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Abstract 

Probability, related calculations and its interpretations are sometimes hard for people to grasp. This may be due 
to unreasonable or counterintuitive situations that they find in them. Here I take few probability and statistical 
paradoxes and discuss how people sometimes find them unreasonable, counterintuitive, etc.  Often the problems 
and confusions are solved when the probabilities are interpreted correctly.  

 

Introduction 

One thing that many of us get sometimes wrong is probability. It is said that the probability is hard because 
sometimes people find unreasonable or counterintuitive answers in probability related problems. However, the 
theory of the probability along with statistics is very important for us to learn about most of the patterns found in 
our environment. Science is benefited much from the probability and statistics, as they say, “the correct use of 
statistics is not just good for science but essential.” So, it is important for us to understand why probability 
calculations on real world contexts sometimes go wrong, especially when the people think in wrong directions. 
Here, I go through few examples where people sometimes go wrong or think strangely or at least find 
probability-based calculations counterintuitive. These examples show how people grasp certain situations when 
they need to do inferences on them. First, I discuss the famous Simpson’s paradox which is regarded as an 
indecisive situation by many. Then I discuss another case of confusion called Monty Hall problem. And finally, I 
give some comments on so-called Allais paradox. These examples show that human mind is not a probabilistic 
machine and often is ignorant about the mathematical structure of the problem or the context.  

 

Probability Paradox and Problems 

One famous situation is so-called Simpson’s paradox (Wijayatunga 2014 and references therein) that is an 
indecisive situation for many. Here is one example of it. For headache, a doctor found that a certain medicine 
was used by the people. He observed that when it was taken by 10 males 7 of them got cured (70% of success) 
whereas for 30 females only 9 of them got cured (30% success). And, of 30 males who did not take it 18 got 
cured (60% of success) whereas, of 10 females who did not take it, only 2 got cured (20% of success). So, the 
doctor noticed that the medicine was good headache for both males and females separately. However, when he 
looked at them without taking their gender into consideration the success rate for those who took the medicine 
was 40% (16 out of 40) and that of non-takers was 50% (20 out of 40). So, now he had to conclude that the 
medicine was not effective for the headache for the people. Therefore, he was puzzled!  

Why was he confused? When the rates are mentioned as percentages or fractions, people often believe that 
average of such figures is always larger than that of others when former figures are larger (in this case 70% and 
30%) than their respective counterparts of the latter (in this case 60% and 20%). What people miss here is that 
the average is a weighted one that is determined by the counts that give rise to those percentages/fractions. In 
this case, weighted average of 70% and 30% is 40% and that of 60% and 20% is 50% where two weight-sets are 
different. That is, the larger pair (former two) has a smaller weighted average than that of the smaller pair (latter 
two). Since percentages or fraction are standardized figures, people tend to believe that their “aggregations” that 
correspond to respective pooled groups should always follow the pattern of their component groups. For groups, 54



when standardized figures (percentages/fractions) are assigned, information of the group sizes are lost in 
people’s mind when they try to assign aggregated standardized figures to the pooled groups.  

In fact, the reason of having the weighted averages in this way here is that the males tend not to take the 
medicine whereas the females tend to take it for headache even though generally the males have higher curing 
rate than that of the females. So, sex is a confounding factor in the causal relationship of taking the medicine and 
getting cured. Therefore, the inference that, for people the medicine is not effective for headache, that is a causal 
query is a confounded one. The correct inference is the sex-wise one, if sex is the only confounding factor. This 
is due to the fact that the causal relationship between sex and taking the medicine in the forward direction.   

As mentioned in Robert 2016, people think that getting all heads or all tails (consecutively five times) is less 
likely than getting, for instance, tails-tails-heads-tails-heads (if you toss a fair coin consecutively 5 times)! Why 
do people think so, even if these events have equal probabilities that are obtained under the assumption of 
independence of tosses of a fair coin? Does the human mind use some other information apart from 
independence of outcomes of tosses of a fair coin in this case? The author of the above reference says that 
human mind is wrong based on the independence assumption. However, if it is a fair coin, it is more likely to 
give outcomes that show its fairness every instance it is being tossed for certain number of times, say, five times 
in this case. So, with five tosses it is more likely that heads and tails are shown together rather than either just 
heads or tails. But it is only when order of outcomes is ignored. Human mind is mindful a mixture of heads and 
tails when a fair coin is tossed, therefore it is quick to decide as above. However, it is not mindful about the order 
of the outcomes that is of interest here, i.e., when the order of outcomes is considered any distinct sequence of 
outcomes of same length has same chance of happening. Note that there are only two things here; primarily 
independence tosses of a fair coin and secondly, the order of the outcomes is important. However, when deciding 
the chance/probability the first assumption overshadows the second in the human mind, thus decided wrongly. 

In the same article mentioned above, it is discussed so-called Monty Hall problem (or paradox) that is said to 
fool even trained minds. Suppose you are on a game show. And you are given choice of three doors to select 
one, where behind one of the doors there is a car and behind the other two there are two goats, one goat each. 
You select one of the three doors (say, Door  1). The game host then reveals one non-selected door (say, Door 3) 
which does not contain the car. At this point, you choose whether to stick with your original choice (i.e. Door 1), 
or switch to the remaining door (i.e. Door 2). What are the probabilities that you will win the car if you stick, 
versus if you switch?  Most people believe, upon first hearing this problem, that the car is equally likely to be 
behind either of the two unopened doors, so the probability of winning is 1/2 regardless of whether you stick or 
switch. However, in fact the probabilities of winning are 1/3 if you stick, and 2/3 if you switch. 

So, the confusion is between 1/2 and 2/3. Now, let us see how these two numbers come. Let C denotes the event 
of selection of the door that has the car, G1 and G2 denote the selections of the doors that have the goat 1 and the 
goat 2, respectively, and S denotes the event of switching (S' denotes sticking). Let the ordered sequence CG1 
denotes the event of selection of the door with the car first and then the door with the goat 1, and so on. Then, 
when switching is done, the probability of selecting the door with the goat 1 first, and then selecting the door 
with the car is P(G1C|S)=P(G1|S)P(C|G1,S)=P(G1)P(C|G1,S)=(1/3)(1)=1/3.  

And similarly, we have the other probability P(G2C|S)=P(G2|S)P(C|G2,S)=P(G2)P(C|G2,S)=(1/3)(1)=1/3. 

Therefore, the probability of winning the car, if switch, is P(C|S)=P(G1C|S)+P(G2C|S)=2/3.  

And simply, if stick, selecting the car is P(C|S')=1/3.  

Now, if switching is done randomly that is implicitly assumed here, i.e., P(S)=P(S')=1/2, then we get the 
probability of winning the car on average is P(C)=P(S)P(C|S)+P(S')P(C|S')=(1/2)(2/3)+(1/2)(1/3)=1/2, i.e., the 
probability of finding the car is 1/2, on average (switched or not).  But as we have seen, the probability is 2/3 if 
you switch and 1/3 if you do not switch. Note that the two probabilities, 1/2 and 2/3 refer two different events. 
The confusion comes up when these two well-defined probabilities are interpreted as if they mean the same! The 
value 1/2 corresponds to an unconditional event of winning the car (i.e., C) on average (switching or sticking) 
and the value 2/3 corresponds to a conditional event of winning the car if switch (i.e., C|S). Similarly, 1/3 

55



corresponds to a conditional event of winning the car if stick (i.e., C|S'). So, Monty Hall problem is on 
identifying what those probabilities mean.  

Saenen et al. (2018) present a systematic review of literature on the problem published between January 2000 
and February 2018 addressing why humans systematically fail to react optimally to the problem or fail to 
understand it. Similar research appears elsewhere. But to my best of knowledge none of the articles claim that 
the problem the human mind has is differentiating between the conditional event and the marginal event, that is 
shown above. Note that the first step of mathematical way to solve the problem that human mind faces is to find 
interpretations to two answers 1/2 and 2/3 (alternatively, 1/2 and 1/3). And also, it is important to note that, the 
value 1/2 is obtained as the average probability of winning the car due to the fact that switching is done 
randomly and two distinct probabilities of winning the car if switch (2/3) and if stick (1/3) sum up to 1, that is 
not happening necessarily in many other similar contexts.  

Another context of confusion is with decision-making under uncertainty that is not unfamiliar to humans in their 
everyday life activities. But some of the well-formulated decision-making theories are contradicted by human, 
for e.g. so-called the principle of maximum expected utility (Neumann and Morgenstern 1953). The principle 
says that a decision maker chooses between risky or uncertain prospects according to their expected utility 
values where the expected utility value of an uncertain prospect is defined as the weighted sum of utility values 
of all possible outcomes of it such that the weights are their respective probability values. As an example, and of 
course a counter example, consider the so-called Allais paradox (Belavkin, 2006); suppose you have two 
lotteries L and M where L is such that you can win $3000 with probability of 1/3 or win nothing with probability 
2/3 and M is such that you have a sure win of $1000. And for simplicity assume that the utility value is the same 
as the winning amount. Then they both have same expected utility of $1000, so, no lottery should be preferred 
over the other according to the principle.   However most of the subjects prefer to play the lottery M. Why do 
people mostly violate the principle? Perhaps, they look for events with maximum probabilities when it comes to 
wins and do not care about expected gain since they play the game only once. They ignore the fact that in the 
long run both lotteries are expected to give the same winning amounts.  

And now, instead of winning money if you have losses (but same amounts), then most of the people will like to 
play the game L. In this case, similar to the other game, people look for events with smaller probabilities when it 
comes to losses for them. And people have this selection when they think that they play the game once but not a 
long sequence to times.  

Above game is somewhat extreme, therefore let us replace the lottery M as follows. Now the lottery M is such 
that you win $5000 with probability 1/5 and win nothing with probability 4/5. Again, both M and L have same 
expected utilities and it is interesting to find which is preferred by the people. Given both have same expected 
utilities, people may prefer to play the lottery L over the lottery M due to its larger probability of a win! 
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