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Abstract

This thesis is carried out within two projects ‘Statistical modelling and intelligent
data sampling in Magnetic resonance imaging (MRI) and positron-emission to-
mography (PET) measurements for cancer therapy assessment’ and ‘WindCoE -
Nordic Wind Energy Center’ during my PhD study. It mainly focuses on appli-
cations of Bayesian hierarchical models (BHMs) and theoretical developments of
compressive sensing (CS). Under the first project, Paper I improves the quantity
estimation of MRI parametric imaging by utilizing inherent dependent structure in
the image through BHMs; Paper III constructs a theoretically unbiased and asymp-
totically normal estimator of sparsity of a sparsified MR image by using a BHM;
Paper IV extends block sparsity estimation from real-valued signal recovery to
complex-valued signal recovery. It also demonstrates the importance of accurately
estimating the block sparsity through a sensitivity analysis; Paper V proposes a
new measure, i.e. q-ratio block constrained minimal singular value, of measure-
ment matrix for block sparse signal recovery. An algorithm for computing this
new measure is also presented. In the second project, Paper II estimates the uncer-
tainty of Weather Research and Forecasting (WRF) model’s daily-mean 2-meter
temperature in a cold region by using a BHM. It is a computationally cheaper and
faster alternative to traditional ensemble approach. In summary, this thesis makes
significant contributions in improving and optimizing the estimation procedures
of parameters of interest in MRI and WRF in practice, and developing the novel
estimators and measure under the framework of CS in theory.

Keywords: Magnetic resonance imaging; Bayesian hierarchical models; Weather
Research and Forecasting; Compressive sensing; Block sparsity; Multivariate
isotropic symmetric α-stable distribution; q-ratio block constrained minimal
singular value
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1
Introduction

Two projects ‘Statistical modelling and intelligent data sampling in Magnetic reso-
nance imaging (MRI) and positron-emission tomography (PET) measurements for
cancer therapy assessment’ and ‘WindCoE - Nordic Wind Energy Center’ consti-
tute this thesis work. In the first project, one of the main goals is to develop new
statistical and computational methodology for intelligent data sampling and conduct
uncertainty analysis of MRI. The purpose of the second project is to obtain better
understanding of wind energy in cold climate, which is closely linked with weather
conditions. Thus, at the early stage of the research, the performance of climate
model outputs (i.e. Weather Research and Forecasting (WRF) model’s daily-mean
2-meter temperature in the thesis) in cold region is investigated. Due to their exten-
sive applications of both MRI and WRF in research and practice, it is necessary to
understand and investigate deeply about how they work internally so that the qual-
ity of the outputs from MRI and WRF can be improved and their working processes
can be optimized. The main application areas of MRI and WRF, and the background
and aim of each of the five papers in the thesis are described as follows by projects.

Project I

MRI is an imaging tool for creating detailed images of the human body. It is well-
suited to image soft tissues and to delineate tumor and healthy tissues. Because of
the use of radio waves in MRI, high-resolution images of organs or any area of the
body can be produced without using x-rays, by far MRI does not present any known
health risk to patients. So it is commonly used to study brain function and cancer
growth, and some examples in which MRI is mainly used are listed as follows:
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• Anomalies of the brain and spinal cord;

• Tumors, cysts, and other anomalies in various parts of the body;

• Breast cancer screening for women who face a high risk of breast cancer;

• Injuries or abnormalities of the joints, such as the back and knee;

• Certain types of heart problems;

• Diseases of the liver and other abdominal organs;

• The evaluation of pelvic pain in women, with causes including fibroids and
endometriosis;

• Suspected uterine anomalies in women undergoing evaluation for infertility.

The backgrounds and aims of the four papers under the project are described in the
following part.

Dynamic contrast enhanced MRI is an approach to estimate physiology param-
eters such as blood flow, vessel density, capillary endothelial permeability, and ex-
travascular extracellular space volume via uptake and washout of a exogenous con-
trast agent (CA) that can be monitored in certain tissues, e.g tumors. These parame-
ters are useful for characterizing e.g. tumor angiogenesis (Verma et al., 2012), per-
forming target delineation and evaluating treatment response in radiotherapy (Cao,
2011). A crucial step for the successful parameter estimation is the accurate deter-
mination of the CA concentration. Since both phase and magnitude of a MR image
are influenced by the CA concentration, Brynolfsson et al. (2014) combined magni-
tude and phase information to estimate CA concentration in all types of tissues by
assuming that all voxels were independent. Such assumption is a bit strict and not
reasonable in practice, since all voxels among tissues are somehow related. Based
on that, Paper I aims to improve the accuracy of the estimation by using inherent
spatial dependence among tissues.

Paper III – V mainly focus on theoretical developments in CS in order to re-
construct sparse signals (images) from significantly fewer measurements in general.
Under the circumstance of MRI, one motivation of application of CS to MR images
is to further reduce scan time, which benefits patients by reducing exposure time
to the scanning instrument. There are many algorithms can be used to recover an
unknown sparse signal (Foucart and Rauhut, 2013, chapter 3). However, quite a lot
of the algorithms need sparsity of the signal as an input. Besides, in theory the min-
imal requirement on the number of measurements for a reliable recovery depends
also on the sparsity level (Candes and Wakin, 2008). Since the sparsity is commonly
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unknown in practice, one difficulty to recover a sparse signal consists in estimating
the sparsity. To apply CS, one prerequisite is that it needs a sparsified MR image
that can be obtained through an appropriate transform method such as wavelet trans-
form. Another is to acquire the sparsity of the sparsified MR image. However, there
is little work concerning the sparsity estimation in MRI field. To fill the blank, Paper
III proposed a novel sparsity estimator of sparsified MR image via a Bayesian hi-
erarchical model (BHM) by incorporating the inherent dependence structure among
pixels, so that the estimated sparsity could be directly used for reconstructing future
MR images under the framework of CS if the images are believed to have the same
sparsity level after sparsification, for example, but not limited to, two scans of one
person’s brain within a short time interval.

Further more, besides the simple sparsity concerned in Paper III, Papers IV and
V deeply investigated block sparse signals. Analogous to the role of sparsity in
simple sparse signals, the block sparsity of block sparse signal plays a similarly im-
portant role both in the recovery algorithms and in determining the minimal required
measurements number. It has been shown that using block information in CS can
lead to a better signal recovery (Zamani et al., 2016). There are existing inference
procedures of (block) sparsity in Zhou and Yu (2017) and Lopes (2016) that are
valid for real-valued signals. However, many signals are complex-valued in digital
signal processing applications (Graff and Sidky, 2015; Grami, 2016; Potter et al.,
2010). Thus, extending the current inference procedures to that for complex-valued
signals becomes the main purpose of Paper IV.

Paper V focuses on the development of a new measure of measurement matrix
for block sparse signal recovery. In literature, there are some well investigated mea-
sures of measurement matrices for simple sparse signal recovery. For instance, if
a measurement matrix satisfies the null space property (NSP) or restricted isome-
try property (RIP), a desired recovery can be achieved (Foucart and Rauhut, 2013,
Chapter 4 and 6). However, it is computationally difficult to verify NSP and com-
pute the restricted isometry constant (RIC) (Bandeira et al., 2013; Tillmann and
Pfetsch, 2014). To overcome the drawback, a new measure called `1-constrained
minimal singular value (CMSV) for the measurement matrix has been developed in
Tang and Nehorai (2011, 2015). With this measure, the authors obtained `2 and `∞
recovery error bounds. Afterwards, Zhou and Yu (2019) generalized the measure to
another new measure called q-ratio CMSV, through which the authors established
both `q and `1 bounds of recovery errors with q ∈ (1,∞]. Analogue to the simple
sparse signal revocery, there are block NSP and block RIP to characterize the mea-
surement matrix in order to guarantee a successful recovery for block sparse signal
(Gao and Ma, 2017). Nevertheless, they are still computationally hard to be veri-
fied for an arbitrarily chosen matrix. Tang and Nehorai (2016) proposed a measure
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based on the CMSV for block sparse signal recovery and derived the mixed `2/`∞
and `2 norms bounds of recovery errors. Based on that, Paper V aims to generalize
the error bounds in Tang and Nehorai (2016) to a more general case for block sparse
signal recovery. Specifically, Paper V extended the q-ratio CMSV in Zhou and Yu
(2019) to q-ratio block CMSV (BCMSV) for block sparse signals and generalized
the error bounds from the mixed `2/`∞ and `2 norms in Tang and Nehorai (2016) to
the mixed `2/`q with q ∈ (1,∞] and mixed `2/`1 norms.

Project II

WRF is a mesoscale numerical weather system designed for both meteorological
research and numerical weather prediction needs. The model serves a wide range of
meteorological applications across scales from meters to thousands of kilometers. It
can produce simulations based on actual atmospheric conditions or idealized condi-
tions, and the simulated meteorological profile reflects either real data or ideal data
of the atmospheric condition, thus it is used extensively for research and real-time
forecasting in the fields of following main aspects:

• Idealized simulations (e.g., convection, large eddy simulations, baroclinic
waves);

• Parameterization research;

• Regional climate research;

• Data assimilation research;

• Forecast and hurricane research;

• Real-time national weather prediction.

Paper II was carried out under the second project. It aims to estimate the un-
certainty of weather model predictions, which is a critical issue that has become
increasingly relevant in the last decades with the use of more complex and sophisti-
cated numerical models. The uncertainty of simulated weather and climate variables
has been largely discussed in a significant number of published works. It is inherent
to the chaotic nature of the non-linear equations solved in weather and climate mod-
els (Slingo and Palmer, 2011) and has important implications for short-term weather
forecasts (Fox and Wikle, 2005), future climate change studies (Salazar et al., 2016;
Overland et al., 2016), ocean (Bitner-Gregersen et al., 2014) and chemistry (Malm-
berg et al., 2008) research and inter-model comparison (Wang et al., 2016). The
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traditional way to estimate the uncertainty of a model variable is to perform an en-
semble of experiments in which the model configuration are varied. These ensemble
methods are not only time consuming but also highly computationally demanding,
therefore slowing down the progression into higher spatial resolutions needed for a
more realistic simulation of the atmospheric conditions (Prein et al., 2015). Hence,
there is a need to develop an efficient way of estimating the uncertainty of model
predictions that utilizes less amount of computational resources, which is the anchor
point of Paper II.

Structure of the thesis

This thesis is organized as follows. The BHM models and its inference procedure
are described in Chapter 2. Chapter 3 presents the main theoretical developments
of block sparse signal recovery in CS. Finally, all the key results of the appended
papers are summarized in Chapter 4, and conclusions are drawn in Chapter 5.



2
Bayesian hierarchical model

This chapter presents basic concepts and brief overviews of the BHMs used in the
thesis. BHM is a statistical model consisting of multiple layers, commonly three
layers in the model. The first layer is data model used to model observed data, the
second layer is process model used to model the unknown parameters of interest
in data model, and the last one is hyperparameter model used to model unknown
hyperparameters. There are two main categories of spatial data involved in the the-
sis, i.e. lattice data and geostatistical data. And we restrict the process model to
Gaussian Markov random field (GMRF).

2.1 Gaussian Markov random field

A GMRF is a Gaussian random field with Markov property. More specifically, a
Gaussian random field is a random vector following a multivariate normal distri-
bution in general. Markov property refers to the Gaussian random field satisfying
additional conditional dependence structure, which is also the fundamental structure
in BHMs.

To have a better understand the structure of a GMRF, we introduce some nota-
tions first. Vectors are typeset in bold lowercase letters, and matrices are denoted by
bold uppercase letters. xT denotes the transpose of a column vector x. xi denotes
the ith element of vector x, Ai j denotes the element in the ith row and jth column
of matrix A. Assuming a set S ⊂ I = {1,2, · · · ,n}, we define xS = {xi : i ∈ S}
and x−S = {xi : i ∈ I \ S}. f (·) is a generic notation for density function. We use
x⊥ y|z if and only if f (x,y|z) = f (x|z) f (y|z). We use undirected graph to represent
the conditional dependence structure in a GMRF.

6



2.1. Gaussian Markov random field 7

Fig. 2.1.1. Example graph on a regular lattice region: (a) a partially connected
random field, (b) a number of realizations y from random field (a)

An undirected graph G = (V ,E ), where V is the set of nodes in the graph,
and E is the set of edges {i, j}, where i, j ∈ V and i , j. If {i, j} ∈ E , there is
an undirected edge from node i to node j, otherwise, there is no edge between i
and j. The neighbors of node i are all nodes in V having an edge to node i, i.e.
nei(i) = { j ∈ V : {i, j} ∈ E }. In Figure 2.1.1 (a), it is an example graph of a random
field with 20 nodes and partial connections, e.g. x1 and x2 are neighbors to each
other, but x1 and x3 are not.

It is worthy noticing that there is a nice relationship between the graph and
the precision matrix of a GMRF linked by the conditional dependence structure.
Specifically, if there is no edge between nodes i and j, it implies that xi ⊥ x j|x−i j

and Pi j = 0 of the precision matrix P, conversely, a non-zero Pi j indicates there
is an edge between the two nodes and they are conditional dependent. Therefore
it is straightforward to represent a GMRF on a graph to reflect the neighborhood
structure and the precision matrix. It provides a simple way of interpreting and
understanding a GMRF through the graph. We summarize the relationship in the
following remark:

Remark 2.1.1. Let x be a GMRF with precision matrix P. Then for i , j,xi ⊥
x j|x−i j ⇐⇒ Pi j = 0 and there is no edge between nodes i and j in the graph repre-
sentation G .

It simply says that the zero and non-zero pattern of P determines the graph
G , so we can read off from P whether xi and x j are conditionally dependent or
independent. Now we can give a formal definition of a GMRF as follows:
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Definition 1 (Definition of GMRF). A random vector x= (x1, · · · ,xn)∈Rn is called
a GMRF with respect to a graph G = (V ,E ) with mean µ and precision matrix P, if
and only if its density has the form f (x) = (2π)−n/2|P|1/2 exp

(
−1/2(x−µ)T P(x−

µ)
)

and Pi j , 0 ⇐⇒ {i, j} ∈ E ∀i , j.

Remark 2.1.2. If P is a completely dense matrix then G is fully connected. This
implies that any multivariate normal distribution is a GMRF. But we focus only on
the case when P is sparse, as it has nice properties that are useful in computation.

Based on the type of GMRFs, it is common to divide them into two classes, i.e.
discrete GMRFs and continuous GMRFs. Discrete GMRFs are often used to model
lattice data (e.g. images). In the contrast, continuous GMRFs emerge for geosta-
tistical data analysis where the processes vary continuously. In the following two
sections, we describe some commonly used models for the two classes, respectively.

2.1.1 Discrete GMRF

Besag model

Besag model is a popular model for discrete GMRF. It has the following form with
respect to a random vector x = (x1, · · · ,xn) ∈ Rn and a graph G = (V ,E ):

x∼N
(
0,σ2(D(I−ρW))−

)
(2.1.1)

where σ2 is a variance parameter, I is an identity matrix, D = diag(d1, ...,dn) is a
known diagonal matrix with di denoting the number of neighbors of node i, W is
the proximity matrix

Wi j =

{
1/di, {i, j} ∈ E

0, otherwise,

- represents generalized inverse, and ρ is a spatial dependence parameter. It can
be shown that it suffices to let ρ ∈ (1/minλi,1) to ensure the covariance matrix of
(2.1.1) to be symmetric positive definite, where λi, i = 1, ...,n, is eigenvalue of W
(Reber, 1999). However, since ρ = 1 for Besag model, the covariance matrix of
(2.1.1) exists only in terms of generalized inverse.

In terms of full conditionals, the model (2.1.1) can be expressed as

xi|xnei(i),σ ,ρ ∼N (
ρ
di

∑
{i, j}∈E

x j,
1
di

σ2), (2.1.2)
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The conditional mean is affected by its neighbors, and the conditional variance is
proportional to the variance parameter σ2. As ρ = 1, thus there is no proper joint
distribution from which (2.1.2) can be derived.

Remark 2.1.3. From the improper density (2.1.1), we can extract one property of
Besag model, i.e. the density of x is invariant to the addition of a constant to all
components of x. This could be an advantage when the level of x varies smoothly
or unknown (Rue and Held, 2005). However, a sum to zero constraint, ∑i xi = 0,
can be added to x to guarantee the identifiability of this random field (Assunção and
Krainski, 2009; Rue and Held, 2005).

Leroux model

Although being invariant to the addition of any constant is a very important prop-
erty, Besag model has some undesired properties, e.g. the covariance matrix is not
positive definite and it leads to a negative pairwise correlation for regions located
further apart (MacNab, 2010). A proper prior is introduced here which was pro-
posed by Leroux et al. (Leroux et al., 2000) and is the most appealing from both
theoretical and practical standpoints (Lee, 2011). The joint distribution of Leroux
model with respect to a random vector x ∈ Rn and a graph G = (V ,E ) is given by

x∼N
(

0,σ2 ((1−λ )I+λR)−1
)
, (2.1.3)

where R is the structure matrix for Besag model which equals to D(I−W), λ is a
spatial dependence parameter taking values within the interval of (0,1). As λ → 1−,
the model converges to Besag model and as λ → 0+, it converges to N (0,σ2I).

In terms of full conditionals, the model of (2.1.3) can be expressed as

xi|xnei(i),σ ,λ ∼N (
λ

1−λ +λdi
∑

{i, j}∈E
x j,

1
1−λ +λdi

σ2). (2.1.4)

2.1.2 Continuous GMRF

Beside the discrete random field, in practice, we also encounter problems on con-
tinuous fields, especially geographical related problems. This kind of problem more
often accompanies with a time dimension, e.g. climate changes or disease spreads
over a region and a time period. In this section, we treat the spatial field as con-
tinuous field and time as discrete field, and introduce a model to deal with such
problems. Without loss of generality, we consider the model with the first-order
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neighbour in time:

xsit = ρxsi(t−1)+φsit (2.1.5)

where si is the spatial index and the temporal index t = 2,3, ...,T . In (2.1.5), ρ char-
acterizes the temporal correlation between xsit and xsi(t−1), and φsit represents the
continuous spatial effect for time point t. Let |ρ|< 1 and xsi1 ∼ N(0,σ2

M/(1−ρ2)),
where σ2

M is the marginal variance of φsit , such that xsit is a weakly stationary pro-
cess in time. As shown in Lindgren et al. (2011), one can represent φsit , a contin-
uous indexed Gaussian field with Matérn covariance (Matérn (1960)), as a discrete
indexed Gaussian field with Matérn covariance defined in the triangulation over the
spatial domain (i.e. the domain is subdivided into spatial elements that have the
minimum number of boundary points; for a two-dimensional space the domain is
subdivided into triangles). Note that the larger the number of vertices in the trian-
gulation, the higher the accuracy of the GMRF representing it, which comes at an
increased computational cost. Blangiardo et al. (2013) illustrated how to configure
the triangulation in detail. φsit can be used to represent a discrete indexed GMRF
with zero mean and covariance defined by

Cov(φsit1 ,φs jt2) =

{
Matérn covariance, if t1 = t2
0, otherwise

(2.1.6)

for i , j.
Matérn covariance at time t is defined as

Cov(φsit ,φs jt) =
σ2

M

Γ(ν)×2ν−1 (κ‖si− s j‖2)
νKν(κ‖si− s j‖2) (2.1.7)

where Kν is the modified Bessel function of the second kind, Γ(·) is the Gamma
function, ν is a smoothness parameter, and κ is a range parameter. In (2.1.7),
‖si− s j‖2 represents the Euclidian (i.e. straight-line) distance between the sites si

and s j. Two important properties of a random field with Matérn covariance are (i) it
is stationary and isotropic (when the distance is Euclidean) and (ii) the covariance
decreases as the distance between two sites, si and s j, increases (note that Kν(·) very
rapidly approaches to zero with its increasing argument). The ratio

√
8ν/κ repre-

sents the distance at which the covariance is about 0.1 (Matérn, 1960). If two points
are spaced further apart than this distance, the corresponding random variables are
weakly correlated or uncorrelated.
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2.2 Data model and hyperparameter model

From the aforementioned GMRF, we can acquire a number of realizations y =
{y1,y2, . · · · ,yn} from the random field. Based on the property of the observations,
we can model them by different distributions. For instance, widely used normal
distribution y ∼ N (π(x),Σ) for continuous observations; Bernoulli distribution
y ∼ Ber(π(x)) if y ∈ [0,1]n, where π(·) is a one to one transform function and Σ
is a covariance matrix. A key assumption in the model is that all observations are
assumed to be conditionally independent given the random field, i.e. yi ⊥ y j|x, see
also Figure 2.1.1 (b).

For hyperparameter model, we should assign an appropriate prior distribution to
each of hyperparameters θ that exist in the data model and process model. However,
how to build the prior distribution (informative or non-informative approach) of a
hyperparameter is a challenging task in Bayesian analysis. It depends on whether
there is pre-existing information about the parameter being modelled. Both ap-
proaches have their strengths and weaknesses (Berger, 2006). In most of the cases,
people have limited knowledge on the hyperparameters. In such case, weakly infor-
mative prior is generally a good choice (Simpson et al., 2014). In this thesis, we use
non-informative prior for intercept and weakly informative priors for the others in a
model.

2.3 Computing a posterior distribution

The final goal is to obtain inference about the random field through the three layers
BHM. One can obtain the joint distribution and make inference on x and θ based on
y, f (x,θ|y) by using the Bayesian rule:

f (x,θ|y) ∝ f (y|x,θ) f (x|θ) f (θ) (2.3.1)

The posterior mean of the field E(x|y) and posterior mean of all hyperparame-
ters E(θ|y) are usually of great interest and can be derived from the joint posterior
distribution following (2.3.1). The INLA (Rue et al., 2009) package in the software
R is used to implement the BHM as described above. The code is freely available on-
line at http://www.r-inla.org/examples/tutorials/spde-tutorial. The
R code is quite straightforward, it codes the BHM model as presented above directly
into the R language. We describe briefly the inherent inference process as follows.

One of the main interest is to estimate the marginal posterior distributions of the
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GMRF

f (xi|y) =
∫

θ
f (xi|y,θ) f (θ|y)dθ, (2.3.2)

of which the integrand can be obtained using approximations as follows.

f̂ (θ|y) ∝
f (x,y,θ)
f̂G(x|y,θ)

|x=x∗(θ),

where the denominator f̂G(x|y,θ) denotes the Gaussian approximation to the full
conditional distribution of x, and x∗(θ) is the mode of the full conditional of x for
given θ. Gaussian approximation means the distribution of a variable is approxi-
mated by a normal distribution by matching the mode and the curvature at the mode
(Rue and Held, 2005).

The simplified Laplace approximation method is used to approximate the other
component of the integrand of (2.3.2) (Rue et al., 2009). This method is a trade off
between accuracy and computational time and is commonly used in practice. It is
also the default method in R-INLA. In order to perform a numerical integration of
(2.3.2), a number of good evaluation points θk of θ can be obtained by Newton like
algorithms (Rue et al., 2009). Finally, an approximation of the posterior marginal
density (2.3.2) is given by

f (xi|y) = ∑
k

f̂ (xi|y,θk) f̂ (θk|y)∆θk



3
Compressive sensing

CS initially emerged around the year 2006 (Donoho, 2006; Emmanuel et al., 2006).
The aim of CS is to recover an unknown sparse signal x ∈ RN from m noisy mea-
surements y ∈ Rm:

y = Ax+ε (3.0.1)

where A ∈ Rm×N is a measurement matrix with m� N, and ε ∈ Rm is additive
noise such that ‖ε‖2 ≤ ζ for some ζ ≥ 0. The noise free model of (3.0.1) can also
be illustrated in the figure below.

Fig. 3.0.1. Compressive sensing

13
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Ideally, recovery can be achieved through an optimization algorithm below:

min
z∈RN

‖z‖0 s.t. ‖y−Az‖2 ≤ ζ , (3.0.2)

where ‖z‖0 denotes the number of non-zero entries of the vector z. However, the
`0-minimization is a non-convex and NP hard optimization problem. Instead, a
convex relaxation optimization algorithm, also known as the Basis Pursuit (BP), can
reconstruct the unknown sparse signal efficiently:

min
z∈RN

‖z‖1 s.t. ‖y−Az‖2 ≤ ζ . (3.0.3)

It has been proven that if A satisfies the (stable/robust) NSP or its RIC is small
enough, (stable/robust) recovery can be achieved (Foucart and Rauhut, 2013, Chap-
ter 4 and 6). A matrix A is said to have the NSP of order k if

‖zS‖1 < ‖zSc‖1,∀z ∈ kerA\{0},S⊂ {1,2, · · · ,N}and |S| ≤ k,

and a matrix A is said to have the RIP with order k if

(1−δ )‖z‖2
2 ≤ ‖Az‖2

2 ≤ (1+δ )‖z‖2
2

for any k-sparse vector z. The smallest δ ≥ 0, δk, satisfying the inequalities is called
the kth RIC. However, it is computationally hard to verify the NSP and compute the
RIC for an arbitrarily chosen A (Bandeira et al., 2013; Tillmann and Pfetsch, 2014).

With a qualified measurement matrix, there are several specific algorithms to re-
cover x in (3.0.1), e.g. orthogonal matching pursuit (OMP), compressive sampling
matching pursuit (CoSaMP), iterative hard thresholding (IHT), and hard threshold-
ing pursuit (HTP) (Foucart and Rauhut, 2013, Chapter 3). Many of recovery algo-
rithms require the value of sparsity as an input, for example the CoSaMP algorithm
from Foucart and Rauhut (2013, Chapter 3) shown below:
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It has been shown through simulations in Paper IV that the performance of a
recovery algorithm is sensitive to the pre-specified sparsity, which has not been
involved in the existing literature, thus it is one of contributions of Paper IV in
CS. Besides, in theory the minimal requirement on the number of measurements
for a reliable recovery from y = Ax depends also on the sparsity level, e.g. m ≥
c‖x‖0 ln(N/‖x‖0) provided that A is a sub-gaussian random matrix, where c is a
constant (Candes and Wakin, 2008). However, ‖x‖0 is typically unknown in prac-
tice. Thus it would benefit the accurate recovery if one can

• develop a verifiable measure for measurement matrices;

• accurately estimate the sparsity of the signal beforehand.

In addition to the simple sparse structure, a signal x can also possess another
structure, i.e. blocks where the non-zero elements occur in clusters. It has been
shown that using block information in CS can lead to a better signal recovery (Za-
mani et al., 2016). A block signal x ∈ RN can be expressed as follows:

x = (x1, · · · ,xd1︸        ︷︷        ︸
xT [1]

,xd1+1, · · · ,xd1+d2︸                 ︷︷                 ︸
xT [2]

, · · · ,xN−dn+1, · · · ,xN︸                ︷︷                ︸
xT [n]

)T , (3.0.4)

where N = ∑n
j=1 d j, d j is the length of the jth block, and x[ j] is the jth block of x.

Without loss of generality, throughout this chapter we assume that d1 = d2 = · · · =
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dn = d, which implies that N = nd. If x is a block k-sparse signal, the mixed `2/`0
norm ‖x‖2,0 = ∑n

j=1 I(‖x[ j]‖2 > 0)≤ k.

Remark 3.0.1. Simple (non-block) sparse/compressible signals are a special case of
block sparse/compressible signals with d = 1. In the remaining parts of the chapter,
we focus only on block sparse/compressible signals and the results can be easily
achieved for simple sparse/compressible signals.

Analogous to the recovery procedure for simple sparse signals, the following
convex relaxation algorithm, called block BP (BBP), can reconstruct an unknown
block sparse signal:

min
z∈RN

‖z‖2,1 s.t. ‖y−Az‖2 ≤ ζ . (3.0.5)

A successful recovery can be guaranteed if the measurement matrix satisfies the
block NSP or the block RIC is smaller (Gao and Ma, 2017). The definitions for
block NSP and block RIP are very similar to the ones for simple sparse signal recov-
ery except they use the mixed `2/`1 norm instead of the `1 norm and block vectors
with block indices instead of simple vectors. Nevertheless, both the block NSP and
the block RIP are still computationally hard to be verified for a given A. Besides,
like the sparsity of a simple sparse signal, the unknown block sparsity of x plays
a similar role in the recovery algorithms and in determining the minimal required
measurements number m (Tang and Nehorai, 2016). Thus, both (i) an accurately
pre-estimated block sparsity and (ii) a computable measure for the measurement
matrix are crucial to successful block sparse signal recovery.

Therefore, in the following parts of the chapter, we focus mainly on developing
two aspects, namely a block sparsity measure estimation method and a computable
measure of measurement matrix for block sparse signal recovery.

3.1 Block sparsity measure estimation

The mixed `2/`0 norm is intent to measure the block sparsity of a block sparse
signal x in (3.0.4). However, this measure has limitations to reflect the inherent
block sparsity of a block compressible signal which is often received in practice,
since the elements of such a signal around zero can often be ignored for reasons,
e.g. they are introduced by noise. Hence, Zhou and Yu (2017) proposed an entropy
based block sparsity measure for signal x ∈ RN :

kα,d(x) =
(‖x‖2,α

‖x‖2,1

) α
1−α

(3.1.1)
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for α < {0,1,∞}, where the mixed `2/`α norm is defined as ‖x‖2,α =
(
∑n

j=1‖x[ j]‖α
2

)1/α

for any α > 0. The cases of α ∈ {0,1,∞} are evaluated by limits:

k0,d(x) = lim
α→0

kα,d(x) = ‖x‖2,0 (3.1.2)

k1,d(x) = lim
α→1

kα,d(x) = exp(H1(Ω(x))) (3.1.3)

k∞,d(x) = lim
α→∞

kα,d(x) =
‖x‖2,1

‖x‖2,∞
, (3.1.4)

where H1(Ω(x)) = −∑n
j=1 Ω j(x) lnΩ j(x) is the ordinary Shannon entropy with

Ω(x) =
(‖x[1]‖2
‖x‖2,1

, ‖x[2]‖2
‖x‖2,1

, · · · , ‖x[n]‖2
‖x‖2,1

)
and ‖x‖2,∞ = max

1≤ j≤n
‖x[ j]‖2. (3.1.1) is actually

an extension of a sparsity measure, sα(x) =
(
‖x‖α
‖x‖1

) α
1−α

, of simple sparse signals
from Lopes (2016).

Remark 3.1.1. It is important to notice that in addition to that kα,d(x) could be
used to measure block sparsity of a block compressible signal by adjusting α , it can
also approximate block sparsity of a (strictly) block sparse signal via (3.1.2).

To make statistical inference on kα,d(x), Zhou and Yu (2017) used multivariate
centered isotropic symmetric α-stable random projections, which was generalized
from Lopes (2016) for simple sparse signals. The definition of multivariate centered
isotropic symmetric α-stable distribution is given below:

Definition 2 (Multivariate centered isotropic symmetric α-stable distribution). For
d≥ 1, a d-dimensional random vector v has a centered isotropic symmetric α-stable
distribution if there exist constants γ > 0 and α ∈ (0,2] such that its characteristic
function has the form

E[exp(
√
−1uT v)] = exp(−γα‖u‖α

2 ), for all u ∈ Rd . (3.1.5)

By applying the multivariate centered isotropic symmetric α-stable distribution,
Zhou and Yu (2017) derived the main result that the estimator of kα,d(x) follows an
asymptotically normal distribution under mild conditions.

By far, the results are base on real-valued signals. However, many signals are
complex-valued in digital signal processing applications, e.g. medical imaging sys-
tems (Graff and Sidky, 2015), digital communications systems (Grami, 2016), and
radar systems (Potter et al., 2010). As pointed out by Sharif-nassab et al. (2012),
there is lack of developments of sparsity estimation for complex-valued signals.
Thus there is a need to figure out a way so that the measure kα,d(x) and its infer-
ence procedure in Zhou and Yu (2017) for real-valued signals can be generalized for
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complex-valued signals. A simpler way is to take the absolute value of a complex-
valued signal, which has the same sparsity property as the original one, but it would
lose the original information. Instead, paper IV introduced another transformation
method which is simple but new in CS area. The transformed signal is real-valued,
thus we can adopt the estimation procedure in Zhou and Yu (2017) directly and the
asymptotic distribution of the estimator has the same form as in Zhou and Yu (2017).
Next I introduce the transformation in brief.

Let x = a+
√
−1b ∈ CN with the real part a ∈ RN and imaginary part b ∈ RN .

We denote the ith components of the vector by xi,ai,bi with xi = ai +
√
−1bi. With

these notations, to estimate the sparsity of a complex-valued signal x (of block size
d = 1), instead of taking the absolute value, we transform x to a 2N-length real-
valued signal x̃ with block size d = 2, and the ith block is the real and imaginary
components of xi for i ∈ {1,2, · · · ,N}, i.e.

x̃ = (a1,b1︸  ︷︷  ︸
x̃T [1]

,a2,b2︸  ︷︷  ︸
x̃T [2]

, · · · ,aN ,bN︸   ︷︷   ︸
x̃T [N]

)T . (3.1.6)

It is obvious that this transformation is reversible and the transformed signal x̃ keeps
all the information from the original x. It is worth noticing that the sparsity, kα,1(x),
of the complex-valued signal x equals to the block sparsity, kα,2(x̃), of the trans-
formed real-valued signal x̃. This approach can be easily generalized to the case
when d > 1, and it holds that the block sparsity kα,d(x) equals to the block sparsity
kα,2d(x̃) with

x̃ = (a1,b1, · · · ,ad ,bd︸                 ︷︷                 ︸
x̃T [1]

,ad+1,bd+1, · · · ,a2d ,b2d︸                          ︷︷                          ︸
x̃T [2]

, · · · ,aN−d+1,bN−d+1, · · · ,aN ,bN︸                                ︷︷                                ︸
x̃T [n]

)T .

(3.1.7)

We summarize the relationship between the transformed real-valued signal and orig-
inal complex-valued signal in the following remark:

Remark 3.1.2. We have kα,d(x) = kα,2d(x̃) with d ≥ 1. The problem of estimating
the block sparsity of a complex-valued signal x with block size d is therefore reduced
to that of estimating the block sparsity of a real-valued signal x̃ with block size
2d. With the transform, x̃ keeps all the information from the original x and it is
reversible.
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3.2 q-ratio block constrained minimal singular value

After introducing the estimation method for block sparsity of complex-valued sig-
nal, we move forward to investigate a new computable measure of measurement
matrices. Zhou and Yu (2019) proposed a measure called q-ratio CMSV based on
(3.1.1) with d = 1 for simple sparse signal recovery and derived concise bounds on
both `q norm with q ∈ (1,∞] and `1 norm of the reconstruction error for the BP, the
Dantzig selector (DS) and the Lasso estimator. To inline with the symbol used in
the definition of q-ratio CMSV, we use

kq,d(x) =
(‖x‖2,1

‖x‖2,q

) q
q−1

. (3.2.1)

instead of kα,d(x) to denote the block sparsity measure of a block signal x ∈RN=nd .
Firstly, the definition of q-ratio CMSV for simple sparse signals is given by:

Definition 3 (q-ratio CMSV). For any real number s∈ [1,N], 1 < q≤∞ and matrix
A ∈ Rm×N , the q-ratio constrained minimal singular value (CMSV) of A is defined
as

ρq,s(A) = min
z,0,kq,1(z)≤s

‖Az‖2

‖z‖q
. (3.2.2)

The authors also proved that for sub-gaussion random matrices, the q-ratio CMSV
is bounded away from zero with high probability, as long as the number of measure-
ment is large enough. Importantly, the q-ratio CMSV is computable and they pre-
sented an algorithm to compute it for an arbitrary measurement matrix. Moreover,
they illustrated that q-ratio CMSV based bound is tighter than the RIC based one.

The latest corresponding developments in the measure of measurement matrix
for block sparse signals can be found in Tang and Nehorai (2016). The authors
proposed a new measure based on ω♦(A,s) = min

z,0,k∞,d≤s

‖Az‖2,♦
‖z‖2,∞

with ‖·‖♦ denoting a

general norm and derived the mixed `2/`∞ norm and the `2 norm bounds of recovery
errors.

Paper V extended the q-ratio CMSV in Zhou and Yu (2019) to q-ratio block
CMSV (BCMSV) by removing the restriction on d in (3.2.2) for block sparse signal
recovery and its definition is given by:

Definition 4. For any real number s ∈ [1,n], q ∈ (1,∞] and matrix A ∈ Rm×N , the
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q-ratio block constrained minimal singular value (BCMSV) of A is defined as

βq,s(A) = min
z,0,kq,d(z)≤s

‖Az‖2

‖z‖2,q
. (3.2.3)

Then we proved that the similar results can also be drawn for block spare sig-
nals as those in Zhou and Yu (2019) for simple sparse signals. In other words, the
paper has the following main contributions to block sparse signal recovery in CS: it
introduced the new measure q-ratio BCMSV and derived both the mixed `2/`q and
the mixed `2/`1 norms of the reconstruction errors for stable and robust recovery us-
ing the BBP, the block DS (BDS) and the group lasso; proved that for sub-gaussian
random matrices, the q-ratio BCMSV is bounded away from zero with high prob-
ability when the number of measurements is reasonably large; and presented an
algorithm to compute the q-ratio BCMSV for an arbitrary measurement matrix. Be-
sides, through simulations, it illustrated that q-ratio BCMSV based bound is better
than the block RIC based one. It is easy to verify that the mixed `2/`∞ and `2 norms
error bounds in Tang and Nehorai (2016) are special cases of the mixed `2/`q norm
in Paper V with q = ∞ and q = 2, respectively.



4
Summary of the appended papers

The papers appended to this thesis can be classified into two groups based on the
methods used. The first group consists of the first two papers dealing with BHMs,
the second group contains papers IV and V which concern the CS, while the third
paper is more like a transition from BHM to CS, which applied a BHM to derive a
new sparsity estimator for sparsified MR image under the frame work of CS. In this
chapter, we describe the backgrounds of the papers and highlight the key results of
each work.

4.1 Paper I: Contrast agent quantification by using spatial in-
formation in dynamic contrast enhanced MRI

In this paper, we investigated a method, using simulations, to improve CA quantifi-
cation in dynamic contrast enhanced MRI. As studied in Brynolfsson et al. (2014),
CA concentration was estimated using both magnitude and phase data by assum-
ing all the voxels were independent, where maximum likelihood estimation (MLE)
method were used. The aim of the study is therefore to explore whether spatial in-
formation can provide further improvement on CA estimation together with phase
and magnitude data. All results were compared against the ones from independent
model specified in Brynolfsson et al. (2014). There are 22 time points for each sim-
ulation with 2-second temporal resolution for the first 30 seconds and 5-second tem-
poral resolution for the last 30 seconds at 3T and relative signal to noise rSNR = 5.
Two BHMs, i.e. Besag model and Leroux model, were applied to smaller images
(10×10×10) due to the computational limitation. Two different assumptions were

21
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made to construct the proximity matrix W for Besag model, respectively. Firstly,
two voxels next to each other are not neighbors if they are from different tissues.
However, in reality we have no information about tissue classification, thus in the
other case we do not put tissue restriction to W, i.e. two voxels next to each other
are always neighbors. Only the second assumption was used in Leroux model.
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Fig. 4.1.1. RMSE of vessels at 3T with rSNR=5

Figure 4.1.1 shows root mean squared error (RMES) of vessels based on 30
simulations. From the figure, two Besag models show improvements in terms of
RMSE, especially around the peak. The Leroux model outperforms all the others.
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The improvements show both around the peak and right tail.

4.2 Paper II: Weather simulation uncertainty estimation using
Bayesian hierarchical models

In this paper, we investigated the uncertainty of WRF model’s daily-mean 2-meter
temperature in the Botnia-Atlantica region in Scandinavia. The traditional approach
for the uncertainty estimation is very computationally expensive and may not be fea-
sible in particular for higher resolution experiments. In contrast, we used a specific
BHM mentioned in Section 2.1.2 that required just one model run. It was applied
to a 20-day period in the winter and summer seasons, respectively. The variance
in the BHM is assumed to be the same for all the grids, which is not reasonable,
e.g. a coastal location is expected to have a smaller temperature variance than an
inland site (more likely to experience extreme values in inland site). Possible spatial
heterogeneity in the variance was also investigated in this study. For this purpose,
four approaches were considered:

• Method I: 10,000 grid-points (N = 10,000) were randomly selected from the
available 301×381 in the model domain. The assumption was that the vari-
ance was spatially homogeneous in the domain considered;

• Method II: 10,000 grid-points (N = 10,000) around coastlines and inland sites
were randomly selected. A grid-point was considered to be a coastline point
if one of its nearest spatial neighbours was totally (or partially) covered by an
ocean or sea. It was considered to be an inland point if its nearest coastal point
was beyond its third-order neighbours. Here it was assumed that the spatial
heterogeneity in the variance arose mostly from the proximity to water bodies
in particular to the Atlantic Ocean and Gulf of Bothnia;

• Method III: 10,000 grid-points (N = 10,000) at two different elevations (namely
≤673.2m and >673.2m) were randomly selected. A threshold of 673.2m was
chosen so as to have at least 10,000 grid-points in each category. The as-
sumption was that the spatial heterogeneity in the variance arose mostly from
the elevation of the site;

• Method IV: The domain was divided into 9 regions, each containing a min-
imum of 10,000 grid-points (N = 10,000). The purpose of this approach
was to have the largest possible spatial heterogeneity in the variance with the
available data.
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Figure 4.2.1 and 4.2.2 show the results for RMSE of variance for the four approaches
under two seasons, respectively. It indicates that the uncertainty estimated from just
one WRF simulation using the BHM approach is comparable to the one from the
traditional approach.

Fig. 4.2.1. RMSE of variance, an indication of how similar the WRF-BHM’s vari-
ance is to the uncertainty estimated from an ensemble of WRF simulations with dif-
ferent planetary boundary layer schemes, obtained from (a) Method I, (b) Method
II, (c) Method III and (d) Method IV for the period 1st-10th January 2017
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Fig. 4.2.2. As Figure 4.2.1 but for the summer period (1st-10th July 2016).

4.3 Paper III: Bayesian sparsity estimation in compressive sens-
ing with application to MR images

In this study, an estimator of the sparsity of a sparsified MR image is proposed by
using the BHM with a GMRF possessing Matérn covariance introduced in Section
2.1.2. The simulated 2-dimensional 128×128 MR images were produced by using
simulated gradient echo based dynamic contrast enhanced MRI scans at 3T with
a noise level equivalent of a 12-channel head coil based on an anatomical model
from BrainWeb (Aubert-Broche et al., 2006). However, MR images are not sparse
in general, but they are compressible (Haldar et al., 2011). For instance, they were
transformed into sparse images through wavelet thresholding technique in the pa-
per. By assuming the sparsity s to be random, our target is to derive the estimator
of the mathematical expectation of s, E(s), which was proved to be unbiased and
asymptotically normally distributed. And the statistical properties were confirmed
via simulations.
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Fig. 4.3.1. |Êsim(s)− Ê(s)i| ∗100/N for 90 simulations

Figure 4.3.1 presents the absolute difference in percentage |Êsim(s)− Ê(s)i| ∗
100/N to evaluate the unbiasedness and stability of the estimator, where N = 128×
128, Êsim(s) represents the mean sparsity calculated over 1000 images, Ê(s)i, i =
{1,2, · · · ,90}, is the posterior mean of the sparsity obtained from the BHM for 90
randomly chosen images out of the 1000 simulated images. The black line is the
mean of |Êsim(s)− Ê(s)i| ∗ 100/N over the 90 points in the figure, and its value is
about 0.21, which is a relatively small number that could confirm the theoretical
property of unbiasedness. Besides, all the points are closely distributed around the
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mean indicating that the BHM estimator from an image is not expected to diverge
too much from the true mean Êsim(s), which is also an advantage of the estimator.
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Fig. 4.3.2. quantile-quantile plot of standardized Ê(s) from 90 simulations

Figure 4.3.2 is a normal quantile-quantile plot of standardized Ê(s)i from the
90 simulations. The Shapiro-Wilk test of normality was performed and p-value
= 0.7715, implying that the estimator is normally distributed. It confirms the theo-
retical result about asymptotic normality of the estimator.
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4.4 Paper IV: Statistical inference for block sparsity of complex-
valued signals

Due to the fact that there is little research on block sparsity estimation that have been
done for complex-valued signal recovery and the important role that block sparsity
plays in CS, in this paper, we turn our focus to investigate the block sparsity estima-
tion of a complex-valued block sparse signal. We proposed a method to estimate the
block sparsity of complex-valued signal by using the transform described in Section
3.1. Although the idea of the transform is simple, adopting the idea to the block
sparsity estimation in CS is still new. With this kind of transform, the existing re-
sults of the block sparsity estimation method in Zhou and Yu (2017) for real-valued
signals can be adopted for complex-valued signals directly, which is one main con-
tribution of the paper. Statistical properties of the proposed estimator were obtained
and verified by simulations. In addition, we demonstrated the importance of ac-
curately estimating the block sparsity through a sensitivity analysis, which become
the second contribution of the paper. Intuitively, the best recovery should be ob-
tained when the block sparsity specified in the recovery algorithm is the true block
sparsity. However, as far as we knew, there was no research that had shown how
sensitive the recovery algorithm is to the block sparsity. If the algorithm is sensitive
to the sparsity, it provides convinced evidence and motivation to carry out this study.
The results of the sensitivity analysis are shown in the figure below.
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Fig. 4.4.1. Comparison among the true signal and two recovered signals with block
sparsity |̂|x||2,0 = 12 (in the right) and 7 (in the middle).

Figure 4.4.1 illustrates the true signal and two recovered signals with ̂||x||2,0 =
12 and 7 by using the model based CoSaMP algorithm proposed in Baraniuk et al.
(2010), respectively. It is almost an exact recovery with ̂||x||2,0 = 12, however it is
easy to see how diverse the recovered signal is with a less accurate block sparsity for
both real and imaginary parts. Note that the sample mean of the estimates over 500
simulations using the multivariate centered isotropic symmetric α-stable random
projections is 11.7. Therefore, though this experiment we demonstrated the impor-
tance of providing an accurate estimation of block sparsity to successfully recover
an unknown complex-valued block sparse signal.

4.5 Paper V: Error bounds of block sparse signal recovery
based on q-ratio block constrained minimal singular val-
ues

In this study, we developed a measure q-ratio BCMSV of the measurement ma-
trix. Theoretically, through the block sparsity measure introduced in Paper IV and
the q-ratio BCMSV, we (i) established the sufficient condition for the unique noise
free BBP recovery; (ii) derived both the mixed `2/`q norm and the mixed `2/`1
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norm bounds of recovery errors for the BBP, the BDS and the group lasso estima-
tor; (iii) proved the q-ratio BCMSV is bounded away from zero if the number of
measurements is relatively large for sub-gaussian random matrix, and all theoret-
ical results were verified through simulations. In addition, we demonstrated that
the q-ratio BCMSV based error bounds are much tighter than those based on block
RIP through simulations and the results are shown in the following figure. In the
simulation, we used unit norm columns sub-matrices of a row-randomly-permuted
Hadamard matrix (an orthogonal Bernoulli matrix) with N = 64, k = 1,2,4, n= 1,2,
q = 1.8 and a variety of m ≤ 64 to approximate the q-ratio BCMSV and the block
RIC.
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Fig. 4.5.1. The q-ratio BCMSV based bounds and the block RIC based bounds for
Hadamard sub-matrices with N = 64, k = 1,2,4, n = 1,2 and q = 1.8.

Figure 4.5.1 shows that the q-ratio BCMSV based bounds are smaller than those
based on the approximated block RIC. Note that when m approaches N, βq,s(A)→ 1
and δ2k(A)→ 0, as a result, the q-ratio BCMSV based bounds are smaller than 2.2,
while the block RIC based bounds are larger than or equal to 4.



5
Conclusion

In this thesis, we have studied two main areas (BHM and CS) and under each area
there are several specific research directions. Under the BHM area, by utilizing
the spatial-temporal statistics, we (i) improved the CA quantification in dynamic
contrast enhanced MRI; (ii) performed the uncertainty analysis of WRF model’s
daily-mean 2-meter temperature, which requires less computational resource; (iii)
proposed a new sparsity estimator of sparsified MR images. Under the CS topic, we
(i) covered up block sparsity estimation for complex-valued signals; (ii) introduced
the q-ratio BCMSV measure of measurement matrices, derive the reconstruction er-
rors based on three renowned convex relaxation algorithms for block sparse signal
recover, and proved that for sub-gaussian random matrices, the q-ratio BCMSV is
bounded away from zero with high probability when the number of measurements is
reasonably large. In summary, this work focuses mainly on theoretical contributions
to block sparse signal recovery in CS. Meantime, it optimizes the parameter estima-
tion procedures of interest by incorporating the inherent dependence via BHMs.

Some extensions in BHM and CS could be considered in the future work, e.g.
for BHM, one can refine the assumption from stationary isotropic random fields to
non-stationary and/or non-isotropic random fields; for CS, one can generalize the
recovery results for block sparse vectors to low rank matrices.
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