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Abstract
In this essay we present an introduction to real analysis, with the purpose of proving
the Implicit Function Theorem. Our proof relies on other well-known theorems in set

theory and real analysis as the Heine-Borel Covering Theorem and the Inverse
Function Theorem.

Sammanfattning
I denna uppsats ger vi en introduktion till reel analys, med syftet att bevisa den

implicita funktionssatsen. Vårt bevis bygger på andra välkända satser i mängdteori och
reel analys som Heine-Borels övertäckningssats och inversa funktionssatsen.
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1. Introduction

In order to understand and appreciate the true beauty of nature one should under-
stand the laws of physics. These laws are governed by a complex, abstract and rigid
language known as mathematics. In this essay we will try to explain a part of this lan-
guage by focusing on the famous Implicit Function Theorem (Theorem 5.3) in IRn. The
named theorem is known for subsuming several important theorems from set theory and
basic topology. For example, some of the theorems needed for the proof are: It’s close
cousin the Inverse Function Theorem (Theorem 4.1), the Banach Fix Point Theorem
(Theorem 3.20) and the well-known Heine–Borel’s Covering Theorem (Theorem 2.13).

At a first glance this theorem has a simple statement that, tells us exactly when we can
uniquely solve for a subset of the variables from a system of linear equations for locally
nearly differentiable equations. However, this can be simplified to an even more simple
statement that just says that if we can write down m equations in n+m variables, then,
near any solution point, there is a function of n variables which gives back the remaining
m coordinates of nearby solution points. In other words, we can solve those equations
and get the last m variables in terms of the first n variables.

Then, from the previous naive statements, we can conclude that the Implicit Function
Theorem is an existence theorem. We can actually trace the beginning of the ideas
behind this theorem to the work of Isaac Newton [8] and Gottfied Leibniz, who in an
undated letter (presumably of 1676 or 1677, letter XLII vol. I Leibniz Mathematische
Schriften [3]), introduced some primal concepts of implicit differentiation. However, the
formal proof of the theorem was attributed to Augustin-Louis Cauchy [6]. Moreover,
this affirmation was mostly done by the american mathematician Willian Fogg Osgood.
More specifically Osgood cites the "Turin Memoir" of Cauchy [1] as the source of the
theorem.

The work of Cauchy with the Implicit Function Theorem was mostly based on results
from complex analysis. It was only later in the 19th century that the notorious differ-
ences between complex analysis and real analysis came to be appreciated. Thus, the
real variable version of the theorem (the one that will be presented in this essay) was
enunciated and proven by the italian mathematician Ulisse Dini [2].

This real analysis version can be applied to several subjects, such as isopotentials
(physics), isobars and isotherms (meteorology) by the use of isolines and isosurfaces that
correspond to the graphs of implicit functions. The theorem can also be used to derive
the famous thermodynamic identities from the ideal gas law [11], because in the absence
of further constraints, any one of the variables in the ideal gas law can be taken as
the dependent variable which is given by a function of the three remaining variables.
The possibility of taking a given variable as dependent simply amounts to the algebraic
freedom to solve for the differential of that variable.

However, it is of relevance to remark that this theorem is not limited to IRn. For
example, the Implicit Function Theorem can be generalized for general Banach spaces,
such that it can be proved with the contraction mapping fixed point principle [5], which
allows to expand the utility of the theorem. For example, this generalized version of the
theorem can be used to prove the existence of solutions to ordinary differential equations
[6].
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The proof and presentation of the theorem has of course changed during the years
and in this essay we will consider something similar to Ullise’s work and will postulate
the theorem based on the work of Walter Rudin [10]. With this work, we aim to provide
an elementary topological background in order to give a detailed proof of the theorem.

Theorem 5.3 (The Implicit Function Theorem). Let E ⊂ IRn+m be an open set
and let f : E → IRn be a C1-mapping such that

f(a, b) = 0,
for some point (a, b) ∈ E. Now, put A = f ′(a, b) and assume that Ax (for the proper
definition check Section 3) is invertible. Then, there exists open sets U ⊂ IRn+m and
W ⊂ IRm with (a, b) ∈ U and b ∈ W , such that every y ∈ W corresponds to one unique
x, such that (x, y) ∈ U and f(x, y) = 0. We can define this x by letting it be given by a
function g(y) : W → IRn and g(y) ∈ C1.

The following properties holds:
(i) g(b) = a;

(ii) f
(
g(y), y

)
= 0 , (y ε W );

(iii) g′(b)[k] = −(Ax)−1(Ay[k]).

The overview of the essay will be as follows: First we shall introduce some basic
concepts of topology and set theory in Section 2. Subsequently, in Section 3 we shall
formally introduce several real variable analysis based on the previously introduced con-
cepts and finally, Section 4 and Section 5 will be dedicated to the formal proof of the
Inverse Function Theorem and our main theorem, the Implicit Function Theorem. The
background related to all chapters is based, as mentioned above, on the work of Walter
Rudin [10].

To finalize, we shall emphasize a change of notation with respect to the standard,
which consists on the change of the symbol for quod erat demonstrandum. In this essay
we will use the following symbol "L" to mark the end of a proof.
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2. Preliminaries

The aim of this section is to establish the theoretical foundation for our main theorems.
Therefore, several concepts from set theory and basic topology will be introduced.

In Section 2.1 we will present a short summary of basic concepts in topology, for exam-
ple, metric spaces and some properties of sets defined on them. Similarly, in Section 2.2
we shall focus on the concept of sequence convergence in metric spaces, and finally, in
Section 2.3 we will introduce the concept of function continuity in metric spaces.

These concepts will be presented as definitions, properties and theorems.

2.1. Topology. For our purpose we will assume that the reader is aware of several rele-
vant topics in set theory and topology. We shall start this section by recalling the aim of
this essay, which is to postulate and prove the Implicit Function Theorem (Theorem 5.3).
For this, we should properly define a work space with some special conditions.

Definition 2.1. Let X 6= ∅ be a set. A function d : X ×X → IR is said to be a metric
if:

(i) d(x, y) ≥ 0 ;

(ii) d(x, y) = 0 if, and only if, x = y;

(iii) d(x, y) = d(y, x);

(iv) d(x, y) ≤ d(x, z) + d(z, y),
holds for all x, y, z ε X. Thus, we say that

(
X, d

)
is a metric space.

Remark 2.2. To simplify notation we will usually denote a metric space by X rather
than

(
X, d

)
, since we usually work with the same metric for the same set X.

From our previous definition, one can intuitively understand the metric as a function
that gives the distance between two elements. Hence, it easily follows that every subset
of a metric space, is a metric space in its own right and shares the same distance function.
Now, we should introduce a few concepts about individual points inside a metric space
and some set properties.

Definition 2.3. Let X be a metric space. All points and sets mentioned below are
understood to be elements and subsets of X.

(i) Let p ∈ X, then we say that the neighbourhood of a point p is a set Nr(p) consisting
of all points q ∈ X such that d(p, q) < r. Where, r is a positive number called the
radius of Nr(p)

(ii) We say that a point p ∈ X is a limit point of a set E ⊆ X if every neighbourhood
of p contains a point q 6= p such that q ∈ E.

(iii) We say that a point p ∈ E is an isolated point of E, if p is not a limit point of E.

(iv) We say that the set E is closed if every limit point of E is a point of E;

(v) A point p is said to be an interior point of E if there exists a neighbourhood Nr(p)
such that Nr(p) ⊂ E.

(vi) We say that a set E is open if every point of E is an interior point.
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(vii) We say that the set E is bounded if there is a real number M and a point q ∈ X
such that d(p, q) < M for all p ∈ E.

We shall now proceed to reinforce the definition of a neighbourhood Nr(p) by looking
at some of it’s properties. With this in mind, we postulate the following theorems.

Theorem 2.4. Let X be a metric space and let p ∈ X. Then, every neighbourhood
Nr(p) is an open set.

Proof. Start by considering a neighbourhood E = Nr(p) and an arbitrary point q ∈ E.
Since d(p, q) < r there is some positive real number ε such that

d(p, q) = r − ε.
Let s be a point such that d(q, s) < ε. As a consequence, we have that

d(p, s) ≤ d(p, q) + d(q, s) < r − ε+ ε = r,

hence, s ∈ E. In other words Nε(q) ⊆ E, thus from (v) in Definition 2.3 it follows that
q is an interior point of E. Finally, recall that the point q was chosen arbitrarily and
therefore, it follows that the neighbourhood E is an open set. L

Another relevant property that we shall name is the relation between the neighbour-
hood of a point p that lies in E ⊆ X and the subset E itself. With this in mind we
postulate the following theorem.

Theorem 2.5. Let E be a subset of the metric space X and let p be a limit point of E,
then every neighbourhood of p contains infinitely many points of E.

Proof. Let Nρ(p) be the neighbourhood of p and suppose that it only contains a finite
number of points of E. Let q1, ..., qn 6= p denote those points of Nρ(p) ∩ E. Then, put

ρ = min(d(p, qi)), i = 1, ..., n.
Recall that the minimum of a finite set of positive numbers is clearly positive, so that
ρ > 0. Therefore, it follows that Nρ(p) does not contain any point q ∈ E such that
q 6= p and by Definition 2.3 it follows that p is not a limit point of E, which leads to a
contradiction. L

The concept of an open set will be a recurrent tool during several of the proofs that
we will present in this essay. Therefore, we shall proceed to present a relevant result
about open sets. This will be stated in the following theorem.

Theorem 2.6. Let X be a metric space and let E ⊆ X. Then, we have that E is open
if, and only if, Ec is closed.

Proof. Start by assuming that our set E is open, then we shall show that Ec is closed.
If Ec = ∅ the proof is trivial and we do not need to explain it any further, because,
it is well-known that the empty set do not contain any boundary points. Hence, it is
both open and closed, simultaneously. Therefore, we can assume that Ec 6= ∅. Now,
consider a limit point x ∈ Ec. Hence, by definition we know that every neighbourhood
of x contains a point in Ec different from x. This gives us that x /∈ E and with this we
complete the proof.
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Conversely, assume that Ec is closed. Once again, the empty set case will be trivial
and therefore, we assume that E 6= ∅ and let x ∈ E. From this assumption it follows
that x /∈ Ec, which implies that x cannot be a limit point of Ec, therefore, there is a
neighbourhood Nr(x) for which Nr ∩ Ec = ∅. From this we have that Nr(x) ⊆ E and
in consequence it follows that x is an interior point of E. Finally, by Definition 2.3 and
the arbitrariness of x follows that the set E is open, which completes the proof. L

For the proof of Theorem 4.1, and subsequently the proof of Theorem 5.3, we will
require the results from a well-known theorem in set theory (Theorem 2.13), which gives
equivalent characterizations of closed and bounded sets. Therefore we shall proceed to
properly introduce the required mathematical background to state and proof this theo-
rem. With this in mind we continue by introducing the following concepts in topology.
Definition 2.7. We say that a set E ⊂ IRk is convex if,

λx+ (1− λ)y ∈ E,
whenever x, y ε E and 0 < λ < 1.
Definition 2.8. Let ai < bi for i = 1, ..., k. The set of all points x = (x1, ..., xk) ∈ IRk,
whose coordinates satisfy the inequalities ai ≤ xi ≤ bi(1 ≤ i ≤ k) is called a K-cell.

We can now continue with this introduction of concepts in topology by presenting a
formal definition for the concept of compactness, which will be relevant for the proof of
Theorem 2.13.
Definition 2.9. An open cover of a set E ⊂ X is a collection {Gα} of open subsets of
X, such that E ⊂ ∪αGα. We also say that a subset K of a metric space is said to be
compact if every open cover of K contains a finite subcover.

From the concepts introduced in Definition 2.9 and Definition 2.7, several interesting
properties and relations follow. However, before we proceed to present them, we shall
emphasise in the following lemma
Lemma 2.10. If {In}∞n=1 is a sequence of intervals in IR1, such that In ⊃ In+1, then
∩∞n=1In is not empty.
Proof. See e.g. Theorem 2.38 in [10] L

We shall expand the concept of K-cells by stating an important property of these kind
of sets.
Theorem 2.11. Let k be a positive integer. If {In} ⊆ IRk is a sequence of K-cells such
that I1 ⊆ I2...In., (n = 1, 2, 3....), then, we state that ∩∞n=1In is not empty.
Proof. Let In consist of all points x = (x1, ..., xk), such that

an,j ≤ xj ≤ bn,j , (1 ≤ j ≤ k;n = 1, 2, 3...),
and put In,j = [an,j , bn,j ]. For each j, the sequence {In,j} satisfies Lemma 2.10. Hence,
there are real numbers x∗j such that

an,j ≤ x∗j ≤ bn,j , (1 ≤ j ≤ k;n = 1, 2, 3...).
Finally, by setting x∗ = (x∗1, ..., x∗k), we see that x∗ ∈ In for all n ∈ Z, which ends the
proof. L
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Now, we can use the results obtained in Theorem 2.11 to reinforce our definition of a
K-cell by stating and proving the following theorem.

Theorem 2.12. Every K-cell is compact.

Proof. Start by introducing the following K-cell:

I = {(x1, ..., xi) ∈ IRk; ai ≤ xi ≤ bi},

and define
δ =

(
(b1 − a1)2 + ...+ (bk − ak)2) 1

2 ,

such that |x− y| ≤ δ, for all x, y ∈ I. Now, assume that I is not compact, which means
that there is an open cover {Gα} of I that does not contain any finite subcover of I.

Thus, let

cj = 1
2(aj + bj),

then, the intervals [aj , cj ] and [cj , bj ] give rise to 2k K-cells. Denote these as Ii and by
construction it follows that

∪iIi = I.

From Definition 2.9 it follows that at least one of these sets Ii (call it I1), cannot be
covered by any finite sub-collection of {Gα} (otherwise I could be covered). Then, by
continuously subdividing I1 we obtain a sequence In with the following properties:

(i) Ii ⊆ I1 ⊆ I2....;

(ii) In is not covered by any finite sub collection of {Gα};

(iii) |x− y| ≤ 2−nδ for all x, y ∈ In.
It follows from property (i) above and Theorem 2.11 that there is a point x0 ∈ ∩∞n=1In,

and from the fact that {Gα} is an open cover we get that there is some α such that
x0 ∈ Gα. Then, it follows that the set Gα is open and there is a r > 0 for which

|y − x0| < r, (2.1)

implies that y ∈ Gα. Finally, by choosing n sufficiently big, we get from (iii) and (2.1)
that In ⊆ Gα which contradicts (ii) and completes the proof. L

We end this section by postulating the well-known Heine–Borel’s Covering Theorem
and use the majority of our previous definitions and results to prove it.

Theorem 2.13. Let E ⊂ IRk, then the following statements are equivalent:
(a) E is closed and bounded;

(b) E is compact;

(c) Every infinite subset of E has a limit point in E.

Remark 2.14. The equivalence that states that a set E ⊂ IRk is compact if, and only
if, it is closed and bounded, is most commonly known as the Heine–Borel’s Covering
Theorem.
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Proof. For the proof of this theorem, we should consider each equivalence separately.

(a) =⇒ (b): To show this, we will start by assuming that E is closed and bounded.
Then, from the assumption that E is bounded it follows by definition that there exists a
K-cell, I, such that E ⊂ I. It follows from Theorem 2.12 that I is compact. We should
end this part by recalling that closed subsets of compact sets are compact, which implies
as a result that E is compact.

(b) =⇒ (c): In order to prove this, we should consider the following: Let E be an
infinite subset of a compact set Ẽ, then we claim that E has a limit point in Ẽ. We shall
start the proof of this by letting E ∈ IRk be a compact set and assume that no point of k̃
is a limit point of E. Then, we have that each point q ∈ Ẽ has a neighbourhood Vq, which
contains at most one point of E. Then, as Definition 2.9 states no finite sub-collection
{Vq} can cover E. The same reasoning applies for Ẽ because E ⊂ Ẽ. However, this
contradicts the compactness of Ẽ, and with this the proof ends.

(c) =⇒ (a): We claim that a set E ⊂ IRk is closed and bonded if every infinite
subset of E has a limit point in E. We will divide the proof into two parts and use the
method of contra position.

Part 1: Start by assuming that E is not bounded. Then, let for every n = 1, 2, 3...
such that we can choose a point xn ∈ E for which

|xn| > n.

Now, let s denote the set of all such xn. Since E is not bounded s is an infinite set.
Therefore, by construction we know that s does not have any limit points in IRk and
specially, no limit points in E.

Part 2: Assume now that E is not closed, which by definition implies that there is
some point x0 ∈ IRk that is a limit point of E but x0 6∈ E. Now, consider that for every
n = 1, 2, 3... we can choose xn ∈ E such that

|xn − x0| <
1
n
,

Let s denote the set of all such xn, from which we state that we have that s contains
an infinite number of elements and that x0 is a limit point of s. However, we have that
x0 /∈ s. Then let y ∈ IRk, y 6= 0 and consider the following:

|xn − y| = |xn + x0 − x0 − y| ≥ ||x0 − y| − |xn − x0|| ≥ |x0 − y| −
1
n
≥ 1

2 |x0 − y|.

This yields that y cannot be a limit point of s and completes the proof. L

2.2. Sequences and Convergence. In this section, we will focus on the concept of
sequence convergence in metric spaces. In detail, we shall formally introduce the concepts
of convergence and continuous convergence. Nonetheless, we shall also introduce extra
relevant sequence properties that will be important in order to understand the proofs
of our main theorems. These properties will be needed for proper definitions of several
concepts mentioned in Section 3.
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Definition 2.15. Let X be a metric space. Then, a sequence {pn}, pn ∈ X is said to
converge if there is a point p ∈ X if for every ε > 0 there is an integer N such that
n ≥ N , implies that

d(pn, p) < ε.

In this case we also say that {pn} converges to p, or that p is the limit of {pn} and
we write pn → p or lim

n→∞
pn = p. If {pn} does not converge, it is said to diverge.

Remark 2.16. It is important to remark that Definition 2.15 does not only depend on the
sequence {pn} but, also on the metric space X. To make this easier to understand, let us
look at the following example: Consider the sequence {pn} = { 1

n}. It is not difficult to
show that {pn} converges in IR1 to zero. However, we also have that the same sequence
{pn} diverges in the metric space conformed by the set of all positive real numbers with
d(x, y) = |x− y|.

In order to avoid possible ambiguities, we should be more precise and specify conver-
gent in X, rather than convergent. Now, let us move on and assume that what is meant
by the range of a sequence {pn}, pn ∈ X, is well-known.

Definition 2.17. A sequence {pn}, pn ∈ X is said to be bounded if its range is bounded.

Alternatively we can also define a bounded sequence in the following way.

Definition 2.18. A sequence {pn}, pn ∈ X is said to be bounded if there exists aM > 0
such that

|pn| ≤M,

for all n = 1, 2, 3....

We shall vary between the different definitions for bounded sequences by convenience.
Now, we can proceed to postulate the criteria that are required in order to make the
sequence {pn} converge into some point p in a metric space X. Therefore, it will be
convenient to introduce some properties of convergent sequences in metric spaces.

Theorem 2.19. Let {pn} be a sequence in a metric space X. Then, the following
statements hold:
(a) {pn} converges to p ∈ X if, and only if, every neighbourhood of p contains all but

finitely many terms of {pn};

(b) If p ∈ X, p′ ∈ X, and if {pn} converges to p and to p′, then p = p′;

(c) If {pn} converges, then {pn} is bounded;

(d) If E ⊂ X and if p is a limit point of E, then there is a sequence {pn} ∈ E, for which
p = lim

n→∞
pn

Proof. For the proof of all the previous statements we should assume that {pn} is a
sequence in the metric space X, such that pn ∈ X. Similarly, we shall use the notation
introduced in Definition 2.15 for convergent sequences. The proof of each statement shall
be presented separately.
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(a): Assume that pn → p ∈ X and let V be a neighbourhood of p. From Defini-
tion 2.15 we know that for every ε > 0 there is an integer N such that n ≥ N implies
that

d(pn, p) < ε. (2.2)
From Theorem 2.4 follows that V is open and that p ∈ V . Therefore, from Definition 2.3
it follows that we can see V as an open ball centred at the point p. Thus, we know that
there exists a r > 0, for which

Br(p) ⊆ V . (2.3)
Then, by considering the case when r = ε and that from (2.2) and (2.3) it follows that
if n ≥ N , then pn ∈ V .

Conversely, assume that every neighbourhood of p contains all pn, with the exception
of a possible finite amount. Hence, let ε > 0 be given and construct the neighbourhood
of p as

V =
{
q ∈ X : d(p, q) < ε

}
.

Now, recall from our assumption and Definition 2.15 which it follows that there is an
integer N such that d(p, pn) < ε for n ≥ N implies that pn → p ∈ V .

(b): Assume that p, p′ are points in X and let pn → p, pn → p′. From Definition 2.15,
we know that for every ε > 0 there are integers N1, N2 such that n ≥ N1 implies that

d(p, pn) < ε

2 .
Similarly n ≥ N2 implies that

d(p′, pn) < ε

2 .

Hence, if n ≥ max(N1, N2), it follows that
d(p, p′) ≤ d(p, pn) + d(p′, pn) < ε.

Finally, since ε > 0 is arbitrary, this implies that d(p, p′) = 0 and therefore, p = p′.
(c): Suppose pn → p and let ε = 1, then there is an integer N such that n ≥ N

implying that d(p, pn) < ε. Now let
M = max(1, d(p, p1), ..., d(p, pn)).

Then, d(pn, p) ≤ M for all n = 1, 2, 3.... Finally, from Definition 2.18 it follows that
{pn} is bounded.

(d): Assume that E ⊆ X and let p be a limit point to E. Then, from Definition 2.3
it follows that for every n = 1, 2, 3... there exists a point pn ∈ E, for which

d(p, pn) < 1
n
,

given that ε > 0, choose N such that Nε > 1. Then, if n ≥ N , it follows that

d(p, pn) < 1
n
≤ 1
N

< ε.

Hence, pn → p, with this we bring the proof to an end. L

We will now proceed to formally introduce the concept of a subsequence, as well as,
an important property of them, which will be convenient for us to know for later, during
the proof of Theorem 4.1.
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Definition 2.20. Given a sequence {pn} defined on a metric spaceX, such that, pn ∈ X.
Then, consider a sequence {nk} of positive integers, such that n1 < n2 < n3.... Thus,
the sequence {pni

} is called a subsequence of {pn}. If {pni
} converges, its limit is called

a sub-sequential limit of {pn}.
We can expand the concepts introduced in Definition 2.20 with the help of the follow-

ing theorem, which will be useful for us later on in Section 3.4.
Theorem 2.21. If {pn} is a sequence in a compact metric space X, then some subse-
quence of {pn} converges to a point of X.
Proof. Let E = {pn : n = 1, 2, 3...} and consider the following cases:

Assume that E is finite, then there is a p ∈ E and a sequence {nk} with n1 < n2 < ...
such that

pn1 = pn2 = ... = p.

The sequence {pn} converges evidently to p. Now, assume that E is infinite. Since X is
compact, we know that E has a limit point p ∈ X. Then, choose n1 so that d(p, pn1) < 1.
Then, for every i = 2, 3, ... we choose an integer ni as follow n1, ..., ni−1. Hence, from
Theorem 2.5 it follows that there is an integer ni > ni−1 such that d(p, pni

) < 1
i . Then,

let i→∞, hence, it follows that d(p, pni
) = 0 and therefore, pn → p. L

Now, we shall conclude this section by introducing the following concept, which will
be used later on in Section 3.
Definition 2.22. A sequence {pn} in a metric space X is said to be a Cauchy sequence,
if for every ε > 0 there is an integer N such that n,m ≥ N implies that

d(pn, pm) < ε.

We also say that a metric space where, all the Cauchy sequences converges, is said to be
complete.
2.3. Continuity. Later in this essay we shall discus vector-valued functions and func-
tions with values in arbitrary metric spaces. Therefore, we shall proceed to introduce
several concepts as function convergence and function continuity in a simple way, with
the purpose to reinforce and generalize these results in Section 3. With this in mind, we
shall begin this section by formally introducing the concept of function convergence
Definition 2.23. Let (X, dX) and (Y, dY ) be two non-empty metric spaces. Suppose
that E ⊂ X and suppose that p is a limit point of E. Assume also that f : E → Y is a
function and let q ∈ Y . We write f(x)→ q as x→ p, or

lim
x→p

f(x) = q,

if, for every ε > 0 there exists a δ > 0 for which 0 < dX(x, p) < δ, such that dY (f(x), q) <
ε.
Remark 2.24. It should be noted that p ∈ X, but that p need not be a point of E in the
above definition. Moreover, even if p ∈ E, we may very well have f(p) 6= limx→pf(x).

We can use the following theorem to rewrite Definition 2.23 in terms of limits of
sequences.
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Theorem 2.25. Let (X, dX) and (Y, dY ) be two non-empty metric spaces. Suppose that
E ⊂ X and suppose that p is a limit point of E. Assume also that f : E → Y is a
function that maps the elements of E into Y and let q ∈ Y . Then,

lim
n→∞

f(pn) = q,

if, and only if,
lim
x→p

f(x) = q,

for every sequence {pn} ∈ E such that pn 6= p for all n and then
lim
n→∞

pn = p.

Proof. Start by assuming that limx→pf(x) = q. Thus, from Definition 2.23 it follows
that for every ε > 0 there exists a δ > 0 such that

0 < dX(x, p) < δ,

implies that
dY (f(x), q) < ε.

From our assumption, it follows that N exists, such that n > N implies that 0 <
dX(pn, p) < δ. Thus, it directly follows that dY (f(pn), q) < ε and therefore, limn→∞ f(pn) =
q.

Conversely, suppose that
lim
x→p

f(x) 6= q.

Then, from our assumption we have that there exists some ε > 0 such that for every
δ > 0 there exists a point x ∈ E for which

dY (f(x), q) ≥ ε,
and

0 < dX(x, p) < δ.

Now, we can construct a sequence {pn} by taking δn = 1
n , then we have that pn ∈ E,

pn 6= p, pn → p and specially,
lim
n→∞

f(pn) 6= q.

L

We can now proceed to define a continuous function and establish the criteria required
to make a function between metric spaces continuous. This will be mostly done in the
following definition and theorem.

Definition 2.26. Let (X, dX) and (Y, dY ) be two metric spaces and let f : X → Y be a
function. Then, f is said to be continuous at some point p ∈ X if, for every ε > 0 there
exists a δ > 0 such that

dX(x, p) < δ,

implies that
dY (f(x), f(p)) < ε,

for all points x ∈ X. If f is continuous for all points p ∈ E ⊆ X, then we say that f is
continuous on E.
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Remark 2.27. The following definition will be useful to know during the proof and state-
ment of the following theorem:

f−1(V ) =
{
x ∈ X : f(x) ∈ V

}
.

Theorem 2.28. Let (X, dX) and (Y, dY ) be two metric spaces and let f : X → Y be a
mapping. Then, f is continuous on X if, and only if, f−1(V ) is open in X for every
open set V ⊆ Y .
Proof. Suppose that f is a continuous function and let V ⊆ Y be an open set. We want
to show that f−1(V ) is open. Which means that all the points of f−1(V ) are interior
points.

Suppose p ∈ X and f(p) ∈ V . Since V is open, there exists ε > 0 such that
dY (f(p), y) < ε implies that y ∈ V , and since f is continuous on p, there exists δ > 0
such that

dX(x, p) < δ,

implies that
dY (f(x), f(p)) < ε.

Thus, we have that for all x ∈ X for which dX(x, p) < ε, it follows that x ∈ f−1(V ).
Therefore, we have that p is an interior point which implies that f−1(V ) is open.

Conversely, suppose that f−1(V ) ⊆ X is open for all open sets V ⊆ Y . Let p ∈ X
and ε > 0 be given. Then set

B =
{
y ∈ Y : dY (y, f(p)) < ε

}
. (2.4)

Then, by construction it follows that B is open and by assumption it also follows that
f−1(B) is open. Therefore, there exists a δ > 0 such that dX(p, x) < δ implies that
x ∈ f−1(B), however, if x ∈ f−1(B), then f(x) ∈ B and from (2.4) it follows that
dX(p, x) < δ implies that dY (f(x), f(p)) < ε. Therefore, it follows that f is continuous
on p. L

It will be useful to establish a property for continuous functions from a compact metric
space X to an arbitrary metric space Y . We should show that these functions conserve
the compactness property, which is indeed an important property.
Theorem 2.29. Let (X, dX) and (Y, dY ) be two metric spaces and suppose that f : X →
Y is a continuous function and let X be a compact metric space. Then, f(X) is compact.
Proof. Let {Vα} be an open cover of f(X). Since f is continuous, Theorem 2.28 shows
that each of the sets f−1(Vα) ⊆ X are open for all α. Since X is compact, there are
finitely many indices, lets say α1, ..., αn such that

X ⊂ f−1(Vα1) ∪ ... ∪ f−1(Vαn).
Since f(f−1(E)) ⊂ E for every E ⊂ Y , thus, remark that (2.3) implies that

f(X) ⊂ Vα1 ∪ ... ∪ Vαn .

Hence, it follows from Definition 2.9 that f(X) is compact. L

Remark 2.30. From Theorem 2.29, we can conclude that continuous functions are capable
of conserving some structural properties of their domain. However, it is important to
remark that not all the properties from this domain may be conserved.
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The continuity concept can be reinforced by introducing a stronger condition to the
functions. Therefore, we proceed to properly introduce the concept of uniform continuity
in terms of the following definition.

Definition 2.31. Let (X, dX) and (Y, dY ) be two metric spaces and let f : X → Y be
a function. We say that f is uniformly continuous on X if, for every ε > 0 there exits a
δ > 0 such that

dY (f(p), f(q)) < ε,

for all p, q ∈ X for which dX(p, q) < δ.

Remark 2.32. Uniform continuity is a property of a function on a set, while continuity
can be defined at a single point.

As we did with Theorem 2.25, we will introduce a stronger condition to the previous
theorem in order to make a function uniformly continuous.

Theorem 2.33. Let (X, dX) and (Y, dY ) be two metric spaces and let f : X → Y be a
continuous mapping. We should also let X be compact. Then, f is uniformly continuous
on X.

Proof. Let ε > 0 be given. Since f is continuous, we can associate to each point p ∈ X
a real positive number φ(p), such that q ∈ X and dX(p, q) < φ(p) imply that

dX(f(p), f(q)) < ε

2 .

Now, for every p ∈ X we construct

J(p) =
{
q ∈ X : dX(p, q) < 1

2φ(p)
}
. (2.5)

Thus, we have that the collection of all sets J(p) is an open cover of X. Since X is
compact there is a finite set of points p1, ..., pn ∈ X such that

X ⊂ J(p1) ∪ ... ∪ J(pn). (2.6)
Then, put

δ = 1
2 min

(
φ(p1), ..., φ(pn)

)
.

Now, let q, p ∈ X. Thus, dX(p, q) < δ. From (2.5) and (2.6) it follows that there is an
integer m, 1 ≤ m ≤ n for which p ∈ J(pm). Hence,

dX(p, pm) = 1
2φ(pm).

By using the triangle inequality it follows that

dX(q, pm) ≤ dX(p, q) + dX(p, pm) < δ + 1
2φ(pm) ≤ φ(pm).

Finally, if p, q ∈ X and dX(p, q) < δ we have that

dY (f(p), f(q)) ≤ dY (f(p), f(pm)) + dY (f(q), f(pm)) < ε

2 + ε

2 = ε,

which shows that f is uniformly continuous on X and this completes the proof. L
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3. Functions of Several Variables

In this section we should apply the concepts introduced in Section 2 and generalize
them to severable variable functions. We shall start this chapter by considering linear
transformations over sets of vectors in the euclidian space IRn. However, note that the
properties and definitions presented may be extended without changing to any finite-
dimensional vector space over any field of scalars.

With this said, let us start with some definitions, properties and notations about
severable variable functions.

3.1. Linear Transformations. For our purpose we will assume that the reader is aware
of several relevant topics in linear algebra, for example vector spaces. With this is mind
we proceed to present the following definition.

Definition 3.1. Let X,Y be two vector spaces and let A : X → Y be a function for
which the following holds

A(x1, x2) = A(x1) +A(x2),
and

A(cx1) = cA(x1),
for all xi ∈ X. Then, we say that the function f is a linear transformation. The set of
all linear transformations between X and Y is denoted by L(X,Y ) or L(X,X) = L(X).

Remark 3.2. Linear transformations of X into X are often called linear operators on X.

Later in this essay we shall work with inverse functions. Therefore, it will be helpful
to properly introduce the following concept.

Definition 3.3. Let X be a vector space and let A : X → X be a linear operator on X.
Then, if A is bijective, then we say that A is invertible.

Now, we should proceed to establish some relations for linear operators, that will be
applied in the proofs of several theorems in this section.

Theorem 3.4. A linear operator A, on a finite-dimensional vector space X, is injective
if, and only if, it is surjective.

Proof. Let {x1, ..., xn} be a basis of X. The linearity of A shows that its range R(A) is
the span of the set Q = {A(x1), ..., A(xn)}. We need to show that Q is independent if,
and only if, A is injective.

Suppose A is injective and
∑n
i=1 ciA(xi) = 0. Then it follows that A(

∑n
i=1 cixi) = 0.

Thus,
∑n
i=1 cixi = 0 and therefore ci = 0 for all i since {xi} is a basis. Hence, we can

conclude that Q is independent.
Conversely, suppose that Q is linearly independent and A(

∑n
i=1 cixi) = 0, then∑n

i=1 cixi = 0. Hence, we conclude that A(x) = 0 only if x = 0. Now, if A(x) = A(y),
then A(x− y) = A(x)−A(y) = 0, such that x− y = 0, which completes the proof. L

Since we will work with severable variable function derivatives we should consider the
following.

Definition 3.5. Let A and B be linear operators. Then, the following holds
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(i) Let L(X,Y ) be the set of all linear transformations of the vector space X into Y .
If A1, A2 ∈ L(X,Y ) and if c1, c2 are scalars, define c1A1 + c2A2 by

(c1A1 + c2A2)(x) = c1A1(x) + c2A2(x),
for x ∈ X. Then, it follows that c1A1 + c2A2 ∈ L(X,Y ).

(ii) If X,Y, Z are vector spaces and if A ∈ L(X,Y ) and B ∈ L(Y,Z). Then, we define
their product BA to be the composition of A onto B denoted by:

(BA)(x) = B
(
A(x)

)
,

whenever x ∈ X. Hence, BA ∈ L(Y,Z).

(iii) Let A ∈ L(IRn, IRm). Then, we define the norm of A as
‖A‖ = sup

{
|A(x)|IRm : x ∈ IRn, |x|IRn ≤ 1

}
.

We can see that an interesting result follows from (iii) in Definition 3.5. This result
will be presented in the following theorem.

Theorem 3.6. Consider the following statements
(a) |A(x)|IRm ≤ ‖A‖ · |x|IRn , for all x ∈ IRn;

(b) If λ > 0 such that |A(x)|IRn ≤ λ|x|IRn , for all x ∈ IRn then, ‖A‖ ≤ λ.

Proof. See e.g. Theorem 9.6 in [10] L

From Theorem 3.6 and Definition 3.5, we can express the following requirement for
uniformly continuous linear transformation, as well as a generalization of the well-known
Triangle Inequality and Cauchy Schwarz Inequality.

Theorem 3.7. The following statements are true
(a) If A ∈ L(IRn, IRm), then ‖A‖ <∞ and A is a uniformly continuous mapping of IRn

into IRm.

(b) If A,B ∈ L(IRn, IRm) and c is a scalar, then
‖A+B‖ ≤ ‖A‖+ ‖B‖, ‖cA‖ = |c|‖A‖.

With the distance between A and B defined as ‖A−B‖ , L(IRn, IRm) is a metric
space. This result is also known as the Triangle Inequality.

(c) If A ∈ L(IRn, IRm) and B ∈ L(IRm, IRk), then :
‖AB‖ ≤ ‖B‖‖A‖.

This result is also known as the Cauchy Schwarz Inequality.

Proof. Let A and B be linear transformations in IRn and IRm respectively, then we shall
prove each statement separately.

(a): Let {e1, ..., en} be the standard basis in IRn and suppose that x ∈ IRn such that
|x| ≤ 1. Therefore, we can write x =

∑n
i=1 ciei with |ci| ≤ 1 for i = 1, ..., n. Then, we

have that

|A(x)|IRm =

∣∣∣∣∣
n∑
i=1

ciA(ei)

∣∣∣∣∣ ≤
n∑
i=1
|ci||A(ei)| ≤

n∑
i=1
|A(ei)|.
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Through point (iii) in Definition 3.5 we obtain that

‖A‖ ≤
n∑
i=1
|A(ei)| <∞.

Finally, we can use point (b) in Theorem 3.6 to show that |A(x)−A(y)| ≤ ‖A‖|x− y|
if x, y ∈ IRn, hence, we see that A is uniformly continuous and we are done with the
proof.

(b): We can use Theorem 3.6 to rewrite |(A+B)(X)|, hence,
|(A+B)(x)| = |A(x) +B(x)| ≤ |A(x)|+ |B(x)| ≤

(
‖A‖+ ‖B‖

)
|x|,

for all x ∈ IRn, which leads us to find that
‖A+B‖ ≤ ‖A‖+ ‖B‖.

Now, for the results involving a scalar term, consider that
|cA(x)| ≤ |c||A(x)|,

for all x ∈ IRn. Hence, it follows that
‖cA‖ = |c|‖A‖.

(c): Let A ∈ L(IRn, IRm) and B ∈ L(IRm, IRk) be linear transformations. Then, we
have that

|(BA)(x)| = |B(A(x))| ≤ ‖B‖|A(x)| ≤ ‖B‖‖A‖|x|,
from this it follows that

‖AB‖ ≤ ‖B‖‖A‖,
which completes the proof. L

From the previous theorem, we obtain two significant results for our mathematical ma-
chinery. The statements (b) and (c) in Theorem 3.7 may be recurrent in the subsequent
proofs. Therefore, it is recommended for the inexperienced reader to be familiarized with
these results.

We shall finalize this section by describing some properties of the set of all invertible
linear operators on IRn. These properties will be stated in the following theorem, which
is of great relevance for our work. Therefore, consider the following:

Theorem 3.8. Let Ω be the set of all invertible linear operators on IRn. Then, the
following statements holds:
(a) If A ∈ Ω, B ∈ L(IRn) and

‖B −A‖ ·
∥∥A−1∥∥ < 1, (3.1)

then B ∈ Ω;

(b) Let Ω ⊆ L(IRn) be open and the mapping A→ A−1 is continuous on Ω.

Proof. The proof of each statement shall be considered separately.
(a): Start by letting ∥∥A−1∥∥ = 1

α
,
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and
‖B −A‖ = β.

Where both α and β are chosen arbitrarily. Now, recall that A ∈ Ω such that we can
assume

∥∥A−1
∥∥ 6= 0. Then, from (3.1) we get that

β
1
α
< 1.

Thus, β < α and for every x ∈ IRn we have that

α|x| = α
∣∣A−1(A(x)

)∣∣ ≤ α∥∥A−1∥∥|A(x)| ≤ |A(x)| = |A(x) +B(x)−B(x)|
≤ |A(x)−B(x)|+ |B(x)| ≤ |(A−B)(x)|+ |B(x)| ≤ ‖A−B‖|x|+ ‖B‖|x|

≤ β|x|+ ‖B‖|x|.

We also consider that from the previous results it follows that

α|x| ≤ β|x|+ |B(x)|,

for all x ∈ IRn and
(α− β)|x| ≤ |B(x)|. (3.2)

Hence, we have that from (3.2) it follows that B(x) 6= 0 if x 6= 0. Subsequently, from
Theorem 3.4 it follows that B is bijective, which implies that B ∈ Ω. Note that this
holds for all B ∈ L(IRn) for which ‖A−B‖ < α. Therefore, we have that it is an interior
point and by definition Ω is open.

(b): Now, consider the help function φ : ω → ω defined by

φ(A) = A−1.

Let A ∈ Ω be such that for every ε > 0 there is a δ > 0 for which the following holds for
B ∈ Ω,

‖B −A‖ < δ,

implies that
‖φ(B)− φ(A)‖ < ε.

Next, replace x by B−1(y) in (3.2). The resulting inequality is then

(α− β)
∣∣B−1(y)

∣∣ ≤ ∣∣B(B−1(y)
)∣∣ ≤ |y|,

for all y ∈ IRn, which implies that∣∣B−1(y)
∣∣ ≤ 1

α− β
|y|,

therefore, ∥∥B−1(y)
∥∥ ≤ 1

α− β
. (3.3)

Note that the identity
AA−1 = I,

where I denotes the identity element and

B−1 −A−1 = B−1(AA−1)−B(A−1) = B−1(A−B)A−1 (3.4)
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holds. Then, from (3.3) , (3.4) and part (c) in Theorem 3.7 it follows that∥∥B−1 −A−1∥∥ =
∥∥B−1(A−1(A(x))−B(A−1(x))

)∥∥ ≤ ∥∥B−1∥∥ · ‖A−B‖ · ∥∥A−1∥∥
≤ 1
α− β

1
α
‖A−B‖.

Finally, choose δ = α(α− β)ε. Thus, if ‖B −A‖ < δ we get that∥∥B−1 −A−1∥∥ ≤ 1
α(α− β)‖A−B‖ ≤

δ

α(α− β) = ε.

This establishes the continuity assertion and ends the proof. L

3.2. Several Variable Real Analysis. In this section we shall generalize the concepts
introduced in Section 2.3 to function of severable variables. We shall also proceed to
properly introduce the definition of the derivative of a severable variable functions, as
well as what is meant to be differentiable at a point.

Definition 3.9. Suppose E ⊆ IRn is an open set. Let f : E → IRm be a function and
let x0 be a point in E. If there exists a linear transformation A : IRn → IRm such that

lim
h→0

|f(x0 + h)− f(x0)−A(h)|IRm

|h|IRn

= 0.

Then, we say that f is differentiable at x0 and we write f ′(x) = A. If f is differentiable
at every x ∈ E, then, we say that f is differentiable in E. If the limit exists the following
holds

f(x0 + h)− f(x0) = f ′(x)[h] + r(h),
where the remainder r(h) is small, in the sense that

lim
h→0

r(h)
h

= 0.

It is convenient to postulate how two different properties as continuity and differen-
tiability relate to each other. This relation is explained and postulated in the following
theorem.

Theorem 3.10. Assume that f : IRn → IRm is a differentiable function at x0 ∈ IRn and
‖f ′(x0)‖ < C, where C is a non-negative integer. Then, there exists a δ > 0 such that
|h| < δ, implies that

|f(x0 + h) + f(h)| ≤ C|h|.
In particular it follows that f is continuous at x0.

Proof. Set ε = C −‖f ′(x0)‖ > 0 and from Definition 3.9 follows that there exist a δ > 0
for which 0 < |h| < δ implies that

|f(x0 + h)− f(x0)− f ′(x0)[h]|
|h|

< ε.

Therefore, it holds that
|f(x0 + h)− f(x0)− f ′(x0)[h]| < ε|h|. (3.5)
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We apply the triangle inequality in the left hand side of (3.5) such that

|f(x0 + h)− f(x0)− f ′(x0)[h]| ≥ |f(x0 + h)− f(x0)| − |f ′(x0)[h]|. (3.6)

From (3.5) and (3.6) follows that if 0 < |h| < δ then,

|f(x0 + h)− f(x0)| < ε|h|+ |f ′(x0)[h]|
≤ ε|h|+ ‖f ′(x0)‖|h| =

(
‖f ′(x0)‖+ ε

)
|h| = C|h|. (3.7)

Now, to prove the continuity of f at x0, it follows that from Theorem 3.7 we get that
there always exists a C > 0 such that ‖f ′(x0)‖ < C. Therefore, from our results above
we know that there is an ε > 0 for which

|f(x0 + h)− f(x0)| ≤ C|h|.

Hence, let x = x0 + h. Then, for every ε < 0 choose δ = ε
C such that

|x− x0| < δ ⇒ |f(x)− f(x0)| ≤ C|x− x0| < C

L

As it might be expected, several well known results from one dimensional analysis
can be easily generalized to several variables real analysis. We shall end this section by
presenting two useful generalizations of theorems from one dimensional analysis . With
this in mind we shall start by presenting a generalized version of the well-known chain
rule.

Theorem 3.11. Suppose that E is an open set in IRn and assume that f : E → IRm

is a differentiable function at x0 ∈ E. Similarly, suppose that g : f(E) → IRk is a
differentiable function at f(x0). Then the mapping F : E → IRk defined by

F (x) = g
(
f(x)

)
,

is differentiable at x0 and
F ′(x0) = g′

(
f(x0)

)
f ′(x0).

Proof. Start by putting y0 = f(x0), A = f ′(x0), B = g′(y0). Define the derivatives of f
and g by

u(h) = f(x0 + h)− f(x0)−A(h),
and

v(k) = g(y0 + k)− g(y0)−B(k).
For all h ∈ IRn and k ∈ IRm for which f(x0 + h) and g(y0 + k) are defined. Then

|u(h)| = ε(h)|h|, (3.8)

and
|v(k)| = η(k)|k|, . (3.9)

Where ε(h)→ 0 as h→ 0 and η → 0 as k → 0. For a given h, put k = f(x0 +h)−f(x0).
Then,

|k| = |A(h) + u(h)| ≤ [‖A‖+ ε(h)]|h|, (3.10)
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and it holds that

F (x0 + h)− F (x0)−BA(h) = g(y0 + k)− g(y0)−BA(h) = B(k −A(h)) + v(k)
= Bu(h) + v(k).

Hence, (3.8), (3.9) and (3.10) imply that for h 6= 0
|F (x0)− F (x0)−BA(h)|

|h|
≤ ‖B‖ε(h) +

[
‖A‖+ ε(h)

]
η(k).

Finally, let h→ 0. Then ε(h)→ 0. Also, k → 0 and by (3.10) follows that η(k)→ 0.
Hence, we have that F ′(x0) = BA which completes the proof. L

We shall also present a generalized version of the well-known Mean Value Theo-
rem.Therefore, we continue to state the Mean Value Theorem in terms of real analysis.

Theorem 3.12. Suppose E ⊆ IRn is an open convex set and let f : E → IRm be a
differentiable function in E and assume that there is a real number M such that

‖f ′(x)‖ ≤M,

for every x ∈ E. Then
|f(b)− f(a)| ≤M |b− a|,

for all a, b ∈ E.

Proof. Start by fixing a, b ∈ E. Then, proceed to define a help function, given by

γ(t) = (1− t)a+ tb,

for all t ∈ IR1 such that γ(t) ∈ E. Since E is convex it follows that γ(t) ∈ E, wherever
0 ≤ t ≤ 1. Now put

g(t) = f(γ(t)).
Then, through Theorem 3.11 it follows that

g′(t) = f ′(γ(t))γ′(t) = f ′(γ(t))[b− a],

so that
|g′(t)| ≤ ‖f ′(γ(t))‖|b− a| ≤M |b− a|,

For all t ∈ [0, 1]. Therefore, it follows that

|g(1)− g(0)| ≤M |b− a|.

Finally, note that g(0) = f(a) and g(1) = f(b), which brings the proof to an end. L

3.3. Partial Derivatives and Continuous Functions. In this section we will con-
tinue to generalize the results presented in Section 2 to continuous functions of several
variables. However, we shall emphasise the fact that we do not only work with total
derivatives, it is therefore necessary to introduce the concept of partial derivatives.

However, it will be necessary to properly introduce what is meant with the compo-
nents of a real value function before we proceed to properly define partial derivatives of
severable variable real functions.
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Definition 3.13. Let E ⊆ IRn be an open set and let f : E → IRm be a function.
Let {e1, ..., en} and {u1, ..., um} denote the standard bases of IRn and IRm, respectively.
Then, we say that the components of f are the real functions f1 : E → IR1, ..., fm : E →
IR2 defined by

f(x) =
m∑
i=1

fi(x)ui,

for, x ∈ E.

With this in mind we can properly introduce the definition of partial derivatives that
we shall use in this essay.

Definition 3.14. Let E ⊆ IRn be an open set and let f : E → IRm be a function.
Let {e1, ..., en} and {u1, ..., um} denote the standard bases of IRn and IRm, respectively.
Then, for x ∈ E, 1 ≤ i ≤ m and 1 ≤ j ≤ n, we define a function Djfi by

(Djfi)(x) = lim
t→0

fi(x+ tej)− fi(x)
t

, (3.11)

provided the limit exists. The function Djfi is called a partial derivative of f at x0.

We can use our previous definitions to postulate the required criteria to guarantee the
existence of partial derivatives in our metric spaces.

Theorem 3.15. Suppose E ⊆ IRn is an open set and that f : E → IRm is a differentiable
function at the point x ∈ E. Then, the partial derivatives (Djfi)(x) exists and

f ′(x)ej =
n∑
i=1

(Djfi)(x)ui, (1 ≤ j ≤ n).

Proof. Start by fixing j. Since f is differentiable at x, we have that

f(x+ tej)− f(x) = f ′(x)[tej ] + r(tej),

where |r(tej)|
t → 0 as t→ 0. Then, by the linearity of f ′(x) it follows that

lim
t→0

f(x+ tej)− f(x)
t

= f ′(x)ej . (3.12)

If we now use Definition 3.13 and the equation 3.12, we find that

lim
t→0

m∑
i=1

fi(x+ tej)− fi(x)
t

ui = f ′(x)ej . (3.13)

It follows that each quotient in this sum has a limit as t → 0. Thus, each (Djfi)(x)
exists. L

Now, similarly to what we did before, we should introduce what is meant with a
continuously differentiable function

Definition 3.16. Let E ⊆ IRn be an open set and let f : E → IRm be a function. We
say that f is continuously differentiable in E if f ′ : E → L(IRn, IRm) is continuous. We
denote this by introducing the following notation f ∈ C1(E).
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Remark 3.17. More explicitly, it is a requirement that for every x ∈ E and ε > 0
corresponds a δ > 0 such that

‖f ′(y)− f ′(x)‖ < ε,

if y ∈ E and |x− y| < δ.

Now, We should finish this section by stating an strong relation between continuity
and differentiability for severable variable functions. This will presented in the following
theorem.

Theorem 3.18. Let E ⊆ IRn be an open set and let f : E → IRm. Then we have that
f ∈ C1 if, and only if, Djfi exist and are continuous on E for 1 ≤ i ≤ m and 1 ≤ j ≤ n.

Proof. Suppose f ∈ C1 and let x ∈ E. Now, set {e1, ..., en} and {u1, ..., um} as the
standard bases of IRn and IRm, respectively. Also let |ui| = |ej | = 1. Now, consider that
for every y ∈ E there exists a ε > 0 such that we can choose a δ > 0 for which |x− y|
implies that

‖f ′(x)− f ′(y)‖ < ε.

By definition we have that
Djfi(x) = f ′(x)[ej ]ui,

and therefore,

|Djfi(x)−Djfi(y)| = |f ′(x)[ej ]ui − f ′(y)[ej ]ui|
≤ |f ′(x)[ej ]− f ′(y)[ej ]||ui| ≤ ‖f ′(x)− f ′(y)‖|ej | ≤ ε.

Hence, Djfi is continuous for each i and j.
Conversely, suppose thatDjfi exists and is continuous. However, we will only consider

the case when m = 1. The reason behind this it that for functions of the kind f =
(f1, ...fm) : E → IRm, with fi : E → IR follows that f1, ..., fm ∈ C1(E, IR) if, and only if
f ∈ C1(E, IRm). Which indeed is the case from our assumption.

Then, fix a point x ∈ E. Since E is an open set there is an open ball S centred at x
and radii δ > 0. Then, from the continuity of Djf , we have that for every ε

n > 0 there
exists a δ > 0 such that

|Djf(x)−Djf(y)| < ε

n
, y ∈ S.

Now, construct h̄ =
∑n
j=1 hjej and |h| < δ. Then, we can define vk by letting v0 = 0̄

and vk =
∑k
j=1 hjej . This gives us that

f(x+ h)− f(x) =
n∑
j=1

f(x+ vj)− f(x+ vj−1),

where we know that (x + vj) ∈ S since (x + h) ∈ S. We know that S is convex and
vj = vj−1 + ejhj , such that it follows that the whole segment (x+Vj−1) to (x+ vj) is in
E. Now, use the continuity of Djf and apply the mean value theorem (Theorem 3.12)
for the j:th term, such that

f(x+ h)− f(x) = hjDjf(x+ vj−1 + θjhjej), θj ∈ (0, 1).
From the definition of differentiability it follows that
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∣∣∣∣∣∣f(x+ h)− f(x)−
n∑
j=1

hjDjf(x)

∣∣∣∣∣∣ =

∣∣∣∣∣∣
n∑
j=1

hjDjf(x+ vj−1 + θjhjej)−
n∑
j=1

hjDjf(x)

∣∣∣∣∣∣
=

∣∣∣∣∣∣
n∑
j=1

hj
(
Djf(x+ vj−1 + θjhjej)−Djf(x)

)∣∣∣∣∣∣
≤

∣∣∣∣∣∣
n∑
j=1
|hj |

n∑
j=1
|Djf(x+ vj−1 + θjhjej)−Djf(x)|

∣∣∣∣∣∣
< |hj |

ε

n
n

= ε.

This gives us that f is differentiable and completes the proof. L

3.4. Complete Metric Spaces. In Section 4 we will present a proof for the Inverse
Function Theorem based on the results introduced in Section 2 and a theorem known
as Banach’s Fixed Point Theorem. Therefore we shall end Section 3 by introducing the
contraction mapping and stating the Banach’s Fixed Point Theorem. Therefore we shall
start this section by properly defining what is meant with a complete metric space.

Definition 3.19. Let (X, d) be a metric space. If φ : X → X is a function, such that
there exists a real number C < 1 for which

d
(
φ(x), φ(y)

)
≤ Cd(x, y),

for all x, y ∈ X then we say that φ is a contraction of X into X.

The fact that C < 1 tell us that the image of a set under φ is contracted. The basic
theorem about contraction mappings is as follows.

Theorem 3.20. If X is a complete metric space and if φ : X → X is a contraction,
then there exists one, and only one, x ∈ X such that φ(x) = x.

Proof. Pick x0 ∈ X arbitrarily and define {xn} recursively by setting
xn+1 = φ(xn), (n = 0, 1, 2...).

Now, choose C < 1 such that we fulfil Definition 3.19. For n ≥ 1 we then have
d(xn+1, xn) = d(φ(xn), φ(xn−1) ≤ Cd(xn, xn−1).

Hence, from mathematical induction we find that
d(xn+1, xn) ≤ Cnd(x1, x0), (n = 0, 1, 2, ...).

Thus, we have that if n < m

d(xn, xm) ≤
m∑

i=n+1
d(xi, xi − 1) ≤ (Cn + Cn+1 + ...+ Cm−1)d(x1, x0)

≤ [(1− c)−1d(x1, x0)]Cn.
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Then, {xn} is a Cauchy sequence. Since X is complete, lim
n→∞

xn = x for some x ∈ X.
Finally, since φ is a contraction it follows that it is also continuous on X. Hence,

φ(x) = lim
n→∞

φ(xn) = lim
n→∞

φ(xn+1) = x.

This completes the proof. L
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4. The Inverse Function Theorem

In this section we shall focus on one of the most relevant theorems in the mathematical
field known as analysis. The inverse function theorem provides the requirements to let a
function be locally invertible in the neighbourhood of a point p in terms of its derivatives
at that point. Technically, it is a local existence theorem of the inverse function. A
noteworthy point is that this theorem can be used for several applications in IRn. It can
also be generalized to differentiable manifolds [4] and Banach spaces [12].

4.1. The Inverse Function Theorem. The first formal proof of this theorem is at-
tributed to the italo-francesi mathematician Joseph-Louis Lagrange [7]. However, the
theorem has evolved from the time of Lagrange and has gone through several changes.
In this work we should make use of the previously introduced results/theorems based on
the work of Walter Rudin [10] in order to postulate and prove the following theorem.

Theorem 4.1. Let E ⊂ IRn be an open set and f : E → IRn be a C1-mapping, such
that f ′(a) is invertible for some a ∈ E.

Let b = f(a) then, the following statements hold:
(a) There exist sets V ,U ⊆ IRn for which a ∈ U , b ∈ V , such that f is both injective

and f(U ) = V ;

(b) If g : V → U is the inverse of f : U → V , defined by g
(
f(x)

)
= x, then it follows

that g ∈ C1(V ).

Proof. We will divide the proof of this theorem into the following sections:
(i) There exist sets V ,U ⊆ IRn for which a ∈ U , b ∈ V and f is injective;

(ii) There exist sets V ,U ⊆ IR such that a ∈ U , b ∈ V and f(U ) = V ;

(iii) If g : V → U is the inverse of f : U → V , g
(
f(x)

)
= x then, it follows that

g ∈ C1(V ).
With this said, we shall start by considering:

(i) : We want to show that f is injective. Therefore, let f ′(a) = A and choose λ such
that

2λ
∥∥A−1∥∥ = 1. (4.1)

Since f ′ is continuous at a, there should exist an open ball U ⊆ E such that

‖f ′(x)−A‖ < λ, x ∈ U . (4.2)

Observe that for every y ∈ IRn we can define a function ψy : E → IRn by

ψy(x) = x+A−1(y − f(x)). (4.3)

Note that f(x) = y if, and only if, x is a fixed point on ψy. Now, we use Theorem 3.11
to show that

ψ′y(x) = I −A−1(f ′(x)) = A−1(A− f ′(x)
)
,

which, with the help of Theorem 3.7 leads to∥∥ψ′y∥∥ =
∥∥A−1(A− f ′(x)

)∥∥ ≤ ∥∥A−1∥∥∥∥A− f−1(x)
∥∥,
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and from (4.1) and (4.2) it follows that∥∥ψ′y∥∥ < λ

2λ = 1
2 .

From Theorem 3.12 we know that if M > 0 and ‖f ′(x)‖ ≤M the following holds,

|ψy(x1)− ψy(x2)| ≤ 1
2 |x1 − x2|, ∀x1, x2 ε U . (4.4)

Thus, from (4.4) and the definition of a contraction mapping it follows that ψy is a
contraction and that it has, at most, one fixed point. Therefore, it follows that f is
injective.

(ii): Now, we should show that f : U → V is surjective. Which by definition implies
that f(U ) = V . Then, start by showing that V is an open set.

Let y0 ∈ V , then there is exactly one x0 ∈ U for which y0 = f(x0). Now, consider
a parameter r and let r > 0 such that B̄r(x0) ⊆ U . Then our task will be to show that
B̄λr(y0) ⊆ V , where λ is given as in 4.1. Then, it will follow that V is open.

Now, fix a point ỹ ∈ V with |ỹ − y0| < rλ and therefore, ỹ ∈ B̄λr(y0). Now, we can
consider ψy as before and look at

|ψỹ(x0)− x0| =
∣∣A−1(ỹ − f(x0))

∣∣ =
∣∣A−1(ỹ − y0)

∣∣
≤
∥∥A−1∥∥|ỹ − y0| =

1
2λ |ỹ − y0| =

1
2r.

Then, if x ∈ B̄r(x0), we can use the triangle inequality and (4.4) to show that

|ψỹ(x)− x0| = |ψỹ(x)− ψỹ(x0) + ψỹ(x0)− x0| ≤ |ψỹ(x)− ψỹ(x0)|+ |ψỹ(x0)− x0|

≤ 1
2 |x− x0|+

r

2 ≤ r. (4.5)

Similarly if, x ∈ B̄r(x0), it will follow from (4.5) that ψỹ(x) ∈ Br(x0), which implies
that ψỹ : B̄r(x0)→ B̄r(x0) is a contraction.

Finally, recall that from Theorem 2.13 and Theorem 2.21, we know that B̄r(x0) is a
complete metric space and from Theorem 3.20 we know that there is exactly one fixed
point, x̃ ε B̄r(x0). This gives us that ỹ = f(x̃) ∈ f(B̄r(x0)) ≤ f(U ) = V .

(iii): We will start by showing that g : V → U is a differentiable function. Let
y, y + k ∈ V be points and by construction there are also x, x+ h ∈ U such that

y = f(x), y + k = f(x+ h). (4.6)

Now, we shall use the function ψy(x) = x + A−1(y − f(x)) to establish the following
relation:

ψy(x+ h)− ψy(x) = x+ h− x+A−1(y − f(x+ h))−A−1(y − f(x))
= h−A−1(f(x+ h)− f(x)

)
= h−A−1(k).

By considering that

|ψy(x1)− ψy(x2)| ≤ 1
2 |x1 − x2|,
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for all x1, x2 ∈ U , such that it follows∣∣h−A−1(k)
∣∣ ≤ 1

2 |x+ h− x| = 1
2 |h|. (4.7)

From the triangle inequality it follows that∣∣h−A−1(k)
∣∣ ≥ ∣∣|h| − ∣∣A−1(k)

∣∣∣∣ ≥ |h| − ∣∣A−1(k)
∣∣. (4.8)

Then, by combining (4.7) and (4.8) it holds that

|h| −
∣∣A−1(k)

∣∣ ≤ 1
2 |h|.

Thus,
|h| ≤ 2

∣∣A−1(k)
∣∣ ≤ 2

∥∥A−1∥∥|k| = 1
λ
|k|. (4.9)

Hence, through Theorem 3.8 we know that f ′(x) is invertible at every x ∈ U and we
say that for a given x the inverse to f ′(x) designates with T . We have that,

g(y + k)− g(y)− T (k) = g
(
f(x+ h)

)
− g
(
f(x)

)
− T (k)

= x+ h− x− T (k) = h− T
(
f(x+ h)− f(x)

)
Now, we introduce the following notation T

(
f ′(x)(h)

)
= h such that

h− T
(
f(x+ h)− f(x)

)
= T

(
f ′(x)[k]

)
− T

(
f(x+ h)− f(x)

)
= −T

(
f(x+ h)− f(x)− f ′(x)[h]

)
.

Therefore, we have that
|g(y + k)− g(y)− T (k)|

|k|
=
∣∣T (f(x+ h)− f(x)− f ′(x)[k]

)∣∣
|k|

,

hence, by (4.9) we have that∣∣T (f(x+ h)− f(x)− f ′(x)[k]
)∣∣

|k|
≤
∣∣T (f(x+ h)− f(x)− f ′(x)[k]

)∣∣
λ|h|

≤ ‖T‖
λ

f(x+ h)− f(x)− f ′(x)[h]
|h|

.

Finally, let k → 0, h → 0, then by definition g is differentiable and g′(y) = T , which
implies that

g′(y) = f−1(g(y)), g ε V .

L
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5. The Implicit Function Theorem

In this section we shall postulate and prove the Implicit Function Theorem based on
the results obtained from Theorem 4.1. In that sense the proof we will present shall
summarize the main results from our previous chapters. Finally in Section 5.3 we will
present some of the modern applications and generalizations of the Implicit Function
Theorem however not going into details.

5.1. Required Terminology. The following notation will be useful for the statement
and proof of our main theorem.

Definition 5.1. If x = (x1, ..., xn) ∈ IRn and y = (y1, ..., ym) ∈ IRm, we shall write
(x, y) for the point

(x1, ..., xn; y1, ..., ym) ∈ IRn+m.

Then, for every A ∈ L(IRn+m, IRn) we can split it into two linear transformations, Ax
and Ay defined by

Ax[h] = A(h, 0),
and

Ay[k] = A(0, k),
for any h ∈ IRn and k ∈ IRm. Then, Ax ∈ L(IRn) and Ay ∈ L(IRm, IRn) and therefore,

A(h, k) = Ax[h] +Ay[k]. (5.1)

From the previous definition we can state an existence theorem for invertible linear
operator. Therefore, we proceed to present it in the following theorem

Theorem 5.2. Suppose A ∈ L(IRn+m, IRn) and assume that Ax is an invertible linear
operator. Then, for every k ∈ IRm there is an uniquely chosen h ∈ IRn such that

A(h, k) = 0. (5.2)
Therefore, we can calculate h from

h = −A−1
x Ay[k]. (5.3)

Proof. It easily follows from 5.1 that A(h, k) = 0 if, and only if,
Ax[h] +Ay[k] = 0.

Then, note that this is the same as (5.3) when Ax is invertible. Hence, we can show that
(5.3) holds for every k ∈ IRm and for exactly one h such that (5.2) holds. L

5.2. The Implicit Function Theorem. We are finally ready to subsume all the results
from the previous sections in order to state and prove our main theorem.

Theorem 5.3. Let E ⊂ IRn+m be an open set and let f : E → IRn be a C1-mapping
such that

f(a, b) = 0,
for some point (a, b) ∈ E. Now, put A = f ′(a, b) and assume that Ax is invertible. Then,
there exists open sets U ⊂ IRn+m and W ⊂ IRm with (a, b) ∈ U and b ∈ W , such that
every y ∈ W corresponds to one unique x, such that (x, y) ∈ U and f(x, y) = 0. We can
define this x by letting it be given by a function g(y) : W → IRn and g(y) ∈ C1.
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The following properties holds:
(i) g(b) = a;

(ii) f(g(y), y) = 0 , (y ε W );

(iii) g′(b)[k] = −(Ax)−1(Ay(k)).

Remark 5.4. Recall that the equation f(x, y) = 0 can be written as a system of n
equations in n+m variables, then

f1(x1, x2....xn, y1, y2..., ym) = 0
·
·
·

fn(x1, x2....xn, y1, y2..., ym) = 0.
Then from Definition 3.5 and Definition 5.1 we know that the assumption Ax is

invertible, meaning that the following n× n matrix
D1F1 · · · Dnf1
· ·
· ·
· ·

DnF1 · · · Dnfn


evaluated at (a, b), defines an invertible linear operator in IRn. This implies that the
determinant of this matrix should be non-zero.

Furthermore, if this holds when x = a and y = b, then the conclusion is that our
system of equations can be solved for x1, ..., xn in terms of y1, ..., ym, for every y near b.
Then, we have that these solutions are continuously differentiable functions of y.

Proof. Start by defining a function F : E → IRn+m where E ⊆ IRn+m by letting
F (x, y) =

(
f(x, y), y

)
,

where, (x, y) ∈ E. Then, it follows from the function f that F ∈ C1. Therefore, we
claim that F ′(a, b) ∈ L(IRn+m). Now, we divide the proof into two parts and start by
showing that F ′(a, b) is invertible.

Part 1: Consider that the function f is differentiable at (a, b). Then, there is a linear
operator A such that from Definition 3.9 if follows that

f(a+ h, b+ k)− f(a, b)−A(h, k) = r(h, k),
where r(h, k) is the remainder. Then, due to our assumption f(a, b) = 0

f(a+ h, b+ k)−A(h, k) = r(h, k).
Thus, it follows that

f(a+ h, b+ k)− F (a, b) =
(
f(a+ h, b+ k), b+ k

)
−
(
f(a, b), b

)
=
(
A(h, k) + r(h, k), k

)
=
(
A(h, k), k

)
+
(
r(h, k), k

)
.
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Recall that F ′(a, b) ∈ C1(E). Therefore,
F ′(a, b)[h, k] =

(
A(h, k), k

)
.

This leads to the following, when F ′(a, b) is considered to be a linear operator on IRn+m

that maps (h, k) to
(
A(h, k), k

)
. Then, if its image vector is zero we get that

A(h, k) = 0,
and

k = 0.
Then, it follows that A(h, 0) = 0 and from (3.5) follows that h = 0, which implies

that F ′(a, b) is injective. Hence, it follows from Theorem 3.4 that F ′(a, b) is bijective.
Then, we can conclude that F ′(a, b) shall be invertible.

Now, with help of this new information we can directly use the results from Theo-
rem 4.1 in order to show the following:

• There exists open sets U ,V ⊆ IRn+m with (a, b) ∈ U and (0, b) ∈ V such that
F is an injective mapping of U onto V .

• IfG : V → U is denote the inverse of F , defined implicitly byG
(
F (x, y)

)
= (x, y)

for (x, y ∈ U ), then the following holds, G ∈ C1(U ).
For this, let

W̄ =
{
y ε IRm : (0, y) εV

}
⊆ IRm,

and note that W̄ is open because by assumption V is open. Then, we say that b ∈ W̄ .
Recall that (a, b) ∈ U and that

F (a, b) =
(
f(a, b), b

)
= (0, b) εV ,

which proves that b ∈ W̄ . Now, consider that for every y ∈ W̄ there exists an unique x
such that (x, y) ∈ U and f(x, y) = 0. Then, recall that F : U → V is bijective and it
implies that if we let y0 ∈ w̄ such that there is at least one (x, y0) ∈ U for which

F (x, y0) = (0, y0).
Hence, from the definition of F it follows that f(x, y0) = 0. Similarly, we can assume
that there exists a point (x′, y0) ∈ U for which f(x′, y0) = 0. Then, it follows that

f(x′, y0) =
(
f(x′, y0), y0

)
= (0, y0) = F (x, y0).

Since F is bijective it follows that x = x′, which concludes the first part of the proof.

Part 2: Now for the second part of the proof we shall use the results obtained in part
1. In order to define g : W̄ → IRn such that

(
g(y), y

)
∈ U and f(g(y), y) = 0. Then, it

follows that
F
(
g(y), y

)
= (0, y), y ∈ W̄ .

If G is the mapping of V onto U that inverts F , then G ∈ C1 and by Theorem 4.1
we obtain that

G
(
F
(
g(y), y

))
= G(0, y),

and (
g(y), y

)
= G(0, y).
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Now, we should construct g′(b). It is therefore convenient to introduce the following
help function

Φ : W̄ → IRn+m,

by letting
Φ(y) =

(
g(y), y

)
.

Recall that Φ is a linear transformation and by definition it follows that

Φ′(y)[k] =
(
g′(y)[k], k

)
, (5.4)

but remember that (g(y), y) = 0. Therefore it follows that

f ′
(
φ(y)

)
= 0,

for all y ∈ W̄ and by using Theorem 3.11, we find that

f ′
(
Φ(y)

)
·
(
Φ′(y)

)
= 0. (5.5)

Now, observe that when y = b, Φ(y) = (a, b) and therefore,

f ′
(
Φ(y)

)
= f ′(a, b) = A.

From (5.5) it follows that
A
(
Φ′(b)[k]

)
= 0. (5.6)

By inserting A(h, k) = Ax(h) +Ay(k) into (5.6) and finally back into (5.4) we get that

Ax
(
g′(b)[k]

)
+Ay(k) = 0.

Thus
Ax
(
g′(b)[k]

)
= −Ay(k).

Then, it easily follows that
g′(b) = −A−1

x (Ay(k)). (5.7)
Finally, note that (5.7) is equivalent to (iii), and completes the proof. L

5.3. Modern Applications. As we said before Theorem 5.3 has several applications in
different areas of physics, as for example in meteorology and thermodynamics. However,
the statements of the theorem can be generalized to different kinds of metric spaces or
general topological spaces.

5.3.1. Differential Equations: There is a strong relation between the Implicit Function
Theorem and a theorem for the existence of solutions to differential equations. For
example, a typical existence theorem for ordinary differential equations is the Picard’s
Existence and Uniqueness Theorem [9], which can be proved by using a generalization
of the Implicit Function Theorem for general Banach spaces.

Another example of the application of our main theorem in the study of differential
equations, is the work of John Nash who presented a sophisticated form of the Implicit
Function Theorem in the study of partial differential equations [6].
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5.3.2. Smooth Surface: In the studying of geometric analysis in Euclidean spaces the
concept of a smooth surface can be defined in several different ways. The Implicit
Function Theorem can be used to prove a theorem that gives a precise expression to
each of the descriptions of a smooth surface. Of course, the point of the theorem is to
show that these definitions indeed are equivalent.

The results from this equivalence theorem can be expanded to the study of various
problems in analysis that may be set in a bounded domain in Euclidean space. For
example, one can apply these results to show that the distance function defined in this
space is indeed smooth [6].
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