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Abstract

Fourier transform spectroscopy (FTS) based on optical frequency combs is an
excellent spectroscopic tool as it provides broadband molecular spectra with
high spectral resolution and an absolutely calibrated frequency scale. More-
over, the equidistant comb mode structure enables efficient coupling of the
comb to enhancement cavities, yielding high detection sensitivity. This thesis
focuses on further advances in comb-based FTS to improve its performance
and extend its capabilities for broadband precision spectroscopy, particularly
in terms of i) spectral resolution, ii) accuracy and precision of molecular pa-
rameters as well as concentrations retrieved from fitting models to spectra,
and iii) species selectivity.

To improve the spectral resolution we developed a new methodology to
acquire and analyze comb-based FTS signals that yields spectra with a resolu-
tion limited by the comb linewidth rather than the optical path difference of
the FTS, referred to as the sub-nominal resolution method. This method en-
ables measurements of narrow features, e.g. low-pressure absorption spectra
and modes of enhancement cavities, with frequency scale accuracy and preci-
sion provided by the comb. Using the technique we measured low-pressure
spectra of the entire 3ν1 + ν3 carbon dioxide (CO2) band at 1575 nm with suffi-
cient signal-to-noise ratio and precision to observe collision narrowing of the
absorption lineshape, which was for the first time with a comb-based spec-
troscopic technique. This allowed retrieval of spectral line parameters for this
CO2 band using the speed-dependent Voigt profile.

Using the sub-nominal resolution method, we measured the transmission
modes of a Fabry-Perot cavity over 15 THz of bandwidth with kHz resolu-
tion and characterized the cavity modes in terms of their center frequency,
linewidth, and amplitude. From the mode center frequencies, we retrieved
the group delay dispersion of cavity mirror coatings and intracavity gas with
an unprecedented combination of spectral bandwidth and resolution. By mea-
suring both the mode broadening and frequency shift simultaneously we per-
formed broadband cavity-enhanced complex refractive index spectroscopy
(CE-CRIS), which allows for simultaneous and calibration-free assessment of
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the absorption and dispersion spectra of intracavity gas. In this first demon-
stration we measured the absorption and dispersion spectra of three combi-
nation bands of CO2 in the 1525 to 1620 nm range.

Another comb-based FTS technique is noise-immune cavity-enhanced op-
tical frequency comb spectroscopy (NICE-OFCS), which combines phase mod-
ulation and cavity-enhancement to obtain broadband and highly sensitive ab-
sorption spectra. In this thesis we improved the NICE-OFCS technique in
terms of stability, sensitivity and modeling of the NICE-OFCS signal. We im-
plemented a model of the NICE-OFCS signal with multiline fitting for assess-
ment of gas concentration. We also identified the optimum operating condi-
tions of the NICE-OFCS systems for accurate gas concentration assessment.

Finally, to improve the species selectivity we combined comb-based FTS
with the Faraday rotation spectroscopy (FRS) technique. In this first demon-
stration of optical frequency comb Faraday rotation spectroscopy (OFC-FRS),
we measured background and interference-free spectra of the entire Q- and R-
branches of the fundamental vibrational band of nitric oxide at 5.3 μm show-
ing good agreement with the theoretical model.
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Sammanfattning

Fouriertransformspektroskopi (FTS) baserad på optiska frekvenskammar är
ett nytt och kraftfullt spektroskopiskt verktyg för mätningar av molekylära
spektra över ett brett optiskt frekvensområde som har hög spektral upplös-
ning och en absolut kalibrerad frekvensskala. Eftersom frekvenskammar har
en regelbunden struktur med jämnt separerade laser moder kan de effektivt
kopplas till en optisk kavitet som har liknande fördelning av kavitetsmoder.
Detta möjliggör molekyldetektering med hög känslighet. Denna avhandling
har fokuserat på vidareutveckling av kambaserad FTS i syfte att förbättra dess
prestanda och utöka dess kapacitet för bredbandig precisionsspektroskopi,
speciellt med avseende på i) spektral upplösning, ii) noggrannhet och preci-
sion hos parametrar (molekylära parametrar och koncentrationer) som erhålls
från anpassningar av modeller till spektra och iii) gasselektivitet.

För att förbättra den spektrala upplösningen har vi utvecklat en ny metod
för att insamla och analysera kambaserad FTS-data som resulterar i spek-
tra med en upplösning som endast är begränsad av bredden på kamlinjerna
och inte av den optiska vägskillnaden för Fouriertransformspektrometern,
så kallad sub-nominell upplösning. Metoden möjliggör mätningar av smala
strukturer, t.ex. absorptionsspektra av gaser vid låga tryck och moder hos op-
tiska kaviteter, där frekvensskalans noggrannhet och precision endast begrän-
sas av kammens egenskaper. Med metoden mätte vi absorptionsspektra av
3ν1 + ν3 koldioxid (CO2) bandet vid 1575 nm vid låga tryck med så hög signal-
brusförhållande och precision så att effekter av tryckberoende breddningsmek-
anismer kunde observeras, vilket aldrig tidigare kunnat göras med frekven-
skamspektroskopi. Vi kunde därmed ta fram molekylära parameterar för
detta CO2 band genom att anpassa en modell baserad på hastighetsberoende
Voigt linjeprofilen (SDVP).

Vi använde också kambaserad FTS med sub-nominell upplösning för att
mäta transmissionsmoderna hos en Fabry-Perot kavitet över 15 THz band-
bredd med kHz upplösning. Vi karakteriserade alla modernas resonansfrek-
vens, bredd och amplitud. Från modernas resonansfrekvens kunde vi bestäm-
ma gruppfördröjningsdispersionen för reflexskikten hos kavitetsspeglar och
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gaser inuti kaviteten med en kombination av bandbredd och upplösning som
aldrig tidigare uppnåtts. Genom att mäta både kavitetsmodernas frekvensför-
flyttning och breddning kan man erhålla kalibreringsfria absorption och dis-
persionsspektra av gasen inuti kaviteten, vilket görs i kavitetsförstärkt kom-
plex brytningsindexspektroskopi (CE-CRIS). Vi demonstrerade CE-CRIS med
kambaserad FTS för första gången där absorptions- och dispersionsspektra av
tre kombinationsband av CO2 mättes i området 1525 till 1620 nm.

En annan kambaserad FTS teknik är brusimmun kavitetsförstärkt optisk
frekvenskamspektroskopi (NICE-OFCS) som kombinerar fasmodulation och
kavitetsförstärkning. Tekniken möjliggör mätningar av absorptionsspektra
med hög känslighet över ett brett optiskt frekvensområde. I denna avhan-
dling förbättrade vi NICE-OFCS med avseende på stabilitet, känslighet och
modellering av NICE-OFCS signaler. Vi implementerade en modell av NICE-
OFCS signalen med en anpassningsrutin där alla linjer i absorptionsbandet
anpassas samtidigt för att erhålla gaskoncentrationen och vi identifierade de
optimala förhållandena att implementera och använda NICE-OFCS, som re-
sulterar i korrekta gaskoncentrationer.

För att förbättra gasselektiviteten kombinerade vi kambaserad FTS med
Faraday rotationsspektroskopi (FRS). I den första demonstration av optisk
frekvenskam Faraday rotationspektroskopi (OFC-FRS) mätte vi bakgrunds-
och interferensfria spektra av hela Q- och R-grenarna av det starka vibrations-
rotationsbandet av kväveoxid vid 5.3 μm vilka överensstämde väl med teo-
retiska modeller.
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1. Introduction

Atoms and molecules are the building stones of the world. They are all around
us; in the ground, in the oceans, and in the air we breathe. The minute
size of atoms and molecules makes investigation of their properties difficult
without sensitive tools to help us. One well-established tool is spectroscopy.
Spectroscopy is the study of interaction between an electromagnetic field -
light - and matter, and provides an excellent tool for studying molecules in
gas phase. Absorption spectroscopy studies the attenuation of the light sent
through a molecular sample as a function of wavelength (frequency) of the
light. When the frequency of the light matches the energy difference between
two energy states of the molecule, light is absorbed, which results in attenua-
tion of light that has propagated through the sample. These discrete absorp-
tion features are called absorption lines, and the representation of absorption
lines in the frequency domain is called a spectrum. Since different molecules
have different structure, they can be distinguished by their distinctive spec-
trum. The attenuation of the light is described by the Lambert-Beer law, which
states that the intensity of the light with a frequency close to resonance with
a molecular transition is attenuated exponentially, where the exponent de-
pends on the density of absorbers, interaction length with the sample and the
spectral lineshape function [1]. The easiest realization of laser-based absorp-
tion spectroscopy is direct absorption spectroscopy (DAS), depicted in Fig.
1.1, where the relative absorption is measured in transmission, after passing
through the sample. Quantitative information, i.e. the gas concentration, can
be provided by fitting a model to the spectra, which requires accurate signal
lineshapes and accurate molecular line parameters for the sample gas.

There are different approached to measure absorption spectra, either by
using a broadband source in combination with a spectrometer or by using
tunable monochromatic continuous wave (cw) lasers. The high level of coher-
ence and spectral brightness of lasers makes them suitable for spectroscopy
and allows for highly sensitive and selective absorption measurements. It has
been exploited in a variety of spectroscopic techniques, the simplest one being
DAS. The technique is robust and quantitative, however the sensitivity (i.e.
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FIGURE 1.1: Basic principle of absorption spectroscopy. Light passes through
a sample and is attenuated by the absorbing species according to the Lambert-

Beer law.

the minimum detectable absorption) is limited, primarily by low frequency
noise that couples into the signal. Techniques such as wavelength modula-
tion spectroscopy (WMS) [2] and frequency modulation spectroscopy (FMS)
[3] address this problem by using modulation methods to transfer the detec-
tion to higher frequencies. An approach to increase the absorption signal is
by increasing the interaction length with the sample, which can be done by
placing the sample inside an enhancement cavity. The most commonly used
cavity is the Fabry-Perot cavity [4], where two mirrors are mounted paral-
lel, with the reflective surfaces facing each other. In frequency domain the
Fabry-Perot cavity comprise a series of equally separated modes. Light that
is coupled into the cavity propagates through the intracavity sample many
times, increasing the interaction length by orders or magnitude. One of the
most sensitive cavity-enhanced techniques is noise-immune cavity-ehanced
optical heterodyne molecular spectroscopy (NICE-OHMS), which combines
cavity enhancement with FMS to achieve ultrasensitive absorption sensitiv-
ity [5]. The transmission modes of the Fabry-Perot cavity is not only sensi-
tive to molecular absorption but also dispersion, i.e. the phase shift of the
light caused by an absorber, since both the cavity mode width and position
are modified near molecular transitions. Simultaneous measurement of the
broadening and shift of the cavity modes yields the technique called CE-CRIS
[6], which provides calibration-free assessment of the molecular absorption
and dispersion simultaneously.

The detection selectivity (i.e. the ability to distinguish one species in spec-
tra of many species) is in general high when tunable cw lasers are used in
spectroscopy. However, the species selectivity is compromised when there is
a mixture of gases where there are spectrally interfering constituents in the
sample. As a consequence, quantifying the gas concentration of each con-
stituent in a congested spectrum is a challenging task when the background
constituents cannot be assigned. In case of detecting paramagnetic species,
the spectral interference can be suppressed by using the interference- and
background-free FRS technique [7, 8], in which the sample is subjected to an
external magnetic field. Since only paramagnetic species are affected by the
magnetic field, these are the only compounds that contribute to the signal,
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wherefore background signals from spectrally interfering diamagnetic com-
pounds can largely be suppressed.

Cw lasers offer many good qualities for highly sensitive and selective mea-
surements. One drawback of using these sources is that the spectral band-
width is limited to the tuning range of the laser, which most often limits the
detection to a few absorption lines. Immense amount of spectroscopic infor-
mation can be obtained when broadband sources are exploited for absorption
spectroscopy, which enables detection of entire molecular absorption bands
simultaneously. Fourier transform infrared (FTIR) spectroscopy based on in-
coherent light sources is a well-established tool for molecular spectroscopy
because of the ability to measure broadband spectra with an absolutely cali-
brated frequency scale [9]. It has been a workhorse in precision spectroscopy
for decades. FTIRs are based on a Michelson interferometer, where an inter-
ferogram is acquired as the optical path difference (OPD) between the two
interferometer arms is scanned. The Fourier transform of the interferogram
yields the spectrum with spectral resolution given by the inverse of the max-
imum OPD scanning range, called the nominal resolution. Thus to achieve a
high resolution spectrum requires a long scanning range, which is challeng-
ing since thermal sources have poor spatial and spectral coherence. Moreover,
measurements with high signal-to-noise ratio (SNR) require long averaging
times. These issues are efficiently addressed by replacing the thermal source
by an optical frequency comb (OFC), retaining the broad spectral bandwidth
while significantly improving the spectral resolution and coherence.

An OFC is a laser whose optical spectrum can span more than hundreds
of nanometers consisting of equidistant narrow laser modes with known and
controllable optical frequencies [10, 11]. The combination of broad spectral
bandwidth and high resolution makes it an excellent tool for spectroscopy as
it enables measurement over a large spectral bandwidth without the need for
large frequency tuning. The optical frequencies are defined by νn=n frep+ f0,
where frep is the repetition rate, i.e. the frequency separation between comb
modes, n is a large integer number, and f0 is the offset frequency. Figure 1.2
(a) and (b), show the time- and frequency representation of an OFC produced
by a mode-locked laser.

The OFC provided a new light source for Fourier transform spectroscopy
(FTS), which due to high spectral brightness and spatial and spectral coher-
ence opened up for broadband spectroscopy in acquisition times order of
magnitude shorter than in conventional FTIR spectroscopy with thermal light
sources. The first comb-based FTS was demonstrated in [12, 13], measur-
ing the entire 3ν1 + ν3 band of acetylene (C2H2) in a single-pass cell using a
commercial rapid-scan FTS. The first proof of principle experiment of cavity-
enhanced optical frequency comb spectroscopy (CE-OFCS) with comb-based
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FIGURE 1.2: (a) Time and (b) frequency representation of an optical frequency
comb.

FTS was shown in [14], measuring molecular oxygen (O2) using a continu-
ous scan FTS and a swept locking scheme. Later on it was also demonstrated
with a tight locking scheme, when the comb was actively stabilized to the
resonances of an enhancement cavity [15]. The tight locking of the comb to
the cavity resonances produces a stable transmission through the cavity, how-
ever any residual frequency jitter between the comb and cavity modes causes
frequency-to-amplitude (FM-AM) noise conversion. This can be reduced by
using either an auto-balancing detector [15, 16] or using FMS, as is done in
noise-immune cavity-enhanced optical frequency comb spectroscopy (NICE-
OFCS) [17]. The first demonstration of comb-based FTS in the mid-infrared
(MIR) was shown in [18] using a multipass cell and later using a cavity in [19].

FTS can also be performed with the dual-comb approach, where two OFCs
with slightly different repetition rates beats on a photodetector, mimicking
the effect of a fast-scanning FTS [20–22]. The advantage of dual-comb is that
the interferogram can be measured without moving parts in short acquisi-
tion times. However, to achieve the same SNR as with mechanical FTS re-
quires the same averaging time. Moreover, as is demonstrated in several
of the papers included in this thesis the same spectral resolution can be ob-
tained with both approaches. Another branch of detection methods are those
that are based on dispersion elements. One approach is by using a virtu-
ally imaged phased array (VIPA) spectrometer [23], based on a combination
of an etalon and dispersion grating together with a two-dimensional detec-
tor [24–26]. VIPA spectrometers provide compact and fast detection systems.
However, the simultaneous spectral coverage is limited by the detector size,
wherefore broadband measurements require sequential recording. Another
approach is Vernier spectroscopy, where a cavity is used to filter the comb to
transmit a single or several isolated comb lines, which are dispersed on a grat-
ing and imaged onto a camera [27]. Because of the course filtering of the comb,
the transmitted comb power is severely compromised. This issue is addressed
in a technique called continuous-filtering Vernier spectroscopy [28, 29], where
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instead of filtering single comb lines, groups of comb lines, so called Vernier
orders, are transmitted through the cavity. These orders are dispersed on a
grating and imaged onto a detector. The spectrum is acquired by scanning the
length of the cavity and therefore scanning the comb modes that are imaged
on the detector. This technique provides a relatively compact system and short
acquisition times [29]. Contrary to comb-based FTS, however, the absolutely
calibrated frequency scale is lost using Vernier spectroscopy.

The thesis focuses on the further advances in comb-based FTS to improve
its performance and extend its capability for broadband precision spectroscopy,
targeting specifically the spectral resolution, accuracy and precision of molec-
ular parameters and concentrations retrieved from fitting models to spectra,
and the species selectivity. In pursuit of this aim both novel concepts and
those from cw laser-based techniques have been used.

It was for many years believed that the resolution of comb-based FTS was
limited to the nominal resolution of the FTS, i.e. by the maximum scanning
range allowed by the spectrometer. Paper II [30], published in 2017, demon-
strated for the first time that the resolution of comb-based FTS can surpass the
nominal resolution limit set by the FTS. This is done by matching the maxi-
mum delay range of the FTS to the comb line separation to measure the inten-
sities of the individual comb lines precisely and with a frequency scale accu-
racy and precision given by the comb itself. Paper V [31] provided a detailed
description of the steps needed to obtain instrumental lineshape (ILS)-free
spectra, i.e. with ILS distortion below the noise level. The sub-nominal resolu-
tion method enables measurements of narrow features, e.g. low-pressure ab-
sorption spectra and the transmission modes of high-finesse cavities over the
entire spectral bandwidth of the comb. This enables measurements of high-
precision spectra of entire molecular absorption bands with frequency scale
accuracy and precision provided by the comb. This was exploited for measur-
ing low-pressure cavity-enhanced spectra of CO2 in nitrogen (N2) (papers II
and V). In paper V the CO2 spectra was measured with sufficient SNR and
precision to observe and quantify collision narrowing, for the first time using
comb-based spectroscopy. The sub-nominal resolution method was used for
measuring high-precision direct absorption spectra of the entire 3ν1 + ν3 CO2
absorption band in paper VIII [32], and spectral line parameters of this CO2
band were retrieved using the speed-dependent Voigt profile.

The sub-nominal resolution method was used to measure the transmis-
sion modes of a Fabry-Perot cavity over 15 THz of bandwidth with kHz res-
olution. The cavity modes were characterized in terms of their center fre-
quency, linewidth and amplitude. In paper IV 16000 modes were measured
and characterized. Using their mode center frequencies, the dispersion and
group delay dispersion (GDD) of the cavity mirror coatings and pure N2 were
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obtained with high accuracy and precision and with unprecedented combina-
tion of spectral bandwidth and resolution. This provided evidence that the
resolution of comb-based FTS is given by the comb linewidth, and not by
the maximum OPD of the FTS, provided that the nominal resolution of the
FTS is matched to the comb line spacing. Measuring both the cavity mode
broadening and shift enable simultaneous and calibration-free assessment of
the absorption and dispersion spectra of intracavity gas, referred to as cavity-
enhanced complex refractive index spectroscopy (CE-CRIS). Broadband CE-
CRIS with comb-based FTS was demonstrated for the first time in paper VII
[33] by measuring absorption and dispersion spectra of three combination
bands of CO2 in the 1525 to 1620 nm range, which showed good agreement
with corresponding models.

Another concept from cw laser-based spectroscopy that has been com-
bined with comb-based FTS is NICE-OHMS. The technique, noise-immune
cavity-enhanced optical frequency comb spectroscopy (NICE-OFCS), was first
demonstrated by Khodabakhsh et. al. in 2014 [17]. The first demonstration
showed high potential to use NICE-OFCS for sensitive absorption measure-
ments. However, at that time the signal lineshapes were not fully understood.
Two papers in the thesis focused on further development of NICE-OFCS, in
terms of stability, sensitivity and spectral modeling. In paper I [34] the stabil-
ity and sensitivity of the system were improved by implementing a passive
lock of the modulation frequency to the cavity free spectral range (FSR) to
account for drifts of the cavity length, and by implementing a cavity with a
finesse of ∼9000 (the finesse was ∼2300 in [17]). A simplified model of the
NICE-OFCS signals was implemented with multiline fitting for assessment of
the gas concentration. In paper III, the signal lineshapes were studied in detail
to fully understand the NICE-OFCS signals and to identify optimum operat-
ing conditions for NICE-OFCS systems where the simplified (computationally
efficient) model can be used to assess accurate gas concentrations.

Improving the species selectivity was approached by combining comb-
based FTS with the cw laser-based technique called Faraday rotation spec-
troscopy (FRS) [7, 8]. Measuring broadband spectra simplifies retrieval of
quantitative information from congested spectra by applying computational
methods using baseline removal together with multiline fitting [35]. However,
this is challenging when accurate models for the background constituents are
unknown. This is commonly occurring in combustion environments [36, 37].
Paper VI [38] demonstrated for the first time optical frequency comb Faraday
rotation spectroscopy (OFC-FRS). Efficient suppression of water background
and etalon fringes was achieved, which enabled long-time averaging. In the
first demonstration, background and interference-free spectra of the entire Q-
and R-branches of the fundamental band of nitric oxide (NO) in the 5.2-5.4 μm
were measured, showing good agreement with the theoretical model.
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2. Absorption and dispersion
spectra

Spectroscopy is a well-established and powerful tool to study the interac-
tion between electromagnetic radiation - light - and molecules in gas phase.
When the frequency (energy) of the light that propagates through the sam-
ple matches the energy difference between two energy levels of a molecule,
light is absorbed (attenuated). These discrete absorption features are called
absorption lines. Measuring the intensity of light transmitted through the gas
as a function of frequency yields an absorption spectrum. Moreover, as light
propagates through the sample, it is not only attenuated but its phase is also
shifted due to molecular dispersion. The absorption and dispersion strength
is directly proportional to the concentration of the absorbing species and the
shapes of the absorption and dispersion spectra are described by the spectral
lineshapes. Assessments of gas concentrations or molecular line parameters
can be provided by fitting models to the measured spectra.

This chapter explains the basic theory of molecular absorption and disper-
sion, discusses different spectral lineshape functions and presents important
spectral parameters that are related to the absorption and dispersion spectra
and how these can be retrieved by fitting models to spectra.

2.1 Light propagating through a molecular medium

Light that propagates through an absorbing medium is attenuated and phase
shifted close to molecular transitions, caused by the change of index of refrac-
tion close to the transitions. The molecular absorption and dispersion can be
modeled by the transmission function, which depends on the absorption and
dispersion coefficients. These in turn are related to the imaginary and real
parts of the complex refractive index. These relations as well as the transmis-
sion function are described in this section.
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2.1.1 The transmission function
Monochromatic light with frequency ν [Hz] propagating in free-space in the
z-direction can be expressed as a complex electric field as

E0(ν, z) =
E0

2
ε̂ei(k0z−2πνt) + c.c, (2.1)

where E0 is the field amplitude [V/m], ε̂ is the unit polarization vector (defin-
ing the polarization direction of the light), t is the time [s], k0 = 2πν/c is the
vacuum wave vector [cm−1] and c is the speed of light [cm/s]. When the elec-
tric field propagates through a molecular gas with the interaction length L, the
electric field is modified due to the molecular absorption and dispersion. The
electric field ET transmitted through the gas can be expressed as [39, 40]

ET(ν, z + L) = E0(ν, z)T̃A(ν), (2.2)

where E0 is the incident electric field given by Eq. 2.1 and T̃A(ν) is the complex
transmission function describing the absorption and dispersion of the molec-
ular sample. The transmission function can be expressed as

T̃A(ν) = e[−δ(ν)−iφ(ν)], (2.3)

where δ(ν) and φ(ν) are the single pass amplitude attenuation and phase shift
of the electric field caused by the absorbing molecule, respectively. These can
in turn be expressed as [39, 40]

δ(ν) =
S′crel pL

2
χabs(ν) (2.4)

and

φ(ν) =
S′crel pL

2
χdisp(ν), (2.5)

where S′ is the integrated molecular transition line intensity [cm−2/atm]1, crel
is the relative concentration of the absorbing species, p is the total gas pres-
sure [atm], and L is the interaction length with the molecular gas [cm]. The
function χabs(ν) is the area normalized absorption lineshape function [cm]
and χdisp(ν) is the dispersion counterpart. These functions define the spec-
tral shape of the molecular transition at given experimental conditions. The
spectral lineshapes are described in section 2.2. One more commonly used

1The relation between the integrated molecular line intensity S in units of
cm−1/(molecule·cm−2) and S′ in units of cm−2/atm can be found in references [40, 41]
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entity is the on-resonance absorption coefficient [cm−1] defined by

α0 = S′crel pχ0, (2.6)

which is the absorption coefficient on resonance of a molecular transition and
where χ0 is the peak value of the area normalized absorption lineshape func-
tion.

2.1.2 The complex refractive index
The attenuation and phase shift of the light close to molecular transitions are
caused by the change of the complex refractive index close to molecular transi-
tions. The complex refractive index of the molecular medium can be expressed
as [1, 33, 42]

na(ν) = nr + n′(ν)− iκ(ν) (2.7)

where nr is the real non-resonant component and n′(ν) and κ(ν) are the real
and imaginary resonant components, respectively. These are related to the
dispersion and absorption coefficients of the molecular transition, ϕ(ν) and
α(ν), respectively, through the relations [1]

κ(ν) =
1

2k0
α(ν), (2.8)

and
n′(ν) =

1
2k0

ϕ(ν) (2.9)

where k0 = 2πν0/c is the wave vector [cm−1] of the transition at ν0 [Hz]. The
absorption and dispersion coefficients are in turn related to the single pass
phase shift and amplitude attenuation, as

α(ν) = 2δ/L = S′crel pχabs(ν), (2.10)

and
ϕ(ν) = 2φ/L = S′crel pχdisp(ν). (2.11)

2.2 Lineshape functions

Absorption does not occur at only one specific frequency or within an in-
finitely narrow range of frequencies. Due to thermal motion and interac-
tion between molecules, the light is absorbed in a distribution of frequencies
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around the center frequency, ν0. This distribution is caused by broadening
effects and is modeled by the lineshape function, χ(ν).

This section presents the most commonly used absorption and dispersion
lineshape functions and their corresponding broadening mechanisms; the Lor-
entzian and Gaussian lineshapes, and the well-known Voigt lineshape. While
the Voigt lineshape is a sufficient model for many spectroscopic applications
and experimental conditions, the advances in spectroscopic techniques in terms
of resolution and signal-to-noise ratio puts higher requirements on model-
ing of molecular spectra [43]. This requires for example higher order correc-
tions to the lineshape to sufficiently take into account collision induced mech-
anisms, such as speed-dependent effects, which can be modeled using the
speed-dependent Voigt profile (SDVP).

2.2.1 The Lorentzian profile
The fundamental linewidth of a transition is given by the natural linewidth,
Γn [Hz] caused by the natural broadening. The broadening originates from
the finite lifetime of the two states involved in the transition leading to an un-
certainty in the transition frequency. The natural broadening is affecting all
molecules similarly resulting in homogeneous broadening, which is modeled
by the Lorentzian lineshape. The natural linewidth is in many conditions in-
ferior to other broadening mechanisms, wherefore this linewidth often can be
neglected. A more dominant homogeneous broadening effect is the collision
broadening caused by collisions between the freely moving molecules. Col-
lisions between molecules effectively reduce the lifetime of the states, which
causes broadening of the absorption line. This effect is more pronounced at
higher collision rates and increases with pressure, wherefore it can also be
called pressure broadening. The natural and collision (pressure) broaden-
ing can be modeled with an area normalized Lorentzian absorption lineshape
χabs

L (ν) and its dispersion counterpart χ
disp
L (ν), respectively, as [1]

χabs
L (ν) =

c
π

ΓL

(ν− ν0)
2 + Γ2

L

, (2.12)

and

χ
disp
L (ν) = − c

π

(ν− ν0)

(ν− ν0)
2 + Γ2

L

, (2.13)

where ΓL is the half width at half maximum (HWHM) linewidth of the Lorentzian
profile given by the sum of the natural and collisional linewidth according to

ΓL(ν) = Γn + ∑
i

γi pi. (2.14)
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Since collisions with different collisional partners result in different broaden-
ing, the collision broadening is expressed as a sum over all collisional partners.
The collision width, Γp=γi pi is calculated as a product of the pressure broad-
ening coefficient, γi [Hz/atm] and the partial pressure, pi [atm] of the ith colli-
sional partner. It should be noted that this also includes self-broadening from
collisions between absorber molecules. Increased gas pressure significantly
broadens the line and at high pressures the spectral lineshape is sufficiently
modeled by the Lorentzian profile while at lower pressures the profile does
not accurately model the spectra. Increased gas pressure also shifts the line
from the vacuum transition frequency with the pressure shift given by

∆p = ∑
i

δp,i pi, (2.15)

where δp,i [Hz/atm] is the pressure shift coefficient of the ith collisional part-
ner.

2.2.2 The Gaussian profile
At low gas pressures the most dominant broadening mechanism originates
from thermal motion of the freely moving molecules. At thermal equilibrium
the movement of the molecules can be modeled by a Maxwellian velocity dis-
tribution [1]. Molecules with different velocities experience slightly shifted
frequency of the incoming light due to the Doppler effect. Molecules with the
same velocity belong to the same velocity group and experience the same fre-
quency of the incoming light. This results in an inhomogeneous broadening,
which can be modeled by the area normalized Gaussian absorption lineshape
χabs

G (ν) and its dispersion counterpart χ
disp
G (ν) as [1, 39]

χabs
G (ν) =

√
ln2
π

c
ΓD

e−x2
, (2.16)

and

χ
disp
G (ν) = −2

√
ln2

π

c
ΓD

e−x2
∫ x

0
es2

ds, (2.17)

respectively, with x =
√

ln2 (ν− ν0) /ΓD and the Doppler HWHM linewidth
given by

ΓD(ν) = ν0

√
2ln2kBT

mc2 , (2.18)

where in turn kB [J/K] is the Boltzmann constant, T [K] is the gas temperature,
and m [kg] is the molecular mass.
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2.2.3 The Voigt profile
For most experimental conditions neither of the Lorentzian or Gaussian pro-
file is sufficient to accurately model the absorption and dispersion lineshapes.
In general both homogeneous and inhomogeneous broadening mechanisms
must be taken into account. The most commonly used lineshape that takes
both broadening mechanisms into account is the Voigt profile (VP). The Voigt
lineshape is a convolution of the Lorentzian and Doppler profile (which are
assumed uncorrelated) and reduces to a Doppler and Lorentzian lineshape in
the low and high pressure regime, respectively. One of the main advantages
of using the VP is that it can be calculated using the complex error function,
which can be evaluated with computationally efficient algorithms. The area
normalized Voigt absorption lineshape and its dispersion counterpart can be
expressed as [39, 40]

χabs
V (ν) = χ0Re[w̃ (x + iy)], (2.19)

and
χ

disp
V (ν) = −χ0Im[w̃ (x + iy)], (2.20)

where w̃ (x + iy) is the complex error function, with the arguments

x =
√

ln2
(ν− ν0)

ΓD
(2.21)

and
y =
√

ln2
ΓL

ΓD
, (2.22)

and with the peak value given by

χ0 =

√
ln2
π

c
ΓD

. (2.23)

Figure 2.1 shows a simulation of a Voigt absorption [panel (a)] and disper-
sion lineshape [panel (b)] with transition frequency ν0, simulated with equal
Doppler and Lorentzian width of 100 MHz.

2.2.4 The speed-dependent Voigt profile
While the Voigt profile is suitable to model spectra for many experimental
condition, as the signal-to-noise ratio increases the limitation of the lineshape
becomes apparent. The Voigt lineshape assumes uncorrelated Doppler and
collision broadening contributions. However, in reality they are not com-
pletely independent. The collision rate increases for the molecules whose
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FIGURE 2.1: Voigt (a) absorption and (b) dispersion lineshape, simulated for
equal Doppler and Lorentzian width of 100 MHz.

speed is higher, wherefore molecules in different velocity groups have dif-
ferent Lorentzian widths. This is called speed-dependent effect, which can
be modeled using thespeed-dependent Voigt profile (SDVP). The SDVP line-
shape can be retrieved from the Hartmann-Tran profile (HTP) by making a
few simplifications (See Appendix 14) [44, 45]. The main difference compared
to the VP is that the Lorentzian width and pressure shift parameters are cor-
rected to take into account speed-dependent effects. The most common way
to implement this is to define the Lorentzian width and pressure shift as [43]

Γp = Γp,0 + Γp,2

[
(va/va0)

2 − 3/2
]

, (2.24)

and
∆p = ∆p,0 + ∆p,2

[
(va/va0)

2 − 3/2
]

, (2.25)

where Γp,0 and ∆p,0 are the average width and shift over all velocity groups,
while Γp,2 and ∆p,2 are the speed-dependent parameters for the width and
shift, respectively. va is the active-molecule speed and va0 is the average
molecular speed. The speed-dependent width parameter makes the lineshape
narrower and the shift parameter introduces an additional shift of the line
compared to the VP. Figure 2.2(a) shows a simulation of an absorption line-
shape using the VP in red (dashed) and the SDVP in black (solid), where the
speed-dependent parameters are set to 5% of the average width and shift. The
difference between the two lineshapes is shown in (b), demonstrating the nar-
rowing and additional shift introduced by the speed-dependent effects.
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FIGURE 2.2: (a) Simulated VP (red dashed curve) and SDVP (black solid
curve), with speed-dependent parameters set to 5% of the average width and

shift. (b) Difference between the two profiles.

2.3 Spectral line parameters - HITRAN database

Modeling molecular spectra requires knowledge of molecular line parame-
ters. These line parameters are to a large extent provided in the spectroscopic
database HITRAN, which stands for high-resolution transmission molecular
absorption database [46].

The line parameters provided in the HITRAN database are specified at the
reference temperature, Tref=296 K and, for the pressure dependent parame-
ters, at the reference pressure p=1 atm. The most frequently used line param-
eters are [47, 48]

• Transition frequency in vacuum, ν̄0 [cm−1]

• Line intensity, S [cm−1/(molecule·cm−2)]2

• Pressure broadening coefficient from air, γair HWHM [cm−1/atm]

• Pressure broadening coefficient from absorbing species, γself HWHM
[cm−1/atm]

• Pressure shift coefficient, δp [cm−1/atm].

The parameters listed in the HITRAN database are retrieved from the Voigt
profile, which does not take into account all thermal and pressure effects.

2The relation between the integrated molecular line intensity S in units
[cm−1/(molecule·cm−2)] and S′ in units [cm−2/atm] can be found in references [40, 41]
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There is ongoing work to improve the HITRAN database by adopting the par-
tially Correlated quadratic-Speed-Dependent Hard-Collision profile (pCqSD-
HCP), also called the HTP as the appropriate model for high-resolution spec-
troscopy and retrieval of line parameters for spectroscopic databases [43].

2.4 Multispectral and multiline fitting

Fitting theoretical models to measured data can provide either spectral line
parameters - in the case when the experimental conditions are well known, or
quantitative information about the gas sample concentration - for cases when
the line parameters are known with high accuracy. While spectroscopy us-
ing cw laser has shown high potential for assessment of spectral line param-
eters [49] and testing of different lineshapes [50], the spectral bandwidth is
limited to the tuning range of the cw lasers, which also limits the accuracy
and precision of the obtained line parameters. Spectroscopy performed using
broadband sources offers a significant advantage in that it can provide infor-
mation over a large spectral bandwidth and thus for many absorption lines
simultaneously. This opens up for multiline fitting [18] as well as multispectral
fitting [51] performed over a much broader spectral bandwidth compared to
cw laser-based techniques. Even though these concepts sound very similar,
there is a significant difference between the two.

Multiline fitting can only be exploited for broadband spectroscopic measure-
ments where many molecular transitions are measured simultaneously. In-
stead of fitting each absorption line individually, the entire molecular band
is fitted simultaneously. In this work this method has mainly been used for
quantitative assessment of the gas concentration. The main advantage of this
method is that the fitting precision is considerably improved compared to sin-
gle line fits, as the fitting precision scales with the area under the spectrum
[18]. Figure 2.3(a) shows an illustration of multiline fitting of a combination
band of CO2 to retrieve the gas concentration. The top panel shows the data
(black curve) together with the multiline fit (gray curve, inverted for clarity),
and the lower panel shows the fit residual [52].

Multispectral fitting is used for line parameter retrieval and testing of lineshape
models [53]. As Eqs. 2.14 and 2.15 indicate, the Lorentzian width and pressure
shift change linearly with the gas pressure. This is exploited in multispectral
fitting, where spectra are measured at different pressures and the line param-
eters are fitted globally for all pressures simultaneously. This allows to decou-
ple correlated parameters and increase their fitting accuracy [51]. However,
multispectral fitting requires good knowledge of the experimental conditions
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FIGURE 2.3: (a) Multiline fitting of a combination band of CO2. Top panel:
Data in black and fit in gray (inverted for clarity). Bottom panel: Fit residual.
(b) Multispectral fit of one absorption line of CO2 measured at three pressures
(25, 50, and 100 Torr). Top panel: Data in black markers together with fits
of a VP and SDVP in gray and black curves, respectively. Bottom panels: Fit

residuals, upper: VP, lower: SDVP.

such as the gas pressure, concentration, temperature, and interaction length,
since these parameters are fixed to the observed values in the measurement.
This concept can be used for single transitions, however broadband measure-
ment has the advantage that multispectral fitting can be performed for entire
molecular bands simultaneously, where all the lines within the band are mea-
sured under the same experimental conditions. Figure 2.3(b) shows an illus-
tration of multispectral fitting of one CO2 line measured at several pressures,
which are fitted globally to retrieve line parameters. Data is shown by black
markers in the top panels together with fits based on the VP (blue) and SDVP
(red), and fit residuals are shown in the bottom panels. [32].
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3. Optical cavities

Optical cavities or optical resonators can be used to efficiently enhance the
interaction length between the light and absorber resulting in increased ab-
sorption sensitivity. The most commonly used cavity is the Fabry-Perot cavity
[4], which comprise two parallel mirrors that enclose the gas. Only certain fre-
quencies can be transmitted through the cavity. These are the frequencies that
can build up standing wave inside the cavity. Therefore the transmission spec-
trum of the cavity has a comb-like structure of narrow modes. In the ideal case
when the cavity mirrors are free from chromatic dispersion (i.e. all frequen-
cies have the same phase response) these modes are equally spaced. However,
in practice the cavity mirror coatings are affected by dispersion causing the
modes to shift from the equally spaced frequency grid. Moreover, the trans-
mission modes of the cavity are sensitive to both absorption and dispersion
of an intracavity sample because the mode frequency, width, and amplitude
are modified in the presence of molecular transitions. The Fabry-Perot cavity
is thus an excellent tool to assess both dispersion and group delay dispersion
(GDD) of cavity mirror coatings and intracavity gas (Paper IV) as well as the
absorption and dispersion spectra of an intracavity gas (Paper VII).

This chapter introduces the general concepts of the Fabry-Perot cavity and
describes the cavity transfer function in the absence and presence of molecular
transitions from an absorbing gas.

3.1 The Fabry-Perot cavity

A Fabry-Perot cavity is a linear cavity consisting of two highly reflective mir-
rors separated by the length L, as shown in Fig. 3.1(a). Each mirror has an
intensity reflection, transmission and loss coefficient of ri, ti, and li, respec-
tively, with i = 1, 2. Light with electric field Ei and intensity Ii is injected into
the cavity via the input mirror. Light propagates between the mirrors multi-
ple times before it exits the cavity with electric field and intensity of ET and IT,
respectively. Because of constructive and destructive interference only certain
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FIGURE 3.1: (a) Fabry-Perot cavity containing two highly reflective mirrors
separated with the length L. (b) Corresponding transmission modes.

frequencies can be sustained inside the cavity. These are the frequencies that
can build up standing waves inside the cavity and thus fulfill the criterion
kλ/2=L, where λ is the wavelength of the light and k is an integer mode index
number. These frequencies are given by [1]

νdf
k = k

c
2L

. (3.1)

The frequency separation between the cavity modes is called the free spectral
range (FSR) and is calculated as νk+1 − νk, which yields

FSR =
c

2L
. (3.2)

The frequency domain representation of the optical cavity is shown in Fig.
3.1(b). The mode center frequencies are given by an integer multiple of the free
spectral range, i.e. kFSR. It should be noted that k is a large value (∼105) for
the case of near-infrared (NIR) lasers, thus the period of the standing waves in
Fig. 3.1(a) are not to scale. The full width at half maximum (FWHM) width of
the cavity modes (or simply mode width) can be calculated from the FSR and
the mirror reflection coefficients as [40]

Γc =
FSR

π

1−√r1r2
4
√

r1r2
. (3.3)

Another important parameter is the cavity finesse, which is determined by the
mirror reflection coefficients, according to

F =
FSR
Γc

= π
4
√

r1r2

1−√r1r2
. (3.4)
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FIGURE 3.2: Simulation of five transmission modes of a Fabry-Perot cavity
in the absence (gray curve) and presence (black curve) of absorber, with an

absorption profile illustrated by the gray dashed curve.

Even though it is not explicitly shown here the mirror reflection coefficient
is frequency dependent. Therefore both the cavity finesse and cavity mode
width are slowly varying functions of frequency.

3.2 The cavity transfer function

The above equations assumed an ideal cavity, i.e. an empty cavity with mir-
rors free from dispersion. However, due to the frequency dependence of the
reflection of the cavity mirror coatings and the frequency dependent index
of refraction of intracavity gas the modes are slightly shifted of the modes
compared to the grid defined by Eq. 3.8. This results in an unequal spacing
between the cavity modes. Introducing an absorbing sample inside the cav-
ity causes an additional shift of the modes, mode broadening and amplitude
reduction close to the molecular transitions [6, 42]. This is illustrated in Fig.
3.2, where the gray and black curves represents the modes in the absence and
presence of a molecular transition (gray dashed curve), respectively. These
phenomena can be described by the cavity transfer function.

3.2.1 In the absence of molecular transitions
The electric field injected into the cavity is transmitted only if the standing
wave condition is fulfilled while it is otherwise reflected. In the absence of
absorption and assuming equal mirrors (t1 = t2 = tk and r1 = r2 = rk) the
cavity transfer function for the electric field is expressed as [40]

T̃c(ν) =
tk exp (−iϕrt/2− iφm/2)
1− rk exp (−iϕrt − iφm)

, (3.5)
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where φm is the intracavity dispersion caused by the cavity mirror coatings
and the round-trip phase shift is given by

ϕrt(ν) =
4πνnrL

c
, (3.6)

where in turn nr is the index of refraction. Note that even if it is not explicitly
shown here, φm and nr are slowly varying functions of frequency. The trans-
mission and reflection coefficients have been given a mode index k to account
for their frequency dependence. The transfer function for the intensity is cal-
culated as the product of the transfer function for the electric field [Eq. 3.5]
and its complex conjugate, which yields

Tc(ν) =
t2
k

(1− rk)
2

1

1 + 4 rk
(1−rk)

2 sin2
[

2πνnrL
c + φm

2

] . (3.7)

This function describes the transmission modes in the absence of absorber,
illustrated by the gray curve in Fig. 3.2. The cavity mode center frequencies,
ν0

k , are obtained by equalizing the argument of the sine term in Eq. 3.7 with
an integer multiple of π, which yields

ν0
k =

c
2nrL

(
k− φm

2π

)
. (3.8)

This shows that the FSR in this case is frequency dependent and therefore the
modes are not equally spaced but shifted from the frequency grid defined by
the ideal dispersion-free and empty cavity [Eq. 3.1].

Close to a cavity resonance of a high finesse cavity the sin term in Eq. 3.7
can be linearized around (ν-ν0

k ), which yields

Tc(ν− ν0
k ) =

t2
k

(1− rk)
2

1

1 +

[
ν−ν0

k
c

4πnr L
1−rk√rk

]2 . (3.9)

This expression shows that the cavity modes have Lorentzian shape. The cav-
ity FWHM mode width is given by twice the term in the denominator of the
expression in square brackets, i.e.

Γ0
k = 2

c
4πnrL

1− rk√
rk
≈ c

2πnrL
(1− rk) , (3.10)
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where the last approximation is valid for a high-finesse cavity (rk ≈ 1). Γ0
k is

thus defined as the mode width in the absence of absorber.
The cavity mode on-resonance amplitude is found at the maximum ampli-

tude of the modes, i.e at ν-ν0
k =0, which yields

Ak =
t2
k

(1− rk)
2 . (3.11)

3.2.2 In the presence of molecular transitions
When the cavity is filled with an absorbing sample, the cavity transmission
function for the electric field is modified to include the molecular absorption
and dispersion. The transfer function for the electric field is in this case given
by

T̃A
c (ν) =

tk exp (−αL/2) exp (−iϕrt/2− iφm/2− iϕL/2)
1− rk exp (−αL) exp (−iϕrt − iφm − iϕL)

, (3.12)

where α and ϕ are the absorption and dispersion coefficients, respectively,
given by Eqs. 2.10 and 2.11. Note that even if it is not shown explicitly these
terms have strong frequency dependence. The transmission function for the
intensity is in this case modified to

TA
c (ν) =

t2
k e−αL

(1− rk e−αL)
2

1

1 + 4 rk e−αL

(1−rk e−αL)
2 sin2

[
2πνnrL

c + φm
2 + ϕL

2

] . (3.13)

The new mode positions, νk, are found by equalizing the argument of the sine
term in Eq. 3.13 with an integer multiple of π, i.e.

2πνknrL
c

+
φm

2
+

ϕL
2

= kπ. (3.14)

Thus, the mode center frequency of mode k is given by

νk =
c

2nrL

(
k− φm

2π

)
− c

4πnr
ϕ = ν0

k − νϕ, (3.15)

where ν0
k is the mode center frequency in the absence of absorber, which is

defined by Eq. 3.8, and νϕ(ν) is an additional frequency shift caused by the
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molecular dispersion, which is given by

νϕ(ν) =
c

4πnr
ϕ(ν). (3.16)

This shows that in the presence of an absorber the center frequency is shifted
from ν0

k , as is illustrated by the black curve in Fig. 3.2, with a frequency shift
that is directly proportional to the molecular dispersion. The transmission
function of the intensity in the Lorentzian form is expressed as

TA
c (ν− νk) =

t2
k e−αL

(1− rk e−αL)
2

1

1 +

 ν−νk
c

4πnr L
1−rk e−αL√

rk e−αL


2 . (3.17)

The cavity mode width in the presence of absorber is modified to

Γk =
c

2πnrL
1− rk e−αL√

rk e−αL
. (3.18)

For weak absorption (αL�1), the exponent can be series expanded to (1-αL)
which yields

Γk =
c

2πnrL
1− rk(1− αL)√

rk(1− αL)
=

c
2πnrL

[
1− rk√

rk(1− αL)
+

rkαL√
rk(1− αL)

]
,

(3.19)
which for a high finesse cavity (rk≈1) simplifies to

Γk =
c

2πnrL
(1− rk) +

c
2πnr

α = Γ0
k + Γα. (3.20)

Compared to the case without absorber [Eq. 3.10], the cavity mode is broad-
ened in the presence of absorber, with an additional mode broadening that is
directly proportional to the molecular absorption, i.e.

Γα(ν) =
c

2πnr
α(ν), (3.21)

Finally, the on-resonance transmission is reduced as a result of the molecular
absorption to

Aα
k =

t2
k e−αL

(1− rk e−αL)
2 . (3.22)
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FIGURE 3.3: One cavity mode in the absence (gray curve) and presence (black
curve) of molecular transition.

Figure 3.3 shows a single cavity mode in the absence (gray curve) and pres-
ence (black curve) of absorber, together with the corresponding cavity param-
eters. It should be noted that while the mode shift and broadening parameters,
νϕ and Γk, are directly proportional to the molecular dispersion and absorp-
tion, but independent of the cavity parameters such as the cavity length and
mirror reflectivity, the on-resonance transmission, Aα

k , is not. Also the mode
position and width in the absence of molecular transitions defines a baseline
that is slowly varying with frequency.
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4. Continuous wave laser-based
spectroscopic techniques

This chapter is dedicated to give an overview of a few well-established con-
tinuous wave (cw) laser-based techniques. Three of these have been com-
bined with comb-based FTS in this thesis, two of which are for the first time;
cavity-enhanced complex refractive index spectroscopy (CE-CRIS), demon-
strated in paper VII (chapter 11) and Faraday rotation spectroscopy (FRS),
demonstrated in paper VI (chapter 12). The third technique is noise-immune
cavity-ehanced optical heterodyne molecular spectroscopy (NICE-OHMS), de-
scribed in papers I and III, where further developments of the technique are
presented in chapter 8. Combining these techniques with comb-based FTS
enables measurements over spectral bandwidths orders of magnitude wider
compared to demonstrations with cw lasers. The basic principles and typical
experimental setups of the cw laser-based techniques are presented and the
main limitations as well as advantages of the techniques are discussed.

4.1 Direct absorption spectroscopy

The simplest realisation of laser absorption spectroscopy is direct absorption
spectroscopy (DAS), illustrated in Fig. 4.1. The laser light with intensity I0
is sent through an absorbing gas sample of length L and the intensity of the

FIGURE 4.1: Experimental setup for DAS. Laser light with incident intensity
I0 propagates through a gaseous sample and the transmitted light, IT, is mea-

sured with a detector.
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transmitted light, IT, is measured with a detector as the laser frequency is
tuned across a molecular transition. The intensity of the transmitted light is
calculated as the product of the electric field [Eq. 2.2], and its complex conju-
gate, which yields

IT(ν) = 2cε0ET(ν)E∗T (ν) = I0e−α(ν)L, (4.1)

where I0 = cε0E2
0/2 is the intensity of the incident light [W/m2] and α(ν) is the

absorption coefficient [cm−1], given by Eq. 2.10. This expression is the well-
known Lambert-Beer law [1]. The absorption coefficient can be determined
from the intensity in the absence of the absorber (i.e. the background), I0, and
the intensity in the presence of an absorber, IT according to

α(ν) =
1
L

ln
(

I0

IT

)
. (4.2)

In the weak absorption approximation (αL�1) Eq. 4.1 simplifies to

IT(ν) ≈ I0 [1− α(ν)L] , (4.3)

which shows that for a weakly absorbing sample the transmitted intensity
reduces linearly with interaction length and gas concentration [see Eq. 2.10].
In this regime the relative absorption is calculated as

I0 − IT(ν)

I0
≈ α(ν)L. (4.4)

The main advantages of DAS is the experimental simplicity and that it allows
for calibration-free assessment of absorption. However, the signal is detected
at low frequency where the 1/f noise generally is high, which limits the de-
tection sensitivity. Another limitation is that the signal is measured on top
of a background where signals from spectrally interfering species can couple
in, which makes quantitative assessment challenging and limits the detection
selectivity. Furthermore, it provides only molecular absorption while the dis-
persion information is lost.

4.2 Frequency modulation spectroscopy

A solution to increase the detection sensitivity is to measure the signal at
higher frequencies where the effect of the 1/f noise is less pronounced. This
can be done using modulation techniques, where the laser frequency is mod-
ulated at high frequency and the signal detection is moved to the modulation
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FIGURE 4.2: Experimental setup for FMS. νc: carrier frequency, νm: modula-
tion frequency, EOM: electro-optic modulator, FC: fiber collimator, Ph: phase
shifter, DBM: double-balanced mixer, PD: photodetector, LPF: low pass filter.

frequency. One such technique is FMS, which was developed in the 1980s by
Bjorklund [3]. The technique does not only improve the detection sensitivity
by orders of magnitude compared to DAS but it also provides both an absorp-
tion and dispersion signal simultaneously. A schematic picture of a typical
FMS setup is shown in Fig. 4.2. A monochromatic light field with carrier
frequency νc is sent through a modulator, usually an electro-optic modulator
(EOM). The EOM sinusoidally modulates the phase of the laser light with a
modulation frequency νm and modulation index β. The phase modulation
creates sidebands separated from the carrier frequency by integer multiples
of the modulation frequency. For low modulation index the light field can be
described by a triplet containing a strong carrier at νc and weaker sidebands
which are out-of-phase and positioned at frequencies νc±νm. The modulated
light is sent through an absorbing sample and the intensity of the transmitted
light is measured with a single detector. The electric field of the frequency
modulated light transmitted through the sample is given by [3]

ET(ν) =
E0

2
ε̂e−2πiνct ∑

j=0,±1
T̃A

j Jj(β)e−i2π jνmt + c.c, (4.5)

where Jj is the Bessel function and T̃A
j = exp(−δj − iφj) is the complex trans-

mission function of the absorber at frequency νj = νc ± jνm, where the at-
tenuation, δj, and phase-shift, φj, are given by Eqs. 2.4 and 2.5, respectively.
The intensity measured by the photo-detector contains beat-notes of the two
sidebands with the carrier. The measured signal is then demodulated at the
modulation frequency and low pass filtered to yield the FMS signal. In the
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week absorption approximation (αL�1) the measured signal at the modula-
tion frequency is given by [54]

IFMS = 2I0 J0 (β) J1 (β)

× [(δ−1 − δ1) cos (2πνmt) + (φ−1 − 2φ0 + φ1) sin (2πνmt)] , (4.6)

where I0 is the intensity in the absence of molecular absorption. The signal
contains information about both the molecular absorption and dispersion. By
changing the detection phase it is possible to extract information of either of
the two or a combination of both. The cosine component contains the differ-
ence between the amplitude attenuation experienced by the two sidebands,
while the sine component contains the difference in phase shift experienced
by the carrier and the average phase shift experienced by the two sidebands.
As long as the balance between the beat-notes is maintained there is no sig-
nal. It is only when the balance between the two beat-notes is disturbed that
the signal is non-zero. Therefore, the FMS signal is background free. Note
however, that because of demodulation, the signal must be calibrated using a
reference sample in order to retrieve quantitative information.

Figure 4.3 shows the absorption [panel (a)] and dispersion [panel (b)] com-
ponents of the FMS signal for different modulation frequencies. It has been
shown that the FMS signal strength has a strong dependence on the ratio be-
tween the modulation frequency and the FWHM linewidth of the measured
absorption feature, Γa [40, 55]. In [40] it was shown that in both Doppler and
pressure broadened regime the signal is optimized when the νm/Γa ratio is
close to 2. Figure 4.3 shows simulated absorption and dispersion FMS signals
in the Doppler broadened regime, for νm/Γa ratios between 0.5 and 3.

FIGURE 4.3: (a) Absorption and (b) dispersion FMS signals simulated for dif-
ferent νm/Γa ratios.
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4.3 Cavity-enhanced techniques

As the absorption signal scales with the interaction length between the light
and the sample [Eq. 4.1] one efficient way to increase the absorption sensi-
tivity is to place the gas sample inside an optical cavity, also commonly called
enhancement cavity, and detect the light that is transmitted through the cavity.
This section is dedicated to briefly describe three cavity-enhanced techniques,
namely cavity enhanced absorption spectroscopy (CEAS), NICE-OHMS, and
CE-CRIS.

4.3.1 Cavity-enhanced absorption spectroscopy
In CEAS the laser light is coupled into the cavity and the absorption spec-
trum is obtained by measuring the intensity change of the light that is trans-
mitted through the cavity as the laser is scanned across the molecular transi-
tion. There are various realizations of CEAS, such as integrated cavity output
spectroscopy (ICOS) [56], off-axis integrated cavity output spectroscopy (OA-
ICOS) [57], and optical feedback CEAS [58]. Of these, only the latter is based
on locking of the laser to the cavity resonances, achieved by using optical feed-
back to the laser. Another way to stabilize the laser is via electronic feedback,
using e.g. the Pound-Drever-Hall (PDH) locking technique [59]. In this case
the laser is stabilized to one resonance of the cavity and the transmitted light is
measured as the laser is scanned across the molecular transition. In the weak
absorption approximation (αL�1) and for high finesse cavity (rk≈1) the rela-
tive change in cavity transmission can be calculated as [40, 60]

Ak − Aα
k

Ak
=

2F
π

α(ν)L, (4.7)

where Ak and Aα
k are the on-resonance transmission in the absence and pres-

ence of a molecular absorber, defined by Eq. 3.11 and 3.22, respectively. Thus,
compared to DAS the interaction length is enhanced with the factor 2F/π,
which for high-finesse cavities results in path lengths of several km. It should
be noted that this enhancement factor is only valid when the laser is stabilized
to one of the resonances of the cavity, while for swept coupling schemes the
enhancement factor is F/π [60].

Due to the enhanced interaction length, the absorption signal is signif-
icantly increased compared to DAS, with the expense of making the setup
slightly more complex. One problem related to CEAS based on the laser sta-
bilization scheme is that frequency jitter between the laser and cavity mode
results in amplitude noise in the cavity transmission signal, a phenomenon
called frequency-to-amplitude (FM-AM) noise conversion. Moreover, CEAS
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FIGURE 4.4: Experimental setup for NICE-OHMS. νc: carrier frequency,
νm: modulation frequency, fPDH: Pound-Drever-Hall modulation frequency,
EOM: electro-optic modulator, FC: fiber collimator, PBS: polarizing beam
splitter, HWP: half-wave plate, QWP: quarter-wave plate, Ph: phase shifter,
DBM: double-balanced mixer, PD1,2: photodetector, LPF: low pass filter, PI:

proportional-integral. Inset: Frequency matching to the cavity modes.

techniques that are based on measurement of the intensity change in cavity
transmission require a separate calibration of the cavity finesse to obtain quan-
titative assessment of the gas concentration.

4.3.2 Noise-immune cavity-enhanced optical heterodyne
molecular spectroscopy

NICE-OHMS was developed in the 1990s by Ye et.al. and is to this day the
most sensitive cw laser-based technique [5]. The combination of FMS with
cavity enhancement makes it an excellent technique for ultra-sensitive absorp-
tion and dispersion measurements. Since the first demonstration much effort
has been invested to optimize the performance of the technique in terms of
modulation and demodulation conditions [61], reduction of background sig-
nals [62, 63] and reduction of noise [64].

A schematic of the NICE-OHMS setup is shown in Fig. 4.4. A cw laser is
coupled into an enhancement cavity and stabilized to one of the cavity modes,
usually using the PDH locking technique, which is a well-established tech-
nique to stabilize cw lasers to optical cavities [59]. The PDH locking technique
uses frequency modulation (FM) to create two out-of-phase sidebands sepa-
rated by the modulation frequency. The modulation frequency, fPDH, is of the
order of few tens of MHz to ensure that the sidebands are within the cavity
mode width. The laser light is coupled into free-space and the polarization
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FIGURE 4.5: Simulated PDH error signal (black curve) and corresponding cav-
ity transmission spectrum (gray curve) as the laser is scanned. The rectangle

highlights the part of the error signal that is used for laser locking.

is adjusted by a half-wave plate (HWP) to match the polarizing beamsplit-
ter (PBS). The FM light is sent to the cavity via the PBS and a quarter-wave
plate (QWP) is used to change the polarization of the light to circular before
entering the cavity. The light that is reflected back from the cavity goes back
with circular polarization with opposite direction, and as a result it is linearly
polarized but with perpendicular polarization with respect to the incoming
light after passing the QWP for the second time. The light is reflected by the
PBS and measured using a photodetector (PD1). The signal is then demod-
ulated at the modulation frequency using phase-sensitive detection, similar
as in FMS, and the in-phase detection signal contains the PDH error signal.
Figure 4.5 shows a simulated error signal (black curve) together with the cav-
ity transmission (gray curve) as the laser frequency is scanned. The rectangle
highlights the part of the error signal that is used for laser locking, which is
linear with odd symmetry and zero on resonance. This signal is sent to a servo
to provide feedback to the laser to correct the laser frequency to stay on cavity
resonance, i.e. to keep the error signal at zero.

For the NICE-OHMS signal the laser is modulated at an additional modu-
lation frequency, νm, using the same EOM as for the PDH locking. The mod-
ulation frequency is chosen as a multiple of the FSR in order to transmit the
sidebands on resonance of neighboring cavity modes as is shown in the in-
set of Fig. 4.4. The light that is transmitted through the cavity is measured
with a photodetector (PD2). The signal contains beat-notes between the car-
rier and sidebands and synchronous demodulation of the signal at the mod-
ulation frequency (similar as in FMS) yields the NICE-OHMS signal. In the
weak absorption approximation (α� π/F) the NICE-OHMS signal is given
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by [39]

INICE-OHMS = 2I0 J0 (β) J1 (β)
2F
π

× [(δ−1 − δ1) cos (2πνmt) + (φ−1 − 2φ0 + φ1) sin (2πνmt)] .
(4.8)

Except for the enhancement factor of 2F/π originating from the cavity, the sig-
nal and thus also the signal lineshapes, are identical to the signals obtained in
FMS. The advantages of FMS are therefore directly inherited in NICE-OHMS;
increased detection sensitivity due to modulation and detection at high fre-
quency and a background-free signal which reduces the risk of noise coupling
in a measured background. The main difference between the two techniques
is the enhancement cavity, which significantly increases the absorption signal
in NICE-OHMS compared to FMS. Moreover, the carrier and sidebands are
transmitted through individual cavity modes, and any shift in the carrier re-
sults in a equal shift of the sidebands. Thus, all components in the triplet are
affected by the cavity in the same way, which leaves the balance in the triplet
undisturbed. This makes the technique immune to FM-AM noise conversion.
The immunity to FM-AM noise conversion also significantly reduces the noise
in the signal which allows for higher detection sensitivity compared to other
CEAS techniques [60]. The technique provides both the absorption and dis-
persion information, however requires calibration for quantitative assessment
of these entities.

4.3.3 Cavity-enhanced complex refractive index spectroscopy
Many cavity-enhanced spectroscopic techniques are based on measuring the
intensity change in cavity transmission [56–58]. This requires a separate cal-
ibration of the cavity finesse to convert the intensity change to a quantita-
tive measurement of the intracavity absorption. One way to avoid this is to
quantify the shift and broadening of the cavity modes. These entities are, in
contrast to the amplitude change, directly proportional to the molecular dis-
persion and absorption but independent of the cavity parameters, such as the
cavity length and mirror reflectivity (finesse) [refer to Eqs. 3.16 and 3.21]. The
cavity mode broadening caused by molecular absorption was first observed
by Nakagawa et. al. [65]. Later on, Long et. al. measured a high-precision
spectra of CO2 transition retrieved from the cavity mode broadening using
frequency-agile rapid scanning spectroscopy (FARS) [66]. It was later demon-
strated by Hodges et. al. [67] and Cygan et. al. [68] that complementary infor-
mation about the molecular dispersion can be extracted from the cavity mode
shift. Cygan et. al. developed these two concepts into two techniques; cavity
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mode-width spectroscopy (CMWS) [69] and one-dimensional cavity mode-
dispersion spectroscopy (1D-CMDS) [42]. Measuring both broadening and
shift simultaneously yields the technique called CE-CRIS [6], which allows
for calibration-free detection of both the absorption and dispersion spectrum
simultaneously.

In CE-CRIS the laser is not stabilized to the cavity resonances but instead
the transmission modes are measured by detecting the light that is transmit-
ted through the cavity as the laser is scanned across the cavity modes. Since
the cavity modes can be described by Lorentzian profiles [Eqs. 3.9 and 3.17],
the cavity mode center frequency and width can be characterized by fitting a
Lorentzian function to the measured cavity modes. The absorption and dis-
persion spectra is then obtained from the fitted center frequency and width
via Eqs. 3.16 and 3.21. It should be noted that the broadening and shift are
measured on top of slowly varying baselines defined by the mode width and
positions in the absence of absorption/dispersion and determined by the cav-
ity length and the mirror reflectivity and dispersion [see chapter 3]. There-
fore the broadening and shift are determined with higher precision when the
empty cavity mode width is narrow. Thus high precision is obtained by using
high finesse cavities and narrow linewidth lasers.

4.4 Faraday rotation spectroscopy

Faraday rotation spectroscopy (FRS) uses the Faraday effect to measure the
electro-magnetic properties of a gas. As the Faraday effect is only effective
on paramagnetic species, e.g nitric oxide (NO), nitrous oxide (N2O) and hy-
droxide (OH), the technique can efficiently suppress background signals from
spectrally interfering diamagnetic species, such as water (H2O) and carbon
dioxide (CO2), and thus improve the species selectivity [8].

The Faraday effect was discovered by Michael Faraday in 1845 [70]. He ob-
served that linearly polarized light that propagates through a medium, which
is subjected to an external magnetic field in parallel direction as the light, is
transmitted through the medium with a rotated plane of polarization. This
can be understood by considering that linearly polarized light is a superpo-
sition of left-hand circularly polarized light (LCP) and right-hand circularly
polarized light (RCP) with equal field amplitudes, propagating parallel to the
magnetic field direction. The magnetic field induces circular birefringence in
the material which results in a slightly different index of refraction for the two
circular polarizations. Thus the two components will propagate with differ-
ent speeds through the medium resulting in a rotated plane of polarization
in transmission. Since only paramagnetic species are affected by the Faraday
effect, the rotation of the plane of polarization will only appear at transitions
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FIGURE 4.6: Experimental setup for FRS. P1: polarizer, P2: analyzer, B: mag-
netic field strength.

associated with the paramagnetic species and no change is visible for the tran-
sitions of the diamagnetic species. Figure 4.6 shows a typical experimental
setup used for FRS. It contains a laser source, a detector, two polarizers, a
cell containing the sample gas, and a device to produce an external magnetic
field in a direction parallel to the light propagation (in this example a coil).
The laser light with frequency ν is propagating in the z-direction with linear
polarization with direction set by the polarizer, P1. Since linearly polarized
light can be separated into a superposition of LCP and RCP light with equal
amplitudes the electric field after the sample can be expressed as

Ei(ν, L, t) =
E0√

2
ei(k0L−2πνt)

[
ε̂L (1− ε) e−δL+iφL + ε̂R (1 + ε) e−δR+iφR

]
, (4.9)

where E0 is the electric field amplitude, k0 is the wave vector in the absence
of absorbers, and L is the interaction length, ε is an unbalancing term between
the LCP and RCP components of the incident light (caused by imperfect po-
larizer, P1), δL,R and φL,R are the amplitude attenuation and phase shift of the
electric field caused by the absorber for the LCP and RCP light, respectively,
and ε̂L and ε̂R are the unit vectors of the two components. The rotation of
the plane of polarization can be measured by placing another polarizer (also
called the analyzer) after the cell, P2, rotated by an angle θ with respect to the
first polarizer. The intensity of the transmitted light after the analyzer is calcu-
lated by multiplying the electric field by the Jones’ matrix [41]. Assuming high
extinction polarizers, the transmitted intensity for the two field directions, de-
noted I±T , where the + and− signs indicate the direction of the magnetic field,
are given by

I±T =
I0

2
e−ᾱL [cosh (±2Φ)− cos (±2Θ + 2θ) + 2ε sinh (±2Φ)] (4.10)

where θ is the uncrossing angle between the polarizer P1 and analyzer P2,
ᾱ is the average attenuation, Φ is the differential attenuation, and Θ is the
differential phase shift, also called the Faraday rotation angle, experienced by
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the LCP and RCP light, respectively. These entities are given by

ᾱL = δL + δR =
α0L

2

(
χabs

LCP + χabs
RCP

)
2Φ = δL − δR =

α0L
2

(
χabs

LCP − χabs
RCP

)
2Θ = φL − φR =

α0L
2

(
χ

disp
LCP − χ

disp
RCP

)
, (4.11)

where α0 is the on-resonance absorption coefficient given by Eq. 2.6, and
χ

abs,disp
LCP,RCP is the absorption/dispersion lineshape function for the two circu-

lar components. It should be noted that χ
abs,disp
LCP,RCP is a function of the mag-

netic field strength B and differences in the RCP and LCP components gives
rise to the signal. Assuming high extinction polarizer (ε≈0), weak absorption
(2Φ�1) and an uncrossing angle of 45◦ (which is the optimum angle for detec-
tor noise limited systems [7, 41]) the expression for the transmitted intensity
simplifies to

I±T =
I0

2
e−ᾱL [1± sin (2Θ)] . (4.12)

This expression shows that the transmitted intensity is basically an absorption
signal that is either increased or decreased by the factor 2Θ depending on the
direction of the magnetic field. This is illustrated in Fig. 4.7(a), which shows
a simulation based on Eq. 4.10 with different direction but equal strengths
(B=50 Gauss) of the magnetic field. The signals I+T and I−T are shown by
light gray (solid) and black (dashed) curves, respectively, and their average
I0
T=(I+T + I−T )/2 is shown by dark gray (dash-dotted) curve. The Faraday ro-

tation signal is obtained by subtracting the signals for the two field directions,
i.e. ∆IT = I−T − I+T , resulting in a background-free signal, illustrated in Fig.
4.7(b).
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FIGURE 4.7: (a) Transmitted intensity for different directions of the magnetic
field, I+T (light gray solid curve), I−T (black dashed curve), and their average,
I0
T (dark gray dash-dotted curve). (b) The difference between the two signals

with different field directions, i.e. ∆IT = I−T − I+T .
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5. Optical frequency combs

An optical frequency comb (OFC) is a laser whose spectrum consists of a series
of narrow equidistant laser modes with well-known and controllable optical
frequencies. The high spectral brightness, spatial coherence, and high reso-
lution of the comb make it an excellent tool for spectroscopy. Moreover, the
regular structure of the comb spectrum enables efficient coupling of the light
into an optical enhancement cavity, which allows for high absorption sensitiv-
ities. Frequency combs can be produced by various mechanisms. This thesis
work is based on one of the most commonly used comb sources, the mode-
locked femtosecond laser.

In this section the general concepts and properties of combs emitted by
mode-locked laser are presented. Two different methods to stabilize a mode-
locked laser are briefly explained and the basic principles of coupling a comb
into a cavity and the effect of cavity mirror dispersion are discussed.

5.1 General description of optical frequency combs

Mode-locking refers to the concept of phase locking of the frequency compo-
nents oscillating inside a laser cavity. When this is achieved the output is a
train of short pulses. The time-domain representation of a comb emitted from
a mode-locked laser is illustrated in Fig. 5.1(a). It comprises a train of short
pulses separated by τrep, which is determined by the optical path length of the
laser cavity. The duration of the laser pulse, τ, is usually of the order of tens to
hundreds of femtoseconds. The pulses emitted from the laser are not identical.
The so called carrier envelope phase, ∆φcep [11, 71], is the phase shift between
the carrier wave (blue curve) and the maximum of the envelope (black curve)
that changes from pulse to pulse. This is caused by the difference between the
phase and group velocity of the light that resonates inside the laser cavity.

The frequency domain representation of the mode-locked laser is illus-
trated in Fig 5.1(b). It produces a broad spectrum consisting of thousands of
narrow comb lines evenly separated by the repetition rate, frep=1/τrep. Thus,
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FIGURE 5.1: (a) Time-domain representation of an optical frequency comb. (b)
In frequency domain the OFC consist of a broad spectrum of equally spaced

comb lines, whose optical frequencies are given by νn=n frep+ f0.

the comb repetition rate is inversely proportional to the time separation be-
tween laser pulses, and therefore also defined by the optical path inside the
laser cavity. The entire comb grid is offset from an exact multiple of the rep-
etition rate by the offset frequency, f0, caused by the carrier envelope phase,
∆φcep, and defined by [11, 71]

f0 =
∆φcep

2π
frep. (5.1)

The optical frequencies of the comb are defined by these two frequencies ac-
cording to

νn = n frep + f0, (5.2)

where n is an integer mode number, which in general is in the range 105-106

for mode-locked lasers. The optical frequencies of the comb are determined
by measuring the frep and f0, which both are in the radio frequency (RF) do-
main. While frep can be measured using a single high-bandwidth photo diode,
measuring f0 is in general more challenging. One common way to measure
f0 of mode-locked lasers is by a self-referencing method using a so called f-2f
interferometer [11, 71]. In f-2f, the comb spectrum is broadened to span an
octave and frequency doubled. The offset frequency is obtained from the beat
signal between two comb components, one at the high frequency edge of the
fundamental spectrum and one from the low frequency edge of the frequency
doubled spectrum, i.e. 2νn-ν2n=2(n frep+ f0)-(2n frep+ f0)= f0.

The width of the comb modes depends on the stability of frep and f0.
Different stabilization methods of frep and f0 of a mode-locked laser are ex-
plained in 5.3.
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5.2 Comb sources

Even if the mode-locked lasers had been around for 30 years it was not un-
til in the late 1990s, when the measurement and control of f0 was invented
[71], that mode-locked laser were defined as an optical frequency comb [72].
Mode-locked lasers that emit trains of short pulses can produce frequency
combs directly at their output. The first realization of a mode-locked OFC
was the Ti:sapphire laser [11], which is built from free-space components. The
technical simplicity and robustness of fiber-based systems has pushed the de-
velopment of fiber-based mode-locked lasers and the most commonly used
gain media are Erbium (Er), Ytterbium (Yb), and Thulium (Tm). The Tm:fiber
laser emits in the range 1.9-2.1 μm [73] and Yb:fiber laser in the range 1.0-1.1
μm [74]. The Er:fiber laser is a well-established source for spectroscopy as its
spectral bandwidth, 1.5-1.6 μm [75] is in the spectral window of optical fiber
communications. Therefore it can be made relatively inexpensive as it is based
on easily accessible components. With use of nonlinear fibers the spectrum of
these sources can also be extended to cover even broader bandwidth,∼1.0-2.0
μm for the Er:fiber, and ∼0.7-1.4 μm for the Yb:fiber laser [72]. These three
mode-locked lasers are used both as direct sources but also as pump lasers for
indirect comb sources based on difference frequency generation (DFG) and
optical parametric oscillator (OPO).

To extend the use of combs for spectroscopy, there is an ongoing effort
to make comb sources that emit at longer wavelengths to reach the strong
fundamental molecular transitions in the MIR range. Wavelengths longer than
what can be obtained with mode-locked lasers can be reached by using non-
linear optical processes [76]. Two commonly used techniques for frequency
down-conversion are DFG [77, 78] and OPO [79, 80], where light from a mode-
locked laser is used as pump for the nonlinear process to produce OFCs in the
MIR wavelength ranges. OPOs are based on a single pump beam which is
focused onto a nonlinear crystal placed inside an optical resonator (cavity). At
high enough pump powers the pump beam splits into two beams, signal and
idler, whose wavelengths are in the MIR range [79, 80]. The OPO is doubly-
resonant when both the signal and idler beam resonate inside the OPO cavity
[81, 82].

5.3 Stabilization methods

Frequency stabilization of a mode-locked laser is performed by stabilizing the
two parameters of the comb, frep and f0. Any noise on these two parameters
directly causes instability of the comb modes. The noise can either be at low
frequency that results in a slow drift of the comb mode frequencies, or of high
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FIGURE 5.2: Setup for stabilizing an OFC to an RF source. f-2f: f-2f interfer-
ometer, fDDS: DDS frequency, fclk: clock frequency, PD: photodetector, DBM:
double balanced mixer, DDS: direct digital synthesizer, BPF: band pass filter,
LPF: low pass filter, PI: proportional-integral, PZT: piezo-electric transducer,

EOM: electro-optic modulator.

frequency which affects the widths of the comb modes. Mode-locked lasers
have in general at least one actuator for each of the parameters, frep and f0.
The Er:fiber laser used in this work has two actuators for stabilizing frep; an
intracavity piezo-electric transducer (PZT) and EOM, and one for controlling
f0; the oscillator pump current [for more details on the Er:fiber laser refer to
section 7.1]. This section discusses two different techniques to stabilize a fiber-
based mode-locked laser.

5.3.1 RF locking
RF locking is based on stabilizing both frep and f0 to a stable frequency ref-
erence (in this work a Rb oscillator with a relative stability of 10-11 at 1 s). A
simplified schematic of the typical setup to perform RF locking of the comb
is shown in Fig. 5.2. The comb parameters, f0 and frep are measured using
an f-2f interferometer and a high bandwidth detector combined with a band
pass filter, respectively. These two signals are mixed with reference signals
produced by two separate direct digital synthesizers (DDSs), both referenced
to the Rb oscillator, whereafter the signals are low pass filtered to produce
error signals. The error signals in turn are sent to proportional-integral (PI)
controllers whose outputs produce correction signals for the pump current of
the comb to stabilize f0 and the intracavity PZT and EOM to stabilize frep to
the two DDS frequencies (fDDS).

5.3.2 Locking to a stable cw laser
When the comb is locked to a stable cw laser the locking is made in optical do-
main. Figure 5.3 shows a schematic setup for locking frep to a cw laser, while
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FIGURE 5.3: Setup for stabilizing the repetition rate of an OFC to a cw laser.
FC: fiber collimator, PD: photodetector, BPF: band pass filter, DBM: dou-
ble balanced mixer, DDS: direct digital synthesizer, LPF: low pass filter, PI:
proportional-integral, PZT: piezo-electric transducer, EOM: electro-optic mod-

ulator, fbeat: beat-note frequency, fDDS: DDS frequency, fclk: clock frequency.

f0 is assumed stabilized using RF locking (not shown in the figure), which is
described above. The comb and cw laser beams are initially combined in a
fiber combiner to propagate on a parallel path. The light is coupled out into
free space after which the comb light is dispersed using a grating and imaged
onto a detector to measure the beat-note between the cw laser and the clos-
est comb mode. The signal is mixed with a stable frequency generated by a
DDS referenced to a Rb oscillator to produce an error signal, which is sent to
a PI controller. The correction signal is sent to the frep controller (cavity PZT
and EOM) to adjust frep to keep the beat-note frequency (fbeat) equal to the
frequency set by the DDS (fDDS).

5.4 Comb-cavity matching

The similar structure of the comb and an optical cavity in frequency domain
enables efficient coupling of the comb power into the cavity, which in turn al-
lows for absorption measurements with high absorption sensitivity. Efficient
coupling of the comb into the cavity is achieved by matching the repetition
rate, frep, to the spacing of the cavity modes, i.e. the cavity free spectral range
(FSR), and adjusting f0 so that the comb lines are on resonance with the cavity
modes. The cavity can in certain configurations also work as a frequency dis-
criminator to filter the comb to a higher repetition rate in transmission. This
section is dedicated to explaining comb and cavity coupling.

5.4.1 Comb-cavity matching conditions
Assuming a dispersion-free cavity, the comb modes are transmitted on reso-
nance with a cavity mode under the condition that an integer multiple of the
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FIGURE 5.4: Comb-cavity matching, with (a) FSR= frep, (b) FSR=3 frep, and
(c) FSR=3 frep/4. The cavity modes are illustrated by black curves and comb
modes by gray curves. In (b) and (c) the comb is filtered by the cavity. The

transmitted comb modes are marked with dark gray arrows.

FSR is equal to an integer multiple of the repetition rate, i.e.

qFSR = n frep (5.3)

and that the offset frequency, f0 is adjusted in order to shift the entire comb
to the resonances of the cavity. The trivial case is when q=n=1, which implies
the cavity length is equal to the cavity length of the comb oscillator. This case
is illustrated in Fig. 5.4(a), where f0 is assumed adjusted so that the comb
lines are on resonance with the cavity modes. The cavity and comb modes are
shown in black and light gray curves, respectively. For cases when n>1 and
n 6= q the separation between the cavity modes is different than that between
comb modes causing a filtering of the comb in transmission. In this case every
nth comb mode is transmitted to yield an effective repetition rate of f T

rep=n frep.
The comb modes that are not on resonance with a cavity mode are rejected and
reflected by the cavity causing a loss of optical power in transmission to 1/n
compared to the case when q=n shown in (a). Fig. 5.4(b) illustrates the filtering
for the n/q ratio of 3. The transmitted comb modes are illustrated by the dark
gray arrows. The comb can also be filtered to yield the same f T

rep by using the
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FIGURE 5.5: Comb-cavity coupling (for the case k=n=1) where cavity disper-
sion is included [highly exaggerated]. Since the cavity FSR is frequency de-
pendent, the cavity modes (black curve) are not evenly spaced preventing all
comb modes (gray curve) to be transmitted on resonance. As a consequence,
the transmitted bandwidth is limited (blue curve). The comb grid defined by

frep is shown with vertical black dotted lines.

same value of n but choosing another integer value of q. This is illustrated for
a n/q ratio of 3/4 in Fig. 5.4(c). This introduces empty cavity modes between
the comb modes, while the effective repetition rate and power in transmission
remains the same as in case (b).

5.4.2 Mirror dispersion - comb cavity offset
The cases above assumed dispersion-free cavity. However, in practice the di-
electric mirrors commonly used for enhancement cavities always have some
degree of dispersion and frequency dependent index of refraction resulting in
unequal spacing between the cavity modes [refer to section 3.2]. Fig. 5.5 illus-
trates the case when q=n=1 and f0 is assumed adjusted to match the comb lines
to the cavity resonances, when cavity dispersion is included [highly exagger-
ated in the figure]. Since the comb modes (gray curve) are equally spaced
some comb modes are on perfect resonance with their corresponding cavity
mode (black curve) while other comb lines are transmitted slightly on the
wing of the mode, which results in a reduced transmitted power (blue curve)
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for these comb lines. Therefore in cases when the comb is stabilized to the
cavity the spectral bandwidth that is transmitted through the cavity is limited
by the cavity dispersion [83]. This effect is taken into account by modeling the
combined round-trip phase shift and mirror dispersion [i.e (ϕrt+φm) in Eqs.
3.5 and 3.12] as

ϕcc(δν) = ϕrt + φm = 2qπ +
2πδν

FSR(ν)
, (5.4)

where δν is the frequency detuning of the comb line with respect to the reso-
nance frequency of the corresponding cavity mode, also known as the comb-
cavity offset, and FSR(ν) is the free spectral range at frequency ν. The fre-
quency detuning of the comb mode from its corresponding cavity mode causes
asymmetry and reduced absorption depth of the measured absorption lines,
which needs to be taken into account to accurately model the absorption line-
shape [15, 19, 31, 52].
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6. Fourier transform spectroscopy

Fourier transform infrared (FTIR) spectrometers are well-established detec-
tion systems for measurements of molecular spectra due to their ability to
measure spectra over large spectral bandwidth with an absolutely calibrated
frequency scale. Comb-based FTS offers many advantages over conventional
FTIR based on thermal light sources. The spatial coherence of the comb makes
coupling light into the FTS more efficient and the high spectra brightness
allows for measurement with high signal-to-noise ratios in short acquisition
times. Moreover, since the comb can be efficiently coupled into an enhance-
ment cavity, sensitive and broadband absorption measurements with abso-
lutely calibrated frequency scale can be obtained by analyzing the light that is
transmitted through the cavity with the FTS. Finally, the high resolution of the
comb modes can be fully exploited by using a method called the sub-nominal
resolution, where the intensity of each comb line is precisely measured by
matching the maximum scanning range of the FTS to the comb line separa-
tion. Using this method allows for high resolution measurements with signif-
icantly reduced instrument size compared to conventional FTIR. This method
is explained in detail in chapter 9.

The FTS used in this thesis is based on a Michelson interferometer, where-
fore the basic concepts of the technique are briefly summarized in the begin-
ning of in this chapter. The concepts of conventional FTIR and comb-based
FTS are discussed and finally cavity-enhanced comb-based FTS is described.

6.1 Conventional FTIR spectrometers

Figure 6.1 shows a simple schematic of an FTIR, based on a Michelson inter-
ferometer [1]. It is based on a light source, a beamsplitter (BS), two mirrors
(M1,2) and a detector. The incoming light is initially split into the two arms
in the interferometer by the BS, propagates in the two arms, and is reflected
on the respective mirror. Thereafter the reflected light is combined at the BS
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FIGURE 6.1: Schematic of an FTIR, based on Michelson interferometer. BS:
beamsplitter, M1,2: mirror.

where finally an interferogram is measured with a detector. The light prop-
agating in the two arms are indicated with double arrows of different colors
(blue and red). The interferogram is a representation of interference effects
after splitting and recombining the light from a single source. Depending on
the optical path difference (OPD) experienced by the two recombined beams
(from the two arms in the interferometer) they interfere either constructively
or destructively. The basic principle of the FTIR is to acquire an interferogram
of the light source as the OPD (∆) is scanned by moving at least one of the
mirrors (M2 in the figure). This can be done either using step-scan or by con-
tinuously scanning the mirror by a constant velocity v [9]. The latter is as-
sumed here. For FTIR spectroscopy based on broadband light composed of
many frequencies the source consist of a sum of all the component within the
spectrum. Assuming a 50/50 beamsplitter and that one mirror is moving with
velocity ±v, the electric field in the moving arm in the interferometer is given
by

E(t) = ∑
n

En

4
ei[2πνnt(1± 2v

c )] + c.c, (6.1)

where νn is the optical frequency and En is the field amplitude for the nth

component. The interferogram that is measured at the output of the FTS is
given by IFTS = cε0〈(E1 + E2)

2〉, yielding [1]

IFTS = ∑
n

In

2
cos

(
2πνn

2vt
c

)
= ∑

n

In

2
cos

(
2πνn

∆
c

)
, (6.2)

where the subscripts 1, 2 indicate the two arms in the interferometer, In is the
intensity of the nth component of the light source, and where ∆=2vt is the
OPD between the two arms in the interferometer. The expression shows that
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the FTIR down-converts the optical frequencies by the factor 2v/c to easier de-
tectable RF frequencies. This implies that a comb in the NIR with oscillations
of the order of hundreds of THz, is down-converted to hundreds of kHz for
a mirror velocity of the order of 1 m/s. It should be noted that there are two
possible outputs of the interferometer which are completely out-of-phase, one
is going to the detector and one that is going back towards the laser source
(indicated with arrows, combined red and blue, in the figure).

For FTIR spectroscopy based on incoherent broadband light sources the
sum becomes an integral of all the optical frequencies, resulting in a single
burst at zero OPD, ∆=0, followed by much weaker wings on each side of the
center burst. While the burst carries most information of the spectral dis-
tribution of the source, the wings contain information about the absorption.
When permitted by the instrument maximum scanning range it is convenient
to measure double-sided interferograms with the burst in the center with the
OPD scanned in a symmetric range on both sides of the burst [9].

The Fourier transform of the measured interferogram yields the spectrum,
i.e. the frequency representation, of the light source. The Fourier transform is
commonly performed with fast Fourier transform (FFT). Thus the spectrum,
SFTS is given by

SFTS = A abs[FFT(IFTS)], (6.3)

where A is an instrumentation factor that contains the detector gain, respon-
sivity etc. The frequency scale is usually calibrated using a stabilized cw laser,
where the interferogram of the source is sampled at OPD steps equal to λref/q,
where λref is the wavelength of the cw laser and q is an integer number. A
double-sided interferogram with scanning range ∆max, which is sampled at
OPD steps equal to λref/q, contains N0 points on each side of the burst, with

N0 = round
(

q
∆max

2λref

)
. (6.4)

The spectrum after FFT contains N0 points at frequencies ranging from 0 to
qc/2λref separated by the nominal resolution, defined by

δνn =
c

∆max
=

qc
2λrefN0

(6.5)

and the FTS frequencies are defined by a linear scale given by integer multi-
ples, n, of the nominal resolution, i.e.

νFTS = n
c

∆max
= n

qc
2λrefN0

. (6.6)

Thus the magnitude of the FFT of the interferogram [Eq. 6.3] yields a spectrum
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FIGURE 6.2: Simulated sinc-function (normalized to one) as a function of fre-
quency detuning. The zero-crossings are separated by the nominal resolution

(c/∆max).

of the entire bandwidth of the light source at once with a calibrated frequency
scale. The spectral resolution is given by the nominal resolution, which is
inversely proportional to OPD scanning range. Thus longer scanning range
results in proportionally higher spectral resolution.

Due to the finite scanning range of the spectrometer the interferogram is
always truncated. For this reason the spectrum is convolved with the trunca-
tion induced instrumental lineshape (ILS) function. For a boxcar acquisition
in OPD domain the truncation-induced ILS is a normalized sinc-function de-
fined as

gILS(ν, ν0) =
∆max

c
sin [π(ν− ν0)∆max/c]

π(ν− ν0)∆max/c
, (6.7)

where ν is the optical frequency and ν0 is the center frequency of the sinc-
function. A simulation of a sinc-function is shown in Fig. 9.1, which shows
that the sinc-function has zero-crossings positioned at multiples of c/∆max.
The convolution of this ILS function with the spectrum of a narrow feature
causes spectral broadening of the measured absorption lines, ringing on the
sides of the lines and reduction of their intensity.

6.2 Fourier transform spectroscopy with an optical
frequency comb

Replacing the thermal source in the FTIR by an OFC introduces several advan-
tages, e.g. increased spectral brightness and spatial coherence, which allows
for measurements with high SNRs in significantly reduced acquisition times.
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The first demonstration of comb-based FTS was by Mandon et. al., where they
measured the entire 3ν1 + ν3 band of C2H2 in a 80-cm-long single-pass cell
using a commercial rapid-scan FTS based on a Cr4+:YAG mode-locked laser
[12]. Later on comb-based FTS was implemented in the MIR demonstrating
rapid trace-gas detection using a home-built fast-scanning FTS [18]. The FTS
used in this thesis work is based on the design in [18]. The FTS resembles that
shown in Fig. 6.1, but with two retro-reflectors mounted back to back so that
the OPD scanning range is increased by a factor of two compared to the case
shown in the figure, i.e. the electric field is in this case given by

E±(t) = ∑
n

En

4
ei[2πνn(t± ∆

2c )] + c.c, (6.8)

where ± indicate the fields in the two arms of the interferometer and ∆=4vt.
By using a 2 inch beamsplitter both outputs of the FTS can be detected, which
is used in autobalancing detection (described in section 6.3 below), and a ref-
erence cw laser is allowed to propagate on a parallel path to the comb beam
and easily be decoupled at the output.

The interferogram of a comb is different compared to the interferogram
produced by conventional FTIRs based on a thermal source. Due to the pulsed
nature of the comb, the interferogram of an OFC consists of a series of short
burst appearing at integer multiples of c/ frep, as is shown in Fig. 6.3(a). The
center burst, located at ∆=0, represent one comb pulse interfering with itself,
while the adjacent burst represents one pulse interfering with pulses delayed
by integer multiples of τrep=1/ frep. A single burst interferogram is shown in
(b) with vertical and horizontal zoom in the insets. The center bursts carry
most of the information about the comb spectral envelope while the absorp-
tion information is mostly contained in the weaker wings.

Acquiring a double-sided single-burst interferogram with a optical path of
∆max yields a spectrum with points separated by the inverse of the OPD scan-
ning range [Eq. 6.5]. The comb structure start to be apparent when at least
two of these burst are acquired, since the number of spectral elements in the
spectrum after FFT is increased by the same factor as the increased OPD scan
range, and not all elements contain light [84, 85]. In this case, the number of
spectral elements in the spectrum after FFT is at least twice higher than the
number of comb modes. However, without careful sampling of the interfero-
gram a fit to the spectral pattern is needed to precisely find the power of each
comb mode [85], otherwise the spectrum is distorted. Moreover, since the
spectral information is just repeated in the adjacent burst and there is no more
spectral information in the additional points there is no need to measure mul-
tiple burst interferograms. It is sufficient to measure a single-burst interfero-
gram with ∆max adjusted to fit the required resolution set by the measurement
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FIGURE 6.3: (a) OFC interferogram in the OPD domain consisting of multiple
burst separated by c/ frep. (b) A single-burst interferogram. Insets: vertical and

horizontal zooms of the interferogram.

conditions. This is experimentally verified in paper II, described in chapter 9,
where the spectrum of a CO2 absorption line obtained from a nine-burst and
a single-burst interferogram are in full agreement. It should be noted also that
longer OPD scan than what is necessary to obtain the absorption feature is not
beneficial since longer scanning range couples in more noise [86].

6.3 Cavity-enhanced FTS

The similar spectral structure of the comb and cavity enables efficient cou-
pling of the comb power through the cavity. This allows for cavity-enhanced
absorption measurement of the entire transmitted comb with absolutely cal-
ibrated frequency scale. There are demonstration of CE-OFCS with comb-
based FTS using a dithering scheme with a continuous-scanning FTS [14].
However, dither locking is not compatible with fast-scanning FTS, in which
the interferogram frequency is of the order of a few hundred kHz. The re-
quirement of intensity averaging over few modulation periods would imply
physically impossible dither frequencies in the MHz range. Therefore, using a
cavity with FTS requires a tight lock of the comb lines to the resonances of the
cavity that provides a constant power in cavity transmission. This has been
demonstrated by Foltynowicz et. al. [87] allowing for shot-noise limited de-
tection [15] by using an autobalancing detector. The work presented in papers
I, II, III, and V are based on the tight locking scheme.

To stabilize a comb to a cavity requires both degrees of freedom of the
comb to be matched and stabilized to the cavity [refer to section 5.4]. Stabi-
lization of the comb to an enhancement cavity using a tight locking scheme
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FIGURE 6.4: Schematic setup for stabilizing the OFC to an enhancement cav-
ity using the two-point PDH locking technique. EOM: electro-optic modula-
tor, PBS: polarizing beam splitter, Ph: phase shifter, PD: photodetector, fPDH:
Pound-Drever-Hall modulation frequency, FTS: Fourier transform spectrome-

ter.

can be accomplished using the two-point PDH locking technique. This con-
cept is described in detail in references [19] and [88]. A simplified schematic
describing the setup is shown in Fig. 6.4, while a more detailed description
can be found in section 7.4. The basic principle is to apply the PDH locking
technique [59] [described in section 4.3.2] in two different wavelength ranges
(referred to as locking-points) to create PDH error signals, which are used to
lock two groups of comb lines to their corresponding cavity modes. For this
the comb is modulated at the PDH modulation frequency, fPDH, and the light
is sent to the cavity. The reflected light is dispersed on a grating and imaged
on two separate detectors, and demodulated to obtain the PDH error signals.
The correction signals are sent to the actuators of the comb to act on frep and f0
in order to keep the error signals around zero. The stabilization of the comb to
the cavity provides a stable transmission through the cavity. The transmitted
light is sent to the FTS that acquires an interferogram, which after FFT [Eq.
6.3] yields the cavity-enhanced absorption spectrum.

There are two problems related to locking of a comb to the cavity using
this technique. The first is that due to dispersion of the cavity mirrors, the
spectral bandwidth in cavity transmission is restricted to that allowed by the
cavity [see section 10.1]. Thus in order to have large spectral bandwidth in
transmission the comb-cavity offset should be kept as small as possible, ob-
tained by designing cavity mirrors with minimum dispersion at the targeted
spectral range. The other problem is that since the cavity is stabilized to the
resonances of the cavity any frequency jitter between the cavity modes and
the comb lines result in an amplitude noise in transmission, called FM-AM
noise conversion. One way to reduce this effect is to use an autobalancing de-
tector based on the Hobbs design [16]. The detector has two photodiodes that
measure the two outputs of the FTS and subtracts them electronically. The DC
level of the two signals are held equal by a slow feedback loop. Since the two
signals are completely out-of-phase while the amplitude noise from the cavity
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is common for the two outputs, the noise effectively cancels while the signal
is doubled. Operated properly the SNR can be improved by orders of magni-
tude by using the autobalancing detector [15]. Papers II, V, IV, VII, and VIII
are based on the FTS with autobalancing detection. The other way to reduce
the FM-AM noise is to use NICE-OFCS [17], described in chapter 8. Papers I
and III are based on the NICE-OFCS technique.
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7. Experimental details

This chapter is devoted to give a detailed description of the experimental se-
tups and measurement procedures used in this thesis. The work was pre-
dominantly performed in the near-infrared (NIR) wavelength range using a
system based on an Er:fiber femtosecond laser (papers I, II, III, IV, V, VII, and
VIII). The other laser source was a doubly resonant optical parametric oscil-
lator (DROPO) emitting in the mid-infrared (MIR) wavelength range, used in
paper VI. Both laser sources are described in section 7.1. Both the NIR and
MIR system are based on a fast-scanning FTS, described in section 7.2.

Papers I, III are based on the NICE-OFCS technique, papers II, and V,
are based on CEAS, and in papers IV and VII the transmission modes of an
enhancement cavity are measured (CE-CRIS). All these techniques are uses
enhancement cavities with the same cavity design [section 7.3]. Of these, pa-
pers I, II, III, and V, used the two-point PDH locking technique to stabilize
the comb to the cavity [section 7.4]. Paper VIII used multipass cells and paper
VI a single pass cell. However all projects in this thesis used the same vacuum
system [section 7.3].

7.1 Comb sources

Two comb sources have been used in this thesis. The workhorse has been a
mode-locked Er:fiber femtosecond laser, used in all projects performed in the
NIR wavelength range. One project (paper VI, chapter 12) was performed in
the MIR wavelength range using an OPO. Both these sources are explained in
this chapter.

7.1.1 Er:fiber femtosecond laser
The comb source used in the NIR projects is an Er:fiber femtosecond laser
(Menlo systems) emitting in the 1.5-1.6 μm wavelength range with a repeti-
tion rate of 250 MHz. The comb has two PM-fiber outputs, an oscillator with
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a fixed spectral envelope and an optical power of ∼20 mW and an amplified
output whose spectral envelope can be modified and with a maximum opti-
cal power of ∼400 mW. There is a built-in EOM between the oscillator and
amplifier that is used for the PDH locking [refer to section 7.4]. The comb is
equipped with a built-in f-2f interferometer to measure f0. The comb has three
actuators to control the comb frequencies. One is the injection current of the
pump diode of the oscillator, which controls both f0 and frep with a bandwidth
of 150 kHz. The other two actuators control mainly frep. The first is an intra-
cavity PZT, controlling frep with a low bandwidth (6 kHz) but a large range
(5 kHz), and the other is an EOM inside the laser resonator, which modulates
the intracavity refractive index and thus controls frep with a high bandwidth
(500 kHz) but a small range (0.1 Hz). When required the comb frep and f0 can
be continuously monitored during the acquisition with a frequency counter at
a rate of 1 Hz.

In papers IV and VII the frequencies of the comb are stabilized by locking
f0 to an RF source, while frep is locked to a stabilized cw-laser. Both these
stabilization methods are described in section 5.3 and more details that are
specific to the setups used in the two papers are described in chapter 11. In
papers I, II, III, V, and VIII the comb is locked to a cavity using the two-point
PDH locking, described in section 7.4 below.

7.1.2 Doubly resonant optical parametric oscillator (DROPO)
The comb source in the MIR is a femtosecond DROPO based on an OP-GaAs
crystal (BAE Systems) operating in the 3-5.4 μm range [82]. The DROPO is
synchronously pumped with a mode-locked Tm:fiber laser that emits in the
1.94-1.97 μm range with a repetition rate of 125 MHz (IMRA America). The
DROPO has a similar design to that in [81], with a 2.4-m-long ring-cavity. One
of the cavity mirrors is attached to a PZT mounted on a motorized transla-
tion stage, which allows tuning of the wavelength by changing the length of
the cavity. Continuous operation at a particular signal/idler wavelength is
achieved by locking the repetition rate of the pump laser to the FSR of the
DROPO cavity using the dither-lock method. In paper VI, the measurements
were performed at ∼5.3 μm to cover the fundamental band of NO, wherefore
a long-pass filter was placed after the DROPO to filter out the pump and sig-
nal light, transmitting only the idler with an optical power of ∼5 mW. The
laser was free-running in this experiment.
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FIGURE 7.1: Schematic of the comb-based FTS setup. OFC: optical frequency
comb, BS: beamsplitter, M: mirror, PD: photodetector, AB-D: autobalancing de-

tector, FFT: fast Fourier transform, v: velocity.

7.2 Fast-scanning FTS

All projects in this thesis are based on a fast-scanning FTS. Two FTSs are used,
one customized to operate in the NIR wavelength range and one in the MIR.
The design of these two is exactly the same, it is only a few components that
are wavelength dependent and therefore are different for the two FTSs. This
section is divided into two parts; the FTS design and measurement procedure.
For simplicity, the NIR FTS will be explained in detail, and the experimental
modification for the MIR FTS will be stated in the end of section 7.2.1.

7.2.1 Design
Figure 7.1 shows a schematic of the fast-scanning FTS. The FTS is based on
a Michelson interferometer with two moving mirrors. The mirrors are con-
structed of two gold-coated retro-reflectors (Edmund Optics), mounted back-
to-back on a linear stage (Parker, LX80L). This configuration enhances the
OPD by a factor of two compared to one moving mirror for the same phys-
ical movement. The comb light (red beam) is initially split using a 2-inch di-
ameter beamsplitter (BS, Thorlabs) into the two arms in the interferometer.
The light is then reflected on the retro-reflectors whereafter it propagates on
a parallel path to the incoming light but shifted horizontally and vertically in
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space. The propagation directions in the two arms are indicated with differ-
ent colored arrows in Fig. 7.1. Using this configuration of retro-reflectors and
a large diameter BS allows both outputs from the FTS to be decoupled and
detected separately, which is needed for the autobalanced detection. Another
advantage is that also the reference cw laser (green dotted beam) that is used
for OPD calibration is allowed to co-propagate parallel to the comb beam in-
side the FTS and can easily be decoupled at the output. The reference laser is
a stabilized HeNe laser [specified wavelength λref=632.9911 nm in vacuum].
The FTS is enclosed in a box to minimize the external disturbances.

The maximum scanning range of the FTS is 75 cm resulting in a the min-
imum nominal resolution of 100 MHz, but the used scanning range is project
specific and stated in respective project chapter. The scanning speed and ac-
celeration of the retro-reflectors, v, are determined by the bandwidth of the
detector and the stability of the system (mechanical disturbance from the FTS
can cause disturbance in the stabilization of the comb), but the most com-
monly used OPD scanning speed is 0.8 m/s.

The comb and cw-laser interferograms are measured by two separate de-
tectors. In papers II, IV, V, VII, and VIII the comb interferogram is measured
using a home-built autobalancing InGaAs detector (AB-D) of Hobbs design
[15], while in papers I and III only one of the FTS outputs is measured with
a single detector (Electro-optics Technology, 3000A). The cw interferogram is
measured with a single Si detector (Thorlabs, PDA36A-EC). Both interfero-
grams are acquired simultaneously using a high-speed 2-channel data acqui-
sition card (National Instruments, PCI-5922) at a rate of 5 Msample/s and
20-bit resolution [for an OPD scanning speed of 0.8 m/s]. The comb inter-
ferogram is linearly interpolated at the zero-crossings and extrema positions
of the HeNe reference interferogram during post-processing. The FFT of the
resampled interferogram yields the spectrum.

The FTS in the MIR system has the same design, with just a few experi-
mental modification. The beamsplitter is a quadrant (Tydex), designed for the
wavelength range of the DROPO (3-5.4 μm) and the reference cw-laser, which
in this case is a fiber-coupled cw diode laser [λref=1563.87(1) nm]. The de-
tectors for the comb and cw laser interferograms, are two HgCdTe detectors
(VIGO Systems, PVI-4TE-6) in balanced configuration and an InGaAs detector
(Thorlabs, PDA20C), respectively [82]. The maximum scanning range of the
FTS is 35 cm yielding a minimum nominal resolution of 214 MHz.

7.2.2 Procedure
The general procedure for measuring and analyzing spectra is shown in Fig.
7.2. A common procedure is to measure two spectra, one without an absorb-
ing sample to get the background spectrum (the comb envelope), shown in (a),
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FIGURE 7.2: Procedure for measuring and analysing FTS data. (a) Background
spectrum to retrieve the comb envelope. (b) Spectrum with absorbing sample.
(c) Transmission spectrum. (d) Transmission spectrum in black together with a

fit in gray (inverted for clarity).

and one with an absorbing sample, shown in (b). The ratio of these two spectra
results in the transmission spectrum, as shown in (c), where the small struc-
ture on the baseline is remaining from system drifts occurring on a time-scale
faster than the time between the two measurements in (a) and (b). Finally, a
model is fitted to the transmission spectrum. Panel (d) shows the transmis-
sion spectrum in (black) together with the model (gray), which is fitted to the
spectrum to retrieve quantitative information about the sample gas concen-
tration (multiline fitting). The small remaining structure in the transmission
spectrum in (c) is removed in the fitting process to yield the transmission spec-
trum in (d). It should be noted that this is one possible procedure, and there
are cases when data is analyzed in other ways.

7.3 Optical cavities and vacuum system

In the projects based on enhancement cavity, the cavity is a linear Fabry-Perot
cavity containing two concave dielectric mirrors (Layertec, 5 m radius of cur-
vature) glued to the two ends of a stainless steel tube. The backside of the
mirrors are anti-reflection coated and the substrates are wedged (3◦) to avoid
etalon fringes. A ring PZT is glued between the mirror and the tube on one
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TABLE 7.1: Summary of cavity parameters for the two cavities used in this
work.

Papers I, II, IV, VII, VIII Papers I, III,V
Cavity 1 Cavity 2 Units

Length 45 80 cm
Free spectral range (FSR) 333.3 187.5 MHz
FSR/ frep 4/3 3/4 -
Effective repetition rate, f T

rep 1 0.75 GHz
Finesse ∼2300 ∼11000 -

FIGURE 7.3: Comb-cavity matching for (a) cavity 1 and (b) cavity 2. The cavity
modes and comb lines are shown by black and light gray curves, respectively.

The transmitted comb lines are illustrated by dark gray arrows.

side of the tube to enable tuning and control of the cavity length. The cavity fi-
nesse is measured at discrete wavelengths using cavity ring-down [89]. After
that a third-order polynomial is fitted to the data to determine the finesse over
the entire comb bandwidth. Two different cavities are used that have different
length and finesse. Table 7.1 shows a summary of the cavity parameters for
these two cavities and specifies which cavity that was used in the papers. It
should be noted that the finesse of cavity 2 was ∼9000 when it was used in
paper I while it increased (due to realignment of the cavity) to ∼11000 when
it was used in papers III and V. Illustrations of the comb-cavity matching for
the two cavities are shown in Fig. 7.3 with cavity and comb modes illustrated
by black and light gray curves, respectively, and transmitted comb modes are
shown by dark gray arrows. It should be noted that cavity 1 was used in
paper VIII, however only for filtering the comb to higher repetition rate in
transmission and was therefore evacuated [see section 10].
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FIGURE 7.4: Setup for stabilizing the OFC to an enhancement cavity using
the two-point PDH locking technique. EOM: electro-optic modulator, FC: fiber
collimator, HWP: half-wave plate, PBS: polarizing beam splitter, QWP: quarter-
wave plate, Ph: phase shifter, PD: photodetector, BPF: band pass filter, LPF:
low pass filter, DBM: double balanced mixer, PI: proportional-integral, PZT:

piezo-electric transducer, fPDH: Pound-Drever-Hall modulation frequency.

The cavity is connected to a gas flow system containing a pressure con-
troller (Bronkhorst, P-702CV) and two mass flow controllers (Bronkhorst, F-
201CV) that allow for a continuous flow of the sample gas [1000(2) ppm 1.00(1)%
CO2], and buffer gas [pure N2]. Two pressure controllers were used, one in the
range 40-750 Torr and one in the range of 20-250 Torr, with an accuracy of 0.5%
of full scale, i.e. ∼3.75 Torr and ∼1.25 Torr, respectively.

In paper VIII two different multipass cells were used, one with a length of
7600(80) cm (Aerodyne Research, AMAC-76) and one with a length of∼715(7)
cm (Quanta3). For these measurements an additional pressure sensor (Ley-
bold, Ceravac CTR 101 N) was used for a more accurate reading of the gas
pressure. It operates in a range of 0-1000 Torr with an uncertainty of 0.18% of
reading.

7.4 Two-point PDH locking

For efficient coupling of the comb through the cavity the comb modes need
to be matched to the cavity modes and stabilized to provide a stable output
power. This is achieved using the two-point PDH locking technique, illus-
trated in Fig. 7.4. The Er:fiber comb is modulated at the modulation frequency
fPDH=20 MHz using an EOM in order to create sidebands to each comb mode.
When the oscillator output is used the modulation is done with an external
fiber-coupled EOM (Thorlabs, LN65S-FC). Since this EOM cannot accept the
high powers of the laser amplifier, the modulation is instead performed us-
ing the built-in EOM when the amplifier are used for the measurements. In
this way the maximum amplifier power can be used. The light is coupled into



60 Chapter 7. Experimental details

free-space and the polarization is set by a HWP. The light is sent to the cavity
via a PBS. A QWP is used to change the polarization of the light to circular
before entering the cavity. The light that is reflected back from the cavity goes
back with circular polarization with opposite direction, wherefore the light
is converted to linearly polarized light but with perpendicular polarization
with respect to the incoming light after passing the QWP a second time. The
light is reflected by the PBS and sent to the PDH detection system. The comb
light is dispersed using a grating to separate the different wavelengths of the
comb spatially and light at two different wavelengths is focused onto two de-
tectors (Electro-Optics Technology, 3000A), after which the electronic signals
are demodulated to yield PDH error signals at the two different wavelength
ranges. One of the signals is sent to a home-built PI controller for correcting
the pump current to act on f0. The other signal is split and sent to two sepa-
rate PI controllers, one home-built and one commercial (New Focus, LB1005),
whose outputs are correction signals to the intravcavity PZT and EOM, re-
spectively, to act on frep. The stabilization of the comb provides a stable trans-
mission through the cavity. This procedure was used in papers I, II, III, V,
and VIII. In papers II, V, and VIII, there is also an additional stabilization of
the cavity length. This is explained in detail in the respective chapters, 9 and
10.
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8. Noise-immune cavity-enhanced
optical frequency comb
spectroscopy

Using an enhancement cavity with comb-based FTS requires a tight lock of
the comb to the cavity to provide a constant power is cavity transmission. The
FM-AM noise conversion caused by the frequency jitter of the comb with re-
spect to the cavity can either be reduced by using an autobalancing detector
[15] or using frequency-modulation, as is done in NICE-OFCS [17]. NICE-
OFCS was demonstrated for the first time in 2014 by Khodabakhsh et. al. [17].
The technique is based on the same principles as NICE-OHMS [5], described
in 4.3.2, where the laser is locked to an enhancement cavity and modulated
with a modulation frequency, νm, equal to a multiple of the cavity FSR to create
sidebands, which are coupled through the cavity in individual cavity modes.
Phase-sensitive detection in cavity transmission yields the NICE-OHMS sig-
nal which is immune to FM-AM noise conversion as the comb modes and
sidebands are affected by the cavity in the same way. In NICE-OFCS this is
performed over the entire comb at once allowing for sensitive and broadband
cavity-enhanced absorption measurements.

This chapter summarizes two papers on NICE-OFCS. Both papers focus
on further development of the NICE-OFCS technique to improve the perfor-
mance of the technique. The main aims in paper I were to improve the stabil-
ity and sensitivity of the system as well as to implement a simplified model of
the NICE-OFCS signals for retrieving the gas concentration through multiline
fitting. In the succeeding work, paper III, the signal lineshapes were studied
in detail to test the accuracy of the model introduced in paper I and to find
conditions to operate the NICE-OFCS system that allow for accurate quantifi-
cation of the gas concentration using the computationally efficient simplified
model.
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8.1 Comb-cavity matching and phase modulation

Contrary to NICE-OHMS, where only a single laser triplet (carrier with side-
bands) is coupled to the cavity, in NICE-OFCS each comb line is accompanied
by two sidebands. Thus each comb mode require three cavity modes to trans-
mit each component of the triplet through individual cavity modes. This puts
requirements on the cavity length (FSR) as there must be empty cavity modes
between transmitted comb modes to transmit the sidebands. Different comb-
cavity matching configurations, i.e. different FSR/ frep ratios, were examined
in paper I. It was found that one should avoid FSR/ frep ratios for which the
sidebands of different comb lines are separated from each other by νm since
the beating between them decreases the stability of the system. To avoid this
unwanted interference, empty cavity mode(s) should separate the sidebands
belonging to different comb lines. One empty cavity mode separates the side-
bands when FSR/ frep=(2g-1)/4, where g is a positive integer. This results
in the effective repetition rate in transmission of f T

rep=(2g-1) frep. The ratio of
3/4 (i.e. g = 2) is convenient as it results in a relatively compact cavity (com-
pared to g=1), even though it results in the loss of 2/3 of the incident power.
This configuration is shown in Fig. 8.1. Every third comb line is transmitted
through every fourth cavity mode, and the effective repetition rate in cavity
transmission, f T

rep is equal to 3 frep. The modulation frequency can be equal to
either the FSR or (4m±1)FSR, where m is a positive integer. The figure shows
the comb-cavity matching for the two lowest possible modulation frequencies,
equal to the νm,1=FSR in (a), and to νm,2=3FSR in (b). The colored arrows are
the transmitted components, each triplet in a different color, and gray lines are
components that are reflected by the cavity.

8.2 The NICE-OFCS signal

Assuming a moderate modulation index, (β�1), phase modulation of the
comb results in a pair of sidebands to each comb mode, separated from the
comb modes by νm. The electric field at the cavity output is given by [17, 52]

ET = ∑
n

∑
j=0,±1

En

2
Jj(β)T̃A

n,je
i[2π(νn+jνm)t] + c.c, (8.1)

where En and νn are the field amplitude and the frequency of the nth comb
line, νm is the modulation frequency, Jj is the Bessel function of order j, and
T̃A

n,j is the complex transmission function of the cavity containing the analyte
for the nth comb line (j=0) or its sidebands (j = ±1) given by Eq. 3.12.
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FIGURE 8.1: Comb-cavity matching for an FSR/ frep ratio of 3/4 with the two
lowest modulation frequencies, νm,1=FSR in (a) and νm,2=3FSR in (b). The col-
ored arrows are transmitted components, each triplet in a different color, and

gray lines are components that are reflected by the cavity.

The electric field that is transmitted through the cavity enters the FTS,
where it is split by a beamsplitter into two fields that travel in the two interfer-
ometer arms. Here we consider an interferometer with both arms scanned si-
multaneously in opposite directions at a velocity v. The two fields recombined
at the output of the FTS are Doppler-shifted in opposite directions because of
the reflection from the moving mirrors, and are given by [17, 52]

E± = ∑
n

∑
j=0,±1

En

4
Jj(β)T̃A

n,je
i[2π(νn+jνm)(t± ∆

2c )] + c.c, (8.2)

where ∆=4vt is the optical path difference between the two arms in the inter-
ferometer. Figure 8.2 shows the frequency domain representation of E± and
the beatings of νm that contribute to the NICE-OFCS signal. The NICE-OFCS
interferogram originates from the beating of the comb lines from one interfer-
ometer arm with the sidebands of the comb lines from the other arm (and vice
versa), indicated by the blue dashed arrows [52, 88]. The beating of the comb
lines traveling in one interferometer arm with their own sidebands, indicated
by the red dotted arrows, yields a DC offset after demodulation. It should be
noted that this offset is zero in the absence of absorber and is noise-immune
[17, 52]. Thus the offset does not couple in any noise from the FM-AM noise
conversion. The NICE-OFCS interferogram is obtained by phase-sensitive de-
tection at νm of the intensity at the output of the FTS, and contains one in-
phase and one out-of-phase component. However, the out-of-phase compo-
nent is the preferred mode of detection because it yields a signal that is large
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FIGURE 8.2: Frequency domain representation of the two Doppler-shifted elec-
tric fields, E±, at the FTS output and the beatings that contribute to the NICE-
OFCS interferogram (blue, dashed) and the DC offset (red, dotted). The vertical
dotted black lines correspond to the optical frequencies that are not Doppler-

shifted. Note that the Doppler shift is highly exaggerated.

for any modulation frequency. In addition it is not zero in the absence of ab-
sorption and therefore contains a background that enables normalization and
removes the need for calibration. The out-of-phase NICE-OFCS interferogram
is given by [17, 52]

INICE-OFCS = J0 (β) J1 (β)∑
n

In

×
[

cos
(

2πνm
∆
2c

)
cos

(
2πνn

∆
c

)
Re(T̃n,0T̃∗n,−1 − T̃∗n,0T̃n,1)

+ sin
(

2πνm
∆
2c

)
sin
(

2πνn
∆
c

)
Re(T̃n,0T̃∗n,−1 + T̃∗n,0T̃n,1)

]
,

(8.3)

where In=cε0E2
n/2 is the comb mode intensity. In the weak absorption approx-

imation, where |δn,0 − δn,±1| is� 1 the equation reduces to [17]

INICE-OFCS = J0 (β) J1 (β)∑
n

In

×
[

cos
(

2πνm
∆
2c

)
cos

(
2πνn

∆
c

)
2F
π

[
δn,−1 − δn,1

]
+ sin

(
2πνm

∆
2c

)
sin
(

2πνn
∆
c

) [
2− 2F

π
(δn,−1 + 2δn,0 + δn,1)

]]
,

(8.4)
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where F is the cavity finesse and the comb-cavity offset is assumed equal to
zero. Thus the NICE-OFCS signal has a different functional form compared to
ordinary FMS [3] and NICE-OFCS [5] (compare to NICE-OHMS signal, Eq. 4.8
in section 4.3.2). The reason is that the NICE-OFCS signal originates from the
beating of the comb lines from one FTS arm with the sidebands of the comb
lines from the other arm, which are Doppler shifted with respect to each other
because of the reflection from the moving mirror. Because of this Doppler
shift, which causes different sideband spacing in the two electric fields recom-
bined at the FTS output, the out-of-phase NICE-OFCS interferogram consist
of a sum of two terms multiplied by slowly varying envelope functions. It
should be noted that the term multiplied with the sine envelope [last line of
Eqs. 8.3 and 8.4] has an absorption like shape, contrary to ordinary NICE-
OHMS, since the terms from the carrier and sidebands add up with the same
sign. This violates the condition for noise-immunity to FM-AM noise con-
version. However, after summation over all comb lines, the interferogram
originating from this term is just a short burst over the entire scan of the FTS,
resulting in a negligible noise contribution to the signal.

Figure 8.3 shows the two terms of the out-of-phase NICE-OFCS interfero-
gram, Re(T̃n,0T̃∗n,−1 − T̃∗n,0T̃n,1) in (a) and Re(T̃n,0T̃∗n,−1 + T̃∗n,0T̃n,1) in (b), sim-
ulated for the 3ν1 + ν3 CO2 band at 1575 nm for 1000 ppm of CO2 in N2 at
a total pressure of 350 Torr in a cavity with a finesse of 11000 and FSR of
187.5 MHz. The spectra are calculated using the complex transmission func-
tion [Eq. 3.12], with each line modeled by a complex Voigt line shape with
line parameters from the HITRAN database, and a comb-cavity offset set to
zero. The effective repetition rate is f T

rep=750 MHz and modulation frequency
is νm,1=187.5 MHz. Figure. 8.3 shows simulated NICE-OFCS interferograms
(black curve) of these two terms multiplied with their respective envelopes for
a comb-cavity matching of FSR/ frep=3/4 and in an OPD range of 4c/ f T

rep. For
comparison, the simulation is made for the two different modulation frequen-
cies described above, νm,1=FSR and νm,2=3FSR, shown in (a) and (b), respec-
tively. The interferograms consist of three bursts separated by c/ f T

rep, whose
intensity follows the sine envelopes (solid red and blue curves), and thus no
burst is visible at zero OPD. The preferred acquisition range is centered at
∆=2c/ f T

rep as it provides the strongest signal. Note the more slowly varying
envelope for the lower modulation frequency.

The term Re(T̃n,0T̃∗n,−1 + T̃∗n,0T̃n,1), shown in Fig. 8.3(b) is defined as the
simplified model, which only takes into account the second term in Eq. 8.3
and neglects the contribution from the slowly varying sine envelope of the in-
terferogram. To extract the gas concentration from fits to the measured spec-
tra it is crucial to have a correct model of the signal. The full model of the
NICE-OFCS spectrum can be obtained by taking the magnitude of the FFT
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FIGURE 8.3: Simulation of the two terms of the NICE-OFCS interferogram,
Re(T̃n,0T̃∗n,−1 − T̃∗n,0T̃n,1) in (a) and Re(T̃n,0T̃∗n,−1 + T̃∗n,0T̃n,1) in (b), for the
3ν1 + ν3 CO2 band for 1000 ppm of CO2 in N2 at a total pressure of 350 Torr
and νm,1=FSR (note the different vertical scales). (b) The NICE-OFCS interfer-
ograms (black, normalized to their maximum value) based on the simulated
spectra, together with the sine and cosine envelopes (solid and dashed curves,
respectively) for modulation frequency νm,1=FSR in (a) and νm,2=3FSR in (b).



8.3. Experimental setup and methods 67

FIGURE 8.4: NICE-OFCS experimental setup. EOM: electro-optic modulator,
FC: fiber collimator, PBS: polarizing beam splitter, Ph: phase shifter, DBM:
double-balanced mixer, PD: photodetector, BPF: band pass filter, LPF: low pass
filter, DDS: direct digital synthesizer, FTS: Fourier transform spectrometer, νm:

modulation frequency, fPDH: Pound-Drever-Hall modulation frequency.

of the NICE-OFCS interferogram [Eq. 8.3]. However, this procedure is com-
putationally challenging and time consuming as it involves summation over
many optical frequencies. It would be much more efficient to use the simpli-
fied model, which is much faster to compute. The main goal of paper III was
to investigate the accuracy of this simplified model by comparing it to the full
model for different νm/Γa ratios and to find the condition where the simpli-
fied model can be used without losing accuracy of the fit. This is explained in
section 8.4.

8.3 Experimental setup and methods

The experimental setup used in papers I and III is depicted in Fig. 8.4. It
is based on the Er:fiber femotsecond laser ( frep=250 MHz), an optical cavity
and a fast-scanning FTS. The cavity comprise two concave dielectric mirrors
glued to a stainless steel tube and connected to a vacuum system to supply
the sample gas, as described in section 7.3. The main difference between the
setups in the two papers is the cavity mirror coatings and lengths. In pa-
per I two cavities are investigated. One (cavity 1) has a length of 45 cm (i.e.
FSR/ frep=4/3) and a finesse of ∼2300, and the other (cavity 2) has a length
of 80 cm (i.e. FSR/ frep=4/3) and a finesse of ∼9000 [for more details refer
to table. 1 in paper I]. The succeeding work described in paper III is based
on cavity 2, however due to realignment of the cavity the finesse increased to
∼11000. Also the modulation frequency is differing in the two papers. In pa-
per I the modulation frequency is νm=FSR for cavity 1 and νm=3FSR for cavity
2, while both νm,1=FSR and νm,2=3FSR are investigated in paper III. Table 8.1
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TABLE 8.1: Summary of cavity parameters for the two cavities used in this
work.

Paper I Paper III
Cavity 1 Cavity 2 Cavity 2 Units

Length 45 80 80 cm
Free spectral range (FSR) 333.3 187.5 187.5 MHz
FSR/ frep 4/3 3/4 3/4 -
Effective repetition rate, f T

rep 1 0.75 0.75 GHz
Finesse ∼2300 ∼9000 ∼11000 -
Modulation frequency, νm FSR 3FSR FSR & 3FSR -
Modulation frequency, νm 333.3 562.5 187.5 & 562.5 MHz

summarizes the cavity parameters for the three different cases. Illustrations of
the comb-cavity matching can also be found in Fig. 1 in papers I and III.

The Er:fiber comb (described in 7.1) is locked to the Fabry-Perot cavity, us-
ing the two-point Pound-Drever-Hall (PDH) locking technique, described in
section 7.4 [15]. A fiber-coupled EOM is used to generate the sidebands for
PDH locking and NICE-OFCS detection. The modulation frequency is gen-
erated by a direct digital synthesizer DDS (Ananlog Devices, AD9915) refer-
enced to the fifth harmonic of the repetition rate (i.e 1.25 GHz). The DDS
output is set to the chosen modulation frequency, which ensures that the side-
bands are passively locked to their cavity modes even if the cavity length
drifts [34]. It should be noted that this solution to passively lock the modula-
tion frequency to the repetition rate using a DDS is a technical improvement
compared to the first demonstration of NICE-OFCS in [17], where instead a
free-running manually tuned RF source was used to generate the modulation
frequency. These two methods was compared in paper I [see section 8.5].

The light transmitted through the cavity is sent to the fast-scanning FTS,
equipped with one detector that measures the interferogram of one output of
the FTS (described in 7.2). The measured signal is then band pass filtered, am-
plified, and demodulated at the modulation frequency using phase-sensitive
detection to yield the NICE-OFCS interferogram. The detection phase is ad-
justed by maximizing the interferogram amplitude using a phase-shifter placed
between the DDS output and the local oscillator input of the mixer. The
comb and cw laser interferograms are measured simultaneously, whereafter
the comb interferogram is resampled and recorded.

Since the intensity of the out-of-phase interferograms follows mainly the
sine-envelope the interferogram centered at OPD = 80 cm (i.e 2c/ f T

rep) is ac-
quired for cavity 2, while detecting the burst around OPD =30 cm or 60 cm
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FIGURE 8.5: Experimental and theoretical NICE-OFCS signals. (a) Cavity fi-
nesse measured by cavity ring-down (black markers) together with a third-
order polynomial fit (gray curve). (b) NICE-OFCS transmission spectrum
(black), together with a fit based on the simplified NICE-OFCS model (gray,

inverted). (c) Fit residual.

(i.e c/ f T
rep or 2c/ f T

rep) for cavity 1 yields the same NICE-OFCS signal [see dis-
cussion around Fig. 3 in paper I]. The OPD range is matched to the spacing
between the transmitted comb lines, i.e. ∆max=c/ f T

rep, which yields a scan-
ning range of ±15 cm (δνn=1 GHz) for cavity 1 and ±20 cm (δνn=750 MHz)
for cavity 2. The nominal resolution, δνn, is calculated as c/∆max, where ∆max
is determined by the acquisition range indicated by the bars in Fig. 8.3. The
scanning over these two acquisition ranges takes 0.38 s and 0.5 s, respectively.
Including dead time when the retro reflector changes direction this results in 1
s and 1.6 s, respectively. However, in paper III the FTS acquisition was modi-
fied to measure interferogram in both scanning directions of the FTS resulting
in a lower total acquisition time of 0.9 s.

The NICE-OFCS spectrum is obtained by taking the magnitude of the FFT
of the interferogram. Figure 8.5 shows a NICE-OFCS transmission spectrum
(black) of 200 ppm of CO2 in N2 at a total pressure of 500 Torr, obtained by
normalizing to a background of pure N2 (data from paper I). In paper I, a
detailed theoretical description of the NICE-OFCS signals [section 8.2] was
presented for the first time and validated by fitting the model (using multiline
fitting) to the experimental CO2 spectra for CO2 concentration retrieval. The
theoretical model (gray, inverted) is calculated using the simplified model,
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[Re(T̃n,0T̃∗n,−1 + T̃∗n,0T̃n,1)], which is justified in the undermodulated case (the
FWHM linewidth of the absorption lines is much broader than the modulation
frequencies used). The contribution from the slowly varying sine envelope of
the interferogram is neglected. The attenuation and phase shift caused by the
individual absorption lines are calculated using spectral line parameters from
the HITRAN database [90] and a complex Voigt profile under the prevailing
experimental conditions, neglecting the comb-cavity offset, while the wave-
length dependence of the cavity finesse, measured by cavity ring-down, is
included in the model. The measured values of the finesse are shown by black
markers in (a) together with a third-order polynomial fit to the data (gray).
The theoretical spectrum is fitted using the multiline fitting procedure to the
experimental data with CO2 concentration as the fitting parameter, together
with a third-order polynomial and a sum of low frequency sinusoidal etalon
fringes to correct the baseline. The fit residual is shown in the lower panel. It
should be noted that the spectrum shown in Fig. 8.5 is measured for cavity 2,
and a corresponding figure for cavity 1 can be seen in Fig. 4 in paper I.

8.4 Signal lineshapes and optimum conditions

The aim of paper III [52] was to investigate the cause for the discrepancy be-
tween the data and theoretical model, indicated by the residual in Fig. 8.5 (c)
[paper I]. In paper I the model was based on the simplified model that takes
into account only the second term in Eq. 8.3 and neglects the contribution from
the slowly varying sine envelope of the interferogram. Moreover, the signal
lineshapes are dependent on the ratio between the modulation frequency, νm
and the molecular linewidth, Γa, which was not considered in paper I. Fur-
thermore, the comb-cavity offset was neglected [i.e. δν=0 in Eq. 5.4 in section
10.1].

To investigate the NICE-OFCS lineshapes two different modulation fre-
quencies were considered; νm,1=FSR and νm,2=3FSR and the NICE-OFCS sig-
nal was simulated at two different pressures; 350 Torr and 750 Torr, which
correspond to different νm/Γa ratios. The simulations of the signals follow the
description in section 8.2 [refer to description of Fig. 8.3 (a) and (b)] and the
NICE-OFCS signals were calculated using both the full model [Eq. 8.3] and
simplified model.

Figure 8.6 shows, in black markers, normalized NICE-OFCS spectra of the
R14e CO2 line at 1572.66 nm simulated for 1000 ppm of CO2 in N2 using the
full model for νm,1=187.5 MHz [panel (a)] and νm,2=562.5 MHz [panel (d)] at
two different pressures, 350 (solid square markers) and 750 Torr (open circu-
lar markers). At these pressures the FWHM molecular linewidth is 2.1 GHz
and 4.5 GHz, and the νm/Γa ratios are 0.09 and 0.04 for νm,1 and 0.26 and 0.12
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FIGURE 8.6: NICE-OFCS spectra of one CO2 absorption line, simulated using
the full model for a pressure of 350 Torr [Γa=2.1 GHz] in solid square markers,
and 750 Torr [Γa=4.5 GHz] in open circular markers for (a) νm,1=FSR and (d)
νm,2=3FRS. The curves show fits using the simplified model for 350 Torr (solid
curve) and 750 Torr (dotted curve). The corresponding residuals are shown in

the lower panels, (b) and (c) for νm,1 and (e) and (f) for νm,2.



72 Chapter 8. NICE-OFCS

FIGURE 8.7: Peak-to-peak value of the residuals as a function of the νm/Γa
ratio for two absorption intensities, 10% (black squares) and 50% (gray circles).

The cases in Fig. 8.6 are indicated with black circles.

for νm,2. The red and blue curves in (a) and (d) (solid for 350 Torr and dot-
ted for 750 Torr) show fits of the simplified model with concentration as the
only fitting parameter. The residuals from the fits, shown in (b) and (c) for
νm,1 and in (e) and (f) for νm,2 at the two pressures, respectively, reveal that the
simplified model reproduces the full model better when the ratio is smaller.
The simplified model matches the full model better for lower modulation fre-
quencies [compare residuals in (b) and (e)], because a more slowly varying
envelope multiplying the interferogram affects the signal less. Moreover, for
a given modulation frequency, the discrepancy between the models is more
pronounced at a lower pressure [i.e. lower linewidth, compare residuals in
(e) and (f)], because the contribution from the first term in the out-of-phase
interferogram [Eq. 8.3] is larger for higher νm/Γa ratios. This result was also
experimentally verified by fitting measured data using the simplified model
at similar νm/Γa ratios resulting in similar residuals [Fig. 7 in paper III].

The simulations were repeated for different νm/Γa ratios (i.e. different
pressures) to retrieve the data in Fig. 8.7. The figure shows the peak-to-peak
value of the residual of the fit of the simplified model to the full model as
a function of νm/Γa ratio for two CO2 lines with different absorption: one
with 10% absorption (black square markers) and one line with 50% absorp-
tion (gray circular markers), normalized to the line intensities. The four cases
shown in Fig. 8.6 are indicated with black circles. The figure shows that the
discrepancy between the full and simplified model increases with the νm/Γa
ratio and it is higher for the line with lower absorption. However, at low mod-
ulation frequencies, below 0.1 for the line with 10% absorption, and below 0.15
for the line with 50% absorption, the peak-to-peak value of the residual is be-
low 1% of the line intensity, which means the discrepancy would not be visible
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FIGURE 8.8: NICE-OFCS spectrum of the 3ν1 + ν3 band of CO2 at 350 Torr,
and modulation frequency of 187.5 MHz. (a) Cavity finesse measured by cav-
ity ring-down (black markers) together with a third-order order polynomial fit
(gray curve). (b) Comb-cavity offset found from line-by-line fits (black mark-
ers) together with a third-order polynomial fit (gray). (c) Normalized NICE-
OFCS spectrum (black) of 1000 ppm of CO2 in N2 at 350 Torr together with a
fit based on the simplified NICE-OFCS model (gray, inverted). (d) Fit residual.

for lines with a SNR of 100.
The conclusion from the study was that the NICE-OFCS system should

be implemented with low νm/Γa ratios, because in this regime the simplified
model can be used for fitting to experimental data without loss of accuracy
and because the amplitude of the signal is maximized in this regime. This
implies that the modulation frequency should be chosen lowest possible, i.e.
equal to the cavity FSR, and the optimum range of pressures is then found
from Fig. 8.7 and the SNR in the spectrum.

When the system is run under optimum conditions it allows for broadband
calibration-free absorption measurements and concentration retrieval with-
out limitation of the simplified model. This was demonstrated by measuring
broadband spectra of CO2 in N2 at total pressure of 350 Torr and modulation
frequency of νm=FSR. Figure 8.8(c) shows in black the normalized NICE-OFCS
spectrum of the 3ν1 + ν3 CO2 band at 350 Torr measured with the lower mod-
ulation frequency of 187.5 MHz. The gray curve, inverted for clarity, shows
a fit of the simplified model spectrum, where each line is calculated using
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a Voigt profile with parameters from the HITRAN database [90] and the ex-
perimentally determined values of cavity finesse and comb-cavity offset. The
cavity finesse, measured by cavity ring-down, is shown with black markers in
(a) together with a third-order polynomial fit (gray). The comb-cavity offset,
shown with black markers in (b), is found from fits to the individual CO2 lines
(where δν is a fitted parameter), and the gray curve is a third-order polyno-
mial fit. These polynomial fits for finesse and comb-cavity offset are used as
input parameters in the model of the entire CO2 spectrum. The fit residual,
shown in (d), demonstrates that the general agreement between the measure-
ment and the model is very good over the entire spectrum even when the
simplified model is used for modeling the spectrum.

8.5 Sensitivity and stability

In paper I the main aim was to demonstrate that the NICE-OFCS technique
is a suitable technique for highly sensitive, broadband and calibration-free
cavity-enhanced absorption spectroscopy. Some experimental improvements
compared to the first demonstration of NICE-OFCS were implemented as
well as a theoretical model to allow concentration retrieval using multiline
fitting. Two different comb-cavity matching configurations were examined,
one with FSR/ frep=4/3 and a finesse of ∼2300 (cavity 1), and the other with
FSR/ frep=3/4 and finesse of ∼9000 (cavity 2) [for details refer to table 8.1].

The absorption sensitivity was estimated to 6.4 x 10−11 cm−1 Hz−11/2 per
spectral element for the cavity with a finesse of 9000 (cavity 2), which corre-
sponds to a noise equivalent CO2 concentration of 2.5 ppm of CO2 at 1-s inte-
gration time. The long-term stability of the system and minimum detectable
CO2 concentration were investigated using an Allan-Werle plot [91].

In paper I a simple method of passive locking of the modulation frequency
to the cavity FSR was proposed. In this approach the comb cavity matching is
passively sustained by generating the modulation frequency from a DDS ref-
erenced to the repetition rate of the OFC (and thus to the cavity FSR due to the
comb-cavity lock) instead of using a fixed-frequency RF source. The stability
of the system was investigated in these different configurations of comb-cavity
matching and frequency sources by making a Allan-Werle plot [91], in which
background-spectra is measured for a long period of time and each spectra
(obtained after FFT of the interferogram) is normalized to the first background
whereafter a simplified model is fitted to the normalized data to obtain the
CO2 concentration. Figure 8.9 shows the Allan-Werle plot of the concentra-
tions found from these fits for cavity 1 (solid blue markers) and cavity 2 (solid
red markers) using the passive locking scheme, i.e. based on the DDS, for cre-
ating the modulation frequency. For comparison, the concentrations retrieved
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FIGURE 8.9: Allan-Werle plot of the minimum detectable CO2 concentration,
using two different cavities and two different modulation frequency sources
(cavity 1 with DDS - solid blue circular markers, cavity 1 with RF source - open
cyan circular markers, cavity 2 with DDS - solid red square markers, and cavity
2 with RF source - open orange square markers). The dashed black lines show
the linear fits to the white-noise dominated regimes of each cavity measure-

ment using the DDS.

from multiline fits to spectra measured using the fixed-frequency RF source
are shown for cavity 1 (open cyan markers) and cavity 2 (open orange mark-
ers). The dashed black lines show the linear fits to the white-noise dominated
regimes of each cavity measurement using the DDS. The absolute minimum
detectable CO2 concentration was estimated to 25 ppb after 330 s for cavity
2. The Allan-Werle plot shows that for short integration times using the DDS
and RF sources result in basically the same noise level since the RF source is
initially tuned to the correct value. However, at longer integration times the
modulation frequency set by the fixed RF source differs from the FSR due to
drifts of the cavity length, which compromises the noise-immunity and thus
increases the noise. This is reflected by the linear drift in the Allan-Werle plot
that sets in at 60 s for cavity 1 and 90 s for cavity 2.
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9. Comb-based FTS with
sub-nominal resolution

In conventional Fourier transform infrared (FTIR) spectrometers based on in-
coherent light sources the resolution is limited by the inverse of the scanning
range, ∆max [see Chapter 6]. The truncation of the interferogram introduces
an instrumental lineshape (ILS) function in the shape of a sinc function (for
boxcar acquisition) that is convolved with the spectrum. Convolution of a
narrow absorption feature with the sinc function, broadens the measured line,
reduces its intensity and causes ringing on both sides of the line. Thus mea-
suring narrow absorption features requires long scanning ranges and large
instruments. Moreover, the frequency scale is calibrated using a stabilized
narrow-linewidth cw laser propagating on a parallel path to the probe beam.
Any misalignment of divergence on this beam results in an error on the fre-
quency scale. This puts high requirements on the instrument size, stability,
and precision.

Paper II demonstrated that comb-based FTS can overcome the nominal
resolution set by the scanning range of the FTS by careful sampling of the
comb interferogram. This enables precise measurement of the comb line in-
tensities and the spectral resolution is given by the comb linewidth and not
limited by the nominal resolution of the FTS, with frequency scale accuracy
and precision given directly by the comb itself. This was validated by measur-
ing ILS-free low-pressure spectra of entire bands of CO2 and carbon monox-
ide (CO) using two separate systems. This opens up for high resolution ab-
sorption measurement with dramatically reduced instrument size. The suc-
ceeding work, paper V, followed up with a detailed description of the ex-
perimental and numerical steps needed to achieve sub-nominal resolution
and retrieve ILS-free molecular spectra, i.e. ILS-induced distortion below the
noise level. The performance was experimentally verified by measuring low-
pressure spectra, showing collisional narrowing of the absorption lineshape,
for the first time observed with comb-based FTS. This chapter summarizes the
work in these two papers.
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9.1 Interferogram truncation

As was described in chapter 6, in comb-based FTS the acquired interferogram
consists of a train of burst separated by c/ frep and the comb structure becomes
visible when at least two consecutive bursts are acquired in the same interfero-
gram, since the nominal resolution is then higher than frep. However, without
careful sampling of the interferogram a fit to the spectral pattern is needed to
precisely find the power of each comb mode [85]. Therefore, the ideal case is
to measure a spectrum containing one sampling point per comb mode, which
is possible by measuring a double-sided single-burst interferogram truncated
so that the ∆max is matched exactly to the repetition rate of the comb. The
full theoretical description of of the steps needed to obtain spectra with sub-
nominal resolution can be found in paper V, while a brief summary is given
here.

As was described in chapter 6, the OPD of the FTS is usually calibrated
using a stabilized cw laser, where the comb interferogram is sampled with an
OPD step of integer fractions of the reference laser wavelength, i.e. λref/q.
To sample one point per comb line the interferogram length must be precisely
matched to c/ frep, i.e. the nominal resolution must be matched to frep. In prac-
tice such double-sided single-burst interferogram consists of an integer num-
ber of points, N0, on each side of the burst, calculated by putting ∆max=c/ frep
in Eq. 6.4, which yields

N0 = round
(

q
c

2λref frep

)
. (9.1)

The spectrum after FFT contains N0 points at frequencies ranging from 0 to
qc/2λref spaced by the nominal resolution of a conventional FTIR spectrome-
ter, given by

f 0
FTS =

c
∆max

=
qc

2λrefN0
. (9.2)

The FTS frequency scale is given by

νFTS = n f 0
FTS (9.3)

while the OFC frequency scale is given by

νn = n frep + f0, (9.4)

where frep is the repetition rate and f0 is the offset frequency of the comb. As
was mentioned in chapter 6, due to the truncation of the interferogram each
spectral component is convolved with a sinc-function (in the case of box-car
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FIGURE 9.1: Illustration of spectra obtained after FFT of a single-burst inter-
ferogram when the nominal resolution is (a) smaller than frep and (b) exactly
equal to frep. The comb modes are symbolized by the black vertical lines. The
dashed red (a) and blue (b) curves are the ILS profiles of the absorbed central
comb mode, nabs. The solid red (a) and blue (b) curves show the FTS spec-
trum resulting from the summation of the ILS profiles of all comb modes. The
frequencies sampled by the FTS are marked with red (a) and blue (b) circular

markers, the dotted lines are guides to the eye.

acquisition). However, since the comb modes of a stabilized comb are narrow
compared to the width of the ILS function, they can be considered dirac δ-
functions, wherefore the convolution simplifies to a multiplication of the sinc-
function and the comb modes, which for box-car acquisition yields [31]

SFTS(ν) = A ∑
n

PngILS(νn), (9.5)

where A is an instrumentation factor containing the detector gain, responsiv-
ity etc., Pn is the comb mode power, and gILS is the truncation induced ILS
function, given by Eq. 6.7.
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The influence of the ILS and the FTS sampling on a comb spectrum is il-
lustrated in Fig. 9.1, which shows the spectrum of a single-burst interfero-
gram whose length is longer than c/ frep [panel (a), in red] and exactly equal
to c/ frep [panel (b), in blue], where f0 was put to zero for simplicity. The comb
modes are represented by the black δ-functions, and the central comb mode,
nabs, is absorbed by a molecular transition with a line width much narrower
than frep. The dashed curves show the truncation-induced ILS of the central
comb mode, and similar ILS (not shown) exists for all comb modes. The FTS
spectrum resulting from an addition of the ILS of all comb modes, shown by
the solid curves, is sampled by the FTS at discrete points separated by f 0

FTS
(circular markers, dotted curves are guides to the eye). When the nominal res-
olution is smaller than frep [panel (a)], the FTS spectrum at the mode positions
is not proportional to the comb mode power because of the distortion caused
by the ILS of the neighboring comb modes. Moreover, the spacing of the sam-
pling points is smaller than the spacing of the comb modes. This mismatch
accumulates with n and results in a substantial frequency shift between the
FTS sampling points and the comb frequencies, which causes the ringing on
each side of the absorbed mode in the final spectrum. The influence of the
ILS vanishes when the nominal resolution is equal to frep [panel (b)]. In this
case, the zero-crossings of the ILS of one comb mode are at the positions of
the neighboring comb modes, leaving them unaffected. The sum of the ILS
at the comb mode positions is proportional to the comb mode power, and the
sampling points, separated by frep, are precisely matched to the comb mode
frequencies, so the final spectrum [markers in Fig. 1(b)] has a flat baseline on
each side of the absorbed mode. Therefore acquiring a double-sided interfer-
ogram with a nominal resolution matched precisely to frep is the key to obtain
spectra that are free from the ILS.

When the molecular absorption line is narrower than the separation be-
tween the comb modes, only a single comb mode is attenuated by the transi-
tion. To probe the entire absorption line requires interleaving spectra taken at
different comb mode positions, practically implemented by changing frep [see
section 9.3]. Since the interferogram is sampled at fractions of the cw reference
laser wavelength, this implies that the matching of the nominal resolution and
c/ frep cannot be maintained for all values of frep since f 0

FTS can only take in
discrete values [λref/q × N0], while frep usually is tunable in much smaller
steps [for more information refer to discussion around Eq. (8) in paper V].
Thus in many cases there will be a relative discrepancy between the f 0

FTS and
frep, given by

ε0 =
f 0
FTS − frep

frep
(9.6)

that prevents correct sampling of the spectrum. The maximum discrepancy is
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1/N0, which is of the order of 10-6 for N0 of the order of 106. This discrepancy
results in a residual ILS distortion of the spectrum at the comb mode position,
of the same order of ε0, which is negligible. However, the optical frequencies
of the comb are multiplied with a large value, n, typically on the order of 105

for a mode-locked frequency comb in the NIR, wherefore the discrepancy ac-
cumulates over the spectrum and results in a significant frequency shift of the
sampling points with respect to comb mode positions in the optical spectrum.

So while the simulation in Fig. 9.1 shows the basic principle of the sub-
nominal method, in practice there are some computational steps involved to
obtain ILS-free spectra, partly because of the relative discrepancy between the
scales, and partly because the FTS frequency scale lacks offset frequency after
FFT, while the comb has an offset of f0. The procedure explained in the fol-
lowing section assumes ε0 is as small as it possibly can be and describes how
the FTS scale can be corrected in post-processing to sample the spectrum at
the comb line positions.

9.2 Matching the OFC and FTS scales

The steps for matching the two scales contain two parts: offset correction and
correction of the FTS sampling points to match the comb mode positions. The
different steps involved in the matching of the scales are summarized in Fig.
9.2. A detailed description can be found in paper V, while a summary is pre-
sented here. The goal is to sample the interferogram in a way such that the FTS
scale (blue solid curve) overlaps that of the comb (black solid curve) which is
set by the experiment.

The first step is to shift the FTS scale with the offset frequency by multi-
plying the interferogram with the OPD representation of a frequency shift in
frequency domain, i.e. IFTS × exp (−i2π f0∆/c). This results in an FTS scale
of νFTS=n f 0

FTS+ f0 (blue dotted line), which shares the same origin as the OFC
scale. The discrepancy between the frequency scales is then given by nε0 frep.
This error can be locally corrected at a chosen frequency (νopt) by shifting the
FTS scale so that the two scales agree at mode nopt. The shift is introduced by
adding the additional shift of f 0

shift = −nopt( f 0
FTS − frep) in the exponent mul-

tiplying the interferogram. This results in the FTS scale νFTS=n f 0
FTS+ f0+ f 0

shift
(blue dash-dotted line). This is sufficient if only a local agreement is needed,
however as is clear in the figure the slope is not the same as for the black
line, and thus at frequencies away from νopt the discrepancy between the scale
becomes significant. For agreement over a larger bandwidth the FTS point
spacing needs to be corrected such that the slope of the curve is equal to that
for the OFC scale.
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FIGURE 9.2: Illustration of the process of matching of the FTS scale (blue solid
line) to the OFC scale (black solid line) in the spectral range of interest (around
νopt). For clarity, the initial mismatch is exaggerated and all scales are shown
as continuous functions rather than discrete points. In the first step, f0 is added
to the FTS scale so that both scales have the same frequency origin (blue dotted
line). In the second step, the FTS scale is shifted by f 0

shift so that it overlaps
with the OFC scale in a chosen optical range of interest (blue dash-dotted line),
or the interferogram is zero-padded to correct the slope of the FTS scale before

the shift is performed (blue dashed line).

This is performed by a method called zero-padding in combination with a
shift. In traditional zero-padding an integer number kpad of zeros are added
to each side of the interferogram in order to interpolate the spectrum at kpad
points between the previously sampled points [9]. This generates the exact
same position of the sampling point as previously, but with kpad additional
sampling points in between. However, by instead padding with a number
of zeros that is close to, but not equal to an integer number of N0, the sam-
pling spacing is changed from f 0

FTS to fFTS, and the sampling points are shifted
slightly closer to the OFC scale. Combined with the shifting procedure this
results in the FTS scale νFTS=n fFTS+ f0+ fshift (blue dashed line). [Note that
f 0
shift 6= fshift]. The discrepancy between the two scales are significantly re-

duced compared to the initial FTS scale (blue solid curve).

9.3 Spectral interleaving

To measure the entire absorption feature a method called spectral interleaving
is used [20]. The process is illustrated in Fig. 9.3 for a single absorption line
[black solid curve] with a linewidth narrower than frep. A single-burst inter-
ferogram is acquired with a nominal resolution matched precisely to c/ frep
which results in the spectrum in (a), where comb lines are illustrated with
dashed lines and sampling points by markers. The comb modes are moved
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FIGURE 9.3: (a) Spectrum obtained from a single-burst spectrum. (b) Final
spectrum obtained after interleaving spectra recorded with different frep val-
ues, represented by different colors. The absorption line is illustrated by the
solid black line, comb lines by dashed lines, and sampling points by markers.

to a new position by changing frep, and a new single-burst interferogram is
measured to yield a spectrum at new comb line positions. This is repeated
and the final spectrum is obtained by interleaving spectra recorded with dif-
ferent frep values, shown in Fig. 9.3(b), where each color represents spectra
taken with different frep value. Note that changing f0 is not possible in e.g.
cavity-enhanced techniques, in which the comb parameters must be locked to
that of the external cavity.

9.4 ILS distortion

The procedure described above assumes that f 0
FTS is known with the same

accuracy and precision as frep. In practice however, frep is usually stabilized
and known with accuracy on the 10-11 level, while the accuracy of f 0

FTS is much
lower, determined by the accuracy with which the reference wavelength, λref,
is known, limited by the variations of the refractive index of air (when the
FTS is not in vacuum) and of the alignment of the laser beam [9]. Due to the
uncertainty η in λref there is a remaining discrepancy between the two scales
that cannot be accounted for in the above procedure. It was shown in paper
V that this residual mismatch between the FTS and the OFC scales causes a
characteristic ILS distortion around a comb mode nabs, which is absorbed by
a molecular line. Under assumption that this discrepancy is the main contri-
bution to the ILS distortion and the shifting procedure is used to have local
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FIGURE 9.4: Simulated absorption lines (black markers) with residual ILS dis-
tortion caused by a small introduced error on the cw reference laser wave-
length of η = 1× 10−7 for absorption line widths equal to (a) frep/10, (b) frep,
and (c) 3 frep. The gray curves show the fits, and residuals are plotted in the

lower panels.

agreement of the scales at νabs [refer to discussion around Eq. 21 in paper V]
the ILS distortion signal is given by

SILS(ν
n
FTS) ≈

A
f 0
FTS

∆Pnabs(−1)n−nabs
nabsη

n− nabs
, (9.7)

where ∆Pnabs is the change in comb mode power at the absorbed comb mode
and n 6= nabs. This expression shows that residual ILS distortion consists of
ILS peaks separated by frep, with odd symmetry, and with amplitude propor-
tional to the uncertainty in the reference wavelength η.

It was also shown in paper V that the shape of the ILS distortion depends
on the ratio between the absorption linewidth, Γ and frep. Figure 9.4 shows
simulations to illustrate the ILS distortion for different Γ/ frep ratios and for
an error on the reference wavelength of η = 1 × 10−7. The black mark-
ers show simulations of an absorption line calculated in transmission using
Beer-Lambert law and Voigt profiles with a Doppler width equal to twice the
Lorentzian width and with an absorption line contrast of 10% (obtained by
spectral interleaving, see section 9.3). The interferogram is simulated using a
fixed value of λref and intentionally analyzed with a small error on the λref
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[η = 1× 10−7] in the FFT process. The gray curves show fits of the model
based on the Voigt profile with line position, area and Lorentzian width as fit-
ting parameters, and the residuals of the fits are plotted in the lower panels.
When the absorption line is significantly narrower than frep [panel (a)] only
one comb mode is absorbed by the line in each single-burst spectrum and the
ILS distortion has a form of discrete peaks at multiples of frep away from the
absorption line center, with amplitude changing sign periodically. Since these
peaks are clearly separated from the absorption line and their combined area
is zero, they do not distort the absorption line. The fit is not affected by the
ILS distortion, and therefore returns the line parameter values assumed in the
simulation and the residual is flat at the position of the absorption line. As
the line gets broader, these ILS distortion peaks broaden and start to merge,
and cause a ringing close to the transition [panel (b)]. For even lower Γ/ frep
ratio the ILS distortion is barely visible (residual amplitude multiplied by a
factor of 1000). The fit to this line however, returns a center frequency that is
shifted from the original center frequency with a shift that is proportional to
the error on reference wavelength, similar to what happens in conventional
FTIR spectroscopy with an error on the reference laser wavelength [9]. This
phenomenon is shown in a detailed analysis in Fig 6. in paper V.

This shows that there is an advantage to measure the spectrum using low
Γ/ frep ratios, since then the characteristic distortion in case (a) appears. This
distortion can be used as an indication of the discrepancy between the scales,
where λref can be changed in an iterative way to reduce this distortion to
within the noise in the measured signal. This relaxes the requirement on the
beam alignment of the cw reference laser and the accuracy to which the refer-
ence laser wavelength needs to be known. When the correct reference wave-
length is found [accuracy is limited by the SNR in the spectrum, Eq. (22) in
paper V] the sampling points are sampled at the comb modes, which enables
measuring each comb mode intensity with high precision and the frequency
scale is given directly by the comb itself.

9.5 Experimental setup and procedures

The experimental setup is depicted in Fig. 9.5. It is based on the Er:fiber laser,
a Fabry-Perot cavity, and fast-scanning FTS. The NIR setup in paper II and
the setup in paper V are similar. The main difference between the systems are
the cavities. In paper II the cavity length is 45 cm (i.e FSR=333.3 MHz) and
the finesse is ∼2000 [cavity 1 in table 7.1 and Fig. 7.3(a)], while in paper V the
cavity length is 80 cm (i.e. FSR=187.5 MHz) and the finesse is ∼11000 [cavity
2 in table 7.1 and Fig. 7.3(b)]. It should be noted that in both configurations
the comb is filtered to higher repetition rate in transmission ( f T

rep=1 GHz in
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FIGURE 9.5: Experimental setup. EOM: electro-optic modulator, FC: fiber col-
limator, PBS: polarizing beam splitter, PD: photodetector, PZT: piezo-electric
transducer, FTS: Fourier transform spectrometer, fPDH: Pound-Drever-Hall
modulation frequency, DBM: double-balanced mixer, BPF: band pass filter,
fclk: Rubidium clock frequency, DDS: direct digital synthesizer, fDDS: DDS fre-

quency.

paper II and f T
rep=750 MHz in paper V). This is intentional as the sub-nominal

resolution method benefits from having large repetition rate compared to the
linewidth of the measured line [see section 9.4].

The cavity is connected to a vacuum system [described in 7.3] that supplies
the gas samples. These are CO2 in N2 in concentrations of 1.00(1)% (paper II)
and 1000(2) ppm (paper V) and pure N2. The Er:fiber laser, described in 7.1,
is locked to the cavity using the two-point PDH locking technique [19]. To
achieve absolute stability of the comb lines the cavity length/FSR is stabilized
using an error signal obtained by comparing the frep value to a frequency,
fDDS, generated by a DDS referenced to a GPS-referenced Rubidium clock.
The error signal is fed via a low bandwidth (<10 Hz) PI controller to the PZT
controlling the cavity length. As a consequence, frep is stabilized to the Ru-
bidium clock, while f0 is indirectly stabilized via the two-point lock to the
cavity. For the spectral interleaving frep is changed in small steps by changing
the DDS frequency, fDDS. The comb frep and f0 are continuously monitored
during the acquisition with a frequency counter at a rate of 1 Hz.

The light transmitted through the cavity is analyzed with the fast-scanning
FTS, equipped with the autobalancing detector and the comb and HeNe in-
terferograms are acquired and resampled according to that described in 7.2
[the OPD step is λref/4 in the resampling, i.e. q=4 in Eq. 9.1 and follow-
ing]. In paper II nine-burst interferograms are acquired in a scanning range
of ∆max=270 cm (δνn=111 MHz), where one scan takes 3.4 s, while in paper V
single-burst interferograms are acquired in a scanning range of ∆max=40 cm
(δνn=750 MHz), where one scan takes 0.5 s.
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9.6 Results

The sub-nominal resolution method opens up for broadband detection of low-
pressure molecular spectra. This was experimentally verified for the first time
in paper II by measuring an ILS-free cavity-enhanced absorption spectra of
the entire 3ν1 + ν3 CO2 band at 1575 nm, with absorption lines narrower than
the nominal resolution. The setup is based on that explained in section 9.5
using cavity 1 [refer to table 7.1]. Figure 9.6 shows the normalized cavity-
enhanced spectrum of the 3ν1 + ν3 CO2 band of 1% CO2 at 40 Torr obtained
by interleaving 10 single-burst interferograms with a nominal resolution of 1
GHz (with an frep step size of 500 Hz). The normalized cavity-transmission
spectrum (black) is shown together with a model (gray, inverted) in (a). The
model is based on the cavity-enhanced model [Eq. 3.12] using the Voigt profile
and HITRAN line parameters, with the cavity finesse shown in (a) as an input
and with the comb-cavity offset taken into account [Eq. 5.4]. At this pressure
the average linewidth of the absorption lines is ∼430 MHz, much narrower
than the nominal resolution of 1 GHz, an still there is no visible effect from
ILS. The lack of ringing around the absorption lines is even more evident in
the zoomed view of the R20e [linewidth of∼435 MHz] in Fig. 9.6(b), shown by
black markers together with a fit in gray. Here, the fitted parameters are the
center frequency, Lorentzian linewidth, gas concentration, and comb-cavity
offset. The residual in the lower panel shows no visible ILS distortion. Finally,
(c) shows the R20e CO2 line obtained with nine-burst interferograms (δνn=111
MHz) and single-burst interferograms (δνn=1 GHz), in black and gray mark-
ers, respectively, and the residual in the lower panel. The two spectra are
in full agreement, which provides evidence that increasing the interferogram
length beyond a single-burst interferogram does not improve the spectral res-
olution for comb-based FTS. This was experimentally verified for the first time
in paper II.

Thus, this was the first experimental verification that comb-based FTS can
surpass the path-limited resolution set by the FTS, and that ILS-free spectra
can be obtained even when the absorption line is much narrower than the
nominal resolution. This would not be possible using an FTIR with the same
nominal resolution. As a demonstration of this two CO2 absorption lines
(R14e and R16e) measured at 26.3 Torr and obtained by interleaving spec-
tra with nominal resolution of 750 MHz are plotted in Fig. 9.7 (black curve),
which show no ringing from ILS (data from paper V). For comparison, a spec-
trum that would be obtained with conventional FTIR spectroscopy with the
same nominal resolution is shown by the gray curve. This spectrum was sim-
ulated by convolving the measured spectrum of CO2 with a sinc function cal-
culated with Eq. 6.7 for the same nominal resolution as in the measurement.
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FIGURE 9.6: Cavity-enhanced spectrum of the 3ν1 + ν3 band of 1% of CO2 in
N2 at 40 Torr. (a) Normalized cavity transmission spectrum obtained from 10
interleaved single-burst spectra (black) together with a model spectrum (gray,
inverted). (b) Zoomed view of the R20e line (black markers) together with a
fit of the Voigt profile (VP, gray curve). The residual in the lower panel shows
no visible ILS distortion. (c) Comparison of the spectrum of the R20e CO2 line
from nine-burst (larger black markers), and single-burst (smaller gray markers)
interferograms. The lack of residual in the lower panel shows that increasing
the interferogram length beyond the a single burst does not improve the spec-

tral resolution.
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FIGURE 9.7: Two CO2 absorption lines (R14e and R16e) measured at 26.3
Torr, obtained from interleaving spectra with a nominal resolution or 750 MHz
(black) together with a simulation of a spectrum that would be obtained with

conventional FTIR spectroscopy (gray).

Paper V presented a detailed description and procedure to follow in or-
der to obtain ILS-free spectra. This was experimentally verified by measuring
high-resolution spectra using the system described in section 9.5 based on cav-
ity 2 [refer to table 7.1]. Figure 9.8 shows a broadband cavity-enhanced spec-
trum of the 3ν1 + ν3 CO2 band of CO2 at 26.3 Torr obtained by interleaving 40
single-burst interferograms with a nominal resolution of 750 MHz (with step
size of 75 Hz, which corresponds to a step of 18.75 MHz in the optical domain).
The entire measurement time is 700 s. The cavity finesse, measured with cav-
ity ring-down is shown by black markers in (a) together with a third-order
polynomial fit (black curve). The normalized cavity-transmission spectrum
(black) is shown together with a model (gray, inverted) in (b). The model is
based on the cavity-enhanced model [Eq. 3.12] using the Voigt profile and
HITRAN line parameters [90], with the measured cavity finesse shown in (a)
an an input to the model. Even though the average linewidth of the absorp-
tion lines (∼390 MHz) are much narrower than the nominal resolution (750
MHz) there is no visible effect from ILS. This is even more evident in Fig.
9.8 (c) where the R16e line (black markers) is fitted using two lineshapes; the
VP (blue curve) and the SDVP (red curve). The residuals in the lower panels
show that the quality of the fit is clearly improved when using the SDVP, i.e.
when taking collisional broadening into account. This was the first time ever
shown using comb-based spectroscopy. More details on the fitting procedure
is presented in chapter 10.
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FIGURE 9.8: Cavity-enhanced spectrum of the 3ν1 + ν3 band of 1000 ppm of
CO2 in N2 at 26.3 Torr. (a) Cavity finesse measured by cavity ring-down (mark-
ers) together with a third-order polynomial fit (curve). (b) Normalized cav-
ity transmission spectrum obtained from 40 interleaved single-burst spectra
(black) together with a simulation (red, inverted). (c) Zoomed view of the R16e
line [black markers] together with a fit of the Voigt profile (VP, blue curve) and
the speed-dependent Voigt profile (SDVP, red curve). Residuals of the fits are

shown in the lower panels [upper: for the VP, lower: for the SDVP].
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10. CO2 line parameters beyond the
Voigt profile

Accurate and precise molecular lineshape models and line parameters are im-
portant for fundamental and applied science. For example, modeling of at-
mospheric species on Earth and in space relies directly on the molecular line
parameters found in the spectroscopic databases. However, the accuracy of
the line parameters in existing databases is in many cases insufficient for these
applications. Moreover, the line parameters are in general based on the Voigt
profile, which does not take into account all pressure effects. There is ongoing
work to improve the existing line lists in the accessible databases. In pursuit
of this aim a report from a IUPAC (International Union of Pure and Applied
Chemistry) test group [43] recommend that the Hartmann-Tran profile (HTP)
[44, 45], which can sufficiently model collisional induced broadening effects,
should be adopted as the appropriate model for high-resolution spectroscopy
and retrieval of line parameters for spectroscopic databases.

Comb-based FTS with sub-nominal resolution opens up for high-resolution
measurements of entire molecular bands with absolutely calibrated frequency
scale. Paper V demonstrated for the first time that comb-based FTS can mea-
sure spectra with high enough SNR and precision to observe collision induced
effects on the absorption lineshape. It showed that the speed-dependent Voigt
profile (SDVP), which is fully compatible with the HTP, improves the fit qual-
ity for low-pressure absorption spectra. In the succeeding work in paper VIII,
comb-based FTS with sub-nominal resolution was exploited to measure high-
precision direct absorption spectra of CO2 to retrieve line parameters for the
entire 3ν1 + ν3 at 1575 nm using a multispectral fitting routine based on the
SDVP. This chapter summarizes these two papers with focus on spectral line-
shapes and presents new unpublished results of CO2 line parameters.
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FIGURE 10.1: Cavity-enhanced spectrum of the 3ν1 + ν3 band of 1000 ppm
of CO2 in N2 at 26.3 Torr. (a) Cavity finesse measured by cavity ring-down
(markers) together with a third-order polynomial fit (curve). (b) Normalized
cavity transmission spectrum obtained from 40 interleaved single-burst spectra
(black) together with a simulation (red, inverted). (c) Zoomed view of the R16e
line [black markers] together with a fit of the Voigt profile (VP, blue curve) and
the speed-dependent Voigt profile (SDVP, red curve). Residuals of the fits are

shown in the lower panels [upper: for the VP, lower: for the SDVP].

10.1 Cavity-enhanced CO2 spectra

Figure 10.1 shows a broadband cavity-enhanced spectrum of the 3ν1 + ν3 CO2
band of CO2 at 26.3 Torr obtained by interleaving 40 single-burst interfero-
grams with 750 MHz resolution [for details on how it was measured and an-
alyzed, refer to section 9.6]. The cavity finesse, measured with cavity ring-
down is shown in black markers in (a) together with a third-order polyno-
mial fit (black curve). The normalized cavity-transmission spectrum (black)
is shown together with a model (red, inverted) in (b). Figure 10.1(c) shows a
zoomed view of the R16e line (black markers), which is fitted using two line-
shapes; the VP (blue curve) and the SDVP (red curve). The fit residuals are
shown in the lower panels. The fitted parameters for the VP is the transition
frequency, the line intensity, the Lorentzian width, the comb-cavity offset [Eq.
5.4] ] and a linear baseline, while the Doppler width, finesse, and pressure
shift are fixed values. For the SDVP also the speed-dependent broadening pa-
rameter is fitted [see discussion in section 4.3 in paper V]. The characteristic
w-shaped (inverted) residual caused by inaccuracies of the VP is clearly vis-
ible (blue curve), while for the SDVP the residual is visibly improved. The
retrieved line parameters are summarized in table 1 in paper V. The fitted
transition frequency agrees within one sigma with the HITRAN database [90].
Even at this SNR the precision of the measured transition frequency is higher
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FIGURE 10.2: Experimental setup. FC: fiber collimator, PBS: polarizing beam
splitter, PD: photodetector, PZT: piezo-electric transducer, FTS: Fourier trans-
form spectrometer, DBM: double-balanced mixer, BPF: band pass filter, fclk:
Rubidium clock frequency, DDS: direct digital synthesizer, fDDS: DDS fre-

quency.

than that reported in HITRAN. Also the line intensity and broadening param-
eters agree with other literature values within uncertainty. For more details
refer to the discussion around table 1 in section 4.3 in paper V.

10.2 CO2 line parameter retrieval using
multispectral fitting

Paper VIII presents broadband high precision spectra of the 3ν1 + ν3 CO2 ab-
sorption band at 1575 nm for systematic studies of CO2 line parameters us-
ing multispectral fitting based on the SDVP. For this study the sample was
changed from CO2 in N2 to a pure CO2 sample (purity of 99.998%), in or-
der to remove effects from other collisional partners. This removes the need
for cavity-enhancement, and therefore the sample is placed inside a multipass
cell. Figure 10.2 shows a simplified schematic of the experimental setup. It
is based on that showed in chapter 9, with locking of the cavity performed in
the same way as explained there. Thus, there is a cavity involved [cavity 1 in
table 7.1 and Fig. 7.3(a)], but it is used only for filtering the comb to higher
repetition rate in transmission as this is beneficial in the sub-nominal method.
Therefore the cavity is evacuated in this experiment. The light that is transmit-
ted through the cavity is sent to a multipass cell, which is connected to a pres-
sure sensor and vacuum system [for details refer to 7.3] and the transmitted
light goes to the FTS based on the design described in section 7.2. The cell is
mounted on a water-cooled breadboard and enclosed in a box to stabilize the
gas temperature, which is measured with a Pt-100 probe. The result presented
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FIGURE 10.3: Transmission spectrum of the 3ν1 + ν3 band of pure CO2 at 50
Torr, measured in a multipass cell with the length of (a) 715 cm and (b) 7600

cm. The asterix in the figure mark the lines in Fig. 10.4.

below are based on two multipass cells with different interaction lengths, one
with L=715(7) cm (cell 1) and the other with L=7600(80) cm (cell 2). Single-
burst interferograms with a nominal resolution of 1 GHz are recorded in ∼1
s (including dead-time). For the multispectral fitting procedure, spectra are
taken at different pressures and since the linewidth changes with pressure the
number of steps for interleaving is varying.

Figure 10.3 shows the transmission spectrum of pure CO2 measured at 50
Torr using the sub-nominal resolution method using (a) cell 1 and (b) cell 2.
The spectrum in (a) is obtained by interleaving spectra taken at 16 different
frep values (25 averages per step) in a total acquisition time of ∼11 minutes
and the spectrum in (b) is obtained by interleaving 27 spectra (100 averages
per step) in a total acquisition time of ∼27 min. The significantly higher num-
ber of averages for cell 2 is due to the low transmission through this cell com-
pared to cell 1. The spectrum in (b) is visibly saturated due to the long inter-
action length (7600 cm). Therefore not all absorption lines can be fully inves-
tigated to retrieve the line parameters for this cell. This issue is addressed by
using the shorted cell (cell 1). The black and gray asterix in the figures mark
the lines in Fig. 10.4 (a) and (b), respectively.

Figure 10.4 shows a multispectral fit of two of the absorption lines in the
absorption band shown in Fig. 10.3. The R16e line (black asterix) is shown
in (a) and the P40e line (gray asterix) is shown in (b). The data are shown
by black markers and fits using the VP and SDVP are shown by blue and red
curves, respectively. The corresponding residuals are shown in the lower pan-
els. In multispectral fitting the spectrum is measured at several different pres-
sures and line parameters are found for each line by fitting the line parameters
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FIGURE 10.4: Multipspectral fitting of the (a) R16e line and (b) P40e line mea-
sured at 25-200 Torr. Data is shown in black markers, along with multiline fits
of the Voigt profile (VP, blue) and the speed-dependent Voigt profile (SDVP,

red), and the corresponding residuals in the lower panels.
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globally for all pressures simultaneously. This decouples correlated parame-
ters and increases their fitting accuracy [51]. The spectra were measured at
five different pressures from 25 Torr to 200 Torr. The fitting parameters are the
center frequency, pressure broadening coefficient, line strength, and pressure
shift coefficient, as well as the speed-dependent broadening and shift param-
eters for the SDVP. A third-order polynomial baseline is fitted together with
the model and weak absorption lines that are within the fitted frequency range
are taken into account in the fits by modeling the lines with Voigt profiles. The
residuals of the SDVP fit show significant improvement over those of the VP.
The quality factors (QF) of the fits, which are calculated as the ratio of the peak
absorption and the standard deviation of the residual over the line center, are
clearly higher for the SDVP compared to the VP.

The multispectral fit is performed for the CO2 lines permitted by the SNR
ratio and level of saturation. Figure 10.5 shows the preliminary results of the
CO2 line parameters for cell 1 by red markers and for cell 2 by blue mark-
ers from fits using the SDVP. The line parameters that are presented are the
transition frequencies in (a), the linestrength in (b), the pressure broadening
coefficient in (c), and the pressure shift coefficient in (d). These are all com-
pared to the HITRAN database [46]. The error bars indicate the statistical
uncertainty (from the fit and experimental uncertainties) and the vertical blue
dotted lines are either the maximum or minimum uncertainty on the HITRAN
value. Since the HITRAN database does not contain the speed-dependent pa-
rameters, the fitted values for the speed-dependent pressure broadening in (e)
and speed-dependent pressure shift in (f) are in absolute values. The param-
eters show in general good agreement with the HITRAN database within the
uncertainty, and many of the parameters have higher precision compared to
the HITRAN values. The transition frequencies indicate a slight offset and the
pressure shift coefficients do not agree well with the HITRAN values. More-
over, the speed-dependent pressure shifts are in general higher than what can
be expected, since it should be a small correction to the pressure shift coeffi-
cient. Furthermore the linestrength indicate also a systematic offset from the
HITRAN database. Probable cause of these discrepancies can be a possible off-
set on the pressure reading and uncertainty in the cell length, which requires
further investigation and repeated measurements.
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FIGURE 10.5: Line parameters of the 3ν1 + ν3 CO2 band at 1575 nm, obtained
from multispectral fit based on the SDVP of each line, for cell 1 (red mark-
ers) and cell 2 (blue markers). The parameters (a)-(d) are compared to the
HITRAN2016 database. The line parameters are (a) transition frequency, (b)
linestrength, (c) pressure broadening coefficient, (d), pressure shift coefficient,
(e) speed-dependent broadening coefficient, and (f) speed-dependent shift co-
efficient. The error bars indicate the statistical uncertainty (from the fit and
experimental uncertainties) and the vertical blue dotted lines are either the

maximum or minimum uncertainty on the HITRAN value.
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11. Cavity mode measurement

The modes of optical cavities are sensitive to both dispersion and absorption
since the center frequency and width of the modes depend on the index of
refraction. Thus broadband characterization of cavity modes allows for deter-
mination of both cavity mirror dispersion, intracavity group delay dispersion
(GDD), and the complex refractive index of entire molecular bands.

FTS with sub-nominal resolution enables precise measurements of the comb
mode intensities, with spectral resolution and frequency scale given by the
comb itself [see Chapter 9]. Fine tuning of the comb parameters and spectral
interleaving of spectra recorded with different comb positions enable mea-
surements with arbitrary tuning of the point spacing covering the entire comb
bandwidth. This in turn allows broadband and sensitive measurements of
narrow features, such as the narrow modes of optical cavities. This was ex-
ploited in paper IV that finally provided evidence that comb-based FTS can
achieve kHz resolution by measuring a cavity mode with a mode width of
∼200 kHz showing no effect of the ILS function. The paper demonstrated
broadband retrieval of the GDD of the cavity mirrors coatings and pure N2
with high accuracy and precision and with resolution orders of magnitude
higher compared to other comb-based techniques. In paper VII the full char-
acterization of the cavity modes were exploited, i.e. their center frequency,
mode width, and amplitude, as in done in cavity-enhanced complex refrac-
tive index spectroscopy (CE-CRIS). The paper demonstrated the first broad-
band CE-CRIS experiment by combining the technique with comb-based FTS.
In this first demonstration the absorption and dispersion spectra of three com-
bination bands of CO2 in the range of 1525 nm to 1620 nm were recorded
simultaneously and showed good agreement with models. This chapter sum-
marizes these two papers.
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FIGURE 11.1: Experimental setup. EOM: electro-optic modulator, FC: fiber col-
limator, HWP: half-wave plate, f: mode-matching lens, PBS: polarizing beam
splitter, PD1,2: photodetector, PZT: piezo-electric transducer, FTS: Fourier
transform spectrometer, fPDH: Pound-Drever-Hall modulation frequency, OC:
optical circulator, DBM: double-balanced mixer, fclk: Rubidium clock fre-
quency, DDS, direct digital synthesizer, fDDS: DDS frequency, f-2f: f-2f inter-
ferometer, fbeat: beat note frequency. The matching of the comb lines (gray
curve) and cw laser (green arrow) to the cavity modes (black curve) is shown
in the inset marked with a black rectangle. The transmitted comb components

are marked by red arrows.

11.1 Experimental setup and procedures

The experimental setup for broadband measurements of cavity modes is shown
in Fig. 11.1. The general procedure is to probe the narrow modes of a Fabry-
Perot cavity using the amplified Er:fiber laser and analyze the transmitted
light with the fast-scanning FTS with sub-nominal resolution. The setups in
paper IV and paper VII are similar, with a few technical improvements in the
latter compared to the first demonstration. For simplicity the improved setup
is shown in Fig. 11.1 and the differences are clarified in the text where they
appear. The FTS is based on that explained in section 7.2. The Er:fiber laser is
stabilized by locking frep to a stabilized cw-laser in the optical domain, while
f0 is locked the a stable RF source. This locking procedure is described in
section 5.3.

The measurements are made on a Fabry-Perot cavity with FSR of 333 MHz,
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and a finesse ∼1700 corresponding to a mode width around ∼200 kHz [cav-
ity 1 in table 7.1 and Fig. 7.3(a)]. The cavity is connected to a flow control
system (described in section 7.3) to supply the gas sample of 1.00(1)% of CO2
diluted in N2 (no background spectrum of pure N2 is measured here). The
cavity length is stabilized by locking one mode of the cavity to an absolutely
stabilized narrow-linewidth cw laser using the PDH locking technique. The
cw laser is in turn absolutely stabilized to a sub-Doppler CO2 transition at
1576.9396 nm using the NICE-OHMS technique [64, 92] (not shown in the fig-
ure). The cw laser is phase modulated using a fiber-coupled EOM to create
the PDH sidebands and coupled into free-space via a fiber-coupled optical
circulator (OC), which is also used to pick up the cavity reflection for the PDH
error signal detection. This error signal is fed into a proportional-integral con-
troller, and the correction signal is sent to a PZT placed between one of the
cavity mirrors and the tube. The limited bandwidth of the cavity PZT causes
a remaining cavity length jitter, which results in a mode broadening, estimated
from the power spectral density of the closed-loop PDH error signal [93]. The
effects of cavity length jitter is discussed in section 11.3.

The offset frequency of the Er:fiber laser described 7.1) is stabilized by lock-
ing the output of the 2-2f interferometer to a frequency generated by a GPS-
referenced Rubidium oscillator, fclk=20 MHz, via feedback to the current of the
oscillator pump diode. The comb repetition rate is stabilized by locking a beat
note between the cw laser and the nearest comb line to a frequency reference
provided by a tunable direct digital synthesizer (DDS) referenced to the GPS-
referenced Rb oscillator. To measure the beat note, the cw and comb beams
are combined using a fiber and coupled into free space, where the light is dis-
persed by a grating and imaged onto a detector. The error signal is obtained
by mixing the reference frequency, fDDS, with the measured beat note, and the
resulting correction signal is fed to the oscillator intracavity PZT and EOM to
control frep. The DDS frequency is set to around 83 MHz to bring every fourth
comb line close to every third cavity resonance (see inset in Fig. 11.1, black
dotted rectangle). Because of the different spacing of the comb lines and the
cavity modes, the repetition rate of the comb light transmitted through the
cavity is 1 GHz. The comb beam is mode-matched to the TEM00 modes of the
cavity using a pair of lenses.

The comb and cw laser beams are combined in free space on a polarizing
beam splitter (PBS) cube and coupled into the cavity with orthogonal polar-
izations. The beams behind the cavity are separated using a second PBS cube.
Because of the finite extinction ratio of the PBS cubes a small fraction of the
cw beam leaks through them. It should be noted that using the OC in combi-
nation with two PBSs is an experimental improvement compared to paper IV,
in which the cw and comb light was combined in a fiber with the same polar-
ization and therefore both were measured by the FTS. This caused a discrete
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peak in the measured spectrum at the cw laser wavelength [see Fig. 2(a) in
paper IV].

The light transmitted through the cavity is analyzed with the FTS, based
on that described in section 7.2 with sub-nominal resolution. In paper IV the
strong cw peak required the nominal resolution to be set to 4 frep/3 (equivalent
to OPD=90 cm), matched to FSR, to allow the comb and the cw laser to be
sampled with sub-nominal resolution [wrong sampling of the cw laser would
cause strong ILS ringing in the spectrum]. In paper VII, the transmitted cw
laser light was significantly reduced, wherefore nominal resolution is set to
1 GHz (equivalent to OPD=30 cm), matched to the comb repetition rate in
transmission, f T

rep, to allow for measurement of the comb spectrum with sub-
nominal resolution. The comb interferogram is acquired and resampled using
the HeNe interferogram as explained in section 7.2. To measure the profiles
of the cavity modes the comb lines are scanned across the cavity resonances
by tuning fDDS in steps of 20 kHz [chosen to acquire at least 10 points per
cavity mode width], which in turn tunes frep via the feedback to the comb
oscillator. The total number of steps are 150 in paper IV and 120 in paper VII.
The spectra obtained after FFT are interleaved to yield the cavity transmission
spectrum.

11.1.1 Frequency scale calibration - λref optimization
Since there is no baseline when the cavity transmission modes are sampled,
it is not possible to study the characteristic ILS appearing when the sampling
is not made correctly and following the procedure explained in section 9.1.
So to find the optimum cw reference laser wavelength, λref, at least one inter-
ferogram containing three burst is recorded. The spectrum of this interfero-
gram contains 2 additional points between the comb lines. Correct sampling
is achieved when the contrast of this spectrum is highest, i.e. the sampling
points between neighboring comb lines are zero, since these elements do not
contain light. This is illustrated in Fig. 11.2(a), which shows the spectrum
of a three-burst interferogram zoomed in on the 3ν1 + ν3 CO2. Figure 11.2(b)
shows a part of the spectrum containing only a few sampling points (marked
in (a) with the gray rectangle). High contrast is achieved when the sampling
points between comb lines (gray markers) are zero, which maximizes the in-
tensity at the comb lines (black markers). The curve is just guide to the eye.
This procedure was used in paper VII to find the correct value of the reference
wavelength, λref, whereafter the single-burst interferograms were analyzed
using this value of λref.

It should be noted that in paper IV all recorded interferograms contained
three bursts to allow both the comb and the cw laser to be sampled with
sub-nominal resolution, while in paper VII the cw laser light leaking through



11.1. Experimental setup and procedures 103

FIGURE 11.2: Illustration of the procedure used to optimize the cw reference
laser wavelength, λref. (a) Spectrum of a three-burst interferogram (shown for
the 3ν1 + ν3 CO2 band). (b) Zoomed view showing a few sampling points
(markers, lines are guide to the eye). The correct sampling is achieved when
the contrast is maximized, i.e. when the sampling points between comb lines

(gray markers) are zero.

the cavity was significantly reduced wherefore there was no need to measure
more than single-burst interferograms. Thus in paper VII a three-burst inter-
ferogram was measured and analyzed to optimize the λref value, while the
transmission spectrum was obtained from single-burst interferograms.

11.1.2 Cavity mode characterization
The final cavity transmission spectrum is obtained by interleaving spectra
recorded with different frep values, i.e. as the comb is scanned across the cav-
ity resonances. This is shown in Fig. 11.3, which illustrates the process in the
OPD domain in (a) and in the frequency domain in (b). Figure 11.3(a) shows
measured single-burst interferograms with the length matched to c/ f T

rep, which
are recorded with different frep values [every second frep step are shown, il-
lustrated with different colors]. Figure 11.3(b) shows the corresponding spec-
trum after FFT, with sampling points (markers) positioned at the comb lines
(dashed line). The comb lines are at different positions as a result of the frep
tuning (represented with different colors). The cavity transmission spectrum
is retrieved by interleaving spectra recorded with different frep values. It
should be noted that because of mirror dispersion, the cavity modes come
into resonance at different values of frep [see panel (b)]. Moreover, as the comb
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FIGURE 11.3: Illustration of spectral interleaving. (a) Single-burst interfero-
grams recorded with different frep values. The intensity of the interferograms
changes as the comb modes are tuned across the cavity modes. (b) Final trans-
mission spectrum obtained after interleaving spectra recorded with different
frep values. Comb lines are illustrated by dashed lines and sampling points by

markers. The colors in the two panels correspond to the same frep value.

lines are scanned across the cavity resonances the total power of the measured
interferogram changes significantly [see panel (a)].

Figure 11.4(a) shows the cavity transmission spectrum of an empty cavity,
spanning from 1500 to 1640 nm and containing 16000 resonance modes. The
spectrum is obtained by interleaving 150 spectra [each averaged 2 times, and
with a frep step of 20 kHz]. The total acquisition time is ∼20 minutes. The
peak intensities of the cavity modes follow the comb spectral envelope and
a discrete peak is visible at the cw reference laser wavelength. The inset of
Fig. 11.4(a) shows a zoom of a part of the spectrum containing 3 cavity modes
separated by 3FSR.

The cavity modes of a Fabry-Perot cavity have the shape of a Lorentzian
[see chapter 3]. Thus the cavity modes can be fully characterized by fitting
a Lorentzian profile to each cavity mode, with the center frequency, νk, the
width, Γk and the amplitude, Pk

1, as fitting parameters [Eqs. 3.9 and Eq. 3.17 in
the absence and presence of absorber, respectively]. One of the cavity modes
in Fig. 11.4(a) is further enlarged in (b) (black markers). A model based on a
Lorentzian function and a linear baseline is fitted to the data (gray curve), and
the fit residual is shown in the lower panel. The fit returned Γk=214.4(9) kHz.

1Direct measurement of cavity transmission yields the power transmitted through the mode,
Pk=Aα

k P0
k , where P0

k is the comb mode power.
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FIGURE 11.4: (a) Cavity transmission spectrum of an empty cavity, spanning
16 THz consisiting of 16000 cavity modes. Inset: zoomed view of 3 modes
separated by 1 GHz (3FSR). (c) Zoom of a single cavity mode at 1600 nm (black
markers) together with a Lorentzian fit (gray curve) and residual (lower panel).

To verify the accuracy of the mode width measurement, the cavity ring-down
(RD) time at 1600 nm is measured resulting in a mode width of ΓRD=191(2)
kHz, which agrees with the value obtained from the Lorentzian fit of the mode
when considering the mode broadening due to the remaining cavity jitter (20
kHz) and the comb linewidth (2.8 kHz). This result was the first demonstra-
tion that the comb-based FTS with sub-nominal resolution can achieve kHz
resolution.

11.2 Broadband measurement of intracavity
dispersion

As was explained in Chapter 3, the cavity modes of a Fabry-Perot cavity is
in the case of dispersion free mirrors and in the absence molecular samples
evenly spaced by FSR. In reality however, dielectric mirrors commonly used
in optical cavities always exhibit some degree of chromatic dispersion, i.e. the
phase velocity changes with frequency. Because of this the modes of a Fabry-
Perot cavity deigned from such mirror will not be equally spaced. Filling the
cavity with a sample causes an additional shift. The cavity group delay dis-
persion (GDD) can be determined from the shift of the cavity modes. The
GDD is given by

GDD = − 1
2πFSRref

∂2∆ν

∂ν2 , (11.1)
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FIGURE 11.5: Group delay dispersion (GDD) of the empty cavity (black solid
curve), and the cavity filled with pure N2 at 750 Torr (gray solid curve). The
dashed curve is the sum of the GDD of N2 calculated using the Sellmeier equa-

tion and the experimentally determined empty cavity GDD.

where FSRref is defined as the FSR at a reference wavelength [chosen as the
cw laser wavelength] and ∆ν is the frequency shift of the modes from the
grid defined by the empty cavity at this reference wavelength. In paper IV,
broadband characterization of the cavity modes positions and ∆ν was used for
broadband determination of the GDD of cavity mirror coatings and of pure
N2. To retrieve the GDD of the cavity mirror coatings and N2, a curve was
fitted to the determined frequency shifts, ∆ν [Fig 3 in paper IV], whereafter
the fitted curve was differentiated twice to yield the GDD [calculated with Eq.
11.1].

Figure 11.5 shows the retrieved GDD curves of the empty cavity (black
solid curve), and the cavity filled with pure N2 at 750 Torr (gray solid curve).
The dashed curve is the sum of the GDD of N2 calculated using the Sellmeier
equation and the experimentally determined empty cavity GDD. The preci-
sion on the GDD of the cavity mirror coatings was on the order of 0.1 fs2 and
the accuracy of the N2 measurement was within 1 fs2 of a model based on the
Sellmeier equation [94].

11.3 Cavity-enhanced complex refractive index
spectroscopy

As was discussed in chapter 3, when the cavity is filled with an absorbing sam-
ple the modes are modified in terms of their center frequency, mode width
and amplitude. The cavity mode shift and broadening are directly propor-
tional to the molecular dispersion and absorption, respectively, and indepen-
dent of the cavity parameters, such as the cavity length and mirror reflectivity
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FIGURE 11.6: (a) Cavity transmission spectrum, where the positions of the
three strongest CO2 absorption bands are indicated with gray bars. Insets:
parts of the spectrum containing two CO2 absorption lines from each band.
The amplitude of the spectrum follows that of the comb power envelope. (b)
Zoom of one cavity mode within the 3ν1 + ν3 CO2 band located at 1611 nm.
Data is shown by black markers and the Lorentzian fit is shown by the gray

curve, and fit residual in the lower panel.

according to Eqs. 3.16 and 3.21. Moreover the information about the center
frequency and mode width in the absence of resonant absorption can be ex-
tracted from the baselines of the respective measurements. This makes the
technique calibration-free and less sensitive to systematic errors. Moreover,
the third cavity mode parameter, i.e. the amplitude, gives, after normalization
with the comb envelope, the cavity-enhanced transmission spectrum. Such
transmission spectra measured using other techniques require calibration of
cavity finesse for retrieval of quantitative information. Here, however, the cav-
ity mirror reflection is determined from the baseline of the cavity mode width
spectrum, which eliminates the need for a separate finesse measurement and
makes this spectrum calibration-free as well. In paper VII the CE-CRIS tech-
nique (described in section 4.3.3) was combined with the comb-based FTS to
measure broadband spectra of CO2. The cavity transmission spectrum is ob-
tained using the experimental setup described in section 11.1.

11.3.1 Cavity transmission spectrum
Figure 11.6 (a) shows a cavity transmission spectrum of a cavity filled with
1% of CO2 in N2 at a total pressure of 750 Torr. This transmission spectrum is
obtained by interleaving 120 spectra recorded with different frep values, with
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a step of 20 kHz. For each step, 20 interferograms with 1 GHz nominal res-
olution are recorded for averaging. A single interferogram is acquired in 0.6
s (which includes 0.2 s dead time needed for the FTS mirror to turn around)
resulting in a total acquisition time of ∼24 minutes. The transmission spec-
trum contains 15000 cavity modes spanning 15 THz of bandwidth between
1505 and 1650 nm. The amplitude of the spectrum is normalized to its max-
imum at 1600 nm and the spectral envelope follows that of the comb power
spectrum. The positions of the three strongest absorption bands of CO2 are
indicated with gray bars and the insets show zoomed views of two CO2 ab-
sorption lines from each band, where the black vertical lines are the individual
cavity modes. The narrow peak at 1576.9 nm originates from the cw laser light
that leaks into the FTS. A Lorentzian profile was fitted to each cavity mode
with the center frequency, νk, the width, Γk and the amplitude, Pk, as fitting
parameters. The upper window of Fig. 11.6(b) shows a cavity mode within
the 3ν1 + ν3 CO2 band centered at 1610 nm [for which the optical power, and
thus the signal-to-noise ratio (SNR), are highest] located at 1611 nm, which is
not resonant with CO2 absorption lines. The experimental data are shown by
black markers while the gray curve shows the Lorentzian fit, and the resid-
ual is displayed in the lower window. The average precision of the retrieved
cavity mode parameters within this CO2 band is of the order of 30 Hz for the
center frequency, 10 Hz for the mode width, and 0.02% for the amplitude.

11.3.2 CE-CRIS spectra
Figure 11.7 (a)-(c) show the cavity mode frequencies, widths, and amplitudes,
respectively, obtained from the Lorentzian fits to all cavity modes when the
cavity was filled with 1% CO2 in N2 at total pressure of 750 Torr. Both curves
in (a) and (b) comprise a sum of a slowly varying baseline (for clarity, a linear
frequency grid spaced by the mean value of the cavity FSR has been subtracted
from the fitted center frequencies), and the resonant contributions caused by
the dispersion and absorption of the CO2 bands. [The dispersion of the 3ν1 +
ν2 + ν3 band at ∼1537 nm, which has transition linestrengths one order of
magnitude lower than the other two bands, is shown in the inset of Fig. 11.7(a)
after another linear baseline has been removed]. Note that the baselines in the
mode frequency and width spectra are significantly less structured than the
envelope of the cavity transmission spectrum in (c). This is because the for-
mer are slowly varying functions of frequency, determined by the frequency
dependence of the non-resonant index of refraction and the dispersion and
reflectivity of the cavity mirrors, but are independent of the comb power. The
mode amplitudes of the weaker 3ν1 + ν2 + ν3 band is shown in the inset of Fig.
11.7(c).
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FIGURE 11.7: (a) Cavity mode frequencies, after a linear grid spaced by the
mean value of the FSR has been subtracted. Inset: zoomed view of the
3ν1 + ν2 + ν3 CO2 band centered at ∼1537 nm after another linear baseline has
been subtracted. (b) Cavity mode widths. (c) Cavity mode amplitudes. Inset:

zoomed view of the 3ν1 + ν2 + ν3 CO2 band.
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The mode frequency shift, broadening, and amplitude attenuation are used
to retrieve absorption and dispersion spectra as well as the ordinary cavity-
enhanced spectrum for the three combination bands of CO2 with signal-to-
noise ratios ∼1000 for the two stronger bands centered around 1575 nm and
1610 nm and ∼100 for the weaker band centered around 1537 nm.

Figure 11.8 shows the resulting CO2 spectra (black markers) for the 3ν1 +
ν3 at ∼1610 nm. The dispersion (right y-axis) retrieved from the mode fre-
quency shift (left y-axis) is shown in (a), the absorption (right y-axis) retrieved
from the mode broadening (left y-axis) is shown in (b), and the cavity-enhanced
(on-resonance) transmission spectrum is shown in (c). Fits based on theoret-
ical models are shown in gray curves, and the fit residuals are shown in the
lower panels which show overall good agreement with the measured spectra.
The theoretical models are calculated using the Eqs. 3.16, 3.21, and 3.22 for
the three spectra, respectively. The models are based on the Voigt lineshape,
where the dispersion and absorption coefficients are calculated by Eqs. 2.11
and 2.10, and line parameters from the HITRAN database [46] (the Doppler
widths are ranging between 344 to 349 MHz). For the dispersion and absorp-
tion spectra, the slowly varying baselines are removed by fitting a sum of a
third-order polynomial function and low frequency sine functions together
with the molecular model and subtracting it from the data. The models are
fitted to the measured data using multiline fitting with the CO2 concentra-
tion as the only fitting parameter to retrieve the CO2 concentration from the
three spectra. The returned CO2 concentrations from the fits are 1.0048(2)%
for the dispersion (frequency shift) and 0.9995(1)% for the absorption (mode
broadening), where the uncertainties is the precision from the fit. These two
agree with the specified concentration of the gas sample within the accuracy
of the pressure measurement, and the absorption and dispersion spectra agree
within 0.5%, where the discrepancy is attributed to different structures in the
fit residuals for the two spectra [The fit quality if the Lorentzian fits are vary-
ing across the spectrum, for more details refer to Fig. 4 in paper VII]. To re-
trieve the cavity-enchained spectrum, the comb power envelope, P0

k , needed
for normalization of the spectrum, is found by taking the ratio between the
cavity mode amplitudes and the model based on Eq. 3.22, smoothening it
with a moving average function, and fitting the sum of a third-order polyno-
mial and low frequency sine functions to it. The spectrum is then divided by
the fitted comb envelope to yield the cavity-enhanced transmission spectrum,
shown in (c). The mirror reflection coefficient needed to calculate the cav-
ity transmission function is determined from the baseline of the cavity mode
width spectrum. Thus no separate calibration of the cavity finesse is needed
for quantitative analysis of the cavity-enhanced spectrum; instead this can be
retrieved from the mode width spectrum which is measured simultaneously.
However, the existence of a structured baseline, which needs to be removed
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FIGURE 11.8: Spectra of the 3ν1 + ν3 band of 1% CO2 in N2 at 750 Torr (black
markers) with fits of the corresponding models (gray curves) and residuals
(lower windows). (a) Dispersion (right y- axis) retrieved from the mode fre-
quency shift (left y-axis). (b) Absorption (right y-axis) retrieved from the
mode broadening (left y-axis). (c) Cavity-enhanced (on-resonance) transmis-

sion spectrum retrieved from the mode amplitude.
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in the fitting process, is a source of uncertainty in the final spectrum, which is
hard to quantify. Nevertheless, the fitted CO2 concentration from the cavity-
enhanced spectrum is 1.0091(3)%, which deviates less than 1% from the other
two spectra. A similar analysis was performed for the 3ν1 + ν3 band centered
at∼1575 nm and the 3ν1 + ν2 + ν3 band centered at∼1575 nm, and the results
are presented in Fig. 7 and 8, respectively in paper VII.

11.3.3 Influence of cavity length jitter
The CO2 concentration returned from the fit to the mode broadening agrees
well with the specified gas sample concentration even though the cavity modes
are broadened by the cavity length jitter, as explained in section 11.1. The re-
ported widths in Fig. 11.7 are obtained directly from the Lorentzian fits to
the cavity modes, without correcting for the broadening caused by the cavity
length jitter. To examine the effect of the cavity length jitter on the mode width
the cavity transmission spectrum is measured for different amplitudes of cav-
ity length jitter by changing the gain of the PDH servo. Figure 11.9(a) shows
the cavity mode widths retrieved from two data sets, in blue for the optimized
cavity length locking [same as in Fig. 11.7(b)] and in red when the cavity
length jitter was increased by increasing the gain of the PDH servo. Clearly,
the baseline of the mode width measurement shifts, as expected. However, the
broadening caused by the CO2 band is similar in both cases, as shown by Figs.
(b) and (c), where the two data sets are analyzed in the same way as described
above, i.e. a fit is performed with concentration as the free parameter, and the
baseline is removed during the fitting procedure. The retrieved CO2 concen-
trations are 0.9995(2)% in the optimized case [panel (b)], and 0.9913(2)% in the
case with larger jitter [panel (c)]. Clearly, the concentration does not change
in proportion with the broadening caused by the jitter. In fact, this difference
is too small to have any significance and further investigations are needed be-
fore any conclusions can be made from these observations. Currently, this be-
havior is attributed to the fact that the non-resonant contribution to the mode
width (i.e. the baseline), Γ0

k in Eq. 3.20 depends on the cavity length, while the
resonant contribution, Γα, does not.
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FIGURE 11.9: Cavity mode widths retrieved from two data sets, for the opti-
mized cavity length locking (blue curve) [same as in Fig. 11.7(b)] and when the
cavity length jitter is increased by increasing the gain of the PDH servo (red
curve). (b) Mode broadening caused by the CO2 absorption for the two cases
in panel (a), for the optimized lock in (b) and for increased cavity jitter in (c).

Residuals are in the lower panels.
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12. Optical frequency comb Faraday
rotation spectroscopy

Spectroscopy based on OFCs enable retrieval of immense amounts of spec-
troscopic information in short acquisition times [26] and allows for multi-
species detection with a single coherent light source [35, 95–97]. Computa-
tional methods involving baseline removal together with multiline fitting can
be straightforwardly implemented to retrieve quantitative information from
these spectra if each constituent can be accurately modeled [35]. However,
this becomes a challenging task when sufficiently accurate spectral models
for the background constituents are unknown and their spectra cannot be as-
signed. This is even more difficult in the presence of drifting optical fringe
backgrounds that prevents long-time averaging. Congested absorption spec-
tra are commonly encountered in e.g. combustion diagnostics, and are espe-
cially troublesome in wavelength regions where sufficiently detailed spectral
models for water vapor are not yet available [37]. Thus, techniques that allow
for detection of only the targeted species without influence of other spectrally
interfering constituents are eligible. In the case of paramagnetic species this
can efficiently be obtained using the Faraday rotation spectroscopy (FRS) tech-
nique (described in section 4.4) that probes the magneto-optic properties in of
the gas which effectively removes influence from diamagnetic species such as
CO2 and H2O. This has been demonstrated using cw lasers [7, 8]. However,
the use of cw lasers is restricts the information to a few absorption lines, lim-
ited by the tuning range of the laser. Paper VI demonstrated for the first time
optical frequency comb Faraday rotation spectroscopy (OFC-FRS), by comb-
ing the FRS technique with the comb-based FTS. In this first demonstration,
the entire Q- and R-branch of the fundamental band of nitric oxide (NO) at
∼5.3 μm was measured, which showed good agreement with a theoretical
model.
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12.1 Experimental setup and procedure

The experimental setup is shown in Fig. 12.1. It is based on a femtosecond
doubly resonant optical parametric oscillator (DROPO) [82] described in sec-
tion 7.1, two polarizers, a gas cell placed inside a DC-solenoid, and a fast-
scanning FTS. The idler of the DROPO (filtered out using a long-pass filter)
operating in the degenerate configuration is tuned to cover 5.1-5.4 μm (1850-
1960cm−1) with a total optical power of 5 mW. The polarization of the idler
light is cleaned by a Wollaston prism placed in front of a 17.5 cm-long gas cell
equipped with uncoated, tilted, and wedged CaF2 windows. The cell is placed
inside a 12.7 cm-long DC-solenoid, which provides an axial magnetic field of
260±7 G either parallel or antiparallel to the light propagation depending on
the direction of the supplied current. The cell is operated with a continuous
flow of 1% NO diluted in N2 at a total pressure of 100 Torr. The flow and
pressure are actively controlled through a combination of flow and pressure
controllers (providing 1.3 Torr precision on the gas pressure). A wire-grid
polarizer is placed after the cell and rotated by 45◦ with respect to the Wol-
laston prism (optimum for detector noise limited systems) to convert the po-
larization rotation induced by the interaction with the sample to an intensity
change. The transmitted light is measured with a fast-scanning FTS, described
in section 7.2. An interferogram with a spectral resolution of 250 MHz is mea-
sured in 3.5 seconds.

A calibration and background-free signal is obtained by subtracting sig-
nals measured with opposite magnetic field directions, as described in section
4.4. This is achieved by collecting consecutive interferograms with opposite
magnetic field at different scan directions of the FTS mirrors, which is done
by synchronizing the direction of the supply current to the coil and the direc-
tion of the FTS mirror. For this a trigger from the FTS, which triggers when
the retro-reflector turns around, is sent to a relay that switches the direction of
the supply current. The corresponding spectra in the two field directions, I±T ,
are retrieved from the FFT of the interferograms. The normalized FRS spec-
trum is obtained by subtracting spectra recorded with opposite magnetic field,
∆I±T = I+T − I−T , and normalizing to their mean value, I0

T =
(

I+T + I−T
)

/2,
which makes the FRS spectrum baseline and calibration-free. Since this is per-
formed for the entire comb simultaneously, this allows for broadband mea-
surements.

12.2 OFC-FRS signals

The OFC-FRS signal is the broadband representation of the FRS signals de-
scribed in section 4.4. The OFC-FRS signal is basically an absorption signal,
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FIGURE 12.1: Experimental setup for OFC-FRS. DROPO: doubly resonant op-
tical parametric oscillator, LPF: long-pass filter, P1: Wollaston prism polarizer,

P2: wire-grid polarizer, FTS: Fourier transform spectrometer.

with increased or decreased intensity depending on the field direction. The
OFC-FRS signal is obtained by subtracting spectra recorded with opposite
magnetic field and dividing by their mean [for full derivation of the OFC-FRS
signal refer to paper VI]. Assuming 45◦ uncrossing angle between the po-
larizer and analyzer, high extinction ratio for the analyzer, while taking into
account the ellipticity of the polarizer, the OFC-FRS signal is given by

SFRS =
∆IT

I0
T
≈ 2 sin(2Θ) + 4ε sinh(2Φ), (12.1)

where Φ and Θ are given in Eq. 4.11. Since this is performed over the entire
comb at once, the interferogram is the sum over all optical frequencies. For
cases when the aforementioned approximations are not justified, the full ex-
pressions of Eqs. (11) and (13) in paper VI must be used to model the FRS
spectrum.

12.3 Background suppression

OFC-FRS is a powerful technique to achieve efficient background suppres-
sion. This is illustrated in Fig. 12.2. Figure 12.2(a) shows an average of 500
transmission spectra measured with opposite magnetic field, I+T in light gray
(solid curve) and I−T in black (dashed curve), and their mean, I0

T, in dark gray
(dash-dotted curve), zoomed in on the Q-branch of NO at 1875.8 cm−1. The
rotation of the polarization of the light due to the magnetic field is manifested
as either an increase or a decrease of intensity depending on the direction of
the field intensity (compared to the case with no magnetic field, which cor-
responds to the mean value). Figure 12.2(b) shows the resulting normalized
FRS spectrum. Subtraction of the consecutive transmission spectra removes
any structure in the baseline, which can clearly be seen by comparing panel
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FIGURE 12.2: Transmission spectra (500 averages) for the opposite directions
of the magnetic field (I±T , light gray solid and black dashed cures), and their
average (I0

T , dark gray dash-dotted curve) for (a) the Q-branch and (c) in a
spectral range affected by water absorption. The corresponding FRS signals

are shown in (b) and (d).
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(a) and (b) in Fig. 12.2. Another advantage with the OFC-FRS technique is
that any background that is similar in the two magnetic field directions is sup-
pressed in the subtraction of the two signals. This is clear from Fig. 12.2 (c) and
(d), which shows a zoomed view of the signals in a wavelength range affected
by water absorption (reaching ∼20%) caused by the presence of atmospheric
water in the path between the DROPO and the FTS. The transmission signal
in (c) is also clearly affected by an etalon (originating from one of the polar-
izers). The FRS signal in (d) shows that water absorption and the etalon are
significantly suppressed, almost down to the noise level. A small structure is
remaining, which is caused by fluctuations in the signal that occur on a time-
scale faster than that required to perform two FTS scans. Nevertheless, the
etalon observed in the transmission spectrum is reduced by a factor of ∼200.
It should be noted that the measurement is possible only if sufficiently many
photons reach the detectors. Therefore, in spectral ranges where water ab-
sorption approaches 100% the system will exhibit severe degradation of SNR.

12.4 Broadband NO spectra

The background suppression advantages of OFC-FRS allows for broadband
detection of paramagnetic species. In the first demonstration of OFC-FRS the
entire R- and Q-branches and part of the P-branch of NO centered around 5.3
µm were measured. Figure 12.3(a) shows the normalized FRS spectrum of
1% NO in N2 at 100 Torr (500 averages). A theoretical model is fitted to the
data to retrieve the gas concentration. The model (gray curve) is based on the
full expressions for I0

T and ∆IT in paper VI, (to take into account imperfect
polarizer and analyzer), using Voigt lineshape and line parameters from the
HITRAN database [46]. Due to the limited SNR, the Q-branch, which pro-
vides the strongest signal is fitted with NO concentration, cNO, magnetic field
strength, B, and the unbalancing term between polarization components, ε,
as fitting parameters. This returned the NO concentration of cNO=1.055(2)%.
The pair of lines in the R-branch shown in Fig. 12.3(c) are fitted with only cNO,
as fitting parameter, while B and ε was fixed to the value found in the fit to
the Q-branch (B=228.8 Gauss and ε=0.0507). This returned the NO concentra-
tion of cNO=0.944(4)%. The residuals in the lower panels show good agree-
ment with the data, although some discrepancies can be observed. These are
likely caused by e.g poor extinction ratio of the polarizers or uncertainty in the
model (e.g. uncertainty in line parameters and the use of the Voigt lineshape).

The good long-term stability of the system is demonstrated by an Allan-
Werle plot [91], where NO concentrations are retrieved from multiline fits to
the Q-branch of individual FRS spectra [Fig. 6 in paper VI] indicating white-
noise behavior over 1000 s.
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FIGURE 12.3: Normalized FRS spectrum of the entire Q- and R-branch, and
part of the P-branch of NO centered at ∼5.3 µm. A zoomed view of part of
the (a) Q-branch (black) and (c) a pair of lines in the R-branch (black), together

with fit (gray). Fit residuals are shown in the lower panels of (b) and (c).
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13. Conclusions and Outlook

This thesis focuses on further advances in comb-based FTS to extend its capa-
bilities for broadband precision spectroscopy, in terms of spectral resolution,
accuracy and precision of the quantities retrieved from curve-fitting, and spec-
tral selectivity.

It was long believed that the nominal resolution of FTS is limited by the
maximum scanning range of the spectrometer. This is simply not the case
when the light source is an optical frequency comb. This was demonstrated
for the first time in paper II. The sub-nominal resolution method (paper V)
provides a new way to analyze comb-based FTS signals that yields spectra
with resolution limited by the comb linewidth rather than optical path differ-
ence of the FTS, and with frequency scale provided by the comb itself. This
allows for measurements of extremely narrow features, e.g. low-pressure ab-
sorption spectra, as was shown in papers II, V and VIII, and cavity transmis-
sion modes, as was demonstrated in papers IV and VII (with kHz resolution),
with high accuracy and precision on the frequency scale. Thus, comb-based
FTS enables acquisition of high-resolution absorption spectra with dramati-
cally reduced instrument size and acquisition times compared to FTIRs and
with SNRs high enough to allow for line parameter retrieval using lineshapes
beyond the Voigt profile. The fine tuning ability of the technique also makes
it extremely versatile and adaptable to different kinds of measurements.

The capability of this technique was demonstrated in paper VIII by mea-
suring high precision spectra of pure CO2 in a multipass cell at different pres-
sures, which allowed for line parameter retrieval by fitting spectra using the
multispectral fitting. The preliminary CO2 line parameters that were pre-
sented showed good agreement with the HITRAN database, with similar or
improved precision. The future prospects are to retrieve line parameters for
the entire 3ν1 + ν3 absorption band of CO2 at 1575 nm and later on for other
wavelength ranges and for different collisional partners. It is also of interest
to measure data with higher SNRs to enable multispectral fitting with even
more sophisticated lineshapes, ultimately the HTP.
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Incorporating the CE-CRIS technique with the sub-nominal resolution fur-
ther extends the capability of FTS for precision spectroscopy as it allows for si-
multaneous calibration-free assessment of the absorption and dispersion spec-
tra, which can provide new information about the relation between the real
and imaginary parts of the molecular line shapes [98]. Since the spectral band-
width is given by the comb itself and not limited by the dispersion of the cav-
ity, it enables measurements over broad spectral bandwidth and several ab-
sorption bands simultaneously. This will allow e.g. verification of vibrational
and rotational molecular energy levels with improved accuracy and investiga-
tion of line mixing effects. The future prospects for this project is to improve
the SNR to approach the precision demonstrated with cw-lasers, which can
be achieved by increasing the cavity finesse. To make the technique useful for
line parameter retrieval, the system must be able to measure spectra taken at
lower pressures. Denser sampling point spacing, today limited by the repeti-
tion rate of the comb in transmission, is possible by performing measurements
with different cavity lengths and interleaving the spectra. Finally, the effect of
cavity mode broadening due to limited bandwidth of the cavity lock needs to
be further instigated.

Another aim of this thesis work was to improve the NICE-OFCS technique
in terms of stability and sensitivity and spectral modeling that allows for ac-
curate assessment of the gas concentration. The work in paper I resulted in
an improved stability and sensitivity of the NICE-OFCS technique and gave a
first demonstration of fitting a NICE-OFCS model to the spectra to assess the
gas concentration. In paper III the signal lineshapes were studied in detail
to fully understand the theoretical model and to find optimum condition to
operate the NICE-OFCS system without loss of accuracy in the retrieved gas
concentration from multiline fitting. It was found that the most beneficial way
to implement the NICE-OFCS technique is by using a modulation frequency
as low as possible, i.e νm=FSR, in order to maximize the signal and minimize
the error of the retrieved gas concentration. After that, the optimum range
of gas pressures are determined by the SNR in the spectrum. Operating the
NICE-OFCS system under the optimum conditions allows for sensitive mea-
surements of gas samples with accurate gas concentration retrieval. The future
of this project will be on hold until good quality EOMs are developed in the
MIR wavelength range, which is the main limiting factor to move detection to
higher wavelengths.

The aim to improve the spectral selectivity was approached by combining
the FRS technique with comb-based FTS, called OFC-FRS (paper VI). Efficient
background suppression is achieved by switching the magnetic field direction
on consecutive scans FTS scans and subtracting the consecutive spectra. Back-
ground and interference-free measurement of the entire Q- and R-branches of
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NO at ∼5.3 μm were shown. The broadband OFC-FRS may be useful for fun-
damental science applications, such as assessing the Landè g-factors, and for
applications where paramagnetic species are masked by interfering diamag-
netic compounds, commonly occurring in combustion diagnostics. The tech-
nique can be improved by using polarizers with higher extinction ratio and
increase the interaction length for example by incorporating a cavity [99]. The
future prospect for this projects is to implement the OFC-FRS in a combustion
environment, with the aim to detect paramagnetic OH without influence of
water absorption.
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14. Summary of Papers

Paper I

Noise-immune cavity-enhanced optical frequency comb spectroscopy: a sen-
sitive technique for high-resolution broadband molecular detection
Amir Khodabakhsh, Alexandra C. Johansson, and Aleksandra Foltynowicz
Applied Physics B, Vol. 119, no. 1, p. 87-96 (2015)

In this paper we implemented a method for passive locking of the modulation
frequency to the cavity FSR that significantly improved the long-term stability
of the NICE-OFCS system and achieved measurements of CO2 spectra with
concentration detection limit of 25 ppb in 330 s. We presented a detailed de-
scription of the theoretical NICE-OFCS model, which was implemented with
multiline fitting for assessment of the gas concentration by fitting the NICE-
OFCS model to measured spectra.

My contribution to this paper was predominantly the implementation of the
theoretical model in the multiline fitting routine and in the curve-fitting and
data analysis. I also participated in measurements as well as in the writing of
the manuscript.
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Paper II

Surpassing the path-limited resolution of Fourier-transform spectrometry
with frequency combs
Piotr Maslowski, Kevin F. Lee, Alexandra C. Johansson, Amir Khodabakhsh,
Gregorz Kowzan, Lucile Rutkowski, Arthur A. Mills, Christian Mohr, Martin
E. Fermann, and Aleksandra Foltynowicz
Physical Review A, Vol. 93, no. 2, p. 021802 (2016)

This paper demonstrated for the first time that comb-based FTS can overcome
the nominal resolution limit of the FTS by precisely matching the maximum
delay range of the FTS to the comb line spacing to measure the intensities of
the individual comb lines. We experimentally verified this by measuring in-
strumental lineshape-free broadband molecular spectra with lines narrower
than the optical path-limited resolution using two separate systems, one in
the NIR and one in the MIR.

I contributed to the measurements and data analysis of the NIR spectra. I
participated in discussions that led to the sub-nominal resolution method and
in the preparation of the manuscript.

Paper III

Signal line shapes of Fourier transform cavity-enhanced frequency mod-
ulation spectroscopy with optical frequency combs
Alexandra C. Johansson, Lucile Rutkowski, Amir Khodabakhsh, and
Aleksandra Foltynowicz
Journal of the Optical Society of America B, Vol. 34, no. 2, p. 358-365 (2016)

This paper presented a thorough analysis of the signal line shapes of NICE-
OFCS. We compared the full model of the NICE-OFCS signals and a simplified
absorption-like analytical model that is much faster to compute. We found
that the simplified model has high accuracy for low ratios of the modulation
frequency to absorption linewidth (i.e. νm/Γa), wherefore it is beneficial to
implement the NICE-OFCS system using low νm/Γa ratios, i.e. with νm=FSR.
We experimentally verified the theory by measuring NICE-OFCS spectra and
fitting the model to the data, where the accuracy of the retrieved gas concen-
tration was not limited by the theoretical model.

I contributed to experimental optimizations of the system and was respon-
sible for the measurements and data analysis. I made the simulations of the
NICE-OFCS signals and wrote a substantial part of the manuscript.
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Paper IV

Sensitive and broadband measurement of dispersion in a cavity using a
Fourier transform spectrometer with kHz resolution
Lucile Rutkowski, Alexandra C. Johansson, Gang Zhao, Thomas Hausmaninger,
Amir Khodabakhsh, Ove Axner, and Aleksandra Foltynowicz
Optics Express, Vol. 25, no. 18, p. 21711-21718 (2017)

This paper presented broadband and accurate measurements of the modes
of a Fabry-Perot cavity using comb-based FTS with sub-nominal resolution.
We characterized 16000 longitudinal cavity modes spanning 16 THz of band-
width, in terms of their center frequency, linewidth, and amplitude. From the
center frequencies, we retrieved the group delay dispersion of the cavity mir-
ror coatings and pure N2 with 0.1 fs2 precision and 1 fs2 accuracy. This was
also the final proof that the spectral resolution of comb-based FTS with sub-
nominal resolution is given by the comb linewidth.

My contribution to the paper was in the discussion about the theoretical de-
scription and measurements and in the preparation of the manuscript.

Paper V

Optical frequency comb Fourier transform spectroscopy with sub-nominal
resolution and precision beyond the Voigt profile
Lucile Rutkowski, Piotr Maslowski, Alexandra C. Johansson, Amir
Khodabakhsh, and Aleksandra Foltynowicz
Journal of Quantitative Spectroscopy and Radiative Transfer, Vol. 204, p. 63-73
(2018)

This paper described in detail the experimental and numerical steps needed to
achieve sub-nominal resolution and ILS-free molecular spectra in comb-based
FTS. We investigated the accuracy of the transition line centers retrieved by fit-
ting to the absorption lines measured using this method, and verified the per-
formance by measuring an ILS-free cavity-enhanced low-pressure spectrum
of the 3ν1 + ν3 band of CO2 at 1575 nm with linewidths narrower than the
nominal resolution. Collisional narrowing of the absorption line shape was
observed for the first time using comb-based spectroscopy.

I contributed to the measurements and to the preparation of the manuscript
and participated in the discussions about of theoretical description.
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Paper VI

Optical frequency comb Faraday rotation spectroscopy
Alexandra C. Johansson, Jonas Westberg, Gerhard Wysocki, and Aleksandra
Foltynowicz
Applied Physics B, Vol. 124, p. 79 (2018)

In this paper we demonstrated for the first time OFC-FRS for broadband inter-
ference-free detection of paramagnetic species. The system was based on a
femtosecond doubly resonant optical parametric oscillator and a fast-scanning
FTS. In this first demonstration, we measured the entire Q- and R-branches of
the fundamental band of nitric oxide in the 5.2-5.4 μm range showing good
agreement with a theoretical model.

I contributed to the experimental implementation of the FRS technique into
the existing comb-based FTS. I also contributed to the development of the
theoretical model, measurements, data analysis and curve-fitting as well as
writing the manuscript.

Paper VII

Broadband calibration-free cavity-enhanced complex refractive index spec-
troscopy using a frequency comb
Alexandra C. Johansson, Lucile Rutkowski, Anna Filipsson, Thomas
Hausmaninger, Gang Zhao, Ove Axner, and Aleksandra Foltynowicz
Optics Express, Vol. 26, no. 16, p. 20633-20648 (2018)

This paper demonstrated for the first time broadband CE-CRIS with a comb-
based FTS. Molecular absorption and dispersion spectra were obtained from
the cavity mode broadening and shift retrieved from fits of Lorentzian pro-
files to the individual cavity modes. In this first demonstration we measured
simultaneously the absorption and dispersion spectra of three combination
bands of CO2 in the range between 1525 nm and 1620 nm and achieved good
agreement with theoretical models.

I contributed to experimental optimizations of the setup, and I was respon-
sible for the measurements and data analysis. I also wrote a substantial part
of the manuscript.
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Paper VIII

CO2 line parameter retrieval beyond the Voigt profile using comb-based
Fourier transform spectroscopy
Alexandra C. Johansson, Anna Filipsson, Lucile Rutkowski, Piotr Masłowski,
and Aleksandra Foltynowicz
In CLEO: 2018, OSA Technical Digest (Optical Society of America, 2018), paper
STu3P.6

In this paper we demonstrated the capability of comb-based FTS with sub-
nominal resolution for broadband high-precision measurements by measur-
ing direct absorption spectra of the entire 3ν1 + ν3 band of pure CO2. We
retrieved CO2 line parameters using multispectral fitting based on the SDVP,
with similar or higher precision compared to the HITRAN database.

I contributed to implementation of the multipass cell (and other related ex-
perimental improvements) into the existing comb-based FTS. I contributed to
the measurements, data analysis, and implementation of the multispectral fit-
ting routine as well as writing the paper.
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Symbols

α absorption coefficient [cm−1]. 9, 21, 22, 26, 27, 29, 31
α0 on-resonance absorption coefficient [cm−1]. 8, 34, 35
ᾱ average absorption coefficient [cm−1]. 34, 35
Ak cavity mode on-resonance transmission at mode index k in ab-

sence of molecular transitions. 21, 29
Aα

k cavity mode on-resonance transmission at mode index k in
presence of molecular transitions. 22, 29, 104

B magnetic field strength [G]. 33, 35, 119

β modulation index. 26, 27, 62, 63

c speed of light [cm/s]. 8, 9, 10, 11, 12, 18, 19, 20, 21, 22, 26, 46,
47, 48, 49, 63, 64, 65, 68, 77, 78, 79, 80, 81, 82, 103

χ area normalizad lineshape function [cm]. 9, 35

χ0 peak value of the area normalized Voigt lineshape function
[cm]. 8, 9, 12

χabs area normalised absorption line shape function [cm]. 8, 9

χabs
G area normalised Gaussian absorption line shape function [cm].

11

χabs
L area normalised Lorentzian absorption line shape function

[cm]. 10

χabs
V area normalised Voigt absorption line shape function [cm]. 12
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χdisp dispersion line shape function [cm]. 8, 9

χ
disp
G Gaussian dispersion line shape function [cm]. 11

χ
disp
L Lorentzian dispersion line shape function [cm]. 10

χ
disp
V Voigt dispersion line shape function [cm]. 12

crel relative concentration of absoprting species (dimensionless).
8, 9

δL,R single pass amplitude attenuation of LCP and RHP compo-
nent of the light. 34

δ single pass amplitude attenuation of the electric field caused
by a molecular absorber. 8, 9, 27, 31, 34, 64

δν comb-cavity offset [Hz]. 44, 70, 73

∆IT difference in transmitted intensity of the two magnetic field
directions [W/m2]. 35, 117, 119

∆max maximum optical path difference [cm]. 47, 48, 49, 68, 77, 78, 86

δνn nominal resolution [Hz]. 47, 68, 86

∆ν frequency shift of cavity mode [Hz]. 105

∆ optical path difference [cm]. 45, 46, 47, 49, 63, 64, 65, 81

δp,i pressure shift coefficient [Hz/atm]. 11

∆p pressure shift [Hz]. 11, 13

∆p,0 average pressure shift [Hz]. 13

∆p,2 speed-dependent pressure shift [Hz]. 13

∆φcep carrier envelope phase. 37, 38



Symbols 135

φ single pass phase shift of the electric field caused by a molec-
ular absorber. 8, 9, 27, 31, 34

E0 electric field amplitude [V/m]. 7, 8, 26, 27, 34

E0 free-space electric field. 7, 8

Ei electric field incident on a sample or cavity. 17, 34

En electric field amplitude for the nth comb mode [V/m]. 46, 49,
62, 63, 64

E± electric field in the two arms of the Fourier transform spec-
trometer. 49, 63

ε ellipticity of polarization between LCP and RCP circular com-
ponents. 34, 35, 117, 119

ε0 electric permittivity in free-space. 26, 46, 64

ε̂ unit polarization vector. 7, 8, 27

ε̂L unit vector for the LCP light. 34

ε̂R unit vector for the RCP light. 34

ET electric field transmitted through a gas sample or cavity. 8, 17,
26, 27, 62

F cavity finesse. 18, 29, 31, 32, 64

f0 comb carrier envelope offset frequency [Hz]. 3, 38, 37, 38, 39,
40, 41, 42, 43, 50, 53, 54, 59, 78, 79, 81, 82, 86, 99

fDDS frequency of a direct digital synthesiser (DDS) [Hz]. 40, 85, 86,
93, 99, 101, 102

f 0
FTS sample spacing in the FTS scale after FFT [Hz]. 78, 79, 80, 81,

83, 84

fPDH Pound-Drever-Hall modulation frequency [Hz]. 30, 50, 59, 67,
85, 99
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frep comb repetition rate [Hz]. 3, 37, 38, 39, 40, 41, 42, 41, 42, 43, 49,
50, 53, 54, 57, 59, 61, 65, 67, 74, 77, 78, 79, 80, 81, 82, 83, 84, 85,
86, 94, 99, 101, 102, 103, 104, 107

f T
rep repetition rate in cavity transmission [Hz]. 42, 57, 61, 65, 67,

68, 85, 102, 103

FSRref free spectral range defined at a specific reference frequency
[Hz]. 105

Γa linewidth of molecular line (FWHM) [Hz]. 28, 65, 70, 72, 73,
126

γair pressure broadening coefficient from air [cm-1/atm]. 14

Γα cavity mode broadening caused by molecular absorption [Hz].
22, 112

Γk cavity mode width of the kth mode (FWHM) [Hz]. 22, 104, 107

ΓD Doppler half-width-half-maximum linewidth (HWHM) [Hz].
11, 12

γi pressure broadening coefficient of the ith species [Hz/atm]. 10

Γ0
k cavity mode width at mode index k in absence of molecular

transitions [Hz]. 20, 22, 112

ΓL Lorentzian half-width-half-maximum linewidth (HWHM)
[Hz]. 10, 12

Γn natural half-width-half-maximum linewidth (HWHM) [Hz].
10

Γp collisional half-width-half-maximum linewidth (HWHM)
[Hz]. 10, 13

Γp,0 average collisional width [Hz]. 13

Γp,2 speed-dependent collisional width [Hz]. 13



Symbols 137

γself pressure broadening coefficient from absorbing species
[cm-1/atm]. 14

gILS normalized sinc function. 48, 79

I0 intensity of light in the absence of absorption [W/m2]. 25, 26,
27, 28, 31, 34, 35

IFTS intensity measured at the output of the Fourier transform
spectrometer (FTS) [W/m2]. 46, 47, 81

Ii intensity of light incident on a sample or cavity [W/m2]. 17

In intesity of the nth comb mode. 46, 64

IT intensity of light transmitetd through a sample or cavity
[W/m2]. 17, 25, 26

I0
T average transmitted intensity of the two magnetic field direc-

tions [W/m2]. 35, 117, 119

I±T transmitted intensity for the two magnetic field directions
[W/m2]. 34, 35

Jj Bessel function of order j. 27, 62, 63

k cavity mode number (integer). 17, 18, 20, 21, 43

k0 wave vector [cm-1]. 7, 8, 9, 34

kB Boltzmann constant. 11

L interaction length or cavity length [cm]. 8, 9, 17, 18, 19, 20, 21,
22, 25, 26, 27, 29, 34, 35, 93

l mirror loss coefficient. 17

m molecular mass [kg]. 11



138 Symbols

n comb mode index (integer). 3, 38, 41, 42, 43, 42, 43, 46, 62, 78,
80, 81

N0 number of points on one side of a single-sided interferogram.
47, 78, 80, 81

na complex refractive index near a molecular transition. 9

κ imaginary resonant component of the complex refractive in-
dex. 9

nr real non-resonant part of the complex refractive index. 9, 19,
20, 21, 22

n′ real resonant component of the complex refractive index. 9

ν optical frequency [Hz]. 7, 8, 9, 10, 11, 12, 19, 20, 21, 22, 26, 27,
29, 33, 34, 48, 105

ν0 transition frequency of a molecular transition [Hz]. 9, 10, 11,
12

νc carrier frequency of a frequency modulated laser [Hz]. 26, 27

νFTS nth frequency component in the FTS frequency scale [Hz]. 47,
78, 81

νk center frequency of the kth cavity mode [Hz]. 18, 21, 22, 104,
107

ν0
k center frequency of the kth cavity mode in the absence of

molecular transitions [Hz]. 20, 21, 22

νm modulation frequency [Hz]. 26, 27, 28, 31, 61, 62, 63, 64, 67, 65,
67, 70, 72, 73, 122, 126

νn optical frequency of the nth comb mode [Hz]. 3, 38, 46, 49, 62,
63, 64, 78, 79

νϕ cavity mode frequency shift caused by molecular dispersion
[Hz]. 21, 22
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p total gas pressure [atm]. 8, 9, 14

φL,R single pass phase shift of the electric field of LCP and RHP
component of the light. 34

ϕ dispersion coefficient [cm−1]. 9, 21

Φ differential attenuation due to magnetic circular dishroism. 34,
35, 117

φm intracavity dispersion of cavity mirrors. 19, 20, 21, 43, 44

ϕrt empty cavity round-trip phase shift. 19, 21, 43, 44

pi partial pressure [atm]. 10, 11

Pk on-resonance amplitude of the kth cavity mode. 104, 107

rk mirror reflection coefficient for the kth cavity mode. 19, 20, 21,
22, 29

r mirror reflection coefficient. 17, 18, 19

S line-intensity, integrated molecular line strength
[cm−1/molecule cm−2]. 8, 14

S′ line-intensity, integrated line strength [cm−2/atm]. 8, 9, 14

T̃A complex transmission function for an analyte. 8

τ width of a laser pulse [s]. 37

τrep time between consecutive laser pulses [s]. 37, 49

T̃A
c complex cavity transmission function in presence of an analyte

(for the electric field). 21

TA
c cavity transmission function in the presence of an analyte (for

the intensity). 21, 22



140 Symbols

T̃c complex transmission function for a cavity (for the electric
field). 19

Tc cavity transmission function (for the intensity). 20

T gas temperature [K]. 11

Θ Faraday rotation angle. 34, 35, 117

θ uncrossing angle between polarizer and analyzer. 34

tk mirror transmission coefficient for the kth cavity mode. 19, 20,
21, 22

t mirror transmission coefficient. 17, 19

Tref HITRAN reference temperature 296 K. 14

va active-moleclule speed [m/s]. 13

va0 average molecular speed [m/s]. 13

v velocity of moving FTS mirrors [cm/s]. 45, 46, 49, 56, 62, 63

w̃ complex error function. 12, 145

λ wavelength [m]. 17

λref wavelength of FTS reference laser. 47, 55, 56, 78, 80, 83, 84, 85,
86, 102

ν̄0 transition frequency of a molecular transition [cm−1]. 14
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Acronyms

1D-CMDS one-dimensional cavity mode-dispersion spectroscopy. 32

C2H2 acetylene. 3, 48

CEAS cavity enhanced absorption spectroscopy. 28, 29, 32, 53

CE-OFCS cavity-enhanced optical frequency comb spectroscopy. 3, 50

CE-CRIS cavity-enhanced complex refractive index spectroscopy. v, 1,
5, 25, 28, 32, 33, 99, 106, 121, 126

CMWS cavity mode-width spectroscopy. 32

CO carbon monoxide. 77

CO2 carbon dioxide. v, 5, 15, 32, 33, 49, 58, 65, 69, 70, 72, 73, 74, 77,
86, 87, 86, 87, 89, 91, 93, 94, 96, 99, 100, 102, 107, 106, 107, 108,
110, 112, 115, 121, 125, 126, 129

cw continuous wave. 1, 2, 3, 5, 6, 25, 40, 47, 54, 55, 77, 78, 99, 100,
102, 104, 105

DAS direct absorption spectroscopy. 1, 25, 26, 29

DDS direct digital synthesizer. 40, 67, 68, 85, 86, 93, 99, 101

DFG difference frequency generation. 38, 39

DROPO doubly resonant optical parametric oscillator. 53, 54, 56, 115,
117



142 Acronyms

EOM electro-optic modulator. 26, 31, 39, 40, 53, 59, 68, 100, 101, 122

FFT fast Fourier transform. 47, 49, 50, 56, 65, 69, 74, 78, 81, 84, 102,
103, 116

FM frequency modulation. 30

FM-AM frequency-to-amplitude. 3, 29, 32, 51, 61, 63, 64

FMS frequency modulation spectroscopy. 1, 3, 26, 27, 28, 30, 31, 32,
64

FRS Faraday rotation spectroscopy. vi, 2, 6, 25, 33, 70, 115, 116, 117,
119, 122, 126

FSR free spectral range. 6, 18, 20, 31, 41, 42, 41, 43, 44, 54, 57, 61, 65,
67, 70, 73, 74, 85, 86, 100, 102, 104, 105, 108, 122, 125, 126

FTIR Fourier transform infrared. 3, 45, 46, 47, 48, 49, 77, 87, 121

FTS Fourier transform spectroscopy. v, vi, 3, 4, 5, 6, 25, 45, 46, 47,
48, 49, 50, 51, 53, 54, 55, 56, 61, 63, 64, 67, 68, 77, 78, 79, 81, 83,
85, 86, 87, 91, 93, 99, 101, 102, 104, 106, 115, 116, 117, 121, 122,
126, 129

FWHM full width at half maximum. 18, 20, 28, 70

GDD group delay dispersion. 5, 17, 99, 105, 106, 105, 106

H2O water. 33, 115

HTP Hartmann-Tran profile. 12, 14, 91, 121, 145

HWHM half width at half maximum. 10, 11, 14

HWP half-wave plate. 30, 59

ICOS integrated cavity output spectroscopy. 29

ILS instrumental lineshape. 5, 48, 77, 78, 79, 80, 81, 83, 84, 83, 84,
86, 87, 86, 89, 99, 102



Acronyms 143

LCP left-hand circularly polarized light. 33, 34, 35

MIR mid-infrared. 3, 39, 48, 53, 54, 56, 122, 126

N2 nitrogen. 5, 58, 65, 69, 70, 73, 86, 89, 91, 93, 99, 100, 106, 105,
106, 107, 108, 110, 115, 119, 126

N2O nitrous oxide. 33

NICE-OFCS noise-immune cavity-enhanced optical frequency comb spec-
troscopy. 3, 6, 51, 53, 61, 63, 64, 65, 67, 68, 69, 70, 73, 74, 122,
125, 126

NICE-
OHMS

noise-immune cavity-ehanced optical heterodyne molecular
spectroscopy. 1, 6, 25, 28, 30, 31, 32, 61, 64, 100

NIR near-infrared. 18, 46, 53, 54, 80, 85, 126

NO nitric oxide. 6, 33, 54, 115, 117, 119, 122

O2 oxygen. 3

OFC optical frequency comb. 3, 4, 37, 38, 39, 40, 48, 49, 50, 59, 78,
81, 83, 115

OFC-FRS optical frequency comb Faraday rotation spectroscopy. vi, 6,
115, 116, 117, 119, 122, 126

OH hydroxide. 33, 122

OPD optical path difference. 3, 5, 45, 46, 47, 48, 49, 55, 56, 65, 68, 78,
81, 86, 102, 103

OPO optical parametric oscillator. 38, 39, 53

PBS polarizing beamsplitter. 30, 59, 101

PDH Pound-Drever-Hall. 29, 30, 31, 50, 53, 54, 59, 68, 86, 100, 112

PI proportional-integral. 40, 59, 86
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PZT piezo-electric transducer. 39, 40, 53, 54, 57, 59, 86, 100, 101

QWP quarter-wave plate. 30, 59

RCP right-hand circularly polarized light. 33, 34, 35

RF radio frequency. 38, 40

SDVP speed-dependent Voigt profile. 10, 12, 13, 15, 89, 91, 93, 94, 96,
129, 145, 146

SNR signal-to-noise ratio. 3, 4, 5, 48, 51, 73, 85, 91, 96, 117, 119, 121,
122

VIPA virtually imaged phased array. 4

VP Voigt profile. 11, 12, 13, 15, 89, 91, 94

WMS wavelength modulation spectroscopy. 1
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Appendix A

The speed-dependent Voigt profile

The speed-dependent Voigt profile (SDVP) can be retrieved from the Hartmann-
Tran profile (HTP) via a few simplifications. The area normalized HTP line-
shape is calculated as [43, 45]

FHTP =
1
π

Re

 A(ν)

1− [vvc − η(C0 − 3C2/2)] A(ν) +

(
ηC2
v2

a0
B(ν)

)
 , (1)

where A(ν) and B(ν) can be expressed as combinations of the complex error
function, w̃ (x + iy), as

A(ν) =

√
πc

ν0va0
[w̃(iZ−)− w̃(iZ+)] , (2)

and

B(ν) =
v2

a0

C̃2

[
−1 +

√
π

2
√

Y
(1− Z2

−)w̃(iZ−)−
√

π

2
√

Y
(1− Z2

+)w̃(iZ+)

]
. (3)

where c is the speed of light, ν0 is the transitions frequency, and ν is the fre-
quency of the light. The average molecular speed is given by va0 = cΓD/

√
ln2ν0,

where ΓD is the Doppler width. The argument in the error function Z± is
given by

Z± =
√

X + Y±
√

Y, (4)
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where in turn X and Y are defined by

X =
−i(ν0 − ν) + C̃0

C̃2

Y =

(
ν0va0

2cC̃2

)2
. (5)

and

C̃0 = C0 −
3C2

2
,

C̃2 = C2. (6)

Cn = Γn + i∆n, with n = 0, 2 to express the collision width and shift in the
quadratic approximation as in Eqs. 2.24 and 2.25.

However, the velocity changing collisions are not taken into account in the
SDVP and also not the correlation between collision-induced changes of the
velocities of the molecules and the rotational states. Therefore, vvc = 0 and
η = 0, which reduces Eq. 1 to

FSDVP =
1
π

Re [A(ν)] . (7)
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94. Sellmeier. Zur Erklȧrung der abnormen Farbenfolge im Spectrum einiger
Substanzen. Annalen der Physik 219, 272–282 (1871).

95. Grilli, R., Mejean, G., Kassi, S., Ventrillard, I., Abd-Alrahman, C. & Ro-
manini, D. Frequency comb based spectrometer for in situ and real time
measurements of IO, BrO, NO2, and H2CO at pptv and ppqv levels. En-
vironmental Science and Technology 46, 10704–10710 (2012).

96. Rieker, G. B., Giorgetta, F. R., Swann, W. C., Kofler, J., Zolot, A. M., Sin-
clair, L. C., Baumann, E., Cromer, C., Petron, G., Sweeney, C., Tans, P. P.,
Coddington, I. & Newbury, N. R. Frequency-comb-based remote sensing
of greenhouse gases over kilometer air paths. Optica 1, 290–298 (2014).

97. Muraviev, A. V., Smolski, V. O., Loparo, Z. E. & Vodopyanov, K. L. Mas-
sively parallel sensing of trace molecules and their isotopologues with
broadband subharmonic mid-infrared frequency combs. Nature Photon-
ics 12, 209–214 (2018).

98. Cygan, A., Wójtewicz, S., Zaborowski, M., Wcisło, P., Guo, R., Ciuryło,
R. & Lisak, D. One-dimensional cavity mode-dispersion spectroscopy
for validation of CRDS technique. Measurement Science and Technology 27,
045501 (2016).

99. Gianella, M., Pinto, T. H. P., Wu, X. & Ritchie, G. A. D. Intracavity Faraday
modulation spectroscopy (INFAMOS): A tool for radical detection. The
Journal of Chemical Physics 147, 054201 (2017).


	Abstract
	Sammanfattning
	Publications
	Introduction
	Absorption and dispersion spectra
	Light propagating through a molecular medium
	The transmission function
	The complex refractive index

	Lineshape functions
	The Lorentzian profile
	The Gaussian profile
	The Voigt profile
	The speed-dependent Voigt profile

	Spectral line parameters - HITRAN database
	Multispectral and multiline fitting

	Optical cavities
	The Fabry-Perot cavity
	The cavity transfer function
	In the absence of molecular transitions
	In the presence of molecular transitions


	Continuous wave laser-based spectroscopic techniques
	Direct absorption spectroscopy
	Frequency modulation spectroscopy
	Cavity-enhanced techniques
	Cavity-enhanced absorption spectroscopy
	Noise-immune cavity-enhanced optical heterodyne molecular spectroscopy
	Cavity-enhanced complex refractive index spectroscopy

	Faraday rotation spectroscopy

	Optical frequency combs
	General description of optical frequency combs
	Comb sources
	Stabilization methods
	RF locking
	Locking to a stable cw laser

	Comb-cavity matching
	Comb-cavity matching conditions
	Mirror dispersion - comb cavity offset


	Fourier transform spectroscopy
	Conventional FTIR spectrometers
	Fourier transform spectroscopy with an optical frequency comb
	Cavity-enhanced FTS

	Experimental details 
	Comb sources
	Er:fiber femtosecond laser
	Doubly resonant optical parametric oscillator (DROPO)

	Fast-scanning FTS
	Design
	Procedure

	Optical cavities and vacuum system
	Two-point PDH locking

	Noise-immune cavity-enhanced optical frequency comb  spectroscopy
	Comb-cavity matching and phase modulation
	The NICE-OFCS signal
	Experimental setup and methods
	Signal lineshapes and optimum conditions
	Sensitivity and stability

	Comb-based FTS with sub-nominal resolution
	Interferogram truncation
	Matching the OFC and FTS scales
	Spectral interleaving
	ILS distortion
	Experimental setup and procedures
	Results

	CO2 line parameters beyond the Voigt profile
	Cavity-enhanced CO2 spectra
	CO2 line parameter retrieval using multispectral fitting

	Cavity mode measurement
	Experimental setup and procedures
	Frequency scale calibration - ref optimization
	Cavity mode characterization

	Broadband measurement of intracavity dispersion
	Cavity-enhanced complex refractive index spectroscopy
	Cavity transmission spectrum
	CE-CRIS spectra
	Influence of cavity length jitter


	Optical frequency comb Faraday rotation spectroscopy
	Experimental setup and procedure
	OFC-FRS signals
	Background suppression
	Broadband NO spectra

	Conclusions and Outlook
	Summary of Papers
	Acknowledgements
	Symbols
	Acronyms
	Appendix A
	References

