
 

 

Enumerative Approaches and 
Structural Results for Selected 

Combinatorial Problems 

Denys  Shcherbak 

Department Mathematics and Mathematical Statistics 

Umeå 2019 



 

 

 

This work is protected by the Swedish Copyright Legislation (Act 1960:729) 
Doctoral Thesis No. 68/19 
ISBN: 978-91-7855-086-9 
ISSN: 1653-0810 
Electronic version available at: http://umu.diva-portal.org/ 
Printed by: Cityprint i Norr AB 
Umeå, Sweden 2019 



Enumerative Approaches and
Structural Results for Selected

Combinatorial Problems

Denys Shcherbak

Abstract

This thesis consists of the following papers:

I Shcherbak Denys, Jäger Gerold, Öhman Lars-Daniel.:
”The Zero Forcing Number of Bijection Graphs”,
Proceedings of 26th International Workshop on Com-
binatorial Algorithms (IWOCA 2015): 334-345.

II Jäger Gerold, Markström Klas, Shcherbak Denys,
Öhman Lars-Daniel.: ”Triples of Orthogonal Latin
and Youden Rectangles of small order”, Journal of
Combinatorial Designs 2019; 27: 229– 250.

III Jäger Gerold, Markström Klas, Shcherbak Denys,
Öhman Lars-Daniel.: ”Enumeration of t-tuples of
Orthogonal Latin Rectangles and Finite Geometries”
(manuscript).

IV Jäger Gerold, Markström Klas, Shcherbak Denys,
Öhman Lars-Daniel.: ”Enumeration of Youden Rect-
angles of Small Parameters” (manuscript).

In the thesis combinatorial objects are studied from
both pure combinatorics and computation side. The first
paper is related to variation of graph colouring problem,
namely zero forcing process. The zero forcing process
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starts with a state, where all vertices of a graph coloured
either black or white. During the process white vertex
turn to black if it is the only white neighbour of some
black vertex. Where the main question is to find the min-
imum initial set of black vertices which turn all vertices
to black. The cardinality of this set is called the zero
forcing number. More specifically, I study the zero forc-
ing process on a special class of graphs, so called bijection
graphs. A bijection graph can be presented as the dis-
joint union of two subgraphs, each on n vertices, joined
by a perfect matching. Studying the zero forcing number
of bijection graphs is of interest of a possible reduction
step in determining the zero forcing number: If a graph
G on 2n vertices has the structure of a bijection graph,
then the question of the zero forcing number of G can be
informed by studying the properties of the two compo-
nent graphs, having n vertices each. In the second and
third paper I study the concept of orthogonality in Latin
squares and its natural variation on Latin rectangles. The
main aim of research is enumeration and classification of
non-isotopic mutually orthogonal Latin squares (MOLS)
and mutually orthogonal Latin rectangles (MOLR). The
properties which has been considered for classification are:
autotopism group size, isotopism of rectangles and squares
in tuple, rectangle and squares transitivity, the connection
between MOLR/MOLS and finite geometry. The tuples
has been constructed row by row, in particular, it has been
shown that all maximum MOLS of size n ≤ 9 preserve
rectangle transitivity at each step of generation. From fi-
nite geometry side it shows that all projective plane with
correspondent size, also can be contracted from subplanes,
where each class of parallel lines is transitive. During the
research it has been found several tuples of MOLR where
some of rectangle are Youden rectangle, surprisingly there
are MOLR where all rectangles are Youden. This idea was
separated into independent research. Some of the results
of are presented in the fourth paper, which is related to
study of properties of Youden rectangles and their rela-
tion to other combinatorial/Design theory objects. As a
main result Youden rectangles of certain parameters were
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completely enumerated and classified according to isotopic
class and autotopism group size.

1 Introduction

In this thesis we consider several combinatorial problems, which
mostly belong to Graph and Designs Theories, but definitely have
a strong connection and applications in other areas including non-
pure mathematics and non-mathematics also. The first of them,
is presented in paper I, is a variation of non-static vertex colouring
on a graph. The papers II and III aimed to reveal the secret of
orthogonal Latin squares. Another object from Design theory,
namely Youden rectangle considered in paper IV.

1.1 The Zero Forcing Number

Here we study colour change process on graph vertices, called zero
forcing process. The rule of colour changing could be described
as follows: let vertices of a graph G coloured either black or white
and vertex v has only one white neighbour u, then we change the
colour of u to black (see Fig.1). We say v force u and denote
it v → u. The colour change rule applies until it is possible.
Obviously, it might happen that after some iterations of the colour
change rule all vertices in G become black. It is our case, we are
interested in such initial colouring that turns G to black, and as
mathematician we further interested in colourings with minimum
black vertices. The minimum number of black vertices that colour
all vertices to black called the zero forcing number and denoted
as Z(G) and the corresponding initial set of black vertices called
minimum zero forcing set. In other words the problem stated
as: for given graph G find the minimum number of black vertices
which will colour all vertices of G to black using the colour change
rule.

The problem came from Algebra, namely from the Inverse
Eigenvalue Problem (IEP). Where instead of finding eigenval-
ues of a matrix you asked to find a matrix which has given set
λ1, λ2, . . . , λn as eigenvalues. Since, eigenvalues may be repeated
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Figure 1: Zero forcing rule action

and the maximum multiplicity has straightforward connection to
the rank of a matrix, this turns it into other problem, i.e. the
Minimum Rank Problem (MRP). Both of these problems has a
variation on matrices prescribed by a graph and called the Inverse
Eigenvalue Problem of a Graph (IEPG) and the Minimum Rank
Problem of a Graph (MRPG) respectively, for further informa-
tion see [1, 2]. A family of matrices prescribed by a graph can
be described as follows: let G = (V,E) is a simple undirected,
finite graph. The matrix A prescribed by G has non-zero entry
ai,j if there is an edge vivj ∈ E, and ai,j = 0 otherwise. Note that
diagonal entries ai,i are free and could be any real number. The
family of such matrices denoted by A(G). The minimum rank
over all matrices in family A(G) is the aim of MRPG and called
minimum rank of a graph G, denoted by mr(G).

In 2008, AIM Minimum Rank – Special Graphs Work Group
has presented a tool which bounds mr(G), namely they intro-
duced zero forcing sets and the zero forcing number see [3].

n− Z(G) ≤ mr(G)

Thus, once a minimum zero forcing set of a graph G is found the
rank of matrices prescribed by G is bounded by n − Z(G) from
bellow.

1.2 Orthogonal Latin Squares

A Latin square is n×n array, which cells arranged with n distinct
symbols so that each symbol occurs once in each column and row.
Sounds quite hard because there is lot of mathematics, but on the
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other hand, almost all people know this object. If we redefine a
Latin square as a Sudoku square the definition becomes easy. But
I can assure the reader only definition becomes easy all other staff
is still a good exercise for a brain. It is easy to see when you try
to fill Sudoku, when a square is small the task is simple, but once
size increased it looks not as a funny game. Why it is hard to
fill Sudoku? The short answer is because there are a lot of Latin
squares of correspondent size. A natural question to ask might
be “How many Latin squares exist of a given order n”? Despite
the fact this question is studied more than 200 years, and a lot
of work has been done in this direction there is no formula which
answer the question. The determination of the number of Latin
squares, which denoted L(n), has been a popular pursuit for a
long time take a look [4, 5, 6, 7, 8, 9, 10]. Asymptotically, the
number of Latin squares grows as

L(n) ∼
( n
e2

)n2

In this thesis I consider one of the problem on Latin squares,
namely orthogonality of Latin squares. According to legend, in
1782 Euler has been asked by Catherine the Great to arrange 36
officers, each of 6 different ranks and from 6 different regiments
in a square such that: exactly one officer of each rank and from
each regiment appears in each column and row. To solve this
he would find two Latin squares, one for ranks and another for
regiments. The concept of merging two Latin squares in such way
is now called orthogonal Latin squares, the formal definition see
bellow. Now it is known that there is no a pair of orthogonal
Latin square of order 6, but Euler didn’t know. He wrote 150-
pages paper where he neither find solution of 36-officers problem
no proof non-existence, but formulated conjecture: there is no a
pair of orthogonal Latin squares of size 4t+ 2.

Definition. Let A = (αi,j) and B = (βi,j) be Latin squares. We
say that A and B are orthogonal Latin squares if the set of ordered
pairs {(αi,j, βi,j) | i, j ∈ {1, 2 . . . n}} contains all possible ordered
pairs, or, in other words, if each ordered pair (αi,j, βi,j) appears
exactly once. A set of Latin squares of order n is called a set
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of Mutually Orthogonal Latin Squares (MOLS) if each square is
orthogonal to every other square in the set.

The 36 officers problem has been closed in 1910 by Wernicke
in [11] where he finally shown that the constructing of orthogo-
nal pair of Latin squares of order 6 is impossible. To solve this
problem was needed almost 130 years, but the famous Euler’s
conjecture was still possible. Only in 1959 Bose and Shrikhande
in [12] produced the first counterexample to Euler’s conjecture,
namely a pair of orthogonal Latin Squares of order 22. A bit later
in [13] Parker constructed the minimal counterexample to Euler’s
conjecture, i.e. the pair of order 10. From that time another ques-
tion on Latin squares began a count of time: What is the largest
set of mutually orthogonal Latin squares of given order?

1.3 Youden designs

A Latin square is a nice object. Really, just look at its columns
and row, all of the are of the same size and all have the same
symbol sets. Therefore, any two columns, any two rows or even
any pair of column and row have the same intersection size. In
that sense Latin square is a perfect array. However, have a look
on not so ”balanced” object, such that it has n columns and k
rows and each of the cell is filled with n symbols such that each
symbol occurs in the rows exactly once and at most once in each
column, and each column pair has constant intersection λ. For
the special case n = k we have a Latin square, but from research
prospective the more interesting case is k < n. Remarkably, that
geometrically an k × n array is an rectangle, but originally this
rectangle was called Youden square. Youden squares were intro-
duced by William J. Youden in series of biological research in
1937-1940 (see more [14]). In one of his experiments he used the
array to assign a treatment (that is why the symbols in block
designs are commonly called treatment) for pots on a glasshouse
bench. The purpose of such an assignment was to balance out the
treatments with respect to any positional effects. The enumera-
tion and classification of small Youden squares were presented by
Preece in 1966 [15]. The Youden condition is very strong, that
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is why Youden squares do not appear frequently, for example the
number of Latin rectangles of size 4×7 is 782 137 036 800, but the
number of Youden squares of the same size is only 512. Moreover,
for some integral parameters (n, k, λ) there is no Youden square.
While in literature, the enumeration of Youden squares was only
done for n ≤ 7. in this thesis it was done for certain parameters
with n > 7.
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