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Abstract

Random walks and diffusing particles have been a corner stone in modelling
the random motion of a varying quantity with applications spanning over many
research fields. And in most of the applications one can ask a question related
to when something happened for the first time. That is, a first-passage problem.
Typical examples include chemical reactions which can not happen until the
constituents meet for the first time, a neuron firing when a fluctuating voltage
exceeds a threshold value and the triggering of buy/sell orders of a stock option.
The applications are many, which is why first-passage problems have attracted
researchers for a long time, and will keep doing so. In this thesis we analyse
first-passage problems analytically.

A stochastic system can always be simulated, so why bother with analytical
solutions? Well, there are many system where the first passage is improbable in
a reasonable time. Simulating those systems with high precision is hard to do
efficiently. But evaluating an analytical expression happens in a heart beat. The
only problem is that the first-passage problem is tricky to solve as soon as you
take a small step away from the trivial ones. Consequently, many first-passage
problems are still unsolved.

In this thesis, we derive approximate solutions to first-passage related problems
for a random walker and a diffusing particle bounded in a potential, which the
current methods are unable to handle. We also study a continuous-time random
walker on a network and solve the corresponding first-passage problem exactly
in way that has not been done before. These results give access to a new set of
analytical tools that can be used to solve a broad class of first-passage problems.



Sammanfattning

Slumpvandrare och diffunderande partiklar har utgjort grunden i modelleringen
av slumpmässig rörelse av olika kvantiteter med applikationer som spänner över
många forskningsområden. I de flesta av dessa applikationer kan en fråga relat-
erad till när något händer för första gången ställas. Det vill säga ett first-passage
problem. Typiska exempel inkluderar kemiska reaktioner som inte kan hända
förrän beståndsdelarna möts för första gången, en nervimpuls som avfyras när
en fluktuerande elektrisk spänning överskrider ett tröskelvärde och utlösande av
köp/sälj-ordrar för en aktieoption. Tillämpningarna är många. Därför har first-
passage problem attraherat forskare över lång tid och kommer att fortsätta göra
det. I denna avhandling är fokus på att lösa first-passage problem analytiskt.

Ett stokastiskt system kan alltid simuleras, så varför bry sig om analytiska lös-
ningar? Ett av svaren är att det finns många system där första passagen är
osannolik inom en rimlig tid. Att simulera dessa system med hög precision är
svårt att göra effektivt, medan en analytisk lösning ger svaret på ett ögonblick.
Problemet är dock att stokastiska processers first-passage problem är generellt
svåra att lösa så fort du tar ett litet steg från det som är trivialt. Som en
konsekvens av detta är många first-passage problem fortfarande olösta.

I den här avhandlingen härleds ungefärliga lösningar till first-passage relater-
ade problem för en slumpvandrare och en diffunderande partikel bunden i en
potential, vilket de allmänna metoderna inte kan hantera. Vi studerar också
en slumpmässig vandrare i kontinuerlig tid på ett nätverk och löser dess first-
passage problem exakt på ett sätt som inte har gjorts tidigare. Dessa resultat
ger tillgång till en ny uppsättning analytiska verktyg som kan användas för att
lösa en stor grupp av first-passage problem.
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Chapter 1

Introduction

Imagine that you work as a bank analyst and your task is to set a fair price on a
“knock in” option, which only is valuable if the underlying stock price crosses a
price barrier B within a given time interval. Otherwise, the option is worthless.
Now, if the price is too high, few investors will buy this option and the bank
misses out on a potential profit. On the other hand, if the price is too low, the
bank will loose money to smart investors who take advantage of this opportunity.
Thus, in order to price the option correctly, and keep your job safe, it is crucial
that you can calculate the probability that the stock price crosses the barrier
B within a given time interval. In this case, the stock price can be seen as a
quantity that varies randomly. This randomness is what makes the problem
hard to solve.

What is just described is one of many examples were one wants to know the prob-
ability that a stochastic process crosses a barrier or boundary for the first time
within a specific time interval. This is known as the first-passage probability.
Besides finance, this problem occurs in other areas such as physics, chemistry,
ecology and biology, why it is a well-studied phenomenon [1, 2, 3]. And, as you
can guess, this thesis is about first-passage problems. In particular how to solve
them analytically, either exact or approximative.

However, a stochastic system can always be simulated, so why bother with an-
alytical solutions? Well, there are many systems, e.g. a diffusing particle in a
harmonic potential, where it is rare to hit the boundary for the first time within
a reasonable time. Simulating those systems by brute force is not efficient. But
evaluating an analytical expression happens in a heart beat. The only problem
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is that it might take forever to derive the exact solution. This is why approxi-
mations are needed.

The first-passage problem of a stochastic process is in general tricky to solve as
soon as you take a small step away from the simplest processes. As a consequence
of this, many first-passage problems are still unsolved. This is a knowledge gap
that we have tried to narrow in all of our papers. To get a feeling of how small
this step can be, we start with a story about you and a friend engaged in a coin
tossing game, where we embed a simple first-passage problem that we will solve.
At the end of the story, the rules of the game are tweaked a bit which makes
the first-passage problem much more complicated. We leave the equations to
Chapter 1.2 and onward, were the technical details are found. Thus, up to that
point no mathematical prerequisites are needed. If you are curious about the
solutions to the questions in this chapter, I suggest that you look in Chapter 8.

1.1 A simple (but cruel) coin tossing game

You and a friend enter a betting game, where you toss a fair coin. For each
’head’ you win $1 from your friend, and vice versa if the outcome of the toss is
’tail’. Suppose that you loose the first three tosses, and suddenly you owe your
friend $3. Now you start to become nervous and you ask yourself:

1 Will I ever break even?

2 How many tosses are required until I break even?

3 Should I quit the game now or continue, hope that the luck will turn and
if not, quit when I am down by $10?

To answer these questions we can picture your net balance as a random walk
that takes a step in the positive (negative) x direction whenever the outcome of
a coin toss is ’head’ (’tail’), see Fig 1.1. Question 1 can now be reformulated.
From the viewpoint of the random walker it is equivalent to:

• What is the probability that the random walker reaches x = 0 given the
starting point x0 = −3?

The answer is reassuring. You will break even with probability one. But how
many coin tosses are needed until you break even? Well, if you flipped a coin
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Figure 1.1: In a coin tossing game where you win (loose) $1 for each ’head’
(’tail’) your net balance can be described by the position x of a random walker
as a function of the number of steps (coin flips) n.

until you got three more ’heads’ than ’tails’ you would find that the number of
coin flips almost always differ each time you repeat the experiment. Thus, it is
more interesting to ask: what is the mean number of coin flips until you break
even? Question 2 can now be reformulated:

• What is the mean first-passage time for the random walker to reach x = 0
given the starting point x0 = −3?

This answer will disconcert you, as the mean number of coin flips is infinite!
And even more disconcerting, as you wait forever to reach break even you might
be infinite in-debt1! So question 3 feels very relevant now. Should you quit
the game now or continue, hope that the luck turns, and if not, quit the game
when you are down $10? To answer this, let’s first rephrase it from the random
walker’s viewpoint:

• Imagine the random walker having two absorbing boundaries, one at B1 =
0 and one at B2 = −10. When the random walker hits either of them it
will disappear and the process ends. What is the exit probability for a
random walker to reach B1 = 0 if it starts at x0 = −3?

1The random walker visits all points on the x-axis with probability one.
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After a simple calculation, you are pleased to hear that you will break even 7
out of 10 times. With the odds in your favour, you put trust in the statistics
and continue to play.

After a while, the luck turned and you are up $2. Being afraid of loosing your
profit, you start to wonder how often you and your friend will take turns on
maintaining a positive balance. So the next question that you ask is:

4 How often will I be ’in-the-money’ (maintain a positive balance)?

From the random walkers perspective we ask instead:

• After n steps, how often has x crossed the zero (number of returns to the
origin)?

The number of zero-crossings (returns to the origin) increases with the number
of steps as

√
n. This means that the zero-crossings get sparser as time increases.

From this it can be shown that for large n, the most likely number of zero-
crossings for a random walker is zero. Translated to the betting game, this
implies that the most likely scenario is that one of you would always be in the
lead. Knowing this now, you realise that this betting game might ruin one of
you. So you put trust in the statistics again and walk away with $2.

1.1.1 A kinder coin tossing game

Next day, you and your friend meet for a cup of coffee. You explain the mind-
twisting facts you have learned about the previous betting game, which poten-
tially could ruin one of you. As this was not the plan, you agree to change the
rules to the following, less nerve wracking one: Whenever the balance x is not
at break even, it is divided by half. Thus, we should think of the new betting
game as a random walker with initial position x0 = 0 that evolves for n > 0 as

x(n) = φx(n− 1) + η(n), φ = 1/2, (1.1)

compared to the first hazardous betting game where φ = 1. Here η(n) is a
random variable equal to ±1 depending on the outcome of the nth coin flip.
What this means is simply that now we are mapping the betting game onto a
random walker that is bounded in a potential. This implies that:

• The random walker can not run away to infinity (ruin one of you).
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• Being down by $3, you will always recoup, but now faster.

• The mean number of zero-crossings now scales with n, instead of
√
n (why

you recoup faster).

• The mean number of coin flips back to break even is finite.

Note how the small change in φ from 1→ 1/2 completely changed the behaviour
of the random walker and its first-passage properties. What also changed is that
the first-passage problem became much more complicated to solve for φ 6= 1.
We will come back to this later as it is a knowledge gap that motivated three of
the four papers in this thesis.

1.2 Fundamental questions in first-passage
theory

In the above betting game we introduced some of the questions that arise in
first-passage theory. For clarity we list them below, together with some other
first-passage properties that we have not seen yet:

• What is the probability to reach a boundary B for the first time within the
time interval t1 ≤ t ≤ t2, given the initial position x0? This is answered
by

Prob{x(t) = B, t ∈ [t1, t2] |x(t = 0) = x0} =

∫ t2

t1

ρ(B, t|x0)dt, (1.2)

where ρ(B, t|x0) is the first-passage time density which in general is hard
to find. Due to its many applications, it is a quantity that has been studied
by both mathematicians and physicist for a long time [3, 4]. Although it
has attracted a large interest, few analytical result exist for ρ(B, t|x0).

• More generally, what is the probability to visit this boundary m times
within a time interval of length t given the initial position x0? This is
the crossing probability distribution Pm(B, t|x0), that has applications in
many areas such as microbiology, neuroscience, communication, oceanog-
raphy, solid mechanics, audio-, image- and speech-analysis [5, 6]. When
the boundary coincides with the mean value of the process, we talk about
zero-crossings, which we will come back to later.
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In many physical systems the boundary B can be absorbing. This means that
when the random process hits the boundary it will disappear, and the process
ends. This is typical in target finding and population dynamics such as birth-
death and predator-prey processes, which leads to the following questions:

• What is the probability to not hit a boundary B by time t, given the initial
position x0 < B? This is called the survival probability or persistence
S(B, t|x0). It is a special case of the aforementioned crossing probability
Pm(B, t|x0) when m = 0 and it is closely connected to the first-passage
density via

S(B, t|x0) = 1−
∫ t

0

ρ(B, t′|x0)dt′ ⇒ ∂S(B, t|x0)

∂t
= −ρ(B, t|x0), (1.3)

due to conservation of probability. When the boundary is absorbing we
may also calculate the survival probability via

S(B, t|x0) =

∫ B

−∞
P (x, t|x0)dx︸ ︷︷ ︸

=ω<(B,t|x0)

+

∫ ∞
B

P (x, t|x0)dx︸ ︷︷ ︸
=ω>(B,t|x0)

, (1.4)

where P (x, t|x0) is the occupation probability to be at position x at time t,
given the initial position x0. Here the second integral ω>(B, t|x0) is needed
if the process has a heavy-tailed jump length distribution that allows the
particle to jump over the boundary without being absorbed. If this is not
the case ω>(B, t|x0) = 0.
When the boundary B is not absorbing ω>(B, t|x0) gives the probability
that the particle is above x = B at time t regardless how many times it
has crossed the boundary. Note also that to be above x = B implies that
an odd number of boundary-crossings has occurred which are connected
to the aforementioned crossing probability Pm(B, t|x0) via ω>(B, t|x0) =∑∞
m=0 P2m+1(t|x0), and vice versa for ω<(B, t|x0) which relates to an even

number of boundary-crossings.

• How long time does it take for the process to reach the absorbing bound-
ary? This is known as the mean first-passage time (MFPT) τ(B, x0), which
depends on e.g. the initial position, geometry and jump length distribu-
tion. The MFPT is the expected value of ρ(B, t|x0) and can be calculated
via

τ(B, x0) =

∫ ∞
0

tρ(B, t|x0)dt =

∫ ∞
0

S(B, t|x0)dt, (1.5)

where the second equality follows from Eq. (1.3) and integration by parts.
Note however that the MFPT is not uniquely defined by Eq. (1.5). It can
be calculated in other ways, e.g. by use of a backward equation [7, 8].
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To calculate these quantities for a random walker or diffusing particle one needs
the occupation probability P (x, t|x0) or its governing equation, usually called
a master equation. P (x, t|x0) is the probability that the process is at position
x at time t given some starting point x0 at time t = 0. However, knowing
the occupation probability is no guarantee that the fundamental first-passage
questions can be answered. As an example, P (x, t|x0) is known for the random
process x(t) = φx(t − 1) + η(t), which makes life cumbersome for φ 6= 1 as the
first-passage problem becomes tricky to solve compared to φ = 1. Therefore, we
start the next chapter by going a little bit deeper into theory and look at the
general tools available to calculate first-passage time densities and some of their
shortcomings.

1.3 Outline of the thesis

The organisation of this thesis is as follows: In Chapter 2 we introduce the
main methods used for solving first-passage problems in continuous time and
space. We explain how they work and what their limitations are, which leads
us to Chapter 3, were we introduce the Gaussian stationary process whose
first-passage properties, in general, are non-trivial to solve. To remedy this we
use the independent interval approximation (IIA) which ends this chapter. With
the IIA we attack the zero-crossing problem which we introduce more carefully
in Chapter 4.

In Chapter 5 we shift focus from the IIA to random jumping in a network and
solve a general first-passage problem which we apply to biological data. Building
on this we are also able to calculate the mean search time to a fixed target in
presence of resetting, see Chapter 6. Concluding remarks are left to Chapter
7 and in the last Chapter 8 we show the calculations behind the solutions to
questions 1 − 4 in this chapter.



Chapter 2

General tools for solving a
first-passage problem

There are different ways to solve a first-passage problem. If the occupation
probability P (x, t|x0) is known one usually turns to the renewal equation or
the method of images, which are classical methods for dealing with first-passage
problems. However, if the occupation probability is not known, a third method is
to start from the master equation (e.g. the diffusion equation for the Brownian
motion case) where it is some-times possible to extract the first-passage time
density (FPTD) by including it in the governing equation. In this chapter we
will consider these three methods and point out were they fail when the process
is a diffusing particle bounded in a harmonic potential.

2.1 Renewal theory

The idea behind the renewal method is to split the probability of being at po-
sition x at time t > 0 into two independent events. The first event is to reach
the point x for the first time at some time t′ ≤ t, starting from x0 6= x at t = 0.
Then the process starts anew from x, runs for a time t− t′ until it finally lands
on x a last time, see Fig. 2.1. Expressed in an equation this reads

P (x, t|x0) =

∫ t

0

ρ(x, t′|x0)P (x, t− t′|x) dt′, (t > 0). (2.1)
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(x0, 0)
(x, t0)

t � t0

Figure 2.1: The idea behind the renewal equation is to connect the occupation
probability to the first-passage time density. To be at x at time t one must first
reach x at some t′ ≤ t, and then come back to x a last time after a time t− t′.

When the process starts anew, it does not remember any of its previous steps,
why the time intervals [0, t′] and (t′, t] are treated as statistically independent.
For processes with memory (non-Markovian) this is not correct since the step at
time t′ + dt′ obviously depends on time points before t′. However, the renewal
method can still be used as an approximation. For example, it has success-
fully (albeit partially) captured the asymptotic behaviour of the FPTD for the
fractional Brownian motion process [9].

From a technical point of view, the limitations of the renewal method lies in the
fact that it is a convolution, which is usually solved using some transformation
technique such as Laplace- or Mellin-transform [10]. This requires three things:
(i) that the occupation probability P (x, t|x0) is known and can be transformed,
(ii) that the problem can be solved in the transformed space and (iii) then
inverted back to the time domain. In many cases this is not possible. For a
diffusing particle bounded in a harmonic potential, the requirements (i)-(iii) are
fulfilled by use of a Laplace transform. However, the expression for the FPTD is
not on closed formed and needs to be approximated before it is evaluated [11].

2.2 Method of images

The method of images on the other hand does not involve transformations
and is a good choice when the boundary is absorbing [1, 12]. It relies on
an idea that stems from electrostatics, were a fictitious antiparticle is added
to the system. If the starting point for the diffusive particle is at x0 > 0
and we are interested in the first passage to the origin. Then the antiparti-
cle starts at −x0 and mirrors the motion of the diffusive particle. Upon con-
tact at the origin they annihilate each other, corresponding to an absorbing
boundary at x = 0. The occupation probability for this scenario is given by
Pim(x, t|x0) = P (x, t|x0) − P (x, t| − x0) which can be interpreted as a source
(sink) of probability at x0 (−x0). The FPTD at time t is then calculated as
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the flux through the origin via ρ(0, t|x0) = D∂Pim(x, t|x0)/∂x
∣∣
x=0

, where D is
the diffusion coefficient. However, conceptually simple, the main disadvantage
of the image method is that it is limited to symmetric problems such as when
the boundary is at the bottom of a symmetric potential well. Moreover, for
fractional Brownian motion or processes that have a jump length distribution
which allows for long excursions (e.g. Lévy flights [13] where the particle easily
can hop across the boundary without being absorbed), the image method fails
at all time scales [9, 14].

2.3 Diffusion-reaction equation

This last obstacle, which does not permit the image method of dealing with
heavy-tailed jump length distributions is remedied by a third method that I last
want to mention. This is a beautiful, simple and straightforward method, yet
still quite unknown2. We now demonstrate how it works for Brownian motion.
By adding to the diffusion equation a δ-sink at the origin of strength ρ(0, t|x0),
we get the diffusion-reaction equation for the occupation probability [14]

∂P (x, t|x0)

∂t
= D

∂2P (x, t|x0)

∂x2
− ρ(0, t|x0)δ(x), (2.2)

with the initial condition P (x, 0|x0) = δ(x−x0). The sink at the origin produces
the absorbing boundary condition P (0, t|x0) = 0, which is key to solve the first-
passage problem. To extract ρ(0, t|x0) we follow the technique outlined in [15, 16]
by first Laplace transforming3 Eq. (2.2) to get

sP (x, s|x0)− δ(x− x0) = D
∂2P (x, s|x0)

∂x2
− ρ(0, s|x0)δ(x). (2.3)

Then the Fourier transform4 yields

sP (k, s|x0)− e−ikx0 = −Dk2P (x, s|x0)− ρ(0, s). (2.4)

Now, solve for P (k, s|x0) and use the absorbing boundary condition P (0, t|x0) =
0, that is

∫∞
−∞ P (k, s|x0)dk = 0 (♣). This leads to

ρ(0, s|x0) =

∫∞
−∞

e−ikx0

s+Dk2 dk∫∞
−∞

1
s+Dk2 dk

= exp
(
−|x0|

√
s

D

)
= Lt→s

 |x0|exp
(
− x2

0

4Dt

)
√

4πDt3

 .

(2.5)
2The idea behind this method is explained in more detail in Chapter 8, where we also derive

the diffusion equation.
3Lt→s{f(x, t)} = f(x, s).
4Fx→k{f(x, t)} = f(k, t).
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Thus, the elegance in this method is that one only needs the governing mas-
ter equation and some luck that the double-transformed occupation probability
P (k, s|x0) can be isolated, such that the trick in♣ can be used. This excludes e.g.
diffusion in a harmonic potential where it is not possible to solve for P (k, s|x0).

Using this method, Lomholt et al [15] calculated the mean first-arrival time to
an absorbing target for an ensemble of particles that combines simple diffusion
with Lévy flights on a line, where each particle is removed from the system with
rate koff and new particles enter it with rate kon. This mimics the 1D+3D be-
haviour of proteins searching for a target on a coiled DNA, where each protein
can leave the DNA for a bulk excursion and later reattach with constant rates,
as described by the Berg-von Hippel model [17]. This was the inspiration for the
fourth paper in this thesis.

We end this chapter by noting that there are other methods available for solving
first-passage problems in different settings. What we have seen in this chapter is
perhaps the three most useful methods. The interested reader may found these
references interesting [1, 2, 3, 18, 19] for further reading.



Chapter 3

Independent interval
approximation

Now we have seen some of the main methods for calculating the first-passage
time density (FPTD). What they all have in common is that they cannot in
general handle a random walker or diffusing particle bounded in a potential.
Exceptions are approximative methods for the asymptotic behaviour, such as
Kramers escape therory [20, 21], and clever ways to calculate the mean first-
passage time [7, 8]. To overcome this, we generalised the independent interval
approximation (IIA), which originally was designed to calculate the persistence
exponent θ in the survival probability S(t) ∼ e−θt for smooth Gaussian station-
ary processes (GSP) [3] (smooth means that the number of zero-crossings has
a finite density). Before I explain how the IIA works and how it can deal with
diffusion in bounded potentials, let me come back to what a GSP is.

3.1 Gaussian stationary process

We have already seen an example of a GSP in the modified betting game [see
Eq. (1.1)]. Written on a general form we have

x(t) = φx(t−∆t) + σ̄η̄(t), (3.1)

which is known as the autoregressive process of order one, AR(1) [22]. Here
|φ| < 1, σ̄ is a constant, and η̄(t) is a Kronecker delta-correlated white noise,
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〈η̄(t1)η̄(t2)〉 = δt1,t2 . The AR(1) process shows up in paper II when we count
the number of zero-crossings. It is closely connected to the continuous Ornstein-
Uhlenbeck process (UOP) [23], which FPTD we solve approximately in paper
I. To see the connection set φ = 1 − β∆t, σ̄ =

√
2β∆t and η̄(t) = η(t)

√
∆t.

Here 〈η(t1)η(t2)〉 = δ(t1 − t2) which has dimension 1/time, why there is factor
of
√

∆t relating η̄ to η. Using these substitutions and rearranging terms, we get
the OUP in the limit ∆t→ 0 as

dx(t)

dt
= −βx(t) +

√
2βη(t). (3.2)

This should be interpreted as a Brownian particle diffusing in a potential V (x) =
βx2/2. The stochastic differential equation in Eq. (3.2) is known as a Langevin
equation, and it describes individual trajectories of a stochastic process. From
this Langevin equation one can show that the mean µ(t) = x(0)e−βt and variance
σ2(t) = 1− e−2βt by integrating Eq. (3.2). In the stationary limit at large t, we
see that µ(t)→ 0 and σ2(t)→ 1 which yields a stationary distribution with the
Gaussian form, P (x) = exp(−x2/2)/

√
2π. Thus, a zero mean GSP is a process

that if it starts from t = −∞, its position at t = 0 is drawn from P (x), the
standard normal distribution.

One reason why GSPs have attracted interest is because one can map a non-
stationary process onto a stationary one, where calculations of first-passage prop-
erties are preferable from a technical point of view. Indeed, a Gaussian process
is entirely characterised by its two point correlator A(t1, t2) = 〈x(t1)x(t2)〉 which
for a stationary process only depends on the time difference |t1 − t2| [24]. As
an example, consider the Langevin equation for Brownian motion, dx/dt = η(t),
with x0 = 0. Its correlator A(t1, t2) = min(t1, t2), that obviously is not sta-
tionary. But if we define the new (normalized) variable X(t) = x(t)/

√
〈x2(t)〉

and change to logarithmic time T = ln(t) we get the stationary requirement,
〈X(T1)X(T2)〉 = e−|T2−T1|/2. This is identical to the correlator of Eq. (3.2) with
β = 1/2. Thus, we have shown how to map Brownian motion onto the OUP,
and it is of course possible to map more complicated non-stationary processes
onto a GSP following this method.

Why bother about this you ask? Well, it turns out that when the starting
position x0 is drawn from its stationary distribution, the survival probability
(or persistence) S(|T2 − T1| = T ) of not crossing the origin usually decays as
S(T ) ∼ exp(−θT ), characterised by the persistence exponent θ that in general
is non-trivial to calculate [24]. Thus, changing back to original time t = eT , one
finds that the non-stationary process has a survival probability S(t) ∼ t−θ (why
θ is called the persistence exponent). There are few exact results for θ except for
the simplest processes, such as the OUP. However, approximative methods have
been developed where the independent interval approximation (IIA) is one of the
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t1 t2 t3 t4

t

x(t)

B

x0

Figure 3.1: Stochastic process x(t) as a function of time t. The first time point
t1 is the first-passage time. Subsequent time points ti are return times from
above (even i) and below (odd i) the boundary.

most successful ones. In paper III we use the IIA to calculate the persistence
exponent of a GSP in discrete time.

3.2 Derivation of the IIA

We end this section with a derivation5 of our version of the IIA which yields an
approximative solution for the FPTD of a GSP. That is, it can handle a diffusing
particle in a bounded potential, that none of the three standard methods in
Chapter 2 were able to.

Consider a process x(t) that starts from x0 < B where B is the boundary, see
Fig. 3.1. Suppose the process crosses the boundary 2m + 1 times up to time
t where ti is the time point of the ith crossing. If we divide the time interval
[0, t] into 2m+2 subintervals, [0, t1], (t1, t2], . . . , (t2m, t2m+1], (t2m+1, t], and treat
them as statistically independent (similar to the renewal equation) we can write
the probability that 2m+ 1 boundary crossings occur up to time t as

P2m+1(B, t|x0) =

∫ t

0

dt1ρ(B, t1|x0)

∫ t

t1

dt2ψ+(t2 − t1)

∫ t

t2

dt3ψ−(t3 − t2)

× · · · ×
∫ t

t2m

dt2m+1ψ−(t2m+1 − t2m)Q+(t− t2m+1).

(3.3)

Here the first time interval ends at the first-passage time t1, see Fig. 3.1, which
is drawn from the FPTD ρ(B, t1|x0). The subsequent time intervals are drawn
from the return densities ψ±(t) where + (−) indicates a return to the boundary

5For a more careful derivation of the IIA see Eq. (1) and below in paper I.
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from above (below). The last term in Eq. (3.3), Q±(t) =
∫∞
t
ψ±(t′)dt′, is the

probability that the return time is longer than t, that makes sure that the 2m+1
crossing is the last one.

Next we define the probability that x(t) > B as ω>(B, t|x0) =
∫∞
B
P (x, t|x0)dx

(which is also the probability of having an odd number of boundary crossings)
and use ω>(B, t|x0) =

∑∞
m=0 P2m+1(B, t|x0). If we Laplace transform this sum,

we see from Eq. (3.3) that convolutions in t become products in s, and we are
left with a geometric series that sums to

ω>(B, s|x0) =
ρ(B, s|x0)

s

1− ψ+(s)

1− ψ+(s)ψ−(s)
. (3.4)

To solve for the FPTD ρ(B, t|x0), one has to specify the process, as ω>(B, t|x0)
and ψ±(t) are process specific6. Note that if one wishes a starting point x0 > B,
then you swap ψ+(t) � ψ−(t) and change ω>(B, t|x0) → ω<(B, t|x0) = 1 −
ω>(B, t|x0).

3.3 Summary of paper I

We apply Eq. (3.4) to a Gaussian stationary process (GSP) with mean µ(t, x0)
and variance σ2(t). The probability to be above the boundary at time t is then
given by integrating a Gaussian over space x from B →∞, which yields

ω>(B, t|x0) =
1

2
erfc

(
B − µ(t, x0)√

2σ2(t)

)
, (3.5)

where erfc(·) is the complementary error function. Furthermore, we use the
return densities ψ±(t) = r±exp(−r±t), which is true asymptotically7. This
leads to an integral formula for the first-passage time density (FPTD)

ρ(B, t|x0) =
dω>(B, t|x0)

dt
+ r+

∫ t

0

exp(r−t
′)
dω>(B, t− t′|x0)

dt
dt. (3.6)

From the normalisation condition
∫∞

0
ρ(B, t|x0)dt = 1 we solve for r+. To

close the system, we assume that the initial position x0 is below the boundary
B such that the process has to climb upwards the potential to reach x = B.

6An alternative is to find some auxiliary function that can be used to reduce the number
of unknowns in this system. For smooth processes, the mean number of boundary crossings,
〈m(t)〉 =

∑
mmPm(t), is one alternative.

7This follows when the correlator A(t) decays as a single exponential asymptotically. For
more details, see Eq. (15) and below in paper I.
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This means that at large times the FPTD ρ(B, t|x0) ' r−exp(−r−t). Thus,
τ(B, x0 = 0) ≈ 1/r− where τ(B, 0) is the mean first-passage time (MFPT) to B
from x0 = 0.

When can we expect good results from Eq. (3.6)? Firstly, the main assumption
in the IIA is only exact for a Markovian (memoryless) process where the time
intervals between boundary-crossings are statistically independent. For a GSP to
be Markovian, its correlator A(t) must be a single exponential [3]. The only GSP
in continuous time that obeys this property is the Ornstein-Uhlenbeck process
(OUP), whose FPTD still is unresolved for general B and x0. Secondly, the
time until the first-passage must be large enough such that the return densities
ψ±(t) have reached their asymptotic form. Thus, the initial distance between B
and x0 can not be too close to each other. Thirdly, we need the MFPT τ(B, 0)
to evaluate the rate r−. However, τ(B, 0) can not be calculated from our IIA
equations and must be acquired from either experiments, simulations or other
means. With this in mind, we apply our IIA result to the following GSPs:

• The Markovian OUP (see Eq. (3.2) with β = 1) which has the correlator
A(t) = e−|t|. For this case we can use a backward equation to calculate
the MFPT τ(B, 0) ≈ 1/r−. Thus, for the OUP our integral formula in
Eq. (3.6) is parameter free. Compared to simulations we find good results
when the boundary B ≥ 3 and x0 ≤ 0. For B = 3 and x0 > 0 we see
substantial deviations at shorter time scales. This is expected since our
integral formula needs an initial distance |B − x0| that is well separated,
as explained above. Our method can also be generalised to two boundaries
with the requirement −B < x0 < B and |B| > |x0|. We find similar result
as for the single boundary problem.

• Two coupled OUPs that read

dx(t)

dt
= −α1x(t) + α2y(t) + α3ηx(t),

dy(t)

dt
= −β1y(t) + β2x(t) + β3ηy(t),

(3.7)

where ηx(t) and ηy(t) are delta-correlated white noise, 〈ηx(t)ηy(t′)〉 =
δx,yδ(t−t′). We solve this system for x(t) and chose the parameters αi and
βi (i = 1, 2, 3) such that its correlator becomes A(t) = (e−|t| + e−|t|/4)/2,
which can be seen as a perturbation of the OUP at small times t. For
large t the correlator decays as a single exponential, which implies that
this system has a similar memory (correlation) between distant variables
as the OUP. In this case x(t) is non-Markovian since A(t) is not a single
exponential. For non-Markovian systems the MFPT is non-trivial to cal-
culate, we therefore extract the MFPT from simulations which yields r−.
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Compared to simulations the result is similar to the Markov case above.
This shows that our integral formula in Eq. (3.6) is not limited to Markov
processes.

Our IIA equations can also be used in discrete time. The analogue of Eq. (3.4)
in z-transformed8 space (discrete Laplace) reads

ω>(B, z|x0) =
z

z − 1
ρ(B, z|x0)

1− ψ+(z)

1− ψ+(z)ψ−(z)
, (3.8)

which we apply to a symmetric random walk in discrete time. The nth step of
the process is given by

x(n) = x(n− 1) + η(n), (n > 0) (3.9)

where η(n) is an independent and identically distributed random variable drawn
from a symmetric jump length distribution of mean zero. To solve for the first-
passage probability in Eq. (3.8) we first realise that the return probabilities
ψ±(n) = ψ(n), since the process behaves in the same way on both sides of the
boundary. Secondly, ψ(n) is related to the probability Q(n) that the process
stays on the same side of the boundary when B = x0 via Q(n) = 1−∑n

k=0 ψ(k).
From the Sparre-Andersen theorem [25] we know that

Q(n) =

(
2n

n

)
2−2n. (3.10)

Thus, we have eliminated all unknown quantities and solving for the first-passage
probability yields the recursive formula9

ρ(B,n|x0) = ∆ω>(B,n|x0) +

n−1∑
k=1

ω>(B,n− k|x0)∆ψ(k), (3.11)

where ∆f(n) = f(n)−f(n−1). In Eq. (3.11) there is an approximation hidden in
the return probability ψ(n). At each return to the boundary, the process rarely
lands exactly on x = B. Instead, it overshoots the boundary with a distance d
that is different for each boundary crossing. Thus, ψ(n) should be thought of
as the first-passage probability from some average distance d̄ away from B, in
contrast to d̄ = 0 which we assumed in deriving Eq. (3.11). However, this only
impacts the small n behaviour of ψ(n). At large n where ψ(n) ∼ n−3/2 this
discrepancy is negligible.

8Zn→z{f(n)} =
∑∞
n=0 f(n)z

−n = f(z)
9Equation (3.11) is equivalent to Eq. (14) in paper I. I realised that it could be written

more compactly after the paper was published.
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We apply Eq. (3.11) to a Gaussian jump-length distribution where ω>(B,n|x0) =
erfc[(B−x0)/

√
2n]/2. Compared to simulations our recursive formula is in good

agreement for large n. There are deviations at small n due to the overshooting
but this diminishes as the distance |B − x0| increases. Thus, our approximative
result in Eq. (3.11) generalises the Sparre-Andersen theorem to general B and x0,
whose exact solution is not known except in terms of a double Laplace transform,
the so-called Pollaczeck-Spitzer formula, that no one thus far has been able to
invert analytically [3].



Chapter 4

The zero-crossing problem

As you have noted, the independent interval approximation (IIA) gives a formal
solution to the probability Pm(B, t|x0) that m boundary crossings have occurred
up to time t. When the boundary is at B = 0 we write Pm(t|x0). This is
then the probability that m zero-crossings occur within the time interval [0, t].
Finding this probability has been a long-standing problem for mathematicians
and physicists with still no general solution in sight, see [4] for a review of
the early history while [6] (and references therein) for a more recent one. It is
apparent that there is one result that stands out in the literature: Rice’s formula
[26, 27]. Rice found that the mean number of zero-crossings in an interval
of length t is given by 〈m(t)〉 = t

√
−A′′(0)/π, where A(t) = 〈x(t + t′)x(t′)〉.

This result stimulated work in many fields and is considered as one of the most
important contributions in the applications of smooth stochastic processes [28].
However, this result can not be applied to non-smooth GSPs such as e.g. the
OUP, since its two point correlator A(t) = e−|t|β has a cusp at t = 0 and is not
twice differentiable at the origin. This is typical for a non-smooth process that
make an infinite number of zero-crossings right after the first one [4]. However,
going from continuous to discrete time this is no longer a problem. Rice’s result
can be extended to discrete time n = t/∆t where the analogue formula (valid
for GSPs of zero mean) reads

〈m(n)〉 = nr, r =
arccos(A(1))

π
, (4.1)

where A(1) = 〈x(j + 1)x(j)〉. Regarding zero-crossings, this is the only exact
result that exists for a zero mean GSP in discrete time. For large n, mathe-
maticians have shown that Pm(n) tends to a Gaussian distribution [29]. But, to
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evaluate the Gaussian one needs the second moment 〈m(n)2〉 (to construct the
variance) whose exact solution for a general GSP is still missing.

However, using the IIA we can narrow this knowledge gap. In z-transformed
space we get that10

Pm(z) =
4rz(z − 1)2ω(z)2

r2z2 − (z − 1)4ω(z)2

(
2rz

rz + (z − 1)2ω(z)
− 1

)m
, (4.2)

where ω(n) is the probability for an odd number of zero-crossings

ω(n) =
1

2
− sin−1(A(n))

π
. (4.3)

Note that Eqs. (4.2) and (4.3) are averaged over the equilibrium density P (x0)
and therefore do not depend on the initial position x0. Equation (4.2) is hard
to invert back to n-space exactly, but we can find its asymptotic Gaussian form.
We did not include this calculation in paper II, so I take the opportunity to show
it here.

To calculate the asymptotic Gaussian expression, we start from the inverse z-
transform [10]

Pm(n) =
1

2πi

∮
C
Pm(z)zn−1dz, (4.4)

where C is a positively oriented curve that encloses all poles in the complex
plane11. Next we define

g(z) =
2

πi

r(z − 1)2ω(z)2

r2z2 − (z − 1)4ω(z)2
, (4.5)

h(z) =
2rz

rz + (z − 1)2ω(z)
− 1, (4.6)

b =
m

n
, (4.7)

f(z) = ln(z) + b ln (h(z)) , (4.8)

such that Eq. (4.4) takes the form

Pm(n) =

∮
C

g(z)exp [n f(z)] dz. (4.9)

For large n, the main contribution from the integrand comes from the saddle
point at z = z0 where f(z) attains its maximum. From the method of steepest

10See derivation in paper II leading to Eq. (8).
11This is the definition of the inverse z-transform. Although, for the asymptotic behaviour

that we are set out to find we do not need the integration curve C.
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descent12 it follows that for large n, the integral in Eq. (4.9) is approximately
equal to [30]

Pm(n) '
√

2πeiαg(z0)

|nf ′′(z0)|1/2 exp [n f(z0)] ∼ exp [n f(z0)] , (4.10)

where the function f(z0) is referred to as a large deviation function [31]. The
problem is now reduced to finding the saddle point z0. Before we solve this, we
use the final value theorem that connects the behaviour at large n with the limit
z → 1 [10]. Thus, we want to expand f(z) around z = 1 and to do that it is
helpful to define the auxiliary function

y(z) =
2

π

∞∑
n=0

sin−1(A(n))z−(n+1), (4.11)

such that ω(z) takes the form

ω(z) =
z

2(z − 1)
[1− (z − 1)y(z)] . (4.12)

Using this in h(z) [see Eq. (4.6)] and expanding f(z) around z = 1 we get, after
some algebra

f(z) '
(

1− b

r

)
(z − 1)−

(
1

2
− by(1)

r

)
(z − 1)2. (4.13)

The saddle point z0 is found by solving f ′(z)
∣∣
z=z0

= 0, which gives

z0(b) = 1 +
b− r

2by(1)− r −→ f [z0(b)] = − (b− r)2

2r(2by(1)− r) . (4.14)

From Rice’s formula [see Eq. (4.1)] we know that the mean number of zero-
crossings is at 〈m〉/n = 〈b〉 = r. Therefore Pm(n) ∼ exp {n f [z0(b)]} must be
maximised at b = r. But f [z0(b)] has a singularity at b? = r/(2y(1)) < 1 which
contradicts this fact13. We avoid this discrepancy by expanding f [z0(b)] around
the local maxima b = r which leads to

f [z0(b)] ∼ − (b− r)2

2a
, a = r2(2y(1)− 1). (4.15)

We assume two things in this calculation:
12Also known as the saddle point method.
13This singularity is probably due to the fact that ω(z) is not on closed form, which forces

us to expand f(z) around z = 1 before we find the saddle point z0. However, it is the only
way to complete this calculation.
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Figure 4.1: Zero-crossing distribution Pb(n) as a function of the scaled variable
b = m/n for the AR(1) process: x(n) = x(n− 1)/2 + η(n). Circles from simula-
tions and black lines are the Gaussian result from the IIA. Simulations averaged
over 106 realisations.

• That A(k) decrease toward zero faster than 1/k such that the series y(1) =
2
π

∑∞
k=0 sin−1(A(k)) converges. Thus, at some large k = N where A(N)�

1 we have
∑∞
k=N sin−1(A(k)) =

∑∞
k=N

[
A(k) +O(A(k))3

]
<∞, under the

assumption A(k) < 1/k.

• That the variable b = m/n is continuous in the interval [0, 1], which is true
when n→∞.

Finally, plugging Eq. (4.15) into Eq. (4.10) we get

Pm(n) ∼ exp
[
−n (b− r)2

2a

]
= exp

[
− (m− rn)2

2σ2(n)

]
, σ2(n) = an, (4.16)

which is the required Gaussian form. The pre-factor in Eq. (4.10) can be worked
out, albeit tedious, so I leave it as an exercise to the reader. However, the lazy
reader may realise that the pre-factor is simply a normalisation constant so that
all probabilities sum to unity. For large n we may treat m as a continuous
variable, replace the sum with an integral and extend its limits to ±∞14. This

14For large n, this is a negligible violation since Pm(n)→ 0 as m→ 0 and n.
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yields the normalisation constant N−1 =
∫∞
−∞ exp

[
−(m− rn)2/2σ2(n)

]
dm =√

2πσ(n)2, which is equivalent to the tedious approach.

In Fig. 4.1 we plot the Gaussian result obtained from the IIA as a function of
the scaled variable b = m/n for the AR(1) process with correlator A(n) = φn

using φ = 1/2 [see Eq. (3.1)]. Thus, we see that the IIA produces the correct
asymptotic behaviour of Pm(n) where we also found the variance σ2(n) ' an.
However, to find higher order moments (and cumulants) we must work explicitly
with Pm(z) in Eq. (4.2), which was our focus in paper II.

4.1 Summary of paper II

From Eq. (4.2) we calculate the moments 〈mk(z)〉 =
∑∞
m=0m

kPm(z). From
this, the cumulants can be constructed. For large n (z → 1) we find that the
kth cumulant κk(n) ' Ckn where Ck is a non-trivial pre-factor. This can be
compared to the naïve assumption that at each step of the process a zero-crossing
happens with probability r, see Eq. (4.1). This leads to Pm(n) having a binomial
distribution where the pre-factor in the cumulants differ from our findings and
does not agree well with simulations.

We apply our result to the autoregressive process of order p, AR(p), that often
appear in time series analysis. The parameter p determines the time span of
the process memory (for p > 1 the process is non-Markovian). For n ≥ p, its
equation of motion reads

x(n) = φ1x(n− 1) + . . .+ φpx(n− p) + η(n), (4.17)

where φ1, . . . , φp are constants and η(n) is (Kronecker) delta-correlated white
noise, 〈η(n1)η(n2)〉 = δn1,n2 . For p = 1 (Markov case) the correlator A(n)
decays as a single exponential and we find excellent agreement compared to
simulations. For p = 3 we start to see some deviations. At p = 11, which is
a memory that surely will span over several consecutive crossing intervals, the
error is of the same order as for p = 3 if the parameters φ1, . . . , φ11 are chosen
such that A(n) decays as a single exponential for large n. This implies that the
zero-crossing statistics is well approximated by our IIA equations for Markov
and semi-Markov processes.
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4.2 Persistence – no zero-crossings

A special case of Pm(n) is when m = 0. This is known as the persistence or
survival probability, and is the probability that no zero-crossing occur up to
the nth step. Historically, most theoreticians worked on this problem. But
later, experimentalists contributed with new insights which put the spotlight on
the problem again, stimulating further theoretical work. See [3] (and references
therein) for a comprehensive review on persistence.

When measuring a quantity that varies randomly, one has to respect that the
data are sampled discretely with a time window of size ∆t. Nevertheless, most
analytical results are in continuous time. Thus, comparing the measurement
with a theory based on continuous time, the persistence might be overestimated.
Indeed, the continuous process might change sign an even number of times within
the time interval [t, t+ ∆t], that goes unnoticed in the measurements.

To narrow this knowledge gap we build on the theory laid out from paper II
and derive two relations for the persistence, one recursive formula valid for any
n ≥ 0 and an equation for θ which characterises the asymptotic behaviour of the
persistence via P0(n) ∼ θn.

4.3 Summary of paper III

Using the IIA, we are able to calculate the persistence for a general GSP of
zero mean in discrete time. The persistence P0(n) is related to the first-passage
probability ρ(n) via P0(n) = 1−∑n

k=0 ρ(k). We solve our IIA equations for ρ(n)
which yields a recursive formula for the persistence that is simple to evaluate
numerically and computationally cheap. At large times the persistence decays
exponentially as P0(n) ∼ θn and we derive an equation from which θ can be
extracted numerically. As a sub-result we are able to calculate the mean first-
passage time to the first sign change of x(n). The only input to our equations is
the correlator A(n) = 〈x(n+j)x(j)〉, which fully characterises a GSP. To validate
our findings, these results are applied to three different kinds of processes with
increasing memory:

• The first order moving average process. This evolves for n ≥ 1 as x(n) =
η(n) + αη(n− 1), with α a constant and η a Kronecker δ-correlated white
noise. Its correlator A(n) = 0 for n > 1 which means that x(n) is only
correlated with its nearest neighbours, x(n ± 1). This is a negligible vio-
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lation of the IIA and as a consequence we see good results compared to
simulations.

• The autoregressive process of order two, AR(2) (see Eq. (4.17) above with
p = 2). Its correlator A(n) decays as a sum of two exponentials, which
for most parameter values can be seen as a process with weakly correlated
variables. Therefore, when compared to simulation our results are in good
agreement.

• A toy model with a power-law correlator on the form A(n) = (1 + n)−µ '
n−µ. Compared to simulations we find good results for µ ≥ 5. We interpret
this as the limit of what our IIA method can withstand, a correlation
(memory) that decays faster than A(n) ' n−5.



Chapter 5

First-passage on a network

Now we turn to a new scene, where the random walker is no longer on a line,
but instead on a network with nodes and links, Fig. 5.1 shows a simple network
with four nodes and links represented by the arrows. A network can represent
many things, examples are:

• a random walker jumping (links) on a lattice (nodes).

• how often you interact (links) with your friends (nodes).

• how airplanes (links) connects different airports (nodes).

• how often different DNA segments (nodes) are in contact with each other
(links).

For a random walker on a network, its motion will be governed by the links. As
an example, consider a random walker standing on node 3 in Fig. 5.1. The
walker can go to node 2 or 4 . If it went to 2 , the next step is crucial. Since
if it goes to 1 , it will stay there forever. Thus, 1 is an absorbing node since
it does not have any outgoing links (arrows). Moreover, the strength of the link
from 3 → 2 may be larger than the link from 3 → 4 . This implies that
the random walker is more likely to visit 2 than 4 when standing on 3 . As
you now might guess, I am interested in questions like:
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1

2

3 4

Figure 5.1: A network with four nodes and links represented by the arrows. A
random walker on this network is only allowed to advance to a node if there is
an arrow pointing towards it. Thus, node 1 is absorbing and can not be left.

• What is the time dependence of the probability to reach an absorbing
target node i = a for the first time given some initial condition?

• What is the corresponding mean first-arrival time τa?

• How does τa depend on the link strengths and number of searchers?

• How many searchers have found the target after a time t?

• What happens with the time dependence on the aforementioned quantities
if we allow the searching particles on the network to leave with a rate koff

and come back with a rate kon?

5.1 Master equation approach

To answer these question we introduce ni(t), the number of particles (searchers)
at node i at time t. The master equation for ni(t) is given by

dni(t)

dt
=

N∑
j=1

ωijnj(t)− koffni(t) + kon, (5.1)

where ωijnj(t) is the rate for jumping from node j → i, koffni(t) is the rate
for leaving the network and kon is the rate at which new particles enter it.
See Fig. 5.2 b for a simple illustration of this system. The diagonal elements
of the transition rate matrix satisfies ωii = −∑j 6=i ωij due to conservation of
probability. Initially we assume that the network is one connected component
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which means that there is a path between any pair of nodes. But we want
one absorbing node in the network. Therefore we set the column ωia = 0 such
that i = a becomes the target node. This will accumulate particles at the target
node. However, we want the target to be a sink and we correct this by demanding
na(t) = 0 ∀t. This choice does not impact the time to find the target.

To find the first-passage time density (FPTD) ρa(t) to the target node i = a,
the strategy is to first solve Eq. (5.1) for ni(t) and then use that the rate of
particles into the target is given by

ρa(t) =
∑
i 6=a

ωaini(t) + kon. (5.2)

Thus, the target can be found in two ways, either by jumping on the network
from any node i → a, or directly from the outside with rate kon. To solve for
ni(t) we diagonalise ωij = VimDmkV

−1
kj where columns in V are eigenvectors

and D is a diagonal matrix with eigenvalues 0 = λ1 > . . . > λN on the diagonal.
With the transformation qi(t) =

∑
j V
−1
ij nj(t), Eq. (5.1) become

dqi(t)

dt
= (λi − koff)qi(t) + kion, (5.3)

where kion = kon

∑N
j=1 V

−1
ij . Solving the differential equation yields

qi(t) =
kion

koff − λi

[
1− e−t(koff−λi)

]
+ qi(0)e−t(koff−λi). (5.4)

From qi(t) we retrieve ni(t) via the inverse transformation ni(t) =
∑
j Vijqj(t),

which yields

ni(t) =
∑
j

Vij

{
kjon

koff − λj

[
1− e−t(koff−λj)

]
+ e−t(koff−λj)

∑
l

V −1
jl nj(0)

}
.

(5.5)
The initial condition is uniform (except the target which is initially empty)
since the particles has no information about the targets position initially, thus
nj(0) = (1− δja)kon/koff for all j and we have everything we need to construct
the FPTD in Eq. (5.2).

The number of particles that have found the target up to time t is given by
Ja(t) =

∫ t
0
ρa(t′)dt′. If Np is the number of particles in the system, the proba-

bility that a single particle has found the target by time t is given by Ja(t)/Np
and the survival probability of the target becomes Sa(t) = (1− Ja(t)/Np)

Np . In
the limit when Np → ∞ we find Sa(t) = exp(−Ja(t)). The mean first-arrival
time is then calculated as τa =

∫∞
0
Sa(t)dt. Thus, we have solved a general
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first-passage problem for an ensemble of non-interacting searching particles on
a network with a given transition rate matrix.

However, for a network with many nodes it is time-consuming to evaluate τa for
all possible targets as it involves diagonalise ωij and numerical integration for
each node. Therefore, we consider the following two cases which approximates
the exact value of τa in the regimes koff � τ−1

a and koff � τ−1
a .

5.2 Fast target finding: koff � τ−1
a

If the rate koff is small compared to the inverse search time, the number of
searchers on the network is close to the initial value by the time of the first arrival.
Therefore, we use ni(t) ≈ ni(0) = kon/koff which leads to the approximation
Ja(t) ≈

(∑
i 6=a ωai

kon
koff

+ kon

)
t ≡ Kfast

a t. Thus, we find the approximative mean

first-arrival time τa ≈ 1/Kfast
a for fast target finding for non-zero kon and koff .

5.3 Slow target finding: koff � τ−1
a

In the opposite case where koff is large, searchers are likely to be removed from
the network before the time of the first arrival, and the system will be close
to its steady state. Therefore, we can replace ni(t) by the steady state value
n̄i =

∑
j Vijk

j
on/(koff−λj). It is found by letting t→∞ in Eq. (5.5). Proceeding

as above, we get the mean first-arrival time in the steady state τa = 1/Kss
a , where

Kss
a =

∑
i 6=a ωain̄i + kon.

To further speed up the computation in this limit we can approximate the
steady state n̄i by ñ, using the following uniform treatment: In the steady state,
searchers enter the system with rate kon. Except the target that is absorbing,
there are N − 1 nodes. In the same way, searchers leave the system with rate
koff , and there are ñ(N − 1) number of searchers that might do this. At last,
searchers get absorbed at the target with rate ñ

∑
i 6=a ωai. In the steady state

these contributions sum to zero and solving for ñ yields

ñ =
kon

koff +
∑
i 6=a ωai/(N − 1)

. (5.6)

Therefore we get τa ≈ 1/Kslow
a where Kslow

a = kon + ñ
∑
i 6=a ωai, which is an

approximation valid for slow target finding in the steady state.
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Figure 5.2: a: Hi-C map of the human chromosome 21. Only upper half shown
since it is symmetric. Dark colors imply strong interactions between two DNA
segments, and vice versa for bright colors. b: Simple illustration of our model.
Searchers (pink dots) can jump from node i to j with rate ωij , it can de-attach the
network with rate koff or enter it with rate kon. c: Coarse network representation
of the Hi-C map where nodes connected by strong links are highlighted by black
lines, see e.g. nodes 720 and 1200 for a long-ranged interaction.

5.4 Summary of paper IV

Using a simple master equation for the number of non-interacting searchers on
a node in a network, we have solved the corresponding first-passage problem,
where we include the possibility that searchers leave the system and new ones
enter it with given rates. However, for large networks the numerical computation
is time-consuming, especially if one wishes to calculate the search times to all
nodes in the network. Therefore, we derived two useful approximations for fast
and slow target finding where we only need to sum one column:

∑
i 6=a ωai.

With this method at hand, we used Hi-C data [32] which gives the contact
probability between two DNA segments (each 40k base pair long), see Fig. 5.2
a and c. Using this as a proxy for the transition rate matrix, we calculated
the mean first-arrival time τa for an ensemble of searching proteins to all DNA
segments. But what does this tell us? Well, nothing really, except that some
targets have shorter search times than others. However, if we correlate these
search times with biological data we find that:

• Segments with active transcription start sites (TSSs) have shorter search
times than inactive TSSs.
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• Segments with high RNA expression levels also correlate positively with
short search times.

These findings suggests that the DNA is organised in 3D space such that regions
with active genes are easy to find.



Chapter 6

Resetting in a network

When searching for a target node on a finite network, is there a superior strategy
that minimises the search time? For a random walker the answer depends on
the initial position and the jump-rates ωij between node i and j. But apart
from jumping randomly on the network, it might be a good idea to reset to the
initial position every now and then with a constant rate r. Indeed, if the initial
position is in the vicinity of the target node, this become an effective strategy for
reducing the search time as this reduces the number of trajectories that would
end up far away from the target.

The efficiency of a search strategy is quantified by the mean first-arrival time.
This has been calculated for many systems in presence of resetting, e.g. Brownian
motion in a finite (infinite) interval [33] ([34]). However, resetting on a network
with a generic transition rate matrix has never been considered. Our aim is now
to calculate the mean first-arrival time to a target node i = a with resetting for
a single searcher on a network with N nodes.

Using the method described in the previous chapter combined with the diffusion-
reaction approach introduced in Eq. (2.2), we can write down the master equa-
tion for Pi(t), the occupation probability of being at node i at time t. It reads

dPi(t)

dt
=

N∑
j=1

ωijPj(t)− rPi(t) + rQa(t)δi,i0 − ρa(t)δia, (6.1)

with the initial condition Pi(t = 0) = δi,i0 . The terms on the RHS of Eq. (6.1)
is interpreted as:
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• The particle jump from node j → i with rate ωijPj(t). For j = i we get the
rate of leaving node i as ωiiPi. Here ωii = −∑j 6=i ωij due to conservation
of probability.

• With rate rPi(t) the particle is removed from node i.

• With the same rate r, the particle is relocated to the initial position i = i0,
weighted by the survival probability Qa(t) accounting for the probability
that the particle has not been absorbed.

• With rate ρa(t) the particle is removed from the network which yields the
absorbing condition Pa(t) = 0.

Our aim is now to solve Eq. (6.1) for Pi(t), evaluate it at i = a where Pa(t) = 0,
and extract ρa(t). To do this we first Laplace transform Eq. (6.1):

sPi(s)− δi,i0 =

N∑
j=1

ωijPj(s)− rPi(s) + rQa(s)δi,i0 − ρa(s)δia. (6.2)

Diagonalising ωij = VimDmkV
−1
kj and using the transformation qj(t) =

∑
i V
−1
ji Pi(t)

yields

sqj(s)− V −1
ji0

= λjqj(s)− rqj(s) +
r

s
V −1
ji0
− ρa(s)

[r
s
V −1
ji0

+ V −1
ja

]
, (6.3)

where we used Qa(s) = [1− ρa(s)]/s [see Eq. (1.3)]. Solving for qj(s) and using
that

∑
j Vajqj(s) = Pa(s) = 0 we get, after some algebra, the first-arrival density

in Laplace space:

ρa(s) =
(s+ r)

∑N
j=1

Aj

s+r−λj∑N
j=1

rAj+sBj

s+r−λj

,

{
Aj = VajV

−1
ji0
,

Bj = VajV
−1
ja .

(6.4)

To find the mean first-arrival time τa(r) we shall consider the small s limit of
ρa(s) and use ρa(s) = 1 − sτa(r) + O(s)2. However, as λ1 = 015 we might run
into divergence trouble when r = 0 so we need to massage Eq. (6.4) a bit first.
By separating each sum in two pieces, one for j = 1 and one for j > 1, we get

ρa(s) =
A1 + (s+ r)

∑N
j=2

Aj

s+r−λj

rA1+sB1

s+r +
∑N
j=2

rAj+sBj

s+r−λj

. (6.5)

15We assume that the network is one connected component which means that there is a path
between any pair of nodes. This infer that there is a unique steady state πi which satisfy the
eigenvalue equation ωijπj = 0. Thus, the steady state is associated with the zero eigenvalue,
which must exist.
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Figure 6.1: (left) Nearest neighbour random walk with target at N = 5 and
initial position i0 = 3. Simulation averaged over 2 × 105 realisations. (right)
Random walk with heavy-tailed jump-rates. Target at N = 20 and initial posi-
tion i0 = 14. Simulation averaged over 2× 106 realisations.

Expanding this around s = 0 and collecting terms linear in s we find that τa(r)
is given by

τa(r) =

∑N
j=2

Bj−Aj

r−λj

A1 + r
∑N
j=2

Aj

r−λj

. (6.6)

We compare this expression to simulations where we consider two different tran-
sition rate matrices ωij (i, j = 1, 2, . . . , N):

• A nearest neighbour random walk with jump-rates

ωij =

{
1 if |i− j| = 1,

0 if |i− j| > 1.
(6.7)

• A Lévy-like random walk with heavy-tailed jump-rates

ωij = |i− j|−1 if |i− j| > 0. (6.8)

The result is seen in Fig. 6.1 where the simulated values nicely match the analyt-
ical expression in Eq. (6.6). In both cases it is evident that the mean first-arrival
time finds a minimum at an optimal resetting rate r?. However, if the initial
position is far away from the target node, resetting might have the opposite
effect as this hinders the particle of reaching the target. Thus, resetting is not
always preferable when τa(r = 0) <∞.



Chapter 7

Conclusions

Random walks and diffusing particles have been a corner stone in modelling
the random motion of a varying quantity, and are used in many research areas
such as physics, mathematics, biology, economics, chemistry, neuroscience, etc.
[7, 23, 35]. And in most of the applications, one can ask questions related to
when something happened for the first time. That is, a first-passage problem. Be
it two chemicals that seek to react with each other, the corresponding reaction
can not happen until the constituents meet for the first time. Or maybe it
is a base pair miss-match in your DNA, which can only be repaired after a
diffusing protein finds it. Neurons in our body send impulses once a fluctuating
voltage across their membranes exceeds a threshold value. The applications are
many, which is why first-passage problems is a phenomenon that has attracted
researchers for a long time, and will keep doing so.

My take on it started with a betting game, so let’s go back to the nerve wracking
coin tossing game that could have ruined you or your friend. Your balance
could be explained by a simple random walker whose next step were given by
x(t) = φx(t−1)+η(t) with φ = 1. We could answer the questions you were asking
by solving the corresponding first-passage problem which led you to inventing a
new betting game where φ = 1/2. Now the process could be pictured as being
trapped in a potential well which made it impossible for the random walker to
escape to infinity were one of you would be ruined. But as a consequence, the
first-passage problem became much harder to solve. We could answer the same
questions that you had asked earlier though, but not analytically. This leads us
to one of the main messages in this thesis: First-passage problems of stochastic
processes are complicated and tricky to solve, as soon as you take a small step
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away from the trivial. Due to this, there are many first-passage problems that
are yet to be solved.

A stochastic process can always be simulated, so why go through the trouble of
finding an analytical solution? Well, in a simulation the system parameters are
fixed. So if you want to know e.g. the first-passage probability for a new set of
parameters the simulation has to be run again. Moreover, a simulation can not
be analysed in the same way as an analytical solution. For example, what set of
system parameters minimises the search time? This is an optimisation problem
which only can be solved by trial and error in a simulation. And for a random
walker bounded in a potential well, this is time-consuming since it is hard to
effectively simulate these kinds of systems. This is one of the motivations of
paper I were we could apply the independent interval approximation (IIA) to a
Gaussian stationary process and approximate the first-passage density.

As the name suggests, the IIA splits an observation time T into disjoint subsets
T1 ∪ T2 ∪ . . . and treats each Ti as statistically independent. This is a “wild”
approximation in some sense since the IIA can not be systematically improved,
compared to e.g. a series expansion where higher order terms can always be
added. Instead, it needs support from auxiliary functions such as the probability
to be above the boundary and the mean density of boundary crossings, Rice’s
formula. This adds enough information to the method to withstand processes
with some memory. Obviously, when the correlation between two variables span
several consecutive crossing intervals we are in trouble, which was apparent in
paper III where we used a power-law correlator. However, when the memory of
a process has a finite length or decays asymptotically as a single exponential we
have seen good results compared to simulations.

In network theory however, the general first-passage problem has not attracted
its full attention yet. Researchers in this field have mainly been interested in
calculating either the mean first-passage time to a node (or set of nodes) given
some initial condition [36] or the exit probability, that a random walker reaches
an absorbing node where the process ends [37]. These two results are derived
without calculating the first-passage time density ρa(t), as we did in paper IV.
Thus, to my knowledge we are the first to attack this first-passage problem
in continuous time fully. Therefore, as the number of applications in network
theory is vast, we hope (and anticipate) that other researchers can build on our
method.
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7.1 Outlook

In paper I-III we used the IIA to derive approximate results for the first-passage
time density, zero-crossing statistics and persistence. The applications are many
and for weakly correlated variables, which have a memory that does not vio-
late the basic assumption of the IIA too much, our result is robust. It will
be interesting to see if engineers16 use some of these results in the future or if
other theoreticians can build on them. The IIA is not limited to first-passage
problems, it has been used in e.g. spin systems to calculate the distribution of
domain lengths (number of neighbouring spins that point in the same direction)
[38] and the magnetic relaxation of a quenched Ising chain to low temperatures
[39]. It will be interesting to see what its next application will be.

For the network problem on the other hand, extensions of our work could be to
generalise the model to handle a process with memory that stretches further back
then the previous position. Indeed, note that the master equation in Eq. (5.1)
describes a Markov process, since the updated position of a searcher only depends
on the previous one. Another generalisation of this master equation is to consider
multiplex networks [40], which can be seen as different networks linked through
interconnected layers. Multiplex networks can be used to model e.g. a time
dependent network or multiple subsystems within a complex system, which is a
step towards the understanding of real-life systems.

Finally, I thank you for reading this far. If you have any questions, feel free
to ask me. I will try to give my best answer. Otherwise we could just go for
cold drinks at a pub downtown and stumble out after midnight like two random
walkers. Remember though that it wont take forever to get home as the earth
has periodic boundary conditions, unless the pub is an absorbing node.

16True story. I was contacted by an engineer in France who needed help deciphering some
theory in paper I. He needed it in his work, which concerned the field of positioning and
navigation of aircrafts. His aim was to assess the probabilities of monitors designed to protect
against positioning failures using satellite navigation. This could apparently be modelled with
the Ornstein-Uhlenbeck process. Don’t ask me how.
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Solutions to Chapter 1

Here I present the solutions to questions 1 − 4 in Chapter 1. They are
instructive in two ways. Firstly, you get a feeling for how a first-passage problem
can be solved and secondly, some fundamental results that are used in Chapter 2
are derived, that will help you understand some of the technical details. Before
we start answering the questions, we need the occupation probability P (x, t|x0)
that the random walker is at position x at time t given the starting position x0

at time t = 0. To calculate P (x, t|x0) we must solve its master equation which
we find by first looking at its equation of motion

x(t) = x(t−∆t) + η(t), (∆t = 1 for now) (8.1)

where η(t) = ±1 depending on the outcome of the coin flip at time t. Thus, to
be at x at time t we must either be on x+ 1 or x−1 at time t−∆t. By realising
this, the master equation for the occupation probability P (x, t|x0) can now be
written down

P (x, t|x0) =
1

2
P (x+a, t−∆t|x0)+

1

2
P (x−a, t−∆t|x0). (a = 1 for now) (8.2)

There are many ways to solve this master equation but the easiest one is to
change to a continuous setting by taking the limits a → 0 and ∆t → 0. In this
limit, x(t) is the position of a diffusing particle in continuous space and time.
We have used the terms random walk and diffusing particle interchangeably
even though they obviously differ on a microscopic scale. However, at large
times their occupation probabilities are practical identical and the same goes
for their first-passage properties. Before we take the aforementioned limits we
subtract P (x, t − ∆t|x0) from both sides of Eq. (8.2) and then divide by ∆t.
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This leads to

P (x, t|x0)− P (x, t−∆t|x0)

∆t
=

a2

2∆t︸︷︷︸
=D

P (x+ a, t−∆t|x0)− 2P (x, t−∆t|x0) + P (x− a, t−∆t|x0)

a2
,

(8.3)

where D is the diffusion coefficient. In the limit when a → 0 and ∆t → 0,
keeping the ratio a2/∆t fixed, we arrive at the diffusion equation

∂P (x, t|x0)

∂t
= D

∂2P (x, t|x0)

∂x2
, (8.4)

which is the master equation for a freely diffusing particle.

Before we carry on, let me show more carefully the idea behind Eq. (2.2) in Chap-
ter 2.3 where we calculated the first-passage time density (FPTD) ρ(B, t|x0) to a
boundary B without using the explicit expression for the occupation probability
P (x, t|x0). By adding to Eq. (8.4) a δ-sink at x = B of strength ρ(B, t|x0) we
got the diffusion-reaction equation

∂P (x, t|x0)

∂t
= D

∂2P (x, t|x0)

∂x2
− ρ(B, t|x0)δ(x−B). (8.5)

If we integrate this over the entire x-axis we get

dS(B, t|x0)

dt
= D

(
dP (x, t|x0)

dx

) ∣∣∣∣∣
∞

−∞
− ρ(B, t|x0) = −ρ(B, t|x0), (8.6)

which yields the desired relation between the survival probability and the FPTD
ρ(B, t|x0), see Eq. (1.3). Here we used Eq. (1.4) to evaluate the integral on the
LHS and that P (x, t|x0) has natural boundary conditions (lim|x|→∞ P (x, t|x0) =
0) such that the slope of P (x, t|x0) is zero at ±∞. Thus, the idea behind the
diffusion-reaction equation should hopefully be clearer now.

Going back to Eq. (8.4), it is usually solved with a Fourier transform that gives
the Gaussian form

P (x, t|x0) =
1√

2πσ2(t)
exp

(
− (x− µ(t, x0))2

2σ2(t)

)
,

{
σ2(t) = 2Dt

µ(t, x0) = x0

(8.7)

with the initial condition P (x, t = 0|x0) = δ(x − x0). With the occupation
probability P (x, t|x0) at hand one can calculate the FPTD ρ(B, t|x0) using either
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the renewal equation or the method of images, as explained in Chapter 2. The
result is identical to Eq. (2.5),

ρ(B, t|x0) =
|B − x0|√

4πDt3
exp

(
− (B − x0)2

4Dt

)
, (8.8)

which we need to answer the first two questions.

Question 1

After the first three coin tosses you were down by $3, and you wondered if you
would reach break again. We pictured your net balance as a random walker and
reformulated the question:

• What is the probability that the random walker reach the boundary B = 0
given the starting point x0 = −3?

We found this probability by solving the integral

Prob{Reach break even} =

∫ ∞
0

ρ(0, t| − 3)dt, (8.9)

as explained in Eq. (1.2). With the FPTD ρ(0, t| − 3) in Eq. (8.8), this integral
equals one which means that you reach break even with probability one.

Question 2

But how many coin tosses n were needed to reach break even? Since the number
n will differ each time you repeat this experiment, n itself is a random variable.
Thus, it was more interesting to know the mean value of n. From the random
walkers perspective we asked:

• What is the mean first-passage time (MFPT) τ(B, x0) for the random
walker to reach B = 0 given the starting point x0 = −3?

The MFPT can be calculated according to Eq. (1.5), which yields

τ(0,−3) =

∫ ∞
0

tρ(0, t| − 3)dt ∼
(8.8)

∫ ∞
0

dt√
t

=∞. (8.10)
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This result manifests the fact that there is a non-zero probability for the random
walker to end up in ±∞. Since the time required to go there and then come
back also is infinite this leads to a diverging MFPT.

Question 3

Knowing that τ(0,−3) = ∞, you are wondering if it is smart to quit the game
now or continue, hope that the luck will turn and if not, quit when you are down
by $10. From the random walkers viewpoint:

• Imagine the random walker having two absorbing boundaries, one at B1 =
0 and one at B2 = −10. When the random walker hits either of them it
will disappear and the process ends. What is the exit probability for a
random walker to reach B1 = 0 if it starts at x0 = −3?

Let E0(x0) be the probability to exit via the origin given the starting position
x0. After one step, with equal probabilities of jumping to x + 1 and x − 1,
E0(x0) satisfies the recursive relation E0(x0) = E0(x0 + 1)/2 + E0(x0 − 1)/2.
The solution is a linear combination of all solutions, namely E0(x0) = C1 +C2x0

which yields E0(x0) = (B2−x0)/B2 after implementing the boundary conditions
E0(x0 = 0) = 1 and E0(x0 = B2) = 0. With x0 = −3 and B2 = −10 this yields
E0(−3) = 7/10. The exit probability can be derived in continuous space and
time as well (albeit more tedious) which gives the same answer17.

Question 4

You continued to play and the luck turned around. Being up $2, you won-
dered how often you and your friend would take turns on maintaining a positive
balance. Using the random walker we reformulated the question to:

• For a lattice random walk with equation of motion according to Eq. (8.1),
how many times will the walker return to the origin in a n step walk?

17Note that this result implies that the one with most money is the likely winner as she/he
can alter the exit probability in her/his favour by pushing the boundary B2 further away,
risking more money.
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To calculate the number of returns to the origin we use the independent interval
approximation. For a symmetric random walk in discrete time, the z-transform
of the zero-crossing distribution Pm(n) reads [see Eq. (3) in paper III]

Pm(z|x0) = ρ(B, z|x0)ψ(z)m−1 z(1− ψ(z))

z − 1
. (8.11)

To proceed, we take B = x0 = 0 which means that the first-passage probability
ρ(B,n|x0) and the return probability ψ(n) are identical, where the return prob-
ability ψ(n) is connected to the persistence via Q(n) = 1−∑n

k=0 ψ(k) which in
z-transformed space reads Q(z) = z(1− ψ(z))/(z − 1). Using this we get that

Pm(z|0) = Q(z)

(
1− z − 1

z
Q(z)

)m
. (8.12)

Moreover, from a generalisation of the Sparre-Andersen theorem we know that

Q(z−1) =
1

1− z −
1−
√

1− z2

z(1− z) , (8.13)

for a lattice random walk [3]. Thus, the asymptotic behaviour at large n can now
be found with the method of steepest descent, similar to the calculation outlined
in Eq. (4.2) and below. Following this we get that Pm(n|0) ∼ exp [nf(z0)] where

f(z) = ln(z) + b ln
(
z −

√
z2 − 1

)
, (8.14)

with b = m/n. Here z0 is the saddle point that satisfies f ′(z → z0) = 0. Solving
for z0 yields two solutions where the physical one reads z0 = 1/

√
1− b2. Using

this in f(z0) we find that exp [nf(z0)] is maximised at b = 0. Expanding f(z0)
around b = 0 we finally arrive at

Pm(n|0) ∼ exp
(
−nb

2

2

)
= exp

(
−m

2

2n

)
, (8.15)

which agrees with a different approach presented in [1]18. Thus, we see that for
large n, the probability of no returns to the origin (m = 0) is where Pm(n) is
maximised. Translated to the betting game this means that after many coin
flips, the most likely scenario is that the same person always is in the lead.

18We can also solve Pm(n|0) when the random walker has a general jump length distribution
that is symmetric with mean zero, see Eq. (3.9). In this case we proceed as above except that
we use Q(n) in Eq. (3.10). This leads to Pm(n|0) ∼ exp

(
−m2/4n

)
.
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