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Abstract

Problems with time-evolving domains are frequently occurring in compu-
tational fluid dynamics and many other fields of science and engineering.
Unfitted methods, where the computational mesh does not conform to the
geometry, are of great interest for handling such problems, since they re-
move the burden of mesh generation. We work towards the goal of develop-
ing an unfitted solver for Navier-Stokes equations on time-evolving domains
by developing and presenting cut finite element (CutFEM) splitting meth-
ods for solving Navier-Stokes equations. These CutFEM splitting methods
use Nitsche’s method for incorporating boundary conditions and employ
patch-based ghost penalty stabilization of the cut elements to achieve sta-
bility and optimal order error estimates. Numerical benchmarks are used to
verify the methods and implementations. The methods are tested against a
problem with known analytical solution, the Taylor-Green vortex, and also
compared to the classical Deutsche Forschungsgemeinschaft (DFG) bench-
mark problem with channel flow around a cylinder. For both benchmarks,
the methods was shown to be stable when satisfying the parabolic Cour-
ant–Friedrichs–Lewy (CFL) condition, and to produce optimal convergence
rates.
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1 Introduction

In both science and engineering partial differential equations (PDEs) are used for
describing many different phenomenons, such as electrodynamics, heat transfer,
elastodynamics and fluid dynamics. In many of these applications there are situ-
ations where the computational domain is changing as a function of time. This
adds another layer of complexity to that of simply handling the underlying PDEs.
Classical methods for solving partial differential equations, such as the finite ele-
ment method (FEM), decomposes the computational domain into a mesh con-
sisting of simple elements, often triangles or quadrilaterals. For standard, fitted,
methods, the discretization of the domain is conforming to the geometry, which
gives an explicit description of the boundaries by the mesh. This simplifies the
incorporation of boundary conditions, and ensures a clear definition of interfaces.
However, for situations where we have a time-evolving domain, such fitted methods
require a substantial effort to compute mesh deformations and eventually perform-
ing re-meshing to keep the mesh conformed to the geometry without getting a low
mesh quality. In Figure 1 we see an example of a conforming mesh applied to a
problem with a moving domain. As the circle moves, we can clearly see how the
mesh deformation deteriorate the quality of the elements around the interface.

(a) Initial position of circle. (b) Final position of circle.

Figure 1 – Example of a moving circle with a conforming mesh. The figure to
the left show the initial position of the circle with a non-deformed mesh. The
figure to the right show the circle after it have been moved. Here the mesh have
been significantly deformed to keep it conformed to the interfaces of the circle.

The field of computational fluid dynamics (CFD) is rapidly expanding alongside
the development of new computationally effective methods and the increase of
computational performance of computers. Furthermore, this field contain many
problems which require handling of domains with large time-dependent changes.
Some examples of such situations are problems with fluid-structure interactions
or multiphase flows. Fluids are often described by a fixed-grid Eulerian approach
where the fluid is allowed to move in relation to the mesh. This approach handles
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large movements of the fluid but are generally less precise than many other methods
when describing interfaces, and resolving small flow details. For moving structures
on the other hand, a Lagrangian approach is often used. In this approach the mesh
is allowed to move along the deforming structure. This is a natural way to represent
structures due to the simple description of free surfaces and material interfaces,
which are always located along the edges of the mesh elements. The weakness
of this method is that it cannot handle large deformations of the computational
domain without the need of re-meshing. There exist moving mesh methods which
are often based on the arbitrary Lagrangian-Eulerian (ALE) map approach where
Lagrangian and Eulerian methods are combined [1]. In an ALE method there have
been introduce an arbitrary mapping which are used to deform some parts of the
mesh. The two extreme cases of this approach are, either letting the mapping
be identity, which corresponds to the Eulerian case where no deformation occurs,
while the other extreme is letting the deformation be defined by the physics, by
for instance following the particles in the motion defined by the flow like in the
Lagrangian approach. However, the key part of the ALE method is to define the
mapping such that the flow domain is deformed to follow the structure domain
at their common interface, while minimizing the deformation far away from the
common interface. This allows the method to cope with larger deformations than
a strictly Lagrangian method, while giving a better resolution of interfaces than a
strictly Eulerian approach.

One other approach to circumvent the problems associated with conforming meshes
and moving domains are unfitted finite element schemes where complex, and pos-
sibly changing, domain parts can be embedded into a static background mesh [2–7].
This mesh does not have to conform to the geometry, and can therefore be defined
over some larger computational domain which shape can be chosen to facilitate the
mesh generation. However, this entails that the interfaces are no longer described
by the mesh, and therefore need to be represented in some other way. There
are many different ways to implicitly represent the geometry, for instance using
a level-set function, [8], or using some hybrid approach with overlapping meshes
which uses a background mesh overlapped with other meshes which surrounds the
interfaces [9]. These smaller overlapping meshes can then be deformed along with
the moving interfaces while the background mesh is held fixed.

1.1 Aim and goals

In this project we are going to apply a fixed mesh method where the geometry
is implicitly represented by the zero level of a scalar level-set function. Such a
method is often called CutFEM since the interface is allowed to cut through the
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background mesh in an arbitrary way, as seen in Figure 2.

(a) Initial position of circle. (b) Final position of circle.

Figure 2 – Example of a moving circle which is embedded into a background
mesh. The left and right figure show the initial and final position of the circle,
respectively. The mesh is not affected by the movement of the circle.

Since the boundaries are represented independently of the mesh, Dirichlet bound-
ary conditions cannot be imposed in a strong sense. Because of this, boundary con-
ditions on the unfitted boundary are weakly imposed using Nitsche’s method, [10],
and additional stabilization is added in the vicinity of the boundary to guarantee
geometrically robust convergence properties, irrespective of how the boundary in-
tersects the mesh [11, 12]. It is expected that the added stabilization will in fact
give the unfitted method the same stability and approximation properties as the
classical fitted method.

We are going to use this method together with different solvers to numerically com-
pute the dynamics of fluid flows. All fluid flows are governed by the Navier-Stokes
equations, and in this thesis we focus on incompressible and Newtonian fluids.
This restriction allows for simplifications to be applied to the general form of the
Navier-Stokes equations. However, even this simplified form of the general Navier-
Stokes equations are quite challenging to solve using a direct approach. Therefore
we will focus on developing CutFEM versions of different splitting methods which
divide the Navier-Stokes equations into a set of simpler problems which approx-
imate the exact equations.

An successful outcome will constitute the foundation of the development of a
unfitted multiphase fluid solver capable of handling large movements. The goals
which we set for this project is to first implement a CutFEM solver for the Poisson
problem as a proof of concept of the method. This method will be tested using
problems with known analytical solutions. We thereafter aim to develop a CutFEM
solver for the Navier-Stokes equations, and test this solver using both problems
with analytical solutions as-well as a common benchmark problem where different
physical functionals are computed and compared to the existing reference data.

3



Carl Holmberg 9th July 2018

2 The Navier-Stokes equations

The equations which govern the time evolution of fluid flows are the time-dependent
Navier-Stokes equations. For the domain Ω ⊂ Rd where d = 2, 3, for times
t ∈ (0, T ], and for an incompressible Newtonian fluid we can state the Navier-
Stokes equations as:

u̇ − ν∇2u + (u · ∇)u + ∇p = f on Ω × (t0, T ], (1)
∇ · u = 0 on Ω × (t0, T ], (2)

where u = u(x, t) is the fluid velocity, p = p(x, t) is the fluid pressure scaled by
ρ−1, f is the body force per unit volume scaled by ρ and ν = µ/ρ is the kinematic
viscosity, where µ is the dynamic viscosity and ρ is the density which are both
assumed to be positive real-valued constants. We will here give a brief account
for the physical properties of each of the terms in the equations. The term u̇ is
the change of velocity with respect to time at a fixed point, and is called the local
acceleration. The term (u · ∇)u is the change of velocity due to change of position
of fluid parcels, which is called convective acceleration. The sum of the local and
convective accelerations gives us the total acceleration of a fluid parcel. The term
−ν∇2u accounts for the viscous contribution and have a diffusive property which
acts to smooth out velocity gradients. The final term is ∇p which is the force due
to pressure. The term in Equation (2), ∇·u, states that the fluid is incompressible,
which is equivalent to the mass being conserved since the fluid density is assumed
to be constant.

The first equation, Equation (1), is derived using conservation of momentum, and
is therefore often called the momentum equation. The second equation comes from
conservation of mass, which is reduced to conservation of volume in the case of
incompressible flows. This equation is often called the incompressibility condition,
or the continuity equation.

The PDE system defined by Equations (1) and (2) does not constitute a well posed
problem without the addition of initial values at t = t0 and boundary values for
t > t0. The initial condition should satisfy the equations, and specify both the
pressure and velocity fields for the entire computational domain. The choice of
boundary conditions is closely related to the physical problem which to simulate.
Here we will shortly discuss the two most common boundary conditions. We first
start with a Dirichlet boundary condition for the velocity,

u = gD on ΓD × (t0, T ], (3)

where gD is a given function. This is a very common boundary condition which
is often used for walls and inlets. For walls, gD is chosen such that n · gD = 0,
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so called ”no-penetration” condition, and that t · gD = uwall, where uwall is the
velocity of the wall, called“no-slip” condition. For a stationary wall this reduces
to a homogeneous Dirichlet boundary condition for the velocity. We would also
want to point out that Equation (3) is often referred to as only the ”no-slip”
boundary condition when applied to walls, which is unfortunate since the no-
penetration part of the boundary condition often have a much larger effect on a
incompressible flows than the no-slip portion of the condition [13]. The Dirichlet
boundary condition is also often used to specify inlet conditions, for example gD

can be chosen as a parabolic function to serve as a inlet flow for a channel. One
should note that, if Dirichlet condition for the velocity is given for all boundaries,
the pressure will only be determined up to a constant. For this case one often
specifies a zero average condition for the pressure,ˆ

Ω
p dx = 0. (4)

This condition is often enforced by the use of a Lagrange multiplier.

The second common boundary condition is the so-called ”natural” boundary con-
dition,

ν
∂u
∂n

− pn = gN . (5)

The terms in this condition arises naturally in the variational form of the Navier-
Stokes problem from the use of partial integration. The homogeneous version of
this boundary condition is often called the ”do-nothing” boundary condition and
can be used as a outlet condition for truncated flows.

2.1 Challenges of the Navier-Stokes equations

As we have seen in the previous section, the Navier-Stokes equations are a set of
time-dependent and non-linear equations. The non-linearity is the source of many
of the most interesting properties of the problem, but it is also the reason for
many of its challenges. In fact, it is the main reason that there exist no general
analytical solution, but only solutions that can be derived under circumstances in
which simplifying assumptions about the flow can be made. However, the non-
linear term is not dominant for all situations, which causes the system to have
multiple regimes in which it features very different characteristics. The so-called
Reynolds number is often used to help predict in which of these regimes a certain
flow is in, it is defined as

Re = ūL

ν
, (6)
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where ū is the average velocity and L is the characteristic length scale of the flow.
The Reynolds number is a dimensionless measure of the ratio between inertial and
viscous forces. There exist two main regimes, high and low Re, and a transitional
regime in-between the two extremes. For small Reynolds numbers, Re � 1, the
viscous forces are much larger than the inertial forces, this is called the laminar
regime. In this limiting case of the Navier-Stokes equations we can disregard
the convective term and the system reduces to a time-dependent Stokes equation
which is linear. Since we no longer have to handle the non-linear convective term,
problems in this regime can often be solved quite readily.

If instead the inertial forces are much larger than the viscous forces, Re � 1, the
problem is convection dominant. In the limiting case of convection dominance,
we loose much of the smoothing effect of the viscous term. For this regime it
is rarely possible to compute analytical solutions. In fact, also the transitional
regime where the equations are neither diffusion or convection dominant proofs
difficult for attempts of computing analytical solutions in most cases.

Since there is limited possibility of finding analytical solutions to the Navier-Stokes
equations, numerical methods have to be employed for producing solutions to more
general situations.

3 Numerical solution of the Navier-Stokes equa-
tions

In this section we will introduce the numerical techniques which are to be used
throughout the remaining thesis. The goal is to translate the continuous form of
the Navier-Stokes equations into a form which can be solved numerically. This is
done by discretizing in time and space. We will choose to first perform a semi-
discretization in time, and then discretize in space to arrive at a fully discretized
system. We will use a finite difference approach to discretize in time, but also
introduce splitting methods which simplifies the time stepping by decomposing it
into multiple steps where simpler equations are solved. The spacial discretization
is then performed using an finite element method.

3.1 Time discretization using the θ-scheme

The θ-scheme is a formulation which unifies the explicit and implicit Euler and the
Crank-Nicolson schemes in a single formulation. We first introduce the θ-scheme
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for the case of a simple system, namely

u̇+ A(t)u = f (7)

where A(t) is some differential operator and both u and f are functions of time and
possibly space. To begin the temporal discretization we first perform a uniform
discretization of time,

tn = n∆t, (8)

where ∆t is the time step. We also introduce the short-hand notations un = u(tn)
and fn = f(tn). We now apply the θ-scheme:

un+1 − un

∆t + θA(tn+1)un+1 + (1 − θ)A(tn)un = θfn+1 + (1 − θ)fn, (9)

where θ can be chosen as 0, 1 or 1/2 to produce a explicit Euler, implicit Euler
or Crank-Nicolson scheme, respectively. The explicit Euler scheme only uses in-
formation from the current time step for computing the next step which results
in a low computational cost. However, the explicit scheme comes at a different
cost. The first drawback is that the it is only a first order method, which means
that the global error is proportional to the step size, which is often simply written
as O(∆t). One other cost is that the scheme is not generally stable. Explicit
parabolic schemes must obey the following condition,

∆t ≤ Ch2, (10)

with C being a constant and h being a measure of the size of the step of the
spatial discretization. This condition is found using Von Neumann analysis, but is
often called the parabolic Courant–Friedrichs–Lewy, or CFL, condition [14]. This
condition puts a strong upper restriction on the time step size, which in practice
means that explicit parabolic methods must use very small time steps.

The implicit Euler scheme uses information from the next time step, which means
that a linear system needs to be solved to find the solution. It is however uncon-
ditionally stable, and does not need to obey the parabolic CFL condition, Equa-
tion (10), but is only of order one as its explicit counterpart. The Crank-Nicolson
scheme combines information from the current and next time step, making it a
semi-implicit scheme. As for implicit Euler there is a need for solving a linear
system, but we are rewarded with second order accuracy and avoid the need of
satisfying the parabolic CFL condition. The scheme is however not unconditionally
stable, and is prone to produce spurious oscillations under certain circumstances,
as opposed to the strongly stable implicit Euler.
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We now move on to applying the θ-scheme to the Navier-Stokes equations, with
the short-hand notation u = un+1 and p = pn+1 we get the scheme

u + ∆t
(
θ[−ν∇2u + (u · ∇)u] + ∇p

)
= gn+1, (11a)

∇ · u = 0, (11b)

with right-hand side

gn+1 = un + ∆t
(
θfn+1 + (1 − θ)fn − (1 − θ)[−∇2un + (un · ∇)un]

)
, (12)

after we have moved all known quantities to the right-hand side, and multiplied
both sides with ∆t. In this form, one can easily see the effect of different choices
of θ.

The time discretized problem above is still non-linear, meaning that we can not
solve it directly using standard techniques. We therefore choose to perform a
linearization of the convective term in the left-hand side. The resulting Oseen-
type subproblem is handled using fixed-point iteration, where a linearization of
the problem is solved iteratively until convergence is reached. The linearization is
based on the following approximation:

(um+1 · ∇)um+1 ≈ (u∗ · ∇)um+1, (13)

where the subscript is introduced as the index for the fixed-point iteration. u∗

can be chosen in many different ways to linearize the term, especially if fractional-
step θ-schemes are used, see [15] and [16] for further discussion. We choose to
use, u∗ = um with u0 = un as initial guess, which is a well-known choice for
linearization, [17]. We then get the following scheme: given um, find the next
iterate (um+1, pm+1) by solving

um+1 + ∆t
(
θ[−ν∇2um+1 + (um · ∇)um+1] + ∇pm+1

)
= gn+1, (14a)

∇ · um+1 = 0, (14b)

with right-hand side, gn+1, given by Equation (12). This iteration is repeated
until some suitable convergence criterion is reached.

3.2 Splitting methods

In the previous section we derived a time stepping scheme using the θ-method.
That approach ended up with the task that in each time solve a non-linear saddle
point problem, Equation (11), after it have been discretized in space. Or to solve
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a sequence of linearized problems of Oseen-type, Equation (14), after spacial dis-
cretization. Both of these approaches are fully coupled in u and p, which entails
both high accuracy and robustness, but also often high computational expense.
Therefore we will introduce the concept of operator-splitting methods, often only
called splitting or projection methods, which decouples the pressure and velocity.
This decoupling reduces the problem to the solution of a number of simpler sub-
problems.

To derive a basic splitting method, we start from the strong form of Navier Stokes
equations, Equations (1) and (2). We then take an implicit step in time for all
terms except the convective term, which is treated explicitly.

un+1 + ∆t∇pn+1 − ∆tν∇2un+1 = un − ∆t(un · ∇)un + ∆tfn+1 (15)
∇ · un+1 = 0. (16)

The reason for treating the convective term explicitly is to avoid the need for
linearization. One could however also choose to use a θ-scheme for all terms, for
higher flexibility.

On this form, one can see the pressure term as an Lagrange multiplier, which
acts to enforce the incompressibility condition on the velocity un+1. To solve
this system in its current form, we need to use mixed elements to simultaneously
solve the constrained problem for the pressure and velocity. However, we are
instead interested in finding a way to reduce the computational effort by splitting
this system into multiple equations, which allows us to solve for the pressure and
velocity independently. To do this, we take a leap of faith, and completely disregard
the incompressibility condition in the above equation. This also lets us treat the
pressure term explicitly, since the associated constraint is removed. We then end
up with the following equation:

u? − ∆tν∇2u? = un + ∆t(fn − (un · ∇)un − β∇pn), (17)

where we have added a parameter β ∈ {0, 1} to adjust the amount of pressure
information which is used. Since we have omitted the incompressibility condition,
we can no longer ensure incompressibility, and in general ∇ · u? 6= 0. This means
that we can not use u? as the velocity at the new time level. We instead use
this velocity as a tentative approximation of the next velocity un+1, and aim to
use the incompressibility condition to compute a velocity correction uc such that
un+1 = u? + uc. Using this and the corresponding expressions in Equation (15)
and Equation (17), we find the velocity correction by:

uc = −∆t(∇pn+1 − β∇pn) + ∆tν(∇2un+1 − ∇2u?) = −∆t∇φ+ ∆tν∇2uc, (18)
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where

φ = pn+1 − βpn. (19)

It is then common to neglect or simplify the viscous term in the right-hand side of
Equation (18). We choose to neglect the term since this allows us to reformulate
the problem as a Poisson problem for φ. We can then rewrite the equation as

un+1 − u? = −∆t∇φ. (20)

To arrive at the Poisson problem, we then apply the divergence operator to the
above equation, and use the incompressibility condition, ∇·un+1 = 0, which yields:

∇2φ = 1
∆t∇ · u?. (21)

After finding φ from the above equation, we can update the pressure, and compute
the corrected velocity, by:

pn+1 = βpn + φ, (22)
un+1 = u? − ∆t∇φ. (23)

We have greatly reduced the computational complexity, from the need of solving an
mixed-element saddle-point problem, the Navier Stokes equations, to only having
to solve two Poisson problems. However, this simplification comes at a cost. For
one, since we have introduced an Poisson problem for the pressure, we have to
specify Dirichlet, Neumann or Robin boundary conditions for the pressure. While
the pressure only need to be specified as a function of time at one point in space in
the original problem. Even more inexpedient, there are multiple ways of deriving
usable boundary conditions for the pressure for the Poisson formulation. The
problem is that these different methods results in different boundary conditions.
One example of a boundary condition can be found by the use of Equation (20),
we find that

∇φ|∂Ω = 1
∆t(u

? − un+1)|∂Ω = 0, (24)

for all Dirichlet boundaries since un+1|∂Ω = u?|∂Ω = gD. Since Equation (21) is a
Poisson problem, this means that for all boundaries with known velocity, we can
achieve control over ∇φ · n. However, starting from Equations (1) and (2), there
are no reason for the pressure to fulfill a homogeneous Neumann condition for any
arbitrary boundary where the velocity is known, rather some non-homogeneous
Neumann boundary condition should be prescribed. See chapter 13.5 in [18] and
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especially chapter 3.8.2 in [13] for further treatment of this subject. The fact that
we are not able to enforce physically correct boundary conditions on the pressure,
and that we neglected terms to arrive at Equation (21) both suggest that the
pressure found by this expression should be regarded as a weak approximation of
the actual, physical, pressure. Furthermore, due to the generally non-compatible
boundary conditions, we should expect to sometimes experience mesh independent
errors in a layer close to the Dirichlet boundaries. In [19] it is stated that this
boundary layer is of width O(∆tν), and extrapolation of pressure values from the
interior domain is suggested as a method for avoiding such spurious boundary
layers.

To conclude, we have derived a three step splitting method for solving incompress-
ible fluid-flow problems. This method can be stated as:

Scheme 1: A general pressure-correction scheme

Let t = n∆t, where n is the time step level. Then, given u0 and possibly p0,
perform the following steps for n = 0, 1, 2, ..., N :

1. Compute a tentative velocity u? by solving

u? − ∆tν∇2u? = un − ∆t((un · ∇)un + β∇pn) (25)

with the corresponding velocity boundary conditions.

2. Compute the pressure update φ by solving

∇2φ = 1
∆t∇ · u?, (26)

with homogeneous Neumann boundary conditions where velocity is known.

3. Update the pressure and correct the velocity by

pn+1 = βpn + φ, (27)
un+1 = u? − ∆t∇φ. (28)

The above scheme have a parameter β, included in φ, which governs the amount of
pressure information to include from the previous step. We will further investigate
two different schemes which differs by the value of this parameter. For β = 0 we
get the Non-Incremental Pressure Correction Scheme, N-IPCS, first proposed by
Chorin [20]. For β = 1 we get the Incremental Pressure Correction Scheme, IPCS,
introduced by Goda [21]. One should note that all variants of the scheme need to
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obey some form of the parabolic CFL condition, Equation (10), due to the explicit
treatment of the convective term. This will mean that the schemes are only stable
if a sufficiently small time step is chosen, in respect to the used mesh size.

3.3 Spatial discretization

In the previous two sections we introduced different methods for temporal discret-
ization. In this section we will present how to perform spacial discretization using
the finite element method. This method can be broken down into three main steps.
First, we translate the strong problem formulation to a weak, or variational, form.
We then discretize this variational form to arrive at a discrete variational form. Fi-
nally, this discrete variational form is translated into a linear system which can be
solved numerically. As was done for the θ-scheme, we will introduce the concepts
for a simple example, the Poisson problem.

3.3.1 Introduction of concepts

The Poisson problem with Dirichlet boundary conditions can be formulated as:
find u such that

−∇2u = f, in Ω, (29)
u = gD, on ∂Ω, (30)

where f and gD are known functions. The Poisson problem can have a number
of different boundary conditions, most commonly there are Dirichlet conditions,
which are used in the example problem, there are also Neumann conditions, where
(n · ∇u)|∂Ω = gN , and Robin conditions, where n · ∇u|∂Ω = κR(gR − u)|∂Ω with
κR being some constant. It is also possible to have some combination where these
conditions are assigned to different parts of the boundary.

To arrive at a variational formulation of the model problem, we multiply Equa-
tion (29) with a suitably chosen test function v and integrate over Ω. We choose
to defer the definition of “suitably chosen” until after the variational form is de-
rived. After multiplication with this “suitable” test function, and the application
of Green’s theorem to the Laplace term we get the following variational form:

ˆ
Ω

∇u · ∇v dx−
ˆ

∂Ω
n · ∇u dx =

ˆ
Ω
fv dx, (31)

where n is the boundary normal. We can now determine what function space
would be suitable for both the test function v and the trial function u. To ensure
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that the integral over Ω in the left-hand side is defined, we should require that
u, v ∈ H1(Ω) :=

{
v :
´

Ω |v|2 + |∇u|2 dx < ∞
}
. Since u is known on the boundary,

we can restrict the function space to only contain the functions which have the
correct boundary value. We therefore choose u ∈ Vg := {v ∈ H1(Ω) : v|∂Ω = gD}.
And to remove the boundary integral, we restrict the function space of v to contain
only functions which vanish on the boundary, v ∈ V0 := {v ∈ H1(Ω) : v|∂Ω = 0}.
This only leaves the handling of the integral in the right-hand side. It can be
ensured to be defined by requiring f ∈ L2(Ω) :=

{
v :
´

Ω |v|2 < ∞
}
. We can now

give the full variational form of the model problem: find u ∈ Vg such thatˆ
Ω

∇u · ∇v dx =
ˆ

Ω
fv dx, ∀v ∈ V0. (32)

The above problem is still continuous, but can be discretized by replacing the
function spaces with some finite dimensional subspaces,

Vh ⊂ H1, Vh,g ⊂ Vg and Vh,0 ⊂ V0, (33)

where the subscript h are used to indicate that the spaces are discrete. We then
introduce a set of basis functions which span the space Vh,

Vh = span
(
{ψi}N

i=1

)
, (34)

where N is the number of degrees of freedom in the function space. This lets us
express the function u as a linear combination of these basis functions,

u =
N∑

j=1
Ujψj, (35)

where Uj is some weighting function. Since ψi ∈ Vh we can use these basis functions
as test functions for our discrete variational form. Using this we end up with

N∑
i=1

Uj

ˆ
Ω

∇ψj · ∇ψi dx =
ˆ

Ω
fψi dx, for i = 1, 2, ..., N. (36)

This set of integral equations can be turned into a system of discrete linear equa-
tions, resulting in the following problem statement: find U = [U1, ..., UN ]ᵀ such
that

AU = b, (37)

where

Aij =
ˆ

Ω
∇ψj · ∇ψi dx, (38)

bi =
ˆ

Ω
fψi dx. (39)
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For the finite element method, we introduce a discretization of the domain, called
a mesh. The mesh K is a decomposition the domain into a number of simple
polygonal elements, K. Some examples of elements are triangles and tetrahedrons.
Meshes constructed from these elements are shown in Figure 3.

(a) An 3D unstructured
mesh of a head.

(b) A 2D unstructured
mesh of a circle.

Figure 3 – Two examples of meshed geometries. In Figure 3a we see a unstruc-
tured tetrahedral mesh of a human head. In Figure 3b we se a unstructured
triangular mesh of a circle.

The meshing is performed to make it simpler to introduce piecewise polynomial
function spaces. One often chooses the following discrete function space,

Vh :=
{
v : v ∈ C0(Ω), v|K ∈ Pk(K),∀K ∈ K

}
(40)

where C0(Ω) denotes the space of all continuous functions on Ω and Pk(K) the
space of polynomials of order k on element K. A function v ∈ Vh is uniquely
determined by its nodal values

{v(Nj)}np

j=1, (41)

where Nj denotes node j of K and np is the total number of nodes in the mesh.
We call the set of nodal values the degrees of freedom. We can construct a corres-
ponding basis {ϕj}np

j=1 ⊂ Vh such that

ϕj(Ni) = δij, i, j = 1, 2, ..., np, (42)

where δij is the Kronecker delta. Triangular elements with these function spaces
are often called Lagrange elements. In the figures below we see basis functions for
Lagrange elements of order 1 and 2.
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Figure 4 – The basis functions for the linear Lagrange element.

Figure 5 – The basis functions for a quadratic Lagrange element.

This choice of basis functions simplifies the integrals in Equation (36) since the
integrals are zero where the basis functions do not have common support.

Finally we introduce some short-hand notations which are commonly used. We
introduce the L2-inner product

(u, v)Ω =
ˆ

Ω
uv dx, (43)

with the induced norm

||u||Ω =
ˆ

Ω
|u|2 dx. (44)

We will also introduce the concept of bilinear and linear forms, which are used as a
short-hand for the left and right hand-side in a linear variational form, respectively.
We can now state the FEM formulation of the Poisson problem: find uh ∈ Vh,g

such that

ah(uh, v) = lh(v), ∀v ∈ Vh,0 (45)
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where ah(u, v) =
´

Ω ∇u · ∇v dx is a bilinear form and lh(v) =
´

Ω fv dx is a linear
form. The bilinear form have the properties that it is linear in both slots, hence
the term “bilinear”, while the linear form is linear in its one slot. These notations
will be used throughout the remaining parts of the thesis.

3.3.2 Spatial discretization of the time discretized θ-scheme

With the notations and methods outlined in the previous section, we will perform
a spatial discretization of the semi-discretized variational form obtained using the
θ-scheme in Section 3.1. Starting with Equation (14), we multiply with a test
function v ∈ [H1(Ω)]2, integrate over Ω and apply Green’s theorem to the viscous
and pressure terms, this yields

(um+1,v)Ω + ∆t(θ[ν(∇um+1,∇v)Ω + ((um · ∇)um+1,v)Ω]
−(pm+1,∇ · v)Ω − (νθn · ∇um+1 − pm+1n,v)∂Ω) = (gn+1,v)Ω.

(46)

Here we have kept the boundary terms which should be treated according to the
boundary conditions of the problem.

For the incompressibility condition we multiply with a test function q ∈ L2(Ω),
integrate over the domain Ω and get the following

(∇ · um+1, q)Ω = 0. (47)

We will now work with making sense of the continuous variational problem above.
We start with introducing short-hand notations

a(u,v; um) = (u,v)Ω + θ∆t[ν(∇u,∇v)Ω + ((um · ∇)u,v)Ω], (48)
b(p,v) = −(p,∇ · v)Ω, (49)
l(v) = (g,v)Ω, (50)

where a(u,v; um) is linear in its two first slot, for a given function um. We can
use Equation (49) for rewriting the incompressibility condition,

b(q,u) = 0. (51)

We once again want to emphasize that pressure and the incompressibility con-
dition have a intrinsic connection, and that one can think of the pressure as a
Lagrange multiplier which enforces the incompressibility condition. This becomes
more evident by the fact that it is possible to use the same bilinear form for these
two terms.
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Excluding the boundary terms we can now reformulate the problem as: given um,
find (um+1, pm+1) ∈ [H1(Ω)]2 × L2(Ω) such that for all (v, q) ∈ [H1(Ω)]2 × L2(Ω)

A((um+1,v), (pm+1, q)) := a(um+1,v; um) + b(pm+1,v) ± b(q,um+1) = l(v), (52)

where the sign of the last term in A((um+1,v), (pm+1, q)) can be chosen according
to solver requirements.

When discretizing the above continuous variational form we have to ensure to
choose a mixed space which is inherently stable. A stable mixed element Vh×Qh ⊂
V × Q should satisfy a particular instance of the inf-sup condition, called the
Ladyzhenskaya-Babuška-Brezzi or LBB condition,

inf
qh∈Qh

sup
vh∈Vh

b(vh, qh)
||vh||V ||qh||Q

≥ cb, (53)

with the constant cb independent of the mesh Th. There exist much theory on this
subject, and it turns out that many simple elements, such as choosing the same
polynomial order for the pressure and velocity spaces does not produce stable ele-
ments. It is however possible to use inherently unstable elements, such as the P1P1
element, which uses piecewise linear polynomials for both velocity and pressure, if
stabilization terms are added. In Figure 6 one can see some examples of unstable
elements.

Figure 6 – Some examples of elements which does not fulfill the LBB condition
and thus is not inherently stable. In each pair of elements the left element show
the degrees of freedom for the velocity and the element to the right show the
degrees of freedom for the pressure.

Moving on to discussing elements which are stable one usually start by intro-
ducing the lowest order Taylor-Hood element, often called P2P1 element, which
uses second order polynomials for velocity and first order polynomials for pres-
sure. Even if the P2P1 element is often called just “the Taylor-Hood element”
all PkPk−1 elements with k ≥ 2 are Taylor-Hood elements and fulfill the LBB
condition. Another common element is the MINI, or bubble, element which uses
linear polynomials enriched with a third order bubble function for velocity and
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linear polynomials for the pressure. These two elements and a Taylor-Hood-type
element for quadrilateral elements are shown in Figure 7.

Figure 7 – Some examples of elements which fulfill the LBB condition and in-
herently stable. In each pair of elements the left element show the degrees of
freedom for the velocity and the element to the right show the degrees of freedom
for the pressure. The first element is the Taylor-Hood element, the second is the
MINI element and the third uses biquadratic polynomials for velocity and bilinear
polynomials for pressure.

3.3.3 Spatial discretization of splitting methods

In this section we present fully discretized variants of the general splitting scheme
derived in Section 3.2. These schemes will be presented after being discretized in
space using the finite element method. We choose Vh and Qh to be some inf-sup
stable combination of finite element spaces for the velocity and pressure, respect-
ively. We have omitted the boundary terms produced by integration by parts,
since these terms are associated with the implementation of boundary conditions.

We start by choosing β = 0 which means that we do not include any pressure
information from the previous step. Since the entire pressure is calculated in each
step this scheme is called the non-incremental pressure correction scheme.
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Scheme 2: Non-Incremental Pressure Correction Scheme (N-IPCS)

Let t = n∆t, where n is the time step level. Then, given u0, perform the
following steps for n = 0, 1, 2, ..., N :

1. Given un
h, compute a tentative velocity u?

h ∈ [Vh]2 by solving

(u?
h,v)Ω + ∆t(ν∇u?

h,∇v)Ω = (un
h,v)Ω − ∆t((un

h · ∇)un
h,v)Ω (54)

for all v ∈ [Vh]2, and with any additional terms for the incorporation of
velocity boundary conditions.

2. Compute the pressure approximation pn+1
h ∈ Qh by solving

(∇pn+1
h ,∇q)Ω = − 1

∆t(∇ · u?
h, q)Ω (55)

for all q ∈ Qh. Apply homogeneous Neumann condition at boundaries
where velocity is known, and appropriate terms to incorporate boundary
conditions on other boundaries.

3. Calculate the corrected velocity un+1
h ∈ [Vh]2 by

(un+1,v)Ω = (u?,v)Ω − ∆t(∇pn+1,v)Ω. (56)

for all v ∈ [Vh]2.

Since we completely disregard the pressure in the calculation of the tentative ve-
locity it is natural to expect the divergence which would normally be controlled
by the pressure to be non-zero and of the order of the pressure term which was
omitted. This also means that by choosing β = 1 we include pressure information
from the previous step, which in turn produces a tentative velocity which have less
divergence and therefore is a better approximation of the velocity. This is the idea
behind the incremental pressure correction scheme.
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Scheme 3: Incremental Pressure Correction Scheme (IPCS)

Let t = n∆t, where n is the time step level. Then, given u0 and p0, perform
the following steps for n = 0, 1, 2, ..., N :

1. Given un
h and pn

h, compute a tentative velocity u?
h ∈ [Vh]2 by solving

(u?
h, v)Ω + ∆t(ν∇u?

h, ∇v)Ω = (un
h, v)Ω − ∆t((un

h · ∇)un
h, v)Ω − ∆t(∇pn

h, v)Ω
(57)

for all v ∈ [Vh]2, and with any additional terms for the incorporation
of velocity boundary conditions.

2. Compute the pressure approximation pn+1
h ∈ Qh by solving

(∇pn+1
h ,∇q)Ω = (∇pn

h,∇q)Ω − 1
∆t(∇ · u?

h, q)Ω (58)

for all q ∈ Qh. Apply homogeneous Neumann condition at boundaries
where velocity is known, and appropriate terms to incorporate boundary
conditions on other boundaries.

3. Calculate the corrected velocity un+1
h ∈ [Vh]2 by

(un+1,v)Ω = (u?,v)Ω − ∆t(∇(pn+1 − pn),v)Ω. (59)

for all v ∈ [Vh]2.

We also note that the IPCS scheme can be implemented using a Crank-Nicolson
step for the viscous term in the first step, which is equivalent to evaluating the
term at the time (tn+1 + tn)/2. As discussed earlier, the Crank-Nicolson scheme
is of higher order than the implicit Euler scheme. However, since all other terms
are treated using explicit Euler, this higher order treatment of the viscous term
seems to have only a small effect on the performance of the overall scheme. We
once again want to stress how the explicit nature of these schemes causes them to
only be stable for sufficiently small time steps due to the parabolic CFL condition,
Equation (10).

For both schemes, the second and last step can together be seen as a orthogonal
projection of the tentative velocity onto the space of divergent free velocities. For
this reason, these methods are sometimes called projection methods.
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4 A cut finite element method for the Poisson
problem.

In the following sections we introduce the methods needed for the CutFEM discret-
ization by applying them to a simple model problem. Using CutFEM we gain an
even greater flexibility with the geometry than for traditional FEM. The method
is also suitable for problems on evolving domains since it does not depend on keep-
ing the mesh conforming to the interfaces. The cost of not having a conforming
mesh is how the boundary conditions are enforced. The next section will introduce
Nitsche’s method which circumvents the problem with not being able to strongly
enforce boundary conditions by using weak imposition by introducing interface
integrals.

4.1 Model problem

To introduce the main concepts of the cut finite element method we start off by
applying the method to a simple example; the Poisson problem with Dirichlet
boundary conditions,

−∇2u = f in Ω,
u = gD on ∂Ω.

(60)

where f and gD are given functions. In Section 3.3.1 this model problem was
discretized using the standard finite element method.

4.2 Weak imposition of boundary conditions using Nitsche’s
method

For the standard finite element method, a Dirichlet boundary condition is often
imposed by restricting the function space of the sought solution to only contain
functions which fulfill the condition on the boundary, this is one form of strong im-
position of boundary conditions. Since CutFEM discretization does not result in
conforming boundaries, the possibility of strongly enforcing the Dirichlet boundary
conditions is removed. An alternative to strong imposition of the boundary condi-
tions is weak imposition by incorporation into the variational form using Nitsche’s
method.

We begin by finding a variational form of Equation (60) by multiplication with a
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test function v ∈ H1(Ω) and integration over Ω,

−(∆u, v)Ω = (f, v)Ω (61)

We now perform integration by parts on the Laplace term, to the cost of a change
of sign and a boundary term. This yields

(∇u,∇v)Ω − (∇u · n, v)∂Ω = (f, v)Ω, (62)

where n is the boundary normal. This expression is consistent, meaning that is
satisfied by the solution u ∈ H1(Ω) of Equation (60) but it is not symmetric with
regards to swapping v and u, due to the boundary term. Symmetry, or anti-
symmetry, is beneficial since many modern linear algebra solvers are more efficient
for problems with this property. To symmetrize we add a term (u− gD,∇v · n)∂Ω,
which vanish for the true solution. This results in the symmetric and consistent
formulation,

(∇u,∇v)Ω − (∇u · n, v)∂Ω − (u,∇v · n)∂Ω = (f, v)Ω − (gD,∇v · n)∂Ω. (63)

This formulation is however not coercive, meaning that it can not be bounded from
below when setting u = v. This is needed to satisfy the Lax–Milgram lemma,
[22], which in turn guarantee the uniqueness of the solution. To remedy this
problem, Nitsche added another term which vanish for the true solution, namely
γN(u − gD, v)∂Ω, where γN > 0 is some stabilization parameter which should
be chosen large enough. This results in the consistent, symmetric and coercive
formulation: find u ∈ H1(Ω) such that

(∇u,∇v)Ω − (∇u · n, v)∂Ω − (u,∇v · n)∂Ω + γN(u, v)∂Ω =
(f, v)Ω − (gD,∇v · n)∂Ω,+γN(gD, v)∂Ω, ∀v ∈ H1(Ω).

(64)

We now introduce some mesh K which discretize the domain. We then define a
discrete function space,

Vh ⊂ H1(Ω). (65)

For the discrete case, Nitsche showed that by choosing γN = ch−1 where h is the
local mesh size and c is some mesh independent parameter, the discrete problem
is stable if c is chosen large enough. We have thus ended up with the discrete
formulation: find uh ∈ Vh such that

ah(uh, v) = lh(v), ∀v ∈ Vh, (66)

where

ah(u, v) := (∇u,∇v)Ω − (∇u · n, v)∂Ω − (u,∇v · n)∂Ω + ch−1(u, v)∂Ω (67)
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and
lh(v) := (f, v)Ω + (gD,∇v · n)∂Ω + ch−1(gD, v)∂Ω. (68)

This formulation is valid for both conforming and non-conforming meshes. We can
however not guarantee stability if we allow for cut elements. This will be remedied
in the next section.

4.3 A Nitsche-based cut finite element formulation

The CutFEM method does not represent the geometry directly through the mesh.
This means that some other way of representing the boundaries are need. A
common approach is to describe the domain using a level set function, which fits
well together with the CutFEM method. In two dimensions, the level set method
represents the closed curve Γ, our boundaries or in interfaces, by a level set function
φ(x). The boundary Γ is then given by

Γ =
{
x ∈ R2 : φ(x) = 0

}
, (69)

which is the zero-level of the level-set function. The part of the domain in which
the problem is solved is often called the physical domain, we will let the part
of the domain where φ < 0 be the physical domain. In Figure 8a we can see a
quadratic level-set function which produces a circular boundary. In Figure 8b we
see a domain where the boundary is represented by a level-set function.

� > 0

� = 0

� < 0
(a) A quadratic level-set function
with a circular boundary.

(b) A domain where the boundary
is described by a level-set function.

Figure 8 – Two different examples of level-set functions. In the left figure we see
a quadratic level-set function which produce a circular boundary. The right figure
show a domain which is described using a level-set function.
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Since we no longer have to create a mesh which conforms to the boundaries of the
domain we can generate high quality meshes with very little effort. For instance,
we can introduce a structured triangulation Th,0 of the domains shown in Figure 8.
The resulting domains are shown in Figure 9.

φ < 0

φ = 0

φ > 0

(a) A circular boundary represen-
ted by a level-set function, with a
triangular background mesh

(b) A domain described with a
level-set function with a triangular
background mesh.

Figure 9 – Two level-set domains with unfitted background triangulations.

Given the level-set description of the geometry and the background mesh Th,0 we
can define the active mesh

Th := {T ∈ Th,0 : T ∩ Ω 6= ∅} (70)

where Ω is the physical domain. The active mesh for the level-set function and
background mesh in Figure 9b is shown in Figure 10.
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Figure 10 – Th active mesh (blue), given by the definition in Equation (70).

The CutFEM function space is defined on the active mesh,

Vh :=
{
v : v ∈ C0(Ω), v|K ∈ Pk(T ),∀T ∈ Th

}
. (71)

This means that the function space Vh have actually a domain of definition which is
larger than the integration domain of the original problem. This means that some
additional stabilization need to be added to ensure that the formulation achieve
the same approximation and stability properties also in this unphysical part of
the active mesh. We now state the CutFEM formulation, with this additional
stabilization, as the problem: find uh ∈ Vh such that

Ah(uh, v) := ah(uh, v) + gh(uh, v) = lh(v) ∀v ∈ Vh, (72)

where ah and lh are defined in Equations (67) and (68), and gh is a stabilization
term which properties are discussed in Section 4.4.

Until now, the level-set description have been implicit through the level-set func-
tion. In practice however, the level-set description is often made explicit by inter-
polating the level-set function so that it can be represented on the mesh. The next
section will briefly treat the topic of how to maintain a high order approximation
of the geometry even after interpolation.

4.3.1 Higher order geometry approximation

If the level-set function is interpolated to a piecewise linear function, which in
turn means that the boundaries are also piecewise linear. Isoparametric mapping
can be used to achieve a higher order geometry approximation. For this mapping,
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a displacement field is calculated. The displacement field is found using the dif-
ference between the exact level-set function and the interpolated function. This
field can then used to deform the mesh elements in the vicinity of the zero-level of
the level-set function. The resulting mapped mesh can then be used to achieve a
higher order representation of the boundary.

(a) Exact level-set func-
tion.

(b) Piecewise linear ap-
proximation of level-set
function.

(c) Piecewise linear ap-
proximation of level-set
function with isoparamet-
ric mapping.

Figure 11 – The left figure show the exact level-set function. The middle figure
show the piecewise linear function approximation of the level function on the
mesh. The figure to the right show the piecewise linear approximation of the
level-set function after isoparametric mapping have been used to achieve a high
order representation of the boundary.

As is seen in Figure 11 the geometry representation is greatly improved by the
isoparametric mapping approach. However, there is still the issue of how to treat
the cut elements. In fact, it turns out that all cuts are note created equal, and
that some cuts, often termed ”bad cuts”, causes numerical instabilities. The prob-
lematic cuts are those which creates elements that have a very small intersection
with the physical domain. To ensure stability for all possible cut configurations,
we will have to introduce stabilization, which is the topic of the next section.

4.4 Stabilization of cut elements - ghost penalty

In a CutFEM formulation, we have uncoupled the geometry description from the
mesh. As described in the previous section, this means that we allow the elements
of the background mesh to be cut, see Figure 10. These cuts can in turn cause
stability issues. The reason for this is so-called “bad cuts” which are when some
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elements are cut such that they have a very little contribution to the system matrix.
This is caused by the element having very little intersect with the physical domain.
In Figure 12 we see two different examples of elements with almost vanishing
intersection with the physical domain.

(a) (b)

Figure 12 – Two different examples of elements which have small intersection
with the physical domain (gray).

Elements which have very little contribution to the variational form causes the
resulting system matrix to be ill-conditioned. There are multiple methods to
remedy this problem, where we have chosen to use the popular method of ghost
penalty [11].

We begin by deciding where to add stabilization. For the active mesh seen in
Figure 10, we extract all the elements which are cut. We also introduce the set of
cut facets Fh, which are indicated using yellow in Figure 13.
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Figure 13 – Th elements which are cut by the boundary Γ. The cut facets Fh

are displayed in yellow.

There exist different ghost penalty approaches, but what is common to all methods
is that we want to ensure that we have an upper bound of the condition number
of the system matrix. To do this, we aim to extend the regularity, or smoothness,
from within the computational domain, to the entirety of the cut element. By
doing this, we also extend our computational domain outside of that which is our
physical domain, giving this approach the name ”fictitious domain”. There are
many different methods for this extension, in this paper we have chosen to use a
patch based ghost penalty method introduced in [12].

To extend the regularity to the cut elements, we aim to regain control over the
discrete polynomials close to the boundary. To achieve this, we need to transport
information from the interior of the domain, where the solution is under sufficient
control, to the interface zone.

When using ghost penalty, there are two main approaches. One is based on adding
integrals over the cut facets, Fh in Figure 13, which penalize the facet-jump for
all order derivatives. The other approach uses integration over so-called patches
formed around the cut facets to penalize the jump between functions.

We first define the needed terminology. Each facet F ∈ Fh will have two neighbor-
ing elements, we call these elements T+

F and T−
F . The union of these two elements

form a patch, PF = T+
F ∪ T−

F , which we associate with the shared cut facet, see
Figure 14. The functions u± = u|T ±

F
are the restriction of the global function u to

the elements T±
F .
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Figure 14 – A cut facet, F , and the elements T +
F and T −

F which union constitute
the patch PF .

We can now proceed with describing the facet-based ghost penalty. For a polyno-
mial of order k, such a inter-element facet-jump ghost penalty operator is defined
as

g(uh, vh) =
∑

F ∈Fh

∑
0≤j≤k

h2j+1
F (J∂j

nuhK, J∂j
nvK)F , (73)

where hF is the local mesh size associated with facet F , ∂j
n denotes the normal

derivative operator of order j and

JvK = v+ − v−, (74)

is the so-called jump operator.

For higher order polynomials, the need for implementation and evaluation of high
order derivatives can prove quite cumbersome. This is avoided by the use of
patch-based methods. For this methods, we will discuss two different types of
ghost-penalty operators. We will discuss the operators in the order of discovery,
starting with a patch-wise projection-based operator and then moving on to an
operator which is based on patch-wise extension.

For the patch-wise projection operator, we introduce a set of polynomials of or-
der k on each patch, Pk(PF ), we then let πPF

: L2(PF ) → Pk(PF ) denote the
L2-projection onto this polynomial space. We can then define the patch-wise
projection-based ghost penalty operator as

g̃s(uh, vh) =
∑

F ∈FΓ

hs(uh − πPF
uh, v − πPF

v)PF
=

∑
F ∈FΓ

hs(uh − πPF
uh, v)PF

, (75)
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where the last equality follows from the Galerkin orthogonality of the patch-wise
L2-projection. In the first form, we clearly see that the operator is symmetric.
This method was first introduced by Burman [6]. This method requires that we
define a projection for each patch, this is avoided in the next patch-based method.

For the patch-wise extension operator we first define what is meant by the exten-
sion of the polynomials on an element. The solution ui on element Ti is expressed
using a set of basis functions which are restricted to the element. We can extend
the functions defined on the element by lifting this restriction and thus define the
basis functions for all points in the domain. This means that ui can now be eval-
uated in the whole domain. Using this canonical extension we can evaluate both
functions, u±, over the whole patch PF not only on its associated element T±

F . In
turn, this lets us evaluate the jump operator, Equation (74), over the entirety of
the patch PF . It is clear that by penalizing the this jump over the whole patch, we
will force the polynomials on PF to be close to equal, and hence this will extend
regularity from within the domain to the cut element. We therefore define the
patch-wise extension-based ghost penalty operator as

ḡs(uh, v) =
∑

F ∈FΓ

hs
F (JuhK, JvK)PF

, (76)

where s is chosen to achieve the correct scaling with regard to the mesh size. This
ghost penalty operator will be used for the numerical results in this thesis.

The overall idea of the ghost penalty is to extended certain norm control for discrete
functions from the physical domain to the active mesh. For this, we need

‖∇uh‖2
Th

∼ ‖∇uh‖2
Ω + gh(uh, uh), (77)

which we use to determine the correct value of s for the stabilization of the unfitted
Poisson problem. For this we can use dimensional analysis. The norm we want
to control contain a surface integral over a mesh element with a integrand which
contain two spacial derivatives. The surface integral contributes with h2, one h for
each dimension, while the derivatives give one h−1 each. These factors all cancel,
resulting in no h-dependence of the entire term. Choosing s = −2 gives us the
same h-scaling of the stabilization term.

4.5 Error estimates and numerical results

In this section we will present theoretical results, such as a priori error estimates
for the Poisson problem and condition number estimates. We will then show
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numerical results for the CutFEM Poisson solver based on the methods outlined
in the previous sections. Throughout the section we will use the following norms,

||v||2L2 = (v, v)Ω, ||v||2H1 = (∇v,∇v)Ω. (78)

4.5.1 A priori error estimates for the unfitted Poisson problem

In [5] it shown that the ghost penalty method produces optimal a priori error
estimates. From this one can conclude that the following holds: let u ∈ Hj be
the analytical solution of Equation (60) and uh ∈ Vh, where Vh is of order k, the
solution of Equation (72) and j ≤ k, then we have

||uh − u||L2 ≤ chk+1, (79)
||uh − u||H1 ≤ chk. (80)

with c being some constant which is independent of h.

4.5.2 Condition number estimates for the unfitted Poisson problem

The condition number of the system matrix, A, resulting from the formulation in
Equation (72) satisfies the upper bound κ(A) ≤ CAh

−2
min where the constant CA is

independent of how the mesh is cut by the boundary. A proof can be found in [11].

4.5.3 Numerical example

To validate the proposed cut finite element method for the Poisson problem, Equa-
tion (72), we will in this section apply the method to a test problem with known
analytical solution. The analytical solution is

u = 2 + 2y
(3 + x)2 + (1 + y)2 , (81)

which, by the method of manufactured solutions, gives f = 0. The Dirichlet
boundary condition is given by gD = u restricted to the boundary, and the com-
putational domain is the inside of the circle represented by the level-set function

φ = (x2 + y2)1/2 − r (82)

with r = 0.9. The level-set function is defined inside the domain Ω = [−1, 1]2
which is discretized using an unstructured triangular mesh. The study will be
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conducted using three different order elements, Pk for k = 1, 2, 3, for which the a
priori error estimates are given in Section 4.5.1.

In Figure 15 we see log-log plots of the error over mesh size. The slope of the lines
in these plots determine the experimental order of convergence (EOC). Beside
each line there is a slope marker giving a reference to the slope of each line. We
see consistent decrease in error along with the decrease in mesh size, indicated by
close to uniform slope of the lines. We also note that the EOCs are of the expected
orders for all three different order elements.

(a) P1 elements. (b) P2 elements.

(c) P3 elements.

Figure 15 – Convergence plots for the H1 and L2-error for the Poisson problem
using different polynomial spaces. The slopes are indicated by the slope markers.

Having thus confirmed the validity of the method, and our implementation of a
Poisson solver, we can move on to applying the methods towards producing a
Navier-Stokes solver.
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5 Cut finite element splitting methods for Navier-
Stokes equations

In the coming section we will present the modifications made to produce CutFEM
formulations of the general splitting method defined in Scheme 1. We will use
the methods introduced in Section 4 to modify the existing scheme to handle
unfitted domains. To do this, we will enforce the boundary conditions weakly
using Nitsche’s method, and stabilize the cut elements using patch-wise extension-
based ghost penalty.

5.1 Description of the final method

We introduce the CutFEM modifications on the general splitting schemes since
these generalize to the case of N-IPCS and IPCS directly. The three subsequent
sections will treat each step in the scheme. We assume Dirichlet boundary condi-
tions for the velocity on the level-set boundary.

5.1.1 Computing the tentative velocity

We recall the strong formulation: given un and pn find the tentative velocity u?

by solving

u? − ∆tν∇2u? = un − ∆t((un · ∇)un + β∇pn). (83)

When formulating the corresponding weak variational form we start by defining
the CutFEM function space defined on the active mesh,

Vh,k :=
{
v : v ∈ C0(Ω), v|K ∈ Pk(T ),∀T ∈ Th

}
, (84)

where Th is the active mesh defined in Equation (70). Following the outline of
Section 4 we can now introduce the stabilized CutFEM formulation: given un ∈
[Vh,k]2 and pn ∈ Vh,k−1 find u?

h ∈ [Vh,k]2 such that

Ah,1(u?
h,v) := ah,1(u?

h,v) + gh,1(u?
h,v) = lh,1(v) ∀v ∈ [Vh,k]2 (85)

with the bilinear form ah,1 given by

ah,1(u, v) = (u, v)Ω + ν∆t
[
(∇u, ∇v)Ω − (∇u · n, v)∂Ω − (u, ∇v · n)∂Ω + ch−1(u, v)∂Ω

]
,

(86)
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and the right-hand side

lh,1(v) = (un, v)Ω − ∆t
[
((un · ∇)un, v)Ω + β(∇pn, v)Ω − ν(gD, ∇v · n)∂Ω + cνh−1(gD, v)∂Ω

]
,

(87)

and the ghost penalty term is given by

gh,1(u,v) =
∑

F ∈FΓ

(ν∆th−2 + 1)(JuKPF
, JvKPF

)PF
= ν∆tḡ-2(u,v) + ḡ0(u,v) (88)

where ḡ is given by Equation (76). The scaling of the penalty term can again be
found using dimensional analysis and the fact that we want the stabilization to
scale as the two terms ||uh||Ω and ν∆t||∇uh||Ω.

5.1.2 Computing the pressure approximation

We start by stating the strong formulation: given u? calculate the pressure update
φ by solving

∇2φ = 1
∆t∇ · u?, (89)

with homogeneous Neumann boundary conditions where the velocity have Dirich-
let boundary conditions.

Using the CutFEM function space Vh,k−1 defined in Equation (84). This choice of
function spaces for the velocity and pressure corresponds to Taylor-Hood elements.
It is also possible to choose some other inf-sup stable element combination. We
now define the CutFEM formulation: given u?

h ∈ [Vh,k]2 compute φ ∈ Vh,k−1 such
that

Ah,2(φh, q) := ah,2(φh, q) + gh,2(φh, q) = lh,2(q) ∀q ∈ Vh,k−1, (90)

where

ah,2(φ, q) = (∇φ,∇q) (91)

and the right-hand side is defined as

lh,2(q) = − 1
∆t(∇ · u?

h, q) (92)

and finally the ghost penalty which is defined as

gh,2(φ, q) =
∑

F ∈FΓ

(JφKPF
, JqKPF

)PF
= ḡ0(φ, q). (93)
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The scaling of the ghost penalty is different than the one for the Poisson problem
in Section 4. This is since the pressure only need to be controlled in the L2-norm,
meaning that we need the same scaling as ||φ||Ω.

When the pressure update φ is known, we can calculate the pressure by
pn+1

h = βpn
h + φ. (94)

5.1.3 Calculating the corrected velocity

The final step in the scheme have the strong formulation: given u? and φ, calculate
the corrected velocity un+1 by

un+1 = u? − ∆t∇φ. (95)
Here we note that the term ∇φ is generally not continuous, this means that we
need to perform a projection to assure that un+1

h ∈ [Vh,k]2. We therefore define
the following projection step instead: given u?

h ∈ [Vh,k]2 and φ ∈ Vh,k−1, find the
corrected velocity un+1

h ∈ [Vh,k]2 such that
Ah,3(un+1

h ,v) = lh,3(v) ∀v ∈ [Vh,k]2 (96)
where

Ah,3(un+1,v) = (un+1,v)Ω, (97)
and

lh,3(v) = (u?,v)Ω − ∆t(∇φ,v)Ω. (98)
This is the last of the three steps of the splitting method. We note that we do not
need stabilization by ghost penalty in this last step. In the next section we will
summarize the steps into a complete time stepping scheme.

5.1.4 The cut finite element splitting scheme

Using the results from the three previous sections we can now formulate the final
cut finite element splitting scheme:

Scheme 4: CutFEM splitting scheme

Let t = n∆t, where n is the time step level. Then, given u0 and possibly p0,
perform the following steps for n = 0, 1, 2, ..., N :

1. Given un
h ∈ [Vh,k]2 and pn

h ∈ Vh,k−1, find the tentative velocity u?
h ∈
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[Vh,k]2 such that

Ah,1(u?
h,v) = lh,1(v) ∀v ∈ [Vh,k]2, (99)

with Ah,1 and lh,1 defined in Equations (85) to (88).

2. Given u?
h ∈ [Vh,k]2 find the pressure update φh ∈ Vh,k−1 such that

Ah,2(φh, q) = lh,2(q) ∀q ∈ Vh,k−1, (100)

with Ah,2 and lh,2 defined in Equations (90) to (93).

3. Given u?
h ∈ [Vh,k]2 and φh ∈ Vh,k−1, find the corrected velocity un+1

h ∈
[Vh,k]2 such that

Ah,3(un+1
h ,v) = lh,3(v) ∀v ∈ [Vh,k]2, (101)

with Ah,3 and lh,3 defined in Equations (96) to (98).

This scheme contains the CutFEM formulation of both N-IPCS and IPCS for
β = 0 and β = 1, respectively. In the next section we will test the presented
splitting methods for different benchmarking problems.

The initial value for the velocity, u0, are assumed to be divergence free. However,
it is often the case that the initial value is taken as the L2-projection or some
interpolation of the analytical value of the velocity, which neither are generally
divergence free. If a non-divergence free initial value is used, the first few time
steps may produce solutions which contain spurious pressure spikes. We found
that applying the second and third steps of the above scheme to the initial ve-
locity reduced the pressure spikes. This is equivalent to projecting u0 to space
of divergent free velocities. Multiple iterations may be needed to decrease the
divergence sufficiently.

6 Numerical results

In this section we present the numerical results for the CutFEM splitting methods
presented in Section 5. The methods will be used to solve two common bench-
marking problems, the Taylor-Green vortex which have an analytical solution, and
channel flow around a cylinder which is thoroughly examined in [23].
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6.1 Taylor-Green vortex

The Taylor-Green vortex is an exact 2D solution to the Navier-Stokes equations
first derived by Taylor [24]:

ux = − cos(πx) sin(πy)e−2π2νt, (102a)
uy = cos(πy) sin(πx)e−2π2νt, (102b)

p = 1
4(cos(2πx) + cos(2πy))e−4π2νt, (102c)

where (ux, uy) are the velocity components in the (x, y)-directions. The equations
describe a decaying vortex where the convective term balance the pressure gradient
and the the diffusive term balance the time-derivative term. What is special with
Equation (102) is that all terms are active, while many other analytical solutions
are chosen such that some terms are canceled out. This, and the simplicity of
the initial and boundary data make it a common choice for benchmarking and
solver validation. We will study two cases with different Reynolds number. The
low Re case, produced when using ν = 1, results in a rapidly decaying solution
which allow the temporal error to be dominant. In the high Re case, ν = 10−3,
the exponential decay happen more slowly, meaning that the temporal error will
not be as dominant and we should expect to see the effect of mesh refinement and
the resulting decrease in the spatial error.

(a) Norm of velocity. (b) Pressure.

Figure 16 – The the norm of the velocity (left) and the pressure (right) for the
Taylor-Hood vortex over the domain [−1, 1]2. Both the quantities have sinusoidal
behavior with exponential decay.

Since we have a known analytical solution, we can calculate the error. We will
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consider the error in the following space-time norms:

||uh − uref ||2L2(L2) =
N∑

n=1
∆t||un

h − u(n∆t)||2Ω, (103)

||uh − uref ||2L2(H1) =
N∑

n=1
∆t||∇(un

h − u(n∆t))||2Ω, (104)

where u(t) is the analytical solution at time t. These errors will be denoted the
L2(L2) and L2(H1) error, respectively.

For sufficiently small time steps, we expect to observe that the spatial error is dom-
inant, meaning that we expect to observe the standard error estimates expected
from the theory of finite elements when applied to inf-sup stable elements, such as
the used Taylor-Hood elements, namely:

||uh − uref ||L2(L2) ≤ chk+1, (105)
||uh − uref ||L2(H1) ≤ chk, (106)
||ph − pref ||L2(L2) ≤ chk, (107)

where c is some constant which is independent of ∆t and k is the order of the
polynomial space. We will present the results for using P2P1 Taylor-Hood elements,
meaning that we have k = 2 for velocity and k = 1 for pressure. In addition to the
results presented in the next two sections, results for P3P2 elements can be found
in the appendix.

The domain is the square [−1, 1]2, in which the computational domain is the inside
of the circle represented by the level-set function

φ = (x2 + y2)1/2 − r (108)

with r = 0.9. Figure 17 show the physical domain in red, with the coarsest
background mesh used in the testing.
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Figure 17 – The physical domain, red, with the coarsest background mesh used
in the testing. No isoparametric mapping have been applied to the mesh in the
figure.

In the simulations where the space-time norms are calculated, the time step scales
with the time refinement level, Lt, as

∆t = ∆t0 · 2−Lt , (109)

where ∆t0 = 1/16 is the maximum time step. While the maximum mesh size,
hmax, is given by

hmax = h0 · 2−Lx/2, (110)

where h0 = 1/6 is the largest value of the maximum mesh size, and Lx is the mesh
refinement level. The problem was solved during the time interval (0, 0.5].

6.1.1 Non-incremental pressure correction scheme

In the following tables we display the L2(L2) and L2(H1) errors and corresponding
experimental order of convergence (EOCs) for N-IPCS. The EOCs for space and
time are denoted EOCx and EOCt and are calculated for the finest temporal and
spatial refinement level, respectively.

The best theoretical temporal error estimate results for the N-IPCS scheme are
due to Shen [25]:

||uh − uref ||L2(L2) ≤ c∆t, (111)
||ph − pref ||L2(L2) ≤ c

√
∆t, (112)
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where c is some constant which is independent of ∆t.

We start by presenting the low Reynolds case, where ν = 1. The tables for the
velocity can be seen in Tables 1 and 2, and for the pressure in Table 3. In the
tables, the experimental order of convergence in space, EOCx, and in time, EOCt,
have been calculated for the finest refinement level in time and space perspectively.
The convergence rate is calculated between each consecutive refinement level.

We start with discussing the errors in velocity, focusing first on the L2(L2) error,
seen in Table 1, and the convergence rate in time, shown in the right-most column
in the table. From Equation (111) we should expect the EOCt to be one, which is
indeed the result shown in the table. The temporal convergence rate approaches
one asymptotically as we refine the spatial discretization by increasing Lt. From
the errors for Lt between 0 and 6 observe that the temporal error is dominant,
meaning that we see no decrease in the error from spatial refinements. For the
finest temporal refinement level, Lt = 8, we observe a convergence rate of 3.25
from the first spatial refinement, which is consistent with the expected O(h3) rate
expected from Equation (105). This convergence is however rapidly decreasing as
the temporal error becomes dominant for finer spatial refinement levels.

Table 1 – The L2(L2) error of the velocity for the N-IPCS scheme with ν = 1
and the final time is T = 0.5. P2 and P1 elements where used for the velocity and
the pressure, respectively.

Lt ↓ \Lx → 0 1 2 3 EOCt

0 4.9 · 10−2 4.9 · 10−2 4.9 · 10−2 4.9 · 10−2 —
2 1.5 · 10−2 1.5 · 10−2 1.5 · 10−2 1.5 · 10−2 0.85
4 4.0 · 10−3 4.0 · 10−3 3.9 · 10−3 3.9 · 10−3 0.96
6 1.1 · 10−3 1.0 · 10−3 1.0 · 10−3 1.0 · 10−3 0.99
8 9.3 · 10−4 3.0 · 10−4 2.6 · 10−4 2.5 · 10−4 1.00

EOCx — 3.25 0.45 0.05

For the L2(H1) error we do not have any a priori time error estimates to present.
One should however expect the convergence rate in time to be lower than that of
the L2(L2) error due to the spurious boundary layers introduced by the artificial
Neumann boundary condition for the pressure. This is further discussed in Sec-
tion 7. When observing the EOCt in Table 2 we do in fact observe convergence
rates below one, which is consistent with what we have expected from the previ-
ous discussion. We do however observe spatial convergence around O(h2) which
is expected from the error estimate in Equation (106). These rates are seen in the
bottom row of the table below.
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Table 2 – The L2(H1) error of the velocity for the N-IPCS scheme with ν = 1
and the final time is T = 0.5. P2 and P1 elements where used for the velocity and
the pressure, respectively.

Lt ↓ \Lx → 0 1 2 3 EOCt

0 2.3 · 10−1 2.3 · 10−1 2.3 · 10−1 2.3 · 10−1 —
2 7.1 · 10−2 7.0 · 10−2 6.9 · 10−2 6.9 · 10−2 0.86
4 2.3 · 10−2 2.0 · 10−2 1.9 · 10−2 1.9 · 10−2 0.94
6 1.7 · 10−2 8.6 · 10−3 5.9 · 10−3 5.3 · 10−3 0.91
8 2.2 · 10−2 8.0 · 10−3 3.8 · 10−3 2.1 · 10−3 0.66

EOCx — 2.85 2.15 1.67

The convergence rates for the pressure show to be less consistent with the a priori
error estimates. We observe both spatial and temporal convergence which is faster
than the expected O(h2 +

√
∆t) rate from error estimates in Equations (107)

and (112). The pressure often prove to be more fickle than the velocity, and
the results suggest that we might not have reached the asymptotic convergence
behavior.

Table 3 – The L2(L2) error of the pressure for the N-IPCS scheme with ν = 1
and the final time is T = 0.5. P2 and P1 elements where used for the velocity and
the pressure, respectively.

Lt ↓ \Lx → 0 1 2 3 EOCt

0 3.2 · 10−2 3.3 · 10−2 3.3 · 10−2 3.3 · 10−2 —
2 2.2 · 10−2 2.3 · 10−2 2.3 · 10−2 2.3 · 10−2 0.27
4 9.7 · 10−3 1.0 · 10−2 1.0 · 10−2 1.0 · 10−2 0.58
6 3.8 · 10−3 3.3 · 10−3 3.3 · 10−3 3.3 · 10−3 0.81
8 1.2 · 10−2 2.6 · 10−3 1.1 · 10−3 9.7 · 10−4 0.89

EOCx — 2.71 3.86 3.13

Moving on to the high Reynolds case, where ν = 10−3, we expect the temporal
error to be less dominant due to the slower exponential decay of the vortices. This
expectation is consistent with what is seen in Tables 4 to 6, where the temporal
convergence rate in the right-most column diminish after the first temporal refine-
ment levels in all three tables. This also means that we now have the chance to
study the spatial convergence rate, since the spatial error is dominant.
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We again start by discussing the errors for the velocity, Tables 4 and 5. For
the L2(L2) error, Table 4, we can observe spatial convergence rates which are
close to the optimal O(h3) rate, anticipated from to the error estimate seen in
Equation (105).

Table 4 – The L2(L2) error of the velocity for the N-IPCS scheme with ν = 10−3

and the final time is T = 0.5. P2 and P1 elements where used for the velocity and
the pressure, respectively.

Lt ↓ \Lx → 0 1 2 3 EOCt

0 6.4 · 10−2 5.1 · 10−2 6.7 · 10−2 1.4 · 10−1 —
2 2.9 · 10−2 1.6 · 10−2 1.1 · 10−2 1.0 · 10−2 1.92
4 2.5 · 10−2 1.0 · 10−2 5.2 · 10−3 2.8 · 10−3 0.92
6 2.6 · 10−2 1.0 · 10−2 4.3 · 10−3 1.4 · 10−3 0.51
8 3.5 · 10−2 1.3 · 10−2 4.4 · 10−3 1.2 · 10−3 0.10

EOCx — 2.95 3.06 3.74

For the L2(H1) error, Table 5, we also observe spatial convergence around the
expected rate, in this case O(h2) from the error estimate in Equation (106). One
should also note the quite high errors for the first temporal refinement level indic-
ating a highly irregular solution, which is a sign of instability.

Table 5 – The L2(H1) error of the velocity for the N-IPCS scheme with ν = 10−3

and the final time is T = 0.5. P2 and P1 elements where used for the velocity and
the pressure, respectively.

Lt ↓ \Lx → 0 1 2 3 EOCt

0 2.4 2.4 3.9 1.0 · 101 —
2 1.1 7.9 · 10−1 6.2 · 10−1 6.4 · 10−1 2.02
4 1.0 6.3 · 10−1 3.7 · 10−1 2.1 · 10−1 0.80
6 1.0 6.2 · 10−1 3.5 · 10−1 1.5 · 10−1 0.25
8 1.2 7.0 · 10−1 3.5 · 10−1 1.4 · 10−1 0.03

EOCx — 1.65 1.99 2.58

In Table 6 we, as in Table 3, observe high spatial convergence rates for the pressure
for all spatial refinement levels. These convergence rates are even higher than the
expected rates from the error estimates in Equation (107).
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Table 6 – The L2(L2) error of the pressure for the N-IPCS scheme with ν = 10−3

and the final time is T = 0.5. P2 and P1 elements where used for the velocity and
the pressure, respectively.

Lt ↓ \Lx → 0 1 2 3 EOCt

0 2.1 · 10−2 1.5 · 10−2 1.4 · 10−2 2.5 · 10−2 —
2 1.3 · 10−2 7.1 · 10−3 4.6 · 10−3 3.7 · 10−3 1.39
4 1.2 · 10−2 5.5 · 10−3 2.8 · 10−3 1.6 · 10−3 0.60
6 1.6 · 10−2 6.5 · 10−3 2.6 · 10−3 1.2 · 10−3 0.19
8 3.5 · 10−2 1.4 · 10−2 3.6 · 10−3 1.2 · 10−3 -0.01

EOCx — 2.71 3.86 3.13

6.1.2 Incremental pressure correction scheme

The simple addition of the pressure term in the first step of the splitting scheme
raises the convergence rate of the IPCS method substantially when compared to
N-IPCS. This is seen in the best theoretical temporal error estimate results for the
IPCS scheme, which are, once again, due to Shen [26]:

||uh − uref ||L2(L2) ≤ c(∆t)2, (113)
||ph − pref ||L2(L2) ≤ c∆t, (114)

where c is some constant which is independent of ∆t.

As we did for N-IPCS we start with the low Reynolds case where ν = 1. For the
L2(L2) error, Table 7, we observe temporal convergence rates close to 2 for the
first two temporal refinements. This is consistent with the rate expected from the
error estimate in Equation (113). When comparing to the N-IPCS scheme, we
have a very fast decrease of the temporal error, which also means that this error is
not dominant for as many refinement levels. This can be seen from the decreasing
convergence rate for further temporal refinements. Since the temporal error is
not dominant for the last temporal refinement we also expect to observe spatial
convergence rates which are close to the expected O(h3), from Equation (105).
This is indeed the case, as can be seen in the bottom row of the table.
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Table 7 – The L2(L2) error of the velocity for the IPCS scheme with ν = 1 and
the final time is T = 0.5. P2 and P1 elements where used for the velocity and the
pressure, respectively.

Lt ↓ \Lx → 0 1 2 3 EOCt

0 1.6 · 10−2 1.5 · 10−2 1.5 · 10−2 1.5 · 10−2 —
2 1.1 · 10−3 1.1 · 10−3 1.1 · 10−3 1.1 · 10−3 1.91
4 3.4 · 10−4 1.2 · 10−4 8.2 · 10−5 7.4 · 10−5 1.93
6 5.1 · 10−4 1.2 · 10−4 4.0 · 10−5 1.3 · 10−5 1.26
8 9.3 · 10−4 1.7 · 10−4 4.6 · 10−5 1.3 · 10−5 -0.02

EOCx — 4.94 3.71 3.61

For the L2(H1) error, Table 8, we observe a similar behavior as we did for the
L2(L2) error in the table above. The temporal convergence rate is initially high
but decreases for further temporal refinements, and the spatial convergence rate
is slightly higher than the O(h2) rate expected from Equation (106).

Table 8 – The L2(H1) error of the velocity for the IPCS scheme with ν = 1 and
the final time is T = 0.5. P2 and P1 elements where used for the velocity and the
pressure, respectively.

Lt ↓ \Lx → 0 1 2 3 EOCt

0 1.5 · 10−1 1.6 · 10−1 1.4 · 10−1 1.4 · 10−1 —
2 2.1 · 10−2 2.1 · 10−2 1.8 · 10−2 2.0 · 10−2 1.39
4 1.3 · 10−2 6.5 · 10−3 3.5 · 10−3 2.4 · 10−3 1.51
6 1.6 · 10−2 6.9 · 10−3 3.3 · 10−3 1.6 · 10−3 0.32
8 2.2 · 10−2 7.9 · 10−3 3.6 · 10−3 1.6 · 10−3 -0.03

EOCx — 2.89 2.28 2.28

For the pressure, Table 9, we observe convergence rates in time which are of
the expected size when comparing to the error estimate in Equation (114). The
convergence in space is even higher than the second order rates expected from
Equation (107).
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Table 9 – The L2(L2) error of the pressure for the IPCS scheme with ν = 1 and
the final time is T = 0.5. P2 and P1 elements where used for the velocity and the
pressure, respectively.

Lt ↓ \Lx → 0 1 2 3 EOCt

0 1.4 · 10−1 1.4 · 10−1 1.4 · 10−1 1.4 · 10−1 —
2 3.7 · 10−2 3.7 · 10−2 3.7 · 10−2 3.7 · 10−2 0.95
4 8.8 · 10−3 8.2 · 10−3 8.1 · 10−3 8.0 · 10−3 1.09
6 7.7 · 10−3 2.7 · 10−3 2.0 · 10−3 1.8 · 10−3 1.06
8 2.1 · 10−2 5.8 · 10−3 2.0 · 10−3 6.3 · 10−4 0.77

EOCx — 3.73 3.11 3.28

Finally we conclude this section by discussing the high Reynolds case, where ν =
10−3, for the IPCS method. The L2(L2) error for the velocity, Table 10, show
very little decrease from temporal refinements beyond the first two refinement
levels. This, as discussed in the previous section, is consistent with the slower
time dynamics produced by the low viscosity. The spatial error have close to the
expected third order convergence rates, Equation (105).

Table 10 – The L2(L2) error of the velocity for the IPCS scheme with ν = 10−3

and the final time is T = 0.5. P2 and P1 elements where used for the velocity and
the pressure, respectively.

Lt ↓ \Lx → 0 1 2 3 EOCt

0 5.1 · 10−2 3.4 · 10−2 5.6 · 10−2 1.7 · 10−2 —
2 2.5 · 10−2 9.9 · 10−3 5.5 · 10−3 2.7 · 10−3 1.31
4 2.4 · 10−2 9.7 · 10−3 4.1 · 10−3 1.1 · 10−3 0.68
6 2.6 · 10−2 1.0 · 10−2 4.1 · 10−3 1.1 · 10−3 -0.01
8 3.5 · 10−2 1.3 · 10−2 4.4 · 10−3 1.1 · 10−3 -0.04

EOCx — 2.88 3.15 3.86

As can be seen in Table 11, the L2(H1) error also show little dependence on
temporal refinements, but produce convergence rates in space which are close to
the ones expected from Equation (106).
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Table 11 – The L2(H1) error of the velocity for the IPCS scheme with ν = 10−3

and the final time is T = 0.5. P2 and P1 elements where used for the velocity and
the pressure, respectively.

Lt ↓ \Lx → 0 1 2 3 EOCt

0 2.2 2.1 4.9 1.8 —
2 1.0 6.3 · 10−1 4.9 · 10−1 3.0 · 10−1 1.31
4 1.0 6.1 · 10−1 3.4 · 10−1 1.4 · 10−1 0.55
6 1.0 6.2 · 10−1 3.4 · 10−1 1.4 · 10−1 -0.00
8 1.2 7.0 · 10−1 3.5 · 10−1 1.4 · 10−1 -0.01

EOCx — 1.57 2.02 2.59

Finally, we study the high Reynolds case for the pressure, Table 12. As can be
expected from the previous results, we do not observe much convergence in time.
We do however observe spatial convergence close to double the expected rate.

Table 12 – The L2(L2) error of the pressure for the IPCS scheme with ν = 10−3

and the final time is T = 0.5. P2 and P1 elements where used for the velocity and
the pressure, respectively.

Lt ↓ \Lx → 0 1 2 3 EOCt

0 1.4 · 10−2 7.6 · 10−3 7.4 · 10−3 2.3 · 10−3 —
2 1.1 · 10−2 4.8 · 10−3 2.4 · 10−3 1.1 · 10−3 0.53
4 1.3 · 10−2 5.2 · 10−3 2.4 · 10−3 1.1 · 10−3 0.04
6 2.7 · 10−2 7.3 · 10−3 2.7 · 10−3 1.1 · 10−3 -0.03
8 1.0 · 10−1 1.9 · 10−2 5.7 · 10−3 1.5 · 10−3 -0.21

EOCx — 4.90 3.45 3.88

6.2 Channel flow around a cylinder

The Deutsche Forschungsgemeinschaft, often called DFG, flow around a cylinder
benchmark test is a common benchmarking problem which contain many different
test cases, which are all described in [23]. We will focus on the first 2D test case
for which the geometry and boundary conditions are indicated in Figure 18.
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Figure 18 – A schematic of the 2D setup used for the DFG benchmarking test.
U, V are here analogous to ux, uy. Schematic figure is courtesy of [23]

For the benchmarking test, we have the following constants, the kinematic viscosity
is defined as ν = 10−3, fluid density is ρ = 1, circle radius is r = 0.05, and the
channel height is H = 0.41. The inlet condition is specified below. The outlet
condition are not prescribed for the DFG benchmark, but are to be chosen by
the user. We choose to use a split version of the natural “do-nothing” boundary
condition for the Navier-Stokes equations, namely

p = 0 and ∂nu = 0 at the outlet. (115)

We will consider the test case 2D-1 of the DFG benchmark: the inflow is given by

ux,in = 4umaxy(H − y)/H2, uy,in = 0 (116)

with umax = 0.3 being the maximum velocity, resulting in a Reynolds number of
Re = 20. The quantities considered are: drag coefficient cD, lift coefficient cL, and
the pressure difference between front and back of the cylinder ∆p. Initial values
are ux = uy = p = 0. We have chosen to not calculate some of the quantities which
are considered in the original DFG benchmark, such as the Strouhal number and
the length of recirculation zone. This was done to keep this section a bit more
concise.

The drag and lift forces can be calculated as

FD =
ˆ

S

ρν
∂ut

∂n
ny − pnx dS, FL =

ˆ
S

−ρν ∂ut

∂n
nx − pny dS, (117)

with S being the cylinder surface, n = (nx, ny) the outwards pointing normal on S
and ut = (u · t)|S is the tangential velocity on S where the tangent vector is given
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by t = (ny,−nx). One can show that the forces can be found using the following
bulk integrals which are equivalent to the boundary integrals above:

FD = −
ˆ

Ω
[ν∇uh · ∇vd + (uh · ∇)uh · vd − p(∇ · vd)] dx, (118)

for all functions vd ∈ [H1(Ω)]2 with vd|S = [0, 1]ᵀ and vd vanishing on all other
boundaries. Similarly,

FL = −
ˆ

Ω
[ν∇uh · ∇vl + (uh · ∇)uh · vl − p(∇ · vl)] dx, (119)

for all functions vl ∈ [H1(Ω)]2 with vl|S = [1, 0]ᵀ and vl vanishing on all other
boundaries. These bulk integrals are often more accurate and less sensitive to the
boundary approximation of the circular boundary S than the equivalent boundary
integrals [27]. For this reason we choose to use the bulk integrals for calculating
the drag and lift forces.

When the drag and lift forces are known, the corresponding drag and lift coeffi-
cients can be found by

cD = FD

ρū2rH
, cL = FL

ρū2rH
, (120)

where ū = mean(uin) = 2
3umax. The pressure difference between the front, xf =

(0.15, 0.20), and back, xb = (0.25, 0.20), of the cylinder is defined as

∆p = p(xf ) − p(xb). (121)

The boundary conditions of the channel is strongly enforced, while the cylinder is
represented by the level-set function

φ =
(
(x− 0.2)2 + (y − 0.2)2

)1/2
− r, (122)

on which zero-level boundary a no-slip and no-penetration boundary condition for
the velocity is imposed weakly using Nitsche’s method. Ghost penalty stabilization
is of course applied to the elements which are cut by the cylinder boundary.

6.3 DFG test case 2D-1

In Table 13 we present lower and upper bounds for the considered quantities.
These values are calculated from data produced by a large number of simulations
which have been summarized in [23].
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Table 13 – Upper and lower bounds for drag, lift, and pressure difference for the
steady DFG test case 2D-1 [23].

cD cL ∆p
Upper bound: 5.57 0.0104 0.1172
Lower bound: 5.59 0.0110 0.1176

The reference values above can be compared to the values produced using the
N-IPCS solver, Table 14, and using the IPCS solver, Table 15. For both solvers a
time step of ∆t = 0.0005 was used for all mesh refinement levels.

Table 14 – Drag, lift, and pressure difference found for different mesh refinement
levels with N-IPCS.

#DOFs cD cL ∆p
135703 5.5786 0.0131 0.1182
33119 5.8991 −0.0063 0.1088
8381 13.0833 −0.9565 0.3798

Table 15 – Drag, lift, and pressure difference found for different mesh refinement
levels with IPCS.

#DOFs cD cL ∆p
135703 5.5875 0.0123 0.1175
33119 5.9358 0.0313 0.1080
8381 13.2631 −1.0981 0.5998

For both the N-IPCS and IPCS solver converges towards values which are in the
range of the reference values as the mesh is refined. The two solvers show similar
values for all reference levels.

In the figure below we see the pressure and the norm of velocity for the steady
channel flow around a cylinder. We would like to point out the high order geometry
representation of the cylinder boundary produced by the isoparametric mapping.
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Figure 19 – The norm of velocity (upper), and pressure (lower) for the steady
case of the DFG benchmark. The flow is steady and no vortices have formed
behind the cylinder.

7 Conclusion and outlook

For both tested CutFEM splitting schemes we studied the stability and conver-
gence rates in both the viscous and convection dominant regimes. From the Taylor-
Green vortex benchmark tests, Section 6.1, we can conclude that both methods
produce convergence rates close to the optimal in both space and time for both
regimes. For time-dependent problems one often does not produce results which
exactly follow the optimal error estimates since the error is usually not domin-
ated completely by either the spatial or temporal error. We also have introduced
a splitting error when deriving the method themselves, which may also hinder
the method from reaching optimal convergence. For both the used methods we
have introduced an artificial homogeneous Neumann boundary condition for the
pressure. This artificial boundary condition results in spurious boundary layers
which consequently limits the accuracy of the methods. It is also these spurious
boundary layers which decreases the convergence rate in the L2(H1) norm of ve-
locity, and L2(L2) norm for pressure. This is a very controversial topic which is
widely discussed when it comes to these splitting methods [13,25]. Many authors
have proposed methods using high order extrapolation of the pressure to remedy
this problems, but often it have not been possible to prove stability, even though
experimental results have been promising [28].

We have also tested the methods using the DFG benchmark, Section 6.2. This was
done to ensure that the methods also produced the expected results for a physically
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valid flow. We found that both methods converged towards the expected reference
values.

From these results, we conclude that CutFEM is compatible with the splitting
schemes, and we were able to convert the normally fitted methods to unfitted ones.
We also want to strongly recommend the use of the incremental pressure correction
scheme over the lower order non-incremental counterpart. Even though we did not
see much difference in the results of the DFG benchmark, we should expect the
IPCS method to have a higher performance for flows which are not steady. There
are very little additional cost in both the implementation and evaluation steps
since there is only a need to add the correct pressure terms in the different steps in
the scheme. We do however loose the self-starting property of the N-IPCS scheme
since the pressure needs to have an initial value for the IPCS scheme. This can
however be easily solved by performing a small time step using a fully implicit
scheme to obtain an initial value for the pressure. One can also choose to solve a
steady Stokes equation for the initial values. This will produce a solution which,
at least for low Reynolds flows, are close to the actual flow. Another widely used
approach is to use “ramp-up” where the boundary conditions are ramped up from
being zero at t = 0 which allow for the initial value to be zero for both pressure
and velocity.

The splitting methods which have been investigated in this thesis constitute a
start on the work towards the goal of a solver which handles two-phase flow with
moving interfaces. The next step could be the implementation of fully coupled
mixed-schemes such as the θ-scheme, outlined in Section 3.3.2, or the fractional-
step θ-scheme which is similar to the normal θ-scheme but uses a three step ap-
proach with different values for θ in the different steps, see [29] and [16] for thorough
discussions of this topic in a fitted setting. One should also consider implement-
ing more advanced splitting methods such as the Glowinski scheme, which us a
three step method which uses an initial Stokes step to handle viscosity, then an
convection-diffusion step to handle convection, and ending with another Stokes
step [30]. This scheme does not suffer from the problem of spurious boundary
layers, is unconditionally stable, and is second order in time. The precision and
computational cost of the fully coupled mixed-schemes could then be compared to
that of the splitting methods to decide which type of method is the best suited
for the purpose. After this, one can start the implementation of a solver which
handles time-dependent evolving domains, see [31].
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A Appendix – Numerical results for Taylor-Green
vortex with P3/P2 Taylor-Hood elements

A.1 Non-incremental pressure correction scheme

Starting with the low Reynolds case, with ν = 1, we see the tables for the velocity
in Tables A.1 and A.2 and for the pressure in Table A.3. All tables show 5 different
time refinement levels and 4 spatial refinement levels. We start by discussing the
errors for the velocity. For large time steps, the temporal discretization error,
hereafter called the time error, is dominant which means that we see no decrease
in the total error from spatial refinements. We do however observe convergence
rates in time, EOCt, which are of the expected order from the error estimates
produced by Shen for the L2(L2) norm, Equation (111)]. For the L2(H1) norm we
do not have any error estimates, but we observe convergence rates approaching 1
in the region where the time error is dominant. For the finest temporal refinement
level, we observe a decrease in error from spatial refinements. For the L2(L2) error
the spatial convergence rate EOCx is initially high, and close to the expected O(h4)
dependence but approaches zero for higher refinements. Once again this points to
the time error being dominant for higher spatial refinement levels.

Table A.1 – The L2(L2) error of the velocity for the N-IPCS scheme with ν = 1
and the final time is T = 0.5. P3 and P2 elements where used for the velocity and
the pressure, respectively.

Lt ↓ \Lx → 0 1 2 3 EOCt

0 4.9 · 10−2 4.9 · 10−2 4.9 · 10−2 4.9 · 10−2 —
2 1.5 · 10−2 1.5 · 10−2 1.5 · 10−2 1.5 · 10−2 0.85
4 4.0 · 10−3 4.0 · 10−3 3.9 · 10−3 3.9 · 10−3 0.96
6 1.1 · 10−3 1.0 · 10−3 1.0 · 10−3 1.0 · 10−3 0.99
8 9.2 · 10−4 3.0 · 10−4 2.6 · 10−4 2.5 · 10−4 1.00

EOCx — 3.25 0.44 0.05

For the L2(H1) error we do not observe the time error being dominant for as many
temporal refinement levels. For the finest refinement level in time we observe a
nice convergence rate in space, which is at first approaching that expected from
the Taylor-Hood elements, O(h3), but decreasing for finer refinement levels as the
error becomes less dominated by the spatial error.
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Table A.2 – The L2(H1) error of the velocity for the N-IPCS scheme with ν = 1
and the final time is T = 0.5. P3 and P2 elements where used for the velocity and
the pressure, respectively.

Lt ↓ \Lx → 0 1 2 3 EOCt

0 2.3 · 10−1 2.3 · 10−1 2.3 · 10−1 2.3 · 10−1 —
2 7.1 · 10−2 7.0 · 10−2 6.9 · 10−2 6.9 · 10−2 0.86
4 2.3 · 10−2 2.0 · 10−2 1.9 · 10−2 1.9 · 10−2 0.94
6 1.6 · 10−2 8.5 · 10−3 5.8 · 10−3 5.3 · 10−3 0.92
8 2.1 · 10−2 7.9 · 10−3 3.7 · 10−3 2.1 · 10−3 0.66

EOCx — 2.86 2.16 1.67

For the pressure we observe a temporal convergence rate between one half and
one, which is higher than the convergence rate which have been proven by Shen.
For the finest refinement level we also see a high convergence rate in space, which
is also higher than the expected O(h3).

Table A.3 – The L2(L2) error of the pressure for the N-IPCS scheme with ν = 1
and the final time is T = 0.5. P3 and P2 elements where used for the velocity and
the pressure, respectively.

Lt ↓ \Lx → 0 1 2 3 EOCt

0 3.2 · 10−2 3.3 · 10−2 3.3 · 10−2 3.3 · 10−2 —
2 2.2 · 10−2 2.3 · 10−2 2.3 · 10−2 2.3 · 10−2 0.27
4 9.7 · 10−3 1.0 · 10−2 1.0 · 10−2 1.0 · 10−2 0.58
6 3.3 · 10−3 3.0 · 10−3 3.1 · 10−3 3.2 · 10−3 0.85
8 1.1 · 10−2 2.3 · 10−3 9.7 · 10−4 9.0 · 10−4 0.91

EOCx — 4.45 2.54 0.23

For the high Reynolds case, ν = 10−3, the exponential decay of the solution is
much slower than for higher viscosities. This means that the time step need not
be as small to resolve the dynamics. This can be observed in all three tables below.
For the velocity we observe quite high convergence rates in space, approaching the
optimal convergence rate of O(h4) and O(h3) in the L2(L2) and L2(H1) norm,
respectively.
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Table A.4 – The L2(L2) error of the velocity for the N-IPCS scheme with ν =
10−3 and the final time is T = 0.5. P3 and P2 elements where used for the velocity
and the pressure, respectively.

Lt ↓ \Lx → 0 1 2 3 EOCt

0 6.4 · 10−2 5.1 · 10−2 6.7 · 10−2 1.4 · 10−1 —
2 2.9 · 10−2 1.6 · 10−2 1.1 · 10−2 1.0 · 10−2 1.92
4 2.5 · 10−2 1.0 · 10−2 5.2 · 10−3 2.8 · 10−3 0.91
6 2.6 · 10−2 1.0 · 10−2 4.3 · 10−3 1.4 · 10−3 0.51
8 3.5 · 10−2 1.3 · 10−2 4.4 · 10−3 1.2 · 10−3 0.10

EOCx — 2.95 3.06 3.74

In both velocity norms we observe that the temporal convergence rate decreases
rapidly, as one should expect from the slow dynamics of the flow.

Table A.5 – The L2(H1) error of the velocity for the N-IPCS scheme with ν =
10−3 and the final time is T = 0.5. P3 and P2 elements where used for the velocity
and the pressure, respectively.

Lt ↓ \Lx → 0 1 2 3 EOCt

0 2.4 2.4 3.9 1.0 · 101 —
2 1.1 7.9 · 10−1 6.2 · 10−1 6.3 · 10−1 2.02
4 1.0 6.3 · 10−1 3.7 · 10−1 2.1 · 10−1 0.79
6 1.0 6.2 · 10−1 3.5 · 10−1 1.5 · 10−1 0.25
8 1.2 7.0 · 10−1 3.5 · 10−1 1.4 · 10−1 0.03

EOCx — 1.65 1.99 2.58

Also for the pressure we observe spatial convergence rates approaching the theoret-
ical, namely O(h3). The temporal convergence rate is initially high, but approaches
zero for after a few refinements.
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Table A.6 – The L2(L2) error of the pressure for the N-IPCS scheme with ν =
10−3 and the final time is T = 0.5. P3 and P2 elements where used for the velocity
and the pressure, respectively.

Lt ↓ \Lx → 0 1 2 3 EOCt

0 2.1 · 10−2 1.5 · 10−2 1.4 · 10−2 2.5 · 10−2 —
2 1.3 · 10−2 7.1 · 10−3 4.6 · 10−3 3.7 · 10−3 1.38
4 1.2 · 10−2 5.5 · 10−3 2.8 · 10−3 1.6 · 10−3 0.60
6 1.6 · 10−2 6.4 · 10−3 2.5 · 10−3 1.2 · 10−3 0.22
8 3.5 · 10−2 1.4 · 10−2 3.6 · 10−3 1.2 · 10−3 -0.03

EOCx — 2.68 3.86 3.15

A.2 Incremental pressure correction scheme

In the following tables we display the L2(L2) and L2(H1) errors and corresponding
experimental order of convergence (EOCs) for IPCS. Once again we start with the
low Re case with ν = 1. For the L2(L2) errors in velocity, seen in Tables A.7
and A.8, we observe temporal convergence rates which are of the optimal order
according to the error estimate by Shen, Equation (113). For the L2(H1) error
we do not have any error estimate, but the observed convergence rate of around
O((∆t) 3

2 ) is above the normally expected convergence rate which is usually one
full degree less than for the L2(L2) error.

Table A.7 – The L2(L2) error of the velocity for the IPCS scheme with ν = 1
and the final time is T = 0.5. P3 and P2 elements where used for the velocity and
the pressure, respectively.

Lt ↓ \Lx → 0 1 2 3 EOCt

0 1.5 · 10−2 1.5 · 10−2 1.5 · 10−2 1.5 · 10−2 —
2 1.1 · 10−3 1.1 · 10−3 1.1 · 10−3 1.1 · 10−3 1.92
4 7.4 · 10−5 7.3 · 10−5 7.3 · 10−5 7.3 · 10−5 1.94
6 1.7 · 10−5 5.8 · 10−6 4.7 · 10−6 4.6 · 10−6 1.99
8 2.1 · 10−5 4.7 · 10−6 9.5 · 10−7 3.4 · 10−7 1.87

EOCx — 4.34 4.62 2.94

Since we have a higher convergence order in time, the temporal error decreases
more rapidly than for N-IPCS. This means that we are able to observe spatial
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convergence in the last few temporal refinement levels. For all errors we initially
observe EOCs which are higher than the expected rates. After a few spatial
refinements the EOCs decrease, indicating that we do no longer have a total error
which is dominated by the spatial error.

Table A.8 – The L2(H1) error of the velocity for the IPCS scheme with ν = 1
and the final time is T = 0.5. P3 and P2 elements where used for the velocity and
the pressure, respectively.

Lt ↓ \Lx → 0 1 2 3 EOCt

0 1.0 · 10−1 9.4 · 10−2 9.0 · 10−2 8.9 · 10−2 —
2 1.2 · 10−2 1.1 · 10−2 1.0 · 10−2 1.0 · 10−2 1.56
4 1.6 · 10−3 1.4 · 10−3 1.1 · 10−3 1.2 · 10−3 1.55
6 1.0 · 10−3 3.5 · 10−4 1.6 · 10−4 1.5 · 10−4 1.50
8 1.2 · 10−3 3.9 · 10−4 1.2 · 10−4 3.8 · 10−5 0.99

EOCx — 3.22 3.55 3.24

The temporal experimental convergence rate for the pressure is essentially one,
which is in accordance with the error estimate, Equation (113). For the finest
temporal refinement level we observe spatial convergence for the first few time
steps.

Table A.9 – The L2(L2) error of the pressure for the IPCS scheme with ν = 1
and the final time is T = 0.5. P3 and P2 elements where used for the velocity and
the pressure, respectively.

Lt ↓ \Lx → 0 1 2 3 EOCt

0 1.4 · 10−1 1.4 · 10−1 1.4 · 10−1 1.4 · 10−1 —
2 3.6 · 10−2 3.6 · 10−2 3.6 · 10−2 3.6 · 10−2 0.95
4 8.0 · 10−3 8.0 · 10−3 8.0 · 10−3 8.0 · 10−3 1.09
6 2.0 · 10−3 1.8 · 10−3 1.8 · 10−3 1.8 · 10−3 1.09
8 4.1 · 10−3 1.0 · 10−3 4.7 · 10−4 4.3 · 10−4 1.02

EOCx — 3.98 2.29 0.27

Finally we will discuss the high Re case for IPCS. Here we notice quite large, and
inconsistent, errors for the first temporal refinement levels. The fact that the errors
are more unstable for the highest spatial refinement level suggest that these are
the result of numerical instability from violation of the parabolic CFL condition.
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Since we have not observed the same instability in earlier tables suggest that the
proportionality constant is larger for IPCS in this case. The solver does however
produce a stable solution after the third temporal refinement level. After this the
spatial error is dominant and we observe spatial convergence rates in accordance
with the expected rates. ||u− uh||L2(L2)

Table A.10 – The L2(L2) error of the velocity for the IPCS scheme with ν = 10−3

and the final time is T = 0.5. P3 and P2 elements where used for the velocity and
the pressure, respectively.

Lt ↓ \Lx → 0 1 2 3 EOCt

0 5.2 · 10−3 4.7 · 10−3 3.1 · 10−3 1.4 · 10−3 —
2 1.9 · 10−3 7.5 · 10−4 2.7 · 10−3 1.2 · 10−1 -3.22
4 2.2 · 10−3 8.0 · 10−4 3.2 · 10−4 1.1 · 10−4 5.07
6 4.7 · 10−3 1.2 · 10−3 3.6 · 10−4 1.1 · 10−4 0.01
8 1.6 · 10−2 3.3 · 10−3 6.9 · 10−4 1.5 · 10−4 -0.24

EOCx — 4.57 4.56 4.44

Table A.11 – The L2(H1) error of the velocity for the N-IPCS scheme with
ν = 10−3 and the final time is T = 0.5. P3 and P2 elements where used for the
velocity and the pressure, respectively.

Lt ↓ \Lx → 0 1 2 3 EOCt

0 2.1 2.9 3.3 2.5 —
2 3.0 · 10−1 1.9 · 10−1 2.9 3.7 · 101 -1.93
4 2.7 · 10−1 1.4 · 10−1 7.8 · 10−2 3.2 · 10−2 5.09
6 2.7 · 10−1 1.4 · 10−1 7.7 · 10−2 3.1 · 10−2 0.01
8 2.7 · 10−1 1.4 · 10−1 7.6 · 10−2 3.1 · 10−2 0.00

EOCx — 1.90 1.72 2.57
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Table A.12 – The L2(L2) error of the pressure for the IPCS scheme with ν = 10−3

and the final time is T = 0.5. P3 and P2 elements where used for the velocity and
the pressure, respectively.

Lt ↓ \Lx → 0 1 2 3 EOCt

0 3.0 · 10−2 3.2 · 10−2 2.9 · 10−2 1.7 · 10−2 —
2 5.0 · 10−3 2.2 · 10−3 2.4 · 10−2 2.3 · 10−1 -1.88
4 4.7 · 10−3 1.7 · 10−3 7.4 · 10−4 2.1 · 10−4 5.04
6 4.6 · 10−3 1.7 · 10−3 7.3 · 10−4 2.1 · 10−4 0.01
8 4.6 · 10−3 1.7 · 10−3 7.3 · 10−4 2.1 · 10−4 0.00

EOCx — 2.88 2.45 3.65
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