneout cross-validation was used to select the hyperparameters of GMM∗ and SGMM,
that is the number of tissue types on each partition.
At the CT image estimation stage, the validation dataset only consists of a
set of MR images. However, information about bone tissues is poor on MR im-
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Fig. 7.1.1. The first column (a) presents the original CT image slices and the remaining columns demonstrate the corresponding predicted CT image slices for
each model.
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Fig. 7.1.2. The first column (a) presents the original CT image slices and the remaining columns demonstrate the prediction errors for each model.
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ages. Consequently, we estimated CT image using the validation dataset by GMM,
which was trained on the full dataset. Using the predicted CT image and CT image
intensity threshold, we partitioned the MR images in two datasets. We used the
trained GMM∗ s and SGMMs to estimate CT image intensities from each partition
of MR image and thereby we obtained the desired estimated CT image. The results demonstrated that the partitioning approach achieved better dense bone tissue
estimation as compared to HMM, MRF and GMM. Figure 7.2.1 shows slices of
CT image and the corresponding predicted slices of CT image for a representative
patient. The models GMM∗ and SGMM performed better in tracing bone tissues,
which are white coloured on CT images. To illustrate this, we marked the images in the first row in the figure by red colored box, which clearly shows that the
partitioning approaches were better in identifying bone tissues. We presented the
estimation errors associated to the estimated slices in Figure 7.2.2. It can be seen
that the bone tissues appear darker for GMM∗ and SGMM.

7.3

Paper III: Computed tomography image estimation by
statistical learning methods

In this paper, we explored CT image estimation from MR images using statistical
learning methods. The goal of the study was to obtain CT image estimation by
combining supervised learning and GMM, which we call it RGMM. It was also to
compare RGMM and HMM, which had better CT image estimation performance.
In Paper 2, it has been identified that the partitioning approach has improved bone
tissue estimation, which is the key in CT image estimation. Following that, we
transformed CT image intensities corresponding to the MR images into tissue type
labels based on CT image intensity threshold. It means that we have two sets of
datasets. The first dataset consists the partitioned datasets into two based on CT
image intensity threshold and the second dataset consists of MR images having its
voxels labeled by tissue types.
At the model training stage, we trained a modified version of AdaBoost algorithm, which is RUSBoost algorithm, on the second dataset to classify MR images.
We also trained GMM on the two partitions of the first datasets. the CT and MR
images for the head of patients were partitioned into two dataset. We trained GMM
on each partition and estimated GMM parameters by maximum log-likelihood via
EM-algorithm. We also used leave-one-out cross-validation to select the hyperparameters, that is the number of tissue types on each partition.
For CT image estimation, we classified the validation dataset, which consists
of a set of MR images, into tissue types using the trained RUSBoost algorithm.
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Fig. 7.2.1. The first column (a) presents the original CT image slices and the remaining columns (b-f) show the corresponding predicted slices of CT image.
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Fig. 7.2.2. The first column (a) presents the original CT image slices and the remaining columns (b-f) show the prediction errors for each model.
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Fig. 7.3.1. The first column (a) represents slices of CT image, the second and third
column (b) and (c) shows the corresponding predicted slices of CT images, and the
last two columns (d) and (e) show the errors of the prediction.
Using the classified tissue types and the trained GMM, we obtained the desired
estimated CT image. The results evinced that statistical learning methods achieved
much better bone tissue estimation and CT image estimation as compared to HMM.
Figure 7.3.1 shows slices of CT image, the corresponding estimated slices, and
the associated estimation errors for a representative patient. The model RGMM
performed much better than HMM in tracing bone tissues.

7.4

Paper IV: Adaptive algorithm for sparse signal recovery

In Paper 4, we developed an adaptive algorithm for sparse signal recovery. The
main objective of the study was to develop an efficient algorithm for sparse signal
reconstruction. Since the majorities of magnetic resonance images are not sparse
but compressible in some transform domain, the study was aimed at developing an
intermediate fast algorithm for magnetic resonance image reconstruction.
In addition to a simulation study, we also tested the algorithm on real data, that
is reconstructing the well-known handwritten digit images. To do so, we assigned
spike and slab priors to the signal to take sparsity assumption of the signal into
account and to induce sparsity in the signal recovery. The priors resulted in a
hard non-convex and mixed integer programming problems that contains l1 -norm,
which plays a vital role for enforcing sparsity.
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A new adaptive alternating direction method of multipliers (AADMM) algorithm was used for recovery of the sparse signals. Results of the recovery algorithm on synthetic data and real-world images indicated that AADMM algorithm provided superior performance and was computationally cheaper compared
to the recently developed iterative convex refinement (ICR) algorithm. Figure 7.4.1
demonstrates the evaluations of the sparse signal recovery on synthetic data for different sparsity levels while Figure 7.4.2 presents sparse signal recovery results for
the well-known handwritten digit images.
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Fig. 7.4.1. Evaluation of the sparse signal recovery for different sparsity levels using AADMM (green) and ICR (blue). Computational time (CT), objective function
value (OFV), mean square error (MSE), and support match level (SML) are used
to evaluate the performance of the algorithms over different sparsity levels.
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Fig. 7.4.2. Sparse signal recovery of the real image using AADMM and ICR.
The first and the second rows show images of the original data and their supports,
the third and the fourth rows present the recovered images and their supports by
AADMM, and the last two rows demonstrate the recovered images and their supports by ICR.

8

Conclusion

In this thesis, we studied two different topics with established and newly developed
methods. We have examined statistical methods for medical image estimation and
the methods are contributions to the lattice process literature. The statistical methods have been formulated and applied for medical image estimations under spatial
dependence and independence assumptions. Supervised and unsupervised statistical learning methods were also combined to further explore the estimation of the
medical images. The statistical learning approach happens to be a novel method
to obtain improved CT image estimations. We also developed a new and fast algorithm for sparse signal recovery. The algorithm is an intermediate work for magnetic resonance image reconstruction. Along these lines, this work is a contribution
to efficient methods for medical image estimation and reconstruction.
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