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Abstract: So-called two-envelope, wallet-game, Sleeping Beauty and Newcomb’s
paradoxes are resolved through simple logical and analytical arguments. We stress
the need of such simple solutions to them, due to current controversies around
their solutions. Unnecessarily complicated or misleading solutions can be avoided
if contexts of these problems are analyzed critically and perhaps with common-
sense arguments. Our simple solutions are important for applied probability and
statistical methods, especially for practitioners of them.
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1 Introduction

In this short article we go through four paradoxes that have received much atten-
tion by mathematical, statistical and philosophical communities recently. They
are well-known two-envelope, wallet-game, Sleeping Beauty and Newcomb’s para-
doxes. In our opinion current discussions on them have mostly gone astray rather
than addressing the respective context logically. Therefore, we give solutions to
each of them through simple logical analyses. However, we refrain from criticising
the solutions in the current literature, mainly due to length restrictions of this ar-
ticle. But some criticisms on them are important. Arriving at simple and correct
solutions for such problems is important for the disciples of applied statistics and
probability. In fact, similar situations to those of paradoxes can arise in applied
decision theory and certain probability applications. Therefore, it is important
to solve them, ideally in simple ways. Needless to say that such solutions are
important for the students of applied statistics and probability.

This paper was published as a part of the proceedings of the 34th Interna-
tional Workshop on Statistical Modelling (IWSM), University of Minho, Portugal,
7-12 July 2019. The copyright remains with the author(s). Permission to repro-
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2 Two envelop paradox (Exchange paradox)

Two envelopes enclosing money are presented to you and to your friend where one
envelope contains twice the amount of money of the other. And each of you are
asked to select one envelope randomly. Upon selection, you open your envelope
and find that it contains x amount of dollars. Let random variable Y denote the
amount in the other envelope (since you do not see it). And then you reason that
since your envelope is selected randomly, it can be that Y = x/2 or Y = 2x, each
with probability 1/2. Thus, your expected winning amount by trading yours with
your friend’s is 1

2 (x/2 + 2x) = 5x/4 that is larger than x, the amount that you
currently have. So, you would like to trade. Since same reasoning can be done
by your friend, trading can be done immediately. In fact, you do not need to see
the amount in your envelop for reasoning in this way as long as “any amount” is
equally likely to be enclosed in your envelop.
According to above reasoning trading is reasonable, however it is unreasonable
to trade since you may not stop trading! So, it is a paradox. There are many
instances where it is tried to resolve this paradox in literature (see Albers et
al. (2005), Christensen and Utts (1992) and, Nickerson and Falk (2006)). In the
second reference above the authors identify the amount that is put in the first
envelop, say m, as the parameter of interest when the problem is tried to solve
statistically. And their solution was based on using “non-informtive” prior distri-
bution for it and the conclusions are intuitive. However they do not give reasons
about why above reasoning is wrong.
First of all, note that if your amount is x (known to be something but unknown!),
the conditional expected value of your win W is E{W |X = x} = 5x/4. However,
if it is assumed that two amounts are any positive M and 2M then we know that
E{W |X = M} = 2M and E{W |X = 2M} = M. Therefore, your gain at the end
of the game E{W} = E{E{W |X}} = 1/2 ⇥ 2M + 1/2 ⇥M = 3M/2. Intuitively
this is obviously true. However, if we use E{W |X} = 5X/4, then, we do not get
above results, for e.g., E{W} = E{E{W |X}} = 1/2⇥ 5M/4 + 1/2⇥ 5(2M)/4 =
15M/8 which is incorrect. So, there is something wrong with the argument that
E{W |X} = 5X/4.
In fact, your reasoning causes the paradox. We show that above calculation is
not always true for both the players, thus there is no paradox. The paradox
arises due wrong use of sample space. Suppose that the envelope presenter puts
m amount of dollars in one envelope and then he tosses a fair coin and puts in
the other envelope m/2 amount of dollars if the coin lands “Heads” and 2m if
the coin lands ‘Tails”. Therefore, his sample space is {(m/2,m), (m, 2m)} where
(a, b) is an unordered pair of two values a and b. Note that, with this sample
space one can think that selection of money amounts to be put in envelopes are
done by random selection of a pair from the sample space. Then, reasoning of
the expected winning amount 5x/4 is true only for one you, i.e., for the one who
gets m amount of dollars (if x = m), but not for the other; if x = m/2 this is not
true since sample space does not contain the unordered pair (m/4,m/2). And
for x = 2m it does not contain (2m, 4m) either. So, neither for x = m/2 nor for
x = 2m the expected winning amount is well-defined!
To overcome this problem, the presenter may include the required missing pairs
(sample points), thus giving him the sample space of money amounts to be put in
the envelops as, {(m/4,m/2), (m/2,m), (m, 2m), (2m, 4m)}. However, the prob-
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lem still remains with x = m/4 and x = 4m. Even if it is solved for x = m/4
and x = 4m the problem reoccur for x = m/8 and x = 8m, and so on. Thus, the
winning amount formula is not applicable for both of you always, if the amounts
that are put in the envelopes are bounded above, i.e., they must be any amount
from 0 to infinity.
However, if there exists a meaningful probability density for selecting the first
amount m, we can calculate expected gain E{G} for each of you. With the
information both you and your friend have got, both of you can expect to win
3m/2 = E{G}. Therefore it is a fair game for both of you. Even both of you can
open your selected envelop and see the amount that each of you have received
(secretly to each other), you both cannot calculate expected winning amount in
the same way based of what you have seen.

3 Wallet game paradox

This is a variation of two-envelope paradox but in Pawitan and Lee (2017), it
is argued that it has a di↵erent mathematical base. Two people, equally rich or
equally poor, meet to compare contents of their wallets. Both of them are ignorant
of the contents of their wallets. Here is the game: whoever has less money receives
the contents of the wallet of the other. One of the two men can reason: “I have
a fixed amount x in my wallet; either I lose that or I win an amount y > x with
50-50 chance, i.e., my expected gain is E{Gxy} = 1

2 (y � x) > 0. Therefore, the
game is favourable to me.” The other man can reason in exactly the same way.
By symmetry, the game is fair. Where is the mistake in the reasoning?
It is easy to see that since both of them are equally rich (the probability densities
of X, fX(x) and that of Y, fY (y) are identical), the density of Z = X � Y is
symmetric about 0 (the first and the third moments of Z about the mean are 0).
Therefore the game is fair for both, i.e., the unconditional expected gain E{G}

for anyone is 0. And above conditional expected gain (for the one who thinks
that he/she has an amount x while thinking that the other has the amount y),
E{Gxy} = 1

2 (y � x) > 0 is simply not correct. In this case Gxy = yI(y >
x) � xI(y < x) where I(a) = 1 if a is a true statement and I(a) = 0 if a is false.
Its expectation is the same since x and y are constants (E{Gxy} = Gxy). For any
given x the conditional expected gain is

EY {GXY |X = x} =

Z 1

x

yfY (y)dy � x

Z x

�1
fY (y)dy.

which can be either 0 or positive or negative. From this it is clear that the smaller
the value of x the greater the chance that the expected gain is positive. Therefore,
one can not believe that his/her expected gain is positive always. Note that we
should have that

EX{EY {GXY |X}} = 0.

4 Sleeping Beauty paradox

This is a paradox in probability and it has received much attention in recent
literature, for e.g., in Cisewski at el. (2017) the authors claim that they have given
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a “Bayesian” treatment to the problem whereas in Winkler (2017) a mathematical
analysis is given. Sleeping Beauty (SB) undergoes the following experiment whose
details are known to her beforehand. She is put to sleep in one Sunday evening
and then a fair coin is tossed. If the result is Heads, she is woken on following
Monday only. If the result is Tails, she is woken both on following Monday and
on Tuesday. In addition, she is given a special drug that causes her to forget her
awakening. Thus, she is unaware of which day that she is woken. And at each
time she is woken she is asked to give her credence that the coin landed the
Heads. Therefore, SB reasons in following two di↵erent ways, and to her surprise
they seem to be valid but contradictory, thus giving a paradox.
The first is that SB believes the coin to be fair, with a probability of landing Heads
equal to 1/2. Since due to the fact that SB has been woken does not give her any
new relevant information, because she knows that she is supposed to be woken at
least once anyway, her credence ought to stay the same as that on Sunday, i.e.,
1/2. The second is that on a long series of trials, the number of times she will be
woken after the coin landing Tails is twice that of SB will be woken after the coin
landing Heads, therefore, her answer should be 1/3. So she wonders that which
number should be given. In the literature, there are proponents of both of these
answers. We see that it can be solved logically in a simple way.
Logically and perhaps without much statistical arguments, one can say that 1/3
is the wrong answer. The reasoning is as follows. Had they said that if it landed
Heads another identical but di↵erent Sleeping Beauty (SB2) would be interviewed
on both Monday and Tuesday then, while SB estimate 2/3 to be the probability
of Tails, SB2 estimates it to be 1/3. So, SB should reject her reasoning that gives
the probability that it landed Head is 1/3 and pick up the estimate on Sunday
evening. Or equivalently, take the average of the two Beautys’, that gives the
same result. The fault of reasoning that gives probability of Heads landed 1/3 is
that sample points Tails-Monday-interview and Tails-Tuesday-interview are not
distinct.

5 Newcomb’s paradox

In Weber (2016) the Newcomb’s problem is described as follows. ‘Suppose a su-
perior being’ claims to be able to predict an agent’s action and, conditional on
this prediction, influence his payo↵s in a simple game of choice. In this game,
there are two boxes, labelled I and II. Box I is transparent and contains a positive
monetary reward r. Box II is opaque and, unbeknownst to the agent, the being
puts in it either a monetary reward R (where R > r) or no reward at all. The
reward in box I remains untouched. The agent faces the choice of either taking
both boxes or taking only box II; his payo↵ consists of the rewards in the boxes he
takes. The being claims that box II will contain R if and only if the agent takes
only box II. What should a rational agent do?”
Note that, according to the literature R is much greater than r, written as R >> r.
Therefore, the agent should eye for it, that is, even at the expense of r one should
try to win R. Of course, this may depend on the personality of the agent. Here
we assume that the main goal is to win a bigger amount. Note that the agent
has been not said if the amount R is put in the box II randomly. If it is done
randomly and said so, then winning the amount R is independent of winning the
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amount r that is deterministic. In that case, obviously the agent should select
both boxes. But, in here winning the amount R is not independent. Then, on
what can it be dependent? This is what the agent need to think about. And
then, the agent should understand that in the context of this game there is only
one pair of events that may a↵ect the pair of events of winning or losing the
amount R, namely, winning or losing the amount r, since those four events are
the set of all simple or atomic events of the context as far as wining and losing
is concern. If we denote by the binary random variable X the pair of events of
winning or losing the amount r, i.e., by X = r winning the amount r and by
X = 0 otherwise, and by the binary random variable Y winning or losing the
amount of R, i.e., by Y = R winning the amount R and Y = 0 otherwise, we
may conclude that X and Y should be correlated.
Now the problems are; firstly, if it is a negative or positive correlation and sec-
ondly, the magnitude of it. Note that the dependence can be measured with
phi-coe�cient (see Wijayatinga (2016) that is the correlation between X and Y.
Now, let P (Y = R | X = r) = p and P (Y = R | X = 0) = q, then we may
expect that p 6= 1

2 and q 6= 1
2 . Now what are the reasons available for the agent

to believe that correlation between X and Y, corr(X,Y ) negative (i.e, for having
p < 1

2 and q > 1
2 )? Usually in games winning events are negatively correlated if

there are several prizes to be won in a single attempt. So it is highly probable that
X and Y should be negatively correlated since box II is not said to be randomly
assigned!
Now the agent should have prior probability values of p and q for calculating
expected gain for every possible choice. Agent’s expected gain if both boxes are
selected is simply r+pR and if only the box II is selected it is qR. And now agent
needs to think about some prior values for both p and q in order to find which of
those actions are more profitable for him. Obviously, since he has no precise values
for them but it is highly expected that p < 1

2 and q > 1
2 (i.e., negative correlation

between X and Y ) while having the knowledge that r << R, the second choice
(selecting only the box II) is more profitable for him. Note that this solution is
obtained just by using the information on the way that the amount R is put in
the box II is not known to be at random, and if so, usually in any game winning
events are negatively dependent with each other for a single try.
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