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Abstract 
The uncertain pattern of cash flows poses a liquidity and risk management challenge for 

investors of private equity funds. The structure of a private equity investment, where the total 

committed capital will be paid out in portions at an undetermined schedule, makes it vital for 

the investor to have sufficient levels of cash in order to meet the called capital from the fund 

manager. As an investor can hold several investments, it is important to predict future cash 

flows in order to have effective cash management.  

 

The purpose of this thesis is to increase the supporting institution’s knowledge in cash flow 

predictions of investments in private equity. To do this, an analysis and evaluation of two 

models have been executed for cash flow predictions from the view of a limited partner, i.e. 

the investor. The comparison is done between a deterministic model, the Yale model, that is 

currently used by the supporting institution to this thesis and a new stochastic model, the 

Stochastic model, that has been implemented during the work of this thesis.  

 

The evaluation of the models has been done by backtests and with a coefficient of 

determination test, R2 test, of the Institution’s portfolio. It is hard to make an absolute 

conclusion on the performance of the two models as they outperform each other on different 

periods. Overall, the Yale model was better than the Stochastic model on the conducted tests, 

but the Stochastic model offers desirable attributes from a risk management perspective that 

the deterministic model lacks. This gives the Stochastic model potential to outperform the Yale 

model as a better option for cash flow simulation in private equity, provided a better parameter 

estimation.  
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Sammanfattning 
 

Oförutsägbarheten av private equity fonders kassaflöden skapar utmaningar för investerare när 

det kommer till likvid- och riskhantering. Strukturen av private equity fonder, där det totala 

investeringsbeloppet kommer att betalas in i portioner i ett oförutsägbart schema, gör det vitalt 

för investerare att ha tillräckliga likvidnivåer för att kunna möta fondförvaltarens krav på 

kapital. Eftersom en investerare kan vara investerad i ett flertal private equity fonder är det 

viktigt att prediktera framtida kassaflöden för att ha en effektiv kassaflödeshantering.  

 

Syftet med den här uppsatsen är att öka den samarbetande institutionens kunskaper inom 

kassaflödesprediktion av private equity fonder. För att genomföra detta har en analys och 

jämförelse gjorts mellan två modeller för kassaflödessimulering ur ett investerarperspektiv. 

Jämförelsen har gjorts mellan en deterministisk modell, Yale modellen, som sedan tidigare har 

använts av den samarbetande institutionen och en ny stokastisk modell som har implementerats 

under uppsatsens arbete.  

 

Jämförelsen mellan modellerna har gjorts genom historiska portföljsimuleringar och 

coefficient of determination, R2 test, på institutionens fondportfölj. Det är svårt att dra en 

absolut slutsats angående modellernas prestation då de är bättre över olika perioder och har 

olika egenskaper. Överlag har Yale modellen presterat bättre än den stokastiska modellen i de 

genomföra testerna, men den stokastiska modellen har attraktiva egenskaper ur ett 

riskhanteringsperspektiv som den deterministiska Yale modellen saknar. Detta gör att den 

stokastiska modellen har potential att vara ett bättre alternativ för simulering av kassaflöden 

inom private equity än Yale modellen, förutsatt en bättre parameterestimering.  
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1. Introduction and background 

1.1 The Institution 
This thesis is written with the support of a Nordic financial institution. Due to confidentiality, 

the name will not be mentioned and the supporting institution will here on after be called the 

Institution in this thesis. The Institution is a big financial player who operates in the Nordic 

countries. It acts in several financial areas and one is private equity, which is the subject area 

of this thesis. The project was executed in the Institutions facilities and they have provided data 

and tutorial support. 

 

1.2 Private equity (PE) 

The term private equity refers to the medium- to long-term investment in illiquid equities that 

are not publicly traded on an exchange. The interest for illiquid assets, such as private equity, 

has increased significantly in recent years. Funds managed by European managers have seen 

an increase of 38 percent between the year 2015 and 2016 in total fundraising. Since 2012 the 

fundraising by European managers has increased from a total amount of 27 billion euros to a 

total of 73.8 billion euros in 2016. This corresponds to an increase of 166 percent during the 

period.1 
 

The development has been similar in the USA as it has been in Europe in recent years. In 2016, 

the fundraising reached a total of 294 billion US dollar compared to 2012 when the 

corresponding figure was 154 billion US dollars. This this is an increase of 91 percent during 

the period.2 

  

There are several forms of private equity investments. Venture capital, buyouts, mezzanine and 

fund of funds are some of the more common setups, but it also includes direct investments into 

start-ups such as angel financing. Another investment type, which more rarely occur, but fall 

under the private equity bracket, are purchases of publicly traded companies that are 

immediately delisted from the exchange making it private.3  

 

The world of private equity can be seen as a totally different platform for investments. The 

only ones able to invest in private equity are accredited investors such as endowments, pension 

funds, foundations and other institutional investors. Common investors are not able to make 

investments.4  

  

                                                      
1 Invest europe. Fundraising, Annual activity statistics. 2016. https://www.investeurope.eu/research/activity-data/annual-activity-
statistics/fundraising-2016/ (Retrieved 2018-03-01) 
2 Pitchbook. PE & VC Fundraising Report, 2017, 4. 
3 Cendrowski et.al. Private Equity: History, Governance and Operations, 2012, 4. 
4 Kocis et.al. Inside Private Equity: The Professional Investor’s Handbook, 2010, 14. 

https://www.investeurope.eu/research/activity-data/annual-activity-statistics/fundraising-2016/
https://www.investeurope.eu/research/activity-data/annual-activity-statistics/fundraising-2016/
https://www.investeurope.eu/research/activity-data/annual-activity-statistics/fundraising-2016/
https://www.investeurope.eu/research/activity-data/annual-activity-statistics/fundraising-2016/
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1.3 Private equity from the Institutions perspective  
A private equity fund is built on an agreement between a general partner (GP) and limited 

partners (LP). The GP manages the fund single handedly while multiple LPs invest in the fund, 

without getting control of the management.5 To understand the nature of this project, it is 

important to understand the Institutions role in the private equity business. This section of the 

thesis describes the private equity business from the Institution’s perspective.  

 

1.3.1 Common investment structures 
The Institution acts as a LP on the private equity market, which means that they make 

investments that are managed by a GP. The nature of the investment structure varies. There 

exists three common ways of investing in private equity.  

 

• The first common form of investing into PE is to invest in a private equity fund. This 

means that a number of LPs are committing capital to a fund that is run by a GP. The 

commitment is a pledge from the LP to provide capital, so-called contribution when 

called upon by the GP.6 The sub-strategies of a fund can vary. As mentioned in the 

previous section, venture capital, buyouts and mezzanine are the most common ones. 

Venture capital refers to the structure where the GP focuses on investing in small 

emerging companies that show great potential in growth. Buyouts refer to the structure 

where the fund acquires companies by buying shares of the target company and thereby 

gaining a controlling interest of the company. A mezzanine fund finances its purchases 

by combining debt and equity.7 

 

• The second common form of PE investment is called fund of funds. As the name 

implies, The LP’s invest in a fund that has investments in multiple PE funds. The fund 

of fund PE investment offers a more diversified investment than a regular PE fund as it 

is exposed to a much more diversified portfolio of companies. The cost of this is another 

layer of management fees.8  

• The third example of a PE investment is the so-called direct investment. This means 

making an investment directly to a single company. The investment can be done by a 

single entity or as part of a co-investment. The investment buys the LP a combination 

of debt and equity in the company.9 

 

 

 

 

 

 

 

 

                                                      
5 Kocis et.al. Inside Private Equity: The Professional Investor’s Handbook, 2010, 24. 
6 Kocis et.al. Inside Private Equity: The Professional Investor’s Handbook, 2010, 24. 
7 Investopedia. Mezzanine Financing, 2018. https://www.investopedia.com/terms/m/mezzaninefinancing.asp (retrieved 2018-
02-26) 
8  Kocis et.al. Inside Private Equity: The Professional Investor’s Handbook, 2010, 25. 
9  Kocis et.al. Inside Private Equity: The Professional Investor’s Handbook, 2010, 25. 

https://www.investopedia.com/terms/m/mezzaninefinancing.asp
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Figure 1 illustrates the potential investment alternatives for a LP. As LPs are often invested in 

several PE funds and fund of funds, overlapping interests and ownerships are quite common.10 

 
Figure 1: The world of private equity 

 

1.3.2 The private equity fund cycle from a LPs perspective 
The first common investment form, investments into a PE fund, is the relevant form to this 

thesis. The lifecycle of a PE fund can be divided into three phases. 

 

• The first period is called the fundraising phase. When a LP has decided to make an 

investment into some sort of PE fund, agreements on committed capital (i.e. the pledged 

capital that can be called as contributions by the GP) and the structure of the investment 

are made. Sometimes options to make reinvestments in the fund are included in the 

contract. When the quote of LP investments is filled, the fund is closed, because no 

more investments are available.11 12  

 

 

 

 

 

 

 

                                                      
10 Kocis et.al. Inside Private Equity: The Professional Investor’s Handbook, 2010, 25. 
11 Kocis et.al. Inside Private Equity: The Professional Investor’s Handbook, 2010, 24. 
12 Meads et.al. Cash Management Strategies for Private Equity Investors, 2016, 31. 
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• The second phase, the investment period, is characterized by sourcing and execution of 

investments. When the GP decides to make an investment, capital calls are made to the 

LPs. As the rate of investments varies by the GP, the patterns of contributions are 

uncertain for the LPs. The accumulated contributions during the lifetime of the fund 

should not exceed the committed capital unless agreements on reinvestments and 

recallable distributions are made. Recallable distributions are distributions that, upon 

initial agreement, can be recalled as capital contributions by the GP. The uncertain rate 

of contributions poses a challenge for LPs to manage cash in order to always be liquid 

enough to meet potential contribution calls from the GP. 13 

 

• The third and final phase, the so called harvesting period, is characterized by companies 

being sold by the fund. The generated cash is distributed as capital distributions to the 

LPs in proportion to their committed capital. When all investments are liquidated and 

distributed by the GP to the LPs, the fund is terminated. 14  

 

1.4 Problem description 
The lifecycle of a private equity fund is problematic because the LP do not know when they 

must contribute nor when they will receive distributions. Therefore, models for predicting 

future cash flows are important from a liquidity management perspective. The institution is 

using a model today, the Yale model, which uses historically observed data without any random 

variables, which makes the model deterministic.15 They have used that model for a long time 

and the parameters are not configured to recent data, which might cause performance issues. 

The deterministic attribute of the Yale model is problematic because it makes the model limited 

from a risk management perspective, since the only output is the expected outcome. The model 

is not describing the risk of different outcomes nor how probable the model is to deviate from 

the expected outcome. The ability of this, to calculate quantiles, is desirable and therefore a 

flaw of the Yale model. The ability to calculate the probability of different outcomes can be 

achieved with a more sophisticated, non-deterministic model. 

  

                                                      
13 Meads et.al. Cash Management Strategies for Private Equity Investors, 2016, 34. 
14 Meads et.al. Cash Management Strategies for Private Equity Investors, 2016, 31. 
15 Buchner Kaserer & Wagner. Modeling the Cash Flow Dynamics of Private Equity Funds: Theory and Empricial Evidence, 
2010, 41. 
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1.5 Purpose and objectives 
The purpose of the thesis is to increase our and the Institutions knowledge in cash flow 

simulation of investments in private equity. 

 

The objective of this thesis is to compare two models for simulating cash flows for investments 

in illiquid assets, in our case private equity. The Institution is using the Yale model by 

Takahashi & Alexander (2001) today and our aim is to configure their current model to recent 

data. Further, we should also implement a new stochastic model, called the Stochastic model 

in this thesis, by Buchner, Kaserer & Wagner (2010). The models will be analyzed and 

compared objectively and the strengths and weaknesses of the two models will be evaluated. 

To summarize the objectives:   

 

• Configure their current model, the Yale model, to recent data.  

• Implement a new model, the Stochastic model. 

• Analyze and compare the two models. 

 

1.6 General limitations 
The first general limitation is that we have had a finite amount of time to realize the project. 

There exists different types of private equity investments and this thesis will focus on buyout 

investments because the Institution has the most data relating to that investment form. The 

Institution has been very generous and shared their historical data, but it should be emphasized 

that we do not have an infinite amount of data.  For instance, compared to earlier studies in 

private equity by Buchner, Kaserer & Wagner (2010) which had access to 777 funds, our study 

is limited to 195 funds, which is a significant difference. Another important factor regarding 

the data is the lack of mature funds, where a larger selection of older funds would have been 

preferable. 

 

The dataset used in this thesis is not complete. Approximately one third of the funds have 

missing recallable distributions. This causes a problem with unfunded capital and total 

investable capital, since recallable distributions increases them. It was not an option to remove 

the funds with missing recallable distributions as it would had decreased the dataset too much. 

For the funds that are missing recallable data, we have been forced to make assumptions to 

compensate the lack of data. These assumptions have been based on the funds with complete 

recallable data, where an average total recallable distribution has been calculated and then 

added to the funds with missing recallable data. This causes false, but realistic, unfunded capital 

and total investable capital for the funds with missing recallable data, which is a limitation. 
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1.7 Advice to the reader 

In this part, we present general advice for the reader to consider when reading this thesis. 

 

In the area of private equity there are a lot of acronyms and market specific terms which 

might cause problem for readers outside this field. To help the reader we have therefore 

created section 2.1 and 2.2 where general terms and abbreviations in private equity are 

presented. 

 

The model presented by Takahashi & Alexander (2001) will be referred to as the Yale model 

and the model by Buchner, Kaserer and Wagner (2010) will be referred as the Stochastic 

model. Further it is important to understand the difference between “Stochastic model” and 

stochastic model. When we are referring to the Stochastic model, we mean the actual model 

we have implemented. When we are referring to a stochastic model or stochastic models, we 

are referring to stochastic models in general. 

 

Two other concepts that are important to keep apart which sound very similar, are committed 

capital and total investable capital. To understand the difference, we recommend the reader to 

pay attention when reading Section 2.1, where the difference is explained. 

2. Theory 

In this section, the relevant theory for the thesis will be presented. In the first two sections 

general terms in private equity and abbreviations are presented and on the later sections 

relevant theory for the models and the evaluation of the models are presented. 

 
In the theory part the variable for time, t, has a general definition and is defined as follows:  

- t is a discrete integer point in time that represents a certain quarter, year etc. Where t starts 

at 0 and ends at T. 

 

2.1 General terms in private equity  
In this section, the general important terms and notations for the private equity business and 

the two models will be described.  

 

Committed capital (CC) 
Committed capital refers to the amount of capital the LP agrees to contribute in total to the 

GP.16 

 

Contributions 
Contributions, where the LP pays part of the committed capital to the GP, occurs generally 

within the first years of the fund when new investments are made. Later on, they mitigate and 

only some follow-on investments and fee-payments are made during the rest of the funds 

lifetime. 17 

 

 

 

 

                                                      
16 Talmor ,E. Vasvari, F. international private equity, 2011, 28. 
17 Meads et.al. Cash Management Strategies for Private Equity Investors, 2016, 32. 
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Distributions 
Distributions, where the GP pays proceeds from realizations to the LP, mainly occur on the 

second half of a fund’s lifetime. They rarely occur in first years of a fund since most 

investments (contributions) occur in this period. After the middle years, most investments are 

harvested and distributions decline in numbers and fewer investments are left to be harvested.18 

 
Net asset value (NAV) 
The net asset value of a private equity fund is the value of the fund at some time t. It is 

calculated by adding the difference in capital contributions and distributions together with 

unrealized performance to the previous NAV. In each time step t, this can also be expressed 

as: 19 

 

                  𝑁𝐴𝑉(𝑡) = 𝑁𝐴𝑉(𝑡 − 1) + 𝐶𝑜𝑛𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛𝑠(𝑡) − 𝐷𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛(𝑡) +
                                                  𝑈𝑛𝑟𝑒𝑎𝑙𝑖𝑧𝑒𝑑 𝑝𝑒𝑟𝑓𝑜𝑟𝑚𝑎𝑛𝑐𝑒(𝑡)                                                                (2.1) 

 

Where NAV(0) = 0 and unrealized performance represent a change in value that is not realized. 
20 

 

Recallable distributions 

Recallable distributions are distributions from the GP to the LPs that are recallable. This means 

that the GP has the right to call back the distributed capital into the fund. A distribution in form 

of a recallable increases total investable capital. 21 

 

Total investable capital (TIC) 
Total investable capital refers to the total amount a LP will contribute to a fund through its 

lifetime. If a fund is terminated and the historical recallable distribution is known, TIC is 

calculated by adding the total amount of recallable distributions to the committed capital. For 

a new fund or an active fund, TCC is estimated by multiplying CC with a calculated ratio 

representing the average recallable distributions. 

 

Unfunded capital 
Unfunded capital is the amount of capital, in relation to the committed capital, that is left to 

invest for the LP. When taking the recallable distributions in consideration, the unfunded 

capital in time step t, can be expressed as follows: 22 

 

                  𝑈𝑛𝑓𝑢𝑛𝑑𝑒𝑑 𝑐𝑎𝑝𝑖𝑡𝑎𝑙(𝑡) = 𝐶𝐶 + ∑ 𝑅𝑒𝑐𝑎𝑙𝑙𝑎𝑏𝑙𝑒 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛(𝑖)𝑡
𝑖=0 − 𝑃𝐼𝐶(𝑡)  (2.2)            

 

where PIC(t), paid in capital, is the cumulative sum of contributions at time t. 

 

 

 

 

 

 

                                                      
18 Robinson D. Sensoy B.Cyclicality, performance measurement, and cash flow liquidity in private equity, 2016, 2. 
19 Takahashi & Alexander. Illiquid alternative asset fund modeling, 2001, 7. 
20 Investopedia. Unrealized Gain. https://www.investopedia.com/terms/u/unrealizedgain.asp. (Retrieved 2018-05-21) 
21 Meads Morande & Carnelli. Cash management strategies for private equity investors, 2016, 41. 
22 Buchner, Kaserer & Wagner. Modeling the Cash Flow Dynamics of Private Equity Funds: Theory and Empricial Evidence, 
2010, 42. 
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Rate of contribution 
Rate of contribution is the proportion of instantaneous contributions relative to the unfunded 

capital at time t. The formula for rate of contribution at some time t for fund j can be expressed 

as follows: 23 

                                                      𝑅𝐶(𝑡, 𝑗) =
𝐶(𝑡,𝑗)

𝑈(𝑡,𝑗)
                                                                         (2.3) 

Where C is contribution and U is unfunded capital at time t. 

 

Example with private equity terms 

To get a more intuitive understanding of the private equity terms mentioned in this section, we 

will now provide the reader with an example of the funds life cycle using the terms in this 

section and graph 1, which is an example of the cash flow in a fund’s life cycle. 

 

 

 
Graph 1: Example of the cash flow in a fund’s life cycle. 

 

First, a limited partner (LP) agrees with a general partner (GP) on how much capital they want 

to invest in a private equity fund, which is managed by the GP. The agreed amount is called 

committed capital. Aside from the committed capital, the LPs knows that they will receive 

recallable distributions, which are a form of distribution that they will have to reinvest into the 

fund. When they receive a recallable distribution, this will increase the total investable capital 

for the LP. Total investable capital is important to keep track of for the LPs as they are using 

models to simulate cash flow. These models requires data on the total investable capital as they 

assume that total investable capital cannot exceed committed capital. The total investable 

capital can be hard to estimate but the LPs usually have historical data which gives them an 

estimation of the usual amount of recallable distributions, which then is used in the models for 

simulating future cash flows of the fund. 

 

                                                      
23 Buchner, Kaserer & Wagner. Private equity funds: valuation, systematic risk and illiquidity, 2009, 39. 
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When the GP has enough investors and capital they will start investing. When the GP invests, 

they will call capital from the LPs which is called that the LP makes a contribution to the fund. 

Multiple contributions occurs during a lifetime. In graph 1, we can see that when a contribution 

occurs, the amount of unfunded capital decreases. The rate of contribution can then be 

calculated at each timestep which are an important parameter for the models used by the LPs. 

 

When the GP has called the majority of the total investable capital by the LPs, the investments 

made during the fund’s lifetime usually starts exiting, preferably with a profit. These profits 

are then payed back to the LPs, this is called that the GP makes a distribution to a LP. Multiple 

distributions occurs during a funds lifetime. When all of the investments made by the GP are 

exited, the fund is terminated.  
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2.2 Abbreviations 
In this part, abbreviations used in the models and this thesis are described. 

 

General notations 

 

Specific notations for the Yale model 

𝑪𝒕 Contributions, from LP to GP. 𝑩 The bow factor, a parameter 

affecting the shape of the model. 

𝑪𝑪 Committed capital by the LP. 𝑮 Annual growth rate, calculated by 

taking the mean of the funds. 

𝑳 The lifetime of the fund. 𝒀 Yield, the distributions of income 

generating assets. 

𝑹𝑪𝒕 Rate of contribution. 𝑹𝑪𝒕 Rate of contribution. 

 

𝑫𝒕 Distributions, from GP to LP.   

 

𝑵𝑨𝑽𝒕 Net asset value.   

 

𝑻𝑰𝑪 

 

PIC 

Total investable capital. 

 

Paid in capital. 

 

 

 

 

 

 

 

 

Specific notations for the Stochastic model 

 

  

𝑪_𝑪𝒕 Cumulated capital contributions at 

time t. 

  

𝑼𝒕 Unfunded capital at time t.   

 

𝜽 The long-run mean of the rate of 

contribution. 

  

 

 

𝝈𝒔 The volatility of the rate of 

contribution at time s. 

  

 

 

𝝀 Market risk parameter.   

 

𝑷𝒕 Cumulated capital distributions at 

time t. 

  

𝜿 Rate of reversion to the long-run 

mean θ. 
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2.3 The Yale model 

The Yale model by Takahashi and Alexander (2001) is a model to make projections of future 

cash flows and asset values. The challenge in forecasting this is the uncertain contribution 

schedule, the unpredictable pattern of distributions of cash to the LP. The Yale model consists 

of projections of contributions, distributions and net asset value. These are modeled as follows.  
 
Capital contributions 
In the Yale model, the capital contributions are calculated as follows: 

 

                                     𝐶(𝑡) = 𝑅𝐶(𝑡) ∗ (𝑇𝐼𝐶 − 𝑃𝐼𝐶(𝑡))                                                     (2.4)  

 
where PIC stands for paid in capital and is the sum of capital contributions up to time t-1.  

 

𝑃𝐼𝐶(𝑡) =  ∑ 𝐶(𝑡)
𝑡−1
0                                                                          (2.5) 

Capital distributions 
In the Yale model, distributions which are driven by performance are calculated as follows: 

 

                                       𝐷(𝑡) = 𝑅𝐷(𝑡) ∗ [𝑁𝐴𝑉(𝑡−1) ∗ (1 + 𝐺)]                                             (2.6) 

 
where G is growth rate and RD is the distribution rate which has two components, yield and 

realizations which occur when investments are harvested. 

 

                           𝑅𝐷(𝑡) = 𝑀𝑎𝑥 [𝑌, (
𝑡

𝐿
)

𝐵

]                                                               (2.7) 

 

Net asset value 

The net asset value of a fund is calculated using three components. The performance of the 

fund, i.e. the growth, the cash contributions and distributions. In the Yale model this is 

calculated as follows: 

 

                                    𝑁𝐴𝑉(𝑡) = [𝑁𝐴𝑉(𝑡−1) ∗ (1 + 𝐺)] + 𝐶(𝑡) − 𝐷(𝑡)                          (2.8) 
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2.3.1 Parameter estimation for the Yale model 
The parameter estimation of the factors RC, B and L is important for a successful 

implementation of the Yale model. The RC parameter is calculated as follows: 

 

  𝑅𝐶(𝑡) =
𝐶(𝑡)

𝑈(𝑡)
                                                                       (2.9)                                  

 

where C is contributions and U is unfunded capital for the full dataset of funds at time t. 

 
The B parameter is a factor representing changes in the rate of distribution and the L parameter 

is representing the life of a fund.24 To estimate the parameters B and L for the Yale model, the 

method of least squares has been used, which minimizes the error between the actual outcome 

and model predictions. 

 

Method of least squares 

For a random sample 𝑥1, … , 𝑥𝑛 generated from a random variable 𝑋 and let 𝑚𝑖(𝜃) be a known 

function. The function of least squares is then defined as: 

 

𝑄(𝜃) ∶=  ∑ (𝑥𝑖 − 𝑚𝑖(𝜃))2𝑛
𝑖=1                                          (2.10) 

 

The value 𝜃∗, that minimizes 𝑄(𝜃), is called the least squares estimate of 𝜃.  25 

 

2.4 The Stochastic model 
The Stochastic model, based on theory by Buchner, Kaserer and Wagner (2010), presents a 

stochastic model for projecting future cash flows of private equity funds. The model consists 

of two independent parts, one for capital contribution and one for capital distributions. 

 

2.4.1 Modeling Capital Contributions 
The model is built around three cornerstones, which are important to understand in order to 

intuitively understand the model. The parameters 𝜃, 𝜅 and σRC represents different 

characteristics of the model where 𝜃 is the long- run mean of the drawdown rate, 𝜅 affects the 

rate of reversion to the long- run mean and σRC represents the volatility of the contribution. The 

model assumes that the drawdown rate follows a mean-reverting-square-root process where the 

three parameters are central. In this section we will describe the theory of the model more 

precisely. 

 
The capital contributions are modelled as a cumulated sum in each timestep. By the model 

definition, the following properties must hold when the fund is set up: 

 

𝐶_𝐶0 = 0, 𝑈0 = 𝑇𝐼𝐶, 𝑎𝑛𝑑 𝑎𝑡 𝑎𝑛𝑦 𝑡𝑖𝑚𝑒 𝑡 ∈ [0, 𝑇𝑐], 𝐶_𝐶𝑡 = 𝑇𝐼𝐶 − 𝑈𝑡. 
 

where 𝑈𝑡is unfunded capital at time t and 𝑇𝑐 is the termination date of a fund. 

 

 

 

 

                                                      
24 Takahashi & Alexander. Illiquid alternative asset fund modeling, 2001, 4. 
25 Alm, Britton. Stokastik, 2008, p.286. 
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The theory assumes that the dynamics of the cumulated capital contributions, C_Ct, can be 

expressed as the following ordinary differential equation: 

 

𝑑𝐶_𝐶𝑡 = RC𝑡(𝑇𝐼𝐶 − 𝐶𝐶𝑡
)1{0≤𝑡≤𝑇𝑐}𝑑𝑡                                               (2.11) 

 
Here 1{0≤𝑡≤𝑇𝑐} is an indicator function.  

 

 

Under this specification, instantaneous capital contributions Ct equals to the equation: 

 

                                     𝐶𝑡 =  𝑅𝐶𝑡 ∗ 𝑇𝐼𝐶 ∗ 𝑒− ∫ 𝑅𝐶𝑢𝑑𝑢
𝑡≤𝑇𝑐

0                                                    (2.12)                                                                                                               
 

By introducing a continuous time stochastic process to the model of rate of contribution and 

assuming that the rate of contribution follows a mean reverting square root process, the rate of 

contribution can be expressed as the following stochastic differential equation (SDE): 

 

                            𝑑𝑅𝐶𝑡 =  𝜅(𝜃 − 𝑅𝐶𝑡)𝑑𝑡 + 𝜎𝑅𝐶√𝑅𝐶𝑡𝑑𝐵𝑅𝐶,𝑡                                       (2.13) 

 
The SDE is a so-called mean-reverting square root process where κ >0 is the reversion rate to 

the long run mean of contributions θ >0. σRC >0 is the volatility of the contribution rate and Bδ,t 

is the standard Brownian motion.   

 

The expected cumulated contributions, given the information from time s at some time t≥s 

can be expressed as follows: 

 

                                     𝐸𝑠[𝐶_𝐶𝑡] = 𝑇𝐼𝐶 − 𝑈𝑠𝑒[𝐴(𝑠,𝑡)−𝐵(𝑠,𝑡)∗𝑅𝐶𝑠]                                           (2.14) 

 
where A(s,t) and B(s,t) are the following deterministic functions. 26 

 

                                      𝐴(𝑠, 𝑡) =  [
2∗𝛾𝑒(𝑘+𝜆+𝛾)(𝑡−𝑠)/2

(𝛾+𝑘+𝜆)(𝑒𝛾(𝑡−𝑠)−1)+2𝛾
](2𝑘𝜃/𝜎2)                                      (2.15)  

 

                                  𝐵(𝑠, 𝑡) =  
2∗(𝑒𝛾(𝑡−𝑠)−1)

(𝛾+𝑘+𝜆)(𝑒𝛾(𝑡−𝑠)−1)+2𝛾
                                                       (2.16) 

 
where   

𝛾 = ((𝑘 + 𝜆)2 + 2𝜎2)1/2                                                                (2.17) 
  

                                                      
26 Cox, Ingersoll & Ross. A theory of the term structure of interest rates, 1985, 393. 
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2.4.2 Modeling Capital Distributions 
When capital drawdowns occur, they are immediately invested in assets, which the funds begin 

to accumulate. When these investments gradually are exited, the GP receives cash or market 

securities, which then are returned to the LPs as a distribution. In this section, we will describe 

how these distributions are calculated with the Stochastic model. 

 
The capital distributions are modelled as a cumulative sum in each timestep. By definition, 

distributions are restricted to be non-negative at all times. The model describes the cumulated 

distributions Pt as the sum of distributions up to time t ϵ [0,Tl], where Tl , like the factor L in 

the Yale model, denotes the legal lifetime of a fund. 

 

As the model uses a stochastic component that adds a degree of uncertainty, the model assumes 

that the logarithm of the instantaneous distributions Dt follows an arithmetic Brownian motion. 

This is expressed as: 

 

                                                 𝑑 ln(𝐷𝑡) =  𝜇𝑡𝑑𝑡 + 𝜎𝑝𝑑𝐵𝑃,𝑡                                                  (2.18) 

 
where µt is the drift and σp is the volatility of the stochastic process. Bp,t is a standard Brownian 

motion that is uncorrelated with the Brownian motion for rate of contribution BRC,t. This 

indicates that instantaneous distributions must follow a lognormal distribution. This fulfils the 

property that distributions at all times are restricted to non-negative values. With the 

information known at time s ≤t, the instantaneous distributions can be expressed as: 

 

                                                 𝐷𝑡 =  𝐷𝑠𝑒∫ µ𝑢𝑑𝑢+𝜎𝑃(𝐵𝑃,𝑡−𝐵𝑃,𝑠)
𝑡

𝑠                                                 (2.19) 
 
The expected value of the instantaneous distributions can then be expressed as: 

 

𝐸𝑠[𝐷𝑡] =  𝐷𝑠 ∗ 𝑒∫ µ𝑢𝑑𝑢
𝑡

𝑠 +
1

2
𝜎𝑃

2(𝑡−𝑠)                                             (2.20) 
 
 
To cope with the time-dependent drift µt, the model introduces a variable Mt called fund 

multiple  

 

𝑀𝑡  =  
𝑃𝑡

𝑇𝐼𝐶
                                                                          (2.21) 

  

where TIC is total investable capital. As the multiple Mt is dependent of instantaneous 

distributions, it too follows a stochastic process.  

 
The model expresses the multiple equation as: 

 

𝑀𝑡
𝑠 = 𝑚 − (𝑚 − 𝑀𝑠) ∗ 𝑒−

1

2
𝛼(𝑡2−𝑠2)                                       (2.22) 

 
Here m is the long-run mean of the multiple M, and α is the speed of convergence towards the 

long-run mean. 
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As the expected instantaneous distributions can be expressed as: 

 

𝐷𝑡 = (
𝑑𝑀𝑡

𝑑𝑡
) ∗ 𝑇𝐼𝐶                                                                     (2.23) 

 
The expected value of instantaneous distributions can be expressed as: 

 

𝐸𝑠[𝐷𝑡] = 𝛼𝑡(𝑚 ∗ 𝑇𝐼𝐶 − 𝑃𝑠)𝑒−
1

2
𝛼(𝑡2−𝑠2)                                     (2.24) 

 
As there now are two expressions, equation 2.20 and equation 2.24, for the expected value of 

distributions, we now solve the integral ∫ µu
t

s
  by setting the equations 2.20 equal to 2.24 and 

then substitute the result into equation 2.19. This gives us the stochastic process for the 

instantaneous distributions at a time t ≥ s: 

 

                             𝐷𝑡 =  𝛼𝑡(𝑚 ∗ 𝑇𝐼𝐶 − 𝑃𝑠) ∗ 𝑒[−
1

2
𝛼[(𝑡2−𝑠2)+𝜎𝑃

2(𝑡−𝑠)]+𝜎𝑃𝜀𝑡√𝑡−𝑠]                   (2.25) 
 
where  

 

휀𝑡√𝑡 − 𝑠 = (𝐵𝑃,𝑡 − 𝐵𝑃,𝑠), 𝑎𝑛𝑑 𝜖𝑡~𝑁(0,1)                                       (2.26) 

 

2.4.3 Trapezoidal integration 
To solve the stochastic equation 2.13 a proper integration method is necessary. The trapezoidal 

method for numerical integration makes a constant approximation of the derivative equal to 

the average of the endpoint values. The n-subinterval trapezoid rule approximation 

to∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎
, denoted 𝑇𝑛, is defined as 27 

 

𝑇𝑛 = ℎ(
1

2
𝑦0 + 𝑦1 + 𝑦3 + ⋯ + 𝑦𝑛−1 +

1

2
𝑦𝑛)                                  (2.27) 

 

where h is defined as ℎ =  
𝑏−𝑎

𝑛
 and n is the amount of subintervals. 

  

                                                      
27 Adams R., Essex C. Calculus, 2017, 373. 
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2.5 Parameter estimation for the Stochastic model 
In this section, relevant theory for estimating the parameters for the Stochastic model is 

presented and based on an article by Buchner, Kaserer & Wagner (2009). 

 

2.5.1 Conditional least squares  
Conditional least square is a common method to estimate parameters in a continuous time 

stochastic model. According to Buchner, Kaserer & Wagner (2009) the general idea of 

conditional least square is to estimate the parameters from discrete time observations of the 

stochastic process 𝑋𝑡, t = 1,2,...n. The goal is to minimize the sum of squares: 

 

                                                  ∑ (𝑋𝑡 −  𝐸𝑡−1[𝑋𝑡])2𝑛
𝑡 = 1                                                  (2.28) 

 

Where 𝐸𝑡−1[𝑋𝑡] is the conditional expectation given by the observations 𝑋1, 𝑋2,...., 𝑋𝑡−1.28   
 
The general idea of conditional least squares can be adapted to the estimation of the parameters 

for the Stochastic model. The theory for this is presented in the coming sections. 

 

2.6.1 Estimation of the capital contribution parameters 
In this section the theory for estimating the capital contribution parameters κ, ϴ and �̂�2 is 

presented. To estimate the parameters, all cash flows first need to be standardized based on 

each fund’s total investable capital. 

 

Estimating κ and ϴ 

To estimate the parameters the arithmetic contribution rate 𝛿�̅�,𝑗 
∆𝑡  needs to be calculated, for fund 

j at every time point k. The following formula is used 

 

                                                              𝛿𝑘,𝑗 
∆𝑡  =  

𝐶𝑘,𝑗 
∆𝑡

𝑈𝑘−1,𝑗· ∆𝑡 
                                                                     (2.29) 

 

where 𝐶𝑘,𝑗 
∆𝑡 is the capital contribution for fund j at time ∆𝑡𝑘 with step size ∆t and 𝑈𝑘−1,𝑗 is 

unfunded capital at time k-1 for fund j. 29 

 

With the help of equation 2.29, we get the average annualized contribution rate of the funds 

with the following formula:  

 

                                                    δ̅k 
∆t  =  

1

𝑁
∑ C𝑘,𝑗 

∆𝑡𝑁
𝑗=1

1

𝑁
∑ 𝑈𝑘−1,𝑗

𝑁
𝑗=1 ∆𝑡

                                                                        (2.30)   

 

where N is the number of funds. 

 

 

 

 

 

                                                      
28 Buchner, Kaserer & Wagner. Private equity funds: Valuation, systematic risk and illiquidity, 2009, 26.  
29 Buchner, Kaserer & Wagner. Private Equity Funds: Valuation, Systematic Risk and Illiquidity, 2009, 39. 
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The average annualized contribution rate of the funds 𝛿𝑘 
∆𝑡 is used in the minimization 

formula30:  

 

                          ∑ {�̅�𝑘 −  �̅�𝑘−1[1 −  (𝛳(1 −  𝑒−𝜅∆𝑡)  +  𝑒−𝜅∆𝑡δ̅𝑘−1 
∆𝑡 )∆𝑡] }𝑀

𝑘 = 1 

2
                 (2.31)                     

 

where �̅�𝑘is the average undrawn capital at time k, ∆𝑡 is the step size and M is the number of 

timesteps. An important and necessary assumption is δ̅0 
∆𝑡= 0. By minimizing equation 2.31, the 

parameters κ and ϴ are derived. 

 

Estimation of the variance 

According to Buchner, Kaserer and Wagner (2008) the conditional variance of the capital 

contributions of fund j in the interval [k-1, k] is formulated as follows: 

 

  𝐸𝕡[𝐶𝑘,𝑗
∆𝑡 −  𝐸𝕡[𝐶𝑘,𝑗

∆𝑡 |𝐹𝑘−1 ]|𝐹𝑘−1]2 =  𝑉𝑎𝑟𝕡[δ̅𝑘,𝑗 
∆𝑡 𝑈𝑘−1,𝑗∆𝑡|𝐹𝑘−1]                     (2.32)    

 

The conditional variance of the contribution rate 𝑉𝑎𝑟𝕡[δ̅k,j 
∆t 𝑈𝑘−1,𝑗∆𝑡|𝐹𝑘−1] is calculated with 

the following formula31: 

 

                                𝑉𝑎𝑟𝕡[δ̅k,j 
∆t 𝑈𝑘−1,𝑗∆𝑡|𝐹𝑘−1] =  𝜎𝑘,𝑗

2 (𝜂0 +  𝜂1δ̅𝑘−1 ,𝑗 
∆𝑡 )                            (2.33)  

 

where 

𝜂0 =  
𝜃

2𝜅
(1 −  𝑒−𝜅∆𝑡)2                                                  (2.34)  

 

                    𝜂1 =  
1

𝜅
(𝑒−𝜅∆𝑡 −  𝑒−2𝜅∆𝑡)2                                           (2.35)  

 

The conditional expectation 𝐸𝕡[𝐷𝑘,𝑗
∆𝑡 |𝐹𝑘−1] can be rewritten as: 

 

                      𝐸𝕡[𝐶𝑘,𝑗
∆𝑡 |𝐹𝑘−1] =  𝐸𝕡[δ̅𝑘,𝑗 

∆𝑡 |𝐹𝑘−1]𝑈𝑘−1,𝑗∆𝑡 =  (𝛾0 + 𝛾1δ̅𝑘,𝑗 
∆𝑡 )𝑈𝑘−1,𝑗∆𝑡       (2.36)  

 

where 

 𝛾0 =  𝜃(1 −  𝑒−𝑘∆𝑡)                                                                 (2.37) 

 

 𝛾1 =  𝑒−𝑘∆𝑡                                                                               (2.38) 

 

With the use of formula 2.32 and 2.36 we get the following estimator for the variance for capital 

drawdowns: 

 

�̂�𝑗
2 =  ∑

[𝐶𝑘,𝑗
∆𝑡 −(𝛾0+ 𝛾1δ̅𝑘−1,𝑗 

∆𝑡 )𝑈𝑘−1,𝑗∆𝑡 ]
2

(𝑈𝑘−1,𝑗∆𝑡 )2(𝜂0+ 𝜂1δ𝑘−1,𝑗)
𝑀
𝑘=1                                    (2.39) 

 

  

                                                      
30 Buchner, Kaserer & Wagner.Private Equity Funds: Valuation, Systematic Risk and Illiquidity, 2009, 40. 
31 Buchner, Kaserer & Wagner. Private Equity Funds: Valuation, Systematic Risk and Illiquidity, 2009, 41. 
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2.6.2 Estimations of the capital distribution parameters  
In this section the theory for estimating the capital distribution parameters α, �̂� and σ̂𝑝

2  is 

presented. To estimate the parameters all cash flows needs to be standardized based on each 

fund’s total investable capital. 

 

Estimating α 

The α parameter cannot be directly observed from data and needs to be estimated with a 

conditional least squares estimation. The following formula should be minimized: 

 

                                                ∑ ( �̅�𝑘 −  𝐸𝕡𝑀
𝑘=1 [𝑃𝑘|𝐹𝑘−1])2                                                    (2.40) 

 
where  

 

                                                �̅�𝑘 =  
1

𝑁
∑ 𝑃𝑘,𝑗      𝑁

𝑗=1                                                             (2.41)    

 

where 𝑃𝑘,𝑗 is the cumulated distribution for fund j at time k. 

 

The definition of 𝐸𝕡[𝑃𝑘|𝐹𝑘−1] is  

 

               𝐸𝕡[𝑃𝑘|𝐹𝑘−1] = {𝑚(𝑇𝐼𝐶) − (𝑚(𝑇𝐼𝐶) −  �̅�𝑘−1)exp [−0.5α(𝑡𝑘
2 − 𝑡𝑘−1

2 )]}2        (2.42) 

 

Putting formula 2.42 into formula 2.40 gives us the following minimization formula: 

 

∑ ( �̅�𝑘 −  {�̂�(𝑇𝐼𝐶) − (�̂�(𝑇𝐼𝐶) −  �̅�𝑘−1)exp [−0.5α(𝑡𝑘
2 −  𝑡𝑘−1

2 )]}2       𝑀
𝑘=1 (2.43) 

 

where TIC is total investable capital and 𝑡𝑘 = 𝑘∆𝑡. By minimizing formula 2.43, we get an 

estimate for 𝛼. 32 

 

 

Estimating �̂� 

To estimate the long run mean �̂� cumulated capital distribution 𝑃𝑘,𝑗 of a fund j at time k needs 

to be calculated 

 

                                                          𝑃𝑘,𝑗 =  ∑ 𝑃𝑖,𝑗
∆𝑡𝑘

𝑖=1                                                         (2.44)  

 

as well as the multiple 𝑀𝑗 of fund j 

 

                                                           𝑀𝑗 =  ∑ 𝑃𝑖,𝑗
∆𝑡 𝑀

𝑖 =1                                                        (2.45)  

 

where M is the end of the lifespan of the funds. 

 

 

 

 

 

 

                                                      
32 Buchner, Kaserer & Wagner. Private Equity Funds: Valuation, Systematic Risk and Illiquidity, 2009, 42. 
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The long run mean �̂� is then given by the sample average 

 

  �̂�  =  
1

𝑁
∑ 𝑀𝑗

𝑁
𝑗=1                                                             (2.46) 

where N is the number of funds. 33 

 

Estimation of �̂�𝒑
𝟐 

To calculate �̂�𝑝
2 we first need to calculate the variance of the log capital distributions, 𝑃𝑘,𝑗

∆𝑡 , in 

every time interval [𝑡𝑘−1, 𝑡𝑘], where k is a discrete point in time 

 

σ̂𝑘
2 = ln [

1

𝑁
∑ (𝑃𝑘,𝑗

∆𝑡 )2] − 2 ln𝑁
𝑗=1 [

1

𝑁
∑ (𝑃𝑘,𝑗

∆𝑡 )2] 𝑁
𝑗=1                                (2.47) 

 

By using, σ̂𝑘
2 we can calculate σ̂p

2     

 

                                                         σ̂p
2  =  ∑ ( 

1

𝑁
∑ 𝑃𝑘,𝑗

∆𝑡𝑁
𝑗=1

�̂�

𝑀
𝑘=1 σ̂𝑘

2  )                                        (2.48) 

 
Where M is the lifespan of the funds, N is number of funds and k is a discrete point in time. 34 

 

2.7 Validation and comparison of the models 
The theory for validating and comparing the models is presented in this section. 

 

2.7.1 Coefficient of determination 
The coefficient of determination is a statistical measure also known as R2, which it will be 

referred to as in this thesis. R2 is a measure that indicates how well a model works compared 

to a real dataset. A common way of defining R2 is that it describes the proportion of the variance 

that is explained by the dependent variable Y that is approximated by regression and the 

independent variable X (For example, X could be time). Usually, R2 is a value between 0 and 

1 where 1 means a fit of 100% and 0 means a fit of 0%. A high value is considered as such 

depending on the field that is studied. When predicting in social science, a high value is 30-40 

% but in some fields in natural science a good number is expected to be almost 100 %. It should 

be emphasized that R2 explains association, but it does not explain significance. The R2 

measure can be manipulated to a large value by adding many data points, which is good to be 

aware of. 35  

 

 

 

 

 

 

 

 

 

 

                                                      
33 Buchner, Kaserer & Wagner. Private Equity Funds: Valuation, Systematic Risk and Illiquidity, 2009, 42. 
34 Buchner, Kaserer & Wagner. Private Equity Funds: Valuation, Systematic Risk and Illiquidity, 2009, 42. 
35 Montgtomery, Peck & Vinning, Introduction to Linear Regression Analysis, 2012, 36. 
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R2 is calculated in the following way: 

 

Let �̅� be the mean of the observed data 

 

                                                             �̅�  =  
1

𝑛
∑ 𝑦𝑖

𝑛
𝑖=1                                                         (2.49)  

 

the total sum of squares is  

 

                                                          𝑆𝑆𝑡𝑜𝑡 =  ∑ (𝑦𝑖 −  �̅�)2
𝑖                                                (2.50) 

 

the sum of squares of residuals is calculated 

 

                                                          𝑆𝑆𝑟𝑒𝑠 =  ∑ (𝑦𝑖 − 𝑥𝑖)
2

𝑖                                               (2.51) 

 

where 𝑥𝑖 is predictions and 𝑦𝑖 is real observations.  

 

With the use of the formulas 2.50 and 2.51, the general definition for calculating R2 is: 

 

 𝑅2 = 1 − 
𝑆𝑆𝑟𝑒𝑠 

𝑆𝑆𝑡𝑜𝑡
                                                         (2.52)                

36 37 

 

2.7.2 Backtest 
A common way to evaluate an implemented financial model is to do a backtest. The idea of a 

backtest is to perform so called Reality checks, which is done to verify that a model is well 

calibrated. A backtest is done in one or many historical scenarios. A backtest requires historical 

data where you compare your model prediction with the actual outcome on the decided period. 

A numerical analysis is then conducted to evaluate and quantify the model’s performance. A 

weakness with historical analysis is historical autism, which means that it only considers 

history, even though the future might look different from the past. A model that is the best 

historically is not necessarily the best in the future. 38 

  

                                                      
36 Wikipedia. Coefficient of determination, 2018. https://en.wikipedia.org/wiki/Coefficient_of_determination (retrieved 2018-04-
16) 
37 Montgtomery, Peck & Vinning, Introduction to Linear Regression Analysis, 2012, 36. 
38 Jorion. Value at Risk, 2007. 
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3. Method 

In this section, the methods for implementing the models and the work with the data are 

described. Relevant limitations and assumptions are explained. In the final part of this section, 

the methods for comparing the models are explained. 

 

3.1 Data 
The Institutions private equity department has provided the data used in this project. The data 

consists of the Institutions investments in private equity funds since they started to invest in 

private equity. The data used consists of 195 different global funds started between 1999 and 

2017, all data is in local currency. Due to confidentiality, names of the funds will not be 

provided for the reader.  

 

As mentioned in Section 1.3.1, there exists different types of private equity substrategies and 

this thesis focuses on the substrategy buyouts. There are two main reasons for this. 

• Most of the Institutions private equity investments are buyout investments, which 

makes it the most relevant investment form from their perspective.  

• The fact that most of their private equity investments are done in buyouts, leads 

naturally to the second reason for the focus on buyout investments, which is that the 

Institution has the most data relating to that investment form. 

  

3.1.1 Formation of the data 
To get data on the right format for the models, the programs Excel and Matlab have been used. 

To be able to use all the data, even though the funds are of different size, all values in the data 

were standardized, as a percentage of total investable capital. We categorized the data into five 

main areas, which are relevant for the models: contributions, distributions, committed capital 

(CC), net asset value (NAV) and recallable distributions. Contributions and distributions can 

happen at any time, therefore they were summed and categorized into quarters. CC is the total 

value a LP decides to invest, which can be called by the GP on a forehand decided time in a 

private equity fund. The data consists of one CC for each fund. The NAV data consists of a 

NAV value for each quarter in every funds lifetime. The NAV valuation is done in quarters so 

no reformation to quarters of the NAV data was necessary. 

 

3.1.2 The life stage of funds 
The dataset used consists of 195 different funds. The life stage of the different funds varies, 

some are recently started while others are closed. In a perfect world all of the funds would be 

closed, which was not the case in this thesis. We choose to use all funds as using only closed 

funds would have severely limited the amount of data. The variation of the life stage between 

the funds means that there exist different amounts of data points in each timestep. For natural 

reasons, the dataset therefore contains more data points on the early stages of the funds lifetime. 

To clarify this further we provide the reader with an example: At quarter 1, there are datapoints 

for each of the 195 funds, at quarter 52, which generally is in the final years of a funds lifetime, 

there only exists 30 datapoints. This means that only 15.4 percent of the funds in the dataset 

has reached the mature lifetime of 52 quarters.  
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The fact that funds have different lifetimes makes it necessary to have a clear definition of a 

fund’s lifetime. By discussions with our tutor, the following was decided and defined: 

 

- The start of a fund, t=0, is when the first relevant action is reported. A relevant action 

is a NAV value that is not zero or the first contribution or distribution. 

- The last data point of each fund is the last reported relevant action. This is important 

as some funds in the dataset are still open. 

 

3.1.3 Net Asset Value (NAV) 
Due to inconsistent ways of reporting NAV through the Institutions history investing in private 

equity, some quarterly NAV values were missing in the data. A fund should have a NAV value 

for each quarter during its whole lifetime. To handle missing NAV’s, they have been calculated 

in accordance to equation 2.1 in Section 2.1. A problem with calculating NAV’s with the 

formula, is that negative NAV’s can occur when funds on rare occasions make early 

distributions. Negative NAV’s do not exist in reality, therefore, negative NAV-values were set 

to zero in the dataset. 

 

3.1.4 Recallable distributions and total investable capital (TIC) 
Recallable distributions are a part of the private equity business. When they occur, the amount 

of unfunded capital increases for the LP. Due to inconsistent ways of categorizing distributions 

if it is a recallable distributions or an ordinary distribution, some funds total recallable 

distributions could not be calculated. The effect the missing values have on the models tested, 

is that the funds with missing values have untrue total investable capital.  

 

It is important to keep track of each fund’s recallable distributions, because otherwise, total 

accumulated contributions might exceed TIC, which is not a realistic attribute. The Stochastic 

model and the Yale model both assume that the accumulated contributions should not exceed 

total investable capital. If recallable distributions are missing, there is a high risk that funds, 

especially funds that are in their middle age or older, will have accumulated contribution higher 

than the initial committed capital, which violates the assumption of the models. 

 

To minimize the problem of missing recallable distributions, a total recallable average ratio 

was calculated on the funds with recallable data. The average recallable distribution was 

calculated to 18 % on our dataset, which gives a recallable ratio of 1.18. The funds with 

recallable data has a total investable capital equaling the sum of committed capital and 

recallable distributions. Funds with incomplete recallable data have a total investable capital 

equaling the product of committed capital and the recallable ratio of 1.18. The missing 

recallable data for some funds is one of our general limitations. 
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3.2 The Yale model 
The Yale model is a model created by Takahashi and Alexander (2001), which is the model 

the Institution is using today to simulate future cash flows. They have implemented the model 

in Excel but we have implemented it in Matlab, because our data was formatted in that program 

and we have more experience using that program.  

 

3.2.1 Model construction and parameter estimation 
The Yale model was constructed according to the theory in Section 2.3. The key for 

implementing the model successfully is a good estimation of the parameters. The parameters 

relevant for the model were estimated by the least squares method and by business knowledge 

provided by our tutor at the Institution and trustworthy literature. The relevant inputs for the 

Yale model are: rate of contribution (RC), committed capital (CC), growth rate (G), bow factor 

(B), yield (Y) and lifetime of a fund (L). 

 

The Yale model requires a general form of rate of contribution, as this is necessary for the 

projection of contributions. This has been solved by calculating each funds rate of contribution 

at every quarter. The parameter was estimated using equation 2.9, using the contributions and 

unfunded capital for the full dataset. The result of that estimation is presented in appendix. 

 

The method of defining committed capital is not straight forward. The Yale model and the 

Stochastic model have different ways of defining committed capital. In the Yale model it is 

defined as CC and is defined in this thesis, i.e. the beforehand agreed amount the LP commits 

to pay the GP. In the Stochastic model it is defined as the total amount the LP pays to the GP, 

which means CC and recallable distributions. Both models have the assumption that paid in 

capital cannot exceed committed capital. In order to not violate that assumption or compromise 

the comparison between the models, we had to have a general definition for committed capital 

for both models, which we define as total investable capital (TIC). Where recallable 

distributions are added to CC if they are known, and if they are unknown, CC is multiplied 

with the recallable distribution ratio 1.18. For further details, see Section 3.1.4. To summarize, 

CC in the Yale model is redefined as TIC to not violate important assumptions of the model. 

  

The bow and the lifetime factor were estimated simultaneously by using the method of least 

squares. Looking at equation 2.10, 𝑥𝑖 is observed distributions from our data and 𝑚𝑖(𝜃) is the 

result of equation 2.6, i.e. the predicted distributions by the Yale model for a certain bow and 

lifetime value. The parameter 𝑚𝑖(𝜃)* minimizes equation 2.10 and gives us the optimal values 

for the parameters bow and lifetime. The result of the parameter estimation is presented in 

Section 4.1. The parameter growth rate was estimated to 12% on a yearly basis from the 

Institution’s historical data. Another relevant business standard in private equity is to set the 

yield to 0% for buyout funds. 39 

  

                                                      
39 Takahashi & Alexander. Illiquid alternative asset fund modeling, 2001, 6 



 

24 
 

3.3 The Stochastic model 
The stochastic model is a model the Institution has not used before. When implementing this 

model, we have strictly followed the article presenting the model by Buchner, Kaserer and 

Wagner (2010), see theory Section 2.4. The model was implemented in the program Matlab.  

 

3.3.1 Model construction and parameter estimation 
The model is implemented in two parts, the contributions and the distributions are implemented 

independently which is a difference from the Yale model. The contribution and distributions 

parts should also be divided into two main parts. The authors have constructed one part of the 

model for expected value and one with Monte Carlo processes that generate paths.  

 

As the committed capital was replaced with total investable capital for the Yale model, this is 

a necessary assumption to make here as well. Therefore, the committed capital is multiplied 

with the recallable ratio of 1.18, if recallable distributions are missing for the fund. If a fund is 

terminated with known recallable distributions, TIC is calculated with the actual data by the 

definition in Section 2.1. When estimating parameters for the Stochastic model, CC is defined 

as TIC for the Stochastic model, in the same way as in the Yale model with the same 

motivation, see Section 3.2. 

Contribution 

To estimate the model parameters 𝜃, κ and the volatility of the rate of contribution, the expected 

value of cumulated contributions was used on the full dataset, see equation 2.14. The estimation 

of the contribution parameters was done by a conditional least squares methodology, see 

Section 2.6. Because of the dynamics of our dataset, where we have fewer data points in the 

later stages of the funds lifetimes, the parameter estimation for the model had to be constrained 

to 27 timesteps. When we exceeded 27 steps, the estimation became unstable with unrealistic 

results. 

 

Expected Value method  

The expected value of contributions was implemented according to the theory in Section 2.4.1. 

The formula for calculating expected value of cumulative contributions is equation 2.14. When 

calculating the expected value, the estimated parameters were used. Since it is expected value 

that is calculated, there is no need to generate paths, which makes this part of the model very 

time efficient. 

 

Monte Carlo method 

The Monte Carlo method for generating paths was implemented according to theory in Section 

2.4.1. The Monte Carlo generating formula for instantaneous contributions, equation 2.12, was 

used for simulation of future paths from a given point in time. In the simulation of this equation, 

the Trapezoidal rule for integration was used, see Section 2.5 and equation 2.27. To get a 

significant result for the Monte Carlo method, 500 paths were generated. The decision was 

made together with our tutor looking at a time aspect without compromising the credibility of 

the result. When making this decision we first tried more simulations, which did not affect the 

results significantly, therefore we decided to go with 500 paths as this were considered enough 

by our tutor and us. 
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Distribution 

To estimate the model parameters for distributions, the expected value of instantaneous 

distributions, see equation 2.24, was used on the full dataset. The alpha parameter was 

estimated using a conditional least square methodology, see Section 2.6.2. The parameter M, 

the long run multiple of cumulated distributions was estimated by calculating the average long-

run value of cumulated distributions of the mature funds in the dataset, see equation 2.46. The 

variance of capital distributions was estimated using equation 2.48. The result of the parameter 

estimation can be seen in Section 4.1.2. To be consistent, we used 27 timesteps when estimating 

the distribution parameters as we did for when estimating the contribution parameters for the 

Stochastic model. 

 

Expected Value method  

The expected value of distributions was implemented according to theory in Section 2.4.2. The 

expected value of instantaneous distributions, see equation 2.24, generates the prediction using 

the estimated parameters. Since expected value is calculated, there is no need to generate paths. 

Which makes the expected distributions part of the model, like the expected contribution part, 

very time efficient. 

 
Monte Carlo method 

The Monte Carlo method for distributions was implemented according to theory in Section 

2.4.2. The Monte Carlo generating formula for instantaneous distributions, see equation 2.25, 

was used for the simulation of future paths together with the estimated parameters. Like for the 

Monte Carlo method for contributions, 500 paths were generated with the same motivation. 

3.4 Evaluation and comparison of the models 

To evaluate the two models we did two tests, R2- test and backtest. In this section, the 

methodology for the tests will be explained. Apart from the two tests, plots were also made to 

visualize the models. 

 

3.4.1 R2- test 
To evaluate the two models, R2 values were calculated for the models according to theory in 

Section 2.7.1. The R2 values were calculated on the whole dataset. To do that, it was necessary 

to put all funds in the dataset to each fund’s time zero. When the data was in that form, all 

funds were put together to a portfolio. Each fund’s lifetime in the portfolio was defined 

according to section 3.1.2. The portfolio was then used in the two models which was compared 

with the actual outcome.  

 

The formulas for calculating expected value in section 3.3 was used. The decision to calculate 

the expected value was made, because the Institution was not interested in calculating quantiles 

on the full dataset. The reason for this is that the full dataset portfolio is a made up portfolio. 

They have never had a portfolio in that form, so calculating quantiles for it was considered 

irrelevant.  

 

When the two model’s predictions were made, the predictions were compared to the actual 

outcome and R2- values was calculated. 
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3.4.2 Backtest 
To compare and evaluate the models, three different historical periods were chosen to backtest 

the models on. This was decided with consideration to the dataset, we only wanted to test 

periods where we had much data points.  

The following periods were decided: 

 

- 2008-01-01 to 2013-01-01 

- 2010-01-01 to 2015-01-01 

- 2012-01-01 to 2017-01-01 

 

First, the active funds at each starting point was picked out into one portfolio. A backtest was 

then conducted on the portfolios on the chosen periods with the Yale model and Stochastic 

model. Even though the models gives quarterly predictions, we decided to compare the 

predictions on a yearly basis. This decision was made, as the Institution is only interested in 

full years and not the prediction of a certain quarter, since predictions of a certain quarter is 

considered too unstable. The Yale model was implemented according to Section 3.2 and the 

Stochastic- model according to Section 3.3. In the backtest, the Stochastic model was Monte- 

Carlo generated. The decision to Monte- Carlo generate the Stochastic model was made, 

because the portfolios tested are actual portfolios the Institution have held in history. Therefore, 

it was relevant to use the Stochastic model like the Institution wants to use it in the future, 

which is to Monte- Carlo generate the Stochastic model, so they can calculate quantiles. The 

result of the two model predictions was then compared to the actual outcome of the portfolio. 
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The periods mentioned above gave us the following portfolios: 

 

2008 portfolio:  
 

 
Figure 2: Bar diagram representing the number of funds for each vintage in the 2008 portfolio 

 

1999 2000 2001 2002 2003 2004 2005 2006 2007 Total 

1 2 7 15 7 6 12 16 34 100 
Table 1: The amount of funds in each vintage year 
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2010 portfolio :  

 
Figure 3: Bar diagram representing the number of funds for each vintage year in the 2010 portfolio 

1999 2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 Total 

1 2 7 14 7 6 12 16 34 26 2 127 
Table 2: The amount of funds in each vintage year 
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2012 portfolio :  

 
Figure 4: Bar diagram representing the number of funds for each vintage year in the 2012 portfolio 

1999 2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010 2011 Total 

1 1 7 13 7 6 12 16 34 26 2 4 5 134 
Table 3: The amount of funds in each vintage year 

 
Figure 2 is a diagram of the 2008 portfolio to display the vintage year of the funds in the 2008 

portfolio. The corresponding values to the diagram are presented in Table 1. Figure 3 is a 

diagram of the 2010 portfolio to display the vintage year of the funds in the 2010 portfolio. The 

corresponding values to the diagram are presented in Table 2. Figure 4 is a diagram of the 2010 

portfolio to display the vintage year of the funds in the 2012 portfolio. The corresponding 

values to the diagram are presented in Table 3. Note that in Table 1, 2 and 3 the number of 

active funds a given year may be different in the three portfolios as funds may have terminated 

when the next scenario is generated. 
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4. Results 

In this section of the thesis, we will present the results of the parameter estimations for the 

models and results for both models on the full dataset simulation and the backtest. 

 

4.1 Parameter estimation results 
In this part of the thesis, the results of the parameter estimation are presented. We have used 

the described theory and method in this estimation. 

 

4.1.1 Yale model parameters 
 
Bow = 1.2611 

Lifetime = 193 (In quarters) 
Table 4: Estimated parameters for the Yale model 

 
Figure 5: Minimization surface plot of parameter estimation for the Yale model parameters Bow and lifetime L. 
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Figure 5 shows the area plot of the least squares error estimation of the Yale parameters bow, 

B, and lifetime, L. The z-values describes the function value of the minimization function, see 

equation 2.10, given the value of the input parameters bow and lifetime are represented on the 

x and y- axis. The axes do not represent the values of the parameters but the range of steps in 

the minimization loop. The y- values represents the range of the parameter L that ranges from 

80 to 120 quarters, with stepsize 0.1. The x-values represent the range of the B parameter which 

ranges between values 0.8 to 2, with stepsize 0.01. The red dot in the figure represent the set 

of x and y coordinates that minimizes the z surface. The values of bow and lifetime that are 

corresponding can be seen in Table 4. 

 

4.1.2 Stochastic model parameters 
 

Contribution Parameters 

𝜿   5.06 

Tetha (𝜽)  0.24 

Sigma  5.9889 
Table 5: Estimated contribution parameters for the Stochastic model 

 
Figure 6: Minimization surface plot of parameter estimation for the Stochastic model parameters theta and kappa. 

Figure 6 shows the minimization area plot of equation 2.31. The z-values describes the function 

value given the value of the input parameters kappa and theta that are represented on the x and 

y- axis. The y-axis represent the range of steps for the parameter  , which ranges from 0 to 10, 

with stepsize 0.001. The x-axis represent the range of steps for the parameter 𝜃, which ranges 

from 0 to 1, with stepsize 0.0001. The axes do not represent the values of the parameters but 

the range of steps in the minimization loop. The red dot in the figure represent the set of x and 

y coordinates that minimizes the z surface. The values of theta and kappa that are corresponding 

to these coordinates can be seen in Table 5. 
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Distribution Parameters 

M  1.8520 

Alpha  0.0177 

Sigma  0.7938 
Table 6: Estimated distribution parameters for the Stochastic model 

In table 6, the parameter estimation of alpha and sigma for the Stochastic model is presented.  

 

4.2 Yale model 
 

 

 

 
Figure 7: Yale model simulation on full dataset 

In Figure 7, the Yale model prediction on the full dataset is compared to actual data. In table 

7, the calculated R2 values are presented. The dotted lines represent the Yale model and the 

other the actual data. 

 

 

 

 

 

 

 

Full dataset Yale model 

Contribution 0.9997 

Distribution 0.9909 
Table 7: R2 test on the full dataset for the Yale model 
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4.3 Stochastic model 
 
Full dataset Stochastic model 

Contribution 0.9757 

Distribution 0.9671 
Table 8: R2 test on the full dataset for the Stochastic model 

 

 
Figure 8: Stochastic- model simulation on full dataset 

In figure 8, the Stochastic model prediction on the full dataset is compared to the actual 

outcome. In table 8, the calculated R2 values are presented. The dotted lines represent the 

Stochastic model and the other the actual data. 

 
 
 
 
 
 
 
 
 
 
 
 



 

34 
 

4.4 Backtest 
The backtest results on the portfolios presented in Section 3.4.2 are presented in this section. 

 

4.4.1 Backtest 2008 

 
Figure 9: Backtest of contributions starting 2008, where the red line represent the Stochastic model’s prediction, 
the black line the Yale model’s predictions and the blue line the actual outcome.  

2008 Stochastic model 
contributions 

Real contributions Difference 

Year 1 14.4198 12.6705 1.7493 

Year 2  9.7170 6.5386 3.1784 

Year 3  6.8825 7.7684 -0.8859 

Year 4  4.8073 6.7315 -1.9242 

Year 5  3.3901 4.3141 -0.9240 

Total 39.2167 38.0231 1.1936 
Table 9: Backtest values for the Stochastic model (Buchner) starting 2008 

2008 Yale model 
contributions 

Real contributions Difference 

Year 1 11.2039 12.6705 -1.4666 

Year 2  9.4503 6.5386 2.9117 

Year 3  8.4881 7.7684 0.7197 

Year 4  6.3116 6.7315 -0.4199 

Year 5  4.4485 4.3141 0.1344 

Total 39.9024 38.0231 1.8793 
Table 10: Backtest values for the Yale model starting 2008 
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Figure 10: Backtest of distributions starting 2008, where the red line represent the Stochastic- model’s prediction, 
the black line the Yale model’s predictions and the blue line the actual outcome. 

2008 Stochastic model 
distributions 

Real distributions Difference 

Year 1 7.3679 8.9634 -1.5955 

Year 2  9.2355 4.5183 4.7172 

Year 3  10.7062 9.2069 1.4993 

Year 4  11.7044 9.7161 1.9883 

Year 5  12.2548 11.7333 0.5215 

Total 51.2688 44.1380 7.1308 
Table 11: Backtest values for the Stochastic model (Buchner) starting 2008 

2008 Yale model 
distributions 

Real distributions Difference 

Year 1 8.1695 8.9634 -0.7939 

Year 2  10.3691 4.5183 5.8508   

Year 3  12.5996 9.2069 3.3927 

Year 4  14.4428 9.7161 4.7267 

Year 5  15.3582 11.7333 3.6248 

Total 60.9392 44.1380 16.8012 
Table 12: Backtest values for the Yale model starting 2008 

In figure 9, the backtest result for the 2008 portfolio contributions is presented. The 

corresponding yearly values are presented in Table 9 and 10. In figure 10, the backtest result 

for the 2008 portfolio distributions is presented. The corresponding yearly values are 

presented in Table 11 and 12. 
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4.4.2 Backtest 2010 

 
Figure 11: Backtest of contributions starting 2010, where the red line represent the Stochastic model’s prediction, 
the black line the Yale model’s predictions and the blue line the actual outcome. 

2010 Stochastic model 
contribution 

Real contributions Difference 

Year 1 12.8223 11.6477 1.1746 

Year 2  8.6619 12.0257 -3.3638 

Year 3  6.1093 7.9339 -1.8246 

Year 4  4.2406 3.8528 0.3878 

Year 5  2.9684 2.9338 0.0346 

Total 34.8025 38.3939 -3.5914 
Table 13: Backtest values for the Stochastic model (Buchner) starting 2010 

 

2010 Yale model 
contributions 

Real contributions Difference 

Year 1 13.2910 11.6477 1.6433 

Year 2  10.7958 12.0257 -1.2299 

Year 3  8.1047 7.9340 0.1707 

Year 4  4.5707 3.8528 0.7179 

Year 5  2.5982 2.9338 -0.3356 

Total 39.3604 38.3940 0.9664 
Table 14: Backtest values for the Yale model starting 2010 
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Figure 12: Backtest of distributions starting 2010, where the red line represent the Stochastic model’s prediction, 
the black line the Yale model’s predictions and the blue line the actual outcome. 

2010 Stochastic-model 
distributions 

Real distributions Difference 

Year 1 12.8945 9.6907 3.2038 

Year 2  14.7181 11.6331 3.0850 

Year 3  15.9177 15.4126 0.5051 

Year 4  16.5176 20.9290 -4.4114 

Year 5  16.5242 23.7544 -7.2302 

Total 76.5721 81.4198 -4.8477 
Table 15: Backtest values for the Stochastic model (Buchner) starting 2010 

2010 Yale model 
distributions 

Real distributions Difference 

Year 1 11.5544 9.6907 1.8637 

Year 2  14.2825 11.6331 2.6494 

Year 3  16.5342 15.4126 1.1216 

Year 4  17.2092 20.9290 -3.7198 

Year 5  16.8403 23.7544 -6.9141 

Total 76.4205 81.4198 -4.9992 
Table 16: Backtest values for the Yale model starting 2010 

 

In figure 11, the backtest result for the 2010 portfolio contributions is presented. The 

corresponding yearly values are presented in Table 13 and 14. In figure 12, the backtest result 

for the 2010 portfolio distributions is presented. The corresponding yearly values are presented 

in Table 15 and 16. 
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4.4.3 Backtest 2012 

 
Figure 13: Backtest of contributions starting 2012, where the red line represent the Stochastic model’s prediction, 
the black line the Yale model’s predictions and the blue line the actual outcome.  

 

2012 Stochastic model 
contributions 

Real contributions Difference 

Year 1 9.3964 9.3483 0.0481 

Year 2  6.2462 5.3951 0.8511 

Year 3  4.4412 4.2538 0.1874 

Year 4  3.0683 2.9443 0.1240 

Year 5  2.1844 1.6165 0.5679 

Total 25.3365 23.5580 1.7785 
Table 17: Backtest values for the Stochastic model (Buchner) starting 2012 

2012 Yale model 
contributions 

Real contributions Difference 

Year 1 9.5702 9.3483 0.2219 

Year 2  5.9963 5.3951 0.6012 

Year 3  3.8967 4.2538 -0.3571 

Year 4  2.5429 2.9443 -0.4014 

Year 5  1.7228 1.6165 0.1063 

Total 23.7289 23.5580 0.1709 
Table 18: Backtest values for the Yale model starting 2012 
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Figure 14: Backtest of distributions starting 2012, where the red line represent the Stochastic model’s prediction, 
the black line the Yale model’s predictions and the blue line the actual outcome. 

2012 Stochastic model 
distributions 

Real distributions Difference 

Year 1 16.6879 15.4744 1.2135 

Year 2  17.5942 21.7350 -4.1408 

Year 3  17.9069 24.1504 -6.2435 

Year 4  17.6038 18.1037 -0.4999 

Year 5  16.8210 12.8075 4.0135 

Total 86.6138 92.2710 -5.6572 
Table 19:  Backtest values for the Stochastic model (Buchner) starting 2012 

2012 Yale model 
distributions 

Real distributions Difference 

Year 1 19.9722 15.4744 4.4978 

Year 2  19.9475 21.7350 -1.7875 

Year 3  19.1795 24.1504 -4.9709 

Year 4  17.5052 18.1037 -0.5985 

Year 5  14.8236 12.8075 2.0161 

Total 91.4280 92.2710 -0.8432 
Table 20:  Backtest values for the Yale model starting 2012 

In figure 13, the backtest result for the 2012 portfolio contributions is presented. The 

corresponding yearly values are presented in Table 17 and 18. In figure 14, the backtest result 

for the 2012 portfolio distributions is presented. The corresponding yearly values are presented 

in Table 19 and 20. 
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5.  Analysis 

The purpose of this thesis was to increase our and the institutions knowledge in cash liquidity 

management for private equity funds. To do so, the following objectives was set: 

 

• Configure their current model, the Yale model, to recent data. 

• Implement a new model, the Stochastic model. 

• Analyze and compare the two models. 

 

In this section, the results of this thesis will be compared in the light of objectives that was set. 

 

5.1 Evaluation of the Yale model 
As the Institution already had the Yale model implemented, our aim was to improve that model 

and configure it to recent data. The differences between our improvements and the old version 

of the Yale model was that we had a more mathematical approach to the parameter estimation 

and updated it to recent data. Their old version of the Yale model had its parameters estimated 

by a visual estimation based on an older version of the dataset.  

 

We had access to more recent data, which we used for our estimation of the Yale parameters 

bow and lifetime. We chose to do a least squares estimation to optimize these parameters, 

because it is a more objective way of doing the estimation than by visualization. The result of 

the parameter estimation can be seen in the surface plot in Figure 5, which shows the 

minimization functions results and the optimal values of the parameters can be seen in Table 

4.       

 

The optimal parameters were then used throughout this project for the Yale model. It is hard to 

compare the performance of the new configuration with the old objectively, as the new 

configuration is estimated on more recent data. The last time the Institution did the 

configuration was a couple of years ago which makes it hard to do a fair comparison between 

the configurations. It would be difficult to do a backtest of the two versions to compare them 

as it would be hard to find a non-biased time period for the models. 

 

The objective comparison between the configurations is hard to tell but as one can see in Table 

7 and Figure 7, the model performs well compared to the actual dataset. The high values of the 

R2 test indicates that the Yale model is well configured compared to the dataset, which is 

visualized in Figure 7. This indicates a successful parameter estimation and implementation of 

the new configuration of the Yale model.    

 

Even though a comparison of the two configuration is difficult to do, the fact that the new 

configuration was done with a more objective method and on a more recent dataset, with good 

R2 values as result, indicates that the configuration was successful.  

 

5.2 Evaluation of the Stochastic model  
The objective was to implement and configure the Stochastic model. The result of the 

parameter estimation can be seen in Section 4.1.2. The result of the implementation is displayed 

in Table 8 and Figure 8. According to theory, the R2 value should be close to one. The R2 values 

are relatively high but leaves some room for improvement. In Figure 8, one can see that the 

model predicts too high contributions and distributions in the beginning. The distribution 
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outcome of the model also deviates from the actual data at the end of the portfolio’s lifetime. 

A reason for the decline in performance for the Stochastic model might be that the model is 

estimated with a set of mainly younger funds. This causes a problem in the latter part of the 

model as there are fewer data points, because of the lack of mature funds. The flaws of the 

Stochastic model makes the performance of it unstable, depending on the stage in lifetime of 

the funds in the portfolio. 

  

The values in Table 8 shows that the model does not optimally represent the actual data. A 

factor that might improve the Stochastic model is if the parameter estimation would have been 

done on a larger dataset. The biggest flaw in the estimation was that the used dataset consisted 

of too few mature funds. This might be the reason for the estimation problem mentioned in 

Section 3.3, where we only could use 27 timesteps for a stable estimation. This implicated that 

the estimation might not be representative of the full dataset or certainly not considered 

optimal. The estimation, and therefore the model, is probably improved with a more mature 

and bigger dataset. We know that we have implemented the model correctly since we have 

replicated some of the results in the article by Buchner, Kaserer & Wagner (2010), but we 

cannot confirm that our implementation of the estimation is flawless. Although, we do know 

that we have a decent estimation looking at figure 8, even though the estimation is done with a 

dataset with known limitations. The conclusion is therefore that it is probable that the flaws of 

the model is caused by limitations in the data or by one of our assumptions. 

 

Even though the current parameter estimation is not optimal, the Stochastic model shows a lot 

of potential. The model has decent R2 values and there exists some theoretical aspects that are 

useful from a liquidity management perspective. The attribute to be able to calculate the 

quantiles of the simulated paths is desirable in risk management. Another trait of the Stochastic 

model is that contributions and distributions are modeled independently which makes the 

model smooth to adjust, which is a difference from the Yale model where the contributions and 

distributions are dependent. 

 

5.3 Comparison between the two models 
In Section 4.4, one can see the result of the backtest for the two models over the three chosen 

periods 2008, 2010 and 2012. 

 

• In Table 9 and 10, one can see the projected contributions of the two models in the 2008 

backtest. In this period, the total difference is lower for the Stochastic model but the 

absolute difference in each single year is lower for the Yale model. In Table 11 and 12, 

the corresponding results for distributions are presented. As it was with contributions, 

the total difference in distributions for the Stochastic model is lower than the Yale 

model.  

 

 

• Table 13 and 14 presents the 2010 backtest result for contributions. In this period, the 

Yale model has a lower total difference than the Stochastic model. Table 15 and 16 

presents the corresponding values for distributions. The total difference for the 

Stochastic model is slightly lower than the Yale model. 
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• Table 17 and 18 presents the 2012 backtest results for contributions. In this test, the 

total difference is lower for the Yale model than it is for the Stochastic- model. Table 

19 and 20 shows the corresponding values for distributions. The total difference in 

distributions is lower for the Yale model than the Stochastic model. 

 
Looking at the three backtests, the Yale model has performed better than the Stochastic model, 

except for the 2008 backtest where the Stochastic model performed better. As mentioned in 

Section 5.2, a reason for the decline in performance for the Stochastic model might be that the 

dataset the model is estimated with consists of mainly younger funds. This would explain why 

the Stochastic model performs better in the 2008 backtest over the later ones, as that dataset 

consists of more young funds. Looking at Figure 2, 3 and 4 one can see that the number of new 

investment has a downward trajectory. Figure 4 shows the 2012 portfolio where very few new 

investments were made in relation to previous years.  

 

Looking at Figures 10, 12 and 14, one can see that the distribution projection curve gets less 

volatile for each backtest. This attribute is explained by the characteristics of the model. 

Looking at Figure 8, the distribution curve is almost linear from around quarter 23. This 

explains that the backtest projections gets flatter for each test as the projected portfolio 

consists of less and less younger funds. The Yale model is not suffering the same problem 

when analyzing the same figures. 

 

Generally, both of the models make more accurate predictions for contributions than it does 

for distributions. Looking at the tables in Section 4.4, the total difference in contributions is 

lower than distributions for all backtests for both models. This means that both models are 

projecting contributions better than distributions. When comparing the two model’s ability to 

predict contributions the Yale model is better in 2 out of the 3 tests. Even though the Yale 

model is a bit better than the Stochastic model, both models are still predicting contributions 

in a satisfactory way. When analyzing the R2- test and the backtest, it should be considered that 

we have used the same dataset for the conducted tests as we used for the parameter estimation. 

It would have been interesting to conduct the tests of the models using a different dataset, since 

we believed that using the same dataset give the Yale model an advantage. The parameter rate 

of contribution is directly estimated from the same dataset as we did the R2- test on. This is 

clear when looking at the predicted contributions in figure 7, which are almost perfect 

compared to the real observations. It is reasonable to believe that the Yale model would not 

perform as good with another dataset of observations. 

 

A central part of our analysis has been the heavy decline of new investments from the 

Institution after 2008. A reasonable conclusion for the heavy decline compared to previous 

years which peaked in 2007 with 34 new investments, is the financial crisis in 2008. The crisis 

created an unstable market, which made investors restrictive to new investments. The reason 

for the bad projections of distributions in the 2008 backtest, see figure 10, is probably also 

explained by the crisis which caused liquidity problems for the funds. The two models 

prediction are too optimistic compared to the actual outcome and the reason for that is 

unusually small distributions due to the effects of the crisis. 

 

Another way to compare the models, beside from the tests we have conducted, is to look at two 

models required input parameters. For players on the private equity market, the data available 

can be highly decisive when deciding which model to use and implement. There is one main 

difference between the models. The Stochastic model requires the historical rate of contribution 



 

43 
 

of a fund to calculate future contributions. The Yale model on the other hand requires that the 

user keeps track on how much contributions the LP has committed at a certain time t, to 

calculate future contributions. Depending on how the user of the models have collected data 

throughout history, this might be a very important factor to consider when deciding which 

model to use. 

 

Comparing the models from an implementation perspective there is one advantage with the 

Stochastic model. The contribution and distribution parts of the model are implemented 

independently. This makes the model easier to adjust if the environment on the market is 

changing. The Yale model is implemented in a way where the contributions and distributions 

are dependent of each other, which makes it harder to adjust smoothly. 

 

To summarize the comparison of the analysis, the Yale model performs better than the 

Stochastic model on the tests we have conducted. Although, there is some theoretical 

advantages with the Stochastic model. The contribution and distribution part is implemented 

independently and it is possible to calculate quantiles with the model, which gives it advantages 

compared to the Yale model. A bigger dataset could improve the parameter estimation and 

therefore the model, which would improve the performance of the Stochastic- model in the 

tests we have conducted in this thesis. 

 

5.4 Conclusions 
The purpose of this thesis was to increase our and the Institutions knowledge in cash flow 

simulation of investments in private equity. To reach this, the following objectives were set: 

 

• Configure their current model, the Yale model, to recent data.  

• Implement a new model, the Stochastic model. 

• Analyze and compare the two models. 

 

With the above analysis in mind we consider that the objectives of the thesis have been fulfilled, 

which indicated that the purpose, to increase our and the Institutions knowledge in cash flow 

simulation, has been reached. 

 

To conclude this thesis, we have a few suggestions for further studies in the field of cash flow 

simulation in private equity. It would be interesting to perform the same tests with the same 

parameters as in this thesis on a different dataset. It would also be interesting to estimate the 

parameters on a new, preferably bigger and more mature, dataset of funds. This thesis tested 

the investment form in private equity funds with the substrategy buyouts. With a big enough 

dataset of different types of substragies, the same models could be tested on another sub- 

strategy. All of the above mentioned suggestions for further studies would be interesting to 

compare with the results and conclusions of this thesis. 
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6. Appendix 

Rate of contribution: 
 

1 2 3 4 5 6 7 8 9 10 

0,0555
97 

0,0435
14 

0,0440
52 

0,0583
22 

0,0537
68 

0,0391
34 

0,0491
12 

0,0620
64 

0,0629
95 

0,0739
81 

 

11 12 13 14 15 16 17 18 19 20 

0,0651
18 

0,0736
12 

0,0808
92 

0,0832
72 

0,0784
31 

0,0706
55 

0,0874
55 

0,1199
11 

0,0771
34 

0,0777
76 

 

21 22 23 24 25 26 27 28 29 30 

0,08753
9 

0,05979 0,05052
9 

0,05489
7 

0,06289 0,03485 0,05500
6 

0,03292
1 

0,0326
8 

0,03780
1 

          

31 32 33 34 35 36 37 38 39 40 

0,0230
95 

0,0358
62 

0,0383
81 

0,0166
57 

0,0325
14 

0,0259
68 

0,0230
02 

0,0148
35 

0,028
92 

0,0181
22 

 

41 42 43 44 45 46 47 48 49 50 

0,0265
38 

0,0313
61 

0,0180
72 

0,0191
84 

0,0177
32 

0,0073
51 

0,0116
43 

0,0033
24 

0,0140
09 

0,0218
35 
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