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Abstract

Evolutionarily stable communities are the endpoints of evolution, and ecological communities whose traits are under selection
will eventually settle into them. Hence, the properties of such
communities are of particular interest, as they can persist over
long evolutionary time scales. The notion of an evolutionarily
stable strategy—an evolved strategy that cannot be beat by any
other once established—has now been part of theoretical ecology for almost 50 years, and the theory for evolutionarily stable
strategies and communities, and how they are reached has become increasingly versatile. However, for environments where
conditions vary in space, so-called heterogeneous environments,
efficient analytical and numerical tools for studying evolutionarily stable communities and how they come about have been
lacking. Hence, many questions regarding how evolutionarily
stable diversity is generated and maintained when ecological
and evolutionary forces vary in space remain unexplored. In particular, how spatially averaged selection and selective forces derived from spatial variability can act together to either promote
or inhibit evolutionarily stable diversity is not well understood.
In this thesis, I use a two-pronged approach towards answering
such questions by developing the necessary analytical and numerical tools for assembling and analyzing evolutionarily stable
communities in heterogeneous environments, and by then employing these tools to study communities of resource competitors
and food webs. Specifically, I derive expressions for directional
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and stabilizing/disruptive selection when the spatially heterogeneous ecological dynamics of a community are described
by reaction-diffusion equations. These expressions allow us to
understand selection across an environment in terms of local
selection pressures, and also enable efficient numerical implementations of evolutionary community assembly procedures that
lead to evolutionarily stable communities.
Applied to the communities of resource competitors and food
webs I find that the selective forces derived from spatially averaged selection and those derived from spatial variability can
act both in concert or in opposition. If these forces act in opposition and if the spatial variability of local selection is high, a high
diversity of organisms can form even when spatially averaged
selection is stabilizing. In contrast, if spatially averaged selection is disruptive, it can prevent more diverse communities from
forming by creating few globally unbeatable strategies. However, these forces can also act disruptively in concert to create
more diverse communities. Together, these results demonstrate a
surprising variety of qualitatively different outcomes when evolutionarily stable communities are assembled in heterogeneous
environments.

Sammanfattning

Evolutionärt stabila samhällen är slutpunkten för evolution,
och ekologiska samhällen vars egenskaper är under selektion
kommer till slut att bli ett sådant. Således är egenskaperna
hos sådana samhällen särskilt intressanta, då dessa kan bestå
oförändrade under långa evolutionära tidsskalor. Idén om evolutionärt stabila strategier—strategier som är oslagbara när de
väl evolverat—är sedan nästan 50 år tillbaka ett väl etablerat
koncept inom teoretisk ekologi. Under dessa år har teorin för
evolutionärt stabila strategier och samhällen blivit alltmer välutvecklad. Denna utveckling till trots saknas fortfarande effektiva analytiska och numeriska verktyg för att studera evolutionärt stabila samhällen i heterogena miljöer, där de ekologiska
betingelserna—och således även krafterna från naturligt urval—
varierar från punkt till punkt i rummet. På grund av detta har
många frågor rörande hur evolutionärt stabil mångfald blir till
och bevaras när ekologiska och evolutionära krafter varierar
i rummet förblivit outforskade. I synnerhet är kännedomen
låg om hur rumsligt genomsnittlig selektion och selektion som
härstammar från rummets variabilitet samverkar för att antingen
förstärka eller förhindra mångfald.
I den här avhandlingen använder jag ett dubbelt grepp för att
närma mig svar på dessa frågor, dels genom att utveckla de
nödvändiga analytiska och numeriska verktygen för att sätta
samman och analysera evolutionärt stabila samhällen i heterogena miljöer, och dels genom att använda dessa metoder
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för att studera samhällen av resurskonkurenter och näringsvävar. För att åstadkomma detta härleder jag uttryck för riktad
och stabiliserande/disruptiv selektion när den rumsligt heterogena ekologiska dynamiken beskrivs av reaktion-diffusion
ekvationer. Dessa uttryck möjliggör förståelse för selektion i en
heterogen miljö i termer av hur selektion verkar lokalt i rummet,
och möjliggör effektiva numeriska implementationer av metoder
för att evolutionärt sätta samman samhällen.
När dessa metoder appliceras på samhällena av resurskonkurenter
och näringsvävar kan jag utröna att de selektiva krafterna som
härstammar från rumsligt genomsnittlig selektion och de som
härstammar från rumslig variabilitet både kan samverka och
motverka varandra. Om de motverkar varandra, och graden av
rumslig variabilitet är hög kan hög mångfald uppstå, även när
genomsnittlig selektion är stabiliserande. I kontrast till detta kan
disruptiv genomsnittlig selektion motverka mångfald genom att
selektera för ett fåtal globalt dominanta strategier. Dessa krafter
kan dock också samverka disruptivt och tillsammans bilda en
stor mångfald. Tillsammans påvisar dessa resultat en stor variation av kvalitativt olika utfall när evolutionärt stabila samhällen
sätts samman i rumsligt heterogena miljöer.
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Preface

Looking down from a great height some people experience the
sudden impulse to jump, even if they have no fear of heights
or dark thoughts, and even if they would never actually do it.
Psychologists call this ‘the high place phenomenon’ (Hames
et al. 2012), and while I have never experienced this phenomenon
myself, I experience something similar every time I read or hear
about a conspiracy theory. Hearing about faked moon landings,
inside jobs, or lizard people taking over the government, I feel
as if I were standing before an intellectual precipice, and that I
could easily jump into a world of complete nonsense never to
return again—even though I will quite likely never do. When
you gaze into the abyss, the abyss stares back.
It is perhaps the obverse of this feeling that fascinates me about
evolutionary theory. Evolutionary theory is the opposite of a
conspiracy—to explain the vast diversity of life it needs no
hidden agendas, laws of optimization towards some goal, or
any other teleological principles. The destination of any evolutionary process is an emergent property of the underlying
eco-evolutionary dynamics rather than a prescription. When you
gaze into evolution, clarity stares back. In this thesis I hope to
share some of the clarity I imagine myself to have gained during my doctoral studies. At the very least, I’m fairly confident it
won’t instill a sudden impulse to jump from a high place.
Jonas Wickman, December 2018, Umeå, Sweden

Introduction

What would happen if we threw a set of organisms into an
empty isolated environment somewhere? The answer depends
largely on the time scale. Over very short time scales we may
observe the behavioral patterns of the organisms. Zoom the time
scale out to the scale of generations, and we will start to observe
the ecological population dynamics of our thrown-together community. Eventually, the community will settle onto a populationdynamical attractor, ending up in an ecologically stable equilibrium, or exhibiting cyclical or chaotic dynamics. If all characters
of the organisms were immutable, this state of affairs would persist in perpetuity. However, the characters of organisms are not
immutable, and they are under the forces of natural selection.
Thus, if we continue zooming out to even greater time scales,
we would start to observe the evolutionary dynamics of the organisms, and their characters would start changing over time.
Just like for the ecological dynamics, the evolutionary dynamics will eventually settle on to an attractor, and in the simplest
case this would be an evolutionary and ecological equilibrium,
where neither population densities, nor the characters of the organisms would change any further. We call such a community
an evolutionarily stable community, and such communities could
persist over much longer time periods compared to communities
which are merely ecologically stable. Only geological shifts, or
major evolutionary innovations, such as a new type of body part,
would break the stability of such a community.
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These evolutionarily stable communities thus serve as the theoretical endpoint of all communities, and we would expect to find
natural communities to either already be one of these, or in the
process of becoming one. This endows evolutionarily stable communities with a particular importance, and makes understanding
their properties and how they come about of broad relevance
to ecology and evolution. The notion of an evolutionarily stable
strategy now dates back almost fifty years (Maynard Smith and
Price 1973), and the theory of the eco-evolutionary processes that
lead to evolutionarily stable communities has over the years been
collected into a framework for evolutionary invasion analysis
called adaptive dyanmics (Metz et al. 1992; Dieckmann and Law
1996; Geritz et al. 1998; Dercole and Rinaldi 2008; Brännström
et al. 2013).
However, although methods for conducting evolutionary invasion analysis also for structured populations are available
(Caswell 2001), efficient tools for assembling and studying evolutionarily stable communities in heterogeneous environments
have not been readily available. In this thesis, I will attempt
to rectify this situation. My own contribution to adaptive dynamics and the study of evolutionarily stable communities is
to extend adaptive dynamics to systems where the ecological
dynamics are described by reaction-diffusion equations. I do so
by developing methods for calculating how selection acts on a
character in a heterogeneous environment, and subsequently I
apply these methods to different types of ecological systems in
order to assemble evolutionarily stable communities and study
their properties.
This work is organized as follows. In Chapter 1, I review some
of the history of spatial modeling of both ecological and evolutionary dynamics, as well as some of the core ideas of reactiondiffusion equations for modeling ecological populations. In
Chapter 2, I review some central concepts from adaptive dynamics, and present some of the results from Paper I regarding how adaptive dynamics can be used in conjunction with
reaction-diffusion equations to study evolution in heterogeneous
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environments, and how evolutionarily stable communities in
heterogeneous environments can be efficiently assembled. I also
discuss some alternative approaches to evolutionary modeling
for spatially extended populations. In Chapter 3, I discuss evolutionarily stable communities in more detail, summarize the
ecological models used in papers I–IV, and discuss the properties
of the evolutionarily stable communities assembled using these
models. In particular I show how the concepts of competitive
exclusion and limiting similarity transfer to these systems, and
discuss how spatially averaged selection and selection derived
from environmental heterogeneity can act together in different
ways to influence the diversity of evolutionarily stable communities. I also discuss some additional properties and applications
of evolutionarily stable communities in heterogeneous environments. Finally, in Chapter 4, I make some concluding remarks
regarding the findings of this thesis.

Chapter I
Environmental
heterogeneity and
spatial structure

1
A large and variable world

To gain insight into ecological and evolutionary processes it is as
necessary as it is inevitable that some simplifying assumptions
be made. One often-used such assumption is that the spatial
structure of the environment in which organisms live and interact can be disregarded. This is typically motivated by restricting
the system under study to a local habitat, and this assumption
can often be well founded. In order for this assumption to be
well founded, two distinct properties of the environment must
be fulfilled. First, the environment must be small enough in relation to the movement of the organisms concerned for the organisms not to be physically separated for any significant amounts
of time. We may call such a system well mixed. Second, the environment must be constant in space, with no spatial variation. If
an environment is well mixed and constant, we call such an environment homogeneous. If an environment is only partially mixed
and spatially variable we call such an environment heterogeneous.
It is, on a conceptual level, quite intuitive that if the environment
is partially mixed, spatially variable, or both, that this will have
consequences for evolutionary processes. If the system is partially mixed, populations can become physically separated and
follow independent evolutionary trajectories, and if the environment is spatially variable there will be local selection pressure

18
to adapt in different ways at different points in space. Ecological
processes, like competition and predation, are also affected by
partial mixing and environmental variation.
Although the assumption of constant, well-mixed environments
can often be motivated, in practice of course, most environments
are neither. Taken as a single environment, our planet exhibits
a staggering range of environmental variability, and it is very
large indeed compared to the typical movement range of most
species. More locally too, environments are often characterized
by continually shifting elevation, depth, humidity, temperature,
or any of a host of characteristics, and organisms often reside in
regions much larger than what could be considered well mixed
in relation to their movement.
On a conceptual level, the notion that spatial structure is important for understanding evolution and its consequences is virtually as old as the notion of evolution itself. Take, for example, the
following excerpt from a pamphlet arguing for the importance of
geographic isolation for speciation (Wagner 1873):
On one—certainly very important—point only is Darwin disposed to
differ from me, viz. as to whether migration (that is to say, the constant
tendency of individuals to wander from the station of their species, and
by means of colonization to find better conditions of life for themselves
and their descendants) is merely advantageous, or absolutely necessary
for the formation of races and species.

Given both the immediacy of its conceptual importance, as well
as its observable prevalence in the natural world, spatial structure has garnered considerable interest among both ecological
and evolutionary theorists. Below follows a brief account of
some of the directions such efforts have proceeded along.

2
Early approaches to spatial evolutionary modeling

Like their conceptual counterparts, mathematical theories and
models of evolution for spatially structured populations have
at this point also accumulated quite a bit of history. Two of the
oldest approaches are due to Fisher and Wright respectively
(Wright 1931; Fisher 1937).
Fisher imagined a one-dimensional habitat “such as a shore
line”, with a population of uniform density continuously distributed along it, and modeled the spatial spread of an invading
advantageous allele using a partial differential equation. Haldane (1948), and Fisher (1950) extended this study to investigate
the effects of having an allele be differently advantageous in different parts of space. Slatkin (1973) added the additional complication of dispersal barriers, and later extended the study to the
properties of a two-locus system (Slatkin 1975), and Barton (1983,
1999) extended the study to include several loci, and polygenic
characters.
Wright’s island model (Wright 1931, 1943) instead considers a
population subdivided into patches of finitely many individuals each, where in each generation a proportion of the offspring
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from each patch transfers into a migration pool, which is subsequently split over all patches to compete with locally produced
offspring in each patch. The spread of an advantageous allele
can then be tracked across the total population. The basic model,
in various augmented forms, still sees active research to this day
(e.g., Mullon et al. 2016; Parvinen et al. 2017, see Rousset 2004 for
a review).
These traditional approaches to spatial evolutionary modeling
have however not typically derived the effects of selection from
how different phenotypes affect complex ecological dynamics,
or how changing phenotypes due to selection in turn affects
the ecological dynamics, and population sizes have often been
considered constant (but see e.g., Nagylaki 1975; Rousset and
Ronce 2004). Theoretical frameworks treating the feedback loop
between ecological and evolutionary dynamics are, relatively
speaking, a more recent development, and I discuss such frameworks in Chapter 2.3.

3
Approaches to spatial ecological modeling

In ecological modeling, space is typically incorporated to allow
for either local interaction or environmental heterogeneity. Local
interactions between individuals can affect total population dynamics even if no external heterogeneity is imposed on an ecological system (Durrett and Levin 1994). To study such systems,
various kinds of individual-based models are often employed
(DeAngelis and Mooij 2005). In such models, each individual in
a space is considered explicitly, which allows for a great level of
detail in the model. Like models in general, individual-based
models come in a range where model detail and realism are
traded off for analytical tractability and generalizable insight (see
Dieckmann et al. 2000 for a review).
If the local interactions of individuals are not the primary concern for the modeler, but spatial structure or environmental
heterogeneity is, other venues of modeling open up. One often
employed technique is to consider the ecological dynamics to
play out on a set of discrete patches, where conditions may vary
from patch to patch, but each patch is itself considered to be well
mixed and without internal variation. If the set of patches are
not in any specific spatial arrangement and migration between
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patches is global and equal, models of this type are typically
referred to as metapopulation (Hanski 1999) or metacommunity models (Leibold et al. 2004; Leibold and Chase 2017). If the
patches have a specific spatial arrangement, so that they form a
spatial network, with specified rates of dispersal between specific patches, the models may be referred to as coupled-map
lattices (Kaneko 1992; Caswell 2001) if time is discreet, and can
be modeled by a set of coupled ordinary differential equations
if time is continuous. The smallest possible such system is employed frequently enough to have been given its own name, and
such models are referred to as two-patch models (an example
is available in Appendix F of Paper I). It should be noted that
nomenclature for these types of models is rarely strict, and that
some terminology can be used rather broadly to describe a range
of different approaches. For example, I sometimes refer to the
assembled communities of resource competitors in Paper III as
metacommunities, even if they do not strictly meet the definition as originally envisioned (Leibold et al. 2004). In return for
sacrificing the realism of individual-based models, these types
of models typically offer a much higher degree of analytical
tractability and general insight.
Yet another approach, which is related to models based on coupled ordinary differential equations is to consider space to be
continuous and model the local ecological interactions and
the gradual spread of organisms through space using partialdifferential equations, and in particular a class of these referred
to as reaction-diffusion equations (Britton 1986; Cantrell and
Cosner 2004). This is the modeling framework for the work contained in this thesis, and so in the next section I review some
basic facets of these models.

4
Reaction-diffusion models

In a spatially homogeneous environment, we can describe how
the population density of a single organism u changes over time
by an ordinary differential equation, so that
du(t)
= g(u)u ,
dt

(1)

where g(u) is the net per capita growth of the organism, which
may depend on the density of the organism.
We would now like to extend this type of equation to cover heterogeneous environments. In this section, I will give a cursory
account of how such equations are derived and how they are
interpreted. For a more complete treatise, the reader may consult
e.g., Evans (2010) for more on partial differential equations in
general, and Cantrell and Cosner (2004) for more on reactiondiffusion equations in particular. To formulate a differentialequation model in a heterogeneous environment, we must account for two things. First, the shape and dimensionality of the
environment, and second, how organisms move or are transported around in the environment. To account for the former,
we specify the ecological dynamics to take place on a domain Ω,
which is a subset of n-dimensional space, with n being either 1,
2, or 3, and assign a coordinate x = ( x1 , . . . , xn ) to each point in
the domain, see Fig. 1.
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Figure 1: Examples of domains in one and two dimensions. A: A 1-dimensional
domain Ω, depicted as a blue line. The domain is an interval on the real line,
with coordinate x1 . The boundary of the domain, ∂Ω comprises two points at
the ends of the interval depicted in orange. A point in the domain is depicted in
green. B: A 2-dimensional domain Ω depicted as a blue area. The boundary of
the domain, ∂Ω, is the curve enclosing the area, depicted in orange. A point in
the domain is depicted as a green dot. C: A 1-dimensional periodic domain Ω
depicted as a blue circle. The domain has no boundary as any movement in the
x1 -direction will eventually lead back to the same point on the circle. A point in
the domain is depicted as a green dot. D: A periodic 2-dimensional domain Ω
depicted as the blue surface of a torus. The domain has no boundary as traversal
along both the x1 - and x2 -directions will eventually lead back to the same point.
A point in the domain is depicted as a green dot.

reaction-diffusion models
Movement or transport of organisms may take many different forms, from seasonal migration (Westbrook et al. 2016), to
predators pursuing prey (Sjödin et al. 2014), to the directional
transport imposed by streams and winds (Ryabov and Blasius
2008). In this thesis, however, I will almost exclusively consider
random movement or transport. This is often a good approximation, either because the organisms involved have little control
over their movement—such as plants dispersing seeds, or microorganisms being randomly mixed by turbulent diffusion in
a body of water—or because even though individuals may direct their movement on short spatial scales, the spread of entire
populations becomes random when larger spatial scales are considered. Furthermore, modeling random movement is the most
direct way of generalizing the assumption of ordinary differential equations that interactions among individuals occur at
random across an entire space. How, then, to model this random
movement or transport?
To begin with, picture a single individual on an infinite line of
grid points, where the distance between grid points is δx, and
that each time δt units of time has passed, the individual jumps
either to the grid point on the left or the right with equal probability. In the limit of very small δx and δt, we may think of both
space x and time t as continuous and ask what the probability
density p( x, t) is of finding the individual at a coordinate x at a
time t if the individual started out at x = 0. The answer turns
out to be a normal distribution whose variance increases over
time, so that p( x, t) ∼ N (0, 2t) (Allen 2007), or expressed differently, the probability density p will obey the partial differential
equation
∂p( x, t)
∂2 p( x, t)
=
.
∂t
∂x2

(2)

If we now imagine that we have many individuals on the line
with density u( x, t), all of them moving randomly and independently, then, since each individual follows the differential
equation above, so too will the total density of individuals, and
the distribution of individuals will obey the partial differential
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equation
∂u( x, t)
∂2 u( x, t)
.
=
∂t
∂x2

(3)

Looking at the expression above, we see that u increases over
time at spatial coordinates where u has positive curvature (as
around a local minimum), and decreases where u has negative
curvature (as around a local maximum). The effect is thus that
over time the density distribution u tends to become increasingly
flat in space.
The arguments made above can be extended to two or three
spatial dimensions, and in that case the change in the spatial
density distribution of individuals will be governed by
∂u(x, t)
= ∆u(x, t) .
∂t

(4)

Here, ∆ is the Laplacian, which is given by
∆u(x, t) :=

∂2 u(x, t)
∂2 u(x, t)
+...+
.
2
∂xn2
∂x1

(5)

Equation 4 is known as the diffusion equation (or the heat equation).
If we now assume that all ecological processes, such as reproduction and mortality take place locally in space at each coordinate,
we can describe the per capita net growth by a function g(x, u),
and combine this with our model for the movement of organisms
to write down a reaction-diffusion model for a single organism
as
∂u(x, t)
= g(x, u)u + d∆u(x, t) .
∂t

(6)

This equation thus describes how the density of some organism
grows or declines locally in time at each spatial coordinate, and
moves around randomly in space. The coefficient d is the rate of
diffusion, which describes the rate of random movement of the
organisms.

reaction-diffusion models
To complete the picture, we finally need to specify what happens
at the boundary of the domain, ∂Ω (see Fig. 1). In this thesis I
will primarily consider two types of boundary conditions: periodic boundary conditions and reflective boundary conditions.
Periodic boundary conditions assume that the domain has no
boundaries, but that the domain instead loops back on itself, as
depicted in Fig. 1C–D. In reality, the only naturally occuring domain that could be said to fulfill such a condition would be the
entirety of the surface of the Earth. However, it is a useful tool
for investigating how different spatial patterns of e.g., resources
or productivity affect evolutionarily stable communities without having to account for how those patterns relate to where the
boundary is, as there is no boundary to account for. We use this
type of boundary condition in Paper II and Paper III. Reflective
boundary conditions assume that the net transport at the boundary is zero, so that no organism moves or is transported into or
out of the domain. We use this type of boundary condition in
Paper I. For both of these types of boundary conditions, movement or transport neither adds nor subtracts from the organism’s
total density across the domain, and so in the limit of high diffusion rates, the density distribution of the organism will become
flat, and Eq. 6 will approach a spatially homogeneous system
with
du(t)
= ḡ(u)u ,
dt
Z
1
ḡ(u) =
g(x, u)dx .
|Ω| Ω

(7a)
(7b)

Here, |Ω| is the length/area/volume of the domain, and ḡ is
thus the averaged net per capita growth rate experienced by the
organism across the domain. By adjusting the diffusion rate d,
we can thus regulate how heterogeneous an environment is.
We will often have to consider more than one organism at a
time, and sometimes other dynamical variables describing some
facet of the environment as well, and so we will have to consider
systems of partial differential equations. Assume that n organisms all exist in the same environment with densities ui (x, t)
for i = 1, . . . , n, and that we account for m environmental vari-
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ables with densities Ej (x, t) for j = 1, . . . , m, describing for
example how temperature or acidity varies across space. Let
u = (u1 , . . . , un ) be the vector of all organism densities, and let
E = ( E1 , . . . , Em ) be the vector of all environmental variables. In
general we can then describe how the organisms and environmental variables interact by the equations
∂ui (x, t)
= gi (x, u, E)ui + dui ∆ui ,
∂t
∂Ej (x, t)
= f j (x, u, E) + d Ej ∆Ej .
∂t

(8a)
(8b)

Here, gi is net per capita growth of organism i, which potentially
depends on all organism densities and all environmental variables, as well as explicitly on the spatial coordinate. The function
f j governs the rate of change for environmental variable j, and
this too may depend on all organism densities, all environmental variables, and the spatial coordinate. The rate of diffusion
for organism i is dui , and the rate of diffusion of environmental
variable j is d Ej . This formulation, describing local ecological
interaction and random movement or transport, covers all the
systems studied in this thesis, except for one example in Paper I,
where a constant advection term is considered (see Appendix E
in Paper I).

Chapter II
The ecology–evolution
feedback loop

The ecology–evolution feedback loop

In the last chapter I presented some of the ideas ecological and
evolutionary theorists have used to take spatial structure and
environmental heterogeneity into account. However, so far I have
not discussed how to account for that ecological and evolutionary processes inevitable influence one another. For example, take
a system in which species compete for a limiting resource. In
such a system the various characteristics of the species will affect how much of this resource is available to the species, which
will affect the evolutionary pressures on these characteristics to
change. As these characteristics change through gradual evolution, so too will the densities of the species and its resource
change, which in turn will alter the pressures of natural selection
once again. Over the last 15 years so-called eco-evolutionary dynamics have seen renewed interest (Yoshida et al. 2003; Bull et al.
2006; Schoener 2011), and although the term ‘eco-evolutionary
dynamics’ is often reserved for when ecology and evolution
act on commensurate time scales, the feedback loop between
evolution and ecology is still important to consider even if one
assumes, as I do in this thesis, that ecology acts on a much faster
time scale than evolution. Irrespective of one’s feelings on the
issue of time scales one must, in some way, find a way of dealing
with this feedback loop.

1
Adaptive dynamics—a framework for
understanding the eco-evolutionary
feedback loop

Although several frameworks exist for handling the feedback
between ecology and evolution (see Chapter 2.3), we have in our
studies used a framework suited for analyzing eco-evolutionarily
stable communities known as adaptive dynamics (Metz et al.
1992; Dieckmann and Law 1996; Geritz et al. 1998; Dercole and
Rinaldi 2008; Brännström et al. 2013).
To better introduce adaptive dynamics, I step back for a moment
from spatial structure and heterogeneity and consider homogeneous well-mixed environments. Adaptive dynamics is primarily
concerned with the evolution of phenotype—the expressed bodily characteristics and behaviors of an organism—rather than
changes in genotype—the underlying set of genes in the organism’s DNA. In particular we will concern ourselves with the
evolution of traits, which are real numbers that either directly
describe some organismal property or behavior, such as body
size as in Paper II and Paper IV, or parametrizes a trade-off between two or more properties or behaviors, such as a trade-off
in the ability to use one of two resources as in Paper I and III
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(c.f., functional trait-based ecology, McGill et al. 2006; Litchman
and Klausmeier 2008). Adaptive dynamics is a way of calculating
how such a trait will change over time, given a prescribed set of
ecological interactions.
In general, for a homogeneous environment consider n ecotypes
with densities ui , i = 1, . . . , n, where each ecotype is characterized by its trait χi . Assume that these ecotypes reside in an
environment characterized by a set of m environmental variables E1 , . . . , Em . These environmental variables may describe the
densities of resources or predators, toxicity levels, temperatures,
or any other relevant quantities that are not expected to themselves undergo evolution in the time frame under consideration
for the ecotypes of interest. We may thus describe the ecological
dynamics by
dui (t)
= gi (u, E, χ)ui ,
dt
dEj (t)
= f j (u, E, χ) .
dt

(9a)
(9b)

Here, gi is the net per capita growth of ecotype i, which may depend on all ecotype densities u = (u1 , . . . , un ), all environmental
variables E = ( E1 , . . . , Em ), and all traits χ = (χ1 , . . . , χn ). The
functions f j describe the rate of change in each environmental
variable, which may also depend on all ecotype densities, environmental variables, and traits.
Consider a given resident community with fixed traits χres =
(χ1,res , . . . , χn,res ), and assume that this community reaches a
∗
stable ecological equilibrium with resident densities ures
=
∗
∗ = ( E∗ , . . . , E∗
(u1,res
, . . . , u∗n,res ) and environmental variables Eres
m,res ),
1,res
so that
∗
∗
∗
0 = gi (ures
, Eres
, χres )ui,res
,

(10a)

∗
∗
f j (ures
, Eres
, χres ) .

(10b)

0=

At the core of adaptive dynamics now lies the following question: Will a rare mutant invader with trait χinv be able to grow in
the environment set by the resident community and thus invade
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the community? To answer this question we consider a mutant
that is so rare that it affects neither the resident densities nor the
environmental variables. Assume also that the mutant is so rare
that its density does not affect its own growth. Given this, the
growth rate of the density of the invading mutant, uinv , is given
by
duinv (t)
∗
∗
= ginv ((ures
, 0), Eres
, (χres , χinv ))uinv ,
dt

(11)

∗ , 0) emphasizes that we treat the inwhere the argument (ures
vader as having zero density in the computation of its net per
capita growth function due to its assumed rarity. Thus, the above
equation is a linear first-order differential equation, whose solution is given by
∗
∗
uinv (t) = uinv (0) exp[ ginv ((ures
, 0), Eres
, (χres , χinv ))t ] .

(12)

We thus see that the rare invader’s density will increase over
time if ginv > 0 and decrease over time if ginv < 0. In adaptive
dynamics, this long term exponential growth rate while the invader is still rare is called the invasion fitness. If we now assume
that a given set of traits for the residents always results in the
same equilibrium densities for the ecotypes and environmental
∗ = E( χ ) and u∗ = u( χ ), and we let
variables, then Eres
res
res
res
λ(χres , χinv ) be the invasion fitness of a rare invader with trait
χinv in the environment set by a community of residents with
traits χres . We may for a given set of residents look at the fitness
landscape, which depicts the invasion fitnesses of all possible
invaders with traits in some given interval I, which describes the
set of admissible traits (see Fig. 2). For example, if the trait describes body size, then we would expect I = [0, ∞), as body sizes
cannot be negative, and if the trait describes a proportion, then
I = [0, 1]. If λ(χres , χinv ) ≤ 0 for all admissible χinv , we say that
the community with traits χres is globally evolutionarily stable,
as no invader can invade such a community (Fig. 2B).
If the mutations that arise in an ecotype are of small phenotypic
effect, so that any new invader in a community has a trait that
is very close to one of the resident traits, we may restrict our
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Figure 2: Examples of fitness landscapes for two communities of residents. A:
A community of five residents whose traits are depicted as orange dots are in
ecological equilibrium. The blue curve depicts the invasion fitness of a rare
mutant for all traits between −1 and 1. Resident a experiences no directional
selection (D = 0), and stabilizing selection (C < 0). Residents b and d experience
positive directional selection (D > 0), and resident c experiences negative
directional selection (D < 0). Resident e experiences no directional selection
(D = 0) and disruptive selection (C > 0). B: An evolutionarily stable community.
The community is locally stable as D = 0 for all residents and C < 0 for all
residents. The community is globally stable as the invasion fitness of any mutant
is negative for any trait other than those of the residents.

study of the fitness landscape to its local behavior around each
resident. As seen in Fig. 2, the invasion fitness of an invader
with a trait equal to one of the residents must be zero. This
can be understood through Eqs. 10, where we see that gi =
λ(χres , χi,res ) = 0 for all i if the system is to be in equilibrium
with non-zero densities ui . The most telling feature of the local
fitness landscape around a resident is thus its slope, which in
adaptive dynamics is called the selection gradient, which I will
denote by D(χi,res ) for resident i. The selection gradient is given
by

D(χi,res ) =
=

∂λ(χres , χinv )
∂χinv

=

χinv =χi,res
∗
∗ , ( χ , χ ))
∂ginv ((ures , 0), Eres
res inv

∂χinv

.
χinv =χi,res

I choose the letter D , as the selection gradient represents directional selection on the trait. If D(χi,res ) > 0, then invaders

(13)
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with trait-values larger than χi,res will be able to invade (residents b and d in Fig. 2A), and if D(χi,res ) < 0, invaders with
smaller trait-values than χi,res will be able to invade (resident
c in Fig. 2A). If the selection gradient is zero (residents a and e
in Fig. 2A), we need to look at the curvature of the local fitness
landscape, which I will denote by C(χi,res ), and which is given
by

C(χi,res ) =
=

∂2 λ(χres , χinv )
∂χ2inv

=
χinv =χi,res

∗ , 0), E∗ , ( χ , χ ))
∂2 ginv ((ures
res inv
res
∂χ2inv

.

(14)

χinv =χi,res

If C(χi,res ) < 0, no invader with a trait close to χi,res can invade (resident a in Fig. 2A), and if C(χi,res ) > 0 any invader
with a trait close to χi,res can invade (resident e in Fig. 2A). If
D(χi,res ) = 0 and C(χi,res ) < 0 for all residents, we say that community is locally evolutionarily stable, as the community cannot
be invaded by any mutants with mutations of small phenotypic
effect (Fig. 2B).
In addition to assuming that mutations are of small phenotypic
effect, now also assume that mutations are so rare that only one
invasion process at a time is taking place, and that all densities
reach equilibrium in between mutation events. If D(χi,res ) > 0,
we know that an invader with a trait slightly larger than χi,res
can invade the ensemble. Now, if the difference between χinv
and χi,res is very small resident i will be outcompeted by the
invader, and thus the invader will after some time replace resident i and become the new resident. Hence, we can conclude
that if D(χi,res ) > 0 evolution will take the trait of resident i
towards larger values, and if D(χi,res ) < 0 resident i will evolve
towards lower trait values. Formalizing these arguments (see the
canonical equation of adaptive dyanmics, Dieckmann and Law
1996; Champagnat 2003, or the Lande equation, Lande 1979) then
yields that
dχi,res
= eD(χi,res ) .
(15)
dt
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Here, e is some number that is sufficiently small so that changes
in traits are much slower than the ecological dynamics. What
this means is that rather than performing successive invasions in
a long sequence of trait substitutions, we can in practice change
the traits over time for each resident in the community in accordance with Eq. 15. Furthermore, since e is very small we may
assume that even if the traits change gradually, all ecotypes in
the community will be very close to ecological equilibrium, and
so in practice, I will employ the following equations to describe
the dynamics of eco-evolutionary systems:
dui (t)
= gi (u, E, χ)ui ,
dt
dEj (t)
= f j (u, E, χ) ,
dt
dχi (t)
∂g ( (u, 0), E, (χ, χinv ) )
= eD(χi ) = e i
dt
∂χinv

(16a)
(16b)
.

(16c)

χinv =χi

We say that we have reached an evolutionarily singular point if
dui /dt, dEj /dt, and dχi /dt are all equal to zero for all i and j.
We may then investigate this state for global or local evolutionary stability by examining the fitness landscape, or the curvature
of the fitness landscape around the traits of each ecotype in the
community.

2
Extending the adaptive-dynamics framework to heterogeneous environments

To study the evolution of traits in heterogeneous environments,
we would now like to apply the same kind of adaptive-dynamics
reasoning to reaction-diffusion equations. For specific models,
adaptive dynamics has been combined with reaction-diffusion
equations before to answer specific questions (Mizera and
Meszéna 2003; Troost et al. 2005; Débarre and Gandon 2010;
Fortelius et al. 2015), but general expressions for directional and
stabilizing/disruptive selection comparable to those available
for homogeneous environments had not yet been derived and
analyzed. The full story is in Paper I, but I will here present an
abbreviated account.
Let the organisms reside in a 1-, 2-, or 3-dimensional domain Ω,
with boundary ∂Ω (see Fig. 1 for examples). Let x = ( x1 , . . . , xk )
for k =1, 2, or 3 be a coordinate in our domain, and write ui (x, t)
for the density of ecotype i at spatial coordinate x and time t,
and write Ej (x, t) for the value of environmental variable j at
spatial coordinate x and time t. Assume, as for the homogeneous case, that each ecotype is characterized by a trait χi .
Note that just like for the homogeneous case, this trait is still
just a scalar real number, and does not vary across space. Let
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u = (u1 (x, t), . . . , un (x, t)), E = ( E1 (x, t), . . . , Em (x, t)), and
χ = (χ1 , . . . , χn ). We may now describe the ecological dynamics
by the equations
∂ui (x, t)
= gi (x, u, E, χ)ui + dui ∆ui ,
∂t
∂Ej (x, t)
= f j (x, u, E, χ) + d Ej ∆Ej .
∂t

(17a)
(17b)

Here, gi (x, u, E, χ) describes the local net per capita growth of
ecotype i, which may vary from point to point in space, and
the term dui ∆ui models the random movement or transport of
the ecotypes in space (see Chapter 1.4). We also need to specify
boundary conditions for all ecotype densities and environmental
variables, for which there are some technical requirements that
need to be fulfilled in order for the presentation below to be
valid (see Paper I, and its appendices).
We would now like to transform the equations above describing
the ecological dynamics in a heterogeneous environment into
the same kind of equations as Eqs. 16, describing the simultaneous ecological dynamics and evolution of the traits χ. In order
for this to be possible we need an expression for the selection
gradient D(χi,res ) for each resident. As opposed to the situation
in homogeneous environments, getting to such an expression
is complicated by the fact that there might now be different
directional-selection pressures on the traits χ at different points
in space, and so the question of whether an invader with traitvalue χinv is able to invade is more involved. The net per capita
growth rate of the invader must be positive at least somewhere
in space in order for this to be possible, but since the invader
might diffuse much of its density out of this favored location,
there must in some way also be a large enough ‘patch’ with large
enough positive net per capita growth rate. It is nevertheless
possible to account for these factors and derive an expression for
the selection gradient. As in the homogeneous case, assume the
community of residents with traits χres are in ecological equilib∗ (x) and environmental variables
rium so that the densities ures
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∗ (x) fulfill
Eres
∗
∗
∗
0 = gi (x, ures
, Eres
, χres )ui,res
+ dui ∆ui,res ,

(18a)

∗
∗
f j (x, ures
, Eres
, χres ) + d Ej ∆Ej,res .

(18b)

0=

The selection gradient is then given by (Eq. 11 in Paper I)
D(χi,res ) =
R

1

∗2
Ω ui,res dx

Z

Ω

∗2
ui,res

∗ , 0), E∗ , (χ , χ ))
∂gi (x, (ures
res inv
res
∂χinv

dx .

(19)

χinv =χi,res

The utility of this expression is two-fold. First, this expression
allows us some insight into how the directional pressure on a
trait in a heterogeneous environment is constituted. We note that
∗ , 0), E∗ , ( χ , χ ))/∂χ |
the expression ∂gi (x, (ures
res inv
inv χinv =χi,res
res
is very similar to the selection gradient for resident i in the homogeneous environment (Eq. 13). We may thus interpret this as
the local selection gradient, describing whether the trait is locally under pressure from natural selection to become larger or
smaller at a spatial coordinate x. Hence, we see that the expression for the global selection gradient D(χi,res ) given by Eq. 19
is a weighted average of local selection gradients, where the
weights are the resident density squared. Second, we note that
this expression contains only model ingredients that are known,
if all quantities involved in the equation describing the ecological
equilibrium are known. This is particularly important in computer implementations, as Eq. 19 can easily and efficiently be
discretized and computed numerically.
As in the homogeneous case, I introduce a small parameter
e that separates ecological and evolutionary time scales, and
describe the joint ecological dynamics and evolution of the traits
with the equations
∂ui (x, t)
= gi (x, u, E, χ)ui + dui ∆ui ,
∂t
∂Ej (x, t)
= f j (x, u, E, χ) + d Ej ∆Ej ,
∂t
dχi
= eD(χi ) =
dt
Z
1
∂gi (x, (u, 0), E, (χ, χinv ))
= eR 2
u2i
∂χinv
Ω ui dx Ω

(20a)
(20b)

dx .
χinv =χi

(20c)
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We use these equations to evaluate the eco-evolutionary dynamics of all models in Papers I and III. The models in Paper II and
Paper IV are slightly more involved, in that diffusivities are also
under selection, and this has to be taken into account in the expression for the selection gradient. The general idea is described
in Appendix A in Paper I, and the specific implementation is
described in Appendix A in Paper II.

3
Alternative approaches and the niche
of reaction-diffusion–adaptive-dynamics
models

Adaptive dynamics is not the only alternative for modeling ecoevolutionary dynamics in spatially structured systems. Quantitative genetics and related moment-based methods (Kirkpatrick
and Barton 1997; Case and Taper 2000; Norberg et al. 2012;
Peeters and Straile 2018) similarly extends ecological reactiondiffusion equations with an evolutionary component, by allowing the mean of a normal distribution of traits with a given
variance to vary from point to point in space, and then tracking
the evolution of this mean. These models have the advantage
that they can incorporate intraspecific diversity in a trait, and
that they are fully interpretable also for the case where the time
scales of ecology and evolution are not fully separated. However,
no expression for the invasion fitness of a rare mutant exists,
and so whether any given community governed by the dynamics
specified by the quantitative-genetics equations is truly closed to
further diversity can only be determined by numerical trial and
error. It is well known that models based on adaptive dynamics
and quantitative genetics are closely related for homogeneous
environments (Waxman and Gavrilets 2005), and in Paper I we
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present evidence that when the variance of the trait distribution
of a reaction-diffusion–quantitative-genetics model becomes very
small, it approaches the type of reaction-diffusion–adaptivedynamics model studied in this thesis. It has been argued that
as the variance of the trait distribution in a spatial quantitativegenetics model increases, the maximum diversity of coexisting types must decrease (Norberg et al. 2012; Edwards et al.
2018), and hence the adaptive-dynamics models presented in
this thesis may serve as an upper bound on diversity for spatial
quantitative-genetics models.
As for purely ecological models, another commonly taken approach to modeling the simultaneous action of ecology and
evolution in spatially structured and/or heterogeneous environments is to use individual-based models (Doebeli and Dieckmann 2003; Gavrilets and Vose 2005; Mágori et al. 2005; Birand
et al. 2012; Haller et al. 2013; Kubisch et al. 2014). These models
allow a high degree of ecological realism by explicitly simulating
each individual of a population, and how it moves, reproduces,
and interacts with other individuals. Evolution can be simulated
by assuming a mutation probability in traits as each individual
reproduces, and selection becomes an emergent property of the
ecological simulation. Such models can also with relative ease
be modified to include sexual reproduction and recombination.
The price paid for the flexibility and realism of these models is,
however, two-fold. First, the computational resources required
for running such simulations typically far exceed those that
are necessary for the numerical solutions of differential equations, and the more complex the dynamics of the individuals,
the more is demanded in terms of computations. Second, deriving any general insights from such models can be very difficult,
as they are based on programmed rules rather than systems of
equations. In particular, they suffer from the same issue as the
quantitative-genetics models in that determining whether any
evolved community is open to further invasions, and potentially
greater diversity, is only possible through numerical trial and
error.
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Some classes of individual-based models are amenable to various deterministic moment-closure approximations (Bolker and
Pacala 1997; Van Baalen and Rand 1998; Law and Dieckmann
2000; Lion and van Baalen 2008; North et al. 2011; Lion 2015),
where the evolution of some trait in the underlying individualbased model can be tracked and analyzed using adaptive dynamics. These approaches have the advantage over reactiondiffusion based systems that local mutant–mutant interactions
can be taken into account, and hence they can be used to study,
for example, how spatial structure can promote the evolution of
cooperative strategies in the face of defectors, by calculating the
fitness of a spatially localized cluster of cooperative invaders.
This is not possible in the reaction-diffusion formalism as rare
mutants are instantaneously propagated (if at very small densities) across the entire spatial domain. The drawback of the
moment-closure methods is that environmental heterogeneity is
generally hard to incorporate.
When compared to the alternatives, the main advantage of
the approach I have taken in this thesis of combining reactiondiffusion equations with adaptive dynamics is thus the relative
ease with which evolutionarily stable communities can be assembled and analyzed in heterogeneous environments. In my view,
this is the primary niche this venue of modeling occupies, and
in the remainder of this thesis I will present and discuss results
concerning different kinds of evolutionarily stable communities
in heterogeneous environments.

Chapter III
Evolutionarily stable
communities in
heterogeneous
environments

Evolutionarily stable communities in
heterogeneous environments

To assemble the evolutionarily stable communities studied in
this thesis, I have used a combination of gradual adaptation
along fitness gradients, and invasions to fill otherwise inaccessible trait space. This approach differs from non-evolutionary
community assembly models (Morton and Law 1997; Fukami
2015), where a random selection of modeled organisms with
random traits are assembled, or purely adaptive models, where
a preset number of organisms may adapt their traits, but no
further organisms join the community. The non-evolutionary
community-assembly models will only with a very low probability hit all fitness-landscape peaks and produce an evolutionarily
stable community, whereas the purely adaptive models will often
have unfilled trait space available (see Brännström et al. 2012 for
a review).
As briefly described in the introduction, evolutionarily stable communities serve as the theoretical endpoint of the ecoevolutionary dynamics of a community of organisms. As stated
in Chapter 2.1, in the adaptive-dynamics sense, a community
is evolutionarily stable if the set of traits that characterize the
organisms in the community cannot be invaded by any other
admissible trait. The theory of evolutionary stability predates the
moniker ‘adaptive dynamics’ by a considerable margin (Maynard Smith and Price 1973; Vincent and Brown 1988), but despite
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its maturity, many of the central facets of the theory still are not
widely appreciated (see Edwards et al. 2018 for a review).
In particular, while an evolutionarily stable community is also
ecologically stable, the reverse need not be true, and an ecologically stable community may be either evolutionarily underor oversaturated. Undersaturated communities are not closed
to invasions, and may become more diverse over evolutionary
timescales. For illustration, one need look no further than most
examples in this thesis, where we typically start the evolutionary
assembly process with and undersaturated community comprised of a single ecologically stable ecotype, which over time
is expanded into an evolutionarily stable community of several
coexisting types (Fig. 2 in Paper I, Figs. 1 and A1 in Paper II).
Conversely, oversaturated communities will lose diversity over
evolutionary time, as either traits undergo convergent evolution
into the same type, or as one or more organisms become extinct
as the traits of the organisms change in response to selection
(Abrams 1990; Dercole et al. 2006; Fox and Vasseur 2008; Vasseur
and Fox 2011). In the context of resource competition in Paper
III, we also show an example of two resource competitors coexisting with ecological stability (Fig. 3 in Paper III), but that the
endpoint of evolution for this system will be a single resource
competitor (Fig. 5A,B in Paper III).
Dynamical systems need not have an equilibrium as their attractor, as exemplified by Lotka-Volterra systems (Lotka 1925;
Volterra 1928) where the densities of predator and prey both
follow cyclical dynamics. Non-equilibrium dynamics allows for
patterns of coexistence other than those of equilibrium dynamics.
For example, Abrams (2006) showed that more than two resource
competitors could coexist on two resources when dynamics were
cyclical. Coexistence patterns when traits are allowed to evolve
may also be altered by ecological cyclic dynamics (Kremer and
Klausmeier 2017). Just like ecological dynamics can be cyclic, so
too could there be evolutionarily cyclical dynamics, where traits
continually shift, and the number of coexisting types oscillates
(Kisdi et al. 2002; Dercole 2003). In this thesis, only equilibrium
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dynamics are considered, both ecologically and evolutionarily.
Although other types of dynamics often serve to reveal interesting phenomena, I believe that the decision to trade off the
complexity of the dynamics for the increased complexity that
comes with heterogeneous environments is worth it, as it allows
the investigation of evolutionarily stable communities in heterogeneous environments in a way that has hitherto been restricted
by a lack of efficient analytical and numerical tools.

1
Two models yielding evolutionarily
stable biodiversity in heterogeneous
environments

Apart from the generally applicable, but generic insights we derived in Paper I, we have by studying two more concrete systems
derived more specific results. In the sections below, I will review
some of these results, and in particular, I shall examine some of
the patterns that I believe are more universal and extend beyond
our specific systems of study. First, however, I will briefly outline
the basic makeup of these two models.

A resource-competition model for two resources (Paper I and
Paper III)
One way for a community to achieve and retain biodiversity
is through specialization, where consumers can differentiate
themselves through differing resource use, and thus coexist. In
Paper III (and more cursorily in Paper I) we study such models.
In the model, we let n consumers compete for two resources.
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Write ui (x, t) for the density of consumer i = 1, . . . , n, at spatial
coordinate x and time t. Write R1 (x, t) and R2 (x, t) for resources
1 and 2 respectively. The ecological dynamics are given by

∂ui (x, t)
= G ( ai1 R1 , ai2 R2 )ui − µui + d∆ui ,
∂t
∂R1 (x, t)
= r (K1 (x) − R1 )−
∂t

(21a)

n

− ∑ C1 ( ai1 R1 , ai2 R2 ) G ( ai1 R1 , ai2 R2 )ui + d R ∆R1 , (21b)
i =1

∂R2 (x, t)
= r (K2 (x) − R2 )−
∂t
n

− ∑ C2 ( ai1 R1 , ai2 R2 ) G ( ai1 R1 , ai2 R2 )ui + d R ∆R2 . (21c)
i =1

Here G is the per capita growth function, which depends on
the resource availabilities, and on the affinities ai1 and ai2 of
consumer i. These affinities describe the ability of a consumer to
take up resources. The consumers suffer a constant background
mortality µ, and diffuse in space at a rate d. The resources are
renewed at a rate r, up to a maximal supply of K j (x) (j = 1, 2),
which varies in space. The functions C1 and C2 describes the
proportional consumption of resources so that C1 + C2 ≡ 1 for all
arguments. The resources diffuse in space at a rate d R .
The traits under selection are the affinities, which evolve within
the constraints of a trade-off. Thus, potentially, a large number
of consumers can coexist ranging from resource 1 specialists, to
generalists equally able to consume both resources, to resource
2 specialists. In Paper I, we study some facets of a simpler instance of this model, and Paper III contains a more complete
investigation of the full model. There, we vary resource types
continuously from substitutable to essential (sensu Tilman 1980),
and trade-offs from generalist-favoring to specialist-favoring,
and determine which combinations yield a high diversity of consumers, both in heterogeneous environments and in the limiting
case of homogeneous environments.
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A size-structured food-web model (Paper II and Paper IV)
Looking beyond the competition-mediated diversity of a single
trophic level, we investigate how diversity is generated and
maintained in a model where a food web of potentially several
trophic levels evolve. The model has a single autotroph, whose
density is given by u0 (x, t) at spatial coordinate x at time t, and
n heterotrophs, whose densities are given by ui (x, t) for i =
1, . . . , n. The autotroph has a body size given by s0 , and each
heterotroph is characterized by its logarithmic size ratio ri to
the autotroph so that ri = log(si /s0 ). This trait governs most
interactions in the food web, and is taken to be under natural
selection. The ecological dynamics are given by
∂ui (x, t)
=
∂t



− m (ri ) +
n

−

n

n

∑ e−r λer Mγ γ(ri − r j )u j − ∑ Mγ γ(r j − ri )u j
i

j

j =0

∑ Mα α ( r i − r j ) u j + d ( r i ) ∆

j =1



j =1

ui =
(22a)

= − [respiration] + [consumption] − [predation]

− [competition] + [diffusion] ,


n
∂u0 (x, t)
u
= g (x) 1 − 0
u0 − ∑ Mγ γ(r j − r0 )u j u0 + d(r0 )∆u0 =
∂t
K (x)
j =1

(22b)

= +[logistic growth] − [predation] + [diffusion] .

Here, the first term in Eq. 22a, m(ri ), describes losses due to
respiration, which is higher for smaller heterotrophs. The second term describes gains in biomass due to consumption of the
autotroph and other heterotrophs, where Mγ is the predation
intensity, λ is the conversion efficiency, and the factor e−ri er j
accounts for the size differential between consumer and consumed. The function γ(ri − r j ) describes how well a consumer
with trait value ri is able to pursue prey with trait value r j , and
the optimal prey size for a consumer with trait value ri is given
by ropt = ri − µ for some constant µ, which is the same for all
heterotrophs. The third term of Eq. 22a describes how consumer
i is in turn predated upon by the other heterotrophs. The fourth
term describes losses due to interference competition, where
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Mα is the competition intensity and the function α(ri − r j ) describes how much interference competition a heterotroph with
trait value ri experiences from a heterotroph with trait value r j .
Competition is most intense between heterotrophs of the same
size. The fifth term describes the diffusion in space of the heterotrophs, where d(ri ) is an increasing function, so that large
heterotrophs diffuse at a higher rate.
Equation 22b describes the dynamics of the autotroph. The first
term describes how the autotroph grows logistically in the absence of heterotrophs with intrinsic growth rate g(x), and carrying capacity K (x). The second term describes losses due to
predation from the heterotrophs, and the third term describes
how autotrophs diffuse in space at a rate d(r0 ). As the logistic
growth of the autotroph varies from point to point in space, heterotrophs experience different selection pressures on their body
sizes at different points, and several partially overlapping local
food webs can potentially coexist. In Paper II we explore for this
model in detail how different spatial productivity patterns yield
differently diverse evolutionarily stable food webs, and how this
diversity is distributed in space. In Paper IV we then examine
how sensitive such communities are to different forms of habitat
loss.

2
Competitive exclusion, limiting similarity, and spatial coexistence

In homogeneous environments, there are several results that
show how stable ecological coexistence might be limited. For
example, if consumers compete for a single dynamic resource,
the only competitor that will remain in the system is the one
who lowers the equilibrium density of the resource as much as
possible within the given parameter space for the traits under
selection (Tilman’s R∗ , Tilman 1982). More generally the principle of competitive exclusion (Hardin 1960; MacArthur and Levins
1964; Levin 1970; Armstrong and McGehee 1980; Gyllenberg and
Meszéna 2005; Meszéna et al. 2006) states that at most N consumers can coexist ecologically stably on N different resources
in equilibrium, and the principle of limiting similarity (Macarthur
and Levins 1967; Abrams 1983; Meszéna et al. 2006) states that
the possibility of two organisms coexisting stably shrinks as
they become more similar, and that in many cases coexistence is
precluded for too-similar organisms.
Ecological coexistence in a heterogeneous environment is much
less limited at the scale of the entire region, as organisms with
different traits may partition space, and coexist by limiting their
spatial overlap (Amarasekare 2003). In the language of meta-
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community theory, this is accomplished either by species sorting,
where the local conditions on each patch filter out the less fit
species, or through limited source–sink dynamics, where the
biomass donated through migration is not so high as to wipe out
locally adapted variants (Leibold et al. 2004). The importance of
limited dispersal has also been demonstrated using a spatially
explicit resource-competition model, which exhibited several
different coexistence regimes depending on the dispersal rates of
both consumers and resources (Haegeman and Loreau 2014).
The same is true also when some traits of the consumers are
under selection. In Paper I, we let the uptake affinities of consumers for two resources be under selection within the constraints of a trade-off. We showed that the number of such consumers that can coexist with evolutionary stability increases as
consumer dispersal rates are lowered, when resources are heterogeneously distributed in space (Fig. 3 in Paper I). This comes
about through local adaptation to smaller and smaller subregions of space, where consumers adapt to their most favored
local resource-supply ratios. In Paper III, we expand on these results to show under what conditions high regional diversity can
be attained when resource types and trade-off types are varied in
competition for two heterogeneously distributed resources.
It is worth noting that not only regional, but also local diversity can significantly increase in heterogeneous environments
through source–sink dynamics. Species richness can only be
properly quantified at the regional level when reaction-diffusion
equations are used, as diffusive dispersal propagates organism
densities across the entire region instantaneously, albeit at very
small densities. However, local diversity can still be calculated
using a different diversity metric that takes the evenness of abundances into account, such as Shannon diversity (Hill 1973; Jost
2006). Figure 3 shows an example of the local Shannon diversity for a community with a regional richness of 9 consumers,
demonstrating that there are points in the landscape where local diversity is high. The example is taken from a configuration
in which only a single consumer would be viable in a homoge-
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Figure 3: Distribution of local Shannon diversity in space. The panel on the
left shows how local Shannon diversity is distributed in physical space in a
community of 9 total consumers. The violin and box plots next to the color
scale show the overall distribution of Shannon diversity in the landscape. The
Shannon diversity DS ( x1 , x2 ) at each spatial coordinate ( x1 , x2 ) is calculated
as DS ( x1 , x2 ) = exp[− ∑9i=1 pi ( x1 , x2 ) log( pi ( x1 , x2 ))], where pi ( x1 , x2 ) is the
proportion of biomass of consumer i of the total biomass at that location. The
Shannon diversity takes into account how evenly biomass is distributed among
the 9 consumers, and the Shannon diversity will be equal to 9 if pi ( x1 , x2 ) =
1/9 for all i, i.e., if biomass is evenly divided among the 9 consumers. The
community is taken from one of the generated communities in Paper III.

The traits of the assembled evolutionarily stable communities
governing the resource-uptake affinities for two resources in
Paper I and Paper III are in general quite evenly spread within
some range, and the spatial distributions of the consumers are
also mostly partitioning space between them evenly. A rather
different story emerges in the food-web model we studied in
Paper II and Paper IV. Here, a single autotrophic species provides the basal resource input to a food chain of omnivores that
feed on one another and the autotroph, with the trait governing the trophic and competitive interactions being the relative
sizes of the heterotrophs. Since in order to build a local food
chain, several heterotrophs and the autotroph need to be in the
same spatial location, this model exhibits high spatial overlap
between species that are in the ‘same’ local food chain. In the
nonspatial version of the food-web model our model extends,
the evolved food-webs have characteristic gaps in trait space
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between heterotrophs due to interference competition between
them (Loeuille and Loreau 2005; Brännström et al. 2011). Thus,
as predicted by the principle of limiting similarity, there is restriction to how close in trait two heterotrophs can be. In Paper II
we show that this leads to an interesting dichotomy in the spatial
food-web model: Either species tend to be well separated in trait
space and have similar spatial distributions, or be only slightly
separated in trait space, but be well separated in physical space.
The large separations in trait space correspond to the food web
extending vertically by adding additional rungs on the trophic
ladder, and the large separations in physical space correspond
to local adaptation to varying productivity conditions within the
same trophic level.
In evolutionarily stable communities in heterogeneous space,
the principle of limiting similarity thus can still be said to apply,
but with the addendum that species may be differentiated in
their spatial distributions as well as in their traits. However, as
shown in the example in Fig. 3, local results can be affected by
the source–sink dynamics, and making a priori predictions about
the patterns of diversity in any evolutionarily stable community
in heterogeneous environments can often be very difficult.

3
Sympatric and parapatric diversity
and diversification

How does diversity come about? In a heterogeneous environment we must admit at least two broad mechanisms. First, even
in a homogeneous environment there may be selective forces
that drive disruptive selection to generate and maintain diversity. For example, in Paper III, competition for two resources
can cause a single initial generalist consumer to undergo evolutionary branching into a final community of two specialists, and
in the environmentally homogeneous version of the food-web
model we study in Paper II and Paper IV high evolutionarily stable diversity can evolve (Loeuille and Loreau 2005; Brännström
et al. 2011). If such a system is transfered into a heterogeneous
setting, this built-in selective force will remain and can continue
to drive diversification. I call diversity generated through such
processes and such diversification sympatric. Second, in a heterogeneous environment, species can adapt locally to different
conditions at different points in space, and this may cause a type
of diversification where space is partitioned among the regionally coexisting species. I call such diversity and diversification
parapatric.
This is a slight abuse of nomenclature, and I have adapted the
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term ‘parapatric diversification’ from one conception of ‘parapatric speciation’ where a population resides in an environmental
gradient inducing locally divergent selection, which is inhibited
by limited gene flow between subpopulations (‘clinal models’,
Coyne and Orr 2004). However, as we shall see in this section,
both diversity and diversification in the models I study in this
thesis are characterized by the interplay of these two forces of
spatially averaged selection, and selection derived from environmental variability. The terms ‘sympatric’ and ‘parapatric’
seemed the closest analogous in wide circulation for the concepts
presented here. The feasibility of sympatric speciation is still an
active debate (Dieckmann and Doebeli 1999; Via 2001; Bürger
et al. 2006; Fitzpatrick et al. 2008; Mallet et al. 2009; Bird et al.
2012; Sousa and Hey 2013; Gavrilets 2014). The types of models
I present in this thesis do not permit me to directly contribute to
this debate, as I assume (among other things) clonal reproduction. However, in return I am able to draw some more precise
conclusions regarding the patterns of sympatric and parapatric
diversification and diversity in heterogeneous environments.
Recall from Chapter 2.1 that selection is disruptive in a trait χres
if C(χres ) > 0, i.e., if the fitness landscape around the resident
under consideration curves upwards (see Fig. 2, resident e).
In Paper I we derived an expression for disruptive/stabilizing
selection C(χres ) in a heterogeneous environment that shows that
this selection can be decomposed into a sympatric and parapatric
term (Eq. B6, in Paper I). However, this expression is somewhat
impenetrable, and so let us instead take a look at an approximate
upper bound for disruptive selection when rates of diffusion are
not to small (see Appendix B in Paper I for details). Assume that
the ecological system is in an equilibrium given by
∗
∗
∗
, Eres
, χres )ui,res
+ dui ∆ui,res ,
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Furthermore, assume that resident k is at an evolutionarily singular point so that it experiences no directional selection, i.e.,
D(χk,res ) = 0. Then, the disruptive selection for resident k is
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This expression admits a simple interpretation. The first term is
the weighted average of local stabilizing/disruptive selection,
where the weights are the resident density squared. The second
term is the weighted variance of directional selection, where
the weights are once again the resident density squared. The
second term is also multiplied by a factor K/duk , where K is a
constant that depends only on the size and shape of the landscape Ω. This factor K/duk is thus a measure of how well mixed
the system is. If the landscape is large and duk is not too large,
the system is partially mixed. The second term in its totality thus
measures how much environmental heterogeneity and partial
mixing contribute to disruptive selection. If the variance of local
selection gradients is high, there will be strong selective pressure for the organism to evolve in one direction in one part of
the landscape, and in the other direction in another part of the
landscape, which contributes to disruptive selection.
The exact expression for C(χk,res ) (Eq. B6 in Paper I) admits a
similar interpretation. We thus end up with two relatively distinct modes of evolutionary branching. If the first term of Eq. 24
is much larger than the second, we say that we have a sympatric
evolutionary branching, and if the first term in Eq. 24 is negative, we say that we have a parapatric evolutionary branching.
These different modes tend to lead to qualitatively different outcomes. If the branching is sympatric, spatial distributions of the
progeny of the resident experiencing the branching can remain
very similar, but trait values typically separate significantly. In a
parapatric branching, the spatial distributions of the progeny diverge, but trait values can remain close to one another. Examples
of these two processes are shown in Figs. C4 and C5 in Paper II.

63

64
The consequences for evolutionarily stable diversity when both
sympatric and parapatric selection pressures act can be unpredictable, and differ greatly for different types of systems. In
Paper II we calculated the sympatric and parapatric stabilizing/disruptive selection for a single heterotroph at an evolutionarily singular point, and compared these components of selection
to properties of the full evolutionarily stable community in the
same landscape. We found that the diversity of the fully evolved
community was positively correlated with both the sympatric
and parapatric components of disruptive selection for the single heterotroph (Fig. 5 in Paper II). As the food-web model we
used (Eqs. 22) is able to support a high diversity of heterotrophs
also in spatially homogeneous systems (Brännström et al. 2011),
diversity can come about in the heterogeneous model both by
enhancing the conditions for sympatric diversification and for
parapatric diversification. Hence, in the food web, spatial heterogeneity generated both additional sympatric diversity, and
parapatric diversity.
Intriguingly, a very different pattern emerged from our analysis
of the resource-competition model we studied in Paper III. In
this paper we studied the patterns of evolutionarily stable diversity along two major axes. The first was the type of the two
resources ranging from substitutable to essential (sensu Tilman
1980), and the second was the degree to which the trade-off
between affinities favored resource specialists or resource generalists. For spatially homogeneous environments we found
that only sufficiently substitutable resources and sufficiently
specialist-favoring trade-offs permitted stable evolutionary coexistence between two consumers (Fig. 4 in Paper III). As the
environments were homogeneous this diversity must necessarily
be sympatric in nature. However, for heterogeneous environments this combination of substitutable resources and specialistfavoring trade-offs yielded comparatively low diversity among
the evolutionarily stable communities (Fig. 6 in Paper III). This
means that for this resource-competition system, the conditions
engendering sympatric diversity were also preventing the formation of greater parapatric diversity. This is due to resource
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monopolization, with one global resource 1 specialist and one
global resource 2 specialist dominating the community. Both
global specialists depress their respective resources to levels
that cannot easily sustain any less specialized consumers. For
perfectly substitutable resources, this monopolization is total,
and only two consumers can coexist in spite of environmentally
variable conditions.
To summarize, we have seen the following cases. The first case is
when sympatric selection is stabilizing, but parapatric diversification can still form a diverse evolutionarily stable community,
as in e.g., the resource-competition example in Paper I. The second case is when sympatric and parapatric mechanisms both
act—either independently or in concert—to create greater diversity, as in the food-web model studied in Paper II. The third
case is when sympatric mechanisms of diversification counteract parapatric mechanisms, preventing greater diversity from
forming as in Paper III. Taken together, these cases show that
when it comes to understanding evolutionarily stable diversity in
heterogeneous environments, care must be taken to properly understand the idiosyncrasies of any system, as many qualitatively
different outcomes are possible.
One case is omitted from the list above, namely the case for
which sympatric mechanisms lead to diversity, but parapatric
mechanisms counteract it. Similar cases to this can be envisioned. For example, Parvinen et al. (2017) found that spatial
structure could inhibit evolutionary branching in certain variants
of Wright’s island model. However, with our chosen formalism
of combining reaction-diffusion equations with adaptive dynamics such cases are highly unlikely to occur. The parapatric
component of stabilizing/disruptive selection is always positive (see Eq. B5 in Paper I), and will thus always be disruptive,
meaning that environmental heterogeneity will always contribute
towards diversification when considering a single trait at an evolutionarily singular point. While this does not conclusively prove
that environmental heterogeneity in reaction-diffusion models
will never inhibit diversity and diversification, it is my intuition
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after working with these systems, that if such an example could
be found, it would probably be quite pathological.

4
Properties and applications of evolutionarily stable communities

The models we have worked with in this thesis are abstract, and
so they provide broad, rather than specific insights. One strength
of this approach is that it allows us to glean general insights into
how abstract forces shape natural communities. These models
will rarely be directly applicable to any real community, but they
reveal the patterns against which deviations from abstract principles real communities have can be detected. In other words,
they can act as more specific forms of null models. This puts
them somewhere in between neutral models (e.g., Hubbell 2001)
and verbal and conceptual models on the one hand, and specific
parameterized models of particular natural communities on the
other.
As an example of this, consider the resource-competition model
of Paper III. While the model is an abstraction of resource competition, the results from it tell in broad strokes for what resource types and trade-offs we may expect diversity in evolutionarily stable communities, and generalize findings that were
previously available for more specific circumstances. Our model
predicts that in homogeneous environments, coexistence is not
possible for two consumers that are only differentiated by their
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resource-uptake affinities, when resources are of essential character (see Paper III for the exact definition). This has long been
known for more specific cases for strictly essential resources
where resource uptake is described by a minimum function
(León and Tumpson 1975; Vincent et al. 1996), as well as for
a model of phytoplankton competing for lights and nutrients
(Huisman and Weissing 1995). However, our model also predicts
that for heterogeneous environments coexistence based only
on differing affinities becomes possible, and this too has been
observed in more specific models, as observed by Peeters and
Straile (2018) where evolutionarily stable coexistence between
phytoplankton only differentiated by their uptake affinities was
possible. The same result, although we did not remark upon it,
can also be seen in the phytoplankton-model example in Paper
I. Thus, Figs. 4A and 6A in Paper III can serve as map for what
we can expect in terms of patterns of coexistence among resource
competitors in homogeneous and heterogeneous environments.
Since we expect evolutionarily stable communities to be what
we find in nature after a sufficiently long time has passed, we
would like to see what properties such communities possess,
and how these communities can guide our understanding about
natural communities. In Paper IV we investigate how evolutionarily stable food-web communities generated using the model
detailed in Eqs. 22 and Paper II respond to habitat loss. These
findings become especially interesting since we know that the
communities we expose to habitat loss are neither evolutionarily
oversaturated—which could artificially inflate vulnerability—nor
undersaturated—which could artificially inflate resilience.
We generated a number of evolutionarily stable food-web communities for different productivity landscapes. We then exposed
these communities to two types of habitat loss processes: random, where patches in space are lost uniformly at random over
time, and contagious, where neighboring patches of lost patches
are more likely to subsequently become lost at all later times
(Fig. 2 in Paper IV). We then evaluated which characteristics of
the heterotrophs among all communities were most strongly re-
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lated to a vulnerability to habitat loss. Overall, heterotrophs with
large body sizes, low abundances, or which had spatial distributions that were similar to the autotroph’s tended to be more
vulnerable to habitat loss.
We also found that different heterotrophs were differently vulnerable to the two types of habitat loss, and small heterotrophs
were more vulnerable to contagious habitat loss, whereas large
heterotrophs were more vulnerable to random habitat loss. This
finding makes sense in the light of the different diffusivities of
the heterotrophs, with larger heterotrophs diffusing faster than
the small heterotrophs. Random habitat loss tends on average
to more quickly create a deadly mosaic of sink habitats for the
more diffusive large heterotrophs. Finally, we found that large
heterotrophs tend to go extinct earlier in the habitat-loss process,
and thus reductions in average body sizes in food webs could
serve as an early warning signal of imminent collapse.
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Chapter IV
Conclusions

Conclusions

Communities in heterogeneous environments are inevitably
driven by a combination of different forces, including dispersal,
local ecological dynamics, and natural selection. By combining
the evolutionary invasion analysis of adaptive dynamics, and
the spatial ecological framework of reaction-diffusion equations,
and developing general tools for evaluating selection for such
models we have been able to integrate these forces into a single
framework, with a view to study the properties of evolutionarily
stable communities in heterogeneous environments, as well
as analyzing the forces of natural selection in heterogeneous
environments that generate them.
We have shown that selection on a property of an organism in
a heterogeneous environment acts both on that property across
space (sympatric selection) as well as on the variability of local
selection (parapatric selection) (Paper I). When combined, these
two different modes of selection create interesting new patterns
of evolutionarily stable diversity in space. We investigated how
these forces acted in communities of resource competitors (Papers I and III) and heterotrophs in a food web (Papers II and IV).
Strikingly, we found that these forces could act in concert or opposition in different ways for different systems and as a result,
diversity could be both promoted and inhibited, showing that
making a priori predictions about evolutionarily stable diversity
in heterogeneous environments can be quite difficult.
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To work with evolutionary models in heterogeneous environments while still retaining some measure of analytical tractability, some simplifying assumptions had to be made, which reduces the realism of the models. This is inevitable and part of
the perpetual balancing act of any theory, but, vexingly, some of
the very properties of the models that make them easy to work
with theoretically make them harder to apply empirically. Differentiating growth-rate functions, and mathematically specifying
trade-offs present little difficulty with a pen and paper, but measuring such quantities is rather less straightforward in the lab or
in the field. Formulating a direct way of empirically testing some
of the predictions presented here would be a major step forward
towards turning the conceptual ideas in this thesis into a more
full-fledged research program.
When looking at the totality of the papers collected in this thesis,
something struck me that had not been readily apparent when
considering the manuscripts one at a time. As stated above, it
is often difficult to make a priori predictions about how sympatric and parapatric selection will interact either in concert or
in opposition to produce different kinds of communities. This is
useful to keep in mind, but not in and of itself that surprising—
the systems we have studied can after all be rather complicated.
However, now that the mathematical, numerical, and conceptual analysis has been carried out for these different systems, a
posteriori the different outcomes make sense to me on a level
that supersedes that of mere mathematical consistency—indeed
to the point that some results seem in retrospect obvious. This,
perhaps more than anything, has made my scientific journey
worthwhile. When you gaze into evolution, clarity stares back.
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