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Abstract 15 

As various methods for precision inventories, such as LiDAR, are becoming increasingly common in 16 

forestry, individual-tree level planning is becoming more viable. Here, we present a method for 17 

finding the optimal thinning times for individual trees from an economic perspective. The method 18 

utilizes an individual tree-based forest growth model that has been fitted to Norway spruce (Picea 19 

abies (L.) Karst.) stands in northern Sweden. We find that the optimal management strategy is to thin 20 

from above, i.e. harvesting trees that are larger than average. We compare our optimal strategy with 21 

a conventional management strategy and find that it results in approximately 20% higher land 22 

expectation value. Furthermore, we find that increasing the discount rate will, for the optimal 23 

strategy, reduce the final harvest age and increase the basal area reduction. Decreasing the cost to 24 

initiate a thinning (e.g., machinery-related transportation costs) increases the number of thinnings 25 

and delays the first thinning.  26 

 27 

Keyword: Forest management; Optimization; Precision forestry; Simulation; Thinning  28 

Introduction 29 

Given the ecological and economic importance of forests, it is not surprising that much effort has 30 

been invested in developing and improving forestry practices. Recently, increasingly common use of 31 

remote sensing methods, such as LiDAR, in forestry management (Dubayah and Drake 2000; Carson 32 

et al. 2004) has enabled efficient gathering of detailed data that was too difficult or too time-33 

consuming to acquire just a few decades ago (such as individual tree positions, heights and crown 34 

sizes). Such detailed information enables improved stand management and can be used for precision 35 

forestry (Holopainen et al. 2014).  36 

One important application for detailed forestry data is to parameterize forest simulators that are 37 

later used to assess the relative benefits of alternative forest management practices. Traditionally, 38 
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forest simulators have considered forests at the level of stands, but recently there has been 39 

increased interest in forest simulators that describe characteristics on an individual-tree level, so 40 

called individual-tree models. Haight and Monserud (1990a, 1990b) used an individual-tree model for 41 

optimizing management of any-age mix-species forest stands in the Northern Rocky Mountains. In 42 

these studies, the considered optimization variables were the proportion harvested for different 43 

diameter classes and timing of thinnings over an infinite time horizon. They employed a pattern-44 

search method to the optimization problem (Hooke and Jeeves 1961). In Scandinavian forestry, these 45 

types of models have been used to optimize various stand management problems. Tahvonen (2011) 46 

optimized the thinning frequency and the number of trees to be removed from different age classes 47 

(in contrast to size classes) for uneven-aged Norway spruce stands, by using gradient-based 48 

optimization algorithms. Some studies have employed more advanced process-based models, 49 

instead of the more common traditional empirically-based models. Tahvonen et al. (2013) used a 50 

process-based individual-tree model to optimize management of boreal Scots pine stands over an 51 

infinite time horizon. Another example is the study by Niinimäki et al. (2013), where the 52 

management of Norway spruce stands is optimized considering CO2 sequestration subsidies. In both 53 

studies the decision variables were the initial stem density, the number of thinnings, the timing of 54 

the thinnings and harvesting proportions of dominant, co-dominant, and suppressed trees. In the 55 

aforementioned studies, a number of different tree classes were considered, and each individual tree 56 

belongs to one class. All trees within the same class are considered to be similar.  57 

In the studies mentioned above, removal from different size classes were used to assess the harvest 58 

in each thinning operation. In a few studies, this idea has been extended by optimizing the shape of 59 

the distribution of harvesting effort to maximize a selected performance measure. Even fewer 60 

studies have considered optimization at the individual-tree level. An example is study by Pukkala & 61 

Miina (1998), where four different problem formulations where considered. In the first problem 62 

formulation, the decision variables were the basal areas that trigger individual thinnings and final 63 

harvest, and the removal percentage from different diameter classes. Within each tree class, the 64 
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trees removed are determined by a tree-selection algorithm based on so called relative lost growing 65 

area, which is a proxy for individual competition pressure. The relative lost growing area is calculated 66 

for each individual tree as a function of the diameter, height and distance of a subject tree and its 67 

neighbours as well as the area of the stand. The trees with the maximum relative lost growing area 68 

were chosen for harvesting. The second problem considered minimum distance between trees as a 69 

decision variable, i.e. tree pairs closer than the minimum distance are considered for removal. The 70 

third problem formulation considered a combination of problem formulation one and two, and the 71 

fourth problem formulation was similar to the first one with the difference that parameters in the 72 

tree-selection algorithm were optimized as well. The fourth problem formulation was found to be 73 

the best in terms of optimization. Another example is that of Pukkala et al. (2015) where a tree 74 

selection algorithm was optimized to select trees based on weighted criteria (value of the stem, 75 

relative value increment and effect on the competition among residual trees) together with 76 

scheduling of thinnings. In a thinning, the trees would be removed according to the calculated score 77 

for each individual tree until the constraint on minimum basal area was met. The growth models 78 

used in these two studies do not use tree classes and allow the attributes (e.g. diameter and height) 79 

to vary among the individual trees (in contrast to the previously mentioned growth models) and the 80 

models are spatially explicit, i.e. spatial information for trees are used.  81 

The tree selection methods mentioned previously are constrained by heuristic thinning rules, which 82 

limit the range of options. If the goal is to maximize the economic value of the stand, one must 83 

consider all possible thinning scheduling and tree selection and this makes the problem of finding the 84 

optimal selection of trees to harvest with respect to the whole rotation period difficult. For example, 85 

the selection of 7 trees to thin out of 21 can be done in 116280 possible ways. Beyond finding the 86 

optimal trees we also have the problem of finding the optimal time(s) for harvesting the trees. 87 

Hence, simultaneously optimizing the selection of individual trees for thinning and the time of their 88 

removal, to maximize the overall performance of the stand, is a major computational challenge.  89 
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Her ,we optimize stand management on an individual tree basis, across the whole rotation period of 90 

a stand. We consider management efficiency from an economic perspective. We use a spatially 91 

explicit individual tree model to simulate the growth of a forest stand and we calculate the thinning 92 

(harvesting and forwarding) cost using empirically-based cost functions. The solution from the 93 

optimization problem is compared against a no-thinning strategy, a conventional thinning strategy, 94 

and a random tree selection method. We perform a sensitivity analysis to assess how the optimal 95 

thinning strategy is affected by changes in economic parameters (i.e., discounting rate and the cost 96 

to initiate a thinning, the opening cost). 97 

Method 98 

Overview 99 

We simulate the development of forest stands from the initial stage before the first thinning to the 100 

end of the rotation period. In each simulation, a management schedule is used that specifies the 101 

number and timing of thinnings between the initial stand age and the end of the rotation age, as well 102 

as the individual trees to be removed in each of the thinning operations. In this way, we can assign an 103 

economic value to each tested management schedules. Using numerical optimization, we then derive 104 

the near-optimal management schedule, i.e., the schedule that maximizes the land expectation 105 

value. The management schedules are created by the numerical optimization procedure. Note that 106 

we do not make any a priori assumptions regarding the number of thinning operations, their timing, 107 

or the trees that can be selected for removal. These choices emerge from the optimization 108 

procedure.  109 

The simulation starts at the initial stand age t0 (year). In between the scheduled thinnings, the annual 110 

growth (diameter at breast height and height increment) and mortality from self-thinning are 111 

calculated. Self-thinning is determined by calculating the maximum stem density that can be 112 

sustained at the current mean diameter. The annual increment in diameter at breast height (DBH) 113 
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and height for each tree in the stand is calculated using an individual-based growth model that 114 

accounts for distance-dependent competition between trees. 115 

This procedure of self-thinning assessment and DBH growth is repeated until the management 116 

schedule specifies a thinning operation, by which selected trees are removed and the cost of the 117 

thinning operation is calculated. At the end of the rotation period, as specified by the management 118 

schedule, the final harvest is undertaken and a final discounted net revenue is determined. 119 

By considering a large number of possible management schedules, and refining each new schedule 120 

based on the previously calculated revenues, we find near-optimal management plans (i.e., near-121 

optimal combination of number of thinnings, schedule of thinning operations and final harvest, as 122 

well as the individual trees that should be harvested in each thinning). Since the number of 123 

possibilities is so vast, an informed refinement of the management schedule is required after each 124 

simulation. This is done using a standard numerical optimization method (a genetic algorithm).  125 

Spatially explicit growth model 126 

We use the growth model from Fransson et al. (2019) to simulate the growth of each individual tree 127 

in the initial plot. Let N  denote the number of trees in the stand. The rate of change in diameter at 128 

breast height (cm) , ,DBHi t , for each individual tree 1, ,i N=  at age t , is modelled as a 129 

modified logistic growth function (Kot 2001, Renshaw et al. 2009), 130 

   , 1,

, ,

max

DBH CI( ,DBH , ,DBH , , , , )
DBH DBH max 1 ,0 .

DBH

i t t N t

i t i t

i
r

  + 
 =   − 

 

Dist
  (1) 131 

Here ,DBHi t is the annual diameter increase (cm year-1) for tree i  at age t (year). The maximum 132 

relative growth rate of the tree is denoted by r (year-1) and maxDBH is the maximum DBH  a tree 133 

can attain in the absence of competitors. Further, Dist (m) is a vector containing all pairwise 134 

distances between the trees in the stand. Specifically, ,[dist ]i j=Dist , where 135 
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( ) ( )
2 2

,disti j i j i jx x y y= − + − , and ix  and iy  denotes the spatial position of tree i  in 136 

rectangular coordinates. The interactions between a focal tree i  and its nearest neighbours are 137 

represented using a competition index, denoted by CI (cm). In our work we use a modified version 138 

of the crowding competition index (Canham et al. 2004), 139 

   ( )
 

1, , ,( ,DBH , ,DBH , , , , ) DBH / DBH dist ,t N t j i i j

j I i

CI i
     −



= Dist   (2) 140 

as a proxy for the competition pressure the closest neighbours impose on the focal tree. We define 141 

closest neighbours as the neighbours located within 8 m radius of the subject tree (Stadt et al. 2007). 142 

The parameters of the competition index function, (2), are 𝛼 (dimensionless), 𝛽(dimensionless), and 143 

𝜆 (mβ cm).  144 

We model the annual tree height increment (m year-1), denoted H , as a power law relation to the 145 

diameter increment, 146 

   ( ), ,DBH .i t i tH


 =    (3) 147 

Here, γ (m cm- δ year (δ-1)  ) and δ (dimensionless) are parameters that will be inferred from empirical 148 

data. Thus, the height increment of a tree depends on its diameter and the diameter of all 149 

neighbouring trees through the competition index function, (2).   150 

Stem tapering and volume 151 

To calculate the value of the harvested logs we need to calculate the volume and tapering of each 152 

stem. Stem tapering and volume are modelled using the tree form function of Laasasenaho (1982) 153 

and the volume (in m3) is calculated via integration. The diameter at any height of the stem and 154 

volume are calculated as functions of the total height of the tree and DBH (see Appendix Stem 155 

tapering and volume function).  156 

 157 
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Self-thinning 158 

Self-thinning is a type of mortality caused by density dependent competition. At the beginning of a 159 

growth period, the quadratic mean diameter, 
qDBH (cm), is calculated. Using equation (4) (Elfving 160 

2010), we calculate the maximum number of stems per hectare, maxN , at a given mean diameter as  161 

   
max qln( ) 12 1.5ln(DBH ).N = −   (4) 162 

Equation (4) describes a asymptotic relationship between the mean DBH  (
qDBH ) and the density 163 

in the stand ( maxN ), similar to Reineke’s Stand Density Index (Reineke 1933). If the current stem 164 

density is greater than maxN , trees are removed until the stem density is lower than maxN . To 165 

determine which trees will be removed, each tree’s survival probability is calculated using the 166 

function provided by Pukkala et al. (2013), and the trees with the lowest survival probabilities are 167 

successively removed until the current stem density falls below maxN . 168 

 169 

Stand economy and mean annual increment 170 

We quantify the performance of a given thinning procedure in terms of the mean annual increment 171 

and the land expectation value of the stand per hectare. The mean annual increment is calculated as 172 

the sum of the volume harvested during the thinning operations and final harvest, divided by the 173 

rotation time (i.e., stand age at final harvest). The land expectation value, LEV (SEK ha-1), is 174 

calculated from the present value of the first rotation according to 175 

   
PV

LEV .
1 TB

=
−

  (5) 176 

Here, PV (SEK ha-1) denotes the present value of the first rotation, T (year) the stand-age for final 177 

felling. B  (dimensionless) is the discrete time discount factor, i.e. 1/ (1 )B R= + , and R178 

(dimensionless) is the discount rate.  179 
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The present value of one rotation is calculated as the sum of present values of all operations on the 180 

stand, 181 

   0

1

P R

0

PV ( )
T

i

i

N
t tT

t T

i

B V B V B V V
−

=

= + − − . (6) 182 

The age of the stand at the start of the simulation is denoted by 0t . The timeline between 0t and T183 

is discretized into 1TN +  uniformly distributed points, such that 0 1 TNt t t T   = . In our 184 

simulation we restrict the scheduling of thinning such that we can only schedule thinnings at these 185 

time points. The period length between the possible thinning points is set to 5 years to keep the 186 

optimization problem computationally tractable and because this step-size has been used in other 187 

studies, e.g. Pukkala et al. (1998) . The net value (income minus costs) obtained from a thinning at 188 

stand age it is denoted by 
it

V (SEK ha-1), where  0,1, , 1Ti N − . If no thinning is scheduled at it189 

then 0
it

V = . The value of the final harvest is denoted by TV  (SEK ha-1). The costs of pre-commercial 190 

thinning (trees with DBH<8 are removed) and regeneration are denoted by PV (SEK ha-1) and RV  (SEK 191 

ha-1). We assume PV =2000 SEK ha-1 and RV =20000 SEK ha-1, respectively. We determine 
it

V ,  192 

   , , H, tot, F, tot, opening(DBH )Vol Vol Vol ,
i i i i i i i

ti

t j t j t t t t t

j I

V p c c c


 = − − −   (7) 193 

and TV , 194 

    , , H, , , F, tot opening(DBH )Vol Vol Vol ,
T

T j T j T T j j T T

j I

V p c c c


 = − − −   (8) 195 

as the difference between the value of the harvested trees and the costs to initiate the thinning (i.e. 196 

to bring the machines to the stand, from here on called the opening cost) and for executing the 197 

harvesting and forwarding. In (7) and (8), 
it

I  and TI  are sets of indices corresponding to the trees 198 

that were harvested at time it  and T  respectively. The DBH-specific volume price, for the whole 199 
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stem, (as specified in the Appendix) for tree j , at age it , is denoted by ,(DBH )
ij tp  (SEK/m3), and200 

Vol j (m3) is the stem volume of tree j . The costs for the harvester operation, at stand age it , is 201 

denoted by H, it
c (SEK/m3) and the harvesting cost of tree j , at the final felling, is denoted H, ,T jc202 

(SEK/m3). Forwarder operation cost at stand age it is denoted by F, it
c (SEK/m3) and F,Tc (SEK/m3)  at 203 

the final felling. tot,Vol
it
(m3) is the total stem volume harvested at age it . The opening costs for the 204 

harvester and forwarder, i.e. machinery-related transportation costs, is denoted by Openingc ( SEK/m3). 205 

 206 

Calculation of harvesting and forwarding costs 207 

Thinnings incur both harvesting and forwarding costs. The harvesting costs are calculated at both 208 

stand level and on individual-tree level in final fellings. For a given thinning, the harvesting cost is 209 

calculated based on the cost per m3 for the mean stem volume of all the harvested trees, meanVol  210 

(m3), multiplied by the total volume harvested, totVol  (m3), see (7). The cost per m3 was calculated by 211 

dividing the fixed hourly cost of the machine by the machine’s mean stem volume and mean 212 

harvested volume per area, per areaVol  (m3 ha-1), dependent productivity in thinning, 213 

H, mean,

tot, per area,

1000 / exp[3.62 0.693log(Vol )

0.037 log(Vol ) 0.039log(Vol )]

i i

i i

t t

t t

c = +

− +
 .   (9) 214 

For final harvest, the harvesting cost is calculated as the sum of the cost for each harvested stem, 215 

 
2

H, , , ,1000 / (4.067 78.623Vol 18.507Vol )T j j T j Tc = + − . (10) 216 

The harvesting cost of an individual tree is calculated by multiplying the stem volume dependent cost 217 

per m3 (SEK m-3) by the stem volume of the tree, Vol  (m3). To calculate the cost per cubic meter for a 218 

given stem volume, the fixed hourly cost of the machine is divided by the machine’s tree volume 219 

dependent productivity in final felling (10). Here, the hourly cost of the harvester is set to 1,000 SEK 220 
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h-1. Equations presented by Eriksson and Lindroos (2014) for thinning and Nurminen et al. (2006) for 221 

final harvest are then used to calculate the harvester’s productivity (m3 h-1). 222 

 223 

Forwarding costs are calculated on a stand level, by dividing the hourly cost of the machine by the 224 

average machine productivity in the stand in thinning,  225 

F, per area,

tot, mean,

900 / exp[2.550 0.074ln(Vol )

0.046ln(Vol ) 0.259ln(Vol )]

i i

i i

t t

t t

c = +

+ +
 ,   (11) 226 

and final harvest, 227 

F, per area,

tot, mean,

900 / exp[2.392 0.094ln(Vol )

0.058ln(Vol ) 0.176ln(Vol )]

T T

T T

c = +

+ +
  .   (12) 228 

Here, the hourly cost of the forwarder is set to 900 SEK h-1. Models by Eriksson and Lindroos (2014) 229 

are used to calculate the average forwarding productivity in the modelled stands. Empirically 230 

estimated mean values in Eriksson and Lindroos (2014) was used for the following parameters and 231 

are the same for all modelled stands: mean extraction distance = 420 m, adjustable load space = 0, 232 

load capacity = 12 m3 for thinning and 16 m3 for final felling, terrain roughness = 1.7, slope = 1.7. 233 

Terrain roughness and slope are dimensionless parameters ranging from 1 to 5 (Berg 1992).  234 

 235 

Initial stand data 236 

The data for initial stands are taken from a study conducted between 1967 and 1968 (Bredberg 1972) 237 

to obtain robust foundations for purposes such as theoretical calculations and simulations to 238 

facilitate mechanization of harvesting operations. The information gathered in the study included 239 

(inter alia) data on stem density, soil quality, basal area and mean diameter in 70 circular plots of 0.1 240 

ha scattered across Sweden, chosen to represent stands at the time of the first commercial thinning. 241 

Importantly for our study, the height, diameter, and coordinates of each individual tree were 242 
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recorded. As the initial statistics in the simulations presented here, we used data pertaining to four 243 

stands chosen because they were close to monocultures of Norway spruce (Picea abies(L.) Karst.). In 244 

our simulations we assume that all trees in the stands are spruce. Characteristics of the stands 245 

shortly after pre-commercial thinning are summarized in Table 1. Each rectangular shaped stand is 246 

mirrored eight times around the original stand, to enclose the original stand, at the beginning of each 247 

growth period, to avoid edge effects, i.e. bias towards edge trees in the stand. All trees in the 248 

mirrored stands have the same size as the corresponding trees in the original stand, and the relative 249 

distances between them are also preserved. Essentially, we assume that each forest stand in our 250 

simulations consists of repeated copies of the 0.1 ha area from the data. 251 

 252 

Numerical optimization  253 

The optimization problem is to find the optimal harvesting time for each individual tree such that the 254 

land expectation value (5) is maximized, 255 

   max max LEV( , )
T y

T y
 T Y

. (13) 256 

Here, y is a specific harvesting schedule, i.e., y is a list of scheduled harvesting times for all trees in 257 

the stand and Y  is the set of all feasible thinning schedules. The set of all feasible schedules for the 258 

final felling is denoted by T .  259 

 260 

Note that (13) is a nonlinear combinatorial optimization problem, i.e., we are trying to find an 261 

element that maximizes our nonlinear object function from the set of all feasible solutions. To make 262 

the problem more tractable, we reformulate the original optimization problem into a sequence of 263 

sub-problems as follows: 264 

 265 
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1. Find the optimal time for final harvest 266 

2. Find the optimal number of thinnings. 267 

3. Find the optimal schedule for thinning. 268 

4. Find the optimal thinning for each tree. 269 

 270 

The sub-problems are dependent on each other such that sub-problem 1 is the top-level optimization 271 

problem, 2 is the next sub-level problem, etc. With this interpretation of the original optimization 272 

problem we rewrite (13) as, 273 

   
thinning

thinningmax max max max LEV( , , , )
T N x y

T N x y
   T X Y

. (14) 274 

Here, thinningN is the maximum number of thinnings, x  is the time schedule for the thinning, and 𝑦 275 

tells us which trees should be harvested in the first thinning, second thinning, etc. ,  ,  T N X and Y276 

are the set of feasible choices for the corresponding variables.      277 

The optimization problem is reframed in this manner to reduce the search space on the individual 278 

optimization levels, and we can utilize previous knowledge, such as that the optimal number of 279 

thinnings ( thinningN ) is low in comparison to the number of time points, TN , reportedly between 1-7 280 

(Pukkala and Miina 1998; Hyytiäinen and Tahvonen 2002; Hyytiäinen et al. 2004; Cao et al. 2006). It 281 

should be noted that (13) can be obtained from (14) by setting thinning TN N= , this means that the 282 

optimal solution for (13) is included in the solution set of (14).  283 

To solve optimization problem (13) one would need to enumerate over all feasible solutions, e.g. by 284 

applying a Backwards Dynamic Programming algorithm (Kirk 2004). However, this problem is too 285 

large to solve in a feasible time period with such techniques. Instead, to find a close-to-optimal 286 

solution to equation (14), and hence also (13), we employ a metaheuristic method (MM). MMs have 287 

been successfully used to solve various combinatorial optimization problems  (Blum and Roli 2003). 288 

There is no formal definition of an MM, but they all use high level strategies to iteratively generate 289 
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improved solutions. Most of these methods cannot ensure discovery of the global maximum, but 290 

they have been shown to give near-optimal solutions in relatively short computation times. We have 291 

used a built-in optimizer in MATLAB called genetic algorithm (GA) inspired by natural selection. The 292 

algorithm starts with an initial population (set of solution suggestions) and with each iteration 293 

creates a new population as follows. First, elite solutions are chosen from the old population, which 294 

will be carried over to the next generation. Next, new solutions are generated by recombining parts 295 

of other solutions. Third, a new solution is generated by making slight changes to an existing solution 296 

(mutation). For more information, see Deep et al. (2009). GA is used to solve the lowest optimization 297 

level (level 4). Level 3 optimization is solved by trying all possible scheduling combinations and the 298 

two remaining levels are solved by simulating all different combinations of number of thinnings, 299 

between 0-5, and final harvest, between 45-85 years. Executing the optimization in this manner 300 

reduces the search space when we use the numerical method in comparison to solving (13); the 301 

numerical method only needs to decide in which thinning the individual trees need to be removed 302 

rather than also finding the timing  for the thinnings. For our simulations we used a population size 303 

(number of solution suggestions) of 200. To be confident that the method has converged to the 304 

correct optima we repeated the optimizations 5 times. 305 

If a tree perishes (i.e. dies due to self-thinning) before its scheduled harvesting time, the tree is 306 

ignored in the thinning. 307 

 308 

Growth model parameters 309 

We fitted and validated our model against data obtained from a stand subjected to fertilization and 310 

irrigation in the experimental study area of Flakaliden in Västerbotten, northern Sweden (64°07’N, 311 

19°27’E). For more information regarding the dataset, which was chosen because it includes data for 312 

thinned and unthinned plots, see Bergh et al. (2014). It was divided into two parts: one used for the 313 

model fitting and the other for model validation. Plots with no thinning, and with 30% and 60% 314 
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thinning intensities were represented in both sets. To complement the measured data for model 315 

calibration (for ages beyond measured ages), we used results (mean height and basal area 316 

development curves) from an additional independent simulation model applied to the stands (G502, 317 

G601, G602, and G604) to fit our growth parameters (Table 2). For this simulation, we used the well-318 

documented stand yield model Heureka (Wikström et al. 2010; Fahlvik et al. 2014). 319 

 320 

Conventional thinning strategy 321 

Thinning from below is by far the most common thinning method in Sweden and is often justified by 322 

an aim to reach a target diameter as soon as possible. In the conventional thinning strategy, the 323 

stand is thinned according to the thinning template from the Swedish forestry cooperative Södra. 324 

The thinning template specifies which mean top height and basal area the stand should be thinned. It 325 

also specifies the basal area reduction. For each thinning we choose a thinning ratio (ratio between 326 

mean diameter of the harvested trees and residual trees) of 0.85 and the time for final harvest is 327 

determined such that the land expectation value is maximized.    328 

Numerical investigation 329 

We consider four simulation cases. In Simulation Case 1, we optimize the individual thinning to 330 

maximize the land expectation value and compare the results to the conventional thinning strategy 331 

and a strategy without thinning. The final harvest time for the no-thinning strategy is determined 332 

such that the land expectation value is maximized. In Simulation Case 1, we use an opening cost (of 333 

machines) of 4000 SEK for the final felling and for each time there is a thinning, and assume a stand 334 

area of 10 ha (which results in an opening cost of 400 SEK ha-1), and a discount rate of 2 %. 335 

In Simulation Case 2, we investigate effects of increasing the discount rate on the optimal thinning 336 

strategy, by applying discount rates of 2%, 3%, and 4%, with the opening cost set to 400 SEK ha-1. 337 
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In Simulation Case 3, we assess effects of changing the opening cost on the thinning strategy by using 338 

four levels of opening costs in the optimizations: 0, 40, 400 and 4000 SEK ha-1. Variation in costs 339 

could be due to either variations in machine transportation cost to stands with a given area, or 340 

distribution of fixed opening costs over different stand areas. For example, costs would be 0 SEK ha-1 341 

for an infinitely large stand or cases where there were no opening costs, and 4000 ha-1 for a 1 ha 342 

large stand with a fixed opening cost of 4000 SEK. The discount rate was set to 2%.  343 

In simulation case 4, we investigated how individual-tree selection improves the stand value 344 

compared to a random selection. The stand rotation from simulation case 1 was used, i.e. we use the 345 

same timing for thinning and final harvest as described by the optimal thinning, but the selection of 346 

trees for thinning were chosen at random with the constraint that the thinning ratio and basal area 347 

reduction for the random selection must be close to the values in the optimal scheduling (see Table 348 

3). The random tree selections where generated by using a Markov chain Monte Carlo, Hastings-349 

Metropolis algorithm (Hastings 1970), see Fransson et al. (2019).     350 

Results 351 

Single intense thinning from above maximizes stand economy  352 

In Simulation Case 1, the result is a first thinning scheduled at a stand age of 40-50 years and a final 353 

felling at a stand age of 65-75 years (Table 3). None of the initial stands is assigned more than one 354 

scheduled thinning. In all cases the thinning intensity is high, approximately 52% of the basal area 355 

(Figure 1). The thinning ratio (ratio between diameter of harvested and residual trees) is high in all 356 

cases, approximately 1.3 (Table 3). This means that larger trees are preferably selected for harvesting 357 

(thinning from above), as visualised in Figure 2. From Figure 3 we can see that 100 percent of the 358 

larges size categories are selected for harvesting.  The maximum land expectation value that could be 359 

achieved is approximately 145,000 SEK/ha and the maximum mean annual increment approximately 360 

15 m3 year-1 ha-1 (Table 4). In comparison, the net productivity with the conventional strategy is 361 
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around 12 m3 year-1 ha-1 (approximately 2 m3 year-1 ha-1 lower) and the land expectation value 362 

around 110,000 SEK/ha. Both thinning strategies yield better results than the no-thinning strategy, 363 

for which the net productivity is around 12 m3 year-1 ha-1 and the land expectation value around 364 

100,000 SEK/ha (Table 4). 365 

Increasing the discount rate reduces optimal final felling age and decreases stand 366 

basal area 367 

The optimal age for final harvest in Simulation Case 2 generally decreased with increased discount 368 

rate, e.g. for stand GA502 the optimal age for final harvest was 75 and 60 years with discount rates of 369 

3 and 4%, respectively (Table 5, Figure 4). For stands GA601 and GA604 the optimal age for the first 370 

thinning also decreased with increases in discount rate. When the discount rate increased from 3% to 371 

4% the scheduled basal area reduction increased for all initial stand, except for GA602. For all 372 

thinning strategies, it was still optimal to remove the larger trees, i.e. thinning from above, indicating 373 

that the optimal thinning ratio increased with the discount rate (Table 6). 374 

 375 

Decreasing opening costs increases optimal number of thinnings 376 

In Simulation Case 3, decreasing opening costs from 4000 SEK ha-1 to 40 SEK ha-1 increased the 377 

optimal number of scheduled thinnings for all stands (Table 6). For three stands, two thinnings 378 

became optimal, and for GA502 the optimal number increased to three (Figure 5). In most cases the 379 

first thinning was early in the simulation (usually at the start) and light, removing approximately 15% 380 

of the basal area, and the thinning ratio low, approximately 0.9.   381 

For three stands, the optimal final harvest time was slightly delayed when the opening cost increased 382 

from 40 SEK ha-1 to 400 SEK ha-1 or 4000 SEK ha-1 (Table 6). However, for GA602 the optimal final 383 

harvest age was not affected by the cost increase. For all stands, the basal area reduction in the 384 

thinnings increased slightly with increases in opening costs. When opening costs were removed, the 385 
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optimal number of thinnings for stands GA601, GA602 and GA604 was the same as with 40 SEK ha-1 386 

opening costs (two), but the first and second thinnings scheduled earlier (Table 6). For stand GA502 387 

the optimal number of thinnings was increased and the first thinning was scheduled later than with 388 

an opening cost of 40 SEK ha-1. 389 

Optimal individual-tree selection improves stand value with up to 8 % 390 

The expected stand value for the random case was between 4% to 8% lower than for the optimal 391 

values (Figure 6). 392 

Discussion and conclusions 393 

Our individual-tree based approach for optimizing thinnings clearly outperforms the conventional 394 

thinning strategy and no thinning strategy in the simulations, in terms of both land expectation value 395 

and mean annual increment. We find that increasing the discount rate can reduce the optimal final 396 

harvest age, while lowering or removing opening cost will increase the optimal number scheduled 397 

thinnings.  398 

From simulation case 4 we can see there is an improvement in optimizing harvest on an individual-399 

tree level compared to just using optimizing timing of the thinning, basal area reduction, and 400 

thinning ratio. The influence of the spatial pattern on growth and consequently on the land 401 

expectation value is partially removed in the random case and we found an improvement of up to 8% 402 

by taking into account to the individual trees. It should be notated that the improvement would 403 

decrease if the random thinning included thinning proportions from different diameter classes rather 404 

than thinning ratio and basal area reduction, as this would implicitly include partial information on 405 

the spatial pattern and reduces the combination of thinnings which are significantly different form 406 

the optimal individual-tree solution. The most extreme case would be increasing the number of 407 

diameter classes to the point where only one tree is in each class, then the random case and the 408 

optimal would be the same. On the other hand, we have not taken into account the spatial 409 
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distribution for the cost of harvest. This might result in a larger difference between the random case 410 

and the optimal case. Results from the optimization of the first simulation case show that the 411 

number of thinnings should be small (in this case just one), but the intensity high (removing > 50% of 412 

the basal area). In addition, the larger trees should be removed (with a thinning ratio of 413 

approximately 1.2), i.e. the thinning should be from above. The reasons for this are a higher revenue 414 

from the first thinning of larger and the relatively higher value increment over time of the remaining 415 

smaller trees. Furthermore, the largest trees are the closest to, or have reached, their economic apex 416 

and are therefore optimal to harvest, as leaving them would not increase their present value 417 

significantly. Similar findings have been obtained in previous investigations (Pukkala and Miina 1998; 418 

Cao et al. 2006), i.e. from an economic perspective, thinning from above is superior. However, our 419 

results differ from previous findings in the optimal number of scheduled thinnings, since other 420 

authors have found more than one thinning to be optimal (Hyytiäinen et al. 2004; Cao et al. 2006). In 421 

addition, our simulations generally indicate a higher optimal level of basal area reduction. This might 422 

be attributed to the fact, that most of these studies divide the stem into different parts (timber 423 

wood, pulp wood, waste). Each of the different parts have different prices, which leads to a stepwise 424 

value increment of the stem, while in our case the value increase is continuous. While it is true that 425 

larger trees where selected for harvesting, in Figure 3 we can see that a proportion of the suppressed 426 

trees where selected for harvesting. This trend has also been noted by Cao et al. (2006), Hyytiäinen 427 

et al. (2005) (for initial dense stands), and  Pukkala (2016). However, other studies have reported 428 

that if the object is to maximize revenue, trees should be removed from the larger size-categories 429 

(Hyytiäinen et al. 2004; Tahvonen et al. 2013; Pukkala et al. 2015; Haight and Monserud 1990a). 430 

Pukkala et al. (2015) noted that the most important variable for deciding which trees to harvest was 431 

the diameter. They also found that the effect of a tree on its neighbors (i.e. competition) was only 432 

important for deciding the tree selection in stands with irregular spatial patterns. Our results showed 433 

that if we don’t mind the spatial pattern and competition and select trees at random, we can expect 434 

up to 8% lower stand value than in the optimal case. The difference in improvement might be even 435 
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more significant for irregular initial stands and for thinning ratios closer to 1 as this leaves room for 436 

more possible tree selections whereas a high thinning ratio “forces” us to select the larger trees.  437 

Comparing the optimal strategy to the conventional thinning strategy we see that the first thinning 438 

and final harvest are both scheduled earlier in the conventional strategy. Moreover, in the optimal 439 

strategy the basal area reduction in the thinning is higher. The optimal strategy also generates 440 

approximately 20% and 25% higher land expectation values than the conventional strategy (due to 441 

higher income from the harvest) and no-thinning strategy, respectively. In addition, it provides higher 442 

net production value, by 9 and 19%, than the conventional and no-thinning strategies, respectively. 443 

Other studies have reported that thinning increases net production (Nilsson et al. 2010). However, 444 

the level of difference in net production between the optimal (thinning from above) and 445 

conventional thinning (thinning from below) is quite substantial and deviates from observations in 446 

empirical studies (Nilsson et al. 2010). 447 

Decreasing discount rate postpones optimal cuttings, and increases basal area reduction (with some 448 

exceptions, see Figure 4), but does not change the overall trend of mainly removing larger tree. 449 

Similar patterns have been observed by Hyytiäinen and Tahvonen (2002), and are consistent with 450 

expectations as decrease the discount rate will increase the importance of future income. 451 

As for increasing the discount rate (in Simulation Case 2), increasing the opening cost from 400 SEK 452 

ha-1 to 4000 SEK ha-1 in Simulation case 3 does not change the optimal thinning strategy in terms of 453 

number of thinnings, thinning form, or intensity, but it slightly increases the optimal age for final 454 

harvest. This is because a higher income must be obtained in each harvest occasion to compensate 455 

for the increase in opening cost (i.e. cost of bringing the machines), and thus it is better to wait and 456 

let residual trees grow and increase their economic values. In addition, increased opening costs 457 

increases the optimal reduction in basal area in the first thinning, since it is cost-efficient to harvest 458 

seldom but intensively on each occasion when opening costs are high.  459 
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The biggest observed changes in optimal thinning regime are caused by reducing the opening cost 460 

from 400 SEK ha-1 to 40 SEK ha-1 or zero, which increases the number of scheduled thinnings. 461 

Although we decreased the opening cost to zero the maximum number of optimal thinnings was only 462 

three. This is because of the economic scaling in the forwarding cost calculations, i.e. the forwarding 463 

cost is high when only a few trees are selected for harvesting. In most of these scenarios, the first 464 

thinning is scheduled at the beginning of the simulation, with a thinning ratio of approximately 1. The 465 

last thinning, as in all the optimal cases, is a late scheduled heavy thinning from above. This indicates 466 

that harvesting trees that might be lost to self-thinning is economically viable when the opening cost 467 

is low. In summary, the optimal strategy outlined for Simulation Case 1 still applies under these 468 

circumstances, in the sense that the last thinning is later than in the conventional strategy, the 469 

intensity should be higher, and the thinning should be from above. 470 

Our simulations have several limitations. One is that the mortality of residual trees are independent 471 

of thinning regimes, however, for instance the wind damage depends on the  level of basal area 472 

reduction (Valinger and Pettersson 1996). To account for variable mortality is important in future 473 

developments of the model, which is indicated by the current version’s suggestion of intensive 474 

thinning from above although this increases the risk of wind damage. Another limitation is that our 475 

model treats the quality of the residual trees uniformly, regardless of how thinning is performed, 476 

although the thinning regimes affect their future quality, among other things branchiness and size of 477 

branches (Wallentin 2007). Effects of such differences on the optimization depends on effects of 478 

quality differences on tree values.  How much this affects the optimal thinning strategy remains to be 479 

evaluated.  480 

In the beginning of the simulation we removed hindering undergrowth (trees with diameter < 5) and 481 

did thus not consider these trees in the optimization. However, it may be argued that the optimal 482 

thinning strategy would be to let these trees grow and remove in later thinnings. 483 
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In the current growth model, we account for local variation in terms of competition (i.e. the growth 484 

of a trees is affected by the size of its neighbours and the distance between them). However, we did 485 

not account for variation in terms of soil fertility and the growth potential (i.e. genetic variation), 486 

which could affect the maximum relative growth rate (𝑟) and maximal diameter of the trees 487 

(DBHmax).  488 

Another limitation is that the models used for calculating thinning costs, specifically forwarder and 489 

harvester costs, generate stand-based values that do not take the spatial aspect into account. Thus, 490 

although the size of a thinned tree was considered in the harvester cost models, the trees’ location 491 

was not considered since such models are generally scarce. We have also ignored the impact of 492 

creating machine trails (also called strip roads), and associated harvests in spatial patterns during the 493 

first thinning to enable machines to traverse the stand and execute the thinning (Hosseini et al. 494 

2018). This is of interest as half-systematic thinning is the norm in Scandinavian cut-to -length forest 495 

management. Therefore, extending our work by introducing individual tree-based cost models and 496 

effects of machine trail creation may provide results with additional relevance for practical forest 497 

management. 498 

The optimization is adapted to a specific geographical region, both in terms of tree growth, 499 

harvesting technology, economics and applied silvicultural regimes. Naturally, the model needs to be 500 

adapted adequately when being applied under different conditions. Such adaptions involve obvious 501 

adaptions to tree species and their growths, harvesting technology and economic conditions. 502 

Moreover, local regulations on silvicultural regimes should also be considered, which could differ in 503 

terms of, for instance, what tree selection and thinning intensity that is allowed.  If there are 504 

restrictions in, for instance, selection of trees of certain sizes, it would need to be introduced into the 505 

simulations as constrains and the goal of the optimization would be finding the optimal thinning 506 

schedule, such that the required constrains are fulfilled. The optimization algorithm used in this 507 

study is capable of handling constraints. 508 
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In conclusion, we have presented a new procedure to find near-optimal forest thinning and final 509 

harvest strategies. The presented results, which are consistent with theoretical and empirically-based 510 

expectations, provide insights into thinning aspects that have previously been difficult or impossible 511 

to address. Naturally, many aspects of the current model should be improved before the results are 512 

used to guide real-life practices, however the presented procedure clearly has abundant scope for 513 

enhancement and extensions for future use in precision forest management. The individual-thinning 514 

optimization is important as the development heads toward fully automated thinning procedures. 515 

Here robust algorithms are necessary for deciding which individual trees should be harvested. The 516 

optimization procedure can also be used to optimize forest management for non-economic goals, 517 

such as environmental or recreational goals, or combinations of multiple goals.  518 
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Tables 

Table 1: The initial stand characteristics. Standard deviation for diameter and tree height are given in parenthesis. 

Plot 

name 

Basal 

area 

[m2 

ha-1] 

Age [year] Number 

of stems 

per ha 

Mean 

diameter 

[cm] 

Mean 

Height [m] 

Dominant 

height 

[m] 

Percentages  

pine/spruce/

broadleaf 

trees in the 

stand 

GA_502 30.1 33 2,190 12.9(3.3) 13.1(1.7) 16.7 0/99.6/0.4 

GA_601 32.9 29 1,930 14.3(3.7) 13.7(2.1) 17.5 0/96.3/3.7 

GA_602 31.5 25 2,450 12.5(2.6) 11.9(1.5) 14.8 0/99.6/0.4 

GA_604 32.5 26 2,610 12.2(3.2) 12.1(1.7) 16.2 0/98.8/1.2 
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Table 2: Parameter values used in our simulations 

Model parameter Value 

Diameter increment model 

rSpruce [year-1] 0.075 

DBHMax [cm] 34 

Competition index 

λ [mβ cm] 0.93 

α [-] 1.49 

β [-] 1.06 

Height increment model 

γ [m cm-δ  yearδ-1] 1.40 

δ [-] 1.41 
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Table 3: Characteristics of optimal thinning and conventional thinning strategies in Simulation Case 1. 

Stand Thinning 

age 

(year) 

Final 

harvest 

age 

(year) 

Basal area 

reduction 

(%) 

Thinning 

ratio 

Optimal thinning 

GA502 48 75 55 1.31 

GA601 44 65 52 1.33 

GA602 40 65 51 1.25 

GA604 41 65 53 1.33 

Conventional thinning 

GA502 40 70 38 0.85 

GA601 32 60 38 0.85 

GA602 26 55 37 0.85 

GA604 27 60 39 0.85 
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Table 4: Comparison of optimal, conventional and no thinning strategies in Simulation Case 1, in terms of land expectation 
value and mean annual increment. 

 Land expectation value 

(1000 SEK ha-1) 

 Mean annual increment  

(m3 year-1 ha-1) 

Stand Optimal 

thinning 

Conventional 

thinning 

No 

thinning 

 Optimal 

thinning 

Conventional 

thinning 

No 

thinning 

GA502 117 91 86  13.4 12.1 11.0 

GA601 141 108 108  14.6 12.8 12.5 

GA602 145 118 104  15.4 14.1 12.4 

GA604 143 108 101  15.1 13.5 12.1 
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Table 5: Characteristics of optimal thinning strategies with 3 and 4% discount rates for conditions in Simulation Case 2. 

Discount 

rate (%) 

Stand Thinning 

age 

(year) 

Final 

harvest 

age 

(year) 

Basal area 

reduction 

(%) 

Thinning 

ratio 

Mean 

annual 

increment 

(m3 year-1 

ha-1) 

Land 

expectation 

value (1000 SEK 

ha-1) 

3 GA502 48 70 59 1.37 13.0 44.4 

 GA601 39 60 51 1.38 14.1 59.4 

 GA602 40 60 49 1.25 15.2 61.4 

 GA604 41 65 56 1.34 15.0 59.8 

        

4 GA502 48 70 64 1.42 12.7 14.1 

 GA601 39 60 60 1.41 13.6 24.8 

 GA602 40 60 59 1.31 14.7 25.7 

 GA604 36 60 58 1.36 14.6 24.6 
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Table 6: Characteristics for optimal thinning using opening costs of 4000, 40, and 0 SEK ha-1. The characteristics for optimal thinning at an opening cost of 400 SEK ha-1 is reported in Tables 4 & 
5.  

Opening 

cost (SEK 

ha-1) 

Stand Thinning occasion  (age, 

year) 

Final 

harves

t age 

(year) 

Basal area 

at  

reduction 

thinning  

(%) 

occasion 

 Thinning 

thinning 

ratio 

occasion 

at Mean annual 

increment  

(m3 year-1 ha-1) 

Land 

expectation 

value  

(1000 SEK ha-1) 

  1 2 3  1 2 3  1 2 3   

4000 GA502 48 - - 80 54 - -  1.37 - - 13.4 73.4 

 GA601 44 - - 70 57 - -  1.37 - - 14.5 89.7 

 GA602 40 - - 70 56 - -  1.29 - - 15.2 89.7 

 GA604 41 - - 70 59 - -  1.34 - - 15.1 90.6 

               

40 GA502 33 53 - 75 15 50 -  0.97 1.30 - 13.5 121.4 

 GA601 34 49 - 70 18 52 -  1.25 1.26 - 14.5 144.9 

 GA602 35 45 - 65 20 46 -  1.04 1.26 - 15.7 150.7 
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 GA604 26 41 - 65 20 49 -  0.92 1.26 - 15.3 147.0 

               

0 GA502 38 43 53 75 6 10 51  0.95 1.08  1.27 13.5 121.7 

 GA601 29 44 - 65 14 48 -  1.20 1.30 - 14.5 145.6 

 GA602 25 40 - 65 8 52 -  0.85 1.25 - 15.6 150.0 

 GA604 26 41 - 65 20 49 -  0.95 1.25 - 15.3 149.1 
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Figures 

 

Figure 1: Optimal stand management involves a single, intense thinning in Simulation Case 1, as shown by the changes in 
basal area under the optimal (blue lines), conventional (red lines), and no-thinning (yellow lines) strategies. The circles 
indicate optimal final harvest ages. 

 

 

Figure 2: Larger trees are selected for harvesting in an optimal thinning in Simulation Case 1. The figure shows positions of 
all trees (represented by circles) in the stand at the first thinning. The size of each circle indicates the DBH of the 
corresponding tree at the time for thinning, i.e. a larger circle indicates larger diameter. The red circles with black outlines 
indicate trees harvested in the optimal thinning and green circles indicate retained trees. 
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Figure 3: All trees from the largest size categories are selected for removal. The figure depicts the number of trees per 
hectare removed in the thinning and post thinning for different size classes for Simulation Case 1.  Note that the panels have 
different scales on the axis 
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Figure 4: In Simulation Case 2, increases in discount rate reduced the optimal final harvest age. Optimal basal area 
development is depicted for three discount rates: 2% (blue curves), 3% (orange curves), and 4% (yellow curves). Circles 
indicate optimal final harvest ages.    
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Figure 5: In Simulation Case 3, an increase in opening cost for thinnings changed the optimal timing and number of 
thinnings. Red, blue, yellow and green and curves show basal area versus stand age curves obtained (for each stand) with 
opening costs of 4000, 400, 40 and 0 SEK ha-1, respectively. Circles indicate optimal ages for final harvest.  
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Figure 6: Optimal selection of trees improves stand value with 4% to 8% in comparison to the expected value for a random 
selection. We compared the land expectation value for the optimal scheduling in simulation case 1 against the mean land 
expectation value when we select the trees for removal at random. For the random selection we ensure that the timing for 
thinning and final harvest, thinning ratio, and basal area reduction, is the same as in the optimal scheduling. 
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Appendix 

 

Volume price list 

Volume prices used in our simulation are presented in Table 7. 

Table 7: Volume prices for logs of indicated diameters. m3sub is the under-bark solid volume of the whole stem  

DBH (cm) SEK/m3sub 

8 300 

10 300 

12 300 

14 365 

16 415 

18 445 

20 470 

22 495 

24 515 

26 535 

28 555 

30 565 

32 575 

34 585 
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36 590 

38 595 

40 600 

42 600 

44 600 

46 605 

48 605 

50 605 

52 600 

54 600 

56 595 

58 590 

60 590 

 

Stem tapering and volume function 

Equation (15) describes the ratio between the diameter of a tree, 𝐷𝑙, at a specific height 𝑙, and the 

diameter at 20% of the total tree height, 𝐷0.2𝐻, where 𝐻 is the height of the tree. We approximate 

𝐷0.2𝐻 ≈ DBH/𝑓𝑏(1.3/𝐻). Rearranging (15), we get an expression for the tapering (the diameter of 

the tree at any height 𝑙) of the tree (16). The equation for the stem volume, (16), can be derived by 

calculating the rotation integral of (16). 
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Table 8 Functions and constants for stem tapering and volume. 

Stem tapering and volume function 

 

2 3
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4 2
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