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Abstract

Radiostereometric analysis (RSA) is a method used for determining mi-
gration and wear of orthopaedic implants through measurements per-
formed in radiographs. There are two approaches of RSA: marker-based
and model-based (MBRSA). Marker-based RSA is the conventional and
most accurate method. However, it requires markers to be inserted or at-
tached to the implants. MBRSA avoids using markers by employing 3D
geometric models of the implants. State-of-the-art methods for model-
based RSA use either elementary geometric shapes (EGS) or triangu-
lated surface (TS) models. EGS models are smooth but not generic.
They can only model implants that have simple canonical shapes. In
contrast, TS models are generic but not smooth. They can model both
basic and free-form shapes but not as smooth as EGS models. The de-
gree of smoothness depends on the number of triangles used.

In this thesis, we introduce Non-uniform Rational B-Splines (NURBS)
models that are both generic and smooth. Two algorithms were devel-
oped: 1) A fitting algorithm that fits multi-patch NURBS models to
unorganized point clouds representing the surface of the implants. 2)
An RSA algorithm that fits the NURBS models to points measured in
radiographs. To evaluate the algorithms, NURBS models of a femoral
head and an acetabular component were generated by the fitting algo-
rithm. The femoral head penetration into the acetabular component was
computed by the NURBS-based RSA algorithm using clinical double
examinations for a single hip replacement patient. The precision of the
NURBS-based RSA algorithm for computing the femoral head pene-
tration is comparable to the reported precision of a state-of-the-art EGS-
based RSA algorithm for solving the same problem. This result suggests
that NURBS models can be a good alternative to the current models used
in MBRSA.
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1 Introduction

1.1 Background and related work

Radiostereometric Analysis (RSA) (Kärrholm, 1989; Selvik, 1989; Kärrholm et al., 1997) is
an accurate method for determining micro-motion of orthopaedic implants (artificial joints
inserted into patients). The idea of RSA is to x-ray the patient from two different directions
at the same time, producing two radio-graphs (x-ray images). In principle, the projection
of a joint of interest is measured in the radiographs and its 3D position is reconstructed.
In this way the position of an implant and the position of the bones surrounding it can be
determined and the relative position between them can be computed. Surgeons use this
information to see how the body and the implant interact over time, to improve further
joint replacement surgeries, and to early predict implant failure. This information can also
help researchers to improve implants design or the quality of the cement used to fixate the
implants into bones (Kärrholm et al., 1994).

RSA can be done as a marker- or a model-based analysis. In marker-based RSA, small
spherical radiopaque markers are inserted into the bones and inserted or attached to the im-
plant (Valstar et al., 2002). The markers define the positions of the implant and the host
bones and are used as consistent references from which any changes in position can be
detected. The projections of the markers are measured in the radiographs and their 3D po-
sitions are reconstructed (Börlin et al., 2002). Marker-based RSA is the most accurate RSA
technique (Kaptein et al., 2003; Hurschler et al., 2009). However, it requires the implant to
be marked. The process of attaching markers to implants is expensive and time consuming.
Moreover, markers are sometimes over-projected by metallic parts of the implants.

An alternative to marker-based RSA is model-based RSA (Valstar et al., 2001). Model-
based RSA does not require markers to be inserted or attached to the implant. Instead, it
makes use of a 3D geometric model of the implant. The position of the implant is esti-
mated iteratively by projecting the 3D model, matching the projected contour of the model
onto the measured contour on the radiographs, and calculating the difference between the
two contours. At each iteration, the difference between the two contours is minimized by
changing the position and orientation of the 3D model. When the best fit between the two
contours is obtained, the implant position is equal to that of the model. Model-based RSA
is the focus of this thesis.

To date, implants that have simple shapes (e.g., the femoral head) have been modeled us-
ing a combination of elementary geometric shapes (EGS), e.g., straight lines, circles, and
spheres (Börlin et al., 2006; Kaptein et al., 2006). Implants with complex shapes have been
modeled using triangulated surfaces (Kaptein et al., 2003). The triangulated surface is gen-
erated from a CAD model supplied by the manufacturer of the implant. The shape of the
implant after fabrication usually differs from the CAD model due to the polishing process
and other fabrication factors (Kaptein et al., 2003; Seehaus et al., 2013). The dimensional
difference between the CAD model and the manufactured implant reduces the accuracy
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of the model-based RSA technique. To overcome this problem, reverse engineered (RE)
models were introduced (Kaptein et al., 2003). RE models are generated in two steps:

1. The surface of the manufactured implant is digitized using laser scanners or other
reverse engineering devices producing a 3D point cloud.

2. The point cloud is converted to a triangulated mesh.

The accuracy and precision of model-based RSA techniques that use RE models is better
than techniques that use CAD models because RE models take into consideration the man-
ufacturing tolerance (Kaptein et al., 2003). However, the accuracy of the RE model-based
RSA still depends on the digitizing resolution of the RE models (Seehaus et al., 2013).

An alternative way to model the implant surface is with Non-Uniform Rational B-Splines
(NURBS) (Piegl and Tiller, 1997; Dimas and Briassoulis, 1999; Fisher et al., 2004). NURBS
are mathematical representations of curves and surfaces where the shape of the NURBS
curve is defined by a set of control points. Potential advantages of NURBS include:

• Generality. NURBS is a unified representation for both analytical and free-form
shapes whereas, e.g., EGS-based models can not represent complex shapes.

• Smoothness. NURBS models are smooth whereas triangle-based models are non-
smooth at the intersection of two triangles.

• Resolution independence. We can control the resolution at which NURBS curves are
displayed whereas the resolution of triangle-based models depends on the density of
the point cloud of the implant.

• Low storage requirements. Compared to triangle-based models that need a huge stor-
age requirements, NURBS models are compact; smooth NURBS curves and surfaces
can be defined by a few number of control points.

1.2 Aim

The aim of this thesis is to develop, implement, and evaluate a method for generating and
using NURBS implant models in radiostereometry. The thesis work is divided into two
main steps:

1. Implementing a NURBS fitting algorithm. Given a point cloud of an implant, the
algorithm should generate a NURBS surface that approximates the point cloud within
an error bound.

2. Developing and implementing a NURBS-based RSA algorithm that uses the gener-
ated NURBS model to estimate the implant position from its projections in two x-ray
images using constrained least squares techniques (Börlin et al., 2006).
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2 Theory

2.1 Radiostereometry

Radiostereometric Analysis (RSA) is an accurate method for determining the migration
of orthopaedic implants from their projection in two x-ray images acquired simultane-
ously (Kärrholm, 1989; Selvik, 1989; Kärrholm et al., 1997). The migration of implants
is the change of their positions with respect to the surrounding bones. The RSA method
relies on the concept of rigid bodies1 (Bottner et al., 2005). It considers the implant and
the host bone as rigid bodies, i.e., the distance between any two points in the body remains
constant. The position of a rigid body is completely determined if the positions of at least
three non-collinear points in the body are known. To precisely define the positions of the
implant and the surrounding bones, artificial metallic markers are inserted into the implant
and the surrounding bones. The implant markers define a rigid body and the host bone
markers define another rigid body. By estimating the positions of the two bodies in one
3D coordinate system, their relative positions can be computed. Any change in this relative
position over time indicates an implant motion.

Figure 1 shows a clinical RSA setup. The patient is x-rayed from two different directions
at the same time with the joint of interest positioned at the intersection of the two x-ray
bundles. A calibration cage is placed under the x-ray table. The calibration cage contains
two kinds of spherical radiopaque markers named control and fiducial markers. The 3D
positions of these markers are known.

After the x-ray images have been taken, the positions of the markers projections are mea-
sured in the images. The positions of the control and fiducial markers are used to estimate
the positions of the x-ray foci and to establish a three dimensional coordinate system called
the laboratory coordinate system. Once the 3D coordinate system is established and the
positions of focus 1 and 2 are known, the 3D coordinates of the patient markers are recon-
structed from their projections. By comparing the results of one RSA examination with the
results of a previous examination, the motion of the implant can be computed.

2.2 Geometric modeling

Before the existence of computer graphics and computer-aided design (CAD) fields, en-
gineers were using splines (flexible strips of wood or rubber) for geometric design in the
aircraft and automotive industry (Angel and Shreiner, 2011). The need for using comput-
ers to design and analyze sophisticated models forces the designers to describe all shapes
in mathematical terms. Bézier and B-Splines curves are examples of these mathematical
representation.

1Some RSA measurements do not rely on rigid bodies but that is outside the scope of this thesis.
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Figure 1: An RSA setup for a hip examination. Two X-ray tubes are placed
above the region of interest in the patient and are fired simulta-
neously during the examination. A calibration cage below the
patient contains the X-ray sensors. Markers attached to the cage
are used to reconstruct the path of the rays. Image from Kärrholm
et al. (2000). Used with permission.

2.2.1 Bézier curves

In the 1960s an engineer and mathematician named Pierre Bézier invented an intuitive way
for representing smooth curves mathematically (Bertka, 2008). Bézier curves are parametric
polynomial curves. The shape of a Bézier curve of degree n is controlled through a set of
n+1 control points Pi. A Bézier curve of degree n is defined as

C(u) =
n

∑
i=0

Bn,i(u)Pi, (2.1)

where C(u) is a point on the curve that corresponds to the parameter value u and Bn,i,
0 ≤ i ≤ n, are used as coefficients. The coefficients Bn,i are referred to as the Bézier basis
functions or Bernstein polynomials and are defined as

Bn,i =
n!

i!(n− i)!
ui(1−u)n−i. (2.2)

The domain of u is [0,1] and all the Bézier basis functions are non-negative on this domain.
At a fixed u, the sum of the basis functions is 1. Hence, the value of any Bézier basis
function is between 0 and 1. All the basis functions are non-zero on the open interval (0,1).
Bézier curves interpolate the first and last control points (where u = 0 and u = 1). Bézier
curves have the convex hull property, i.e., the curve lies completely in the convex hull of
its control points. Figure 2 shows an example of a cubic Bézier curve (n = 3). The curve
is defined by four control points. The curve is contained in the convex hull of its control
points and interpolates the first and last control points.
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Figure 2: A cubic Bézier curve. The number of control points is n+1 where n =
3 is the degree of the curve. The curve is contained in the convex hull
of its control points. The curve interpolates the first and last control
points and is tangent to the first and last legs of the control polygon.

One problem with Bézier curves is that the degree of the curve is a function of the number of
the control points. For example, if we want to model an object that has a complex part and
we want to add more control points near this part to accurately capture its shape, the degree
of the whole curve will be increased. Using high degree polynomials is computationally
expensive and is not preferred.

Another problem is that moving one control point to a new position changes the shape of
the entire curve. A solution to these problems is to use multiple low-degree Bézier curve
segments, each over a short interval and piece them together to model the whole object. In
order for the model to be smooth, certain continuity conditions must be satisfied at the join
points where the segments meet. This is exactly what B-Splines do.

2.2.2 B-Splines

A B-Spline curve of degree p is a piecewise curve formed by piecing together a collection
of Bézier curves of degree p. A B-Spline curve is defined by a set of n+1 control points, a
degree p, and a knot vector U . The knot vector contains a set of m+1 knots, 0 = u0 ≤ u1 ≤
. . .≤ um = 1, satisfying the equality m = n+ p+1. A knot is a value of the parameter u at
which two curve segments join. A B-Spline curve of degree p can be defined as

C(u) =
n

∑
i=0

Ni,p(u)Pi, (2.3)

where C(u) is a point on the B-Spline curve that corresponds to the parameter value u, the
control points Pi, 0 ≤ i ≤ n, roughly define the shape of the curve, and the B-Spline basis
functions Ni,p(u) are defined recursively by the Cox-deBoor recursion formula (Piegl and
Tiller, 1997):

Ni,0(u) =
{

1, ui ≤ u < ui+1;
0, otherwise,

(2.4a)

and
Ni,p(u) =

u−ui

ui+p−ui
Ni,p−1(u)+

ui+p+1−u
ui+p+1−ui+1

Ni+1,p−1(u). (2.4b)
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Figure 3: A cubic B-Spline curve defined on U={ 0 0 0 0 1/7 2/7 3/7 4/7 5/7 6/7
1 1 1 1}. A small circle on the curve indicates a knot point. The knot
points divide the curve into curve segments. Each segment is defined
by different polynomials.

As shown in Equation (2.4), each B-Spline basis function of degree p is computed from two
functions of degree p− 1 and so on. This means that all the basis functions are built from
basis functions of degree 0 that act as switches (0 or 1). The differences between the basis
functions of the B-Spline and the Bézier curves are:

• The Bézier basis functions are defined over the whole interval [0,1] whereas in B-
Splines, the knots divide the domain into knot spans and the B-Spline basis functions
are defined over few knot spans. Figure 3 shows a cubic B-Spline curve defined by
10 control points (i.e., n = 9). The curve is defined on a knot vector U={ 0 0 0 0 1/7
2/7 3/7 4/7 5/7 6/7 1 1 1 1}. The curve is a clamped curve because the first and last
knot are of multiplicity k = p+ 1. The clamped curve interpolates the first and last
control points and is tangent to the first and last legs of the control polygon. The knot
points divide the curve into curve segments. Each segment is defined by different
polynomials.

• The B-Spline basis functions are non-zero only on few adjacent subintervals whereas
all the Bézier basis functions are non-zero on the open interval (0,1). This means
that all the control points of a Bézier curve contribute to determine the coordinates of
a point on the Bézier curve. Thus, changing the position of one control point changes
the shape of the curve globally. However, the coordinates of a point on a B-Spline
curve is determined only by the control points whose coefficients (basis functions)
are non-zero. Thus, changing the position of one control point changes the curve
locally. Figure 4 shows how the shapes of a Bézier and a B-Spline curves change due
to moving control point 2 to a new position 2‘.

By comparing Equation (2.3) with Equation (2.1) we see that the degree of the B-Spline
curve is independent of the number of control points. This means we can add many control
points to capture the shape of a complex object while still using low degree polynomials.



7(53)

0 1 2 3 4 5 6
−4

−2

0

2

4

6

2

0

1

2
‘

3

4 5

6

0 1 2 3 4 5 6
−4

−2

0

2

4

6

2

0

1

2‘

3

4 5

6

(a) Bézier curve of degree 6.
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(b) A cubic B-Spline curve (p = 3) defined
on U={ 0 0 0 0 1/2 1/2 1/2 1 1 1 1 }.
The curve is composed of two curve seg-
ments, each is controlled by p+1 control
points.

Figure 4: The effect of changing the position of control point 2 to 2‘ on the shape
of a Bézier and a B-Spline curves. The solid curves are the original
curves and the dashed curves are the new ones after moving control
point 2. The shape of the Bézier curve changes globally while the
shape of the B-Spline curve changes locally.

Parametric Continuity

Splines are piecewise parametric functions. A B-Spline curve or surface is composed of
a number of curve segments or surface patches, respectively. Each segment is defined by
different polynomials. The curve segments or surface patches must be pieced together in
a smooth way. Parametric continuity (DeRose, 1985) is a measure of smoothness at the
joints, i.e., where two segments meet. Two curve segments or surface patches are said to
meet with Cn continuity, or n-th order parametric continuity if parametric derivatives up
to order n are continuous. For example, two curve segments are C0 continuous if they
are connected together, i.e., there is no gap between the two curves. Two curves are C1

continuous if their first derivatives match at the join point, i.e., the speed does not change
when crossing one curve to the other. Two curves are C2 continuous if their first and second
derivatives match at the join point, i.e., the speed and the acceleration do not change when
crossing one curve to the other.

Figure 5 shows an example of two parametric curves f (u) and g(u). Each curve has a
different parameterization such that

f (u) = u−u2, −1≤u≤ 0. (2.5)

g(u) = u+u2, 0≤u≤ 1. (2.6)

The two curves are obviously C0 continuous at the join point (0,0) because they are con-
nected together. Furthermore, they are C1 continuous because their first derivatives are
equal at the join point ( f

′
(0) = g

′
(0) = 1 ). However, the curves are not C2 continuous

because their second derivatives do not match at the join point ( f
′′
(0) = -2 and g

′′
(0) = 2).
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Figure 5: Two parametric curves meet at the origin with C1 parametric continuity.

A B-Spline curve of degree p is Cp continuous at any point except a knot point. The curve
is at least Cp−k continuous at a knot of multiplicity k. Thus, increasing the degree increases
the level of continuity and increasing the knot multiplicity decreases continuity. Figure 6
shows two B-Splines curves with different parametric continuity levels.

2.2.3 Non-Uniform Rational B-Splines (NURBS)

NURBS curves are B-Spline curves but in homogeneous coordinates (Angel and Shreiner,
2011). Non-Uniform means that the knots are not equally spaced. Therefore some curve
segments may be short or long compared to other curve segments. Rational describes the
ability to give more weight to some control points than to others. The weights allow NURBS
to model conics (e.g. circles, ellipses, and spheres).

NURBS Curves

A NURBS curve may be defined as

C(u) =
∑

n
i=0 Ni,p(u)WiPi

∑
n
i=0 Ni,p(u)Wi

, (2.7)

where C(u) is a point on the curve at the parameter value u, p is the degree of the curve, Pi

is a control point, Wi is the weight associated to Pi, and Ni,p(u) is a B-Spline basis function.

Figure 7 shows a semicircle represented by a NURBS curve of degree p=2. Five 3D points
0, 1, . . ., 4 with weights {1, 1/

√
2, 1, 1/

√
2, 1} control the shape of the curve. A knot

vector U = { 0, 0, 0, 1/2, 1/2, 1, 1, 1 } divides the parameter domain into two actual knot
spans [0,0.5) and [0.5,1]. Therefore the semicircle consists of two curve segments. Each
segment is controlled by at most p+1 control points.
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(a) A quadratic (p = 2) B-Spline curve on
U={0 0 0 1/5 2/5 3/5 4/5 4/5 1 1 1 }.
The curve is C1 continuous at all sim-
ple knots and C0 continuous at the double
knot u = 4/5 (point 5).
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(b) A cubic (p= 3) B-Spline curve on U={ 0
0 0 0 1/4 1/2 3/4 3/4 1 1 1 1 }. The curve
is C2 continuous at all simple knots and
C1 continuous at the double knot u= 3/4
(halfway between points 4 and 5).

Figure 6: B-Spline curves with different parametric continuity. A p-th degree
B-Spline curve is Cp−k continuous at a knot of multiplicity k.
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Figure 7: Example of a NURBS curve of degree 2. The shape of the curve is
controlled by five control points 0, 1, . . ., 4 with weights {1, 1/

√
2, 1,

1/
√

2, 1}. A knot vector U = { 0, 0, 0, 1/2, 1/2, 1, 1, 1 } divides the
parameter domain into two knot spans [0,0.5) and [0.5,1] and hence
two curve segments. One segment is controlled by control points 0–2
and the second segment is controlled by control points 2–4.



10(53)

−1
−0.5

0
0.5

1

−1

−0.5

0

0.5

1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

XY

Z

(a)

−1

−0.5

0

0.5

1

−0.5

0

0.5

1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

v

X

u

Y

Z

(b)
Figure 8: (a) A tensor product NURBS surface of a sphere. It is defined by 45

weighted control points of which some points are repeated, two knot
vectors U = {0, 0, 0, 1/4, 1/4, 1/2, 1/2, 3/4, 3/4, 1, 1, 1} and V = {0, 0,
0, 1/2, 1/2, 1, 1, 1}, and the degrees of the curves in u and v directions
(p = q = 2). The surface is constructed from a collection of NURBS
curves in the u and v directions. (b) NURBS curves in the u and v
directions.

NURBS Surfaces

NURBS surfaces are defined by a 2D mesh of control points. A point on a NURBS surface
is a function of two parameters u and v. NURBS surfaces can be viewed as the limit of a
set of NURBS curves, where u (or v) is held constant and v (or u) is varied between 0 and
1. This scheme is called a tensor product scheme (Angel and Shreiner, 2011). Hence, a
NURBS surface may be defined by the rational expression

C(u,v) =
∑

n
i=0 ∑

m
j=0 Ni,p(u)N j,q(v)Wi, jPi, j

∑
n
i=0 ∑

m
j=0 Ni,p(u)N j,q(v)Wi, j

, (2.8)

where C(u,v) is a 3D point on a NURBS surface at the parameter values u,v; p and q are
the degrees of the curves in the u and v directions; Pi, j is a control point, Wi, j is the weight
associated to Pi, j, and Ni,p(u),Ni,q(v) are B-Spline basis functions and are functions of two
knot vectors U and V , respectively.

Figure 8a shows a NURBS surface of a sphere. The surface is defined by 9× 5 array of
control points in homogeneous coordinates, two knot vectors U = {0, 0, 0, 1/4, 1/4, 1/2,
1/2, 3/4, 3/4, 1, 1, 1} and V = {0, 0, 0, 1/2, 1/2, 1, 1, 1}; and the degrees of the curves in u
and v directions (p = q = 2). The surface is constructed from the two NURBS curves that
are shown in Figure 8b.

Artificial Singularity

Each point on a parametric surface is defined by two parameters u and v. Those parameters
should be unique for every point. If one point can be addressed using more than one param-
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eterization, we encounter an artificial singularity (Takacs and Jüttler, 2012). An example of
the artificial singularity is the sphere shown in Figure 8. The two points at the poles have
infinitely many parameterizations (unique v parameter but infinitely many u parameters).
The singularity is called artificial because it is caused by our choice of the parameterization.
The surface at the poles is smooth but the parameterization is discontinuous.

2.3 Non-linear least squares

Least squares is a method used for solving over-determined system of equations

Ax = b, (2.9)

where A ∈ Rm×n; m > n, and x, b ∈ Rn. The vector (Ax− b) is called the residual (error)
vector. If Ax−b equals zero, the system has zero residual and x is an exact solution to the
system. Otherwise, the system has no solution. The best intuitive solution we can get is the
solution that makes the residual as small as possible. It is called a least squares solution
because it minimizes the squared error ||Ax−b||2.

Curve fitting is a class of problems where least squares solutions are widely used and ac-
cepted. The goal of curve fitting is to model a set of m measured points (observations) by
a model function f . The model function f is defined by n parameters. The parameters are
unknowns and the goal is to estimate them such that the model fits the observations as good
as possible. The system is over-determined because the number m of measurements is larger
than the number n of parameters to be estimated.

The model function is linear if the unknown parameters are multiplied by constants and
non-linear if the unknowns are multiplied by unknowns. For example, the function f (x,y) =
5x+ y is linear in the parameters x and y whereas the function f (x,y) = 2x+ 3xy is non-
linear.

Linear least-squares problems are solved by Normal Equation AT Ax = AT b whereas non-
linear least-squares are solved by iterative methods. Iterative methods approximate the
non-linear objective function by a simpler model function at each iteration.

2.3.1 The Gauss-Newton method

The Gauss-Newton (Griva et al., 2009) method is used for solving non-linear least-squares
problems. A non-linear least-squares problem can be formulated as the following optimiza-
tion problem

min
x

f (x) =
1
2

m

∑
i=1

ri(x)2 =
1
2

r(x)T r(x), (2.10)

where f (x) is the objective function to be minimized, r(x) = [r1(x) r2(x) · · · rm(x)]T is a
vector-valued non-linear function (the residual function), and x is the vector of n unknown
parameters to be estimated.

The Gauss-Newton method is an iterative method. Given an initial solution (estimate) of
the parameters, the Gauss-Newton algorithm tries to improve the estimates at each iteration
until an optimal solution is reached. At iteration k of the Gauss-Newton algorithm, the
objective function is approximated by a quadratic model function φ(xk + pk) using the first
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three terms of the Taylor series as follows:

φ(xk + p) = f (xk)+ pT
∇ f (xk)+

1
2

pT
∇

2 f (xk)p, (2.11)

where ∇ f (xk) = ∇r(xk)r(xk) and ∇2 f (xk) = ∇r(xk)∇r(xk)
T +∑

m
i=1 ri(xk)∇

2ri(xk) are the
gradient and Hessian of the objective function f (x) at the point x = xk, respectively, and p
is a search direction that the algorithm takes one step on it to improve the current estimate.
The search direction p should be a descent direction i.e., a search direction that points in the
direction where the objective function is decreasing, to guarantee that the new estimates are
going to be better. The Gauss-Newton algorithm computes such search direction as follows:

• apply Newton’s method to solve ∇φ(xk + p) = 0 for p. So, we get ∇2 f (xk)p =
−∇ f (xk).

• neglect the second derivative terms in the Hessian matrix ∇2 f (xk). That is equivalent
to putting ∑

m
i=1 ri(xk)∇

2ri(xk) = 0. So, we obtain the Gauss-Newton search direction
by solving JT

k Jk pGN = JT
k (−rk), where Jk = ∇r(xk)

T .

The Gauss-Newton method may fail to converge if the initial solution x0 is far from the
optimal solution. In order to get the Gauss-Newton algorithm to converge even if we started
far from the solution, we need a global strategy. The goal of the global strategy is to prevent
the algorithm from diverging. Far from the solution, where the quadratic model is not a
good approximation, the global strategy should prevent the algorithm from taking big steps.
Close to the solution, the quadratic model function should be trusted and the algorithm can
take a full step. Thus, global strategies control the length of the step α we take along the
search direction in order to guarantee convergence. Line search is such a global strategy.

At each iteration, the line search algorithm takes a full step (α = 1) along the search direc-
tion p and tests if the value of the objective function has decreased. If it has not decreased
or if the decrease is not sufficient, it takes a smaller step (e.g., α = 0.5), and so on.

Optimality Conditions

Gauss-Newton algorithm approximates the nonlinear objective function by a simpler quadratic
function, computes a search direction pGN , and takes one step αk on that direction to get a
new estimates xk+1 of the parameters. The algorithm should stop when an optimal solution
x∗ is found. The optimality conditions for a solution are:

1. ∇ f (x∗) = 0 (first order condition).

2. ∇2 f (x∗) is positive semi-definite (second order condition).

The Gauss-Newton algorithm only checks for the first order optimality condition because
Gauss-Newton approximation JT J of the Hessian is already positive definite as long as the
Jacobian matrix J has full rank. The steps of Gauss-Newton method are summarized in
Algorithm 1.
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Algorithm 1 Gauss-Newton

Compute initial approximation x0 of the parameters.
for k = 0,1,2, · · · ,maxIter do

if ||J(xk)
T r(xk)||< ε then

return
else

Compute r(xk) and J(xk).
Compute a search direction pGN

k = (JT
k Jk)

−1JT
k (−rk).

Compute a suitable step length αk.
Update the solution: xk+1 = xk +αk pk.

end if
end for

2.4 NURBS fitting

This section is based on (Piegl and Tiller, 1997). NURBS fitting is to find a NURBS
curve/surface that approximates a set of data points, i.e., the curve does not pass through
each data point but comes close to it. The distance between a data point and the approx-
imation curve must not be larger than an error bound E that should be input to the fitting
algorithm. NURBS fitting is an optimization problem of finding the control points, weights,
and/or knots that minimize the distances between the data points and the NURBS curve.
The problem is linear if the weights and knots are known and the only unknowns are the
control points. Otherwise, the problem is nonlinear.

2.4.1 The linear approach

Given a set of n+ 1 data points Dk ∈ Rdim, k = 0, . . . ,n, a degree p, and a number h, we
seek a NURBS curve C(u) of degree p defined by h+ 1 control points such that the curve
interpolates the first and last data points D0 and Dn and approximates the remaining points
in a least squares sense. The weights of the control points are set to 1 so the NURBS curve
becomes a B-Spline curve. The parameters uk, k = 0, . . . ,n, where the data points Dk are
assumed to be on the curve, are computed using the chord-length method. The knot vector
U is computed by averaging the parameters. Thus, the only unknowns are the control points.

Let the B-Spline curve that approximates the data points Dk be defined as

C(u) =
h

∑
i=0

Ni,p(u)Pi, (2.12)

where Pi ∈ Rdim, i = 0, . . . ,h are the h+ 1 control points. Since we require the curve to
interpolate the first and last data points, we have D0 = C(0) = P0 and Dn = C(1) = Ph.
Therefore, there are h− 1 unknown control points Pi, i = 1, . . . ,h− 1 and the equation of
the curve becomes

C(u) = N0,p(u)D0 +

(
h−1

∑
i=1

Ni,p(u)Pi

)
+Nh,p(u)Dn. (2.13)
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The goal of the fitting algorithm is to find the control points P1,P2, . . . ,Ph−1 that minimize
the function

f (P1,P2, . . . ,Ph−1) =
n−1

∑
k=1
|Dk−C(uk)|2, (2.14)

where |Dk−C(uk)| is the distance between the point Dk and the corresponding point C(uk)
on the curve.

The distance |Dk−C(uk)| can be written as

|Dk−C(uk)|= Dk−

[
N0,p(uk)D0 +

(
h−1

∑
i=1

Ni,p(uk)Pi

)
+Nh,p(uk)Dn

]

= (Dk−N0,p(uk)D0−Nh,p(uk)Dn)−

(
h−1

∑
i=1

Ni,p(uk)Pi

)
. (2.15)

If we let Qk = (Dk−N0,p(uk)D0−Nh,p(uk)Dn), then

f (P1,P2, . . . ,Ph−1) =
n−1

∑
k=1
|Qk−

h−1

∑
i=1

Ni,p(uk)Pi|2. (2.16)

The squared error term can be written as

|Qk−
h−1

∑
i=1

Ni,p(uk)Pi|2 =

(
Qk−

h−1

∑
i=1

Ni,p(uk)Pi

)
·

(
Qk−

h−1

∑
i=1

Ni,p(uk)Pi

)

= Qk ·Qk−2
h−1

∑
i=1

Ni,p(uk)Pi.Qk +

(
h−1

∑
i=1

Ni,p(uk)Pi

)
·

(
h−1

∑
i=1

Ni,p(uk)Pi

)
(2.17)

and the function f can thus be written as

f (P1,P2, . . . ,Ph−1)=
n−1

∑
k=1

Qk ·Qk−2
h−1

∑
i=1

Ni,p(uk)Pi.Qk+

(
h−1

∑
i=1

Ni,p(uk)Pi

)
·

(
h−1

∑
i=1

Ni,p(uk)Pi

)
.

(2.18)

To minimize f , we differentiate f with respect to each control point Pg and set ∂ f/∂Pg to
zero. The partial derivative of f with respect to Pg is

∂ f
∂Pg

=
n−1

∑
k=1

[
−2Ng,p(uk)Qk +2Ng,p(uk)

h−1

∑
i=1

Ni,p(uk)Pi

]
. (2.19)

Setting ∂ f/∂Pg to zero gives

n−1

∑
k=1

Ng,p(uk)
h−1

∑
i=1

Ni,p(uk)Pi =
n−1

∑
k=1

Ng,p(uk)Qk. (2.20)

Since we have h− 1 unknowns, there are h− 1 such equations and all are linear in the
unknowns Pi. Equation (2.20) can be written in a matrix form as

(NT N)P = Q, (2.21)



15(53)

where

P =


P1
P2
...

Ph−1


︸ ︷︷ ︸
(h−1)×dim

, Q =


∑

n−1
k=1 N1,p(uk)Qk

∑
n−1
k=1 N2,p(uk)Qk

...
∑

n−1
k=1 Nh−1,p(uk)Qk


︸ ︷︷ ︸

(h−1)×dim

, and

N =


N1,p(u1) N2,p(u1) · · · Nh−1,p(u1)
N1,p(u2) N2,p(u2) · · · Nh−1,p(u2)

...
. . .

...
N1,p(un−1) N2,p(un−1) · · · Nh−1,p(un−1)


︸ ︷︷ ︸

(n−1)×(h−1)

. (2.22)

For Equation (2.21) to have a unique solution, the inequality n> h≥ p≥ 1 must be satisfied.

Since the number of control points h that will give a good approximation is not known in
advance, the fitting algorithm can proceed in one of two ways:

1. (a) Start with the minimum number of control points (h = p).

(b) Fit a curve to the data points.

(c) If the deviation error for all points is less than the error bound, accept the curve.
Otherwise, insert a knot at the midpoint of each knot span that contains points
with deviation error greater than the error bound and repeat from step (1b).

By inserting a knot we add a control point and increase the flexibility of the approxi-
mation process.

2. (a) Start with the maximum number of control points (let the curve interpolate all
the data points).

(b) Fit a curve to the data points.

(c) Check if the deviation of the curve from the data points is less than the error
bound.

(d) If the deviation error is greater than the bound, return the previous curve. Oth-
erwise, remove some knots, and thus some control points, and repeat from
step (2b).

2.4.2 The non-linear approach

In the linear NURBS fitting approach, all the model parameters are fixed except the control
points. The u parameters, the weights, and the knots are precomputed and the algorithm
only computes the unknown control points. For example, the u parameters are precomputed
using the chord-length method. The chord-length method gives a good parameterization
accuracy if the curve interpolates every data point which is not the case here. Furthermore,
the weights are all set to one which makes the resulting curve a polynomial curve rather
than a rational curve. So, some basic shapes like a circle and a sphere can not exactly be
fitted using that approach. Therefore, we should let more parameters to be free. But the
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problem will no longer be linear. The problem can be formulated as follows:

min
{uk,Pi,wi}

1
2

n

∑
k=0
||C(uk)−Dk||2

s.t. wi > 0,

0≤ uk ≤ 1,

(2.23)

where uk is the parameterization of point Dk on the NURBS curve, Pi is the i-th control point,
wi is the weight of control point Pi, and C(uk)−Dk is the residual vector. The optimization
problem (2.23) can be solved using the Gauss-Newton optimization method.

2.5 Models consisting of multiple patches

If a curve has a complex shape, it might be difficult or even impossible to model it using
one NURBS curve segment. Instead, the curve can be divided into multiple segments and
each segment is modeled using one NURBS curve. Figure 9 shows an example of a 2D
curve that is modeled using multiple curve segments. The data points to be fitted is shown
in Figure 9a. The data points is segmented into two sets and each set is fitted by a NURBS
curve as shown in Figure 9b.

One problem of this technique is obviously the gap between the two curve segments. In
order to avoid having gaps, the end of the first segment could be anchored to the beginning
of the second segment. This solution, however eliminates the gaps, has two drawbacks.
First, the curve will have only C0 continuity at the join point where the two curve segments
meet. More constraints must be enforced to achieve higher continuity levels. Second, the
join point will affect the solution more than the other data points, since it influences two
curve segments. An alternative solution could be to insert another curve segment, shown in
Figure 9c, at the gap position. Figure 9d shows the third curve segment inserted at the gap.
The three curve segments overlap without any gaps between them.

The same idea can be extended to surfaces as well. Any surface should be modeled using at
least two models. Each model is consisted of a set of NURBS patches. The models should
complement each other. If one model has a gap, at least one of the other models must not
have a gap at the same position. Figure 10 shows four different models of a sphere. They
complement each other. Figure 11 shows the four models unfolded. Each single model of
them has gaps (white spaces) but their union does not have any gap. The four models do
complement each other and cover all the surface of the sphere by smooth patches.
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(a) Noise-free data points to be fitted by a
NURBS curve.
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(b) Fitting of the data points using two
NURBS curve segments.
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(c) A third NURBS curve segment to cover
the gap.

0 1 2 3 4 5 6
X

-2.5
-2

-1.5
-1

-0.5
0

0.5
1

1.5
2

2.5

Y

(d) Overlapping of all the curve segments.
No gaps present.

Figure 9: Handling the gaps in curve fitting case when multi-segment models are
used.
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(a) Model 1 of a unit sphere. The sphere is
segmented into a set of patches, 90◦ wide
in longitude and 45◦ tall in latitude.
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(b) Model 2 of the same sphere. It is the same
as model 1 but shifted 45◦ in longitude.
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(c) Model 3 of the same sphere. It is the same
as model 1 but shifted 22.5◦ in latitude.
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(d) Model 4 of the same sphere. It is similar
to model 1 but shifted 45◦ in longitude
and 22.5◦ in latitude.

(e) All of the four models overlapped. They
cover all the gaps.

Figure 10: Fitting a NURBS surface to a unit sphere using four models that com-
plement each other. Where one model does have a gap, at least one
of the other models does not.
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(a) Sphere model 1 unfolded. (b) Sphere model 2 unfolded.

(c) Sphere model 3 unfolded. (d) Sphere model 4 unfolded..

(e) Overlapping between the four models.
Figure 11: Unfolding sphere models of Figure 10. The white spaces represent

gaps whereas the grey areas represent smooth surfaces.
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2.6 Blending multi-patch models into one model

There is a difference between fitting or rather approximating all the data points at once by
one NURBS curve and approximating them by multiple separate curve segments. When one
curve segment is used, the curve interpolates the first and last data points and approximates
the others in a least squares sense. When many segments are used, each curve segment does
the same with a subset of the data points. The curve segments interpolate points that would
not be interpolated if only one curve segment were used. This problem is not obvious in
Figure 9 because the data points are noise-free. However, this problem is pronounced in
presence of noise. Figure 12 shows that combining all of the curve segments together does
not look smooth. There must be a way of blending them together in one smooth curve!

As the problem comes from interpolating the end points, we could say that each curve
segment is much trusted around its middle (u = 0.5) and as we move toward the endpoints
(u = 0 and u = 1), the segment should not be trusted that much. There should be another
segment (in another model) at its middle so we can trust it instead. Therefore, we could do
the following:

• generate a number of points p on all curve segments.

• For each point pi and all curve segments C j, re-parameterize pi within C j, e.g., com-
pute the closest point to pi on segment C j and compute the u parameter of that point
within C j. The point pi should be assigned to the segment that gives a parameteriza-
tion close to its center, e.g., the minimum |u j−0.5| value.

In other words, the 2D coordinates of point pi is computed as follows

pi = w1C1(u1)+w2C2(u2)+ · · ·+w jC j(u j), (2.24)

where C j(u j) is the closest point to pi and it is on curve segment C j; w j is the segment
weight. The segment C j that gives the minimum |u j− 0.5| value has weight = 1 and all
other segments have zero weight. Figure 13a shows the results of applying that solution.
Unfortunately, switching over between segments is not smooth. There is a jump as shown
in the zoom view of Figure 13a.

The reason of the jump in Figure 13a is that the weight function is either zero or one. The
transition between the segments is sharp. This problem could be solved using a smooth
weight function. We could use a quadratic function of the form

w j(u j) = a+bu j + cu2
j , (2.25)

where the constants a, b, and c are determined so that w j(0.5)= 1, w j(0)= 0, and w j(1)= 0.
In this case, the 2D coordinates of point pi can be computed as follows:

pi =
w1(u1)C1(u1)+w2(u2)C2(u2)+ · · ·+w j(u j)C j(u j)

j
∑

k=1
wk

. (2.26)

Figure 13b shows the results of using a quadratic weight function. The transition between
segments is smooth as shown in the zoom view of Figure 13b.
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(a) Noisy data points to be fitted by a NURBS
curve. The noise level is 0.03.
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(b) The data points are segmented into three
sets. Each set is fitted by a NURBS curve
segment.
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(c) The data points are segmented into two
other sets for covering the gaps.
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(d) Overlapping of all the curve segments.
No gaps present but the segments are not
perfectly overlapped. Their overlapping
does not look smooth.

Figure 12: Generating one NURBS curve out of multiple curve segments in case
of noisy data points.
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(a) The weight of segment C j that gives
the closest parameterization to its center
(|u j − 0.5| ≤ |uk − 0.5| ∀k) is 1 w j = 1.
Other segments have zero weight. The
output curve has jumps and is not smooth.

(b) The weight of segment C j is computed by
the weight function 4u j − 4u2

j where u j is
the parameterization of pi on segment C j .
The blending is smooth.

Figure 13: Blending all curve segments of Figure 12 into one NURBS curve us-
ing different blending functions. Each point pi of the curve is com-
puted as a weighted sum of its closest points on all curve segments
(pi =

w1(u1)C1(u1)+w2(u2)C2(u2)+···+w j(u j)C j(u j)

(w1+w2+···+w j)
, where w j is the weight of

segment C j, u j is the parameterization of pi within segment C j, and C j(u j)
is the point on segment C j that corresponds to u j).

Blending curve segments using a quadratic weight function can be extended well to 3D.
Every surface patch C j contributes to define a point pi on the blended surface. Their con-
tribution depends on the parameterizations of pi within the patches. If the parameterization
(u j and v j) is 0.5, the patch has the most contribution. If the parameterization is 0 and/or 1,
the patch has no contribution. Thus, a point on a 3D surface patch is computed as follows:

pi =
wu1wv1C1(u1,v1)+wu2wv2C2(u2,v2)+ · · ·+wu jwv jC j(u j,v j)

j
∑

k=1
wukwvk

, (2.27)

where wu j = 4u j − 4u2
j and wv j = 4v j − 4v2

j are the weights of segment C j in u and v
directions, respectively.

Since each point pi on the final blended surface is computed as a weighted sum of points on
some segments that are close to pi. We can speed up the computation of points’ coordinates
if we determine which patches are close (neighbors) to those points. We can do that by
dividing each patch C j into a grid of points. For each patch Ck of all models, compute the
sum of the distances between those points and Ck. Sort the sum of the distances and choose
the first N patches that give the minimum distances. Those are the neighbors of patch C j that
should be used in the computation. Other patches can be excluded from the computation.
Figure 14 shows an example of 10 neighbor patches of the sphere.
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Figure 14: Ten neighbor patches of four models of the sphere.

2.7 Re-parameterization of points

Re-parameterization of data points is crucial in blending multi-patch models. The re-
parameterization process is to compute the u and v parameters of a point within a patch
given the 3D coordinates of that point. Re-parameterizing a point pi ∈ R3 within a surface
patch j can be formulated as the following optimization problem

min
u,v

||pi−C j(u,v)||2 (2.28)

subject to 0≤ u≤ 1,

0≤ v≤ 1,

where pi ∈ R3 is the Cartesian coordinates of a data point and C j(u,v) ∈ R3 is the point on
patch j that corresponds to u and v. Figure 15 shows the re-parameterization results of three
different data points with respect to a given patch.
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(a) The point is on the surface. The corresponding
parameters are {0.5, 0.5}. The norm of the error
between the point and its projection is 3.3935e-
12.
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(b) The point is above the surface. The corre-
sponding parameters are {0.6654, 0.5015}.
The norm of the error between the point and
its projection is 0.1964.
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(c) The point is outside the surface. The corre-
sponding parameters are {0.5604, 1}. The dis-
tance between the point and the closest point
on the surface is 0.3592.

Figure 15: Re-parameterization of three data points within a surface patch.
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3 Model-based RSA using NURBS models

As mentioned in section 1.1, RSA may be performed using model-based analysis. A 3D
geometric model of an implant is used to determine the implant position in 3D from mea-
surements in two x-ray images. The main steps of model-based RSA are:

1. A 3D model of the implant of interest is obtained. In this thesis, NURBS models are
used.

2. Points q̃ on the projected contour of the implant are measured on the two radiographs.
This step can be done manually or using edge detection techniques.

3. The 3D position is computed by solving a constrained optimization problem that
minimizes the distance between the actual contour measured on the radiographs and
a computed contour of the 3D NURBS model.

In the following sections we present how model-based RSA (MBRSA) may be formulated
as a constrained optimization problem and how NURBS models can be employed in RSA.
In particular, section 3.1 presents how parameters (center and radius) of a femoral head
are estimated using NURBS-MBRSA. Parameters (center, radius, and normal vector) of a
hemispherical acetabular component are estimated in section 3.2. We conclude this chap-
ter by section 3.3 that demonstrates how multi-patch NURBS models can be employed in
MBRSA.

3.1 Parameter estimation of a spherical femoral head component

Börlin et al. (2006) used model-based RSA to estimate the parameters of a femoral head
(i.e., a sphere) from two radiographs. They estimated the parameters by solving a con-
strained optimization problem. The objective was to minimize the distances between 2D
points q̃, measured on the projected contour of the femoral head implant in two radiographs,
and a virtual projection q of points p on the surface of a 3D model of the femoral head. They
formulated the problem mathematically as follows:
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min
c,r,pi,qi.p j,q j

∑
i
||qi− q̃i||2 +∑

j
||q j− q̃ j||2 (3.1a)

subject to

AT
1 pi +b1

vT
1 pi +1

= qi,
AT

2 p j +b2

vT
2 p j +1

= q j, (3.1b)

(pi− c)T (pi− c) = r2, (p j− c)T (p j− c) = r2, (3.1c)

(pi− c)T (pi− f1) = 0, (p j− c)T (p j− f2) = 0, (3.1d)

where points related to images 1 and 2 have subscripts i and j, respectively; p is a 3D point
on the surface of a sphere; q is the 2D projection of p; f1, f2 ∈R3 are the positions of the X-
ray focal spots; A,v, f , and b are known from the reconstruction of the projection geometries
as described in (Börlin, 2002); and r, c are the radius and center of the sphere, respectively.

Equations (3.1b) state that each 2D point q is a projection of a corresponding 3D point p.
Equations (3.1c) restrict each 3D point to be on the surface of the sphere. Equations (3.1d)
ensure that the projection ray (p− f ) is tangent to the sphere at point pi and hence orthog-
onal to the radial vector (p− c) of the implant model at that point.

The implicit surface model of the sphere used by Börlin et al. (2006) can be modified to use
NURBS surfaces by a slight change in Equations (3.1c) and (3.1d):

min
pi,qi,p j,q j,ui,vi,u j,v j,s,t

∑
i
||qi− q̃i||2 +∑

j
||q j− q̃ j||2 (3.2a)

subject to:

AT
1 pi +b1

vT
1 pi +1

= qi,
AT

2 p j +b2

vT
2 p j +1

= q j, (3.2b)

t + s C(ui,vi) = pi, t + s C(u j,v j) = p j, (3.2c)

(pi− f1)
T n̂(ui,vi) = 0, (p j− f2)

T n̂(u j,v j) = 0, (3.2d)

where (pi,qi, p j,q j,ui,vi,u j,v j,s, t) is the vector of unknowns; u and v are the values of the
parameters where point p is assumed to be on the NURBS model; C(u,v) is a 3D point
on the NURBS surface; n̂(u,v) ∈ R3 is a normal vector of the NURBS surface at the point
corresponding to u and v;

Equations (3.2c) restrict each 3D point to be on the surface of the implant which is assumed
to be a scaled and translated version of a NURBS model of a unit sphere. Equations (3.2d)
ensure that the projection ray (pi− f ) is tangent to the implant at point pi and hence orthog-
onal to the normal vector n̂i(u,v) of the implant model at that point. The normal vector n̂i is
computed as the cross product of the two vectors ûi =

∂(t+sC(u,v))
∂u and v̂i =

∂(t+sC(u,v))
∂v . The

constraints are illustrated in Figure 16.

The optimization problem (3.2) was solved using the sequential quadratic programming
(SQP) optimization scheme (Börlin et al., 2003; Nocedal and Wright, 2006; Griva et al.,
2009).
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Figure 16: Central projection of a femoral head. The femoral head is modeled
by a NURBS sphere of radius s and center t. Points on the surface
of the sphere model are denoted p. The 2D projection of these points
are denoted q. The focal spots f1, f2 are the centers of projection.
n̂i is the normal vector of the sphere at point pi. The projection ray
(pi− f ) is tangent to the sphere at point pi.

3.2 Parameter estimation of a hemispherical acetabular component

An acetabular component (a cup) is a hemispherical object. Unlike a sphere, a hemisphere
has an orientation. A general rigid body has sex degrees of freedom: three determine its
position and three determine its orientation. A hemisphere loses one degree of freedom
because any rotation about its axis of symmetry can not be determined. Points on the surface
of the cup, projected on two images, can determine its center and radius. However, in order
to determine the cup orientation, points at the opening circle (“the equator”) must also be
used.

Estimating the parameters of non-rotational symmetric implants can be formulated as prob-
lem (3.2) with one extra parameter R for the rotation. Hence, Equation (3.2c) will be as
follows:

t +Rs C(ui,vi) = pi, t +Rs C(u j,v j) = p j, (3.3)

where R is a 3×3 rotation matrix. There are several choices for parameterizing the rotation
matrix R in which each parameterization has its advantages and drawbacks (Aimaiti, 2015).

In case of a rotational-symmetric object like a hemisphere, extra constraints must be im-
posed to lock the rotation about the axis of symmetry. Otherwise the system will be rank-
deficient. Those extra constraints depend on our choice of the parameterization of R. In this
thesis, an axis-angle representation of the rotation is used.

In the axis-angle representation, any 3D rotation is represented as one rotation by an angle
θ about an axis of rotation û. The axis of rotation û must have a unit length. The position of
any point on this axis does not change by the rotation. The axis-angle representation of the



28(53)

rotation matrix R is constructed as follows:

R =

 cosθ+u2
x(1− cosθ) uxuy(1− cosθ)−uz sinθ uxuz(1− cosθ)+uy sinθ

uyux(1− cosθ)+uz sinθ cosθ+u2
y(1− cosθ) uyuz(1− cosθ)−ux sinθ

uzux(1− cosθ)−uy sinθ uzuy(1− cosθ)+ux sinθ cosθ+u2
z (1− cosθ)


(3.4)

Suppose that the cup’s axis of symmetry in model coordinates is nm and suppose that the
cup’s axis of symmetry in world coordinates is nc. We want to find the rotation matrix R
that will align these two axes together. In other words, we want to find the angle θ and the
axis û so that if we rotate nm about û by an angle θ, nm will be aligned with nc.

Since any two vectors can be aligned together if we rotate one of them about a vector
orthogonal to both of them, the vector û can be chosen to be the cross product of nm and nc.
It must be normalized in order not to violate the constraint of the axis-angle representation.

What is remaining now is to lock the rotation about the cup’s axis of symmetry. We can do
that by restricting the rotation to be only on the plane containing both of nm and nc. Figure 17
shows such plane. Suppose that the scaling and translation are known and what we want
to find is only the rotation. We could choose a reference vector ˆ̃w, in model coordinate,
such that ˆ̃w is orthogonal to nm. Likewise, we could choose ŵ, in world coordinate, to be
orthogonal to nc. The axis of rotation û is orthogonal to ˆ̃w and ŵ. A rotation of ˆ̃w about û
should align ˆ̃w with ŵ.

Thus, the problem of estimating the parameters of the cup can be formulated as follows:

min
pi,qi,p j,q j,ui,vi,u j,v j,s,t,θ,û,nc,ŵ, ˆ̃w

∑
i
||qi− q̃i||2 +∑

j
||q j− q̃ j||2 (3.5a)

subject to:

AT
1 pi +b1

vT
1 pi +1

= qi,
AT

2 p j +b2

vT
2 p j +1

= q j, (3.5b)

t +Rs C(ui,vi) = pi, t +Rs C(u j,v j) = p j, (3.5c)

(pi− f1)
T n̂(ui,vi) = 0, (p j− f2)

T n̂(u j,v j) = 0, (3.5d)

û =
n̂m×nc

||nc||sinθ
, (3.5e)

ŵ = nc× û, (3.5f)

ˆ̃w = n̂m× û, (3.5g)

R ˆ̃w = ŵ, (3.5h)

where R is an axis-angle representation of a rotation matrix constructed from the axis of
rotation û and the angle of rotation θ. The vectors nm and nc are the hemisphere axes of
symmetry in model and world coordinate, respectively. ˆ̃w is a vector that lies on the plane
that contains nm and nc and is perpendicular to both u and nm. w is a vector that lies on the
plane that contains nm and nc and is perpendicular to both u and nc.
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Figure 17: Geometric interpretation of the rotation constraints.

3.3 Employing multi-patch NURBS models in RSA

SQP is an iterative method. We assign initial values to the unknowns and the algorithm iter-
atively improves these values until convergence. At each iteration k, the vector of unknowns
x is updated as xk+1 = xk +αp, where p is a computed search direction and α is a scalar that
determines how far we go along that direction (i.e., a step length).

In case of modeling the implant using a collection of small NURBS patches with some
overlapping between them, the SQP algorithm initially assigns each point pi to a patch with
initial u and v parameters 0 ≤ u,v ≤ 1. The u and v parameters will be updated during the
optimization procedure. With the standard SQP algorithm, their values may fall outside the
defined parameter space of [0,1].

One way to overcome this problem is to set an upper bound for the step length α. The
maximum step, αmax, that can be taken is the one that moves any of the u and/or v parameters
to 0 or 1. Before starting the next iteration, the points whose u and/or v parameters are 0 or
1 should be re-parameterized (moved to other patches with new u,v values), as described in
Section 2.7.

Figure 18 shows a point that was assigned to patch #2 with valid u and v values. The u and
v values of that point were updated during the optimization algorithm. A full step along
the computed search direction would update the u and v values to (1.1,0.6). Since the u
parameter can not be larger than 1, the algorithm computed the maximum step that would
not break this constraint. The values of u and v were updated to be (1,0.5) and the point was
moved to one edge of the patch. Before the next iteration, the algorithm re-parameterized
the point. The best patch for point p to be moved to was patch #1 with u,v = (0.6,0.4).

If we have multiple patches with valid (u,v) parameters during the re-parameterization pro-
cess, the algorithm should choose the patch that gives a parameterization close to its center
(0.5,0.5). The distance ||pi−C j(u,v)|| should also be taken into account because the point
might have a parameterization very close to the center of a patch however that patch is on
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the other side of the implant. Patches that give too large distance should be ignored. The
main steps of the SQP algorithm for solving problem 3.2 or problem 3.5 can be summarized
as follows:

1. Provide an initial solution x0 of the unknowns (x0 = [pi,qi, p j,q j,ui,vi,u j,v j,s, t, · · · ]T )
based on the observations.

2. Repeat for k = 0 until convergence:

(i) compute the residual rk = r(xk), the Jacobian Jk = ∇r(xk)
T , the constraint func-

tions gk(xk), and the Jacobian of the constraint functions Ak(xk) = ∇g(xk)
T .

(ii) solve the system: [
Jt

kJk AT
k

AT
k 0

][
p
q

]
=−

[
JT

k rk
gk

]
. (3.6)

(iii) compute the maximum step length αmax that can be taken along the direction p
without any of the u and/or v values being outside the range [0,1].

(iv) perform a line search xk+1 = xk+αp with α≤αmax. In unconstrained optimiza-
tion, what controls the step length is the decrease of the objective function. A
step is accepted if we have enough reduction of the objective function. How-
ever, in constrained optimization, the step length is controlled by the decrease
of the objective function while not violating the constraints.
In problems with non-linear constraints, it is difficult to maintain feasibility at
each iteration. Instead, some infeasible iterations are allowed at the beginning
and as the algorithm converges towards a solution, the iterations should be fea-
sible. This is actually done using minimization of a merit function. The merit
function combines the value of the objective function and a penalty for violating
the constraints. The merit function takes the form

µ(x) = f (x)+ρ

m

∑
i=1

gi(x)2, (3.7)

where ρ is a positive number.

(v) re-parameterize any point that has been moved to or near an edge of any patch.
Any point that has u and/or v parameters less than 0.3 or larger than 0.7 should
be re-parameterized.

(vi) k=k+1.
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Figure 18: Re-parameterization of a point during the SQP algorithm. There is an
overlap between Patch 1 and patch 2. The point p was initially assigned
to patch 2. During the optimization procedure, a full step α = 1 would up-
date the u and v parameters to (1.1,0.6). Since the u parameter can not be
larger than 1, the algorithm computed the maximum step αmax that would
not break this constraint. Given the restriction α ≤ αmax, the parameters
u,v were updated to (1,0.5). Before the next iteration, the algorithm re-
parameterized the point. The best patch for point p to be moved to was
patch 1 with u,v = (0.6,0.4).
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4 Algorithms

4.1 Curve fitting: The linear approach

A fitting algorithm based on knot insertion was implemented using MATLAB. The algo-
rithm takes as input the degree of the curve, a specified accuracy E, and the highest index h
of the control points P0,P1, . . . ,Ph. The weights were set to 1. The parameters uk were com-
puted using the chord-length method. The knots were computed by averaging the parame-
ters. The output of the algorithm is the control points that minimize the distance between
the data points Dk and the curve.

The algorithm proceeds as follows

1. The parameters uk where the data points are assumed to be on the curve are computed.

2. Given the degree p of the curve and the highest index h of the control points, an initial
knot vector U of length p+h+2 is computed.

3. With uk and U in hand, a linear system of equations is solved for the control points P
as described in section 2.4.1.

4. A deviation check is carried out, i.e., the distance between each data point and the
curve is computed.

5. A record is maintained for each knot span indicating whether it contains points with
deviation error larger than E or not.

6. A knot is inserted at the midpoint of the knot span that did not converge.

7. The increased new knot vector is used for subsequent fitting and the process is re-
peated from 3 until all points are approximated within E.

Figure 19 shows how knots are added at each iteration to fulfill the required approximation
accuracy. Adding additional knots makes the distribution of the knots on the curve more
even. Furthermore, adding a knot implicitly adds a control point and increases the flexibility
of the curve and improves the approximation.

4.2 Surface fitting: The linear approach

Given a grid of data points Di j, 0≤ i≤m and 0≤ j≤ n, we seek a NURBS surface of degree
p, q that approximates the data points with a fixed number of control points. The surface
approximation can be built upon the curve approximation scheme. In other words, we can
fit curves across data points in the u or v direction and then fit curves across the resulting
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Figure 19: Fitting a NURBS curve of degree 2 to 10 data points (n = 9). The

starting number of control points is h = p+1 = 3. At each iteration
of the fitting algorithm, a knot is inserted at the midpoint of the knot
span that has the largest number of data points with deviation larger
than the error bound E. The last curve approximates the data points
with an accuracy of E = 0.01.
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Figure 20: A grid of 5×5 data points to be approximated.

control points across the other direction. Figure 20 shows a grid of 5×5 data points to be
approximated. Figures 21 shows a B-Spline surface that approximates the data points in
Figure 20 within an error bound of 0.01. An initial surface is fitted to the data points then
the knot insertion algorithm is used to reach the desired approximation accuracy.

4.2.1 Surface fitting of unorganized point clouds

The previous curve and surface fitting algorithms require the data points to be ordered and
organized into a regular grid. Since the point cloud of an object is a collection of unorga-
nized 3D points, the point cloud has first to be converted to a regular grid in order to be
able to use the previous fitting algorithms. Figure 22 shows the steps of fitting a NURBS
surface to an unorganized point cloud of a patch of a cylinder. The patch is first converted
to a uniform grid as follows:

1. The 3×3 covariance matrix of the 3D data points is calculated.

2. The eigenvectors of the covariance matrix are computed and ordered by eigenvalues,
highest to lowest.

3. The data points are expressed in terms of the ordered eigenvectors and are rotated to
be aligned with the XY plane.

4. A uniform grid is generated using the MATLAB built-in function griddata. The
griddata function fits a surface of the form z = f (x,y) to the the unordered points
and interpolates the surface at the query points xq,yq. So, the uniform grid is obtained
by executing zq = griddata(x,y,z,xq,yq) on MATLAB where xq,yq,zq are the 3D
coordinates of uniform points on a rectangular grid.

5. The uniform grid is rotated back to the original object coordinates.
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(a) Initial surface fit. The surface is defined by
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(b) A better surface after inserting knots. The
surface is defined by 4×4 control points.
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(c) The final surface fit. The surface is defined
by 5×5 control points.

Figure 21: A B-Spline surface of degree (2,2) that approximates the data points
in Figure 20 within an accuracy of 0.01.
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After obtaining ordered points on a uniform grid, they can be parameterized using the chord-
length method then we apply the surface fitting algorithm. The output NURBS surface is
shown in Figure 22e.

4.2.2 Point clouds with strong curvature

Converting an unorganized point cloud to a uniform grid using the previous steps is useful
if the point cloud is almost planar. If the point cloud has a sharp change in curvature, the
XY plane will not be adequate for projecting the point cloud onto it. Points on the output
uniform grid will not reflect the distribution of the original point cloud. Their parameteri-
zation will be uneven and the linear fitting will not be good. Figure 23 shows that the result
of fitting a point cloud that has a sharp change in curvature using the previous approach
is indeed bad. In order to get a better fit, the point cloud was manually rotated by 30 de-
grees after its projection onto the XY plane but before generating the uniform grid using the
griddata function.

4.3 Curve fitting: The non-linear approach

A curve fitting algorithm was implemented using Gauss-Newton method. The degree of the
curve is fixed to 2 or 3. The knot vector is kept fixed. The u parameters of the data points
are unknowns except for the first and last point. They are zero and one. The control points
are unknowns except the first and last control points. They are fixed to be the first and last
data points. The weights are unknowns except the weights of the first and last point. They
are fixed to 1. For the problem to have a unique solution, the following inequality must
hold:

dim× k ≥ (k−2)︸ ︷︷ ︸
u

+dim× (h−1)︸ ︷︷ ︸
P

+(h−1)︸ ︷︷ ︸
w

, (4.1)

where k is the number of data points, h is the highest index of the control points, and dim is
the dimension of the data points.

The Gauss-Newton method is an iterative method. It needs an initial guess of the unknowns.
The initial u parameters are computed based on the chord-length method. The weights are
all set to 1. The linear curve fitting approach is used to give a good initial guess of the
control points. Figure 24 shows a NURBS curve that fits points on a unit circle.

4.4 Surface fitting: The non-linear approach

Fitting a NURBS surface to a point cloud using the nonlinear approach is very similar to
the curve case. The difficulty just comes from the extra dimension. The surface is defined
by a grid of control points, their weights, two knot vectors, and degrees of the curves in the
u and v directions. The degrees of the curves are both fixed to 3. The knot vectors are kept
fixed. The u parameters, the v parameters, the control points P , and the weights w, except
the weights of the four corner control points, are all unknowns. Hence, for the system to
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Figure 22: Converting an irregular point cloud patch to a uniform grid.
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Figure 23: Fitting a point cloud that has a sharp change in curvature using the
linear approach.
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Figure 24: A NURBS curve of degree 2 fits data points on a circle. The u pa-
rameters, the control points, and the weights were all unknowns.

have a unique solution the following inequality must hold:

dim× k ≥ 2× k︸︷︷︸
u,v

+dim× (hu+1)× (hv+1)︸ ︷︷ ︸
P

+(hu+1)× (hv+1)−4︸ ︷︷ ︸
w

, (4.2)

where k is the number of data points, hu and hv are the highest indices of the control points
in u and v directions, respectively, and dim is the dimension of the data points. The NURBS
surface is chosen to be a clamped surface, i.e., it passes through the four control points
P0,0, Pm,0, P0,n, and Pm,n. The initial values of the control points are obtained by setting
the weights to 1 and solving the linear surface fitting algorithm. The linear algorithm fits
a rectangular surface to any point cloud no matter what the shape of the point cloud is as
shown in Figure 25. The four control points P0,0, Pm,0, P0,n, and Pm,n are the points on the
corners of the rectangular surface. In order to avoid anchoring the non-linear surface to
points that do not belong to the point cloud, the four corner control points are initialized to
four points in the data set that are close to the corner control points of the linear surface.
The initial u and v parameters are computed by solving optimization problem (2.28) for
each data point.

4.4.1 NURBS models of a femoral head and an acetabular cup

NURBS surfaces of the femoral head and the cup were generated as follows:

1. Points on the surface of a unit sphere and a unit hemisphere were used as point clouds
of the femoral head and the cup, respectively. The density of the point cloud was
39,853 points for the sphere and 19,966 points for the hemisphere.

2. Each point cloud was segmented into four different segmentations using spherical co-
ordinates. The four segmentations complemented each other as mentioned in section
2.5 and demonstrated in Figure 10e.

3. Finally, each segment was fitted by a NURBS surface patch.

The segmentation of the two point clouds resulted in two kind of patches. We call them
simple patches and curved patches. The simple patches are the patches that do not have a
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face in Figure 25b are replaced by the
nearest points in the data set to avoid
drifts. This surface is used as an initial
solution for the non-linear fitting algo-
rithm.
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(d) NURBS fitting of the same patch using
the non-linear approach. The maximum
fitting error is 1.4554e-04 and the aver-
age error is 2.1737e-05

Figure 25: Fitting a patch of a sphere.
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Figure 26: A point cloud of an acetabular cup with two simple patches and a
curved patch. The curved patch is the patch to the lower left with a
kink.
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(a) A point cloud of a patch of a hemisphere.
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(b) A fitted NURBS surface of degree
3. It is defined by a 7 × 7 grid of
control points and two knot vectors:
U = {0 0 0 0 0.4 0.5 0.6 1 1 1 1} and
V = {0 0 0 0 0.3 0.5 0.7 1 1 1 1}. The
maximum fitting error is 0.009 and the
average error is 1.4485e-04.

Figure 27: NURBS fitting of a patch of a hemisphere using the nonlinear algo-
rithm.

sharp change in curvature. All the patches of the sphere and the cup back-shell are sim-
ple. The curved patches are the hemisphere patches that have kinks. Figure 26 shows the
two kinds of patches. All simple patches were fitted by cubic NURBS surfaces using the
nonlinear fitting algorithm. The surfaces are defined by a grid of 4× 4 control points and
two knot vectors: U = [0 0 0 0 1 1 1 1] and V = [0 0 0 0 1 1 1 1]. The NURBS surfaces
fitted to the curved patches are defined by a grid of 7×7 control points and two knot vec-
tors: U = [0 0 0 0 0.4 0.5 0.6 1 1 1 1] and V = [0 0 0 0 0.3 0.5 0.7 1 1 1 1]. The knot vectors
were chosen manually to have many control points close to the kink. For all patches, fixed
unit weights were used and the linear fitting algorithm was used to compute the initial es-
timates of the unknowns. Figure 27 shows the NURBS surface that fits the curved patch.
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5 Experiments and results

The NURBS fitting algorithm and the NURBS-MBRSA were implemented in MATLAB
(R2017b). The NURBS toolbox by D.M. Spink1 was used. All experiments were performed
on a UNIX server with an Intel Xeon E5-1620 CPU @ 3.6 GHz with 40GB of RAM.

Due to availability of clinical validation data, the femoral head penetration into the acetab-
ular component in total hip arthroplasty was computed by the developed NURBS MBRSA
method. Clinical double examination data of one patient from (Börlin et al., 2006) was
used.

The motion of the femoral head with respect to the acetabular cup was computed through
the following steps:

1. The NURBS models of the femoral head and the acetabular cup were generated as
described in section 4.4.1. The models are shown in Figure 28.

2. For each examination, the 2D points q̃ on the projected contours of the femoral head,
the cup, and the opening circle of the cup were obtained from (Börlin et al., 2006) and
used as input to the NURBS-based RSA algorithm. Figure 29 shows two radiographs
of one examination and the 2D measured points in each radiograph.

3. The parameters (centers and radii) of the femoral heads for examination 1 and 2 were
computed, as described in section 3.1. Table 1 lists the computed absolute values of
the centers and radii of the femoral heads for examination 1 and 2. The absolute
values computed by an EGS-MBRSA from (Börlin et al., 2006) are also listed in the
table.

4. The parameters (centers, radii and normal vectors) of the hemispherical cup, for ex-
amination 1 and 2, were computed as described in section 3.2. An illustration of the
iteration sequence is shown in Figure 30b. Table 2 lists the computed values of the
center, radius, and normal vector for the cup at examination 1 and 2. Absolute values
computed by the EGS-MBRSA from (Börlin et al., 2006) are also listed in the table.

1https://se.mathworks.com/matlabcentral/fileexchange/26390-nurbs-toolbox-by-d-m-spink

Table 1 Absolute values of the centers and radii of the femoral heads in examination 1 and 2
computed by the NURBS-MBRSA and the EGS-MBRSA from (Börlin et al., 2006). The
listed coordinates are in the laboratory coordinate system defined by the calibration cage.

Examination 1 2

Parameters radius center radius center
(mm) (x y z) (mm) (x y z)

NURBS 13.8611 -0.8114 25.3131 429.8857 13.8519 3.7968 12.5439 422.2455
EGS 13.8607 -0.8122 25.3136 429.8808 13.8522 3.7971 12.5441 422.2437
Difference 10−4 10−4 10−4 10−3 10−4 10−4 10−4 10−3

https://se.mathworks.com/matlabcentral/fileexchange/26390-nurbs-toolbox-by-d-m-spink
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(a) Four overlapped multi-patch NURBS models
of a sphere.

(b) Four overlapped multi-patch NURBS models
of a hemisphere.

Figure 28: NURBS models of a unit sphere and a unit hemisphere generated by
the developed fitting algorithm.

The time spent by the algorithm during the estimation of the head/cup parameters is
shown in Table 4.

5. Finally, the relative motion of the femoral head with respect to the cup is computed.
In order to accurately compute this motion we had to first compensate for the motion
of the cup between the two examinations.

Therefore, a transformation T (a translation and a rotation) that aligns the cup at ex-
amination 2 with the cup at examination 1 was computed. This was done by defining
the cup, as described in (Börlin et al., 2006), by five points: its center, a point at its
north pole, a point at its south pole, a point that has the highest z value, and a point
that has the lowest z value. The transformation T was then applied to the center of the
femoral head at examination 2 and the head motion was computed. Table 3 shows the
relative motion of the femoral head with respect to the cup, between examination 1
and 2, after compensation for the cup motion. The experiment was repeated with 25%
less points on the point clouds that were used for generating the NURBS models. The
results are also in Table 3.

The motion of the femoral head with respect to the cup between time 1 and 2 should theo-
retically be zero because the elapsed time between capturing the pairs of radiographs was
small. Therefore, the computed motion is interpreted as measurements error for the whole
system (Valstar et al., 2005).
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(a) Radiograph 1. (b) Radiograph 2.
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(c) 2D points measured in radiograph 1.
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(d) 2D points measured in radiograph 2.
Figure 29: One of the two image pairs used in this evaluation showing the left

hip area of a patient. The metallic implant components block X-rays
and are bright in the images. The images show a hemispherical cup
and a femoral stem. The stem has a spherical head that acts like a
ball-in-socket joint. Some cage markers and patient markers are also
visible in the images.
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(a) 2D points qi, on the projected contours of the femoral head, the
acetabular cup, and the opening circle of the cup, were measured
in the two radiographs of examination 1.

(b) Initial positions of 3D points pi, on the cup and its
opening circle, whose 2D projections are shown in
Figure 30a with the same colors. The points were
initially chosen to be on two arcs on the hemisphere
NURBS model.

(c) Updated positions of pi after a few iterations of the
SQP optimization algorithm. The points have migrated
to different NURBS patches but have not yet reached
their final destination where the difference between
their projection q̃i and points qi, shown in Figure 30a,
is minimum.

(d) Optimal positions of points on the cup back-shell.
The constraints in problem 3.5 were all satisfied. The
final cup parameters (the center and the normal vec-
tor) were used as the position and orientation of the
implant where the two radiographs were taken.

(e) Another view of Figure 30d shows the optimal posi-
tions of the points at the opening circle of the cup.

Figure 30: An illustration of the iteration sequence for the parameter estimation of the
acetabular component. For illustration purposes, the initial values (Fig-
ure 30b) were chosen far away from the optimal values (Figure 30c)

.
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Table 2 Absolute values of the centers, radii, and normal vectors of the acetabular cup in
examination 1 and 2 computed by the NURBS-MBRSA and an EGS-MBRSA from (Börlin
et al., 2006). The angle θ is the angle between the two normal vectors n1 and n2. The listed
coordinates are in the laboratory coordinate system defined by the calibration cage.

radius center normal vector θ

unit (mm) (mm) degrees
Examination 1

(x y z) degrees
NURBS 25.7981 -0.9277 25.0693 429.5902 n1 0.0422
EGS 25.9303 -0.7699 24.9234 429.6396 n2

Difference -0.1322 -0.1578 0.1459 - 0.0494

Examination 2

(x y z) degrees
NURBS 25.8030 3.6893 12.3084 422.0475 n1 0.1238
EGS 25.9278 3.8436 12.1795 422.0849 n2

Difference -0.1247 -0.1543 0.1289 - 0.0374

Table 3 Relative motion of the femoral head with respect to the cup between examination
1 and 2 (measured in mm) when two different values of point cloud density were used to
generate the NURBS models of the head and the cup.

method (x y z) norm
100% point cloud density

NURBS -0.015 -0.002 -0.098 0.099
EGS -0.010 -0.021 -0.096 0.099

75% point cloud density
NURBS -0.032 0.014 -0.110 0.115

EGS -0.010 -0.021 -0.096 0.099

Table 4 Time spent during the estimation of head/cup parameters for examination 1 and 2.

Examination 1 Examination 2
Head Cup Head Cup

# iterations 22 8 7 10
time per iteration (s) 12 91 15 87
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6 Discussion

In this thesis, we developed two methods: a method for fitting multi-patch NURBS sur-
faces to unorganized point clouds and a method that employs these models in model-based
RSA (MBRSA). The motivation for using NURBS models in RSA came from the obser-
vation that NURBS models can combine the advantages of the state-of-the-art models and
avoid their drawbacks. The state-of-the-art models are the elementary geometric shapes
(EGS) models (Börlin et al., 2006; Kaptein et al., 2006) and the triangulated surface (TS)
models (Kaptein et al., 2003). EGS models are smooth but restricted to a specific class of
objects. TS models can model any shape but with a less degree of smoothness. Like EGS
models, NURBS models are smooth but also generic. Like TS models, NURBS models are
generic but flexible enough to model the objects in a smooth way.

Femoral head penetration into the acetabular component was computed by the NURBS-
based RSA algorithm using clinical double examinations for one patient from Börlin et al.
(2006). A point cloud of a femoral head was segmented into a set of overlapped segments.
Each segment was fitted by a NURBS surface patch using the developed NURBS fitting
algorithm. The same algorithm was applied to a point cloud of an acetabular cup. The multi-
patch models were input to the NURBS-based RSA algorithm for computing the parameters
of the head and the cup for examination 1 and 2.

The relative motion of the head with respect to the cup between the two examinations was
computed. The motion should be zero because the time between the two examinations was
small. Hence, the computed motion is interpreted as the precision of the algorithm (Valstar
et al., 2005). The precision was comparable to the precision of the EGS-based algorithm
of Börlin et al. (2006) for the same double examinations. The precision of the NURBS-
based algorithm was slightly worse when the NURBS models were generated from a less
dense point cloud.

The NURBS-based RSA algorithm can handle implants that have one degree of symmetry
like a hemisphere and two degrees of symmetry like a sphere. It can also handle objects that
have zero degrees of symmetry. However, that was not validated in this study.

If we compare the NURBS-based algorithm with the EGS based algorithm, even for an
implant that has a simple geometric shape, the NURBS algorithm would be advantageous.
That is because the NURBS algorithm does not bother about the geometry of the implant. It
can be run for any shape without any modifications. What it only requires is a point cloud of
the implant. In contrast, the EGS based algorithm requires a new formulation for each new
shape. A hemisphere-like object is completely different from a pyramid-like object. Even
though they can be described by elementary shapes, their mathematical formulations within
the EGS-based RSA algorithm would be completely different. Hence, from a practical point
of view, the NURBS based algorithm is simpler.

In comparison to triangulated surface models that can be used for modeling any free-form
shape, NURBS models are smoother. The smoothness of a triangulated surface depends on
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the number of the triangles which in turn depends on the number of data points in the point
cloud used for triangulation. In contrast, every point on a NURBS surface is mathematically
defined by two parameters. The parameter domain can be infinitely divided and the 3D
coordinates of any point on this domain can be easily computed. Therefore, NURBS models
are compact and more accurate in modeling curved objects than triangulated surface models.

The main challenge in NURBS fitting is the parameterization (Floater and Hormann, 2002,
2005) of the data points prior to the fitting process. The parameterization step can be done
by projecting the points onto an adequate plane to map them from a 3D physical space
to a 2D parameter space. Finding such plane for a simple point cloud is easier than find-
ing a plane for a complex point cloud. Hence, the fact that the developed algorithm uses
multi-patch NURBS models eases the pain of parameterizing the whole point cloud at once.
Instead, the point cloud is segmented into simple segments. Each segment is separately pa-
rameterized and fitted. In addition, fitting the surface of some objects by one single patch
may cause artificial singularity that can not be avoided in some objects like a sphere due to
its special geometry.

We acknowledge some limitations of the proposed method. It is a limitation of this study
that the developed NURBS-based RSA algorithm was validated on one patient only. Addi-
tionally, the proposed NURBS fitting algorithm parameterizes the unorganized points in a
point cloud by projecting them onto a default plane (the XY plane). This mapping should be
a one to one mapping. The default projection plane is adequate if the point cloud is almost
planar. However if the point cloud has a kink, the data points need to be manually rotated
before projecting them onto the default plane.

Moreover, if the point cloud has discontinuity e.g., a hole, the algorithm will not recognize
these holes. That is because we use a fixed knot vector in the optimization process. To
allow fitting such objects, the number of knots and their positions in the parameter space
should be subject to optimization (Dung and Tjahjowidodo, 2017). It is worth to note that
in this thesis we generated the NURBS models of the femoral head and the acetabular cup
based on noise-free point clouds. However, real point clouds might be noisy (Dimitrov
and Golparvar-Fard, 2014) and might need some preprocessing before starting the fitting
algorithm.

In conclusion, the use of NURBS models in RSA is very promising. Our future work
focuses on validating the method on free-form implants and a larger number of patients.
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Angel, E. and Shreiner, D. (2011). Interactive computer graphics: A top-down approach
with shader-based OpenGL. Addison-Wesley Publishing Company, USA, 6th edition.

Bertka, B. T. (2008). An introduction to Bezier curves, B-Splines, and tensor product sur-
faces with history and applications. University of California Santa Cruz, May 30th.

Börlin, N. (2002). Comparison of resection–intersection algorithms and projection ge-
ometries in radiostereometry. ISPRS journal of photogrammetry and remote sensing,
56(5):390–400.

Börlin, N., Lindström, P., and Eriksson, J. (2003). A globally convergent Gauss-Newton
algorithm for the bundle adjustment problem with functional constraints. Optical 3-D
measurement techniques, 2(VI):269–276.
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Börlin, N., Thien, T., and Kärrholm, J. (2002). The precision of radiostereometric measure-
ments. manual vs. digital measurements. Journal of biomechanics, 35(1):69–79.

Bottner, F., Su, E., Nestor, B., Azzis, B., Sculco, T., and Bostrom, M. (2005). Radiostereo-
metric analysis: the hip. HSS Journal, 1(1):94–99.

DeRose, A. D. (1985). Geometric continuity: A parametrization independent measure of
continuity for computer aided geometric design. PhD thesis, EECS Department, Univer-
sity of California, Berkeley.

Dimas, E. and Briassoulis, D. (1999). 3D geometric modelling based on NURBS: A review.
Advances in engineering software, 30(9-11):741–751.

Dimitrov, A. and Golparvar-Fard, M. (2014). Robust nurbs surface fitting from unorganized
3d point clouds for infrastructure as-built modeling. In Computing in civil and building
engineering (2014), pages 81–88.

Dung, V. T. and Tjahjowidodo, T. (2017). A direct method to solve optimal knots of B-spline
curves: An application for non-uniform B-spline curves fitting. PLOS ONE, 12(3):1–24.

Fisher, J., Lowther, J., and Shene, C.-K. (2004). If you know B-Splines well, you also know
NURBS! ACM SIGCSE Bulletin, 36(1):343–347.

Floater, M. and Hormann, K. (2002). Parameterization of triangulations and unorganized
points. In Tutorials on multiresolution in geometric modelling, pages 287–316. Springer.



52(53)

Floater, M. S. and Hormann, K. (2005). Surface parameterization: a tutorial and survey. In
Advances in multiresolution for geometric modelling, pages 157–186. Springer.

Griva, I., Nash, S. G., and Sofer, A. (2009). Linear and nonlinear optimization. SIAM, 2nd
edition.

Hurschler, C., Seehaus, F., Emmerich, J., Kaptein, B. L., and Windhagen, H. (2009). Com-
parison of the model-based and marker-based Roentgen stereophotogrammetry methods
in a typical clinical setting. The Journal of arthroplasty, 24(4):594–606.

Kaptein, B., Valstar, E., Stoel, B., Rozing, P., and Reiber, J. (2003). A new model-based
RSA method validated using CAD models and models from reversed engineering. Jour-
nal of biomechanics, 36(6):873–882.

Kaptein, B. L., Valstar, E. R., Spoor, C. W., Stoel, B. C., and Rozing, P. M. (2006). Model-
based RSA of a femoral hip stem using surface and geometrical shape models. Clinical
orthopaedics and related research, 448:92–97.
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