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Abstract

This thesis is devoted to the description of fluids and gases from a Hamiltonian 
point of view. The method we apply is a development of the theory invented by 
Hamilton (1805-1865). The original formulation is restricted to a certain family 
of dynamical variables; the canonical variables. In fluid dynamics, however, an 
extension to a noncanonical formulation is necessary, at least if we want to benefit 
from the Hamiltonian machinery and simultaneously want to use variables with a 
simple physical interpretation.

The noncanonical Hamiltonian structure of the fluid equations can be utilized 
for several applications. We apply it to nonlinear wave interaction problems 
for fluid descriptions like the vorticity equation, the shallow-water equation, 
a family of Hasegawa-Mima-like equations and the equations describing dusty 
magnetoplasmas. The Hamiltonian structure is used to simplify the calculation of 
the strength of the coupling between the waves.

Another important application concerns the question of finding fluid states that 
are stable against small perturbations. The Hamiltonian formulation is in this case 
an effective tool, and the derivation of explicit stability criteria is simplified.

The first chapter of this thesis gives a brief and informal introduction to fluid 
dynamics. In chapter two we present, in a more formal way, some important fluid 
equations. Chapter three contains a discussion of variational principles and offers 
a first glance of Hamiltonian theory. The generalisation of this theory is the main 
subject of the first sections of chapter four, and we finish this chapter by presenting 
some applications of the general Hamiltonian theory. These applications which 
involve several different fluid systems are presented in the six papers included 
in this thesis. In the main, they concern the explicit calculation of symmetrical 
coupling coefficients and the derivation of sufficient conditions for stability. Some 
of the results, however, deals with the influence of boundaries in the vorticity 
equation and the construction of variational principles for the linearised system.
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Chapter 1

Introduction

This thesis is concerned with the motion of fluids and gases. We all know by 
experience what a fluid or gas is, but in order to describe it from a physicists 
point of view we need to learn more about the basic laws of physics. These 
laws are first discussed below in a relatively simple language and without using 
mathematics. At a certain point it is, nevertheless, necessary to introduce the more 
formal language of mathematics, and that is done in chapter two where we present 
some basic equations that will be useful in later chapters. We begin, however, this 
thesis by looking into one discovery made by a person of great importance for the 
development of physics and mathematics.

1.1 Particles and fluids
In 1687 a scientist by the name of Isaac Newton (1642-1727) published some very 
important scientific discoveries in a book he titled Philosopiae naturalis principia 
mathematica. One result presented in this scientific work was the discovery of 
three laws of motion which were based on the concept of forces, which simply can 
be described as something that pushes or pulls. These laws explain how the forces 
effect the motion of bodies, and although formulated more than 300 years ago they 
still are of fundamental importance in science. They are, for example, crucial if 
we want to describe the physical properties of different materials. In such a case 
we use the fact that all matter consists of particles that interact with each other. 
Depending on what the forces between the molecules are, the matter gets different 
properties like, for example, elasticity or density.

In this perspective a fluid or a gas is just a swarm of molecules and atoms 
moving around and colliding with each other. This is, however, not what we see if 
we watch the motion of water in a river. To us water is a smooth object moving as
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2 Chapter 1. Introduction

a whole. This is due to us sensing only the total effect of the small (microscopic) 
interacting molecules. In other words we can only see the large (macroscopic) 
properties of the water. Two common examples of such macroscopic properties 
are the density and the temperature of a fluid, which tell us something about the 
state of the whole fluid and do not bother with the state of individual molecules or 
atoms.

The microscopic picture of a fluid is a swarm of interacting (colliding) 
molecules, but how do we find a macroscopic description? Imagine a very small 
volume of the fluid in which the molecules are moving around. If we now make 
an average over the velocities of these molecules, we obtain an estimate of the 
velocity for the small volume. If we consider a really small volume we can think 
of it as a fluid ’particle’ with properties calculated from the averaging over the 
molecules inside it. We can, however, not make the volume too small since it 
must contain a large number of molecules, otherwise the averaging procedure is 
not applicable.

In the macroscopic picture we thus imagine that each point of the fluid 
corresponds to one and only one fluid particle with some physical properties. This 
means that by knowing the state of each fluid particle we know the state of the 
entire fluid. The state at a specific time could, for example, be described in terms 
of velocity, density and temperature. However, if the fluid moves or changes in 
some other way, it is not enough to know the state of the fluid just for a specific 
time, we also want to know the state at later times. This change in time, or time 
evolution, is usually described by equations which can be found by using Newton’s 
laws of motion together with some kind of averaging procedure.

The macroscopic point of view has been very successful in describing 
phenomena connected to the motion of the fluid. Take for example the effect of 
throwing a stone into water. The surface dips down and waves that move away 
from the sinking stone are created. Since the waves correspond to a movement 
of the surface up and down they contain energy, and the waves also travel along 
the surface and the energy of the waves is thus transported away from their origin. 
This means that the energy due to the motion of the stone has been converted to 
wave energy which is transported away by the waves. A similar thing happens 
when a boat moves in water. Waves are created and there is a loss of energy 
from the boat that has to be compensated for by its motor. Motion of waves is 
thus closely related to the transport of energy and that is one reason why waves 
have been studied to a great extent during the last centuries. In nature, waves 
and similar phenomena exist in many different sizes. The range goes from small 
vortices, about centimeters in diameter, to huge weather structures extending over 
hundred kilometers. In these cases the aim of a fluid theory is to make predictions 
about the changes of interesting physical quantities like, for example, in weather 
predictions where local temperatures, air humidity and winds are in focus.

There are several ways of investigating the time evolution of a fluid. We could 
try to measure things inside the fluid and in this way get some knowledge about
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its behavior. Another more theoretical approach is to describe the fluid in terms of 
equations and then study these instead of the real fluid. These equations can now 
be analysed by using two different methods. First we can try to use a computer to 
solve the equations, and in this way obtain information about the fluid motion. 
A second way, the one used in this thesis, is to apply mathematical tools and 
tricks to the fluid equations in order to reveal the basic laws that control the time 
evolution. The development of such mathematical tools has been in progress ever 
since Newton and his contemporaries first stated the modem laws of mechanics, 
and below we give a brief historical summary of this development.

1.2 Classical mechanics
One event that particularly influenced the development of mechanics was a 
challenge put forward by John Bernoulli (1667-1748) in 1696 to the other 
mathematicians at that time. He had solved an old problem (the brachistochrone 
problem) that required knowledge about the frontier of mathematics, and wanted 
to compete with the brightest minds. It turned out that only a few persons were able 
to find a solution, but the competition did, however, trigger other mathematicians 
to solve similar but more complex problems.

In the middle of 18th Century the mathematician Lagrange (1736-1813) 
introduced a mathematical machinery that was far more efficient than any 
alternative approach to mechanics at that time. Up to this point the solution 
methods were based on geometrical reasoning, but with Lagrange’s ideas the 
problems could be solved in a more analytical way. Lagrange’s method and 
notation was directly adopted by Euler (1707-1783) who had made important 
contributions by using the old geometrical approach (see e.g. Goldstine (1980)). 
One of the most important result of Euler and Lagrange was the derivation of an 
equation, equivalent to Newton’s force law, which we today denote with the name 
Euler-Lagrange equation.

A few decades later Hamilton (1805-1865) found an alternative description 
to Euler-Lagrange’s equations which now bears the name Hamilton’s canonical 
equations. This formulation was very much appreciated by the scientists and it 
was applied to many problems. There is, however, a drawback with this canonical 
theory which in the case of fluid dynamics has important consequences. Assume, 
for example, that we have chosen to describe the physics in terms of a set of 
variables that are natural to us. It is not sure that these variables give us equations in 
the canonical form, and if we want to keep our variables we may have to consider 
a noncanonical Hamiltonian formulation.

The main purpose of a noncanonical approach is thus to use variables that are 
natural for the problem, but another purpose is to take advantage of the existence 
of a general mathematical structure in the equations. This thesis deals with the 
analysis of fluids and plasmas in the perspective of this noncanonical Hamiltonian
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theory, simply since the natural variables in the equations of fluids and plasmas are 
noncanonical.

In classical mechanics the Lagrangian and Hamiltonian formulations have 
been, and still are, of fundamental importance. The Lagrangian theory, developed 
by Euler, Lagrange and many others (see e.g. Marsden and Ratiu (1994) for 
interesting notes), is based on one single object, the Lagrangian L. This is a 
quantity which usually is the difference between the total kinetic energy and the 
total potential energy. The Lagrangian contains all physical information about 
the system, and the time evolution is described by the Euler-Lagrange equations. 
It can further be shown that these equations can be transformed into Hamilton’s 
canonical equations. One important feature of Lagrangian and Hamiltonian 
formulations is the connection between symmetries and conservation laws, which 
is described by the famous Noether’s theorem.

Historically the advantage of the Hamiltonian formulation was that it could 
be used, in a systematic way, to find variables in which the system became 
simple enough to be solved analytically (Hamilton-Jacobi theory). Unfortunately, 
not many systems can be solved analytically and we thus have to introduce 
approximations. One way to find such approximative equations is to use 
perturbation theory, i.e. making a small parameter expansion of the original 
equations and truncating to a given order in the small parameter. In fact, much 
of the early development of Hamiltonian perturbation theory had its origin in the 
desire to calculate the planetary motions as exactly as possible (Goldstein (1980)).

The planetary motion is an example of a system of finite degrees of freedom but 
the Lagrangian and Hamiltonian formulations have also successfully been applied 
to systems with infinite degrees of freedom, e.g. continuous systems like fluids. 
The most straightforward generalisation from a discrete to a continuous system 
leads to a formulation in terms of variables where we keep track of each individual 
particle (so called Lagrangian variables). This is, however, not the description 
commonly applied in fluid dynamics where one often use Eulerian variables. The 
differences between these two set of variables can be illustrated by considering 
a picture of water flowing in a river. In the Eulerian description we focus on a 
point in the river and watch how the flow changes with time at that specific point. 
In the Lagrangian description we instead put our focus on a specific particle and 
follow it on the way drifting along with the water. One reason for the appreciation 
of the Eulerian variables in fluid dynamics is probably because they consist of 
direct measurable quantities like velocity or density, and are thus practical to use 
in experimental measurements.

If we change from Lagrangian to Eulerian variables we cannot use the 
canonical Hamiltonian theory, since in Eulerian variables it is in general 
not possible to write the equations in a canonical form. The noninvertible 
transformation from Lagrangian to Eulerian variables is a part of the general 
method of reduction in which symmetries are used to reduce the number of 
equations. A consequence of the reduction is, in the case of fluids, the
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appearance of a special kind of conserved quantities called Casimir functionals. 
These conserved quantities have their origin in the loss of information about 
individual particles during the transformation from the Lagrangian to the Eulerian 
description. The Casimir functionals have been used in a stability method for fluids 
developed by Arnold (1969).

The use of Eulerian variables in the description of fluids means that we need to 
consider a noncanonical Hamiltonian formulation. Such a noncanonical approach 
appeared in several papers in the early 1980’s (e.g. Morrison and Greene (1983)), 
and is thus a relatively new approach compared to the canonical formulation stated 
by Hamilton. In this thesis we consider a noncanonical Hamiltonian system which 
is extended with its associated adjoint system (see chapter 4). The interesting 
structure of this Hamiltonian-adjoint system is presented by Larsson (1998b). This 
theory has been applied to both fluid and plasma systems (e.g. Axelsson (1998), 
Larsson (1996) and paper I-VI) where it has been used to simplify the calculations 
in wave interaction problems and to find criteria for stability.

Let us now proceed to the next chapter where we consider the time evolution 
of fluids in a more formal way by introducing the evolution equations for some 
interesting physical systems.





Chapter 2 

Fluid dynamics

Have we not all, once or twice, noticed that weather forecasts can fail? The 
success of predicting the weather depends of course strongly on the ability to 
calculate the time evolution of the winds, the humidity in the air and other 
important parameters. This is a very difficult task since the equations in this 
case are extremely complicated. In this section we present some simpler, but still 
fundamental, equations that describe the time evolution of certain fluid properties. 
We will adopt the macroscopic point of view, which means that the fluids are 
thought to be continuous and that all physical quantities are described in terms of 
velocity, density and entropy fields.

2.1 The evolution equations
The main focus in this thesis is on a Hamiltonian description of fluids (chapter 3 
and 4), where, in the meaning of the word fluid, we include both ordinary fluids 
and charged fluids (plasmas). The collection of evolution equations presented in 
this section is nevertheless noncharged fluids only. It is however important to note 
that the Hamiltonian formulation of these equations is similar to many plasma 
systems, and the Hamiltonian approach thus give us information about both kind 
of fluids. We will now consider two examples of fluid systems, the first one is the 
perfect fluid and the second is a geophysical application.

2.1.1 Perfect fluid equations

The set of equations presented below have many names, e.g. perfect fluid 
equations, ideal fluid equations or Euler equations. In this case the words perfect 
and ideal refer to the conservative properties of these nonlinear equations, and 
friction is thus not present in the model. Even if the model is simplified to the
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extent that it does not contain friction, it has properties that have attracted scientists 
throughout history. Its mathematical form is simple and invites us to use the model 
as a workbench for theoretical developments. Despite the simple form of the 
equations the dynamics can be very complex due to the nonlinear terms. The time 
evolution of the perfect fluid model is described by the following set of equations

the momentum equation:

dv _ 1 _ _ v
—+ v Vv=—Vp — Ve) (2.1)
ot p

the continuity equation:

^+V-(pv)=0 (2.2)
ot

the entropy equation:
Q Q
-2-+v.VS' = 0 (2.3)
ot

where v(x,£) is the velocity, p(x. t) is the density, .S'(x. t) is the entropy and 
p(x, t) is the pressure. The function ç»(x) is assumed to be known and it can be 
used to represent external forces like the gravity. We thus have five equations and 
six unknown variables which mean that we need one equation more in order to 
close the system. The closure condition we use is the equation of state in the form 
p = p(p,S).

It can be shown that the perfect fluid (2.1)-(2.3) admits a Hamiltonian 
formulation. Such a formulation is very useful if we want to describe 
interactions between waves or want to find criteria for stability (see chapter 
4). The Hamiltonian point of view can also be used as a guideline for making 
approximations in the evolution equations. The idea is that the Hamiltonian 
properties are fundamental and should survive a good approximation. In chapter 3 
we will use the perfect fluid system in order to show how the choice of variables 
affects the variational principles behind the evolution equations.

2.1.2 Geophysical systems

Despite the fact that most real fluids are nonconservative by nature, many 
phenomena in geophysics are essentially conservative due to the small effect 
of friction. For example, the motion of high and low pressure regions in the 
atmosphere can be modelled to a certain order of accuracy by conservative 
equations. The conservative property is necessary for a Hamiltonian formulation 
and it should thus not come as a surprise that such a description is possible for 
many geophysical systems (for a review on Hamiltonian geophysical dynamics see 
e.g. Sheperd (1994)). The simplest reason why one should expect a Hamiltonian 
formulation is that all conservative geophysical models are derived from the Euler 
equations which, as we know, are Hamiltonian.
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The basic governing equations in geophysical fluid dynamics are called the 
primitive equations. They are derived under the assumption of a thin rotating 
fluid with a density that does not depart much from a constant reference density 
p0. These assumptions are well satisfied for the oceans, but are incorrect for 
the atmosphere. Surprisingly, enough, it is possible to transform the large scale 
evolution equations describing an atmosphere into a form almost the same as the 
primitive equations for an ocean. These equations have the form

du
dt.:

+ v • Vu—fu —
1 dp d2u

p0 dx V dz2 (2.4)

dv 
'dt’ + v • Vv+fu =

1 dp d2 v
----- ö ^ ^TTlîp0 dy dz z

(2.5)

0 =
dp

~Tz - pâ (2.6)

0 = V-v (2.7)

m+vVp =
d2 p

K Qz 2 (2.8)

where v = (w, v, w) is the velocity, p(x, y, z. t) is a perturbation of the constant 
reference density p0 and p(x,y, z,t) is a perturbation of the hydrostatic pressure 
Po{z) defined by the relation p'0(z) = —po9- The total density and pressure 
profiles are thus respectively p0 + p and po + p. The gravity acceleration g, the 
viscosity v and the heat diffusivity n are assumed to be constants. The Coriolis 
parameter / is defined as / = 2Q sin è, where Q is the rotation frequency and <f> is 
the latitude.

The behavior of a governing equation depends on which of the terms in the 
equations that dominates and this can be estimated by applying a scale analysis. In 
the primitive equations the scale analysis introduces a number of dimensionless 
parameters that control the dynamics. Let us consider a rotating geophysical 
system with horisontal length scale L, vertical length scale H, horisontal velocity 
scale U, vertical velocity scale W and rotational time scale Q ~1 where Q is the 
rotational frequency. If the time scale of the dynamics is T, then we can define the 
following three important dimensionless quantities.

The Rossby number Ro = IJf(HL), which compares advection to the Coriolis 
force.

The temporal Rossby number Rot = (QT)_1, which compares the local time 
rate of change of the velocity to the Coriolis force.

The Ekman number Ek = v/(QH2), which compares vertical friction to the 
Coriolis force.

The different regimes where these three parameters are small or large 
correspond to evolution equations with different characteristics. If we for example
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consider a rapidly rotating homogeneous fluid without friction, i.e. Ro, RoT « 
1, p = 0 and Ek << 1, then the primitive equations become what is called the 
geostrophic equations. These equations can be shown to imply that the flow must 
be along constant pressure lines and thus circling around the low and high pressure 
regions. This is what we see in the weather forecast when the winds flow clockwise 
around the high pressure regions and counter-clockwise around the low pressure 
regions (the direction is reversed on the southern hemisphere).

If we remove the restrictions on Ro and Rot and assume the fluid to be purely 
two-dimensional, i.e. assume p = 0, Ek < < 1 and w = 0, the result is the two- 
dimensional Euler equations for a rotating fluid. These equations can be simplified 
in a remarkable way by taking the curl of them and using a potential 'ip (:r, y. t), the 
streamfunction, defined by v(x,y,t) = zxVtp. The system is then reduced into 
the single equation called the vorticity equation

-£ + ty,u + f}= o (2.9)

where u> = V2b’ is the vorticity, the local swirl of the fluid, and the bracket is 
defined by [a. b\ = z • Va x Vfe, The physical interpretation of (2.9) is that 
following a fluid particle the quantity u + f does not change. In chapter 4 we 
will use the vorticity equation as an example of a Hamiltonian equation, and it will 
also serve to exemplify a very important stability method.

Another level of approximation can be reached by, like in the last example, 
having no restriction on Ro and RoT. In this case, however, we assume that the 
velocity has no vertical shear, i.e. p — 0, Ek « 1 and dzu = dzv = 0. We now 
obtain the shallow water equations

dx
——b v • Vv+/z x v = —gV(h + b)
at,

^ -b V - (hv) = 0

(2.10)

(2.11)

where h(x, y. t) is the depth of the fluid, b(x,y) is the bottom profile and v = 
(u(x,y,t),v(x,y,t)) is now the two dimensional velocity. These equations can, 
for example, be used as a simple model of thermoclines in oceans, which are fluid 
layers with properties different to the surrounding fluid. In chapter 4 these shallow 
water equations will serve as an example when we consider stability of fluid flows.

In the next section we make a brief presentation of two set of variables that 
are commonly used in fluid dynamics. The presentation also introduces us to the 
problem of choosing the appropriate description of a fluid, and in later chapters 
this will be an important issue.



2.2 Eulerian and Lagrangian variables li

2.2 Eulerian and Lagrangian variables
There are two common ways of describing the time evolution of a fluid, the 
Eulerian point of view and the Lagrangian point of view*. In the Eulerian 
description the independent variables are the position x = [x. y. z) and the time 
t. The dependent variables are the velocity v(x,£), the density p(x.t) and the 
entropy S’(x.i). In the Lagrangian description we want to keep track of each 
individual fluid particle, and in order to do this we put a label on each of them. 
This label may be the position of the particle at time zero and we denote it by 
a = (a, b. c). The independent variables in the Lagrangian description are then 
the labels a = (a, b. c) and the time t. The dependent variables are the positions 
of the particles x(af), y(a,t) and z(a,t), which should be interpreted as the 
position at time t of the particle that initially was at position (a, b. c).

Using the chain rule we can find a relation between the Lagrangian time 
derivative (sometimes called the substantial or advective derivative) and the 
Eulerian time derivative

D_
Ut = -+v.V (2.12)

where v is the velocity of the fluid. The left hand side (the Lagrangian derivative) 
means that we take the time derivative keeping (a, b. c) fixed, i.e. we are following 
a fluid particle. The first term on the right hand side is the Eulerian time derivative 
where the spatial coordinates (x,y,z) should be kept fixed.

Relation (2.12) can be used in the physical interpretation of, for example, the 
vorticity equation. We can rewrite (2.9) into the more physical transparent form

!+v'v (<*> + /) = o

where the Lagrangian point of view now clearly implies that equation (2.9) 
describes the conservation of the quantity + f, the absolute vorticity, following 
a fluid particle.

The differences between the Lagrangian and Eulerian descriptions have 
important theoretical implications, and we shall discuss this subject in more detail 
in chapter 3 and 4.





Chapter 3

Variational principles

The laws of physics stated by Newton are based on the action of forces and the 
corresponding change in momentum. An alternative point of view was introduced 
by Leibniz (1646-1716) and was based on the concept of kinetic energy, or vis viva 
(the living force) as he called it. The change in kinetic energy replaced Newton’s 
change in momentum, and instead of the force Leibniz used the work done by the 
force. One advantage with Leibniz approach was that it could easily be generalised 
from one single particle to an arbitrary system of particles. The energy could 
describe a system as a whole, and by searching for particle configurations that 
minimize this energy it was possible to solve problems involving numerous forces.

This branch of mathematics, concerned with minimum problems, was in 
particular influenced by a challenge proposed in 1696 by John Bernoulli (see 
e.g. Goldstine 1980). He challenged all mathematicians at that time to solve 
the brachistochrone problem, where one want to find the fastest path taken by 
an object sliding along a wire that goes from a certain height down to a lower 
height. This problem was first studied by Galileo (1564-1642), but his conclusion 
that the fastest path is an arc of a circle was wrong. The solution method used by 
John Bernoulli in this specific mechanical problem was inspired by the minimizing 
method of Fermat (1601-1665) describing the path of light in different media. 
Later this analogy of mechanics with optics was established within general theory 
by Hamilton. Other mathematicians who solved the brachistochrone problem were 
Leibniz, l’Hospital (1661-1704) and John’s older brother James Bernoulli (1654- 
1705). Newton did only present a solution anonymously, but John Bernoulli later 
declared that the anonymous solution could only be due to Newton since, as he 
said, he knew the lion from his touch (Goldstine 1980).

Minimum problems like the brachistochrone problem attracted the interest of 
the greatest minds at that time. A systematic investigation of this class of problems 
was done by Euler. An astonishing improvement of the solution methods was made

13
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by Lagrange when he introduced his calculus of variations. Lagrange’s method, 
directly adopted by Euler, made it possible to solve the problems analytically 
without using geometric arguments. The variational principle of Euler and 
Lagrange (principle of least action) did, however, use variations that preserve the 
energy and could thus not be applied to problems with explicit time dependence. 
This problem was resolved by Hamilton who applied free variations not restricted 
to energy conservation in a principle based on a quantity (the Lagrangian function) 
defined as the difference between kinetic energy and potential energy, the principle 
was later named Hamilton ’s principle.

This variational principle has turned out to be a very important tool in not 
only mechanics, but also in modem fields of physics like quantum mechanics 
and general relativity. One advantage of Hamilton’s principle is the natural 
way to handle constraints on motion. The most important feature, however, is 
the coordinate independence of the principle and its corresponding differential 
equation (Euler-Lagrange’s equation). A variational approach like Hamilton’s 
principle also has the advantage that it can be used as a starting point for making 
approximations and applying perturbation theories.

One of the goals in this section is to state a variational principle that represents 
the dynamics of a fluid. It is, however, instructive to first consider the simpler case 
where the system consists a finite number of particles.

3.1 Particle mechanics
The main subject of this thesis is continuous systems like fluids, but in order to 
introduce the concept of variational methods we consider here a discrete system 
consisting of N particles moving with different velocities. The state of this system, 
at time t, is described by a generalised coordinate q(t) = (<p (t). <72(2)- f))
and its time derivatives q(t).

The first variational principle we consider is Hamilton ’s principle, which 
leads to what is called Euler-Lagrange’s equations. The fundamental object in 
Hamilton’s principle is the Lagrangian L(q, q, t) = T(q, q. t) — V(q, q. t), where 
T is the kinetic energy and V is the potential energy. We will later see that this 
object contains all information about the physics that we need in order to find the 
dynamics of a system.

By integrating the Lagrangian over some time interval we obtain an object 
called the action functional A(q,q)

(3.1)

where L(q, q. t) is the Lagrangian and q(t) are the variables that specifies the 
configuration of the system at time t, i.e. q(t) describes the configuration space. A 
functional is simply described as an object that takes a whole function and relates
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it to a number. The action (3.1) thus produces a number for each possible path in 
configuration space. This number can be used to evaluate the different paths that 
the system can choose to evolve along. Which path will then the system choose? 
Hamilton’s principle states that

the system will evolve along a path q(t) that 
corresponds to an extremum of the action A(q,q).

By the extremum of the action we mean that a small variation of the correct path 
q(t) should not change A(q. q), and we formally write Hamilton’s principle as

(3.2)

where 6 means that we apply a small variation of q(t). We also assume that the 
variation of q(t) is zero at to and tlf i.e. we suppose that 6q(to) = bq{t\) — 0. 
Since we are varying only the generalised coordinates q(t) Hamilton’s principle 
is said to be a configuration space variational principle, but as we will see in the 
next section similar principles exist for other spaces as well. The extremum of the 
action is explicitly found by using variational calculus and we now show how to 
perform a variation.

The variation of the action integral caused by a small variation in q(t) can be 
obtained from

(3.3)

where t is a small parameter and e6q(t) is the variation of q(t). From Hamilton’s 
principle we know that the change in the action caused by the change in q(t) should 
be zero, i.e. 6A = 0, and we thus have

where we have made a Taylor expansion of L(q + shq. q + ehq. t), used a partial 
integration and applied the condition 6q(to) = 6q(ti) =0. Since we assumed that 
s8q is an arbitrary> variation of q the integrand has to be zero, and we obtain the
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Eider-Lagrange 's equation

SL.1(?L)=0
dq dt \dq J

(3.4)

This means that all the physics of a system is contained in L(q, q. t), since if we 
know the Lagrangian function L(q,q,t) the differential equation (3.4) gives us 
the time-evolution of the system. We could, for example, consider the motion 
of a particle with charge e in an electric field. Using Cartesian coordinates the 
Lagrangian is in this case

L(x,x,t) = ^7ftex2 — e<p(x)

where m. is the particles mass and <£(x) is the electric potential which is related 
to the external electric field as E = — V</>(x). Using Euler-Lagrange’s equations 
we now obtain the equation of motion mex — eE, which simply is Newtons force 
law.

The Euler-Lagrange’s equations (3.4) derived above consist of N second order 
differential equations. We will now show that it is possible to rewrite the Euler- 
Lagrange’s equations into an equivalent set of 2N first order equations. The 
procedure is as follows: we create a new object H(qçp. t) by using a Legendre 
transformation of the Lagrangian L(q. fi t)

H{q,P,t) =PQ- L(q,q,t) (3.5)

where we define the generalised momenta P by

P =
dL
dq

(3.6)

We have now made a transformation from the space described by q and q, the 
space on which the Lagrangian is defined, to the phase space described by q and 
p. Relation (3.6) can thus be viewed as a transformation between the generalised 
velocities and the generalised momenta. We can now rewrite Euler-Lagrange’s 
equation into an equivalent form called Hamilton ’s canonical equations

Q

p

dH
dp
dH
dq

(3.7)

(3.8)

which are a set of 2N first order differential equations. We have thus shown that 
Euler-Lagrange’s equations can be obtained from a variational principle in the 
configuration space and that a Legendre transformation then give us Hamilton’s 
canonical equations. Is it possible to state a variational principle in the phase space
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that directly gives us the canonical equations? The answer is yes, we call the new 
phase space principle the modified Hamilton ’s principle and it has the form

(3.9)

where we now vary both q(t) and p(t) arbitrarily under the condition ôq(to) = 
ôq{ti) - o.

3.2 Continuum mechanics
The variables in the discrete systems depend only on time, and the equations that 
control the time evolution are thus ordinary differential equations. In a continuous 
system like a fluid the variables depends on time and some additional continuous 
parameter. A variable that depends on such a continuous parameter is said to be a 
field, and the evolution equation in this case becomes a partial differential equation.

The most straightforward generalisation from a discrete to a continuous 
system is to take the discrete system to the limit of infinite number of particles 
with infinitesimal sizes. This continuous description involves information about 
infinitesimal particles and are in other words a description in Lagrangian variables. 
But since we are concerned with fluids, we also want a continuous description 
in terms of Eulerian variables, (v,p,S), which are the most natural set of fields 
describing a fluid. Variational principles for a continuous system in terms of both 
Lagrangian and Eulerian variables are considered in the following sections.

3.2.1 Lagrangian variables

In the discrete case the Lagrangian is the difference between the total kinetic 
energy and the total potential energy, which means that we make a summation 
over all particles. In the continuous case we replace the summation by an integral, 
and the Lagrangian can be written as an integral over a Lagrangian density jC:

(3.10)

where q = {q\(a,t),q2{a,t),qfiafi)) is the generalised coordinate and a = 
(di, a,‘2, «s ) is the continuous particle label.

Hamilton’s principle for a continuous system written in Lagrangian variables 
is now stated as

(3.11)

where the field q = (qi(a, /,). c/2(a. t), qficc t)) is the position of a fluid element 
and a — (ai,02,03), the particle label, is defined as the initial position of the
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fluid particles. By performing variations of q we obtain Euler-Lagrange’s field 
equations in the form

d_
dt

(3.12)

where qt,j = dq, /daj and we have assumed the surface integrals to vanish. 
Analogously to the discrete case we can use a Legendre transformation to obtain 
Hamilton’s canonical field equations

Qi

7Ti

m
6ir(-

8H_
%

where the generalised momenta is defined by

7T*
0L_

and the Hamiltonian is

H{q-,Tv) — I (7v-q — C)d3a

(3.13)

(3.14)

(3.15)

(3.16)

Note that we have introduced the notation of functional derivative, the symbol 
6/8qi, which can be thought of as a gradient in a function space. The functional 
derivative of a functional F(q) is formally defined by

fF(q + \6q)i=0 = (s<l, (3-17)

where the left hand side is called the first variation of F, sometimes denoted as 
SF(q), and the bracket (, ) is the inner product which usually is defined as the 
integral over the spatial domain. Hamilton’s modified principle, which directly 
give us the canonical equations, is in the continuous case

6
to

tv ■ qd3a — H(q,Tv) dt = 0 (3.18)

where q and tv are to be varied arbitrarily under the condition 6q(t0) = Sqfifi = 0.

3.2.2 Eulerian variables

Since the fluid equations are commonly written in terms of the Eulerian variables 
(v(x, t), p(x, t),S(x, t)), we would like to find an Eulerian version of Hamilton’s



3.2 Continuum mechanics 19

principle. A natural choice would be to consider a principle analogous to (3.11), 
but with £(q, q, dq/da,t) replaced by £(v,p, S, t) and where the Eulerian fields 
are varied arbitrary. In order to show that this is not as straightforward as one 
might think we consider the following example.

Example 1 In the case of a three-dimensional perfect fluid, (2.1)-(2.3), the 
kinetic energy is f |pv2dx and the potential energy is f p [U(p, S) + c>] dx. The 
Eulerian action principle analogous to (2.11) now becomes

(3.19)

where v, p and S should be varied arbitrary. Performing the variations and 
dropping boundary terms we obtain for each variation 6v, 6p and 6S the relations

6v : v = 0

6p : v2 - dp (pU) -ó = 0

6S : dsU = 0

Arbitrary variations of v, p and S thus imply that v = 0, dp (pU) + 0 = 0 and 
dsU = 0, which certainly are not the evolution equations we expected.

The problem in the example above is that the Eulerian fields can not be 
varied arbitrary since mass and entropy must be conserved for all variations. 
In Lagrangian variables this is not a problem since the variations in that case 
correspond to changes in only the positions of fluid particles. There are two ways 
to treat the constraints on the Eulerian variables. We can use a method developed 
by Lagrange, called the Lagrangian multipliers method, where the variations still 
are arbitrary but the variational principle itself is extended in order to preserve 
the conservation laws. Another way to handle the constrains is to keep the 
variational principle unchanged, but only apply variations of the Eulerian fields 
that by construction preserve the conservation laws. These two approaches are 
below exemplified by applications to the ideal fluid equations.

Lagrangian multiplier method
One solution to the problem with Eulerian variations is to incorporate the 
conservation laws into the variational principle by using what is called Lagrangian 
multipliers. In the case of a three-dimensional fluid we extend the variational 
principle (3.19) in the following way

0 (3.20)



20 Chapter 3. Variational principles

where a and ß are Lagrangian multipliers. Note that the bracket terms added to 
the original principle contain the left hand side of the continuity equation (2.2) and 
the entropy equation (2.3). By varying v, p, S, q and ß arbitrary we now obtain 
the equations

5v : v = Vo- 0VS
8p : ^v2 — dp (pU) — <p = dta + v-Vo

ÔS : dgU — +dtß 4- v • Vß
6a : dtp 4- V - (pv) = 0
6ß : dtS + v • VS = 0

These equations are the three-dimensional ideal fluid equations expressed in terms 
of what is called Clebsch potentials (a:, 3). Note that the variation of the velocity 
implies that the velocity can be expressed in terms of the other variables and thus 
be eliminated from the equations. Note also that variation of a and ß gives us the 
conservation laws we wanted.

The procedure above is a special case of a general method which uses 
generalised Clebsch variables similar to a and 3. The velocity field represented 
by v = Vq — ßVS is not the most general one. In order to find the most general 
velocity field representation we would have to include another conservation law, 
the conservation of label variables a = (0,1,02,0.3), and the corresponding 
Lagrangian multipliers.

Constrained variations
Instead of extending the number of variables, as in the Lagrangian multipliers 
method, we can keep our Eulerian variables but restrict the variations of them. 
The development of this approach, which is due to e.g. Newcomb (1962) and 
Bretherton (1970), was a response to the fact that Clebsch potentials can be 
inconvenient to use. The idea behind Eulerian variations that preserves mass and 
entropy conservation is to relate displacements of fluid particles to changes in the 
Eulerian fields. In the case of a three-dimensional ideal fluid the explicit form of 
these constrained variations are (e.g. Newcomb (1962) and Bretherton (1970))

6v = dt£ + v - V£ — £ • Vv (3.21)
6p = -V •(/>£) (3.22)
6S = -£ • VS (3.23)

where £ represents a displacement of a fluid particle. The displacement vector £ 
is assumed to be arbitrary and vanishing at initial and final times. By applying 
the constrained variations (3.21)-(3.23) to the Eulerian Hamilton’s principle (3.19) 
we obtain, after some algebraic operations and the use of mass conservation, the
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equation

dtv 4- v • Vv = — - Vp — V(/> (3.24)
P

where p = p2dpU. We recognize this equation as the momentum equation for a 
perfect fluid, equation (2.1). The constrained variations (3.21)-(3.23) thus give us 
the expected equations without introducing any unphysical fields like the Clebsch 
potentials.

What about Hamilton’s modified principle, the one that directly give us the 
canonical equations, can we constmct an Eulerian version in the same way as we 
did for Hamilton’s principle? If we want to keep the natural Eulerian variables 
(v,p, S), then it is not possible to rewrite the fluid equations into the form of 
Hamilton’s canonical equations. This means that the issue concerning an Eulerian 
modified principle is more complicated then it was in the case of Hamilton’s 
principle. We will come back to this question in chapter 4 where we in more 
detail discuss the Hamiltonian approach to fluid dynamics.





Chapter 4

Hamiltonian theory

In previous chapter we discussed two variational principles, Hamilton’s principle 
and Hamilton’s modified principle. The former of these two is based on 
the Lagrangian function and is, in contradiction with its name, in traditional 
terminology said to be a Lagrangian theory. The modified principle, on the other 
hand, is constructed from a Hamiltonian function and is thus a Hamiltonian theory. 
In this chapter, however, do we not focus on the variational approach, instead we 
consider the evolution equations derived from the modified principle. We start 
by introducing a generalisation of Hamilton’s canonical equations and then we 
describe some of its basic properties. In section 4.4-4.9 we present some useful 
applications of the general theory.

4.1 When are equations Hamiltonian?
This thesis is concerned with the dynamics of fluids from a Hamiltonian point 
of view. The Hamiltonian equations that we dealt with so far are Hamilton’s 
canonical equations. In this section we present the ideas behind a more general 
definition of a Hamiltonian system where the canonical equations are included as 
a special case. The formal definitions are stated, in three versions, in the section 
4.2.

Since we are familiar with Hamilton’s canonical equations it is logical to use 
them as a starting point when discussing what the definition of a Hamiltonian 
system should be. Previously we have seen that the continuous canonical equations 
can be obtained from Euler-Lagrange’s equations by a Legendre transformation, 
and that they have the form

dg _ 6H 
dt Sir

23

(4.1a)
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dir 
~dt

SH
6q

(4.1b)

where q is a generalised coordinate, 7r is the generalised momenta and II is the 
Hamiltonian. By using vector and matrix notation we can rewrite these equations 
into a form more suitable to us

(4.2)

where the matrix Jcan is introduced for its convenience in further discussions. 
The simple structure of these equations, the constant matrix times the gradient of 
H, is one reason for the successful application of Hamiltonian theory in many 
problems. Another important feature is the existence of transformations that 
turn our canonical variables into new ones without changing the form of the 
equations, such transformations are called canonical. The practical use of these 
transformations has shown to be important since we can use them to find a set of 
canonical variables for which the equations becomes easy to solve. Historically 
these transformation have, for example, been used to calculate orbits of planets in 
our solar system, which is a very complicated problem.

The properties of canonical transformations are in fact one reason why 
Hamilton’s canonical equations are to be preferred instead of Euler-Lagrange’s 
equations. The canonical transformations are more general compared to the 
coordinate transformations for which Euler-Lagrange’s equations are preserved. 
This means that applying canonical transformations to Hamilton’s canonical 
equations increase the probability of finding a transformation that brings the 
equations into a form which is solvable or at least easier to deal with.

In some cases, however, it may be advantageous to use transformations even 
more general than the canonical ones and in this case the simple structure of the 
canonical equations is lost. Such a situation may arise if we decide to describe a 
system in terms of physical variables that are measurable in an experimental setup. 
We can think of this new description as a result of a noninvertible transformation 
from some canonical set of variables. The physical variables are not always 
canonical, i.e. the evolution equations can in this case not be rewritten into the 
canonical form (4.2). There are, nevertheless, some properties of the canonical 
system that survive the transformation. Let us illustrate this by a fluid example 
where the noncanonical transformation is from Lagrangian to Eulerian variables 
and the resulting equations are one dimensional analogs of the ideal fluid equations 
(2.1M2.3).

Example 2 A one-dimensional compressible and homentropic fluid with no
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external forces acting on it is described by the equations

dtv+vdxv = —dxp
P

dtp + dx(pv) = 0

which can be rewritten into the form

dt
0 dx
a. o

where the Hamiltonian is defined by 

H = i/w2 +pU(p)

8H
il
Sp

dx

(4.3)

(4.4)

(4.5)

(4.6)

and the pressure is given by p = p2dpU where the internal energy U is assumed 
to be known.

The form of (4.5) is very similar to (4.2). Let us now compare the matrices 
Jcan and Jxd. One obvious difference is that the matrix Jm is an operator and 
Jean is not, but despite this they actually have two properties in common. The 
first property is that both Jcan and J\d are antisymmetric, Jcan is antisymmetric 
because of the minus sign in its definition

AT ■ Jcan B = - [.Jcan ■ A]T • B

and Jid is antisymmetric because of the minus sign introduced by partial 
integration of the dx -operator

J a(x)TJi£)h(x) dx = — J [Jido>(x)]t b(x)dx

where A, B, a and b are arbitrary vectors and boundary terms in the integral 
are assumed to vanish. By using the inner product bracket (, ) we can write the 
antisymmetric property in a formal way as

(a, Jb) = — (Ja, b)

where a, b are arbitrary vectors. The inner product is usually just integration over 
the spatial domain in our problem, but sometimes it is useful to choose a different 
inner product (see for example paper I) and that is why we formally write it as an 
angle-bracket.

The second property Jcan and Jid have in common is less obvious than the 
antisymmetry, mostly because this second property is hidden for any J that does
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not depend of the variables. The property we are talking about is that some 
operators satisfy the following nonlinear relation called Jacobi ’s identity for the 
J operator

Jo, ± (6, Jc)j> + (jb, £ (c, Ja)^ + (je, I (a, Ji>}) = 0

where a, b and c are arbitrary vectors. The reason that operators without variable 
dependence, like Jcan and J\d, trivially satisfy Jacobi’s identity is of course the 
presence of the functional derivative. In systems where the corresponding J is 
more complicated and depends on the variables, the task of showing that the Jacobi 
identity is satisfied becomes a very intricate problem.

In order to show the large variety of operators actually satisfying both the 
antisymmetry condition and Jacobi’s identity, we now present two examples that 
have some interesting qualities. The first example is the vorticity equation (2.9) 
describing the advection of vorticity, the local swirl, in a two dimensional fluid. 
Note that this is a one field equation, unlike the canonical equations which always 
consist of an even number of variables.

Example 3 The vorticity equation (2.9) can be rewritten into the form

d^=(-[uv]) (H1) (4.7)

= Ju,

where uj = V2f is the vorticity, f bs the streamfunction, H' is the functional 
derivative of the Hamiltonian

H = J ^ |V^’|2 dxdy

and the bracket is defined by [a. b\ = dxadyb — dyadxb.

In this case the operator depends on the variable uj and is much more 
complicated than Jcan and J\r>- Despite this, the operator Jw still satisfies both 
the antisymmetry and Jacobi condition.

The second example is the famous Korteweg de Vries (KdV) equation which 
originally described long water waves and is a fundamental equation in physics 
since it admits soliton solutions. The special feature attracting us, however, is 
that we can rewrite the KdV-equation into our standard form in two different 
ways. This means that we in this case can find two operators both satisfying the 
antisymmetry condition and the Jacobi identity.
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Example 4 The Korteweg de Vries equation

df h + udxu + dxu = o
can be rewritten into our standard form in two different ways

dtu =(dx) 

= Ji

(K

and
dtu ={-d'l + udx - dxu) (Hf

= Jo
where the Hamiltonian functions are

Hl = J \{dxuf -\U?> dx

H2 =-1 uldx

All of the examples above have in common that they can be rewritten into the 
form

fjTT

dtu=ju— (4.8)
bu

where Ju is an operator and H is the Hamiltonian function which usually is the 
energy. We have also mentioned (without proving) that the operator Ju in all of 
the examples are antisymmetric and satisfy Jacobi’s identity. These two properties 
define in fact what we mean by a generalised Hamiltonian formulation.

4.2 Definition of a Hamiltonian system
In this section we collect the results from previous section concerning the 
definition of a Hamiltonian system. We write here the definition in terms of the 
Hamiltonian operator Jv and a formal inner product but in the next two 
sections we present two other, closely related, formulations.

A system of equations is said to be a (possibly noncanonical) Hamiltonian 
system if we can write it on the form

dtu=Ju— (4.9)
ou

where u is the physical field, H is the Hamiltonian functional and Ju is the 
Hamiltonian operator satisfying

(a, Jub) = - ( Jua,b) (4.10)
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Ju&l r (ftjJuCÒU 6u {a, Jub) = 0 (4.11)

for any fields a, b and c.

Writing the evolution equations on the form (4.9) is not very restrictive and can 
be done for a large class of equations. It turns out that the tricky part of showing 
that a system is Hamiltonian, is to prove that the operator Ju satisfies Jacobi’s 
identity (4.11).

4.2.1 Poisson bracket formulation

The Hamiltonian formulation presented above can be rewritten in terms of what is 
called a Poisson bracket. This is a very nice way to write the equations since, as 
we shall see, the Jacobi identity becomes much simpler than the expression (4.11). 
The basic structure in this formulation is the Poisson bracket defined by

(4.12)

where A and B are functionals and the angle bracket is our inner product. As we 
can see, also this formulation is based on the operator Ju and the Poisson bracket 
thus inherits some of the operators properties. Using the Poisson bracket we can 
write the evolution equations on the form

dtu — {u,H} (4.13)

where u is the physical variable and H is the Hamiltonian functional. Note that we 
have to interpret equation (4.13) with care since u in this case must be thought of 
as a functional instead of a field. The following properties of the Poisson bracket 
follows from (4.10) and (4.11) respectively

{A,B} = -{B,A} (4.14)

{A, {B, C}} + {B, {C, A}} + {C, {A, B}} = 0 (4.15)

The two formulations (4.9)-(4.11) and (4.13)-(4.15) are equivalent, but in the latter 
formulation the Jacobi identity can be harder to show. Note for example that in the 
case where Ju is independent of u the Jacobi identity (4.11) is trivial, but showing 
the corresponding result (4.15) needs more efforts.

As examples we consider the explicit form of the Poisson brackets 
corresponding to the canonical equations (4.2), the one dimensional fluid (4.5) 
and the vorticity equation (4.7)
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{F..G} 1D

{F GL

6Fd_6G 
6v dx 6 p 
'6F 8G

ÔLÜ ’ 8<jJ

FFd_6G 
6p dx 6v

dxdy

dx

where F and G are arbitrary functionals.

4.2.2 Abstract index formulation

In some cases it can be useful to reformulate the Hamiltonian equations using 
an abstract index formulation with a notation similar to the standard index 
formulation in, for example, general relativity. We represent our fields by ua 
where the index a is just a kind of book-keeping device which is convenient to keep 
track on what the operators acts on. As in relativity we use a kind of summation 
convention which means that aaba = {a,b} where the angle bracket is our inner 
product. In this notation the Hamiltonian evolution equations can be written as

dtu°- = JaßHß (4.16)

and the antisymmetry property and Jacobi identity becomes

Jaß = -Jßa (4.17)

and
,Fa Jß;< + Jß(7Jla + ,PaJaaß =0 (4.18)

4.3 Properties of Hamiltonian systems
In the previous section we have defined what we mean by a Hamiltonian system. 
But what could we say about the physical interpretation of the two restrictions 
on the operator Jv, (4.10) and (4.11)? It can be shown that the antisymmetry 
implies that the Hamiltonian, which usually is the energy, is conserved. The Jacobi 
identity does not have an equally simple physical interpretation. It is, however, 
mathematically analogously to the vanishing of the curvature tensor in ordinary 
Euclidean geometry (c.f. Salmon 1988). The most important property of these 
two conditions is that they do not depend on the choice of variables, and they thus 
survives a transformation from canonical variables to arbitrary variables.

We have mentioned that canonical transformations are constructed to preserve 
the form of Hamilton’s canonical equations, and that a transformation outside this 
class give us noncanonical equations on the form (4.9) but with Ju different from 
Jca7i. Let us now instead consider the reversed case and start with a system in 
the form (4.9), but where the operator Ju (satisfying (4.10) and (4.11)) is not 
on the canonical form Jcan. In the finite dimensional case the Darboux theorem 
guarantees us that we can find a set of canonical variables as long as the operator
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Ju is invertible. For infinite dimensional systems like fluids the situation is more 
complicated and in this case we must rely on the basic Hamiltonian properties 
defined by (4.9)-(4.11).

Let us compare the benefit of using a canonical and a noncanonical description 
respectively. A very important feature of the canonical formulation is that the 
operator Ju becomes extremely simple. The physical interpretation, however, of 
these variables are not very clear, and this is a strong disadvantages compared 
to the noncanonical formulation which allow us to choose variables with more 
physical significance. The price we have to pay for using a noncanonical 
description is a more complicated Hamiltonian operator Ju. The choice between 
canonical and noncanonical formulations thus depends on what properties of the 
variables and the equations we give priority to.

In a Hamiltonian system where Ju has no inverse a special kind of conserved 
quantities called Casimirs may appear. A functional is defined to be a Casimir if 
its functional derivative is a null vector to the Hamiltonian operator, i.e.

(4.19)

As an example of a Casimir we again consider the vorticity equation (2.9). This 
dynamical equation have two well known conserved quantities that play a very 
important role in the dynamics of the fluid, the energy and the enstrophy:

(4.20)H

Q (4.21)

where U' is the streamfunction and u = V'2v is the vorticity. The enstrophy is
one of infinitely many Casimirs that this system admits and it can be shown that a 
general Casimir can be defined as

(4.22)

where f(uj) is an arbitrary function.
By using the properties of a Hamiltonian system it is easy to prove that both 

the energy and the Casimirs are conserved. In order to show how we use the 
Hamiltonian properties we present all steps in the calculations below (note that we 
use the compact notation à = dtu, H'u — ÔH/Ôu and C'u = 6C/6u). Let us start 
with the conservation of energy:

dH
dt

(«: K)
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= -(K,JUH'U)
= 0

where the first equality is a generalised chain rule (we assume no explicit time 
dependence in II), in the second equality we used that ù = JUH'U and the third 
equality is obtained from the antisymmetry of Ju.

The conservation of Casimirs are shown in the same way as the conservation 
of energy

dC
dt

= <«,<?;>

= (JuK,ci>
= -{H'U,JUC'U, 
= 0

where we in the last equality have used the definition of the Casimirs JUC'U = 
0. Note that in this calculations, which holds for any system that admits a 
Hamiltonian formulation, we do not use the Jacobi identity. Let us therefore 
also present an example where this important identity is a necessary requirement. 
Consider a Hamiltonian system which admits two conserved quantities, let us call 
them F and G. We will now show that the Poisson bracket, {F,G}, is also 
conserved by the Hamiltonian dynamics. Since this bracket is a functional, the 
time evolution of it is described by the equation (4.13) (just replace u by {/\ G})

d{F,G)
dt

-{{G,H},F}-{{H,F},G}

0

where we used Jacobi’s identity in the second equality, the evolution equation for 
F and G in the third equality and in the last equality we have used the conservation 
of F and G.

4.4 Hamiltonian applications
When we have shown that our system does satisfy the criteria (4.9)-(4.11), what 
have we then gained? We will now consider a collection of brief comments 
concerning the applications of Hamiltonian theory. The aim is to point out that 
the effort to show that a system is Hamiltonian can be worth making because of 
the useful applications that becomes available. Each application that we consider 
in this section will be described in more detail in section 4.5-4.9.
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A very practical reason for adopting a Hamiltonian point of view is that it gives 
us a unifying framework. For example, if we want to study some features of a 
system, like stability or possible simplifications, then we usually choose a suitable 
method and perform the calculations. If we repeat this approach to several systems 
it is likely that we will find that many of these systems have things in common, like 
for example similarities in the stability criteria or in the way we reduce the order 
of the systems. Such common properties can be found by using a Hamiltonian 
approach, which means that we do not have to rediscover the methods for each 
new system we choose to analyse. Let us now continue by presenting the first 
application of the Hamiltonian formalism.

Symmetries
It is common that evolution equations admit some kind of continuous symmetries, 
and it can be shown that these are related to conservation laws (Noether’s theorem). 
Such symmetry can thus be used to reduce the number of equations and in other 
words give us a simpler description of the system. A very important example is 
the reduction from Lagrangian variables in fluids to Eulerian variables where the 
symmetry in question is called the relabelling symmetry. Let us exemplify this 
symmetry by considering a stationary flow where the Eulerian fields are v, p and 
S, and the Lagrangian fields are the position of each particle. The Eulerian fields 
are in this case stationary despite the fact that the fluid particles have to be in 
motion since we have assumed a flowing fluid. This means that if we focus on a 
point in the fluid many particles pass by without changing the Eulerian state, and in 
this sense we could say that all these passing particles are identical and changing 
the order of them does not change the physics. This interchange invariance is 
called a particle relabelling symmetry.

Constrained perturbations
Many physical systems have constrains on how they can evolve. Take, for example, 
the total mass of a fluid which is a conserved quantity. If we consider the equations 
describing the fluid and mathematically perform a change of the mass density, then 
the conservation of mass restricts our possible choices of perturbations. We have 
previously encounter the same problem when we applied variations in a variational 
principle. In that case we solved the problem either by using Lagrange’s multiplier 
method or adopting a constrained variation approach (c.f. section 3.2). By using 
the Hamiltonian operator defined by (4.9)-(4.11) we can construct perturbations 
that preserves several important quantities. One example are the Casimir functions 
whose origins and properties we now briefly discuss.

In the case of an Eulerian description of a fluid, the existence of Casimirs is 
in this case a result of a reduction from Lagrangian to Eulerian variables. Since 
the Casimirs are conserved we can imagine that the dynamics of our system takes 
place on some abstract surface on which the values of the Casimirs are constant. 
We thus have a function space with an internal structure visualized by the figure 
4.1 below, and where the motion takes place on one of the leafs as long as we have
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no dissipation in the system.

Figure 4.1 Motion on a Casimir surface in the case of no dissipation.

By adding dissipation to the system the conservation of Casimirs are destroyed, 
and we will thus get a motion between the constant Casimir surfaces (figure 4.2). 
This motion can be described by combining features of Hamiltonian system and 
metric systems into what is called a metriplectic system (Morrison (1986)). Such a 
theory is, however, outside the scope of this thesis and we will only consider fluids 
where the Casimirs are conserved.

Figure 4.2 Motion on Casimir surfaces in the case with dissipation.

As we have already mentioned, a system that admits a Hamiltonian formulation 
directly allow us to construct variations that preserve all Casimirs. The physical 
interpretation of the Casimirs depends on what kind of equations we are studying, 
but in the case of the perfect fluid equations (2.1)-(2.3) the total mass and entropy 
can be shown to be Casimirs. The constrained variations is produced by using the 
Hamiltonian operator Ju and are called dynamical accessible by reasons described 
in section 4.5.1.

Nonlinear wave interaction
If we perturb a fluid by for example changing the density, the resulting motion 
of the fluid can in many cases be described as the evolution of waves. The 
induced wave pattern can be very complicated due to interaction between the
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waves, and one task of fluid and plasma physics is to construct simplified models 
of this interaction. One such model consists of three waves that interact due to 
quadratic terms in the evolution equations. This lowest order nonlinear coupling 
between the waves is a fundamental process, and even if it is the simplest nonlinear 
model of wave interaction that we have, it describes the nature of wave interaction 
remarkably well.

In order to derive the equations representing the three interacting waves 
one needs in general to perform a lot of algebraic manipulations. By 
using a Hamiltonian formulation of the basic evolution equations the algebraic 
manipulations can be made tractable even in very complicated systems. It is 
important to stress that the Hamiltonian approach is not restricted to three-wave 
processes, higher order coupling like four-wave interaction (or any number of 
waves) works equally well.

Stability theory
One important application of the Casimirs is in the stability theory introduced by 
Arnold (1969) where the combination of Casimirs and energy are used to construct 
a norm. The norm is a measure of deviation from an initial state and by showing 
that the norm has a largest and smallest value it is possible to state a stability 
criterium. It is however in this application important that we use as many Casimirs 
as possible in order to find the best criterium. This can be very hard to achieve and 
that is why we in a section 4.9 discuss an alternative stability approach without 
the problem of finding all Casimirs. Instead of using a combination of Casimirs 
and energy the alternative method constrains the variations such that the Casimirs 
by construction always are preserved. This can be done by using the origin of 
Casimirs, the Hamiltonian operator Ju.

Hermitian operators
A very interesting result is that the Hamiltonian structure implies a hermitian 
property in the linearised evolution equations. It can be shown that by combining 
the Hamiltonian operator with the linear evolution operator we obtain a hermitian 
operator that, for example, can be used in the construction of a variational principle 
for the linear system. The hermitian property also means that we may use a spectral 
theory in which the fields can be expressed in terms of the eigenvectors of this 
hermitian operator. A complete set of eigenvectors can be very useful in stability 
methods where it can help us to find criteria for stability. We should also note 
that the hermitian properties together with the linearised evolution equations have 
similarities to the equations of quantum mechanics. It is thus possible to take 
methods developed in quantum mechanics and apply these to the Hamiltonian form 
of the linearised fluid equations.
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4.5 Constrained Hamiltonian variations
As we have seen in the sections above, one fundamental property of a Hamiltonian 
system is that the time evolution is constrained to the Casimir surfaces. It is 
of interest to consider variations that preserves these Casimirs. Such variations 
are useful both when we consider stability properties and in the application of 
variational principles. How do we then perturb our Hamiltonian system such that 
the Casimirs are conserved? The idea is to produce a constrained perturbation by 
using the properties of the Hamiltonian operator Ju. Such variations are commonly 
called dynamical accessible, and the reason for this is discussed below.

4.5.1 Dynamically accessible variations

The name dynamical accessible has its origin in the method used to produce 
perturbations in our dynamical fields. In order to explain this method we note 
that the Hamiltonian evolution equation

dtu- X(u) - Ju —— (4.23)
ôu

can be interpreted as an equation where the changes in u are produced by the object 
8H/6u acting through the operator Jv. We thus view the operator Ju as a filter 
and SH/ôu as a generator of the time evolution parametrised by t. Analogously 
we now consider another generator, call it (, assumed to generate variations of u 
parametrised by a new parameter e. The variations are thus represented by the 
differential equation

(4.24)d£u = Ju ;

where £ is the generator of the deformation of u and e is the parameter. These 
variations have the name dynamical accessible since they are the variations that 
can be reached by changing the Hamiltonian H in the evolution equation.

In order to show that the perturbation produced by (4.24) preserves the 
Casimirs we explicitly calculate the effect of a change in £

0 ,

i.e. a deformation of the fields by the parameter e do not change C, and the 
perturbed solution are thus still confined to the original Casimir surface. This
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type of perturbation could geometrically be interpreted to be along the Casimir 
surfaces. Even though the Hamiltonian is not a Casimir we can perform a similar 
calculation, and the result in this case is

deH(u) = -(C,X(u))

which means that the energy is preserved during a change in £ only for a stationary 
solution uq, i.e. a solution satisfying X(uo) = 0.

Let us illustrated the dynamics on the Casimir surface by imagine it as a two 
dimensional surface where each point on it corresponds to a state u of the system. 
We have shown that both the evolution in time (dtC = 0) and the dynamical 
variations (d€C = 0) are confined to this abstract surface. In figure 4.3 we have 
added a grid of curves on the Casimir surface which represent the time evolution of 
the system (constant & curves) and the continuous deformation produced by (4.24) 
(constant t curves).

E-0

Figure 4.3 Evolution paths on a Casimir surface. The dotted lines represents 
paths corresponding to deformation by generators not known initially.

If we assume that the initial state u(t — 0, £ = 0) and the initial generator 
£(£ = 0) are known, then there are two ways to view the dynamics in figure 4.3. 
First we can solve (4.24) using u(t = O. s = 0) and f(t = 0) as initial data. The 
solution u(t = 0, £•) is represented by the curve where 1 = 0 in figure 4.3. This 
solution can then be used as initial data for the evolution equation (4.23) and by 
solving this equation we finally know the solutions for all t and e.

A second way to view the dynamics is to start by solving (4.23) with the initial 
data u(t — 0, s = 0) and thus producing the solution curve where £ = 0. It would 
now be natural to view this curve as initial data to a perturbation equation valid for 
t = t; (i = 1,2,...), and then solve it to again obtain the solutions for all t and s. 
The problem with this approach is that we do not know what perturbation equation 
we should use. A natural guess is that it should be of the same form as for the 
case when I. = 0 but with other generators, let us call them Ç(t = tf ). These new 
generators, however, are not known and we have to find a way to determine them 
from the known initial generator ( (t = 0). We thus need a time evolution equation
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for the generators in order for the two viewpoints to be equivalent, and this is the 
subject in the next section.

4.5.2 The adjoint equation

In order to determine the generators Ç for all times we shall construct an evolution 
equation using the linearised evolution operator A'«1"' defined by the Taylor 
expansion

X{u + Su) = X{u) + X^Su 4- iX$\Su, Su) + ... (4.25)

We claim that the time dynamics for ( can be described by the differential equation

9(C = -A-'1)1C (4.26)

where the adjoint operator JV!,1 ' ' is defìned by

(a,Xl1>òj = (xl1>ta,i) (4.27)

for arbitrary fields a and b. Note for example that this definition implies, by using 
the antisymmetry condition (4.10), that = —Ju-

The constructed evolution equation is at this point only an ansatz, but the use of 
it has been verified in calculations and it fits well with the Hamiltonian theory. By 
collecting the Hamiltonian system (4.23), the perturbation equation (4.24) and the 
evolution equation for the generators (4.26) we have obtained an extended system 
that we shall call a Hamiltonian-adjoint system. For future references we collect 
and restate the equations in question

dtu — JUH’ (4.28)

dtC = -X^Cu S (4.29)
d£u = JuC (4.30)

These equations are consistent with each other, i.e. a solution to (4.30) is 
propagated in time by (4.28) and (4.29). Geometrically this means that the curve 
with t — 0 in figure 4.3 is transported along the time evolution curves (constant e).

It is interesting to compare the dynamical accessible variations (4.30) with 
the infinitesimal constrained variations (3.21)-(3.23) constmctedby Newcomb and 
Bretherton. The latter variations do preserve mass and entropy, but what about the 
dynamical accessible variations? We have shown that the dynamical accessible 
variations (4.30) do not change the Casimirs. It can further be shown that mass 
and entropy are two examples of Casimirs, which thus means that also dynamical 
accessible variations preserve mass and entropy. This indicates the possibility 
to obtain a variational principle to Hamiltonian dynamics based on dynamical 
accessible variations rather than the constrained variations (3.21)-(3.23).
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4.6 Perturbation theory
The fluid equations we focus on in this thesis are usually nonlinear and we cannot 
expect it to be possible to solve them exactly. This means that we need to consider 
approximative methods in order to understand the dynamics of the fluid. One such 
method is the perturbation analysis in which one expands the physical variables in 
terms of a small parameter, and then substitutes this into the evolution equations. 
This method is of course not limited to fluid equations and below we describe the 
method by a simple algebraic example.

Example 5 Consider the algebraic equation

x=l + Xx3 (4.31)

and the expansion
X — 1 Xx\ T- X X‘2 -T X 3?3 -|- ... (4.32)

where X is a small parameter. By substituting (4.32) into (4.31) and noting that 
the equation should be satisfied to each order in the arbitrary small parameter X 
we obtain up to third order

A1 : xx = 1 (4.33)
A . X 2 — 3x ^
A3 : xs = 3x2 + 3x\

By solving these equations order by order and substituting the solutions into (4.32)
we obtain the approximation

X = 1 + A + 3A2 + 12 A3 + ... (4.34)

in the small parameter X.

In this example the equation explicitly depends on the small parameter and it 
is thus natural to expand the variable in this parameter. In the rest of this thesis 
we will expand the physical fields analogously to (4.32), but we will assume the 
evolution equations to have no explicit dependency on a small parameter.

4.6.1 Small amplitude expansion

Let us apply a perturbation scheme to the Hamiltonian-adjoint system (4.28)- 
(4.30) presented in the previous section. In order to perform the perturbations 
we need the following Taylor expansions

X(u0 + 6u) = *(««,) + X$>6u + Xx%>(iu,fu) +... (4.35)

= JuX + JuJ{ô’u'K + 4- ...duo+Su{,
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X.'(1)1
uq+6u C = *£”C + w,c i(ôu)C4- —

Uo Z\
(2)

(Su,6u)Ç 4-

where ito is a solution to (4.23) and Su is a small perturbation. Let us also, 
analogously to (4.32), expand the fields u and £ by the formal power series

u = wo + ewi + €2u2 4- ... (4.36)

C = Cl + eC-2 + f2C3 + •••

where e G [0,1] and e = 1 corresponds to the physical perturbation. By 
substituting (4.36) in (4.28)-(4.30) and noting that the equation should be satisfied 
to all orders of the parameter c we obtain equations to each order in e. After 
collecting equations to equal order in amplitudes we finally obtain

dtu0 = X(uo)

dfUi = X^(ui)

ftCi = -A'ff’Ci

111 — JuoCl

dtu2

dtC,2

2u2

Kl).-xiT(2 -

Ju0C2 + ^P(wl)Cl

(1)

(«i)Ci

(4.37)

(4.38)

(4.39)

which are the perturbed equations corresponding to (4.33). One should stress here 
that (4.37)-(4.39) are much easier to solve than the original problem, since the 
equations are linear to each order in amplitude.

We now briefly note that the first and second order part of the small amplitude 
expansion of the Hamiltonian-adjoint system can be written on the form

dt
ui
U2

0 Juo 

Juo Juq (^l)

6K \

ÒU2 /

where K plays the role of Hamiltonian function and is defined by

(4.40)

K =

and the functional derivatives of K are

ÔK
8u\

1 _ A
2 uq S2 2 XW'

1(1)
KKi - 2Jó(c1.xi10,'<;i:
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6K
Su2

The matrix operator can be shown to be antisymmetric and to satisfy the Jacobi 
identity (4.11). This means that the first order and the second order system written 
on the form (4.40) is by themselves a Hamiltonian system in a space that consists 
of states which are reachable by the dynamical variations (4.30), and the general 
Hamiltonian theory can be applied to this perturbed system.

4.6.2 Hermitian operators

A very interesting feature of the Hamiltonian-adjoint system is that it admit a nice 
relation between three important operators, the relation is

(4.41)

where and J^\x(u)) are the linear parts of the Taylor expansions (4.35) 
and is defined by (4.27). If we consider a stationary solution uq and use the 
property = — Ju, then (4.41) becomes

(4.42)

which is the definition of a hermitian operator. The Hamiltonian-adjoint system 
thus implies a hermitian property of the linearised system, and this property is 
utilized in paper IV in order to construct a variational principle.

4.7 Wave interactions
In the theory of fluids the interaction between waves is a fundamental phenomena 
which has been studied with various methods during a large part of the history of 
hydrodynamics. Here we will take advantage of the Hamiltonian structure of a 
system and use it in the analysis of the interaction process.

The coupling between waves can, for example, be a mechanism of energy 
transfer between different waves. This interchange of energy depends on the 
appearance of the evolution equations in question, and can have its origin in 
both linear and nonlinear terms. In this section we consider only weak nonlinear 
coupling, and in order to define what is meant by this we consider the Taylor 
expansion of (4.23)

where Su is a small perturbation of the unperturbed solution uq • In the weakly 
nonlinear regime we consider a truncation after the third term in the right hand
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side of (4.43), and we thus assume that higher order terms are negligible. This 
approach can be justified if the perturbations are sufficiently small. We will show 
later that in some cases this assumption fails because the perturbation grows in 
time, and after a while higher order terms becomes large enough to be important 
and the assumption breaks down. We will however assume that in the time-interval 
of interest the perturbations are sufficiently small to justify a weakly nonlinear 
approach.

The perturbations we will consider here are waves with a harmonic time 
dependence, i.e. dt8u = —iuoöu. A solution of the linearised equation of motion

-uo8u = X^6u (4.44)

is called a normal mode or an eigenmode. This corresponds to a natural 
mode of oscillation of the system and it will be used as a starting point in the 
weakly nonlinear wave interaction approach. In the case of a homogeneous 
unperturbed solution uq we can solve (4.44) by assuming a harmonic dependence 
also in the spatial coordinates, i.e. dx8u = ikx6u and similarly for y and 
z. By doing this we obtain a relation between to and k, a dispersion relation, 
which describes the normal modes of the system. If u0 is inhomogeneous 
in, for example, the ^-coordinate, then the dispersion relation is replaced by 
an ordinary differential equation. In the case of a weak inhomogeneity this 
differential equation approximately corresponds to the dispersion relation valid 
in the homogeneous case.

The lowest order nonlinear resonant coupling is when three waves interact 
due to a quadratic term in the evolution equation and the three waves satisfy the 
resonance condition

tO a + LOf) + tOc — 0 (4.45)

where tOj are the frequencies of the waves. If (4.45) is not satisfied, the 
efficiency of the interaction process is reduced and thus less important (Weiland 
and Wilhelmsson (1977)). Sometimes one uses a convention where toa = tOb 4- toc 
but this is just a matter of definition and we will in the rest of this thesis use the 
convention (4.45) since it is written in a more symmetric form. In the cases where 
the waves are assumed to have a spatial harmonic dependence it is often assumed 
that in addition to (4.45) we have

ka + k6 + kc = 0 (4.46)

where kj = {kjX,kjy,kjz) and j = a, b, c.
Three-wave processes have been studied extensively and there are different 

procedures to obtain the equations describing the coupling of the three waves (e.g. 
Sjölund and Stenflo (1967), Weiland and Wilhelmsson (1977)). Here we assume 
that three linear modes of the adjoint system are present and that the background
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is stationary, i.e.
*4*0% = (4-47)

dtvc =0, X(u0) =0 (4.48)

where j = a,b,c and the linear modes satisfy the resonance condition (4.45). 
We also assume that the physical variables Uj are dynamically accessible, i.e. 
iij = JuCi‘ By using (4.47) and the consistency of the first order equations (4.38) 
we obtain that XuJuj = —iujjUj, which means that Uj is the physical normal 
mode to the linear system. Consider now the ansate

C

u - uo + Su = uq + [Aj (t)üje~%UJjt 4- compì.con j.] (4.49)
j=a

where Aj (t) are slowly varying complex amplitudes and uj = üj exp(—icjjt). By 
using (4.49) and the evolution equation

dt6u = X^JSu + ^ A'iy (Su. Su) (4.50)

the time evolution of the three coupled waves is governed by

dt Al —
,WaVAbAc
wa

(4.51)

dt Ä*b = WhVA 4
Tir

Ab
(4.52)

dtK = iUJcV A 4r
tit -rt-a-rt-bAc

(4.53)

where Wj = iujj (Ç*,Uj), V is the coupling coefficient and the star means 
complex conjugate. From the Hamiltonian structure it follows that V can be 
written (Larsson (1998a)) as

V = {Ca,X^ (ub,nc)) (4.54)

and that it is symmetric in the indices a, b and c.
By using a Hamiltonian formulation we have thus obtained a general 

symmetric expression for the coupling coefficient. It should be stressed that for 
the last forty years the derivation of the coupling coefficients has been a major 
problem since the calculations often involve long and tedious algebra. A review 
of the results from these calculations can be found in e.g. (Stenflo (1994)). The 
expression (4.54) constitutes an efficient starting point for such derivations.

The application of three-wave coupling in this thesis is mainly concerned with 
the interaction between waves in a sheared background flow (see figure 4.4). This 
type of background is nice to deal with since it corresponds to a nontrivial solution
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of the evolution equations, and it also has a structure that simplifies the explicit 
calculations considerably compared to many other solutions. Note that sheared 
flows are not a mathematical invention; they appear in nature, e.g. in jets in the 
atmosphere of the Earth or in the band structure in the atmosphere of Jupiter.
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Figure 4.4 Example of a sheared velocity field.

We have mentioned that coupled waves can transfer energy between each other, 
and it is thus appropriate to give a definition of what we mean by wave energy. We 
state that the energy of wave mode j (sometimes also denoted by quasi-energy 
or pseudo-energy) is defined by Wj \Aj\2. Since Wj can be both positive and 
negative we can, by this definition, have waves with positive energy but also 
waves with negative energy. The presence of a negative energy mode means 
that the system has less energy than it would have in the absence of the mode. 
The simultaneous existence of waves with positive and negative energy can be 
a source of instability, e.g. an explosive instability where the amplitudes of the 
waves increase to infinity in a finite time. In order to illustrate such an instability 
we note that the total wave energy in a three-wave interaction is conserved, i.e.

I (»', |.4„|2 + Wb \Ab\2 + wc |.4C|2) = 0 (4.55)

From (4.55) we now realise that the sign of Wj is important since if one of Wj 
differs in sign the squared amplitudes can grow simultaneously for all the three 
waves without violating conservation of total wave energy.

In (4.51)-(4.53) the coupling coefficient V is the same for all three equations 
and this property can be shown to correspond to a conservation law called the 
Manley-Rowe relation

1^114,1*. Si 1^1* = Si 1^1*
u>„dt' 1 (jJh dt 61 ct-v dt 1 (4.56)

This relation can also be written in the following suggestive form

dt
Ai — As) = — [A'2 — A3] = — [A3 — Ari] — 0 (4.57)



44 Chapter 4. Hamiltonian theory

where N, is the wave-action defined by

(4.58)

In the language of quantum mechanics the N{ can be interpreted as number of wave 
quanta, and the Manley-Rowe relation corresponds to conservation of quasiparticle 
numbers. A three wave interaction can thus be described in terms of creation and 
annihilation of quasiparticles.

4.8 Symmetries
In 1918 the German mathematician Emmy Noether (1882-1935) published 
scientific results describing the connection between continuous symmetries and 
conservation laws in a dynamical system. These results are summarised in what 
we nowadays refers to as Noether’s theorem, which usually is expressed in terms 
of the symmetries of a Lagrangian function and the invariance of Hamilton’s 
principle (see e.g. Lanczos (1970) and Goldstein (1980)). Since this thesis is 
mainly concerned with Hamiltonian dynamics it would be interesting to have a 
noncanonical version of Noether’s theorem. Such a formulation can be found 
in e.g. Sheperd (1990), where several important fluid dynamical examples 
are discussed. Another noncanonical version can be obtained by using the 
Hamiltonian-adjoint system discussed previously in section 4.5. Before we present 
this formulation of Noether’s theorem we begin by reviewing two important 
conservation laws, energy and Casimir conservation, and their corresponding 
symmetries.

The origin of these two conservation laws can be found in very fundamental 
parts of the noncanonical Hamiltonian theory. If a Hamiltonian system has a 
continuous symmetry, for example a translational symmetry, then there exists 
a corresponding conservation law (Larsson 1998b). In the case of energy the 
symmetry in question has its origin in the lack of explicit time dependence in 
the evolution equations, and the energy conservation thus corresponds to a time 
translation symmetry. The conservation of Casimirs has its root in the existence 
of nullvectors to the Hamiltonian operator Ju, i.e. the condition JUC'U — 0. This 
degeneracy of Ju is a result of a reduction method based on the transformation 
between Lagrangian variables to Eulerian variables and a symmetry called the 
relabelling symmetry (see section 4.4). The conservation of Casimirs is thus 
connected to the noninvertible property of the Ju operator, and is in other words 
noncanonical in its nature.

Let us now discuss how we in general find a conservation law using a 
continuous symmetry. It is appropriate to begin with a clarification of what we 
mean by a symmetry of a dynamical system. The right hand side of the evolution 
equation (4.9) can be viewed as a vector field in a function space. This vector field
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is pointing in the tangential direction of the flowlines, the lines traced out in the 
function space by the time evolution. A symmetry is another vector field such that 
if we go in the direction of it we just travel from one flowline to another one (see 
figure 4.5).

Figure 4.5 Symmetry field (arrows) andflowlines (solid ounces).

In order to make a more formal statement about the symmetry field we note 
that the evolution along the flowlines is determined by the equation dtu — X(u). 
We can in a similar way describe the displacement along the symmetry field by the 
equation d\u = S(u), where A is the parametrisation of the symmetry path and 
S(u) represents the symmetry field. This field take us from one flowline to another 
one, and starting at point A in figure 4.5 we should reach point C no matter if we 
travel along the path ABC or the path ADC. This path independency condition 
is equivalent to the statement

[X,S] («)= 0 (4.59)

where the bracket is defined by [A', S] (u) = S^X(u) — Xu^S(u).
A symmetry S(u) in the evolution equation dtu = X(u) can thus be defined 

as a vector field satisfying

[X5](n) = SWj(W)-41)%)=0

Another way to understand the condition [A', S’] = 0 is to compare the bracket 
with the Lie bracket [b, c]Lie = (b • V) c — (c • V) b where b and c are vectors. 
We note that the function space bracket can be written in the suggestive form

where the first term is the directional derivative (in a function space) on S(u) in 
the direction of A ( it ), i.e. it tells us how much the vector field S(u) changes in
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the direction of the vector field X(u), and the second term has a corresponding 
interpretation.

Using the symmetry definition above and the Hamilton-adjoint formulation we 
are now able to state the explicit connection between a symmetry S{u) and the 
corresponding conserved quantity. We write this connection in the following way

|<{,S(u)> = 0 (4.60)

where £ is the generator satisfying the evolution equation £ = —(the dot 
means time derivative).

The proof of (4.60) is presented below, and in order to show how we explicitly 
use the Hamilton-adjoint formulation we present all steps in the calculation

!«,.?(«.)} = (î,S(«)) + ({,S«ü)

= (k,S(u)) + {s,WX(u)) 

= (6..S») + (Ç,XWS(«)) 

= (ç,S(U)) + (a'Î1»6.S(m)'

= 0

The simplest choice of symmetry is to choose S(u) = X(u) which trivially 
satisfies the condition [X, S'] = 0. This symmetry corresponds to the conservation 
law

!«.a»> = 0

The interpretation of the quantity (£, X ( u j) can be found in the following way

<ç,a») = {t.JuK)

= -d.ii(u)

where we assumed no explicit £-dependence in H(u). The quantity (£,X(u)) 
is thus related to the energy of the system, which is exactly what we would 
have expected since X (u) is the time-translation symmetry field (remember that
dj a = X(u)).
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4.9 Stability of fluid flows
Imagine a large channel of water in which the water flows slowly in an ordered 
fashion. If we now throw a small stone into the water, what happens to the flow 
pattern, does it change dramatically or does it stay the same? This kind of question 
is what we try to answer when we consider the stability of a fluid flow. We 
will in this section consider this problem from a Hamiltonian point of view, but 
first we have to make a more precise definition about what we actually mean by 
stability. There is a couple of approaches we can use to say something about how 
our equations responds to perturbations and we now give a brief presentation of 
these methods.

4.9.1 Stability methods

We start by consider what is called spectral stability, which gives us a stability 
criteria in terms of the eigenvalues to the linearised evolution operator We 
say that the system is spectrally stable if all eigenvalues have no strictly positive 
real parts. For example, consider the case of a homogeneous background with 
perturbations that are harmonics and are written in the form exp(k • x—iuit) where 
the frequency may have both a real and an imaginary part. Substituting these 
harmonics into the linearised evolution equations we obtain a relation between the 
frequency and the wave number which gives us information about the imaginary 
part of the frequency. If the imaginary part of the frequency is larger than zero the 
flow admits exponentially growing waves and are thus unstable. This exponential 
growth is of course only possible during a short time since after a while we have 
to take account for the nonlinear terms which were neglected.

When we in general are talking about stability of a system we usually mean 
that the system should be robust in the sense that it stays close to the initial state 
even if we peturb it. At least one thinks that a very small perturbation should not 
grow and drastically change the initial state of the system. It can, however, be 
shown that in some cases a small perturbation of a spectrally stable system will 
grow and destroy the initial configuration completely (e.g. Holm et al. 1985). 
We can thus conclude that we need some additional stability tools that cover the 
situations where the spectral stability fails.

One such method is the linear stability approach, in which we make no 
assumption on the structure of the perturbations other than that we assume it to 
be small (in spectral stability we also assumed small perturbations). The dynamics 
is in this case assumed to be governed by the linearised evolution equations. The 
approach is to find a norm, a measure of distance, which can be used to define 
when a perturbation is close to the initial state. In finite dimensional systems 
all norms are equivalent and stability in one norm means stability in all. Infinite 
dimensional system may have many different norms. This means that the stability 
criteria depends on the measure of distance we choose to use, and a system can thus 
be linearly stable in the sense of one norm but unstable in the sense of another. The
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choice of norm depends in the end on what physics we consider to be relevant, a 
common choice is to use the energy as the measure.

A third stability concept is what is called formal stability>. We state that 
a stationary solution to a system is formally stable if we can find a conserved 
quantity that has a first variation that is zero and a second variation that is positive 
or negative definite. It can be shown that this second variation can be used as a 
norm in the dynamics of the linearised equations, and formal stability thus implies 
linear stability.

Finally we have what we call nonlinear stability. Here we again try to find a 
norm in which the evolution in time of a solution stays within a finite neighborhood 
of the initial solution. The time evolution is now governed by the full nonlinear 
equations. It can be shown that formal stability does not imply nonlinear stability, 
but it can however be used as part of the mathematical machinery that is necessary 
for proving nonlinear stability.

4.9.2 Dynamical accessible stability

In this thesis we focus on the formal stability concept only and are not dealing with 
nonlinear stability. In order to show formal stability we need a conserved quantity 
with a vanishing first variation and positive (or negative) definite second variation. 
Since we previously have shown that the Hamiltonian H is conserved it will be 
suitable as a candidate. The first variation is defined in terms of the inner product 
and the functional derivative

(4.61)

We now apply the concept of dynamical accessible variations, i.e. we use 
variations on the form 6u = Ju Ç. The first variation then becomes

6H{u) = - <Ç,A»> (4.62)

where we have used the antisymmetry property of Ju and the definition X(u) = 
JUH' (the prime is here a short notation for functional derivative). From (4.62) 
it is clear that the first variation of II around a stationary solution (X(u) = 0) 
is zero without any additional restrictions on the unperturbed solution. So far the 
Hamiltonian has shown to qualify as a candidate for showing formal stability, but 
we now have to show that the second variation is sign definite. In general this is the 
condition that puts restrictions on the unperturbed solution in order for the system 
to be stable. We obtain the second variation by the same procedure as above and 
the result is

S2H(u) = -<C,A„J„C} (4.63)

which we thus, according to the definition of formal stability, want to be definite 
in sign. As an example of the formal stability method we consider the shallow
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water equations (2.10) and (2.11) which can be used as a simple model of a thin 
atmosphere.

Example 6 The shallow water equations (2.10) and (2.11) have the Hamiltonian 
form

= Ji
where h(x. y.1) is the depth of the fluid, v(x, y, t) is the two dimensional velocity 
and f(y) is the Coriolis parameter. We assume the velocity and the depth to be of 
the form v = vo+^i and h = ho + h, where index zero and one correspond to the 
unperturbed respectively perturbed part. If we for simplicity> consider a sheared 
flow vo = uo(y)x with the depth profile ho = ho(y), then the second variation of 
the Hamiltonian H = f (| hv2 + \ijh2) dxdy becomes

(4.64)

where co = z • V x Vi is the vorticity> of to the perturbation, R = f coo is the 
unperturbed absolute vorticity, lj0 = z • V x Vo is the unperturbed vorticity and 
Cg = fgho is the speed ofgravity waves.

In order for the shallow water system to be formally stable the expression (4.64) 
must be positive or negative definite. By inspection we can see that the first term 
in (4.64) is positive since the unperturbed depth satisfy ho > 0. The second term 
can be made positive by choosing Vq < c2 , which means that we consider only 
unperturbed flows with a speed less than the speed of gravity waves. Finally we 
can make also the third term positive by further restricting us to flows satisfying

The two inequalities are sufficient criteria for the shallow water system to be 
formally stable. Note that the stability criteria do not involve any perturbed 
quantities (v, or hfl and the system is thus stable for all kinds of small 
perturbations.

4.9.3 Arnold’s first and second stability criteria

The stability criteria in the example above makes all terms in the second variation
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positive, and this implies then that the whole integral becomes positive. The 
requirement to have formal stability is, however, that the second variation should 
be definite. This means that if we could find a restriction on the unperturbed 
solution such that one sign definite term always dominates the other terms, then 
the second variation would be definite in sign and we have formal stability. Let us 
illustrate this by a second example, we consider the vorticity equation (2.9).

Example 7 A stationary solution u)q to the vorticity equation (2.9) is defined by 
the relation [cjo + /. ç’oJ = 0 which has the solution p0 = F(ujo + /) for an 
arbitrary function F. The second variation of the Hamiltonian can now be written 
as

jv|2 + F'(u)o + f) \uj dxdy (4.66)

where v = z x Vr is the perturbed fluid velocity, u) = is vorticity
perturbation and ip(x, y. t) is the perturbed streamfunction.

The most obvious way to get the second variation above definite is to restrict 
us to unperturbed flows satisfying F fu; o + /) > 0. This is analogous to the case 
of shallow water, i.e. all terms are positive, and corresponds to what is called 
Arnold’s first stability criterium. It can, however, be shown that in the case where 
FfuJo +/) < Owe still can find criteria for which the whole second variation are 
definite. In order to find such a criteria we use the eigenfunctions and eigenvalues 
of the operator —V2, i.e. we consider the eigenvalue problem

~ Xi — ^iXi (4.67)

where X; are the eigenfunctions and A, > 0 are their corresponding eigenvalues. 
If we consider flows for which F' (cjo 4- / ) < 0 and | Ffin | > Aq 1 where Ao is the 
smallest eigenvalue, then the second term in (4.66) will dominate and the whole 
integral becomes negative definite. This situation is typical in the case of localised 
vortices, and is an example of Arnold’s second stability criteria. The solution to 
the eigenvalue problem depend on which domain we are using, and it is thus clear 
that the second stability criteria is domain dependent since it is based on the size 
of the smallest eigenvalue.
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Summary of papers

Included in this thesis are the following publications

I Larsson J. and Wiklund K., A Hamiltonian derivation of interaction equations
for Rossby waves, Phys. Scripta, T82, 71-73, 1999

II Wiklund, K., Wave interactions in a shallow-water model, Nonlin. Proc. in
Geophysics, 5, 137-144, 1998

III Wiklund K., Shukla P.K. and Stenflo L., Mode coupling and stability of mod
ified convective cells in a nonuniform dusty magnetoplasma, Phys. Lett. A, 
279,239-242,2001

IV Wiklund K. and Kaufman A.N., Hermitian structure for linear internal waves
in sheared flow, Phys. Lett. A, 279, 67-69, 2001

V Shukla, P.K., Stenflo, L. and Wiklund, K., Excitation of zonal flows by electron
convective cells in a nonuniform dusty magnetoplasma, Phys. Lett. A, 283, 
371-375,2001

VI Wiklund K., Hamiltonian methods applied to a family of vorticity equations,
to be submitted for pubi.

5.1 Paperi
In the first paper we consider a two-dimensional incompressible fluid in a channel. 
In a rotating system, for example the Earth, the equations of motion will contain 
a term corresponding to the Coriolis acceleration. The Coriolis term might have 
a coordinate dependency, on the Earth, for example, it depends on latitude. One
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effect of this coordinate dependency is the existence of Rossby waves, which are 
transverse waves with wavelengths that can be larger than 1000 km and have 
periods of about a day or more. These Rossby waves are important in, e.g., the 
energy transfer between the fronts in weather systems like cyclones (Beer (1974)) 
and are thus of fundamental importance in meteorology.

The main purpose of paper I is to consider a Hamiltonian formulation in the 
presence of shear flow and boundaries. We consider the coupling between three 
Rossby waves and derive an explicit expression for the coupling coefficient. The 
result is then compared with the coefficient obtained by another method. The 
common Hamiltonian formulation is to rewrite the system in terms of the vorticity 
(the curl of the velocity field). This approach will fail or require more sophisticated 
mathematics for most types of boundaries except in the case of an unbounded fluid 
with vanishing fields towards infinity. The problem is that the functional derivative 
with respect to the vorticity is not well defined due to non-vanishing boundary 
terms. In the approach used in this paper, we rewrite the fluid equations in terms 
of a variable (a streamfunction) which is constant on all the boundaries. As a result 
the functional derivative with respect to the streamfunction is well defined. From 
general Hamiltonian theory we obtain a symmetric coupling coefficient which is 
compared with that of Vanneste and Vial (1995).

5.2 Paper II
In paper 13 we consider the shallow-water system which is a simple model often 
used in meteorology and geophysical research as a test model for theoretical ideas. 
For example, the equations can be reduced to the Chamey-equation which has 
extensively been considered in studies of two-dimensional turbulence (e.g. Nezlin 
(1995) and Horton and Ichikawa (1996)). This model admits not only Rossby 
waves but also waves corresponding to a perturbation of the surface level, so called 
gravity waves.

In the present paper the shallow-water system is written in a noncanonical 
Hamiltonian form which allows us to interpret the variables in several ways, 
depending on what kind of physical system we want to study. The system 
can represent the ordinary shallow water equations, but with an alternative 
interpretation of the variables it can also represent a simple plasma system. A 
general expression for the coupling coefficient is derived, and in the case of a 
shallow water system the importance of the background shear is pointed out. The 
stability analysis of the system is due to a variant of the Arnold method, and the 
conserved quantity of interest is written in a form where conditions for positive 
definiteness (and thus formal stability) is obvious.
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5.3 Paper III
We consider here a multi-component dusty magnetoplasma whose constituents 
are electrons, ions and charged dust grains. It has been shown (Shukla and Varma 
(1993)) that the presence of the dust grains means that a new plasma mode with 
a frequency low compared to the ion gyrofrequency can exist. We generalise 
the nonlinear equations governing the Shukla-Varma mode by introducing a 
coupling to an additional equation describing the dynamics of the parallel current 
carried by the electrons. The resulting evolution equations thus describe a 
dissipationless nonuniform low-frequency dusty plasma where the perpendicular 
(to the magnetic field) dynamic is governed by an ion vorticity equation which 
is coupled to the parallel electron current equation. Within the framework of a 
Hamiltonian formalism, mode coupling and stability of nonlinearly interacting 
modified convective cells are studied. We present an expression for the coupling 
coefficient, i.e. the strength of the coupling, and give a stability criterium for 
stationary solutions.

5.4 Paper IV
The Hamiltonian-adjoint formalism presented in this thesis implies a hermitian 
structure of the linearised Hamiltonian evolution equation. This hermitian 
structure can be shown to correspond to a variational principle, which can be 
useful in approximative methods like the trial function approach. This method has 
been used in, for example, problems concerning linear mode conversion, i.e. the 
description of energy transfer between linearly coupled waves. Such a conversion 
may be possible in systems with inhomogeneous backgrounds, and it is due to a 
tuning of the resonance conditions caused by the inhomogeneity. Motivated by the 
problem of linear mode conversion between waveguides in the ocean, i.e. localised 
regions trapping internal gravity waves, we construct a variational principle based 
on the Hamilton-adjoint formalism.

5.5 Paper V
As in paper III we here consider a nonuniform dusty magnetoplasma consisting 
of electrons, ions and charged dust grains. In paper V, however, we are interested 
in the nonlinear coupling between electron and dust convective cells (in paper 
III we studied only dust convective cells). For this purpose we start with a two 
fluid formulation and derive a pair of coupled equations describing the nonlinear 
coupling, where one equation governs the electron convective cell and the other 
the dust cell. Using these equations we find a nonlinear dispersion relation, from 
which explicit expressions for the growth rates of the electron convective cell 
driven zonal flows are obtained.
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5.6 Paper VI
This paper concerns an extension of the Hamiltonian system discussed in paper 
I. A family of equations related to the vorticity equation are shown to admit 
a Hamiltonian structure. For example, one important equation that belongs to 
this family is the Hasegawa-Mima equation which is a vorticity-like governing 
equation for the ions in a nonuniform two-dimensional plasma. The Hamiltonian 
structure of the family of equations is exploited in two applications. First we 
consider the stability of a stationaiy solution to the evolution equation. We 
derive an explicit criterium for the solution to be stable in the sense of Arnold’s 
first and second case, and as an example we consider the stability of a vortex 
street solution. As a second application we then study a nonlinear three-wave 
interaction in the presence of a vortex street. The equations discussed in this paper 
include the vorticity equation, the Hasegawa-Mima equation, the Chamey equation 
and a Hasegawa-Mima equation extended by an extra nonlinear term. All these 
equations contain nonlinear vortex solutions and are thus important as workbench 
models in, for example, turbulence theory.
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