
 
 

A Comparison of Three Methods of 
Estimation Applied to 

Contaminated Circular Data 

ANTON BRÄNNSTRÖM 

 

 

 

Master Thesis in Statistics, 15 hp 

Spring Term, 2018 



1 

 

[Year] 

 

 

Contents 
1. Introduction ........................................................................................................................ 4 

2. Directional statistics ........................................................................................................... 6 

2.1 Overview of directional statistics ..................................................................................... 6 

2.2 The von Mises distribution ............................................................................................. 10 

2.3 The contaminated von Mises distribution ...................................................................... 10 

2.4 Statistical inference on the circle.................................................................................... 11 

3. Methods of Estimation ..................................................................................................... 14 

3.1 Robust estimators ........................................................................................................... 14 

3.1 The Maximum Likelihood Estimator ............................................................................. 14 

3.2  The Generalized Spacing Estimator .............................................................................. 15 

3.3 The One-Step Minimum Hellinger Distance Estimator ................................................. 18 

4. Simulation ........................................................................................................................ 20 

4.1 Choosing 𝑚 for the GSEs .............................................................................................. 20 

4.2 The simulation process ................................................................................................... 22 

5. Results .............................................................................................................................. 23 

5.1 Estimation of the location parameter 𝜇 .......................................................................... 24 

5.2  Estimation of the concentration parameter 𝜅 ................................................................. 35 

6. Discussion ........................................................................................................................ 42 

Acknowledgements .................................................................................................................. 44 

References ................................................................................................................................ 45 

Appendix 1 -  Calculations ....................................................................................................... 47 

Appendix 1.1 Derivation of the von Mises distribution ....................................................... 47 

Appendix 1.2 Decomposition of the CDIE .......................................................................... 47 

Appendix 2 -  Complementary figures ..................................................................................... 48 

 

  



2 

 

Popular Science Summary 

In most quantitative scientific studies, the data that you are analyzing have linear properties. 

This means that the largest distance between two data points, always is between the maximum 

and the minimum value. For example, when investigating a time frame, the largest time 

difference is always between the earliest and the latest time point in the sample. But 

continuing the example of time, what if what we are really interested in is not a linear time 

frame, but a circular time frame? In other words, maybe we want to know at what time of day, 

day of week, week of month or month of year, certain events tend to occur. This means that 

the observations are no longer linear. On a clock the start of a day is located next to the end of 

the previous day and the first month of the year, January, is closer to the last month of the 

year, December, than, say June. The statistical methods that deal with this kind of data are 

called Directional Statistics. 

Whether the data is linear or circular, one of the main goals in statistics is to summarize 

information from a sample of a population, and use this to say something about the larger 

population. Often you are trying to estimate so called population parameters. In general the 

parameters’ purpose is to provide summarizing information about the characteristics of the 

data.  

When estimating population parameters you often assume that the frequency of the data 

follow a certain pattern. The assumed pattern almost never fully coincides with reality, which 

makes it important that the estimators can handle, at least small, divergences from the pattern. 

These divergences often occur when the data contain so called outliers. Outliers can be 

described as data points that, compared to the rest of the data, are assumed to belong to a 

different population with different population parameters. In practice it may be difficult to 

separate the outliers from the rest of the data. This makes the estimators’ vulnerable to the 

influence of outliers. However, estimators have been shown to differ in how sensitive they are 

to this influence. 

The purpose of this study is to compare three techniques for estimating population parameters 

on circular data. The first is one of the most well-established techniques for estimating 

population parameters, the Maximum Likelihood Estimator (MLE), and the others are called 

Generalized Spacing Estimators (GSEs) and the One Step Minimum Hellinger Distance 

Estimator (OSMHD).  

The estimators included in this study have previously been compared on linear data. The MLE 

usually produces optimal or nearly optimal estimations, as long as the sample size is large and 

the data follow the assumed pattern. However, in situations where the data contain outliers it 

tends to not perform as well. Previous studies indicate that certain GSEs and the OSMHD 

tend to produce more reliable estimations of population parameters in these situations. 

Therefore it is of interest to investigate if the same implications can be found on circular data 

containing outliers. 

The results show that the MLE, closely followed by the OSMHD, performs the best when no 

outliers are present, while some of the GSEs tend to perform better when outliers are present.  
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Abstract 

This study compares the performance of the Maximum Likelihood estimator (MLE), 

estimators based on spacings called Generalized Maximum Spacing estimators (GSEs), and 

the One Step Minimum Hellinger Distance estimator (OSMHD), on data originating from a 

circular distribution.  

The purpose of the study is to investigate the different estimators’ performance on directional 

data. More specifically, we compare the estimators’ ability to estimate parameters of the von 

Mises distribution, which is determined by a location parameter and a scale parameter. For 

this study, we only look at the scenario in which one of the parameters is unknown. The main 

part of the study is concerned with estimating the parameters under the condition, in which 

the data contain outliers, but a small part is also dedicated to estimation at the true model. 

When estimating the location parameter under contaminated conditions, the results indicate 

that some versions of the GSEs tend to outperform the other estimators. It should be noted 

that these seemingly more robust estimators appear comparatively less optimal at the true 

model, but this is a tradeoff that must be made on a case by case basis. Under the same 

contaminated conditions, all included estimators appear to have seemingly greater difficulties 

estimating the scale parameter. However, for this case, some of the GSEs are able to handle 

the contamination a bit better than the rest. In addition, there might exist other versions of 

GSEs, not included in this study, which perform better. 

Sammanfattning 

Titel: En jämförelse av tre skattningsmetoder applicerade på kontaminerade cirkulära 

data  

Denna studie jämför prestationen hos maximum likelihood estimatorn (MLE), en klass av 

estimatorer baserade på spacings kallade ”generalized spacing estimators” (GSEs) och en 

estimator kallad ”the one-step minimum Hellinger distance estimator” (OSMHD), på 

cirkulära data. 

Syftet med studien är att undersöka estimatorernas prestation på cirkulära data. Mer specifikt, 

jämförs estimatorernas förmåga att skatta parametrar av en von Mises fördelning, vars 

parametrar består av en lägesparameter och en skalparameter. Vi tittar endast på fallet när 

endast en parameter är okänd. Fokuset ligger främst på att skatta parametrar under 

förhållanden där datamaterialet innehåller outliers, men vi dedikerar även en del av studien till 

att jämföra estimatorernas prestation när fördelningsmodellen är sann.  

Vid skattning av lägesparametern, indikerar resultaten att vissa versioner av GSEs har 

tendenser till att, jämförelsevis med övriga estimatorer, prestera bättre under kontaminerade 

förhållanden. Dessa versioner av GSEs visar dock på en jämförelsevis sämre prestation när 

fördelningsmodellen är sann, men detta är en avvägning som bör göras från fall till fall. Under 

samma kontaminerade förhållanden visar estimatorerna på större svårigheter att skatta 

skalparametern. Jämfört med övriga estimatorer visar dock vissa versioner av GSEs på en 

något bättre prestation för detta fall. Det är även möjligt att det för både läges- och 

skalparametern, existerar bättre presterande versioner av GSEs som ej inkluderats i denna 

studie. 
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1. Introduction 
 

Maximum likelihood estimation is a well-established method for calculating point estimates 

from a sample. The Maximum Likelihood Estimator (MLE) works for a wide range of 

distributions and under some regularity conditions (see for example Hogg et al. (2013) p. 322) 

it is well known for having properties of asymptotic efficiency, given that the underlying 

model is correct. It has been shown however, that the MLE does not yield consistent 

estimators for all mixed continuous distributions (see Cox & Hinkley, (1974) p. 291), as well 

as for certain other continuous distributions with “heavy tails”, see Pitman, (1979) p. 70. The 

MLE has also been found to be quite sensitive to the influence of outliers when the data are 

contaminated, see Fujisawa & Eguchi (2008).  

Other methods of estimation, that can handle these kinds of situations better, have been 

suggested over the years. One of these alternative methods, is the so called Maximum Spacing 

Estimator (MSP), first introduced by Cheng & Amin, (1983) and independently by Ranneby, 

(1984). Under general conditions, the MSP has been shown to be consistent (Ranneby, 1984; 

Ekström, 1996, 1997) and asymptotically efficient (Shao & Hahn, 1994; Ghosh & 

Jammalamadaka, 2001). Over time the methodology behind the MSP has evolved into a 

whole class of estimators (Ekström, 1997, 2001, 2008; Ekström et al. 2018; Ghosh & 

Jammalamadaka, 2001) called Generalized Spacings Estimators (GSEs).  

A parametric estimator based on kernel estimation, called the Minimum Hellinger Distance 

estimator (MHD) was introduced by Beran (1977). It has been shown that the MHD is 

asymptotically efficient at the true model and also have good robustness properties (Beran, 

1977). However, producing the estimator is unfortunately quite computationally demanding, 

especially for large parameter spaces. This has limited its practical applications (Karunami & 

Wu, 2011). In response to this, Karunami & Wu (2011) developed the ideas behind the MHD 

and created a more computationally efficient estimator, based on iterative methods. This 

estimator is called the One-Step Minimum Hellinger Distance Estimator (OSMHD).  

The topic of this paper mainly concerns comparing robustness properties of the estimators 

mentioned above by using simulations. Numerical studies have indicated that the GSEs are 

more robust when compared to the MLE (Ekström, 1997c; Nordahl 1992; Ekström et al. 

2018). The OSMHD (and the MHD) has also been compared with MLE in previous studies, 

which have shown that the former tends to be more robust (Beran, 1977; Karunami & Wu, 

2011).  

The comparisons mentioned above have all been made on data with linear properties. It is 

therefore of interest to compare the same estimators on circular data. While research 

concerned with finding robust estimators of parameters linked to circular distributions exists, 

the focus of this study is mainly to compare the specific methods of estimation mentioned 

above. The comparison will be made on data originating from a well-known circular 

distribution, called the von Mises distribution. The distribution is determined by two 

parameters, one for location and one for scale. This study is concerned with estimation of both 

of these parameters, but we only investigate the case where one of them is unknown. Because 

of time constraints the OSMHD has only been included in the case where we estimate the 

location parameter.   



5 

 

 

The main purpose of this numerical study is therefore to use suitable measurements of 

performance, to compare robustness properties of the MLE, the OSMHD, as well as a number 

of different versions of GSEs, on circular data which contains outliers. However, since 

robustness always must be weighed against optimality at the true model, we are also 

dedicating a small part of the study to compare the estimators on uncontaminated data. 

Including this introduction, the paper is divided into six sections. The next section is mainly 

concerned with an introduction of some basic definitions of descriptive statistics and 

distributions, as applied to circular data. In the third section, we take a closer look on the 

methods of estimation included in this study and then move on to a section describing the 

simulation process. The paper concludes with an analysis of the results, followed by a 

discussion of the findings.   
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2. Directional statistics 
 

The first subsection covers the basics of directional statistics, starting with an overview of the 

subject and what type of problems that might require circular statistical methodology. We 

then look at a few definitions of circular descriptive statistics, consisting of the mean 

direction, circular variance and the circular median. These definitions are important for the 

later sections of the paper. The following two subsections are dedicated to the von Mises 

distribution and a summary of contaminated distribution models. Section 2 then concludes 

with addressing circular inference. 

   

2.1 Overview of directional statistics 
 

Within several scientific fields there are certain cases where the measurements are in the form 

of directions. Examples are the investigation of arrival-times of patients on a 24-hour clock, 

mapping of an animal’s navigational habits and studies of epicenters of earthquakes, see 

Jammalamadaka & SenGupta (2001) pp. 4-7. In other words, the measurements either appear 

as points on a circle, like a clock or a compass, or as points on a sphere, like our earth. This 

study will focus on the circular case, for which the points can be defined in the Cartesian 

coordinate system as (𝑋, 𝑌). Given that we are only interested in directions, we restrict the 

available number of points to those that appear on a circle of a certain radius, which for 

simplicity is normally chosen to be equal to 1. Transforming (𝑋, 𝑌) into polar coordinates, we 

get 

 

𝑋 = cos𝛼, 𝑌 = sin𝛼, 

  

meaning that the points can simply be represented by their angle 𝛼. The angles can either be 

represented in 𝑑𝑒𝑔𝑟𝑒𝑒𝑠 from 0 to 360, or in 𝑟𝑎𝑑𝑖𝑎𝑛𝑠 from 0 to 2𝜋, where 

 

𝑟𝑎𝑑𝑖𝑎𝑛𝑠 =
𝜋

180
𝑑𝑒𝑔𝑟𝑒𝑒𝑠. 

 

Since most of the methodology concerning directional statistics are defined in 𝑟𝑎𝑑𝑖𝑎𝑛𝑠, this is 

the main representation used in this study. However, because some examples are more 

conveniently described in degrees, we sometimes use that angular measure instead.   

The cyclical nature of the data makes several of the statistical techniques used on linear data, 

unfit for the problem at hand. Standard descriptive statistics such as the sample mean and the 

sample variance simply does not work as intended, see Mardia & Jupp (2000) p. 2 or 

Jammalamadaka & SenGupta (2001) pp. 7-9. For example, the sample mean of 2 degrees and 

358 degrees is 180 degrees, but this vector points in the opposite direction of our sample 
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measurements. This is illustrated in Figure 1, where the black dots represent the observations 

of the sample, and the lighter arrow represents the direction of the sample mean. This shows 

that the sample mean is not a suitable estimation of the “mean direction” of our data, and 

since the sample variance depends on the sample mean, an alternative measurement of 

dispersion also needs to be considered. One of the main points, as illustrated with the example 

in Figure 1, is that it is necessary for circular statistics to be invariant to which point on the 

circle that we define as zero, se Jammalamada & SenGupta (2001) pp. 2-3.  

More suitable measurements of the mean direction and circular dispersion, is given by the 

properties of the so called resultant vector. The resultant vector is defined as 

 

𝑹 = (∑𝑐𝑜𝑠𝛼𝑖  ,∑𝑠𝑖𝑛𝛼𝑖

𝑛

𝑖=1

𝑛

𝑖=1

) = (𝐶, 𝑆). 

 

A measurement of the mean direction is given by the direction of 𝑹, which is defined as 

 

�̅� = arctan∗ (
𝑆

𝐶
) =

{
 
 
 
 

 
 
 
 arctan (

𝑆

𝐶
),          if 𝐶 > 0, 𝑆 ≥ 0  

𝜋

2
,                            if 𝐶 = 0, 𝑆 > 0  

arctan (
𝑆

𝐶
) + 𝜋,   if 𝐶 < 0                       

arctan (
𝑆

𝐶
) + 2𝜋, if 𝐶 ≥ 0, 𝑆 < 0  

undefined,            if 𝐶 = 0, 𝑆 = 0,

 

 

see Jammalamada & SenGupta p. 13. This representation of the mean direction is compared 

with the standard sample mean in Figure 1. In addition, the circular mean has been found to 

be quite robust in the presence of small amounts of contamination, see Mardia & Jupp (2000) 

p. 274. 
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Figure 1. The black dots are two data points with values of 2 degrees and 358 degrees. The 

lighter arrow represents the standard sample mean of these data points, while the darker 

arrow represents the circular mean i.e. the direction of the resultant vector. 

 

To attain a statistical measure of a sample’s dispersion, we first define the length of the 

resultant vector ‖𝑹‖ as 

 

‖𝑹‖ = √𝐶2 + 𝑆2,    0 ≤ ‖𝑹‖ ≤  𝑛. 

 

We then get the mean resultant length ‖𝑹‖̅̅ ̅̅ ̅̅  by dividing the above expression with the sample 

size 

 

‖𝑹‖̅̅ ̅̅ ̅ =
‖𝑹‖

𝑛
,    0 ≤ ‖𝑹‖̅̅ ̅̅ ̅ ≤ 1.     (1) 

 

The mean resultant length has been shown to be a valid measurement of how concentrated the 

angles are towards the mean direction, see Mardia & Jupp (2000) pp. 17-18. The sample is 

more concentrated the closer ‖𝑹‖̅̅ ̅̅ ̅ is to 1. The mean resultant length  ‖𝑹‖̅̅ ̅̅ ̅ can by itself be used 

as a measure of circular dispersion, but for a more convenient analogue to the linear case, (1) 

is often rewritten as  

 

𝑉 = 1 − ‖𝑹‖̅̅ ̅̅ ̅,    0 ≤ 𝑉 ≤ 1, 
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where 𝑉 is defined as the circular variance, see Mardia & Jupp (2000) p 18.  

We also need a representation of the circular median �̃�, which is defined as 

 

�̃� = argmin
𝛼𝜖[0,2𝜋)

1

𝑛
∑ |𝜋 − |𝛼𝑖 − 𝛼||,
𝑛
𝑖=1   

 

see Fischer, (1995) pp. 35-36. What the formula means is that the median, similar to its linear 

equivalent, divides the data into two equal groups. If the sample size is odd, the median 

represents the midpoint observation. If the sample size is even, the median represents the 

center of the arc between two middle points.This is illustrated in Figure 2, where the black 

dots represent observations of an odd, respectively even sample size. The yellow dot 

represents the observation equal to the median, when the sample size is odd, while the yellow 

X represents the median when the sample size is even.      

Figure 2. The yellow dot in the left circle represents the median when the sample size is odd, 

while the yellow X in the right circle represents the median when the sample size is even. 
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2.2 The von Mises distribution 
 

The circular distribution considered in this study is the von Mises distribution, which has been 

researched for a long time and for which, many techniques for inference have been developed. 

The distribution has many useful properties, which makes it the recommended model for 

many applied problems, see Jammalamadaka & SenGupta (2001) p. 35. The von Mises 

distribution is also called the “Circular Normal distribution” because of its similarities to the 

Normal distribution defined on the real axis. In fact, one way to derive the von Mises density, 

is to constrain a bivariate normal random variable to appear as a point on a circle of radius 1, 

see Appendix 1.1. The density of the von Mises distribution is defined as 

 

𝑓𝜇,𝜅(𝛼) =
1

2𝜋𝐼0(𝜅)
𝑒𝜅 cos(𝛼−𝜇), 0 ≤ 𝛼 ≤ 2𝜋,  

 

where 0 ≤ 𝜇 ≤ 2𝜋 is the location parameter, 𝜅 > 0 is a measure of concentration around 𝜇 

and 𝐼0(𝜅) =
1

2𝜋
∫ 𝑒𝜅 cos(𝛼)𝑑𝛼
2𝜋

0
  is the so called, modified Bessel function of the first kind and 

order zero, see Jammalamadaka & SenGupta (2001) pp. 35, 287-290. The concentration 𝜅, 

can in some sense be interpreted as the inverse of the concept of variance. This means, for 

example, that a value of 𝜅 = 0 results in maximum dispersion. Since the distribution is 

circular, this would result in uniformly distributed observations around the circle. 

 

This study looks at estimation of both 𝜇 and 𝜅, for situations in which only one of them is 

unknown. 

 

2.3 The contaminated von Mises distribution 
 

Generally, we define the contaminated density function as 

 

𝑔𝜽(𝛼) = (1 − 휀)𝑓𝜽(𝛼) + 휀𝛿(𝛼),    0 ≤ ε ≤ 0.5, 

 

where 𝑓𝜽(𝛼) is the underlying density function, 𝛿(𝛼) is the contamination density function, 𝜽 

is a parameter vector and 휀 denotes the probability that an observation will be drawn 

from 𝛿(𝛼).  Normally when estimating parameters, we want to place the resulting, estimated 

density function 𝑓�̂�(𝛼) as close to 𝑔𝜽(𝛼) as possible. However, this is not the goal if outliers 

are present. In this case we are only interested in estimating parameters for 𝑓𝜽(𝛼). This is 

what robust parameter estimation tries to accomplish, see Casella & Berger pp. 481-482.  

In this study, the underlying distribution 𝑓𝜽(𝛼) is a von Mises distribution, as defined in 

Section 2.2 
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𝛼 ∈ 𝑣𝑀(𝜇𝑇 , 𝜅𝑇), 0 ≤ 𝜇𝑇 ≤ 2𝜋,   𝜅𝑇 ≥ 0, 

 

where 𝜇𝑇 is the true location parameter and 𝜅𝑇 is the true concentration parameter. The 

contamination distribution 𝛿(𝛼) is also a von Mises distribution, but with a different location 

parameter  

 

𝛼 ∈ 𝑣𝑀(𝑐, 𝜅𝑇), 𝜇𝑇 ≤ 𝑐 ≤ 𝜇𝑇 + 𝜋,   𝜅𝑇 ≥ 0.     (2) 

 

As seen in (2) we have restricted 𝑐 to being bigger than or equal to 𝜇𝑇 and lesser than or equal 

to 𝜋. This is because we are only interested in cases where we have outliers on only one side 

of 𝜇𝑇, but we might as well have had set the following restriction instead 𝜇𝑇 −  𝜋 ≤ 𝑐 ≤ 𝜇𝑇.  

 

2.4 Statistical inference on the circle 
 

The standard way of evaluating estimators is to calculate the bias and the mean squared error 

(MSE) of the estimator. However, these measurements are not recommended when evaluating 

estimators of circular parameters, e.g. the location parameter 𝜇 of the von Mises distribution, 

see Jammalamadaka & SenGupta (2001) pp. 3, 88. This is because, contrary to the bias on the 

real line, there is no concept of a “negative” bias, since this would depend on where you cut 

the circle. For example, assume that we choose to cut the circle at the true value of the 

location parameter 𝜇𝑇, as illustrated in Figure 3. The distances that connect the estimates 

with 𝜇𝑇, would then be treated as negative, for estimates on the lower half of the circle, and 

positive, for estimates on the upper half of the circle. This presents a problem for estimates 

that appear close to 𝜇𝑇 + 𝜋. An estimate close to this point on the lower half of the circle, 

illustrated by data point A in Figure 3, would have a near maximum negative distance to 𝜇𝑇. 

Meanwhile, another estimate equally close to 𝜇𝑇 + 𝜋 but on the upper half of the circle, 

illustrated by data point B, would instead have a large positive distance to 𝜇𝑇. Since a large 

enough negative bias is very close to being a large positive bias, this makes interpretations 

difficult. 



12 

 

 

Figure 3. Dot A, represents an estimate near the point 𝜇𝑇 + 𝜋 on the lower half of the circle, 

while dot B represents an estimate near the point 𝜇𝑇 + 𝜋 on the upper half of the circle. 

Other measurements are clearly required for these types of problems. As a substitute for bias, 

we can use a formula for calculating the deviation between two angles. Suppose that we have 

applied an estimator of 𝜇𝑇 to 𝑟 number of samples, so that �̂� = (�̂�1, �̂�2, … , �̂�𝑟−1, �̂�𝑟) 

represents a vector of estimates. We then calculate the mean direction �̅�, as described in 

Section 2.1. Let, what we will call the Circular Deviation of Estimates (CDE), be defined as      

 

𝐶𝐷𝐸(�̅�, 𝜇𝑇) = 1 − cos(�̅� − 𝜇𝑇),     0 ≤ 𝐶𝐷𝐸 ≤ 2, 

 

see Jammalamadaka & SenGupta (2001) pp. 16, 88. It is important to note that, even though 

this can be described as an analogue to bias on the real line, they are not strictly comparable. 

The CDE can only assume values between 0 and 2, and is therefore measuring the deviation 

between �̅� and 𝜇𝑇 in absolute terms. In other words, the CDE cannot be negative, as is the 

case with the traditional definition of bias, see Mardia & Jupp (2000) p. 18.  

As an analogue to the MSE, a circular measure of dispersion around the angle 𝜇𝑇 is used, see 

Mardia & Jupp (2000) p. 18. Because of the context that this measurement is defined for in 

this study, we choose to call it the Circular Dispersion of Estimates (CDIE). The CDIE is then 

defined as 
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𝐶𝐷𝐼𝐸(�̂�, 𝜇𝑇) =
1

𝑟
(∑1 − cos (

𝑟

𝑖=1

�̂�𝑖 − 𝜇𝑇)) ,     0 ≤ 𝐶𝐷𝐼𝐸 ≤ 2, 

 

see Mardia & Jupp (2000) p. 18. This can be seen as an analogue to MSE on the real line, but 

as in the previous case with the CDE, comparisons between the two should be made with 

caution, see Jammalamadaka & SenGupta (2001) p. 3.  

In the linear case, the MSE can be decomposed into two parts; one related to the estimator’s 

variance, and one related to its bias. Similarly, we can rewrite the CDIE as 

 

𝐶𝐷𝐼𝐸 = 𝑉�̂� + (1 − 𝑉�̂�)𝐶𝐷𝐸,     (2) 

 

where 𝑉�̂� is the circular variance of the estimates, see Appendix 1.2 and Mardia & Jupp 

(2000) p. 18. We may interpret the first term of the decomposition in (2), as being linked to 

the estimator’s dispersion. Likewise we may interpret the second term as the part of the CDIE, 

explained by the estimator’s lack of accuracy. Similarly to the MSE, when either the CDE or 

𝑉�̂� is zero, the CDIE is equal to the remaining component. However, contrary to the linear 

case, where a larger variance and a larger bias contributes to a bigger MSE, an increasing 

circular variance actually decreases the value of the CDE (and vice versa, i.e. an increasing 

CDE decreases the value of 𝑉�̂�). This makes interpretations a bit more difficult, but the 

decomposition in (2) might still give us valuable information.  

Estimators of the concentration parameter 𝜅, can be evaluated with the standard bias and MSE 

measurements. This is because 𝜅 is not defined on a circle, but instead has linear properties. 
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3. Methods of Estimation 
 

This section starts with a small discussion of robust estimators and then we move on to 

describe the three types of estimators included in this study. Throughout this section we 

assume that we have 𝑛 observations in the form of angles 𝜶 = (𝛼1, 𝛼2, … , 𝛼𝑛), drawn from a 

continuous distribution 𝐹𝜽(∙) with density function 𝑓𝜽(∙), where 𝜽 is a parameter vector. Note 

that the estimators are defined for application on circular data. 

 

3.1 Robust estimators 
 

To explain robustness we can start by listing three desirable features for any statistical 

technique, see Ronchetti & Huber, (2009) p. 5. 

 

• At the true model it should have optimal or near optimal performance. 

• Small deviations from the true model should only impair the performance slightly. 

• A bit larger deviations from the true model should not cause a catastrophe.  

 

A robust estimator is mainly associated with the last two criterions, but it is still important to 

ensure that the estimator does not perform too poorly when no contamination is present. 

Robust estimators do however, tend to give up optimality at the true model in exchange for 

better performance when the data deviates from the assigned model, see Casella & Berger p. 

481. 

 

3.1 The Maximum Likelihood Estimator 
 

The MLE is a well-established method for estimating parameters of a distribution and was 

popularized by Ronald Fischer (1912, 1922). The likelihood function is defined as 

𝐿(𝜽) =∏𝑓𝜽(𝛼𝑖),

𝑛

𝑖=1

 

i.e. we get the MLE by choosing 𝜽 so that the likelihood function is maximized. The MLE, 

�̂�𝑀𝐿𝐸  is defined by 

 

�̂�𝑀𝐿𝐸 = argmax
𝜽∈Θ

𝐿(𝜽), 
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where Θ denotes the parametric space. When using maximum likelihood on the von Mises 

distribution, calculating the MLE of the location parameter 𝜇 is quite straight-forward, since it 

is simply equal to the mean direction of the resultant vector, �̅� described in Section 2.1, see 

Mardia & Jupp (2000) p. 85. For a known 𝜇, it can be shown that the MLE of 𝜅 is the solution 

of the equation 

 

𝐼1(𝜅)

𝐼0(𝜅)
=
∑ cos (𝛼𝑖 − 𝜇)
𝑛
𝑖=1

𝑛
, 

 

where  𝐼1(𝜅) is the derivative of  𝐼0(𝜅), see Jammalamadaka & SenGupta (2001) pp. 85-88. 

 

3.2 The Generalized Spacing Estimator 
 

To define the GSEs we first need to set up some preconditions. First, the observations 𝛼𝑖 are 

ranked from smallest to largest, to get the ordered sample 

 

0 < 𝛼(1) < 𝛼(2) < ⋯ < 𝛼(𝑛) < 2𝜋. 

 

The ordered observations are then transformed to probabilities corresponding to their 

cumulative distribution function 

 

0 < 𝐹𝜽(𝛼(1)) < 𝐹𝜽(𝛼(2)) < ⋯ < 𝐹𝜽(𝛼(𝑛)) < 1, 

 

where 𝐹𝜽(𝛼) = ∫ 𝑓𝜽(𝑡)𝑑𝑡,     0 ≤ 𝛼 ≤ 2𝜋
𝛼

0
.  

Below, two cases of so called 𝑚th order spacings are described. The cases depend on if the 

spacings are overlapping or not. The GSEs with overlapping spacings was introduced in 

Ekström (1997) and the same estimator with non-overlapping spacings was suggested in the 

submitted paper by Ekström et al. (2018). 

Let non-overlapping 𝑚th order spacings be defined as 

 

𝐷𝑖,𝑚
𝑁𝑂𝐿(𝜽) = {

𝐹𝜽(𝛼((𝑖+1)𝑚)) − 𝐹𝜽(𝛼(𝑖𝑚)),     𝑖 = 1,2, … , 𝑘 − 1

1 − 𝐹𝜽(𝛼(𝑘𝑚)) + 𝐹𝜽(𝛼(𝑚)),    𝑖 = 𝑘,                    
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where 𝑚 is an integer sufficiently smaller than 𝑛, and 𝑘 =
𝑛

𝑚
 which for simplicity is also 

assumed to be an integer. Note that the last spacing is calculated differently because of the 

data’s circular nature. 

Let overlapping 𝑚th order spacings be defined as 

 

𝐷𝑖,𝑚
𝑂𝐿 (𝜽) = {

𝐹𝜽(𝛼(𝑖+𝑚)) − 𝐹𝜽(𝛼(𝑖)),                    𝑖 = 1,2, … , 𝑛 − 𝑚                       

1 − 𝐹𝜽(𝛼(𝑖)) + 𝐹𝜽(𝛼(𝑖+𝑚−𝑛)),       𝑖 = 𝑛 − 𝑚 + 1,… , 𝑛.                   
 

 

For example, if 𝑚 = 3, this means that the first spacing is 𝐹𝜽(𝛼(4)) − 𝐹𝜽(𝛼(1)) in both cases. 

The next spacing however, is 𝐷2,3
𝑁𝑂𝐿(𝜽) = 𝐹𝜽(𝛼(7)) − 𝐹𝜽(𝛼(4)) for the non-overlapping case 

and 𝐷2,3
𝑂𝐿(𝜽) = 𝐹𝜽(𝛼(5)) − 𝐹𝜽(𝛼(2)) for the overlapping case. Also, note that the two cases are 

equal to each other when 𝑚 = 1. The case of non-overlapping spacings and 𝑚 = 3 is 

illustrated in Figure 4, where the black dots represent a sample of size 𝑛 = 12, the curve 

around the circle represents a density function of a 𝑣𝑀(𝜋, 1)-distribution and the varying 

degrees of grey represent the four resulting spacings. 

 
Figure 4. Shows the spacings in varying degrees of grey, where the black dots represent 

observations and the curve around the circle represents a density function. 

Let the general 𝑚th order spacing be denoted as 𝐷𝑖,𝑚(𝜽), which corresponds to 

either 𝐷𝑖,𝑚
𝑁𝑂𝐿(𝜽) or 𝐷𝑖,𝑚

𝑂𝐿 (𝜽). Then let the spacing function be defined as 
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𝑆ℎ,𝑛(𝜽) =
1

𝑘
∑ℎ(𝑘𝐷𝑖,𝑚(𝜽))

𝑠

𝑖=1

, 

 

where 𝑠 = 𝑘 in the non-overlapping case, 𝑠 = 𝑛 in the overlapping case, and ℎ(∙) is a convex 

function subject to some general constraints, see Ekström et al. (2018). This study is limited 

to convex functions of the form 

 

ℎ(𝑥) = ℎ𝜆(𝑥) =

{
 

 
𝑥𝜆+1 − 1

𝜆(1 + 𝜆)
,  if 𝜆 ≠ −1,0

−log𝑥,      if 𝜆 = −1   
𝑥log𝑥,       if 𝜆 = 0,       

 

 

where the cases of 𝜆 = −1 and 𝜆 = 0 are given by continuity, i.e. we use the fact 

that log(𝑦) = lim
𝑝→0

𝑦𝑝−1

𝑝
. The GSEs are then defined as  

 

�̂�𝐺𝑆𝐸 = argmin
𝜽𝜖Θ

𝑆ℎ,𝑛(𝜽). 

 

As can be seen, there are an infinite number of GSEs to choose from. We will receive 

different estimators depending on the choice of overlapping versus non-overlapping spacings, 

the order 𝑚 of the spacings, and the choice of function ℎ(𝑥). For example, we get the original 

MSP estimator (Cheng & Amin, 1983; Ranneby, 1984) when 𝑚 = 1 and 𝜆 = −1.  

This study investigates both overlapping and non-overlapping spacings, as well as three 

different ℎ-functions. We will simply determine the ℎ-functions by choosing our 𝜆. This study 

looks at the cases where 𝜆 = −1, 𝜆 = −0.9 and 𝜆 = −0.5.  

A study of GSEs by Ekström et al. (2018) used the same choices of 𝜆 as in this study. They 

performed a numerical study with observations drawn from a N(𝜇,1)-distribution. Through 

simulations they found that the optimal choices of 𝑚, given a sample size of 𝑛 = 840, for 

each of the ℎ-functions, ordered as above, was 2, 11, 23 for the overlapping case and 15, 15, 

14 for the non-overlapping case. When the assigned model was correct, they found that the 

GSEs with 𝜆 = −1 and  𝜆 = −0.9 performed about as well as the MLE, while the GSEs(𝜆 =

−0.5) had a root mean squared error about 0.5 percent larger than that of the MLE. When the 

estimators was exposed to contamination, the study found that the GSEs with 𝜆 = −0.9 

and  𝜆 = −0.5  outperformed the GSEs(𝜆 = −1) and the MLE. While the above applied to 

both the overlapping and non-overlapping case, the study also found that the non-overlapping 

case performed slightly better. 

The same procedure for choosing 𝑚 is used in this study as in the study by Ekström et al. 

(2018). This procedure is discussed in Section 4. 
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3.3 The One-Step Minimum Hellinger Distance Estimator 
 

The minimum Hellinger distance estimator (MHD), introduced by Beran (1977) is well-

known for producing efficient and robust estimators. The MHD is defined as the parameter 

value that minimizes the Hellinger distance, between a parametric density estimator 𝑓𝜽(𝛼), 

and a nonparametric density estimator 𝑓𝑛(𝛼) based on the sample 𝜶. It can be shown that this 

is equal to maximizing 

�̂�𝑀𝐻𝐷 = argmax
𝜽𝜖Θ

∫ 𝑓
𝜃

1
2(𝛼)𝑓𝑛

1
2(𝛼)𝑑𝛼.

2𝜋

0

 

 

Computing the estimator requires an iterative approach like the Newton-Raphson method, see 

for example Adams & Essex (2013) pp. 791-792. However, it has been shown that this 

procedure is computationally demanding in practice and therefore an alternative iterative 

method has been suggested by Karunami & Wu, (2011). This method consists of starting with 

a suitable initial estimator and then applying the Newton-Raphson equation to this estimator, 

only once. This resulted in the more computationally efficient estimator OSMHD, which 

performed relatively well compared to the fully iterative MHD (Karunami & Wu, 2011). To 

define the OSMHD we first need to set up some preconditions which eventually leads to the 

definition of the estimator. 

A kernel density estimator 𝑔𝑛(𝛼) can be used as the nonparametric density estimator 𝑓𝑛(𝛼) 
(Karunami & Wu, 2011). As the distribution studied is circular, we are required to use a 

circular kernel density estimator as well. As the particulars concerning circular kernel density 

estimation is quite extensive, we will not get into too much detail, see Ley & Verdebout 

(2017) pp. 55-66 for more information.  

Let the circular kernel density at some particular angle 𝛽 be defined as  

 

𝑔𝑛(𝛽) =
𝑐𝛾(𝐾𝑐)

𝑛
∑𝐾𝑐 (

1 − cos(𝛽 − 𝛼𝑖)

𝛾2
) ,

𝑛

𝑖=1

 

 

where 𝐾𝑐(∙) is the circular kernel, 𝑐ℎ(𝐾𝑐) is a normalizing constant assuring that 𝑔𝑛(𝛽) will 

integrate to one, and 𝛾 is the so called bandwidth parameter which controls the smoothness of 

the estimator, see Ley & Verdebout (2017) p. 58. The circular kernel is set to 𝐾𝑐(𝑥) = 𝑒−𝑥, 

which is the popular von Mises kernel.  

The complicated issue is how to choose the bandwidth 𝛾. This choice is also crucial for how 

the kernel density estimator will behave, see Ley & Verdebout, 2017 pp. 61-62. In this study 

we have looked at two rules of thumb for selecting this parameter. The first one is based on a 

cross-validation approach, (see Ley & Verdebout (2017) p. 65) which unfortunately turned 
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out to be too computationally intensive. Therefore an automatic selection approach is used 

instead, where our selected bandwidth is given by 

 

𝛾𝐴𝑈𝑇𝑂 = (
4𝜋

1
2(𝐼0(�̌�))

2

�̌�(2𝐼1(2�̌�) + 3�̌�𝐼2(2�̌�))𝑛
)

1
5

, 

 

where �̌� is a suitable estimator of the von Mises concentration parameter 𝜅, see Ley & 

Verdebout (2017) p. 63. Since the OSMHD is only applied to cases where 𝜅 is known in this 

study, we will simply set �̌� =  𝜅𝑇. However, it is important to note that this might not be the 

best choice for �̌� when contamination is present.  

Let 𝑠𝜽(𝛼) = 𝑓
𝜽

1

2(𝛼). The One Step Minimum Hellinger Distance estimator (OSMHD) is then 

defined by 

 

�̂�𝑂𝑆𝑀𝐻𝐷 = �̂�𝒊𝒏 −
∫ �̇��̂�𝒊𝒏(𝛼)𝑔𝑛

1
2(𝛼)𝑑𝛼

𝟐𝝅

𝟎
 

∫ �̈��̂�𝒊𝒏(𝛼)𝑔𝑛

1
2(𝛼)𝑑𝛼

𝟐𝝅

𝟎

, 

 

where �̂�𝒊𝒏 is a suitable initial estimator of 𝜽, and �̇��̂�𝒊𝒏(𝛼),  �̈��̂�𝒊𝒏(𝛼) denotes the first and second 

derivatives of 𝑠�̂�𝒊𝒏(𝛼), with respect to the parameter vector (Karunami & Wu, 2011). In this 

study, the OSMHD is only used for estimation of the location parameter 𝜇. For estimation of a 

distribution’s location parameter, Karunami & Wu (2011) suggest using the sample median as 

the initial estimator �̂�𝒊𝒏. This is because the sample median is generally quite robust against 

contamination (Karunami & Wu, 2011). Since this study is concerned with a circular 

distribution, the circular median  �̃� is used as the initial estimator.      
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4. Simulation 
 

This section starts with a discussion of how the order of the spacings 𝑚 are chosen for the 

GSEs. We then move on to describe the simulation process. 

 

4.1 Choosing 𝑚 for the GSEs 
 

It is not immediately clear how to choose 𝑚 based on sample data and currently no developed 

techniques exists for accomplishing this. Therefore, depending on what parameter is 

unknown, 𝑚 is chosen via simulations based on the criteria of lowest CDIE or MSE 

(depending on whether we estimate 𝜇 or 𝜅) under the condition where no contamination is 

present. In other words, one 𝑚 will be chosen for each combination of overlapping versus 

non-overlapping spacings and choice of ℎ-function. However, it should be noted that this 

choice of 𝑚 might not be optimal when contamination is present. 

For this study, the details of the specific 𝑚 chosen tend to differ depending on the value of 𝜆, 

but not by much. The lowest CDIE (or MSE) has in all cases been produced at values 

between 𝑚 = 1 and 𝑚 = 9. However, it should be noted that repetitive simulations of 1000 

replicates each, showed that the 𝑚 chosen tends to differ between simulations. This means 

that there, for each choice of 𝜆, generally are a number of competing 𝑚’s between which the 

differences are very small. For these cases the 𝑚, which most frequently produced the lowest 

CDIE, was chosen for the consecutive estimations on contaminated models.  

An example can be seen in Figure 5 with 𝑛 = 840, where we have the CDIE of the GSEs 

(𝜆 = −0.5), with overlapping spacings, plotted against the order of spacings 𝑚. After the 

initial minimum, the CDIE (or MSE) increases until 𝑚 is around 𝑚 = 400, where it starts to 

decrease. This is a pattern that is more or less the same for all overlapping cases. An example 

of a corresponding case with overlapping spacings for estimation of 𝜅, can be seen in 

Appendix 2, Figure A2.1.  

In Figure 6, we see a zoomed in part of Figure 5 of the area where the CDIE reaches its 

minimum with respect to 𝑚. In this case the minimum CDIE was attained at 𝑚 = 7, and as 

can be seen, there are a number of 𝑚’s with similar performance. 

For non-overlapping spacings, the relationship between CDIE and 𝑚 is not as smooth as for 

overlapping spacings. Part of this can be explained by the limited number of available 𝑚’s, 

stemming from the fact that 𝑘 has to be an integer. However, the cases are similar in that a 

relatively low value of 𝑚 usually attains the lowest CDIE. An example of a non-overlapping 

case can be seen in Appendix 2, Figure A2.2.   
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Figure 5. Shows the CDIE the GSEs(𝜆 = −0,5) with overlapping spacings, against the order 

of spacings m with a sample size of 𝑛 = 840. 

 
Figure 6. Shows a zoomed in part of Figure 5, of the area where the minimum CDIE is 

attained with respect to 𝑚.  
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4.2 The simulation process 
 

The simulations have been performed in the statistical program R, version 3.3.2 (R Core 

Team, 2016). For calculations of circular measurements and distributions the R-package 

“circular”, version 0.4-93 (Agostinelli & Lund, 2017) was used, and for graphical 

representations we used the R-package “ggplot2” (Wickham, 2009).  

The simulation process for each estimator is as follows: 

• A single sample consists of 𝑛 = 840 observations, where an observation is drawn from 

the contaminated distribution with a probability 휀 and from the assumed distribution 

with a probability (1 − 휀). A total of 𝑟 = 1000 number of samples is generated. 
• Given an estimator, we estimate the unknown parameter for each of the 𝑟 = 1000 

number of samples.  

• If the unknown parameter is 𝜇, the CDIE, the CDE and the circular variance are 

calculated. If the unknown parameter is 𝜅, the MSE, the bias and the variance are 

calculated. 
 

The above is repeated for 

• Three values of the outlier probability 휀. 
• Thirteen different values of the location parameter 𝑐 of the contaminated distribution, 

ranging from 𝜋 to 2𝜋. 
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5. Results 
 

In this section we present the results of the simulations. The section is divided into two parts, 

one regarding estimation of 𝜇 and one regarding estimation of 𝜅. All the generated datasets 

included in this study have a sample size of 𝑛 = 840, and originates from, either an 

uncontaminated or a contaminated, von Mises distribution. The true value of the underlying 

distribution’s location parameter is always 𝜇𝑇 = 𝜋.  For the contaminated cases, the true value 

of the concentration parameter 𝜅𝑇, is the same in the contamination distribution as in the 

underlying distribution. Each subsection starts with a separate analysis of the estimators’ 

performance at the true model and after that we study some contaminated distribution models. 

To get an overview of the estimators’ performance, every case starts with an analysis of the 

CDIE, when estimating 𝜇, or the MSE, when estimating 𝜅.To be able to explain what parts of 

the CDIE (or MSE) that can be explained by a lack of the estimators’ accuracy, the analysis is 

complemented with an analysis of the CDE (or bias) and circular variance (or variance).  

The results of the contaminated cases are presented in graphs with the measure of 

performance on the y-axis and the different estimators on the x-axis. The graphs themselves 

are ordered into facets with the value of 𝑐 as columns, and the probability of an outlier 휀 as 

rows. 

It should be noted that the main focus of the analysis, is the comparison between the 

estimators and not an evaluation of the performance itself. Whether the data is contaminated 

or not, the level of performance required for any specific situation should be determined by a 

case by case basis, see Casella & Berger p. 481. 
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5.1 Estimation of the location parameter 𝜇 
 

When estimating 𝜇𝑇, we start with a comparison of the estimators for the case where no 

outliers are present and 𝜅𝑇 = 3. We then move on to the contaminated case, where we 

investigate two contaminated distributions, one where 𝜅𝑇 = 3 and one where 𝜅𝑇 = 20. The 

GSEs(𝜆 = −1), for both the overlapping and the non-overlapping case, is not included for the 

case where we estimate 𝜇 and where 𝜅𝑇 = 20. This is because some of the spacings become 

so small in this case, that they are rounded to zero. This leads to a breakdown of the 

calculations as log (0) is undefined.   

In Figure 7 and Figure 8, the underlying distribution is 𝑣𝑀(𝜋, 3)-distributed and no 

contamination is present. For the GSEs (𝜆 = −1, 𝜆 = −0.9, 𝜆 = −0.5) the optimal 𝑚’s 

chosen are 1, 3, 7 respectively, for the overlapping case and also 1, 3, 7 respectively, for the 

non-overlapping case. 

When no contamination is present, illustrated by Figure 7, the MLE displays the best 

performance, closely followed by the OSMHD and the GSEs with 𝜆 = −1. This is not 

surprising since the MLE tends to perform well at the true model, while the GSEs(𝜆 = −1) 

with 𝑚 = 1 is asymptotically similar to the MLE. The remaining GSEs have a relatively 

higher CDIE when no contamination is present. We also see that the estimators with 

overlapping spacings perform a bit better compared to their non-overlapping counterparts. 

In Figure 8 we see that the accuracy of the GSEs(𝜆 = −0.5, 𝜆 = −0.9) with overlapping 

spacings are similar to the, for this case, best performing estimators. The corresponding non-

overlapping estimators has a comparably higher CDE. However, it should be noted that the 

actual values of the CDE relative to the CDIE, are very small (for this reason the simulations 

for this case has utilized 5000 replicates instead of 1000). When looking at the circular 

variance in Figure 9 we can see that the pattern and values are similar to those of the CDIE. 

Relating this to the decomposition of the CDIE in Section 2.4, indicates that the estimator’s 

differences in performance can mostly be explained by their circular variance. Compared to 

the other estimators, it therefore seems like the main reason for the higher CDIE for the GSEs 

(𝜆 = −0.5, 𝜆 = −0.9), for both overlapping and non-overlapping spacings, are due to a 

greater dispersion of the estimates.  
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Figure 7. The CDIE of the estimators when no contamination is present and the data 

originates from a 𝑣𝑀(𝜋, 3)-distribution.  

 
Figure 8. The CDE of the estimators when no contamination is present and the data 

originates from a 𝑣𝑀(𝜋, 3)-distribution. 
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Figure 9. The circular variance of the estimators when no contamination is present and the 

data originates from a 𝑣𝑀(𝜋, 3)-distribution. 
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In Figure 10, Figure 11 and Figure 12, the underlying distribution is 𝑣𝑀(𝜋, 3)-distributed and 

the contamination distribution is 𝑣𝑀(𝑐, 3)-distributed. For the GSEs (𝜆 = −1, 𝜆 = −0.9, 𝜆 =

−0.5) the optimal 𝑚’s chosen, for the overlapping case are 1, 3, 7 respectively, and also 1, 3, 

7 respectively, for the non-overlapping case. 

In terms of CDIE illustrated in Figure 10, we see that all estimators seem able to handle 

contamination when the value of 휀 is low. This is not surprising, considering that previous 

studies on linear data have indicated robust properties for some GSEs and the OSMHD, while 

the MLE has been shown to be quite robust for the circular case. We can also note an odd skip 

for 𝜆 = −1 and 𝑐 =
20𝜋

12
. This is probably due to rounding errors.  

For a moderate probability of outliers, we start to see some differences. The CDIE increases 

incrementally for all estimators up until 𝑐 is around 
16𝜋

12
. Here we see that two estimators start 

to distinguish themselves a little. Both GSEs for 𝜆 = −0,5 achieve a lower CDIE compared to 

the rest, but overall the differences are small. 

When the probability of outliers is high, the differences between the estimators become clear. 

The MLE and GSEs(𝜆 = −1) perform worst overall, where the biggest differences can be 

seen when 𝑐 is located a little further than quarter of a circle from 𝜇𝑇. The OSMHD shows a 

bit more resilience towards the contamination, but does overall perform relatively poorly. The 

explanation for the general pattern, where the estimators perform their worst for intermediate 

values of 𝑐, can be explained by the cyclical nature of the data. Contamination on the opposite 

side of the circle, as compared to the data generated from the assumed model, should not have 

a significant impact on the choice of direction, as long as the former generates sufficiently 

more observations.  

The most comparatively robust estimators seem to be both GSEs(𝜆 = −0.5), possibly with a 

slight advantage in favor of the overlapping case. We see a relatively quicker tendency for the 

GSEs(𝜆 = −0.5) to regain more satisfactory levels of CDIE, as 𝑐 moves towards the other 

half of the circle.  

The CDE of the estimators, illustrated in Figure 11, closely follows the same pattern as the 

CDIE. In fact, it actually displays similar values as well. This indicates that the reason for the 

growing CDIE, for contamination residing in the midsection between 𝜋 and 2𝜋, is due to an 

increasing degree of failed accuracy, rather than a wider dispersion of the estimates 

themselves. Even though the circular variance also seems to increase with increased 

contamination, the results shown in Figure 12 adds to this explanation. This is because, with 

the decomposition from Section 2.4 in mind, the circular variance consistently makes up a 

very small part of the CDIE. 
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Figure 10. The CDIE of the estimators when the contaminated distribution has an underlying distribution which is 𝑣𝑀(𝜋, 3)-distributed, and a contamination 

distribution which is 𝑣𝑀(𝑐, 3)-distributed. 
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Figure 11. The CDE of the estimators when the contaminated distribution has an underlying distribution which is 𝑣𝑀(𝜋, 3)-distributed, and a contamination 

distribution which is 𝑣𝑀(𝑐, 3)-distributed. 
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Figure 12. The circular variance of the estimators when the contaminated distribution has an underlying distribution which is 𝑣𝑀(𝜋, 3)-distributed, and a 

contamination distribution which is 𝑣𝑀(𝑐, 3)-distributed. 
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In Figure 13, Figure 14 and Figure 15, the underlying distribution is  𝑣𝑀(𝜋, 20) –distributed 

and the contamination distribution is  𝑣𝑀(𝑐, 20)-distributed. For the GSEs (𝜆 = −0.9, 𝜆 =

−0.5) the optimal 𝑚’s chosen are 1, 6 respectively, for the overlapping case, and 1, 4 

respectively, for the non-overlapping case. 

As in the previous case when 𝜅𝑇 = 3, none of the estimators diverge in any significant way 

when the probability of contamination is low, as can be seen in Figure 13. 

And once again the differences become clearer with a moderate probability of outliers. This 

time however, you can see differences for even lower values of 𝑐. Compared to the previous 

case, where the value of 𝑐 had to be around  
17𝜋

12
  for any differences to become noticeable, 

you can now see that the GSEs display a comparatively lower CDIE for values of 𝑐 

around 
15𝜋

12
. The GSEs generally show a greater resilience towards the outliers. 

 

As in the previous case, the graphs illustrating scenarios where the probability of outliers is 

high, look like a magnified version of the graphs representing the moderate probability. When 

comparing these results with the corresponding results of Figure 10, we can identify a specific 

robustness feature of the GSEs(𝜆 = −0.9, 𝜆 = −0.5). As the CDIE of the MLE and the 

OSMHD, seems to be, more or less, independent of the value of 𝜅𝑇, the performance of the 

GSEs seems to improve as the data gets more concentrated.  For the GSEs, this seems to 

indicate an increasing tendency of ignoring the outliers, as the underlying distribution and the 

contamination distribution becomes more distinctly separated. A close up example of this 

particular difference in the estimators’ behavior can be seen in Appendix 2, Figure A2.3. As 

in the previous case, both the GSEs with 𝜆 = −0.5 show the overall lowest CDIE among the 

estimators.          

Furthermore the CDE, illustrated in Figure 14, seems to once again, follow a pattern very 

similar to the CDIE. In other words, the main reason for increases in the CDIE seem to be an 

increasing lack of accuracy. Figure 15 adds to this explanation as the circular variance 

assumes comparably small values for all estimators. However, for this case the GSEs show a 

comparatively more noticeable difference in circular variance as well.
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Figure 13. The CDIE of the included estimators when the contaminated distribution has an underlying distribution which is 𝑣𝑀(𝜋, 20)-distributed, and a 

contamination distribution which is 𝑣𝑀(𝑐, 20)-distributed.
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Figure 14. The CDE of the included estimators when the contaminated distribution has an underlying distribution which is 𝑣𝑀(𝜋, 20)-distributed, and a 

contamination distribution which is 𝑣𝑀(𝑐, 20)-distributed. 
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Figure 15. The circular variance of the included estimators when the contaminated distribution has an underlying distribution which is 𝑣𝑀(𝜋, 20)-distributed, 

and a contamination distribution which is 𝑣𝑀(𝑐, 20)-distributed. 
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5.2 Estimation of the concentration parameter 𝜅 
 

This subsection starts with an analysis of the estimators’ performance of estimating 𝜅 at the 

true model. For these uncontaminated cases, we analyze the estimators’ performance for a few 

different values of 𝜅𝑇. We then move on to study a case of contamination where 𝜅𝑇 = 3. 

In Figure 16, Figure 17 and Figure 18, the underlying distribution is 𝑣𝑀(𝜋, 3)-distributed and 

no contamination is present. For the GSEs(𝜆 = −1, 𝜆 = −0.9, 𝜆 = −0.5), the optimal 𝑚’s 

chosen are 1, 2, 9 respectively, for the overlapping case and 3, 2, 7 respectively, for the non-

overlapping case. These 𝑚’s have been chosen from the uncontaminated case where 𝜅𝑇 = 3 

and then we have used these orders of spacings for all values of 𝜅𝑇. This choice was made 

because of time constraints and, just like this method of choosing 𝑚 might not be optimal for 

the contaminated case, it might not be optimal for other values of 𝜅𝑇 either. 

As can be seen in Figure 16, the estimators assume similar MSEs for all values of 𝜅𝑇, but 

overall the MLE seems to attain the lowest MSE. Although it looks like the MSE increases 

with the value of 𝜅𝑇, this is probably due to scale. This means that there is a bigger difference 

in dispersion between 𝜅𝑇 = 1 and 𝜅𝑇 = 2 than for example 𝜅𝑇 = 29 and 𝜅𝑇 = 30. Therefore, 

it is difficult to say whether an MSE of 0.001 for 𝜅𝑇 = 0.005 is better than an MSE of 2 

for 𝜅𝑇 = 30. 

In Figure 17 we see that the bias assumes an erratic pattern, where the bias goes up and down 

as 𝜅𝑇 increases. This could partly be explained by variation between simulations i.e. that the 

number of replicates is insufficient. To test this explanation the MLE was applied to 10000 

replicates and compared to the bias attained with 1000 replicates. The results indicated that 

the pattern remained, more or less, the same, see Appendix 2, Figure A2.5. The explanation 

for this pattern might therefore lie elsewhere. We can see that the GSE(𝜆 = −0.5) with non-

overlapping spacings, actually has a lower bias than the MLE for some values of 𝜅𝑇. 

However, because the estimators’ variance, illustrated in Figure 18, seems to make up most of 

the MSE, the differences in bias become less relevant.  
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Figure 16. The MSE of the estimators when no contamination is present, and the data 

originates from a 𝑣𝑀(𝜋, 3)-distribution.  

Figure 17. The bias of the estimators when no contamination is present, and the data 

originates from a 𝑣𝑀(𝜋, 3)-distribution. 
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Figure 18. The variance of the estimators when no contamination is present, and the data 

originates from a 𝑣𝑀(𝜋, 3)-distribution. 
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 In Figure 19, Figure 20 and Figure 21, the underlying distribution is 𝑣𝑀(𝜋, 3)-distributed and 

the contamination distribution is 𝑣𝑀(𝑐, 3)-distributed. For the GSEs(𝜆 = −1, 𝜆 = −0.9, 𝜆 =

−0.5), the optimal m’s chosen are 1, 2, 9 respectively, for the overlapping case and 3, 2, 7 

respectively, for the non-overlapping case. 

All estimators seem reasonably able to handle lesser amounts of contamination, at least until 𝑐 

is around 
19𝜋

12
. For values of 𝑐 larger than this, most of the estimators are noticeably disturbed 

by the contamination. The GSE(𝜆 = −0.5) with non-overlapping spacings seem able to 

handle the increasing values of 𝑐 a little better than the rest of the estimators. 

With a moderate probability for outliers, the MSE of all estimators are noticeably affected. 

While the gap between the other estimators and the GSE(𝜆 = −0.5) with non-overlapping 

spacings, grows more distinct for this value of 휀, the MSE of this estimator still increases 

markedly as 𝑐 increases. 

When the probability of outliers is high, the pattern described above merely magnifies, 

meaning that the MSE increases faster than before. Overall the results indicate poor 

robustness properties for all the estimators. 

It seems that the increasing MSE of the estimators can mostly be explained by the increasing 

negative bias, as illustrated in Figure 20. Figure 21 also seems to strengthen this conclusion, 

as the variance of the estimators remain more or less constant.  

The results indicate that the estimators, instead of recognizing the contamination as abnormal, 

assumes it to be part of the data to be estimated. Given that this is true, the data then seem to 

be more uniformly distributed compared to the concentration of the underlying distribution.  
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Figure 19. The MSE of the estimators when the contaminated distribution has an underlying distribution which is 𝑣𝑀(𝜋, 3)-distributed and a contamination 

distribution which is 𝑣𝑀(𝑐, 3)-distributed.



40 

 

 
Figure 20. The bias of the estimators when the contaminated distribution has an underlying distribution which is 𝑣𝑀(𝜋, 3)-distributed and a contamination 

distribution which is 𝑣𝑀(𝑐, 3)-distributed. 
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Figure 21. The variance of the estimators when the contaminated distribution has an underlying distribution which is 𝑣𝑀(𝜋, 3)-distributed and a 

contamination distribution which is 𝑣𝑀(𝑐, 3)-distributed.
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6. Discussion 
 

This study has compared three methods of estimation and their ability to estimate parameters 

of an underlying von Mises distribution. We have studied the estimators’ performance at the 

true model, as well as their ability of handling contaminated conditions. The OSMHD has 

only been included in the estimation of the location parameter 𝜇. 

Starting with the estimation of 𝜇, the MLE seems to be the most optimal estimator at the true 

model, closely followed by its asymptotic relative, the GSE(𝜆 = −1) with 𝑚 = 1. The 

OSMHD also displays a performance at par with the MLE, while the GSEs(𝜆 = −0.9, 𝜆 =

−0.5) are relatively less optimal at the true model. However, for both the contaminated cases, 

the GSEs(𝜆 = −0.9, 𝜆 = −0.5), in particular the GSEs(𝜆 = −0.5)), outperform the rest, 

displaying a noticeably greater resilience towards outliers. This is in line with the robustness 

theory presented in Section 3.1 i.e. that robust estimators tend to give up optimality at the true 

model, in exchange for a better performance under contaminated conditions. In addition, the 

GSEs(𝜆 = 0.9, 𝜆 = 0.5) have displayed an increasing ability of ignoring outliers, as the 

underlying concentration parameter 𝜅𝑇 of the contaminated distribution model increases. 

These results indicate that some versions of GSEs might have desirable robustness properties 

when estimating 𝜇, at least when compared to the other estimators included in this study. 

However, this assumes that we have a suitable method for choosing 𝜆, as well as the order of 

spacings 𝑚. This is an area for future research. 

Although no definite disparities between the two can be observed, the GSEs with overlapping 

spacings have tended to perform slightly better than the non-overlapping case when 

estimating 𝜇. This might be interesting to study further, especially considering that the study 

by Ekström et al. (2018) found the non-overlapping case to perform better. However, the 

numerical studies are not strictly comparable, since Ekström et al. (2018) used data simulated 

from distributions defined on the real line rather than on a circle.  

A comment should also be made regarding the OSMHD. In this study, the performance of this 

estimator might not have been entirely accurately represented. As mentioned in Section 3.3 

the choice of bandwidth 𝛾, linked to the kernel density estimator 𝑔𝑛(𝛼), is very important. A 

more suitable choice of this parameter may have improved the performance of the OSMHD. 

When comparing the estimators’ performance when estimating 𝜅, with their performance 

when estimating 𝜇, it is immediately noticeable that we do not observe the same pattern of 

recurrent performance as 𝑐 gets closer to 2𝜋. The reason for this is probably that all estimators 

partly rely on the concentration, i.e. that the observations are close together, when 

estimating 𝜇. If we then have two sufficiently separated groups of data, the estimators 

incrementally increases their ability to separate the outliers. When estimating 𝜅, for a given 𝜇, 

that other group of data instead “tricks” the estimators into assuming that the underlying 

distribution is more dispersed than it really is.  

When comparing the estimators’ performance at the true model, with their performance as the 

contamination increases, all estimators seem to display relatively poor robustness properties 

when estimating 𝜅. However, since the GSEs(𝜆 = −0.5) appear noticeably more robust 
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relative to the other GSEs, this might indicate that a GSE based on another choice of 𝜆 and 𝑚 

might perform better.  

Common for both cases of parameter estimation is that the chosen order of spacings 𝑚, is 

based on the performance at the true model, when there is no guarantee that another value of 

𝑚 had not performed better as the level of contamination increases. This is an area for future 

research. 
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Appendix 1 -  Calculations 
 

Appendix 1.1 Derivation of the von Mises distribution 
 

Let 𝑋~𝑁 (cos(𝜇) ,
1

𝜅
) , 𝑌~𝑁 (sin(𝜇) ,

1

𝜅
) be independent random variables. Transforming 

(𝑋, 𝑌) into polar coordinates we get 𝑋 = 𝑅𝑐𝑜𝑠𝜃, 𝑌 = 𝑅𝑠𝑖𝑛𝜃 with joint density 

 

𝑓𝑅,𝜃(𝑟, 𝜗) =
𝜅𝑟

2𝜋
𝑒−

𝜅
2
(𝑟2−2𝑟𝑐𝑜𝑠(𝜗−𝜇)+1)   . 

 

We now derive the conditional distribution of 𝜃 given that 𝑅 = 1. We get 

 

𝑓𝜃|𝑅=1(𝜗) =
𝑓𝑅,𝜃(1, 𝜗)

∫ 𝑓𝑅,𝜃(1, 𝜗)𝑑𝜗
2𝜋

0

=
𝑒𝜅 cos(𝜗−𝜇)

2𝜋
2𝜋 ∫ 𝑒𝜅 cos(𝜗)𝑑𝜗

2𝜋

0

=
1

2𝜋𝐼0(𝜅)
𝑒𝜅 cos(𝜗−𝜇). 

 

Appendix 1.2 Decomposition of the CDIE 
 

We have the CDIE defined as 

 

𝐶𝐷𝐼𝐸 =
1

𝑟
∑1 − cos (

𝑟

𝑖=1

�̂�𝑖 − 𝜇𝑇), 

and by using the formula for trigonometric differences on the CDE we get 

 

𝐶𝐷𝐸 = 1 − cos(�̅� − 𝜇𝑇) = 1 − (cos�̅� cos𝜇𝑇 + sin�̅�sin𝜇𝑇). 

We then have 

 

𝐶𝐷𝐼𝐸 = 1 − cos𝜇𝑇
1

𝑟
∑cos𝜇𝑖

𝑟

𝑖=1

− sin𝜇𝑇
1

𝑟
∑sin𝜇𝑖

𝑟

𝑖=1

= 1 −
1

𝑟
cos𝜇𝑇𝐶 −

1

𝑟
sin𝜇𝑇𝑆 = 

= 1 −
1

𝑟
𝑅cos�̅�cos𝜇𝑇 −

1

𝑟
𝑅sin�̅�sin𝜇𝑇 = 1 − �̅�(cosμ̅cos𝜇𝑇 + sin�̅�sin𝜇𝑇) = 

= 1 − �̅�(1 − 𝐶𝐷𝐸) = 1 − �̅� + �̅�𝐶𝐷𝐸 = 𝑉 + (1 − 𝑉)𝐶𝐷𝐸 
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Appendix 2 -  Complementary figures 
 

 

 

Figure A2.1. Shows the MSE against the order m for the GSE with overlapping spacings and 

𝜆 = −0,9. 
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Figure A2.2. Shows the CDIE against the order m for the GSE with non-overlapping spacings 

and 𝜆 = −0.5.  

 

Figure A2.3. Shows the differences in CDIE between the cases where 𝜅𝑇 = 20 and 𝜅𝑇 = 3,  

for the GSE(𝜆 = −0.5) with non-overlapping spacings, and the MLE  
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Figure A2.4. Shows frequencies of 840 observations drawn from a von Mises distribution with location parameter 𝜇 = 𝜋 and different values of 

the concentration parameter 𝜅. From left to right are 𝜅 = 0.005, 𝜅 = 1 and 𝜅 = 30. 
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Figure A2.5. Compares the bias of the MLE with 1000 replicates and the MLE with 10000 replicates, for 

different values on the concentration parameter 𝜅𝑇. 


