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Abstract

Only very few molar polarizabilities are known with high accuracy; and when so, they
are in general only known at a given wavelength. There is therefore a need to assess
the molar polarizability with high accuracy of various gases, at different wavelengths.

The molar polarizability AR of a gas is a measure of the susceptibility of a molecule
to have its charge distribution affected by light. It is also the entity that relates the
index of refraction to the (molar) density of a gas in Lorentz-Lorenz equation. Hence,
for high precision measurements of the density of a gas, it is important to know the
molar polarizability of the gas to high accuracy.

In this work a GAMOR system has been used to determine the wavelength-dependent
molar polarizability of Ar at 1.5 µm, i.e. AArR . However, a high accuracy assessment
of the molar polarizability of a gas requires that the gas density is known with high
accuracy. Since this is not trivial to assess, the molar polarizability of argon has been
assessed in terms of that of nitrogen, i.e. AN2

R , which is assumed to be known with
high accuracy. Hence, to minimise measurement errors, the measurement cavity was
alternately filled with nitrogen and argon and the ratio between the signals provided
by the GAMOR system represents the ratio of the molar polarizabilities of the two
gases. It was found that the molar polarizability of argon was 0.94393(5) times that
of nitrogen. Since the latter one has been assessed to 4.34828(3)× 10−6 m3/mol, the
molar polarizability of argon could be assessed to 4.10446(5)× 10−6 m3/mol.
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1 Introduction

Several physical constants are planned to be fixed in the SI system in the near future
[1]. The amount of energy kBT , for instance, will redefine the unit Kelvin, whereas
the Boltzmann constant kB will be set to a fixed value [2]. The Kilogram can be
realised as a fixed number of atoms with the determination of Avocado’s constant
NA [3] . This enables a more attractive way to realise the pressure scale through
the Ideal Gas law by measuring the refractivity of a gas and the temperature separately.

Refractometry is a method to assess the refractivity of a gas. If the molar po-
larizability of the gas, AR, is known, such an assessment can also provide an
assessment of the gas density. Moreover, if the equation of state of the gas is known,
and the temperature of the gas can be assessed with good accuracy, also the pressure
can be measured with good accuracy. Hence, a fully calibrated system can, from a
single measurement, assess all these entities simultaneously.

The most sensitive realisations of refractometry utilises a Fabry-Pérot cavity [4]
[5]. The frequency of a laser is locked to a mode of the cavity and, as gas is inserted
into the cavity, the frequency of the laser will shift. The amount of shift is a measure
of the refractivity.

However, high accurate measurements are often limited by unwanted processes
in the cavity spacer material (elongations due to the pressure of the gas and thermal
drifts or relaxations). A methodology based on gas modulation refractrometry [6],
short GAMOR, which decreases the influence of drifts in the Fabry-Pérot cavity was
therefore recently developed. The GAMOR system consists of a dual Fabry-Pérot
cavity. One of the measurement cavities is repeatedly filled with and emptied of the
gas while the other cavity is constantly emptied. The frequency difference between
the two laser fields, measured as a beat frequency on a detector, provides therefore a
well-defined assessment of the refractivity of a gas.

In this work, a GAMOR system is used to determine the ratio of the molar po-
larizabilities of nitrogen and argon at 1.5 µm. The wavelength-dependent molar
polarizability AR of a gas is a measure of the susceptibility of a molecule to have its
charge distribution affected by light. The Lorentz-Lorenz equation relates the index of
refraction to the (molar) density of a gas and its molar polarizability. Hence, for high
precision measurements of the (molar) density of a gas, it is important to know the
molar polarizability to a high degree of accuracy to measure the index of refraction.
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1 Introduction

The change of refractivity (index of refraction) in turn can be related to the change in
frequency in the measured cavity of the GAMOR system, which in turn is the original
measurement entity of the used refractometer.

In order to minimise measurement errors of the molar polarizability, the mea-
surement cavity is alternately filled with nitrogen and argon and the ratio between
the evaluated signals provided by the GAMOR system taken.

In this thesis a methodology to determine the ratio of the molar polarizability
of two gases by using a GAMOR system is explained.
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2 Theory

2.1 Index of refraction

As an electromagnetic field propagates through a medium, a disturbance in the charge
distribution of a molecule is induced. The atom arranges its electron charge distribu-
tion to a new equilibrium configuration so that the nucleus experiences no net electric
field. Thus, an electric dipole moment is created and a new electromagnetic field
with the same frequency of the incident light, but with a slight phase delay is produced.

Hence, the index of refraction n of a medium is defined as the ratio between
the phase velocity of a propagated wave in the medium and the phase velocity in a
vacuum medium [7].

nmedium =
c

vmedium
(2.1)

In many cases the term refractivity R is used to describe this phenomenon and is
related to the index of refraction by R = (n− 1).

2.2 Fabry-Pérot cavity

A Fabry-Pérot cavity in its most simple form consists of two parallel mounted highly-
reflective mirrors. Light which propagates inside the cavity perpendicular to the mirror
surface in both directions creates a standing wave. The latter requires a frequency vq
of the propagating light whose fulfils the equation

νq = q
c

2nLc
(2.2)

where c is the speed of light, n is the index of refraction of the medium in the cavity,
and LC is the length of the cavity.

Produced standing wave patterns are called cavity modes. The number of the
mode is given by the positive integer q. Only these frequencies of a fundamental
transverse electromagnetic modes, short TEM00, can exist inside the cavity. All the
other frequencies will interfere destructively. The free-spectral range (FSR) of the
cavity is given by
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2 Theory

νFSR = νq − νq−1 =
c

2nLc
(2.3)

and is defined as the frequency spacing of two consecutive TEM00 modes.

2.3 Beat frequency

The beat frequency is the frequency of an interference of two waves with slightly
different frequencies. At some points in space and time both waves are at the
same phase and thus interfere constructively. If the two waves have the same
amplitude, the resulting amplitude is twice as high as the original amplitude of the
former waves. In another point in space and time the two waves are 180 degrees
out of phase and they interfere destructive. In this case, the resulting amplitude is zero.

The periodic variation of the amplitude with time is called beat, and the fre-
quency of the variation, i.e. the beat frequency, is equal to the difference in frequency
between the two waves.

νBeat =| ν1 − ν2 | (2.4)

The beat frequency is particularly useful if the beat frequency is significantly less than
the some of the frequencies ν1 and ν2. In the case of light for instance it can be easily
detected with photo-diodes.

2.4 Ideal Gas law

The Ideal Gas law is an approximation to describe a gas in low density or rather
pressure limits and at high temperatures (relative to the critical temperature Tcr). In
order to describe an ideal gas, the following assumptions are made.

The gas molecules can be simulated by hard spheres and with volume Vm, neg-
ligible compared to the volume V of the container filled by the gas. Collisions between
gas molecules are assumed as pure elastic without any loss of energy and no inter
molecular attractive or repulsive forces appear.

The Ideal Gas law [8] relates the three state variables absolute pressure P , Volume V
and the absolute temperature T of the gas according to

PV = nkBNAT (2.5)
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2 Theory

where n is the number of moles in the gas, kB the Boltzmann constant and NA the
Avogadro constant. By defining the (molar) density ρ as

ρ =
nNA

V

the Ideal Gas law can be written as

P = ρNAkBT (2.6)

2.4.1 Real gas

To describe a real gas the finite internal volume of the molecules of a gas, the
electrically-dominant interactions between molecules by mainly van-der-Vaals forces
and the inelastic collisions among them must be considered. By taking these
considerations into account [9], the Ideal Gas law has to be extended to

P = kBNATρ
[
1 +B(T )ρ+ C(T )ρ2 + ...

]
(2.7)

B(T ) and C(T ) are the temperature depended first and second order virial coefficients,
respectively. The two-body interaction of molecules is thereby taken into account of
the first order coefficient B(T ), while the second order coefficient C(T ) considers the
interaction between three gas molecules.

2.4.2 Molar refractivity

The wavelength-dependent molar refractivity Rλ gives the susceptibility of a given
type of molecule whose charge distribution is affected by light. By the Lorentz-Lorenz-
correlation [10][11][12], the molar refractivity can be related to the wavelength- depen-
dent index of refraction nλ and the molar density ρn according to

n2λ − 1

n2λ + 2
= ARρn +BRρ

2
n + CRρ

3
n + ... (2.8)

AR(λ), the molar polarizability, is the linear term if the molar refractivity is unaffected
by collisions. The deviation from collisions affecting the polarizability are given by
the temperature dependet second and third refractivity virial coefficients BR(λ) and
CR(λ).
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3 Experimental set up and procedure

3.1 Experimental set up

In the following,the experimental set up is described and will be separated into two
parts. First, the GAMOR system will be in the section optical set up 3.1.1 explained
and then the connected vacuum system is presented. A more detailed information is
given by Isak Silander et al. [6].

3.1.1 Optical setup

Figure 3.1: Refractometer part of GAMOR instrumentation.
To reduce environmental fluctuations,the refractometer is placed into a
1200 × 600 × 2500 mm Plexiglas box. On the left part of the box,the
DFPC, some gas lines, and a number of free space optics are placed, while
the fiber optical components appear under the right box lid.

A dual Fabry-Pérot cavity, short DFPC, drilled in a common block of Zerodur is the
main part of the GAMOR. The Zerodur block is placed onto a 450× 600× 12.7 mm
breadboard, which in turn was screwed on an air-supported optical table. Together
with the optical, acousto optical and electro optical components the breadboard was
placed in a 1200× 600× 2500 mm Plexiglas box as seen in Figure 3.1.1.
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3 Experimental set up and procedure

The cavities were separated through a distance of 50 mm (centre-to-centre dis-
tance) and were made up of 1/2 in. mirrors (Layertec, 106587). Mounted in
aluminium holders, the mirrors were pressed against the spacer with the help of
an aluminium frame. Standard 1/2 inch O-rings provide the sealing. One of these
cavities acts as the measurement cavity while the other one served as a reference cavity.

The light of the two used tunable narrow linewidth Er-doped fiber lasers (NTK,
Koheras Adjustik E15) lasers had to pass a multitude of fiber coupled off-the-shelf
optical, electro-optic and acousto-optic components in order to lock to modes of the
cavities by Pound-Drever-Hall, short PDH, locking technique.

Figure 3.2: Schematic illustration of the GAMOR system.
trans. detector: transmission light detector; PT-100: temperature Probes;
ref. detector: λ/4:quarter-wave plate; reflected light detector;PBS: po-
larizing beam splitter cube EDFL: Er-doped fiber laser;EOM:electro-optic
modulator; 90/10: 90/10 fiber splitter; AOM: acousto-optic modulator;
50/50: 50/50 fiber splitter; beat-detector: beat note detecting detector;
blue curves connecting the EDFLs, the AOMs, the 90/10 fiber splitters,
the EOMs, and the 50/50 fiber splitters to each other: optical fiber; red
lines with arrows between the detectors and the cavity: free-space light
propagation; black arrows connecting to the Toptica Digilocks: electrical
wires

In Figure 3.2, a schematic illustration of the GAMOR system is given. As one can
see in this illustration, the light of the lasers was first sent through a fiber-coupled
acousto-optic modulator (AOM, AA Opto-Electronic, MT110-IR25-3FIO) the first
order output of which was again split by a 90/10 polarisation maintaining fiber
splitter (Thorlabs, PMC1550-90-FC).
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3 Experimental set up and procedure

For the purpose of PDH locking, the high transmission output of the 90/10 fiber
splitter was modulated at 12 MHz by an electro-optic modulator, short EOM (General
Photonics, LPM-001-15).

By an output coupler, the output of the EOM is now coupled into free space
and sent through a mode-matching lens, a polarising beam splitter, short PBS, and a
quarter-wave (λ/4) plate, and finally injected into the cavity.

A 50/50 fiber coupler (Thorlabs, PMC1550-50B-FC) merges the low power out-
puts of the 90/10 fiber splitters of the two lasers. The output of the 50/50 fiber
coupler was sent to a beat note detecting detector (Thorlabs, PDA8GS), whose output
signal was sent to a frequency counter (Tektronix FCA3003) with an acquired fre-
quency of 10 Hz. For the PDH locking, both the reflected light of the cavities was used.

To control the piezoelectric transducer of the fiber laser, as well as for tuning
the first output of the AOM,the reflected light of the refractometer was used. Before
it was collected with a fast photo-detector (Thorlabs, PDA50B-EC) the reflected
light was passed through the quarter-wave plate (λ/4) and was deflected by the
PBS. The transmitted light was detected by a large area photo-detector (Thorlabs,
PDA50B-EC) and used to control the automatic relocking enabling controlled mode
jumps.

Both photo detector outputs were connected to a commercial digital servo module
based on a field programmable gate array (Toptica, Digilock 110), short FPGA, used
for PDH locking.

3.1.2 Vacuum system

For fast evacuation and filling with the gas, an automatic vacuum system was
connected to the dual Fabry-Pérot cavity. As illustrated in Figure 3.3, the vacuum
system contains three solenoid valves (denoted as 1,2, and 3), four pressure gauges
(marked by A,B,C, and D), and a piston gauge (Ruska 2465A). The particle functions
of the used components are explained in section 3.2. In front of the first solenoid
valve, the doorways of the used gases nitrogen and argon were each connected to
a needle valve. These valves regulated the flow of the gases. The two gases were
manually switched by a computer program.

In addition, the computer was used to control the solenoid valves and read
the status of the pressure gauges, the beat frequency from the frequency counter,
as the temperatures of the piston gauges, and the temperature inside the cavity spacer.
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3 Experimental set up and procedure

Figure 3.3: Schematic illustration of the vacuum system.
Solenoid Valves are marked as 1, 2 and 3. Needle valves are unmarked.
Capacative pressure gauges are marked as A, B, C and, D. Ruska 2465A:
Dead piston gauge

The latter was monitored by two Pt-100 sensors (RS- 370-6571) embedded inside the
Zerodur block. One temperature probe was inserted in the middle of the spacer while
the other one was inserted 30 m in front of the transmission exit.

To set and stabilise the temperature of the cavity spacer, four peltier elements
(PE-127-14-15-S) were mounted below the bottom of the zerodur spacer and the
bottom of the aluminium frame.

3.2 Experimental procedure

One measurement series consists of a sequence of single measurement cycles, wherein
the empty cavity is first filled to a a certain pressure of gas, before it is emptied again.
Alternately the measurement cavity was filled several cycles with nitrogen and then
several cycles with argon in each case with the same temperature, set and stabilised
by the Peltier elements, and pressure conditions regulated by the dead weight piston.
The procedure of a single measurement cycle is described in section 3.2.1. During the
entire measurement series, the beat frequency of the measurement and the reference
cavity, the temperature inside the measurement cavity, and the pressure of pressure
gauge B were recorded.

3.2.1 Procedure of a single measurement cycle

Figure 3.4 displays a single measurement cycle in an idealised situation. The filling and
emptying of the measurement cavity is carried out by a series of computer controlled
valve states (i)-(iii).
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3 Experimental set up and procedure

Figure 3.4: Illustration of the pressure assessed by the pressure gauge B during during
particular valve states. The dashed vertical lines represent times for change
in the valve state, denoted as (i), (ii), and (iii).

With opening valve 2 begins the first valve state (i). Thereby the remaining gas
from the previous measurement cycle in the dead weight piston gauge is let into the
refractometer, which creates an instantaneous pressure rise. Shortly thereafter valve
1 is also opened. This leads to a slow increase of the pressure inside the combined
volume of the refractometer and the piston gauge. The rate of steadily increasing
pressure, restricted by the needle placed before valve 1 in the system, continues until
the pressure PB, measured by the gauge B, exceeds a preset system pressure P setsystem.
The preset system pressure was chosen to be slightly above the set value of the piston
gauge PPG.

In valve state (ii) the pressure in the combined volume of the piston gauge and the
refractometer is let to be stabilised. The stabilisation process will be heralded by
closing valve 1. The piston of the piston gauge is then slowly floating upwards and
increases the volume until the pressure, corresponding to the piston weight and area,
is reached.

After a preset time of 60 sec, which allows a proper stabilisation process and measuring
time, valve 2 is closed and valve 3 is opened. The vacuum pump is now activated and
the measurement cavity is emptied. The emptying process continues for a preset time
of 30 sec which assures the pressure PC , measured by pressure gauge C is smaller than
a preset evacuation pressure P setevac, which was set to be 0.1 Pa.
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4 Analysis

The aim of this work is the determination of the ratio of the molar polarizabilities
of nitrogen and argon. Thereby, the ratio of two consecutive measurement series of
nitrogen and argon are taken.

Figure 4.1: Graph of two consecutive measurement series which includes the change of
the gases seen at around 750 seconds.

The measured beat frequency of two consecutive measurement cycles, with the cycle
corresponding to nitrogen being first, is shown by Figure 4.1. It took around 5 single
measurement cycles to exchange the gas in the refractometer completely. Hence, in the
evaluation process these measurement cycles were not taken into account. The length
of one measurement sequence or rather the number of single measurement cycles of
each consecutive gas measurement has been set to 90 minutes or rather roughly 45
single cycles of 115 seconds each.
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4 Analysis

4.1 Validity of ideal gas law

The pressure inside the measure cavity can be related to the (molar) density. Under
certain conditions, for instance if the pressure is low and the temperature is high in
respect to the critical temperature Tcr, the interatomic and intermolecular forces in
the gas, represented by the BP (T ) term in equation 2.7, are negligible. Thus, the
Ideal Gas law is accurate enough to describe the pressure in the cavity.

The data contained in this thesis shows that the Ideal Gas law applies and
therefore the densities of the used gases, nitrogen and argon, can be calculated by
applying the Ideal Gas law within the measurement accuracy in this experiment,
where a pressure of 4300 Pa was used.

The first pressure virial coefficient for nitrogen is previously shown by Egan et al. [10]
and given by

BN2
P = −4.571 + 0.1974(T − 300)− 5.137x10−4(T − 300)2

[
× 10−6m3/mol

]
This implies that for the set temperature of 298.5 K, the latter is given by
BN2
P = −4.86(8)

[
× 10−6 m3/mol

]
.

By applying equation 2.6 the (molar) density of nitrogen with a cavity pressure
of approximately 4300 Pa and a temperature of 298.5 K is 1.73(3) mol/m3. Thus, the
deviation from the ideal gas law due to BN2

P (T )ρ2N2
is in the order of 3× 10−9.

As shown in section 5 the accuracy of the measurements in this work is within
50 ppm. The deviation term of the Ideal Gas law is therefore negligible for nitrogen
and by a similar argument (BAr

P = −5.285(9)
[
× 10−5 m3/mol

]
at 190.52 K [13]) also

for argon.

The ideal gas law is therefore valid for this work for both gases.

4.2 Lorentz-Lorenz equation

The Lorentz-Lorenz equation [10][11][12] relates the index of refraction n with the
(molar) density ρ, and the molar polarizability AR. By taking into account the two-and
three-body interactions represented by the temperature depended refractivity virial
coefficients BR and CR the Lorentz-Lorenz equation is expressed as

n2 − 1

n2 + 2
= ARρ+BRρ

2 + ... (4.1)

In this work, the refractivity virial coefficients- and thereby the deviation of real gas
behaviour are , again, negligible. The first refractive virial coefficients of nitrogen
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4 Analysis

and argon were measured in the work of Egan et al. [10] and Achtermann et al.
[14] to be 0.81× 10−12 m6/mol2 and 1.74 × 10−12 m6/mol2, respectively, which leads
to an relative deviation of the actual index of refraction fraction of 0.007 ppm and
0.0017 ppm, respectively. Thus, the affected deviation from an ideal gas by taking in
the two-and three-body interaction is less than our measure accuracy of 50 ppm.
This implies that

ρ =
P

NAkBT

expressed by
n2 − 1

n2 + 2
= AR

P

NAkBT
(4.2)

whereby equation 4.1 can be simplified.

4.3 Measurement of the refractivity

The change in refractivity, ∆(n− 1), induced by the altering of the amount of gas in
the cavity can be calculated by the use of conventional expressions for Fabry- Pérot
refractometry. The change in refractivity is related to the change in frequency of the
laser - in practise measured as a change in the beat frequency, ∆ν and the change in
cavity mode number to which the laser is locked, ∆q, as [15]

∆(n− 1) =
(∆ν/ν0) + (∆q/q0) + (2ζ + η)(∆ν/ν0)

1− (∆ν/ν0) + ε− (2ζ + η)(∆ν/ν0)
(4.3)

where ν0 being the frequency of the laser and q0 is the cavity mode to which the laser
is locked, both are assessed for an empty cavity. ζ and η are gas and wavelength spe-
cific correction coefficients that take mirror dispersion and gas dispersion into account,
respectively. The refractometer-specific parameter coefficient ε takes the relative elon-
gation of the cavity due to the presence of the gas, defined as ∆LE/L0 = ε(n− 1) into
account. Where LE is the elongation of the cavity due to the presence of gas. For the
cases with low dispersion mirrors, and for most types of gases, e.g., Nitrogen, as used
in this work, the terms containing ζ and η can be neglected, in particular, for the cases
when mode jumping is used (whereby ∆ν/ν0 is limited to νFSR/ν0), simplifying the
expression above [15].
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4 Analysis

4.4 Cavity-Drift-corrected Beat frequencies

Figure 4.2: Illustration of the Cavity-Drift-correction.
The corresponding beat frequency measured with the system (for simplicity
in the absence of mode hop) is illustrated by the dashed curve, starting
from an arbitrary chosen beat frequency. The two red crosses represent
two evacuated cavity assessments. By linear interpolation the evacuated-
cavity beatfrequqncy at the entire measurement cycle is estimated. The
solid curve shows the cavity-drift-corrected change in beat frequency due to
the presence of gas, calculated as the difference between the measurement
beat frequency and the estimated evacuated-cavity beat frequency. The
box indicates a period of time in which the pressure is assess from the
cavity-drift corrected change in beat frequency [6]

As explained in section 3.2.1, the measured cavity is not fully evacuated between two
gas fillings. Instead, the emptying process is terminated when the pressure in the
cavity has reached the residual pressure. This leads to a shift in the beat frequency
relative to an empty cavity at vacuum. To estimate the beat frequency of the
evacuated (i.e emptied) cavity, the expected corresponding frequency of the residual
pressure at two certain low pressure points is calculated (marked as red crosses in
Figure 4.2 and thereupon subtracted from the measured beat frequency (marked as
the dashed curve). One of these points, referred to as zero pressure points, is taken
slightly before the filling of the gas into the cavity and one is measured after the
evacuation of it, respectively.

To eliminate the effect of linear drifts of the cavities, the beat frequency from
an evacuated cavity is estimated at all instances of the measurement cycle by use of

14



4 Analysis

a linear interpolation between these zero pressure points (red line in Figure 4.2). By
calculating the difference between the beat frequency measured and that interpolated
from the two evacuated cavity measurements (red line)a cavity-drift-corrected beat
frequency is estimated which corresponds to the gas inside the cavity (sold line in
Figure 4.2).

During the entire measurement cycle the corrected beat frequency is used to
calculate the index of refraction as given in the formalism in section 4.3.

4.5 Determination of the ratio of molar polarizability of
nitrogen and argon

In order to determine the ratio of molar polarizability of the gases, equation 4.2
is used. The pressure in the measurement cavity for both gases, respectively, is
stabilised by the dead weight of the piston gauge and is assumed to be constant and
approximately the same for both gases as well as the temperature.

By taking the ratio of these equations for each gas, the constants kB and NA

cancel and the ratio of the molar polarizabilities can be expressed as

AN2
R

AArR
=

µN2
TN2

PN2

µArTAr
PAr

(4.4)

with T and P being the measured temperature and pressure inside the cavity, while µ
is defined as

µ =
n2 − 1

n2 + 2

with n being the index of refraction. For each gas, µ is calculated with the evaluated
refractivity of the measured beat frequency between the measured cavity and the
reference cavity- as explained in section 4.3.

Therefore the refractivity, the temperature, and the pressure stabilised by the
dead weight piston gauge has to be measured continually during the entire measure-
ment cycle.
A refractometer signal, SGAMOR, combining the measured and set quantities of the
GAMOR system can be defined as,

SGAMOR =
µT

PRuska
(4.5)
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4 Analysis

For each single measurement cycle the signal during the stabilisation phase is fitted
with an exponential function

SGAMOR(t) = c1exp(−c2t) + c3 (4.6)

the signal expected to be reached at t→∞ is given by c3 and is taken as the measured
result for a measurement cycle.
For the entire measurement series, the mean value of the determined signal of each
particular single measurement cycles, is taken. Eventually, the ratio of the latter ones
of consecutive measurement series-as shown in Figure 4.3- is used to calculate the ratio
of the molar polarizabilities of nitrogen and argon. In total 13 measurements of each
gas, respectively, was taken.

Figure 4.3: Schematically illustration of the taken ratios between the consecutive mea-
surement series of nitrogen and argon. Thereby the ratios between the cor-
responding GAMOR signals SGAMOR of gas measurments with the same
number is taken.
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5 Results

For the calculation of the ratio of the molar refractivity of nitrogen and argon, re-
spectively, first the signal of the GAMOR instrumentation SGAMOR, containing the
measurement of the temperature T , the dead weight piston gauge pressure PRuska, and
the index of refraction expressed in the form of µ, had to be evaluated.

SGAMOR =
µT

PRuska
(5.1)

Therefore, the corresponding signal calculated with equation 5.1 for each single
measurement cycle of the entire measurement series was fitted by the fit function 4.6,
while the measured cavity was filled with either nitrogen or argon.

Figure 5.1: Graph of the drift-corrected-beat GAMOR signal and its fit

As a second step, the fit parameter c3, which gives the value of the signal at which the
gas pressure has been stabilised in the measured cavity was retrieved. Subsequently,
the related signal value of each entire measurement cycle of each gas, respectively,
was calculated by averaging these determined values.
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5 Results

The included error bars of the signal ratios are estimated by 2σ. Therefore,
the standard deviation of each fit was, with respect to the total deviation made in the
entire measurement cycle, in the order of 6× 10−12 and thus negligible.

Alternately, 13 measurements were taken of nitrogen and argon in the same se-
quence. For the determination of the ratio of the molar refractivity, a ratio of the
evaluated signals of consecutive measurement series of nitrogen and argon were
recorded in the form of equation

AN2
R

AArR
=
SN2
GAMOR

SArGAMOR

=
µN2

µAr

TN2

TAr

PArRUSKA
PN2
RUSKA

(5.2)

In Figure 5.2 these values are plotted. The errors were taken to be the sum of each
2σ of the evaluated signals, respectively.

As one can see, all the signal samples lie within 40ppm. If one only takes the
first six measurement points the results are within 6ppm and are stable. After the
sixth measurement point, a drop in the estimated ratio of the following points is
observed. These following samples lie within 20ppm and within the error range. On
the other hand, by taking the mean value of the calculated signal ratio, marked as the
blue dashed line, it can be observed that the mean value is, for most of the calculated
signal ratios, within the error margin (measurements one to 6, 7 to 9, 12, and 13),
but three of the error margins of the signal samples (measurement 4, 10, and 11) do
not include the evaluated mean value of the entire measurement.
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5 Results

Figure 5.2: Plot of the ratios of the consecutive measurements. The dashed line rep-
resents the mean value of these ratios.
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Figure 5.3: Plot of temperature inside the cavity
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5 Results

Figure 5.4: Plot of the lab temperature

The reason for the change of the trend of the calculated values seen in figure 5.2
is not obvious. As shown in Figure 5.3, the temperature inside the cavity was
drifting during the entire measurement cycle. The drift in temperature during one
measurement section was for instance 40 mK and the temperature drift in the entire
measurement series was about 80 mK, despite that the temperature of the cavity
spacer was stabilised by peltier elements. Comparing the temperature measured inside
the cavity with the lab temperature plotted in Figure 5.4, it is obvious that the drift
of the temperature inside the cavity is correlated to the drifts in the room temperature.

However, temperature drifts have been taken into account in the evaluation
process by using the drift-corrected beat frequency, shown in section 4.4, for the
first linear order including the temperature drifts of the cavity. Furthermore, the
measured temperature inside the cavity was taken into account in the recorded signal
and therefore considered in the evaluation. Nevertheless, in order to exclude the
temperature drift as a reason for the change of the trend of the calculated ratios
seen in figure 5.2, the recorded series of measurements was once again evaluated in a
slightly different way. The measurement signal ratios were determined through the
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mean value of two successive nitrogen measurements and the argon measured value
in-between them. Thereby, the effect at any linear temperature drift inside the cavity
has been minimised.

Figure 5.5: Plot of the ratios of the GAMOR signal determined through the mean
value of two successive nitrogen measurements and the argon measured
value in-between them.

Despite the different way of evaluating the measurement signals, the drop in then
ratios can be still seen in Figure 5.5. Therefore it is to be excluded that the decrease
of the ratios is based on temperature drifts.

Figure 5.6 and Figure 5.7 present the evaluated GAMOR signals of nitrogen
and argon of each particular measurement without the error margin. By analysing
the synchronisation of the single measurement points, a correlation to the divergence
of synchronisation of the individual signals and the associated evaluated ratios can be
found.
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Figure 5.6: Plot measurement of evaluated signal values of nitrogen

Figure 5.7: Plot measurement of evaluated signal values of argon

The first six measurement points exhibit the same behaviour, although the tempera-
ture of these points drift arbitrarily; but with the seventh measurement the particular
points are not synchronised anymore. The value of the measure point of nitrogen
increases while argon’s decreases. This behaviour can not be correlated to temperature
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drifts, because during this measurement period, (marked in green) the temperature
drifts were little 5 mK compared to the other drifts during the measurement points.

The reason for this behaviour might lie in the change of the zero beat frequency after
the sixth measurement ratio.

Figure 5.8: An enlargement of the part of the beat frequency cycle that shows the
response under low pressure (vacuum) conditions. Thereby is can be seen
that the cavity was exposed to an sudden change in length at around 45
minutes.

In Figure 5.8 the zero-beat frequency of the argon six and consecutive nitrogen seven
measurement number is plotted. A change of approximately 6.5 MHz in the zero-beat
frequency can be spotted. Therefore, there must have been a significant event to
change zero-beat frequency by changing the cavity length of 40 ppm. It might be due
to a sudden release of tension in the cavity spacer, but the real reason needs further
investigation.

However, the ratio of the molar refractivity of the gases nitrogen and argon
can be determined to be SN2

SAr
= 1.05940(5) by taking the mean of the ratios. The
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relative error margin of this mean value taken by the maximal relative error of the
entire measurement is 50 ppm.

With this ratio the molar polarizability of argon can be determined by reorganisation
of equation 5.2 to

AArR =

(
SAr
SN2

)
AN2
R (5.3)

For this equation, the assumed value for nitrogen at 623 nm of
4.39657(3) × 10−6m3/mol [9] has been corrected for its wavelength-dependence by a
factor given by

µ(1550nm)

µ(623nm)
=

186.0580x10−6

188.1245−6
= 0.9890154

to AN2
R = 4.34828(3)× 10−6m3/mol [16]. By applying equation 5.3, the molar polar-

izability of argon can be estimated to AArR = 4.10446 × 10−6m3/mol. The estimated
molar polarizability of Argon is believed to be within the maximum error margin of
the entire measurement of 50 ppm. A discussion about this estimated value is given in
the discussion.

Error Analysis

The reason for taking the ratio of two consecutive signals in order to determine the
ratio of the molar refractivity- and thereby the calculation of the molar refractivity-
was to discard the error mistakes of the measurements of the uncalibrated temperature
probes and the pressure in the system. Therefore the main part of the errors of the
calculated ratio of molar polarizability appears as the calculated value of µ, which is
related to the index of refraction- which is in turn calculated through the measured
beat frequency in equation 4.3.

The analytically argumentation to neglect the error mistakes of the tempera-
ture probes and the pressure is given below .

The measurement error of the temperature is reasonably negligible is due to the
following calculation.

The real gas temperature Treal inside the cavity can be expressed by adding the mea-
sured temperature Tmeas and the error of the measured temperature δT .

Treal = Tmeas + δT (5.4)
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Thereby, δT can be estimated by the given error of the PT-100 A class sensors by the
given standard tolerance of

δT = ±0.15 + 0.002T
[
Celsius

]
and is the same for both measured temperatures of both gases. With the set
temperature of 298.5 K or rather 25.5 ◦C, δT is in the order of 0.201. The ratio of the
molecular polarizability of nitrogen and argon can be calculated by equation 5.2, and is
therefore proportional to the ratio of the real temperature values of nitrogen and argon.

As shown in equation 5.4 , the real temperatures inside the cavity can be ex-
pressed by the measured temperature and the error can be calculated by equation
5.5.

T realN2

T realAr

=
TmeasN2

+ δT

TmeasAr + δT

=
TmeasN2

TmeasAr

[1 + δT
Tmeas
N2

1 + δT
Tmeas
Ar

] (5.5)

Equation 5.5 can be expanded by δT
Tmeas
Ar

<< 1 to

T realN2

T realAr

=
TmeasN2

TmeasAr

[
1 +

δT

TmeasN2

− δT

TmeasAr

]

=
TmeasN2

TmeasAr

[
1 + δT

[
TmeasN2

− TmeasAr

TmeasN2
TmeasAr

]] (5.6)

The maximum difference ∆Tmeas = TmeasN2
− TmeasAr between two consecutive measure-

ments are in the order of 40 mK. Hence, the relative deviation term is in the order
of 1.5 × 10−9 and is in compared to the determined measurement mistake of 50 ppm
negligible. It is reasonable to assume that

T realN2

T realAr

=
TmeasN2

TmeasAr

A similar calculation can be performed for the ratio of real pressures inside the cavity.
Hence, the ratio of the real pressures can be expressed by equation 5.7.

26



5 Results

P realAr

P realN2

=
PmeasAr

P realN2

[
1 + ∆P

[
PmeasAr − PmeasN2

PmeasAr PmeasN2

]]
(5.7)

Again, the deviation term is-compared to the measurement accuracy of the ratio of
the molar polarizability- negligible by similarly argumentation. The difference in
pressure ∆P = PmeasAr − PmeasN2

between two consecutive measurements was assessed
to be 6 mPa and the error of the measured pressure PB [17], given by the pressure
gauge B, is estimated to be 645 mPa by a pressure of 4300 Pa. Therefore, the relative
deviation term is in the order of 3.5× 10−8Pa and negligible.

Thus, the main error source in this experiment arises from the measurement error of
the µ factor. It is possible to to expand the µ factor, defined in 4.5, around (n − 1),
since (n− 1) << 1 for both gases
[16][18].

n2 − 1

n2 + 2
≈ 2

3(n− 1)

[
1− 1

6(n− 1)− 2
9(n− 1)2 + ...

]
(5.8)

Therefore, µ ≈ 2
3(n− 1), by neglecting the higher order terms.

Due to the pressure inside the cavity, the cavity spacer will change its length
slightly and will therefore affect the measurement of the refractivity, (n− 1)meas. The
measured refractivity is therefore the sum of the actual refractivity, (n− 1)real, and a
pressure dependent elongation term.

(n− 1)meas = (n− 1)real + Pκ (5.9)

Whereas the pressure dependent elongation term Pκ is defined as

Pκ = ε(n− 1)

and the same for both gases.

The ratio of the measured refractivities of nitrogen and argon, respectively, can
be expressed through

(n− 1)N2
meas

(n− 1)Armeas
=

(n− 1)N2
real + Pκ

(n− 1)Arreal + Pκ
(5.10)

Since Pκ << 1, equation 5.9 can be Taylor expanded around Pκ to
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(n− 1)N2
meas

(n− 1)Armeas
≈

(n− 1)N2
real

(n− 1)Arreal
+

Pκ

(n− 1)Arreal
− Pκ

(n− 1)Arreal
+

(Pκ)2

(n− 1)2Arreal

≈
(n− 1)N2

real

(n− 1)Arreal
+

(Pκ)2

(n− 1)2Arreal

≈
(n− 1)N2

real

(n− 1)Arreal
− ε2

(5.11)

The cavity elongation term ε was by simulation assessed to be in the order of 200 ppm
[6]. The deviation term, ε2 = 4 × 10−8, of the measured refractivity is therefore
negligible.
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6 Discussion

The molar polarizability relates by the Lorentz-Lorenz equation 2.8 the (molar)
density tothe index of refraction of a gas. As shown in this work, the gases used
nitrogen and argon, behave under the used low pressure (4300 Pa) and temperature
conditions (298.5 K) like an ideal gas. Therefore, the (molar) density can be expressed
by the ideal gas law. By inserting the ideal gas law into the Lorentz-Lorenz equation,
the molar polarizability is proportional to the index of refraction, the temperature,
and inversely proportional to the pressure of the gas.

The introduced methodology to determine the molar refractivity of a gas by
taking the ratio of the measured signal SGAMOR = µT

P of two consecutive measure-
ment cycles of each gas, respectively, was developed to discard the errors made by
measuring the temperature, the pressure of the gas inside the measure cavity and
the cavity deformation coefficient ε. Both gases were measured under almost the
same pressure and temperature conditions. As a consequence, it was analytically
shown that the neglecting of these mistakes by having almost the same conditions is
reasonable by considering the estimated total error.

Hence, the biggest error occurs in the measurement of the refractivity and therefore
the µ factor, respectively. Both were calculated through the use of the beat frequency
between the measure and reference cavity. The advantage of this set up was to
eliminate common-mode effects of thermal drifts and relaxations of the spacer.

Although the temperature of the cavity spacer was stabilised through peltier
elements, the cavity temperature measured by the PT-100 temperature probes inside
the cavity was drifting for the entire measurement. As seen in Figure 5.3 and 5.4, the
temperature inside the cavity was following the temperature in the lab. To improve
the performance of the measurement, the entire vacuum system must therefore also
be temperature stabilised.

Although the evaluated ratio of the molecular polarizability of nitrogen and ar-
gon were within 50 ppm, the calculated molar refractivity values changed their
correlation after the sixth measurement approached the former ratio in the last two
measurements.The reason for this is expected to arise from change in the zero-beat
frequency of approximately 6.5 MHz. The exact cause for this change still needs to be
investigated.
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6 Discussion

However, the the ratio between the signals provided by the GAMOR system,
whose representing the ratio of the molar polarizabilities of the two gases was assessed
to be 1.05940(5).

Hence the molar polarizability of argon can be assessed to be 0.94393(5) times
that of nitrogen. Since the latter one has been assessed to 4.34828(3)x10−6m3/mol,
the molar polarizability of argon could be assessed to 4.10446(5)x10−6m3/mol. This
is an improvement of a measurement accuracy of one magnitude corresponding to
previous measurements found in the work of Achtermann et al. [14].
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7 Conclusion and Outlook

It has been successfully shown that the presented technique of measuring the ratio of
the molar polarizability of two gases eliminates cavity deformation in the same way
as it eliminates pressure and temperature offsets. Therefore, the measurement only
depends on the accuracy of the refractivity measurement.In this work the uncertainty
of the molar polarizability of argon could be reduced by one order of magnitude
by relative measurements between N2 and Ar. This was possible since nitrogen is
currently better characterised then argon.

Prospectively, the measurement could also be done with helium. The molar re-
fractivity of helium can be analytically calculated [19][20][21]. By measuring the ratio
of the molar polarizability helium and an arbitrary gas (argon or nitrogen), the molar
polarizability of these gases and can be assessed with a high accuracy. The measuring
accuracy could be further improved if the entire system, including the vacuum system,
is temperature stabilised.
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