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Abstract
A standard problem in mathematical finance is the calculation of the price
of some financial derivative such as various types of options. Since there
exists analytical solutions in only a few cases it will often boil down to es-
timating the price with Monte Carlo simulation in conjunction with some
numerical discretization scheme. The upside of using what we can call
standard Monte Carlo is that it is relative straightforward to apply and
can be used for a wide variety of problems. The downside is that it has a
relatively slow convergence which means that the computational cost or
complexity can be very large.

However, this slow convergence can be improved upon by using Multilevel
Monte Carlo instead of standard Monte Carlo. With this approach it is
possible to reduce the computational complexity and cost of simulation
considerably.

The aim of this thesis is to introduce the reader to the Multilevel Monte
Carlo method with applications to European and Asian call options in
both the Black-Scholes-Merton (BSM) model and in the Heston model.
To this end we first cover the necessary background material such as basic
probability theory, estimators and some of their properties, the stochastic
integral, stochastic processes and Ito’s theorem. We introduce stochas-
tic differential equations and two numerical discretizations schemes, the
Euler–Maruyama scheme and the Milstein scheme. We define strong and
weak convergence and illustrate these concepts with examples. We also
describe the standard Monte Carlo method and then the theory and imple-
mentation of Multilevel Monte Carlo. In the applications part we perform
numerical experiments where we compare standard Monte Carlo to Mul-
tilevel Monte Carlo in conjunction with the Euler–Maruyama scheme and
Milsteins scheme.

In the case of a European call in the BSM model, using the Euler–
Maruyama scheme, we achieved a cost O(ε−2(log ε)2) to reach the de-
sired error in accordance with theory in comparison to the O(ε−3) cost
for standard Monte Carlo. When using Milsteins scheme instead of the
Euler–Maruyama scheme it was possible to reduce the cost in terms of the
number of simulations needed to achieve the desired error even further.
By using Milsteins scheme, a method with greater order of strong conver-
gence than Euler–Maruyama, we achieved the O(ε−2) cost predicted by
the complexity theorem compared to the standard Monte Carlo cost of
order O(ε−3). In the final numerical experiment we applied the Multilevel
Monte Carlo method together with the Euler–Maruyama scheme to an
Asian call in the Heston model. In this case, where the coefficients of
the Heston model do not satisfy a global Lipschitz condition, the study of
strong or weak convergence is much harder. The numerical experiments
suggested that the strong convergence was slightly slower compared to
what was found in the case of a European call in the BSM model. Never-
theless, we still achieved substantial savings in computational cost com-
pared to using standard Monte Carlo.
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Sammanfattning

Ett standardproblem i finansiell matematik är att beräkna priser på finansiella
derivat, till exempel för olika typer av optioner. Eftersom analytiska lösningar
endast går att finna i några få fall är en vanlig metod att skatta priset genom
Monte Carlo simulering tillsammans med någon numerisk diskretiseringsmetod.
Fördelen med att använda det vi kan kalla standard Monte Carlo är att det
är relativt enkelt att tillämpa samt kan användas för en mängd olika problem.
Nackdelen är att metoden har en relativt långsam konvergens vilket innebär att
kostnaden i form av antal simuleringar som krävs kan vara mycket stor.

Denna långsamma konvergens kan emellertid förbättras genom att använda
Multilevel Monte Carlo istället för standard Monte Carlo, vi kan på detta sätt
minska beräkningskomplexiteten och kostnaden för simulering avsevärt.

Syftet med denna uppsats är att introducera läsaren till Multilevel Monte Carlo
med tillämpningar på europeiska och asiatiska köpoptioner i Black-Scholes-
Merton-modellen (BSM) och Heston-modellen. För detta ändamål täcker vi
först det nödvändiga bakgrundsmaterialet som grundläggande sannolikhetste-
ori, skattningar och några av deras egenskaper, den stokastiska integralen,
stokastiska processer och Itos sats. Vi introducerar stokastiska differentialek-
vationer och två numeriska diskretiseringsmetoder, Euler–Maruyama metoden
samt Milsteins metod. Vi definierar stark och svag konvergens och illustrerar
dessa begrepp med exempel. Vi beskriver också standard Monte Carlo samt
Multilevel Monte Carlo genom att beskriva teorin och implementering av meto-
den. I tillämpningsdelen utför vi numeriska experiment där vi jämför standard
Monte Carlo med Multilevel Monte Carlo tillsammans med Euler–Maruyama
och Milstein som numeriska diskretiseringsmetoder.

Genom att använda Multilevel Monte-Carlo tillsammans med Euler–Maruyama
för en europerisk köpoption i BSM-modellen uppnådde vi en kostnad O(ε−2(log ε)2)
jämfört med O(ε−3) kostnaden för standard Monte Carlo, ett resultat som var
helt i enlighet med teorin. Genom att använda Milstein istället för Euler–
Maruyama var det möjligt att minska kostnaden i termer av antalet simuleringar
som behövs för att uppnå det önskade felet ytterligare. Genom att använda Mil-
stein, en metod med snabbare stark konvergens än Euler–Maruyama, uppnådde
vi O(ε−2) kostnaden förutspådd av komplexitetsteoremet jämfört med standard
Monte Carlo kostnaden som var O(ε−3). I det sista numeriska experimentet
använde vi Multilevel Monte Carlo tillsammans med Euler–Maruyama på en
asiatisk köpoption i Heston-modellen. I det här fallet, där koefficienterna för
Heston-modellen inte uppfyller ett globalt Lipschitz-villkor, är analysen av stark
eller svag konvergens mycket svårare. De numeriska experimenten pekar på en
något långsammare stark konvergens jämfört med vad som var fallet med en
europeisk köpoption i BSM-modellen. Trots detta uppnådde vi fortfarande be-
tydande besparingar i beräkningskostnader jämfört med att använda standard
Monte Carlo.
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1 Introduction

The purpose of this thesis is to introduce the reader to the Multilevel Monte
Carlo method with applications to options. In the pricing of options it is com-
mon to use Monte Carlo simulation. However, to reduce complexity 1, one may
consider Multilevel Monte Carlo as introduced by Giles in [5] as an alternative.
In order to make the thesis reasonably self contained, the thesis will cover the
necessary background material. It will start with a brief introduction to options
in Section 2 followed by a short introduction on random variables and stochastic
calculus with some examples in Sections 3.1 and 3.3. The aim is to give the
reader some basic intuition for the remainder of the thesis and provide some
references for a more in depth study of these subjects. Then follows a quick re-
view of the standard Monte Carlo method with some examples to demonstrate
the method in Section 4. Stochastic Differential Equations (SDE’s) will be in-
troduced in Section 3.5 and basic numerical methods for SDE’s are introduced
in Section 5. The last part of the thesis is about the Multilevel Monte Carlo
method containing heuristic justifications of the method, some examples and
comparisons with standard Monte Carlo.

2 Options and their use in finance

A financial derivative is an instrument whose price depend on, or is derived
from, the price of another asset [11, p824]. During the last 40 years these types
of instruments have become increasingly more important in finance. Today,
there exist a multitude of different financial derivatives that are traded all over
the world. There are different types of forward contracts, swaps, futures and
options and other derivatives that are all part of modern finance.
An option gives the holder of the option the right, but not the obligation, to
buy (or sell) the underlying asset at (or before) a certain date at a certain price.
The specified date is called the expiration date or the time to maturity and the
specified price is called the strike price or exercise price. If the option only can
be exercised at the expiration date and not before it is called a European option,
if the option can be exercised at any time up to the expiration date it is called
an American option. Further, if the option gives the holder the right to buy
the underlying asset, according to the specifications of the option, it is called a
call option. If the holder has the right to sell the underlying asset it is called a
put option. The underlying asset can be almost anything that is traded on the
market. Some examples are [11, p218]:

• Stocks.

• Currencies.

• Stock indexes, for example the SP 500 index.
1Complexity is defined in Section 6.2
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• Weather.

More exotic options than the above mentioned European and American call and
put options also exist. Examples of these options are:

• Barrier options of different types.

• Asian options.

• Lookback options.

Barrier options are options where the payoff depends on if the underlying asset
goes over (or under) a certain price. Barrier options can be classified as either
knock-out or knock-in where a knock-out ceases to exist if the underlying assets
price reaches over a certain barrier (price) and a knock-in starts to exist only
when the price of the underlying reaches a barrier. They are also classified
as puts and calls which leads us to the following combinations: down-and-out
call, down-and-in call, up-and-out put and finally up-and-in put. The first and
third are knock-out barrier options whereas the second and fourth are knock-in
barrier options.
Asian options have a payoff that depends on the arithmetic average of the
price of the underlying asset, that is, an Asian option has a payoff that is path
dependent.
A lookback option is an option that depends on the maximum or minimum price
of the underlying asset during the lifespan of the option. Lookback options can
be fixed where we compare the maximum (or minimum) price of the underlying
asset to a fixed exercise price. A floating lookback option is one where the
maximum (or minimum) of the underlying assets price is compared with the
final price, that is, the price at the exercise date. Lookback options can also be
classified as calls or puts.
Given this short and basic introduction to different types of options it might be
of interest to know why we use options in the first place. The following list of
possible usages is given in [11, p11]:

• Hedging.

• Speculating.

• Arbitrage.

A hedge is a trade designed to reduce risk. Hedging therefore is a strategy used
by investors to reduce the risk of loosing money.
Speculators are investors that is taking a position on the market, usually betting
on that the price of an asset will go up or down. By using options the investor
can achieve a leverage effect and therefore a much higher payoff than if he was
only investing in the asset itself. The downside is that all can be lost if the
market does not perform as expected, the losses can be huge and even lead to
the downfall of prestigious financial institutions [11, p18].
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Arbitrage involves obtaining a riskfree profit by making simultaneous transac-
tions on two or more markets [11, p16]. As an example we can consider a
situation where a certain stock is valued higher on the London Stock Exchange
compared to the New York Stock Exchange. After comparing the prices in the
same currency, we might find that we can make a risk free profit by buying the
stock from New York and selling in London. This will lead to an increase of
the price of the stock in New York while the price of the stock will go down.
Very quickly the two prices will be equal and the change for arbitrage will cease
to exist. This will lead to a situation where the arbitrage possibilities on real
markets will be very small and short lived.
A more in-depth coverage of the above mentioned options and other interesting
variations of options used in the financial community can be found in [11] in
particular chapters 17 and 26. Also, worth mentioning, the first seven chapters
in [11] give a thorough introduction to futures, forwards and swaps for the in-
terested reader.
At this point it is worth mentioning the connection between this concise intro-
duction to options above to the rest of the thesis. The different types of options
have different payoffs which is a specification how the profit evolves depending
on the value of the underlying asset. This is easiest explained by a couple of
examples [11, p217, p609]

• The payoff for a European call option is given by PEC = max (ST −K, 0).
Here, ST is the value of the underlying asset at maturity date T and K
is the strike price. This means that the value of the option at maturity
simply is the maximum of ST −K and 0.

• The payoff of a European put option is given by PEP = max (K − ST , 0).
Again, ST is the value of the underlying at maturity T and K the strike
price. The value of the option is the maximum of K − ST and 0.

• The payoff from an Asian call is given by PAC = max
(

1
T

∫ T

0
Ssds−K, 0

)
.

The mean value of the process up to maturity date T is given by 1
T

∫ T

0
Ssds.

K is the strike price, so the value of the option is the maximum of 1
T

∫ T

0
Ssds

and 0.

In practice we also have to account for the time value of money which in this
context means multiplying the payoff with the discount factor e−r(T−t), where
r is the interest rate2, leading to PEC(t) = e−r(T−t) max (ST −K, 0) and so on.
The key now is that ST is the value of a stochastic process (see later sections)
at maturity date T . The idea of the Monte Carlo method is to generate a lot
of sample paths of this stochastic process and take the average to find the best
estimate for the payoff. In later sections this, and the related tools needed will
be explained. To do this we will need to review some basic probability which is

2Depending on which model one is considering, r can be a constant or a stochastic process.
For now, it is sufficient to regard r constant.
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the subject of the next section.

3 Essentials of stochastic calculus

In this section we present a review of basic probability theory and concepts from
statistics regarding estimators that are important for the rest of the thesis. We
then continue with a concise introduction to stochastic integrals, stochastic pro-
cesses and Ito’s formula. Diffusion processes and stochastic differential equations
are also introduced due to their importance for the rest of the thesis. The main
references for this section are [9],[2], [16] and [18].

3.1 Review of basic probability theory
A probability space is a triplet (Ω, F, P ), where Ω, the sample space, is the set
of all possible outcomes. F is a σ-algebra on Ω. The last member of the triplet
is P which is a probability measure which satisfies the three Kolmogorov axioms
[9, p4-5]:

1. For any A ∈ F , there exists a number P (A), the probability of A satisfying
P (A) ≥ 0.

2. P (Ω) = 1.

3. Let {An, n ≥ 1} be a collection of pairwise disjoint events, and let A be

their union. Then P (A) =

∞∑
n=1

P (An).

A random variable is a measurable function from the sample space to the real
numbers:

X : Ω → R.

In the thesis we will conform to the custom of writing capital letters for random
variables or stochastic processes, say X,Y, Z, and lower case letters for values of
a random variable or functional dependence in the case of stochastic processes.
In practice, we will use the distribution function FX of the random variable X:

FX(x) = P (X ≤ x) ,

for −∞ < x < ∞. For continuous random variables the density function fX
has the properties:

• FX (x) =
∫ x

−∞
fX(t)dt , for −∞ < x < ∞

• fX = d

dx
FX for all x that are continuity points of fX .
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Given a random variable X, it is usually important to know characteristics such
as the expected value, or the mean, and the variance. The expected value is the
mean of a continuous random variable, and is given by

E [X] =

∫ ∞

−∞
xfX (x) dx.

The variance is a measure of dispersion and is defined by

Var [X] = E [X − E [X]]
2
= E

[
X2
]
− E [X]

2
.

In general, for a measurable function g, where E |g(X)| < ∞, then

E [g(X)] =

∫ ∞

−∞
g (x) fX(x)dx.

From the definitions above it is easy to show that for two random variables, X
and Y , and for constants a and b, the following holds:

E [aX + bY ] = aE [X] + bE [Y ] . (1)

For variances we have

V ar [aX + bY ] = a2V ar [X] + b2V ar [Y ] + 2abCov [X,Y ] , (2)
where the last term is called the covariance and is defined by

Cov[X,Y] = E[(X − E[X])(Y − E[Y ])].

If the random variables X and Y are independent the covariance is zero. Two
events A and B are said to be independent if

P (A ∩B) = P (A)P (B) .

In the case of two random variables X and Y , this translates to

P (X ≤ x, Y ≤ y) = P (X ≤ x)P (Y ≤ y)

or
FXY (x, y) = FX (x)FY (y) .

Or in words: the joint distribution of X and Y is the product of their marginal
distributions [14, p39].
If the covariance is zero, we say that the random variables are uncorrelated.
Independence of X and Y implies that the variables are uncorrelated, but the
opposite is not generally true, except in the import case when X and Y are
normal variables [14, p40]. One drawback of the covariance is that it is not
scale invariant [9, p12], so instead we use a better measure of dependence called
the correlation coefficient which is scale invariant and is defined by

ρX,Y =
Cov[X,Y ]√

V ar[X]V ar[Y ]
.
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Let a < b be two real numbers. As an example of a random variable we say
that X is uniformly distributed on [a, b] or X ∼ U(a, b) if for a < x < b

fX(x) =
1

b− a
,

fX(x) = 0 elsewhere. The expectation of X is then given by E [X] = a+b
2 and

the variance by V ar [X] = 1
12 (b− a)

2. An important special case is when a = 0
and b = 1, then X is called a standard uniform random variable or X ∼ U(0, 1).
Standard uniform random variables are the foundation block for many tech-
niques for generating other random variables [17, p67-87] and variance reduc-
tion techniques [17, p139-146].
The arguably most important random variable is the normal random variable
or Gaussian random variable . Its density is given by

fX(x) =
1√
2σ2π

exp

(
− (x− µ)

2

2σ2

)
,

where the two parameters, µ and σ > 0, are the expected value and the standard
deviation respectively. X is then denoted X ∼ N(µ, σ2). If µ = 0 and σ2 = 1
X is called a standard normal random variable. The density function of the
standard normal distribution is given by

fX(x) =
1√
2π

e−x2/2

for −∞ < x < ∞. The distribution function is then given by

Φ(x) =
1√
2π

∫ x

−∞
e−u2/2du.

This integral cannot be solved analytically and due to its importance in statistics
there exists extensive tables for different values of x. There is also a close
connection to another important function, the error fucnction, given by

erf(x) =
2√
π

∫ x

0

e−t2dt.

The error function appears in various branches of mathematics such as complex
analysis and in the solution of partial differential equations. By using the error
function we can write the distribution function of a standard normal random
variable as

Φ(x) =
1

2

[
1 + erf(x/

√
2)
]
.

Standard normal variables will be important later in the thesis when we generate
sample paths driven by Wiener processes and also when looking at a variance
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reduction technique called antithetic variables. Normal random variables are
also very important due to the central limit theorem.
The central limit theorem states that for a sum Sn = X1 + X2 + ... + Xn of
independent, identically distributed (iid) random variables with finite expecta-
tion µ and finite variance σ2 we have [9, p173] that

Sn − nµ

σ
√
n

→ N (0, 1)

in distribution when n → ∞.
The strong law of large numbers states that the mean of n iid random variables
will converge to the true mean with probability one when n tends to infinity.
Setting Sn as above we can write this [9, p172] as Xn = Sn

n → µ when n → ∞.
Alternatively, it can be expressed as [9, p175]

P (
∣∣Xn − µ

∣∣ > ε) → 0,

as n → ∞ for ε > 0. The central limit theorem and the strong form of the law
of large numbers are in fact the theoretical foundation for the standard Monte
Carlo method. One can say that the law of large numbers is a qualitative state-
ment, stating that we eventually will get the correct estimate for the mean when
the number of samples grow very large. The central limit theorem on the other
hand is a quantitative statement about the rate of convergence in the law of large
numbers for finite n [9, p175]. To see this more clearly, consider this example
due to [9, p175]: Suppose we have a sequence of independent U(0, 1) random
variables, X1, X2, . . . , Xn, then we have E(Xi) = 1

2 and Var(Xi) = 1
12 = σ.

Setting ε = 1
10 , the alternative formulation of the law of large numbers tells us

P

(∣∣∣∣Xn − 1

2

∣∣∣∣ > 1

10

)
→ 0

as n → ∞. The central limit theorem states that the random variable
(√

n
σ (Xn − µ)

)
will converge in distribution to the standard normal distribution when n → ∞.
We also have that

P

(∣∣∣∣Xn − 1

2

∣∣∣∣ > 1

10

)
= P

(∣∣∣∣(Xn − 1

2

) √
n

σ

∣∣∣∣ > √
n

10σ

)
.

Now, let Z denote a standard normal random variable and Φ denote the prob-
ability distribution function of Z, we have that for large n

P

(∣∣∣∣(Xn − 1

2

) √
n

σ

∣∣∣∣ > √
n

10σ

)
≈ P

(
|Z| >

√
n

10σ

)
= 2

(
1− Φ

(√
n

10σ

))
.

Plugging in the value σ = 1√
12

gives

P

(∣∣∣∣Xn − 1

2

∣∣∣∣ > 1

10

)
≈ 2

(
1− Φ

(√
12n

10

))
.

This can then be solved for any given sample size n.
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3.2 Estimators and their basic properties
An estimator is a rule (function) that tells us how to calculate the value of an
estimate based on the measurements contained in a sample [18, p 365]. Let θ

denote the parameter of interest, then we write θ̂ for the estimator of θ. An
estimator is most frequently expressed as a formula, an example of this is the
formula for sample mean µ̂ given by

µ̂ =
1

n

n∑
i=1

Xi.

Here, n is the number of samples and Xi are independent observations or real-
izations of the random variable X. If the estimator gives the correct value we
say that it is unbiased which means that

E[θ̂] = θ.

If not, we define the bias, B[θ̂] by

B[θ̂] = E[θ̂]− θ.

A quantity that will be useful later is the mean square error (MSE) given by

MSE(θ̂) = E[(θ̂ − θ)2].

This can also be written as [18, p 367]

MSE(θ̂) = E[(θ̂ − θ)2] = E[(θ̂ − E[θ̂])2] + E[(θ − θ̂)2] = V ar[θ̂] +B[θ̂]2. (3)

From the above equation we see that if an estimator is unbiased, it has a MSE
equal to its variance. Now let θ̂n mean that we are using a sample of size n when
calculating the estimator for θ. Then the estimator θ̂n is said to be a consistent
estimator of θ if for all ε > 0

lim
n→∞

P
(∣∣∣θ̂n − θ

∣∣∣ ≤ ε
)
= 1.

This can also be expressed as [18, p 421]

lim
n→∞

P
(∣∣∣θ̂n − θ

∣∣∣ > ε
)
= 0.

If the estimator is unbiased it is possible to show that θ̂n is a consistent estimator
of θ if

lim
n→∞

V ar(θ̂n) = 0.

The above mentioned properties are just the bare minimum needed for this
thesis, for the interested reader the books by Wackerly [18] and Casella [4]
are excellent books on the subjects of estimators, their properties and how to
construct them.
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3.3 Stochastic processes and stochastic integrals
A (real-valued) stochastic process is a parameterized collection of random vari-
ables

{Xt}t∈T

defined on a probability space (Ω, F, P ) and assuming values in R [16, p10].
Most of the times the parameter t will be the halfline [0,∞) or some interval
[a, b] of R. It may be useful to think of a stochastic process as a function of two
variables, Xt,ω, and regard the parameter t as time and each ω as an individual
"experiment". In this way, each fixed t gives a random variable and for each
fixed ω we get a path of Xt, that is, a realization of the process. Most of the
time the explicit reference to ω will be left out in this thesis.
A standard Wiener process, or scalar Brownian motion, over [0, T ] is a time
continuous stochastic process, W, which satisfies the following conditions:

1. The process starts at zero:
W0 = 0

almost surely.

2. The process W has independent increments, that is, for r < s ≤ t < u,

Wu −Wt

and
Ws −Wr

are independent random variables.

3. For s < t the random variable

Wt −Ws

is a normal random variable with expectation 0 and variance (t− s), that
is

Wt −Ws ∼ N(0, t− s).

4. W has almost surely continuous sample paths.

From 1 and 3 we see that since Wt = Wt−W0 we must have that Wt ∼ N(0, t).
It is also obvious that we can construct a Wiener process with a different starting
point and scaling the variance by simply adding a constant and multiplying Wt

with another constant:
Xt = x0 + σWt.

This process will start at x0, which is also the mean, and has a variance of σ2t.
It is easy to generalize further and incorporate a time dependent drift (see
below) by letting

Xt = µt+ σWt.

9



This process will then have the distribution N(µt, σ2t).
By using the notation Z ∼ N(0, 1) for a standard normal variable we can write a
variable that is N(0, t−s) as

√
t− sZ. This will be useful for simulating Wiener

paths or trajectories and is the building block for simulating more complicated
processes, see Section 4.2.
We now turn our attention to a more complicated class of processes which will
be important for the remainder of the thesis. A diffusion process can be written
in symbolic form called differential form

dXt = a(t,Xt)dt+ b(t,Xt)dWt.

Here, a(t,Xt) is called the drift term and is the deterministic part and the
stochastic part b(t,Xt) is called the diffusion term. Observe that we allow the
above terms to be dependent on the unknown process Xt. A more thorough
presentation of these terms and the connection to stochastic differential equa-
tions is postponed to Section 3.5.
This is of course very reminiscent of an ordinary differential equation. The
notion to divide by dt and take the limit as dt approaches zero and in that
way arriving at what we could think of as a stochastic differential equation is
of course very tempting. Unfortunately, this approach will not work since the
Wiener process is nowhere differentiable [2, p41].
Instead, the above equations should be understood as a shorthand for the inte-
gral equation

Xt = X0 +

∫ t

0

a(s,Xs)ds+

∫ t

0

b(s,Xs)dWs.

Let’s look at the terms that we have. The first term, X0, is simply the starting
value of the process when time is zero. The second term is nothing but an
ordinary Riemann-Stiltjes integral, again, nothing new yet. The third term on
the other hand is something new, it is the Ito stochastic integral which we now
turn our attention to.
If we let gs be a (nice )stochastic process we would like to give meaning to the
integral ∫ t

0

gsdWs.

To ensure the existence of this integral we will assume that
∫ t

0
g2sds < ∞ and

that the process gs is adapted to the FW
t -filtration. The concept of filtration can

only be given a very intuitive meaning here, a precise definition is far outside
the scope of this thesis. In [2, p43] a starting point is the notion of "the
information generated by X" where X is a stochastic process. The symbol
FX
t is to be thought of as "the information generated by X over the interval

[0, t]" or "what has happened to X over the interval [0, t]". If we can decide
whether or not a given event A has occurred we will write this as A ∈ FX

t or

10



say that A is FX
t -measurable. Further, if the value of a stochastic process Z can

be completely determined given observations of the trajectory {Xs; 0 ≤ s ≤ t}
then we also write Z ∈ FX

t . And finally, if Y is a stochastic process such that
Yt ∈ FX

t for all t ≥ 0 we say that Y is adapted to the filtration
{
FX
t

}
t≥0

. We
now first assume that the process g is simple which means that there exist points
in 0 = t0 < t1 < . . . < tn = t so that g is constant on each of the subintervals.
This means that gs = gtk for any s ∈ [tk, tk+1) and we can express this as

gs =
∑

gt∗k1[tk,tk+1).

We can then define the stochastic integral for a simple process g by the formula∫ t

0

gsdWs =

n−1∑
k=0

gt∗k [Wtk+1
−Wtk ].

It is worth mentioning that for a non-simple function it does matter which point
t∗k we use when evaluating the sum [16, p24]. If we choose the left endpoint
of the interval [tk, tk+1], that is we take t∗k = tk, we will get the Ito stochastic
integral or simply Ito integral. If we instead where to use the midpoint of the
interval, that is take t∗k = (tk + tk+1)/2, we will get the Stratonovich integral.
To separate the two we will write

∫ t

0
gs ◦ dWs for the Stratonovich integral and

use
∫ t

0
gsdWs for the Ito integral.

The different choices of endpoints leading to the above mentioned integrals will
induce different types of stochastic calculus. In particular, the Stratonovich
interpretation will lead to a calculus which preserves the ordinary chain rule
whereas the Ito interpretation will lead to a calculus where the ordinary chain
rule does not hold. Instead we will end up with the Ito formula. We will choose
the Ito interpretation and comment on why briefly later in this section.
Choosing the Ito interpretation for a simple process g this leads to∫ t

0

gsdWs =

n−1∑
k=0

gtk [Wtk+1
−Wtk ].

It is possible to show [16, p27-29], that for an adapted process f , where∫ t

0
f2
s ds < ∞, there exists a sequence of simple functions gn,s, such that we

can define the stochastic integrals as the limit given by∫ t

0

fsdWs = lim
n→∞

∫ t

0

gn,sdWs.

If f is a process that is adapted to the FW
t -filtration and∫ t

0

f2
s ds < ∞

then some of the properties of the Ito stochastic integral are [14, p93-94]:
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1. Linearity: For constants α and β and stochastic processes f1 and f2 as
above we have:∫ t

0

(αf1,s + βf2,s)dWs = α

∫ t

0

f1,sdWs + β

∫ t

0

f2,sdWs.

2. Zero mean property:

E

[∫ t

0

fsdWs

]
= 0.

3. Ito isometry:

E

[(∫ t

0

fsdWs

)2
]
=

∫ t

0

E
[
f2
s

]
ds.

3.4 Ito’s formula
Now that we have at least an intuitive understanding of what an Ito integral is,
it is time to look at how we can do calculus with functions of diffusion processes
or to find the differentials of them. Suppose we are given a diffusion process Xt

in differential form and are then given the task to find the differential for a given
nice function F (t,Xt). As mentioned earlier, the ordinary chain rule does not
work for functions of Ito integrals or diffusions. Instead, we need Ito’s formula
[2, 47]: Let Xt be an diffusion process with stochastic differential given by

dXt = a(t,Xt)dt+ b(t,Xt)dWt,

and let F (t, x) be sufficiently differentiable on [0,∞]. Then Yt = F (t,Xt) is also
a diffusion process and

dYt = dF (t,Xt) =
∂F

∂t
dt+

∂F

∂x
dXt +

1

2

∂2F

∂x2
dX2

t . (4)

The terms in
dX2

t = dXt · dXt

is computed as
dt · dt = dt · dWt = 0

and
dWt · dWt = dt.

Using the above rules for calculating the differential terms and plugging these
into (4) we arrive at Ito’s formula in 1-dimension [2, p51]:

dF =

{
∂F

∂t
+ a(t, x)

∂F

∂x
+

1

2
b(t, x)2

∂2F

∂x2

}
dt+ b(t, x)

∂F

∂x
dWt. (5)
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Here, and later in the thesis, we have suppressed some of the variables for clarity.
For example, dF is to be read as dF (t,Xt) and b(t, x)∂F∂x dWt should be read as
b(t, x)∂F (t,Xt)

∂x dWt and so forth, hopefully the context shall make it clear.
A derivation of Ito’s 1-dimensional formula can be found in [2, p48-49] and a
more rigorous proof in [16, p46-48].
To illustrate how Ito’s formula can be used let’s consider a simple function of the
Wiener process, say Yt = eWt , now, even though it is only a function of W the
differential of Yt will contain a −dt term also in accordance with Ito’s formula.
Taking F (t, x) = ex and x = w in Ito’s formula and letting the subscripts denote
partial derivatives, that is we write Ft = ∂F

∂t and so forth, we easily find that
Ft = 0, Fx = Fxx = ex and the dynamics is dx = dw. The dynamics means
that we take a = 0 and b = 1 in (6). Plugging this in Ito’s formula gives

dF =

{
0 + 0 +

1

2
eX
}
dt+ eXdWt.

This leads to
dYt =

1

2
eWtdt+ eWtdWt

which in turn can be simplified to

dYt =
1

2
Ytdt+ YtdWt.

This simple example is fairly unexciting but shows clearly that calculus in the
stochastic setting using the Ito interpretation is different than what is to be
expected from the ordinary chain rule.
Ito’s formula can also be used to find expected values [2, p54]. By using
Ito’s formula on a function to arrive at the corresponding stochastic differential
equation, we can then write it in integral form and take expectations. By the
zero mean property of Ito stochastic integrals the integral with respect to the
Wiener process is zero, leaving only a constant term coming from the initial
value and an integral of the type

E

[∫ t

0

a(s)ds

]
.

Using a version of Fubini’s theorem [14, p53] we can move the expectation
operator inside the integral and if we are lucky this is solvable and we are done.
If not, it is possible to define m(t) = E[Xt], take the derivative with respect to
time, leading to an ordinary differential equation for m(t) which we might be
able to solve. Using this on the above example, Yt = eWt with Y0 = 1, gives the
integral equation

Yt = 1 +
1

2

∫ t

0

Ysds+

∫ t

0

YsdWs.
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Following the above steps using the zero mean property of Ito integrals and
Fubini’s theorem we arrive at

m(t) = E[Yt] = 1 +
1

2

∫ t

0

E[m(s)]ds,

which after taking the derivative with respect to time gives the ODE

m′(t) =
1

2
m(t).

With the initial value m(0) = 1. This is solvable and gives us

m(t) = e
1
2 t

which is the expected value E[Yt] or E[eWt ].
Ito’s formula can of course be generalized to the multidimensional case by using
vectors of stochastic variables and processes. It can be used with independent
Wiener processes or even correlated Wiener processes with the "multiplication
table" altered accordingly, see for instance [16, p48] and [2, p57-59].

3.5 Stochastic differential equations
Let us remember equation (6) where a diffusion process is given by

dXt = a(t,Xt)dt+ b(t,Xt)dWt, (6)

X0 = x0,

where X0 = x0 is the initial value, Xt is the unknown process, and the func-
tions a(t, x) and b(t, x) are given. An equation of this type is called a stochastic
differential equation. The stochastic differential equation above, or SDE, is of
the diffusion type driven by a Wiener process (or driven by a Brownian motion)
[14, p126]. The functions a(t, x) and b(t, x) are called the coefficients and as
mentioned in Section 3.3 we will call a(t, x) the drift coefficient and b(t, x) the
diffusion coefficient [2, p40].
To ensure existence and uniqueness of a solution to (6), we need to provide some
conditions on the coefficients. Let K be a constant, then these conditions are:

1. |a(t, x)− a(t, y)| ≤ K |x− y|

2. |b(t, x)− b(t, y)| ≤ K |x− y|

3. |a(t, x)|+ |b(t, x)| ≤ K (1 + |x|)

for ∀x, y ∈ R, t ∈ [0, T ].
If the above conditions are fulfilled, then there exist an unique solution to the
SDE given by (6) and the following holds [2, p67]
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1. Xt is FW
t -adapted.

2. Xt has continuous trajectories almost surely.

3. Xt is a Markov process.

4. There exists a constant C such that E
(
|X(t)|2

)
≤ C

(
1 + |x0|2

)
.

The corresponding versions for the multidimensional case can be found in [2,
p66-67] and [16, p68].
As an example of how to solve a stochastic differential equation analytically let
us consider the Geometric Brownian Motion (GBM):

dXt = µXtdt+ σXtdWt (7)

X0 = x0.

Here, x0 is the initial value, µ and σ are constants.
To get started we use Ito’s formula on F (t, x) = lnx and by comparing with (6)
we take a = µx and b = σx, letting subscripts denote partial derivatives as in
the previous example we get Ft = 0, Fx = 1

x , Fx2 = − 1
x2 . Plugging this into (5)

gives

dF =

{
0 +

µx

x
− 1

2

σ2x2

x2

}
dt+

σx

x
dWt =

{
µ− 1

2
σ2

}
dt+ σdWt.

Remembering that F (t, x) = lnx and observing that the first term is only a
function of t and the last term is just a constant times the differential of the
Wiener process gives us

ln

(
Xt

X0

)
=

∫ t

0

{
µ− 1

2
σ2

}
ds+ σ

∫ t

0

dWs.

Direct integration and simplification then yields

Xt = x0e
(
µ− 1

2σ
2
)
t+σWt . (8)

It is possible to find the mean of Xt by the same method as described earlier:
write the stochastic differential as an integral and take expectation, use the zero
mean property of the Ito integral together with Fubini’s theorem to arrive at

E[Xt] = x0 + µ

∫ t

0

E[Xs]ds.

Again, defining m(t) = E[Xt], and taking the derivative with respect to time
together with the initial value X0 = x0 gives us

m′(t) = µ ·m(t).
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This is a first order linear ordinary differential equation with well known solu-
tion and we arrive at

E[Xt] = x0e
µt. (9)

As is the case with ordinary differential equations there exists various methods
to transform or reduce a given SDE to a form which can be solved analytically,
plenty of examples of this is given in [15, p113-126] which also contains an
extensive list of SDE’s that can be solved analytically.
Needless to say, it is only in relatively few cases we can find an analytical
solution. This means that we will need numerical methods to solve SDE’s and
this is the subject of Section 5 below.
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4 Standard Monte Carlo Method

4.1 Introduction
Suppose we would like to calculate the expected value E[g(X)] where g is some
measurable function defined on R and X is a random variable. Let us set

θ = E[g(X)].

If we now generate n independent realizations of the random variable X, X1, . . . , Xn,
we can estimate θ with [8, p2]

θ̂n =
1

n

n∑
i=1

g(Xi).

By the strong law of large numbers this will converge to θ as n → ∞ with
probability one [17, p43]. Further, since X1, · · · , Xn are independent random
variables, so will g(X1), . . . , g(Xn) be. Therefore we have

E[θ̂n] =
1

n

n∑
i=1

E[g(Xi)] = n
θ

n
= θ.

Letting V ar[g(X)] = σ2
g we also have

V ar[θ̂n] =
1

n2

n∑
i=1

V ar[g(Xi)] =
n

n2
V ar[g(X)] =

σ2
g

n
.

From the discussion in Section 3.1 we can see that θ̂n is both an unbiased and
consistent estimator of θ. Now, since we have a sum of independent random
variables, using the central limit theorem on a finite sample, we have that for
large enough n the estimator will be approximately normally distributed:

θ̂n ≈ N

(
θ,

σ2
g

n

)
.

From this it is easy to obtain confidence intervals for the parameter θ, the
interested reader can look up chapter 7 of [17] for a treatment of this subject.
Since the estimator θ̂ is unbiased we have that

MSE(θ̂n) = V ar[θ̂n] =
σ2
g

n

leading to a root mean square error

RMSE(θ̂n) =
σg√
n
.
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The above idea could be called the standard Monte Carlo method and can be
illustrated with the following basic example. Say we want to calculate

θ =

∫ 1

0

g(x)dx

for some function g. By recognizing this as the expected value E[g(X)] where
X ∼ U(0, 1), we can write

θ = E[g(X)] =

∫ 1

0

g(x)dx,

generate a large number n of iid U(0, 1) random variables and use

θ̂n =

n∑
i=1

g(Xi)

as an estimator for θ. By adjusting n and making it larger we can make the error
smaller and the estimate more precise. Looking at the form of the error given
by σg√

n
it can be said to have convergence rate O(n−1/2)[8, p2]. Comparing this

to deterministic numerical methods for computing and approximating integrals
in 1-dimension shows that the convergence rate of Monte Carlo is a lot slower.
For instance, the trapezoidal rule has a convergence rate of O(n−2) for a twice
continuously differentiable function g. However, when estimating multidimen-
sional integrals, say integrals over [0, 1]d, the trapezoidal rule has a convergence
rate of O(n−2/d) whereas the Monte Carlo method still has a convergence of
O(n−1/2) [8, p2-3].

4.2 Generating sample paths
Now, instead just calculating integrals in 1 or even d-dimensions, we want to gen-
erate sample paths of stochastic processes in order to simulate complex stochas-
tic processes. When doing so the dimension will typically be at least as large
as the number of time steps in the simulation or even greater [8, p3]. As men-
tioned above, the convergence rate will still be O(n−1/2), which makes Monte
Carlo a good tool for this end.
As a first example of a simulation, let us start with the most basic process, the
Wiener process. To generate a standard Wiener process we start by dividing
the time interval from zero to T in small steps of size ∆t. This is achieved by
setting ∆t = T

N where N is a large enough number to give the desired time step
∆t. Then we make use of the properties of the Wiener process given in Section
3.3 and writing the Wiener increment as W∆t−W0 =

√
∆tZ where Z ∼ N(0, 1).

To finish of we simply take the cumulative sum of the Wiener increments over
the whole time interval. Figure 1 shows one realisation of a Wiener process
generated in Matlab by taking T = 1, N = 5000 and ∆t = 1

5000 .
As a more interesting example we can plot the solution of Geometric Brownian
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Figure 1: Standard Wiener process over [0, 1].

Motion over the time interval [0, 1]. Remembering that the SDE for GBM is
given by

dXt = µXtdt+ σXtdWt

and as shown in Section 3.5, it can be solved analytically giving the solution

Xt = x0e
(
µ− 1

2σ
2
)
t+σWt .

Following the example above where we generated a standard Wiener process we
can now build up this more complicated function in an similar way. By taking
∆t = T

N and using the above Wiener process in the solution given by equation
(8), we can generate, say M paths, and then take the mean of all the paths to
estimate the mean of equation the process. Setting T = 1, N = M = 5000,
µ = 0.1, σ = 0.4 and x0 = 1 allow us to generate the sample paths.
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Figure 2: 5 realizations of GBM, estimated mean and true mean.

In figure 2 we have plotted 5 realizations of the solution together with the Monte
Carlo estimate of the mean and the true mean given by (9). The Monte Carlo
estimate based on 5000 simulations is given in blue and for comparison the true
mean is plotted in green. Visual inspection of the figure shows that the difference
between the true mean and the estimated mean is small. This is easily verified
numerically with Matlab, with the code3 used for generating the simulation we
can find that the maximum error is as small as 0.0113.

4.3 Variance reduction techniques
No treatment of Monte Carlo methods is complete without mentioning variance
reduction techniques. When we look at the standard error σg√

n
, it is clear that

we can make the error smaller by using a larger number of samples n. An
alternative is to reduce the variance σ2

g in some way, this can be achieved with
variance reduction techniques. There exist several variance reduction techniques
and it is outside the scope of this thesis to give it a thorough treatment. For a
good introduction to the subject the interested reader can look into chapter 8
in [17] and chapter 4 in [8] as a starting point.
One way to reduce variance is by the control variate technique. The idea is use
knowledge of a random variable Y , called the control variate, with known mean
E [Y ] = µY , and use

X + c (Y − µY ) (10)

where c is a constant as an estimator of θ = E [X]. This is an unbiased estima-
tor of θ and it is easy to show that

3The code is found in the appendix under the name GBMmean.m

20



V ar [X + c (Y − µY )] = V ar[X] + c2V ar [Y ] + 2cCov[X,Y ]. (11)

By simple computations we can minimize this with respect to the parameter c
by

c∗ = −Cov [X,Y ]

V ar [Y ]
.

Plugging this into (11) and simplifying we get

V ar [X + c∗ (Y − µY )]

V ar [X]
= 1− ρ2XY ,

where ρ2XY is the correlation between X and Y . This means that the variance
reduction from using the control Y depends on the correlation with X and in-
creases very sharply as |ρXY | gets close to one.
In practice, the optimal value c∗ is not known since Cov [X,Y ] and V ar[Y ] are
usually not known in advance. However, recall the definition of X and Y as
well as Xi and Yi. We can therefore use the estimator [17, p148] ĉ∗ given by

ĉ∗ = −
∑n

i=1

(
Xi −X

) (
Yi − Y

)2∑n
i=1

(
Yi − Y

)2 . (12)

It is also possible to use some standard linear regression software [17, p148- p149]
by considering the linear model

X = a+ bY + ε,

where ε is a random variable with E[ε] = 0 and V ar[ε] = σ2 and where a and b
are constants. Then the least square estimates of the parameters of the model
are given by

b̂ =

∑n
i=1

(
Xi −X

) (
Yi − Y

)2∑n
i=1

(
Yi − Y

)2 (13)

â = X − b̂ · Y . (14)

Comparing (13) and (12) shows that b̂ = −ĉ∗, and that X + ĉ∗
(
Y − µY

)
=

â+ b̂µY which means that the control variate estimate is the same as the esti-
mated regression line at Y = µY . Further, the estimated variance of the control
variate estimator is given by σ2

n [17, p148].
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As an example of how the use of control variates can reduce the variance, let us
consider the calculation of

θ = E
[
X2
]
=

∫ 1

0

x2dx,

where X ∼ U(0, 1).4 Let us use X as the control variate. First, we observe that
since X ∼ U(0, 1), we have that E [X] = 1

2 and V ar [X] = 1
12 . Continuing we

also have that

Cov
[
X2, X

]
= E

[
X3
]
− E

[
X2
]
E [X] =

∫ 1

0

x3dx− 1

2

∫ 1

0

x2dx =
1

12
.

Also, we have that

V ar
[
X2
]
= E

[
X4
]
−
(
E
[
X2
])2

=
1

5
− 1

9
=

4

45
.

Using (4.3) and plugging in the above calculations that

V ar

[
X2 + c∗

(
X − 1

2

)]
= V ar

[
X2
]
− 12

(
1

12

)2

= 0.00555.

Comparing this with the value of a raw simulation which is V ar(X2) shows that
0.00555
0.0888 = 0.0625 which means we would achieve a variance reduction of 93.75

percent using X as the control variate compared to raw simulation.

It is also possible to use multiple variables as controls to get an unbiased esti-
mator for E [X] [17, p151]. We would then use

X +

K∑
i=1

ci (Yi − µi)

where E [Yi] = µi for some constants ci. We will later see that this way of using
multiple control variates is related to Multilevel Monte Carlo. Though there
are some differences it can still offer some heuristic motivation to how and why
Multilevel Monte Carlo works.

5 Numerical methods for SDE’s

5.1 Introduction
As seen in the case of the Geometric Brownian Motion we were able to make a
time grid, generate a simulation of the process and compute the expected payoff

4The example is due to [17, p150] but with a different integral.
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by the standard Monte Carlo approach. This was possible because it was pos-
sible to obtain an analytical solution and therefore knew what the process was
and were able to simulate it easily. What then if we only know the dynamics of
the process? That is, we know the SDE for the process, but we cannot for some
reason find an analytical solution, it could be because it is to difficult or that no
closed form solution exists. This is where numerical solutions or discretization
methods come in. In what follows we will look at two basic numerical schemes:
Euler–Maruyama and the Milstein scheme. We will have a look at the basic
topics of error and convergence and illustrate these with some examples. The
main references for this Section are [15] and [8].

5.2 Euler–Maruyama scheme
To solve the 1-dimensional diffusion SDE given by (6) numerically, we start with
the Euler–Maruyama scheme or E–M scheme for short. Let’s remember that
(6) really is the integral equation given by (3.3), that is

Xt = X0 +

∫ t

0

a(s,Xs)ds+

∫ t

0

b(s,Xs)dWs.

Now, divide the time interval as a time grid 0 = t0 < t1 < ... < tN = T. Then
the Euler–Maruyama scheme is given by

Yn+1 = Yn + a(tn, Yn)(tn+1 − tn) + b(tn, Yn)(Wtn+1 −Wtn)

for n = 0, 1, 2..., N −1 with initial value given by Y0 = X0 and where Yn ≈ Xtn .
That is, we approximate the true solution Xtn with Yn. Further, if we write

∆tn = tn+1 − tn,

∆Wn = Wtn+1 −Wtn

for clarity, we can rewrite the E–M scheme above as

Yn+1 = Yn + a(tn, Yn)∆tn + b(tn, Yn)∆Wn (15)

for n = 0, 1, ..., N−1. The approximations of the two integrals in equation (3.3)
come from evaluating the integrands at the left point of the interval [tn, tn+1],
that is we use∫ tn+1

tn

a(s, Ys)ds ≈ a(tn, Ytn) (tn+1 − tn) = a(tn, Yn)∆tn

for the first integral and∫ tn+1

tn

b(s, Ys)dWs ≈ b(tn, Ytn) [W (tn+1)−W (tn)] = b(tn, Yn)∆Wn
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for the second.
Now, since we are making an approximation we need to address "how good" it
is and what that means. Let us first define δt as the largest step size on the
time grid, that is δt = max0≤n≤N−1 ∆tn. Then the time discrete method Y δt

with maximum step size δt converges strongly to X at time T if

lim
δt→0

E
(∣∣XT − Y δt(T )

∣∣) = 0.

Remembering the discussion in Section 3.1, considering that the law of large
numbers can be said to be a qualitative statement, we can see from the above
that the definition of strong convergence is of the same kind. It guarantees con-
vergence when the time step goes to zero but does not say how fast it converges.
For purposes of comparing numerical methods we need to be able to quantify
how fast the convergence takes place. This leads us to the following. We will
say that the time discrete method Y δt converges strongly with order γ > 0 at
time T if there exists a positive constant K, which does not depend on δt and
a δ0 such that

E
(∣∣XT − Y δt(T )

∣∣) ≤ Kδγt (16)

for each δt ∈ (0, δ0).
In similar fashion we will say that the time discrete method Y δt converges weakly
to X at time T as δt → 0 if with respect to a class C of test functions g : R → R
if we have

lim
δt→0

∣∣E [g(XT )]− E
[
g(Y δt)

]∣∣ = 0 (17)

for all g ∈ C . The functions g in equations (17) and (18) must typically satisfy
smoothness and polynomial growth conditions [10]. The details are outside
of the scope of this thesis, the interested reader can consult [15, p327] for a
discussion on this topic.
As was the case with strong convergence, this does not tell us anything about
how fast the weak convergence takes place. So for the purpose of comparing
numerical methods we will need the following. A time discrete method Y δt

converges weakly with order β > 0 to X at time T as δt goes to zero if for each
g ∈ C there exist a positive constant K, which does not depend on δt, and a
δ0 > 0 such that ∣∣E [g(XT )]− E

[
g(Y δt)

]∣∣ ≤ Kδβt (18)

for each δt ∈ (0, δ0).
From the above definitions we can conclude that strong convergence is about
pathwise approximation. That is, we are interested in getting a good approxi-
mation over the whole path by looking at the mean of the error whereas weak
convergence is about approximating moments or looking at the error of the
mean. In financial applications, such as pricing financial derivatives using stan-
dard Monte Carlo, we are often mostly interested in computing expectations
which means that weak convergence is sufficient. In the case of the Euler–
Maruyama method the strong convergence order is generally 0.5 and the weak
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order is 1 [15, p327].

A final theoretical consideration regarding convergence in the context of numer-
ical methods is what properties the drift and diffusion coefficients must have in
order to ensure convergence. Theorem 10.2.2 in [15, p342] gives the necessary
conditions on the drift and diffusion coefficients in (6) so that the E–M scheme
will converge strongly. Suppose that

E
(
|X0|2

)
< ∞,

E

(∣∣∣X0 − Y δt
0

∣∣∣2)1/2

< K1δ
1/2
t ,

|a(t, x)− a(t, y)|+ |b(t, x)− b(t, y)| ≤ K2 |x− y| ,
|a(t, x)|+ |b(t, x)| ≤ K3 (1 + |x|) ,

and
|a(s, x)− a(t, x)|+ |b(s, x)− b(t, x)| ≤ K4 (1 + |x|) |s− t|1/2 ,

for all s, t ∈ [0, T ] and x, y ∈ R. where the constants K1, . . . ,K4 do not depend
on δt. Then the estimate

E
(∣∣XT − Y δt(T )

∣∣) ≤ K5δ
1/2
t

holds for the E–M approximation, where K5 does not depend on δt.
The proof of the theorem is also found in [15, p343].
Similar conditions on the drift and diffusion coefficients exist for weak con-
vergence and are given for a general weak order scheme of order β for some
β = 1.0, 2.0, . . . in theorem 14.5.1 in [15, p473]. This theorem covers both the
Euler–Maruyama scheme and the Milstein scheme in Section 5.3 below.

For a given SDE we can estimate the weak and strong convergence order re-
spectively for the numerical method in question. This can be achieved by im-
plementing the numerical scheme in Matlab, varying the timestep ∆t used and
comparing the numerical solution with the true solution. By plotting the error
on a log-log scale versus multiples of ∆t and comparing it with a reference line
with the slope given by the theory, we should get a good idea of how well they
match. Further, to get a more quantified answer we can estimate the conver-
gence order by making a least square (LS) fit of the error. Now let εstrong denote
the strong error, K a constant, ∆t the stepsize and γ the exponent of strong
order convergence. Due to (16) we assume a power law of the form

εstrong = K∆tγ .

Then, to get it suitable for a least square estimation, we take the logarithm to
arrive at

log εstrong = logK + γ∆t.
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To illustrate this we look at the strong convergence order for the E–M scheme
for GBM with drift coefficient µ = 2, diffusion coefficient σ = 2 and X(0) = 1
on the interval [0, 1]. By using M = 5000 simulations and plotting the errors
versus the time steps ∆t on a log-log scale together with a reference line with
slope 0.5 as described above, we can see in figure 3 below that the slope given
by the reference line and the log-log of the errors are about the same.

Figure 3: Errors on log-log scale versus ∆t together with reference line of slope
0.5.

This is also confirmed numerically in Matlab where the estimated value of γ is
0.4903 and the residual is 0.0421. The Matlab code used can be found in the
appendix, named emstrong.m. 5

5The code used here is a very slight modification of the code presented in [10].
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5.3 Milstein scheme
If we let bx(x, t) = ∂

∂xb(x, t) the Milstein scheme applied to the SDE (6) is given
by

Yn+1 = Yn+a(tn, Yn)∆tn+b(tn, Yn)∆Wn+
1

2
bx(tn, Yn)b(tn, Yn)

{
(∆Wn)

2 −∆tn
}
.

Comparing (15) with the above shows that "Milstein = Euler–Maruyama + ex-
tra term" where the extra term is given by

1

2
bx(tn, Yn)b(tn, Yn)

{
(∆Wn)

2 −∆tn
}
.

If the diffusion term in the SDE given by (6) lacks x-dependence, the term
containing the partial derivative with respect to x will vanish and therefore the
Milstein scheme reduces to the E–M scheme in this special case. A nice deriva-
tion of where the second term in the Milstein scheme comes from based on an
application of Ito’s formula can be found in [8, p 340-343] for the interested
reader.

Since we are adding an extra term to the Euler–Maruyama scheme to get the
Milstein scheme it can be expected that the Milstein scheme has faster conver-
gence than the Euler–Maruyama scheme. This is in fact the case since Milstein
generally has a strong convergence of order one and a weak convergence of order
one.
To illustrate the different schemes explicitly, we can compare the E–M scheme
with Milstein for Geometric Brownian Motion (GBM) given by (6). We see that
the drift term is given by a(X) = µX and the diffusion term by b(X) = σX,
since the diffusion term carries an x-dependence we will have different schemes
for E–M and Milstein. From the above considerations and (15) we arrive at

Yn+1 = Yn + µYn∆tn + σYn∆Wn

for the E–M scheme and

Yn+1 = Yn + µYn∆tn + σYn∆Wn +
1

2
σ2Yn

{
(∆Wn)

2 −∆tn
}

for the Milstein scheme.
As in the case with the E–M scheme we can estimate the strong and weak
convergence order for the Milstein scheme with the help of Matlab. For com-
parison, let us estimate the strong order of convergence for the Milstein scheme,
but this time for GBM with µ = 0.1, drift σ = 0.4 and X(0) = 1. Using the
Matlab code Milstrong.m given in the appendix we find that the LS estimation
of the convergence order is γ = 0.9846 and the residual is 0.0161.6 This is in
agreement with the theoretical value predicted to be 1.

6Again, the code used is just a slight modification of the code found in [10].
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In figure 4 below the the strong error versus ∆t on a log-log scale with a ref-
erence line with slope 1 is plotted. As was the case with the E–M scheme,
the lines seem to have about the same slope, in agreement with the theoretical
prediction.

Figure 4: Plot of errors versus ∆t on a log-log scale together with reference line
of slope 1.
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6 Multilevel Monte Carlo

6.1 Introduction to Multilevel Monte Carlo
As shown in previous sections of this thesis it is clear that standard Monte Carlo
offers a relatively simple and straightforward approach to compute expectations
of random variables. In the financial setting this amounts to combining standard
Monte Carlo with a numerical method for SDEs to compute the expected value
of the payoff that corresponds to the value of an option. The only drawback is
the relatively slow convergence of standard Monte Carlo which means that the
computational cost can be very high. In a seminal paper by Giles [5], the author
shows that it is possible to improve on this slow convergence and dramatically
reduce the cost of simulations. This method, or approach to simulation, is called
Multilevel Monte Carlo or MLMC for short. In the following sections the most
basic version of MLMC will be explained and the Complexity Theorem due to
Giles [5] will be stated.

6.2 Computational Complexity
In order to compare standard Monte Carlo with the Multilevel Monte Carlo
presented in the following sections we need the concept of computational com-
plexity. Computational complexity (or computational cost) is the total number
of times the random number generator is called [11]. This means that for stan-
dard Monte Carlo the cost is proportional to the number of paths times the
cost of simulating one path [11]. In order to quantify the computational com-
plexity of the standard Monte Carlo method, let us remember that in most
applications it is seldom possible to obtain an exact analytical solution to an
SDE. This means that we will have to combine standard Monte Carlo with
some numerical scheme for solving SDEs, such as the E–M scheme or Milsteins
scheme. Let Ŷ be the approximation of Y due to the numerical scheme. Then
by equation (3) we have that

MSE ≡ E[(Ŷ − [Y ])2].

Rewriting the above equation gives

E[(Ŷ − [Y ])2] = E
[
(Ŷ + E[Ŷ ]− E[Ŷ ]− [Y ])2

]
= E

[(
Ŷ − E[Ŷ ]

)2]
+ E

[(
E[Ŷ ]− Y

)2]
.

The first term is the statistical error or the Monte Carlo variance. The second
term is the bias of the numerical discretization scheme, it comes from the fact
that we are approximating a time continuous process with a discrete process.
From Section 5 we know that

∣∣∣E[Ŷ ]− E[Y ]
∣∣∣ is generally O(∆t) for the Euler–

Maruyama scheme. So, to achieve a root mean square error of order ε we need
the MSE to be O(ε2). From the above considerations we can see that this is
achieved if

MSE = E[(Ŷ − E[Y ])2] = O(1/N) +O(∆t2) = O(ε2).
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This implies that 1/N = O(ε2), which means that N = O(ε−2) and also ∆t2 =
O(ε2), so ∆t = O(ε). Since we are simulating N paths and each path has a cost
proportional to 1/∆t, we find that the total computational cost (or complexity)
for standard Monte Carlo when combined with the E–M scheme is O(ε−3).

6.3 Two-level Monte Carlo
Before we look at the full Multilevel Monte Carlo method, let us look at a
simplified version, a two-level Monte Carlo. Suppose that we are interested
in estimating E[P1] for a random variable P1, but for some reason it is much
cheaper to simulate the random variable P0 where P0 ≈ P1. Using that P1 =
P0 + (P1 − P0) and the linearity of the expectation operator, see (1), we have

E [P1] = E [P0] + E [P1 − P0] . (19)

We can then estimate E[P0] and E[P1 − P0] independently with

N−1
0

N0∑
i=1

P
(i)
0 (20)

and

N−1
1

N1∑
i=1

(
P

(i)
1 − P

(i)
0

)
. (21)

Adding equations (20) and (21) gives us the two-level Monte Carlo estimate of
E[P1] is given by

Ŷ1 = N−1
0

N0∑
i=1

P
(i)
0 +N−1

1

N1∑
i=1

(
P

(i)
1 − P

(i)
0

)
. (22)

So, instead of directly using all samples to calculate E[P1], which would be the
case in standard Monte Carlo, we calculate the two terms on the right of (22)
independently. When doing so we use a different number of samples to estimate
the two terms, N0 samples are used for E[P0] and N1 for E[P1 − P0]. The
difference between P1 and P0 is represented by P

(i)
1 − P

(i)
0 . The lower index is

the level, and will in the general MLMC case be denoted l and l− 1, where l is
said to be the finer level and l − 1 is the coarser level [7]. In the general case
this means that P

(i)
l and P

(i)
l-1 come from the same discretized Wiener path but

using different stepsizes ∆tl = M−lT and ∆tl-1 = M−(l−1)T for some integer
M where T is the final time of the time interval [11]. For our simplified two
level Monte Carlo with only two levels we then have the stepsizes given by
∆t0 and ∆t1. The question now is how will this reduce variance and reduce
computational cost? Let us look at (20) and remember that it is much cheaper
to simulate P0 than P1. We also know that P0 ≈ P1 so the difference P1 − P0

will be small and only a few simulations will be needed in (21) to achieve a small
variance [7].
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We can also view our two-level Monte Carlo as an application of the control
variate technique from Section 4.3. Let us remember equation (10) where we
use

X + c(Y − E[Y ])

as an estimator of E[X]. Now, if we set c = −1, X = P1, Y = P0 and E[Y ] =
E[P0] and take expectations we get

E[P1]− E[P0 − E[P0]] = E[P0] + E[P1 − P0] (23)

which we recognize as equation (19). As we can see, the two-level Monte Carlo
is closely related to the control variate technique, there are however some im-
portant differences.

• Instead of calculating c from equation (12) we set it to c = −1.

• We do not know E[P0] but have to estimate it.

In the standard control variate application we estimate the constant c by equa-
tion (12) which will give us the largest reduction in variance. As mentioned
above, in the two-level Monte Carlo setting we do not estimate c but instead
set c = −1. So the question is how will we find the minimal variance for the
two-level Monte Carlo estimator? Looking at equation (22) we can see that the
parameters we can adjust is the number of samples used in estimating (20) and
(21), that is N0 and N1. Following Giles [7], we can view this as a constrained
minimization problem where we treat N0 and N1 as real variables. To see this,
let us define C0 as the cost of generating one sample of P0 and C1 as the cost
of generating one sample of P1. Then, the total cost for generating N0 samples
of P0 and N1 samples of P1 is CT = N0C0 + N1C1. Further, let V0 be the
variance of P0 and V1 the variance of P1 − P0, and suppose that (20) and (21)
uses independent samples. Using basic properties of the variance, see equation
(2), we have

V ar

(
N−1

0

N0∑
i=1

P
(i)
0

)
=

N0

N2
0

V0 = N−1
0 V0 (24)

and

V ar

(
N−1

1

N1∑
i=1

(P
(i)
1 − P

(i)
0 )

)
=

N1

N2
1

V1 = N−1
1 V1. (25)

Adding (24) and (25) then gives us the overall variance as

VT = N−1
0 V0 +N−1

1 V1.

In order to find the minimum variance as a function of N0 and N1 for the cost
and variances as above, we look at the critical points of the Lagrangian function
[1, p800]. In this example the Lagrangian is given by

L (N0, N1, λ) = V (N0, N1) + λC(N0, N1)
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where
V (N0, N1) = N−1

0 V0 +N−1
1 V1

and
C(N0, N1) = N0C0 +N1C1 = constant.

The critical points comes from taking the gradient of the Lagrangian and setting
it equal to zero [1, p800]

∇L = ∇V + λ∇C = 0.

In our case we get

∂V

∂N0
+ λ

∂C

∂N0
= −N−2

0 V0 + λC0 = 0 (26)

and
∂V

∂N1
+ λ

∂C

∂N1
= −N−2

1 V1 + λC1 = 0. (27)

Simplifying (26) gives us λN2
0 = V0/C0 and (27) gives λN2

1 = V1/C1. Dividing
these two terms and taking the square root yields

N1

N0
=

√
V1/C1√
V0/C0

. (28)

This means that we can minimize the variance for a fixed cost by choosing
N1/N0 as given by equation (28).

In this section we introduced a simplified version of Multilevel Monte Carlo,
the two-level Monte Carlo. Even though simplified, many of the characteristics
of the Multilevel Monte Carlo are present as we shall see in the next section
where we generalize it to more levels of approximations. It is important to
recognize that the arguments for why the two-level Monte Carlo could give a
smaller variance and reduced cost compared to standard Monte Carlo are purely
heuristic. Nevertheless, they do offer a hope that this approach could work and
the proof that it actually works in the multilevel case will be stated and quanti-
fied in the Complexity theorem due to Giles which will be presented in Section
6.5.

6.4 Multilevel Monte Carlo theory
To generalize the two-level Monte Carlo from the previous section, let us start
by adding another level to P1 = P0 + (P1 −P0) from the previous section. This
gives us

P2 = P0 + (P1 − P0) + (P2 − P1),

taking expectations yields

E[P2] = E[P0] + E[P1 − P0] + E[P2 − P1].
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The three terms on the left hand side are then estimated independently by

N−1
0

N0∑
i=1

P
(i)
0 , N−1

1

N1∑
i=1

(P
(i)
1 − P

(i)
0 )

and

N−1
2

N2∑
i=1

(P
(i)
2 − P

(i)
1 ).

So, the three-level Monte Carlo estimator is then given by

Ŷ2 = N−1
0

N0∑
i=1

P
(i)
0 +N−1

1

N1∑
i=1

(P
(i)
1 − P

(i)
0 ) +N−1

2

N2∑
i=1

(P
(i)
2 − P

(i)
1 ).

Continuing in the same manner to add levels until we have L levels generalize
to

PL = P0 + (P1 − P0) + · · ·+ (PL − PL−1).

Writing this simple identity as a sum over all L levels and taking expectations
gives us

E [PL] = E [P0] +

L∑
l=1

E [Pl − Pl−1] . (29)

Here, P0, . . . , PL−1, is a sequence of random variables that approximates PL

with increasing accuracy but also increasing cost [7]. Further, instead of directly
computing E[PL], we independently estimate the terms on the right hand side
with

N−1
0

N0∑
i=1

P
(i)
0 +

L∑
l=1

{
N−1

l

Nl∑
i=1

(
P

(i)
l − P

(i)
l−1

)}
. (30)

As mentioned in Section 6.3, P (i)
l and P

(i)
l−1 comes from using the same under-

lying Wiener process but using different stepsizes when applying the numerical
discretization scheme. For P

(i)
l we use stepsize

∆tl = M−lT

and for P
(i)
l−1 we use

∆tl−1 = M−(l−1)T

for some suitable integer M , where T is the endpoint of the interval [0, T ]. As
mentioned in the previous section, the index l indicates the level where level 0
is the coarsest and level L is the finest, using more and more time steps in the
numerical scheme to achieve greater accuracy.
If we now define

Ŷ0 = N−1
0

N0∑
i=1

P
(i)
0 (31)
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and

Ŷl = N−1
l

Nl∑
i=1

(
P

(i)
l − P

(i)
l−1

)
(32)

for l > 0 we can write the combined multilevel Monte Carlo estimator as

Ŷ =

L∑
l=0

Ŷl. (33)

Let C0 and V0 denote the cost and variance of one sample of P0 and let Cl and
Vl denote the cost and variance of one sample of Pl − Pl−1 respectively. Then
the total cost comes from summing over all levels:

Ctot = N0C0 +N1C1 + . . .+NLCL =

L∑
l=0

NlCl. (34)

Continuing with the variance and remembering that we have independent sam-
ples between different levels we get

V ar[Ŷ ] = V ar

(
L∑

l=0

Ŷl

)
=

L∑
l=0

N−1
l Vl. (35)

As in the previous section, we can now find the equation for optimal Nl by
the method of Lagrange multipliers. This time however, the Lagrangian is a
function of the L+ 2 variables N0, . . . , NL, λ, given by

L (N0, . . . , NL, λ) =

L∑
l=0

(
N−1

l Vl + λNlCl

)
.

To find the minimum variance for a fixed cost we can take the gradient of the
Lagrangian and set it equal to zero, giving us

∂

∂Nl

L∑
l=0

(
N−1

l Vl + λNlCl

)
= −N−2

l Vl + λCl = 0. (36)

By first solving (36) for N−1
l gives

N−1
l =

√
λ

√
Cl

Vl
. (37)

To achieve an overall variance equal to ε2 we want that

V ar[Ŷ ] =

L∑
l=0

N−1
l Vl = ε2.
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Plugging in the equation for Nl in the above expression gives

V ar[Ŷ ] =

L∑
l=0

N−1
l Vl = ε2 =

L∑
l=0

√
λ

√
Cl

Vl
Vl =

√
λ

L∑
l=0

√
ClVl.

From this we get

λ−1/2 = ε−2
L∑

l=0

√
ClVl,

using this in (37) gives us the following expression for optimal Nl:

Nl = ε−2

√
Vl

Cl

(
L∑

l=0

√
VlCl

)
. (38)

From (38) and the expression for total cost, equation (34), we find that the total
cost can be expressed as

Ctot =

L∑
l=0

NlCl = ε−2

(
L∑

l=0

√
VlCl

)2

.

Looking at this expression, we can note the following [7]:

1. If the product VlCl increases with level l, the dominant cost comes from
VLCL, and we have Ctot ≈ ε−2VLCL.

2. If instead the VlCl decreases with level l, then the dominant cost comes
from V0C0, and we get the expression Ctot ≈ ε−2V0C0.

This can be compared to what would be the standard Monte Carlo cost, de-
noted by Cmc, which would be Cmc ≈ ε−2V0CL, if we assume that the cost
of computing PL is similar to the cost of computing PL − PL−1 and that
V ar(PL) ≈ V ar(P0) [7]. Remembering that by assumption, the sequence
P0, . . . , PPL−1, approximates PL with increasing accuracy but also increasing
cost of computation, we can compare the two above cases with standard Monte
Carlo [7]. In the first case we then get

Ctot

Cmc
≈ ε−2VLCL

ε−2V0CL
≈ VL

V0
.

This corresponds to the ratio of variances of V ar(PL−PL−1) and V ar(P0), since
V0 > VL, this means that we get a reduced cost for MLMC by factor VL/V0.
Continuing with the second case we get

CT2

Cmc
≈ ε−2V0C0

ε−2V0CL
≈ C0

CL
.

This is simply the ratio of the costs of computing P0 and PL−PL−1 respectively.
Since the cost of computation is increasing with level we have that CL > C0 and
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we get a reduced cost for MLMC by factor C0/CL. The last case to consider
would be the case where the product VlCl is constant for all levels we would
then have a total cost [7]

Ctot ≈ ε−2L2V0C0 ≈ ε−2L2VLCL.

6.5 The MLMC Complexity Theorem
Before stating the complexity theorem due to Giles [12], let us remember that
in applications it is often impossible to simulate the random variable of interest,
P , exactly. This is often the case where we have an application which involve
the simulation of SDEs. So, if we let Y be an approximation to E[P ], we have
due to the basic properties of estimators, see (3), that the mean square error is
given by

MSE(Y ) = E[(Y − E[P ])2] = V ar[Y ] + (E[Y ]− E[P ])2. (39)

Now, let Ŷ be the multilevel estimator

Ŷ =

L∑
l=0

Ŷl,

where Ŷl is given by equations (31) and (32), then we have that

E[Ŷ ] = E[PL],

V ar[Ŷ ] =

L∑
l=0

N−1
l Vl,

Vl = V ar[Pl − Pl−1].

From this and looking at (39) we see that the MSE can be written as

E[(Ŷ − E[P ])2] = V ar[Ŷ ] + (E[Ŷ ]− E[P ])2 = V ar[Ŷ ] + (E[PL − P ])2.

So, in order achieve an MSE smaller than ε2, it is sufficient to make sure that
V ar[Ŷ ] ≤ 1

2ε
2 and (E[PL−P ])2 ≤ 1

2ε
2. This leads us to the complexity theorem

by Giles.

Theorem 1 (Theorem 1 in [7]). Let P denote a random variable, and let Pl

denote the corresponding level l numerical approximation.
If there exist independent estimators Ŷl based on Nl Monte Carlo samples, each
with expected cost Cl and variance Vl, and positive constants α, β, γ, c1, c2, c3
such that α ≥ 1

2min(β, γ) and

i. |E [Pl − P ]| ≤ c12
−αl

ii. E[Ŷl] =

{
E[P0], for l = 0

E[Pl − Pl−1], for l > 0
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iii. Vl ≤ c2N
−1
l 2−βl

iv. Cl ≤ c3Nl2
γl ,

then there exists a positive constant c4 such that for any ε < e−1 there are values
L and Nl for which the multilevel estimator

Ŷ =

L∑
l=0

Ŷl,

has a mean square error with bound

MSE ≡ E
[
(Ŷ − E[P ])2

]
< ε2

with a computational complexity C with bound

C ≤


c4ε

−2, if β > γ

c4ε
−2(log ε)2 if β = γ

c4ε
−2−(γ−β)/α if β < γ.

Comparing condition i. in the complexity theorem with equation (17) we see that
the parameter α is the weak convergence order. Due to the existing literature on
weak convergence, it is usually possible to determine the correct weak conver-
gence order when applying the theorem in different contexts [5]. Constructing
estimators which meet the two conditions ii. and iv. is also straightforward.
The parameter β in condition iii. is the rate of strong convergence order. This
shows that in contrast to the standard MC method, where only weak conver-
gence is used, the MLMC uses both weak and strong convergence. This implies
that numerical methods with higher strong convergence order β will give better
results when applying MLMC [5].
In practice, the main challenge lies in finding and proving the appropriate ex-
ponent β to use in condition iii. Being able to develop even better estimators
with higher β might be an even bigger challenge [5].

It is worth noting that in practice we do not know the constants c1, c2, c3 which
are assumed to be known in the theorem. In fact, almost never is c1, c2 known,
which means that they have to be estimated by the empirical estimates of the
weak error and the multilevel correction variance [7].

What is not immediately obvious when looking at the complexity theorem is
that it actually allows for other estimators than the natural multilevel estimator
given by (33), where we used the same numerical discretization scheme for both
the coarse and fine paths [7]. Other estimators can be used as long as they
satisfy condition ii. since this will make sure that E[Ŷ ] = E[PL]. For instance,
we can use the estimator

Ŷl = N−1
l

Nl∑
i=1

(
P f
l − P c

l−1

)
, (40)
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where the superscripts f and c is used to emphasize that we used different
approximations for the fine and coarse paths respectively. The point is that as
long as the identity

E[P f
l ] = E[P c

l ] (41)

is maintained, we can use two different approximations for the coarse and
fine paths in the simulation of the SDE and still maintain the crucial iden-
tity E[Ŷ ] = E[PL].

In order to understand how the three above cases for β and γ affect the com-
putational cost, that is, at which levels the dominant computational cost will
be, we can start by analyzing the equation for optimal number of samples at
level l, Nl. Let us remember that in the derivation for optimal samples on level
l, leading to equation (38), we showed that

Nl ∝

(
Vl

Cl

)1/2

.

From the theorem we have that Vl = O(2−βl) and Cl = O(2γl), this gives us

Nl ∝

(
2−βl

2γl

)1/2

=
(
2−(β+γ)l/2

)
.

The computational cost for level l is then given by [7]

NlCl ∝
(
2−(β+γ)l/2

)(
2γl
)
=
(
2(γ−β)l/2

)
.

Following Giles in [7] we can then assert the following:

• From the above it is clear that if β > γ, the dominant computational cost
will be at the coarsest levels. Here the cost is Cl = O(1) and O(ε−2)
samples are needed to achieve the desired accuracy.

• If β < γ the dominant cost will instead be on the finer levels where, due to
condition i), where 2−αL = O(ε), and therefore we have CL = O(ε−γ/α).

• If β = 2α, the total cost is O(CL), corresponding to O(1) samples on the
finest level which is the best that can be achieved.

• Finally, if β = γ, the contributions to both variance and computational
effort is spread approximately even across all the l levels.

In Section 6.2 we saw that the computational complexity, or computational
cost, when using standard Monte Carlo plus Euler–Maruyama is O(ε−3). By
the complexity theorem, this can be improved to O(ε−2(log ε)2) when combin-
ing MLMC with Euler–Maruyama, this is the case when β = γ. When using a
higher order strong method, such as Milstein, even greater savings can be made.
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This is the case where β > γ and in this case we can reduce the MLMC cost to
O(ε−2) [11].

What it really means to achieve an O(ε−2) complexity, can be appreciated
by the following point, paraphrasing the argument made by Higham in [11].
Suppose we are given the exact expression for the solution to the SDE, then it
would be possible to compute and simulate exact samples without any numeri-
cal scheme involved. This means that using a standard Monte Carlo we would
be able to achieve a cost of order ε−2, if we regard the evaluation of each exact
X(t) sample as having a cost of O(1). In this sense, with a MLMC approach the
numerical analysis comes for free, we can solve the problem as quickly as if we
have an exact pathwise expression for the SDE solution.

7 MLMC implementation

In this section the MLMC algorithm and comments to the code implementation
in Matlab will be presented. The algorithm and Matlab code is presented by
Giles in [7] and is made available by Giles at his webpage7.

7.1 MLMC algorithm
The MLMC algorithm as presented in [7] is the following:

Algorithm 1 MLMC algorithm
1: Start with L = 2 and initial target of N0 samples on levels l = 0, 1, 2
2: while extra samples need to be evaluated do
3: evaluate extra samples on each level
4: compute/update estimates for Vl, l = 0, · · · , L
5: define optimal Nl, l = 0, · · · , L
6: test for weak convergence
7: if not converged, set L = L+ 1 and initialize target NL

8: end while

In the above algorithm we modify the equation for optimal Nl given by (38) to

Nl = 2ε−2

√
Vl

Cl

(
L∑

l=0

√
VlCl

)
.

This is to ensure that the estimated variance of the multilevel estimator is less
that 1

2ε
2, rather than ε2 as we used in the derivation for optimal Nl. With the

test for weak convergence we try to make sure that |E [P − PL]| < ε/
√
2, this is

7https://people.maths.ox.ac.uk/gilesm/mlmc.html.

39



to achieve a MSE less than ε2, where ε is the user specified root mean square
accuracy. If |E [Pl − Pl−1]| ∝ 2−αl the error remaining is [7]

E [P − PL] =

∞∑
l=L+1

E[Pl − Pl−1] = E[PL − PL−1]/(2
α − 1).

This means that we can use

|E[PL − PL−1]|/(2α − 1) < ε/
√
2

as a convergence test. However, in order to achieve more robustness we also
check E[PL−1 − PL−2] and E[PL−2 − PL−3], which are the two previous data
points, and use the maximum of the three points as the estimated remaining
error [7]. It is important to realize that this algorithm is in fact heuristic. It
does not guarantee that we achieve the desired MSE. The MLMC complexity
theorem states that we can reach a MSE less than ε2 but this would mean that
we would have to have a priori knowledge of the constants that govern weak
convergence and variance convergence as l → ∞. These constants, c1 and c2
from conditions i. and iii. in the complexity theorem, are usually not known
but are in fact being estimated in the numerical algorithm above [7].

7.2 Matlab implementation
In [7] Giles presents an overview of the Matlab implementation of the numerical
algorithm from the previous section. The implementation and results presented
in the application part of this thesis use two routines which can be downloaded
from Giles homepage https://people.maths.ox.ac.uk/gilesm/mlmc.html. The
two Matlab routines used are:

• mlmc.m: driver code which performs the MLMC calculation using an
application-specific routine to compute

∑
i(P

(i)
l − P

(i)
l−1)

p for p = 1, 2 and
a specified number of independent samples;

• mlmc_test.m : a program which performs various tests and then calls
mlmc.m to perform a number of MLMC calculations.

7.2.1 MLMC test routine

The mlmc_test.m program explained in [7] uses a fixed number of samples on
each level of resolution and will produce four plots:

• log2(Vl) versus level l

• log2(E[Pl − Pl−1]) versus level l

• consistency check versus level l

• kurtosis versus level l.
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Let a,b,c be the estimates for E[P f
l−1], E[P f

l ], E[Yl] respectively. Then, it should
be true that a − b + c ≈ 0 [7]. The consistency check verifies that this is true
by computing the ratio

|a− b+ c|
3(
√
Va +

√
Vb +

√
Vc)

,

where Va, Vb, Vc are the empirical estimates for the variances of a, b, c. The
probability of this ratio being bigger than 1 is less than 0.3% [7]. If the con-
sistency check fails, it would indicate that there is a violation of the identity
E[P f

l ] = E[P c
l ] or that we made some sort of programming error [7].

The kurtosis test comes from the fact that we need O(κ) samples to obtain a
good estimate for the variance [7]. Here, the kurtosis κ is defined by

κ =
E[X4]

(E[X2])2
,

where X is a zero mean random variable. The program mlmc_test.m will plot
the kurtosis at level l, κl, and give a warning if κl is very large since this could
be an indication that the empirical variance estimate is poor [7].
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7.2.2 MLMC driver routine

From the documentation in the code for mlmc.m we can see that the program
uses the following arguments

• N0: this is the initial number of samples on the first three levels 0, 1, 2.

• eps: this is the desired accuracy, the mean square error.

• alpha: the weak error, it is O(2−αl). Will be estimated if not given.

• beta: the strong error, gives the variance which is O(2−βl). Will also be
estimated if not given.

• gamma: the sample cost, it is O(2γl).

• mlmc_l: a user supplied function that is application-specific.

The user specified function mlmc_l must be supplied to perform the calculations
to compute Yl on level l [7]. Though, in this thesis, we have changed the name
of this function according to which application we are considering. The same
goes for the corresponding level l estimators, this is to make things clearer and
to be able to modify the code for our purposes. In this user specified function
we also implement which numerical scheme for SDEs we will use, see Section 8
and the appendix.
The inputs used are the level l and the number of paths, N together with which
option type we want to use and the output will be the cost and the sums needed
for the convergence and other MLMC tests.

The main MLMC driver also compute or updates the estimates for ml = E[Yl]
and Vl = V ar[Yl]. The test for this is if the estimated values for ml and Vl have
decreased more than 1/2 of the anticipated value given by ml = 2−αml−1 and
Vl = 2−βVl−1 respectively. After that, the values for α and β will be estimated
by linear regression if they have not been given by the user. Also, the optimal
number of samples on each of the levels is computed and this will also give
the number of additional samples which will be needed to be generated. Then,
the test for weak convergence takes place, in accordance with the algorithm in
Section 7.1. If not converged, a new level will be added and the optimal num-
ber of samples updated. Finally, the main loop is completed by computing the
combined multilevel estimator.
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8 Applications of MLMC: the Black-Scholes-Merton model

As an illustration of how to apply the Multilevel Monte Carlo method we will
consider the Black-Scholes-Merton model, it has known analytic solutions for
several option types and is easy to implement. Comparing the MLMC method
with standard Monte Carlo is a good way to investigate/illuminate the theoret-
ical results from previous sections. First, we will use MLMC with the Euler–
Maruyama scheme and after that we will also use a method with higher order
of strong convergence, that is MLMC with Milsteins scheme.

8.1 Introduction tho the Black-Scholes-Merton model
In the Black-Scholes-Merton model, or BSM model for short, we make the fol-
lowing assumptions about the market [11, p331]:

1. The dynamics of the stock price is a Geometric Brownian Motion with
constant drift and diffusion terms.

2. Short selling of the securities (financial instruments) is allowed.

3. There are no transaction costs or taxes.

4. There are no dividends during the life of the derivative.

5. There are no riskless arbitrage opportunities.

6. Trading is continuous.

7. The risk-free rate of interest, r, is constant and the same for all maturities.

The risk-free interest can be modeled mathematically by the process

dBt = rBtdt,

and it can be showed that the GBM in the BSMM is then given by

dSt = rStdt+ σStdWt,

that is (6) with the drift term given by the risk free rate and constant volatility
[2, p98].
Let us recall from Section 2 that the discounted payoff for a European call option
with strike price K is given by

PEC = e−(T−t)max(ST −K, 0).

In this special case there exists an exact solution which is given by the Black-
Scholes formula [2, p105]

PEC = sΦ[d1(t, s)]−Ke−r(T−t)Φ[d2(t, s)].
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Here Φ is the cumulative distribution function of the standard normal distribu-
tion and

d1(t, s) =
1

σ
√
T − t

{
ln
( s

K

)
+
(
r +

1

2
σ2
)(

T − t
)}

,

d2(t, s) = d1(t, s)− σ
√
T − t.

Let us assume that we start at t = 0, and that s = S0, and want to know the
value at the maturity date T . This leads to

PEC = S0Φ[d1]−KΦ[d2],

where

d1 =
1

σ
√
T

{
ln
(S0

K

)
+
(
r +

1

2
σ2
)
T

}
and

d2 =
1

σ
√
T

{
ln
(S0

K

)
+
(
r − 1

2
σ2
)
T

}
.

The terms in the Black-Scholes formula have the following interpretation [11,
p 337]:

• e−rT is the present value factor.

• Φ[d2] is the probability of exercise.

• erTΦ[d1]/Φ[d2] is the expected percentage increase in stock price in a risk-
neutral world.

• K is the strike price paid if the option is exercised.

• S0 is the starting price of the option at t = 0.

8.2 MLMC with the Euler–Maruyama scheme
Let us look at the implementation of MLMC with an Euler–Maruyama time
discretization scheme applied on a European call option driven by a GBM, that
is, a European call in the BSM model. To do this we use the Matlab function
emgbm.m8, which is derived more or less directly from the code supplied by
Giles9. First we need to specify the number of initial simulation on the coarsest
level, N0 = 1000, and the minimum and maximum refinement levels to be used,
given by Lmin = 2 and Lmax = 6. We then specify the number of simulations for
convergence tests, N = 2000000, the levels used for convergence tests, L = 5,
and finally the vector of user specified errors, ε = [0.005, 0.01, 0.02, 0.05, 0.1].
We also need to choose the time step refinement factor M . Remember that the

8See the appendix.
9The original code can be found at https://people.maths.ox.ac.uk/gilesm/mlmc/ under the

name opre.m and was used by Giles in [5].
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length of the time step at level l is given by ∆tl = M−lT for the fine level and
∆tl−1 = M−(l−1)T for the coarse level. It is possible to show that for a payoff
that satisfies a Lipschitz condition [7], like the European call, we have that for
M = 2

α = β = γ = 1,

and for M = 4 we have that

α = β = γ = 2.

However, the important relation between β and γ remains the same. In this
application we set M = 4 as Giles did in [5]. For a discussion on the importance
of M and how it can affect convergence we refer the interested reader to [7]. In
order to be able to compare the simulations with the exact analytical answer,
we set the parameters for the problem: the strike price K = 100 = S0, time to
maturity T = 1, the risk-free interest rent r = 0.05, and the volatility of the
asset σ = 0.2. Since we assume that the price of the asset at t = 0 is equal to
the strike price K we get the exact analytical value to be given by

PEC = K
(
Φ[d1]− e−rTΦ[d2]

)
.

Here, d1 and d2 are given by

d1 =
1

σ
√
T

{(
r +

1

2
σ2
)
T

}

and

d2 =
1

σ
√
T

{(
r − 1

2
σ2
)
T

}
respectively. This is implemented in emgbm.m, giving us the exact answer to
compare with the result of the simulations.

In figure 5 we see the results from the implementation of emgbm. In the
top left corner we can see how the variance of the multilevel correction terms
V ar[Pl − Pl−1] on a log2 scale decays as more levels are added. The top right
corner shows E[Pl] and E[Pl − Pl−1] which is estimated mean value and the
multilevel correction at each level plotted on a log2 scale. Here we can see how
the multilevel correction terms get smaller and smaller with each additional
level. These results should come as no surprise in light of the theory presented
in Section 6. After all, the idea of MLMC is to get the terms in equation (30)
successively smaller and thereby reducing variance. This way we can use fewer
simulations on the higher, more computationally expensive levels, and more
simulations on the cheaper coarse levels, leading to a faster convergence unless
the cost of simulation rise to fast with the levels. The two middle plots show
the cost per sample on a log2 scale and the kurtosis respectively. We can see
that the kurtosis is decreasing with increasing levels. The bottom left corner
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plot shows the number of simulations at each level, Nl for the different values
of ε specified as the desired mean square error. We can see that smaller desired
ε leads to more simulations at each level and that more levels is required to
achieve a smaller error. We also see that for all levels and values of ε we have
more simulations taking place at the coarser, cheaper levels. The computational
cost is defined as the total number of timesteps and the bottom right corner
shows a plot of the computational cost C times ε2 versus ε. The reason for this
is that due to the complexity theorem we can expect Cε2 to be only weakly
dependent on ε [5]. Since the payoff of a European call satisfies a Lipschitz
condition theory, predicts that α = 2, β = 2 and γ = 2 so Cε2 ∝ (log ε)2 [5].
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Figure 5: European call based on GBM and using the E–M scheme

The estimation of the parameters are α̂ = 2.352, β̂ = 1.994 and γ̂ = 2.000
which indicates that we do have β ≈ γ This is also supported by figure 5, Cε2

is almost constant with a slight increase as ε gets smaller which comes from the
(log ε)2 term in the complexity theorem. Finally, we can also note that the exact
answer is 10.450584 and at ε = 0.005 we got 10.45. To see more clearly the costs
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and savings when comparing MLMC to standard MC we have generated table
1 from the Matlab output. We define savings as the ratio between the cost for
standard MC and the cost for MLMC. That is, we set

Savings = Standard MC cost
MLMC cost .

A saving of 64.30 for the smallest desired error ε means that we would only

Table 1: Matlab output for the European call option
ε MLMC cost Standard MC cost Savings
0.005 5.774x10^7 3.714x10^9 64.303
0.01 1.433x10^7 9.285x10^8 64.80
0.02 3.659x10^6 2.321x10^8 63.45
0.05 4.234x10^5 9.263x10^6 21.88
0.1 8.453x10^4 5.685x10^5 6.73

need 1.55% of the simulations needed for standard MC to reach the same desired
error.
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8.3 Improving convergence with the Milstein scheme
From the theoretical considerations in the previous sections we should expect
that we can get even better improvements using a numerical discretization
method that has higher order of strong convergence than the E–M scheme. This
means that using the Milstein scheme should lead to even faster convergence
and greater savings compared to using the Euler–Maruyama scheme. In this
application we calculate the payoff of a European call option based on GBM,
using Milsteins scheme with the same parameters and number of simulations as
in the case of a European call using Euler–Maruyama in order to compare them.
Implementing the Milstein scheme for a European call option is then straight-
forward. The code used is milgbm.m and is derived directly from mcqmc06.m
which was used by Giles in [6].
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Figure 6: European call based on GBM and using the Milstein scheme

In figure 6 we can again see in the top two plots how both the variance and
the mean of the multilevel correction terms [Pl − Pl−1] get smaller for every
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additional level. The two middle plots shows the computational cost on a log2
scale on the left and the kurtosis on the right. There is nothing suspicious about
these two plots and we can note that the kurtosis is actually decreasing with
increasing levels. Looking at the right lower corner, we can see a clear difference
compared to figure 5. In this application the plot of Cε2 is nearly a perfect
straight line and does not show the slight increase of cost with decreasing ε as
was the case when using Euler–Maruyama. This indicates that we have β > γ
which is aslo what theory predicts since we should have β = 2 and γ = 1 for a
Lipschitz payoff like an European call [7]. The Matlab output from the linear
regression supports this and the estimation of the parameters are the following:

• α̂ = 0.928565,

• β̂ = 1.863703,

• γ̂ = 1.00000.

Again, we can compare the analytical price given by 10.450584 to the result of
the simulation at ε = 0.005 given by 10.45. Looking at table 2 we see that we
got considerable savings when using MLMC compared to standard MC. At the
smallest error ε = 0.005 the savings is 219.36 which means that we only need
0.455% of the simulations needed for standard MC to reach the desired error ε.

Table 2: Matlab output for European call using Milstein
ε MLMC cost Standard MC cost Savings
0.005 2.033x10^7 4.460x10^9 219.36
0.01 5.045x10^6 5.574x10^8 110.49
0.02 1.260x10^6 6.968x10^7 55.29
0.05 1.967x10^5 5.574x10^6 28.34
0.1 5.535x10^4 6.875x10^5 12.42

In this application10 it was possible to use the basic, or naive, estimator given
by (33) directly with Milsteins scheme and get a faster convergence. That is,
using the same time discretization scheme for both the coarse and fine levels
and only changing the length of the time step. The question now is if this is
always possible, since this would lead to easy implementation of the Multilevel
estimators. Unfortunately, this is not the case. However, using the more general
formulation given by (40) allows for using more flexible estimators and this way
it might be possible to achieve better strong convergence with β > γ. Examples
of this is given by Giles in [6] and clearly shows both the strength and challenge
of MLMC: we can, at least in some cases, achieve β > γ but it may take some
ingenuity to do it.

10See the code milgbm.m in the appendix.
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9 Applications of MLMC: CIR and the Heston model

9.1 Introduction
A European call in the BSM model has several nice properties: there exists an
exact analytical solution and several quantities of interest also have analytical
formulas for easy evaluation. However, despite the upsides of the BSM model
there are some drawbacks. We assume the knowledge of five parameters but
only four of these are observable directly and the last one, the volatility, needs
to be estimated. There are two common approaches to this, historic volatility
and implied volatility. Historic volatility is exactly what it sounds like, we use
historical stock price data to estimate the volatility. The interested reader can
consult [2, p109] for more details regarding this approach. The other approach,
implicit volatility, uses the idea that we could use the market expectation of the
volatility by looking at how the market has priced some benchmark option and
to solve it for σ. That is, we try to find the σ that the market has implicitly used
in pricing the option and we then use that σ to price our option [2, p110]. This
also provides us with a test of the BSM model: we compare several European
calls on the same stock and the same expiration date, we then plot the implied
volatility as a function of the exercise price. If the model is correct we should
have a straight line, representing the constant volatility. However, in empirical
studies it is often the case that this plotted line is not straight but rather look
like the smile of the Cheshire cat and hence the name volatility smile [2, p110].
Another weak link in the model is the assumption of constant interest rate, this
is an crude approximation and there exist several so called short rate models,
such as the CIR model presented in the next section, where we model the short
rate by an SDE instead.
So, in order to explain and model the volatility smile and hopefully find a better
model for the volatility and the price of the option we need something more
advanced. One approach is presented in the next section: the Heston model.

9.2 Cox-Ingersoll-Ross and the Heston model
The Cox-Ingersoll-Ross model, or CIR, is a stochastic model of the short interest
rate. It models the short rate rt as a solution to the following SDE:

drt = κ(θ − rt)dt+ σ
√
rtdWt. (42)

The parameters of the model are

• κ=the mean reverting speed.

• θ=the long term variance.

• σ = the variance of the variance.

It is possible to show that if the parameters fulfills the Feller condition

2κθ > σ2,
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the process is strictly positive and will never reach zero [13, p57] Applying the
Euler–Maruyama scheme to (42) seems straight forward:

rn+1 = rn + κ(θ − rn)∆tn + σ
√
rn∆tn∆Wn.

However, this approach will not work satisfactory. The reason is that there
is a non-zero probability that this discretization will become negative. This is
because the Wiener increments are standard normal variables and if

∆Wn <
−rn − κ(θ − rn)∆tn

σ
√
rn∆tn

,

then rn+1 < 0 and will cause a problem for the next iteration due to the square
root. In order to solve this problem we can follow Giles [5] and use

r+n = max(0, rn)

under the square root to get

rn+1 = rn + κ(θ − rn)∆tn + σ
√
r+n∆tn∆Wn.

As mentioned above, the CIR model is one of many proposed short rate models.
Instead of branching out in to the other various models and financial derivatives
that could arise from this we prefer to stay in the realm of applications regard-
ing options. Luckily, there is a connection between the CIR and something
called The Heston model. The Heston model or Heston stochastic volatility
model is one of many stochastic volatility models used to describe the dynamics
of various underlying assets. In contrast to the Black-Scholes-Merton model
where the diffusion term or volatility is constant we now allow the volatility to
be a stochastic process itself. In the Heston model we assume that the price
dynamics for the underlying assets is given by the system of SDEs given by

dSt = rStdt+
√

VtStdW1,t (43)

dVt = κ(θ − Vt)dt+ σ
√
VtdW2,t. (44)

Here, we also allow the Wiener processes W1,t and W2,t to be correlated with cor-
relation coefficient ρ. This correlation between the two Wiener processes allows
flexibility in trying to model the variance and one of the preciously mentioned
shortcomings of the BSM model, namely the volatility smile.
The connection between the CIR model and the Heston model is evident when
inspecting the terms of equation (44): it is a CIR process but this time used to
model the volatility of the price process instead of the short rate.

In order to see how MLMC performs compared to standard MC in this case,
we have chosen to implement an Asian call option in the Heston model. As the
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coefficients in the Heston model for Asian calls do not satisfy a global Lipschitz
condition, the study of strong or weak convergence is much harder than for
European calls in the BSM model. Research on this topic is ongoing. In order
to model the payoff of the Asian call option we follow Giles in [5] and make a
piecewise linear approximation given by

S =

Nl∑
i=1

1

2
(Si − Si−1)∆tl,

and the payoff given by

PAC = e−rt max
(
S −K

)
.

We want the CIR process used to model the volatility to fulfill the Feller condi-
tion mentioned above, this is achieved by setting κ = 5, σ = 0.25, θ = 0.04. The
other parameters are set to T = 1, V (0) = 0.04, r = 0.05,K = 100, V (0) = 100.
The Euler–Maruyama scheme for this application is given by

Sn+1 = Sn + V Sn∆tn +
√

V +
n ∆tnSn∆Wn1

Vn+1 = Vn + κ(θ − Vn)∆tn + σ
√
V +
n ∆tn∆Wn2

.

However, it is possible to achieve greater accuracy and reduce variance by intro-
duction of the variable W = eκt(V − θ) and then doing the E–M discretization
[5]. This gives us the following improved E–M scheme for the Heston model

Sn+1 = Sn + V Sn∆tn +
√

V +
n ∆tnSn∆Wn1

Vn+1 = θ + e−κ∆tn((Vn − θ) + σ
√

V +
n ∆tn∆Wn2

).

Figure 7 was generated when running the simulation with N = 2000000 and
ρ = 0.7 while the other parameters are the same as mentioned above. In figure
7 we can again see that the variance of the multilevel correction V ar[Pl −Pl−1]
gets smaller for every level and the same goes for the estimated mean of the
multilevel correction E[Pl − Pl−1], although the latter seems to be decaying
faster in the beginning and somewhat slower for the higher levels. The two
middle plots shows the cost per sample on a log2 scale and the kurtosis. The
kurtosis grows rapidly from level 1 to level 2 but decays after that and does not
warrant any concern. The Matlab output from the linear regression estimation
of the parameters are α̂ = 1.846, β̂ = 1.858, and γ̂ = 2.000.
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Figure 7: Asian call based on the Heston model and ρ = 0.7

The result of the linear regression seems to indicate that we have β < γ we
can see in the bottom left plot of figure 7 that for each desired error ε we still
have more simulations taking place at the coarser cheaper levels. In the bottom
right plot, showing ε2C versus ε, we can see that standard MC and MLMC both
exhibit the same staircase pattern and that ε2C for MLMC is substantially lower
than for standard MC.
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Table 3: Matlab output for Asian call using E–M scheme in the Heston model
ε MLMC cost Standard MC cost Savings
0.005 1.637x10^8 5.105x10^9 31.19
0.01 2.639x10^7 3.215x10^8 12.19
0.02 6.673x10^6 8.039x10^7 12.05
0.05 6.503x10^5 3.173x10^6 4.88
0.1 1.624x10^4 7.934x10^5 4.89

From the table 3 we can see that for the smallest desired error ε we have savings
but not as large as in the previous cases. Still, a saving in computational cost
of a factor of 31.19 means that we need only 3.2% of the simulations needed for
standard MC to reach the desired error ε.
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10 Conclusion

The aim of this thesis was to introduce the reader to the Multilevel Monte
Carlo Method (MLMC) by presenting the relevant background material, theory
as well as applications to European and Asian call options.
The main theoretical result of the present thesis is that we can reduce computa-
tional cost (complexity) by using the Multilevel Monte Carlo Method together
with a numerical scheme compared to using standard Monte Carlo together with
the same numerical scheme. This is stated in the complexity theorem where it
is shown that we can achieve a computational cost of O(ε−2) when we use a nu-
merical scheme where β > γ. Comparing this to standard Monte Carlo, which
have a computational cost of O(ε−3), it is clear that Multilevel Monte Carlo
offers faster convergence and can lead to considerable savings in the number of
simulations needed to reach the desired error in the computations of prices. In
the case where β = γ there is also reduction of computational complexity and
we can achieve a cost of O(ε−2(log ε2)) which also gives savings compared to
standard Monte Carlo.

In the case of applying the Euler–Maruyama scheme together with MLMC to a
European call option, the theory predicts that11 α = 2, β = 2 and γ = 2. When
looking at the output from the Matlab implementation we saw that α̂ = 2.35,
β̂ = 1.99 and γ̂ = 2.00. Even though α̂ is slightly larger than we would expect
from theory, the important relation in the context of the complexity theorem
β = γ seems to hold. In accordance with the complexity theorem we achieved a
cost for MLMC which was O(ε−2(log ε2)) and a substantial saving compared to
the cost for standard Monte Carlo. When using the Milstein scheme together
MLMC theory predicts that we should have α = 1, β = 2 and γ = 1. The esti-
mates from linear regression showed that α̂ = 0.928, β̂ = 1.863 and γ̂ = 1.000.
We achieved even greater savings compared to standard Monte Carlo than in
the case of using the Euler–Maruyama scheme and reached the O(ε−2) cost as
predicted by the complexity theorem for the case where β > γ.

In the case of an Asian call option in the Heston model the analysis of the rate
of weak and strong convergence is much harder and research is ongoing. The
result of the linear regression of the parameters were α̂ = 1.846, β̂ = 1.858 and
γ̂ = 2.000. This means that both the weak and strong convergence was slightly
slower compared to the case of an European call using the Euler–Maruyama
scheme with MLMC and most importantly the estimates indicate that β < γ
in the context of the complexity theorem. In this application we do get some
savings but they are not as substantial as in the previous two cases.

In summary, the Multilevel Monte Carlo method offers an interesting and ef-
ficient way of reducing the cost of simulation and improving on the relatively
slow convergence of standard Monte Carlo. We have seen three different cases,

11Using time refinement factor M = 4.
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corresponding to each of the three different relations between β and γ in the
complexity theorem. In all three cases we achieved faster convergence and sav-
ings in terms of computational cost compared to standard Monte Carlo. One of
the challenges of the method lies in finding or constructing estimators for which
β > γ which may be nontrivial. However, as we saw in Section 8, we can still
achieve considerable savings in the other cases for which β = γ and even β < γ.

For further research we would like to see the MLMC method applied to more
complex financial models. Examples of this could be allowing for more complex
volatility models and models with jumps and investigate how the estimators
can be constructed as well as theoretical questions such as predicting conver-
gence. One such example of a more complex volatility model is the Double
Heston model. This is an expansion of the original Heston model to a two-
factor stochastic model which fits the empirical volatility smile even better than
the original model [3].
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I Appendix - Code for generating 5 GBM realizations and
their mean

% GBM realizations and mean plot

randn('state',121517) % set the state of randn
T = 1; N = 5000; dt = T/N; t = [dt:dt:1];
mu = 0.1;
sigma = 0.5 ;
k = (mu - 0.5*sigma^2);
M = 5000; % M paths simultaneously
dW = sqrt(dt)*randn(M,N); % Wiener increments
W = cumsum(dW,2); % Winer process is the cumulative sum of the
X = exp(repmat(k*t,[M 1]) + sigma*W); % Wiener increments.
Xmean = mean(X); % The mean over M paths is the MC estimate
True = exp(mu*t); %The true mean
plot([0,t],[1,Xmean],'b-'), hold on % plot mean over M paths
plot([0,t],[1,True],'g-'), plot([0,t],[ones(5,1),X(1:5,:)],'r-'), hold off
xlabel('t','FontSize',16)
ylabel('X(t)','FontSize',16,'Rotation',0,'HorizontalAlignment','right')
legend('mean of 5000 paths','the true mean','5 generated paths')

maxerr=max(abs(Xmean-True)) % The maximum error between the
% estimated mean and the true mean

II Appendix - Code for strong convergence of E–M

%EMstrong Test strong convergence of Euler-Maruyama
%
% Solves dX = mu*X dt + sigma*X dW, X(0) = Xzero,
% where mu = 2, sigma = 2 and Xzero = 1.
%
% Discretized Brownian path over [0,1] has dt = 2^(-9).
% E-M uses 5 different timesteps: 16dt, 8dt, 4dt, 2dt, dt.
% Examine strong convergence at T=1: E | X_L - X(T) |.

randn('state',121517) % set the state of randn
mu = 2; %
sigma = 2 ; % problem parameters
Xzero = 1; %
T = 1; N = 2^9; dt = T/N; % Time and time step length
M = 5000; % number of paths sampled

Xerr = zeros(M,5); % preallocate memory
for s = 1:M, % sample over discrete Brownian paths

57



dW = sqrt(dt)*randn(1,N); % Brownian increments
W = cumsum(dW); % discrete Brownian path
Xtrue = Xzero*exp((mu-0.5*sigma^2)+sigma*W(end));
for p = 1:5

R = 2^(p-1); Dt = R*dt; L = N/R; % L Euler steps of size Dt = R*dt
Xtemp = Xzero;
for j = 1:L

Winc = sum(dW(R*(j-1)+1:R*j));
Xtemp = Xtemp + Dt*mu*Xtemp + sigma*Xtemp*Winc;

end
Xerr(s,p) = abs(Xtemp - Xtrue); % store the error at t = 1

end
end

Dtvals = dt*(2.^([0:4]));
loglog(Dtvals,mean(Xerr),'b*-'), hold on
loglog(Dtvals,(Dtvals.^(.5)),'r–'), hold off % reference slope of 1/2
axis([1e-3 1e-1 1e-4 10])
xlabel('\Delta t'), ylabel('Sample average of | X(T) - X_L |')
title('emstrong.m','FontSize',10)

%%%% Least squares fit of error = C * Dt^q %%%%
A = [ones(5,1), log(Dtvals)']; rhs = log(mean(Xerr)');
sol = A\rhs; q = sol(2)
resid = norm(A*sol - rhs)

III Appendix - Code for strong convergence of Milstein

%MILSTRONG Test strong convergence of Milstein: vectorized
%
% Solves dX = mu*X* dt + sigma*X dW, X(0) = Xzero,
% where mu = 0.1, sigma = 0.4 and Xzero = 1
%
% Discretized Brownian path over [0,1] has dt = 2^(-11).
% Milstein uses timesteps 128*dt, 64*dt, 32*dt, 16*dt (also dt for reference).
%
% Examines strong convergence at T=1: E | X_L - X(T) |.
% Code is vectorized: all paths computed simultaneously.

randn('state',121517)
mu = 0.1; sigma = 0.4; Xzero = 1; % problem parameters
T = 1; N = 2^(11); dt = T/N; %
M = 5000; % number of paths sampled
R = [1; 16; 32; 64; 128]; % Milstein stepsizes are R*dt
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dW = sqrt(dt)*randn(M,N); % Brownian increments
Xmil = zeros(M,5); % preallocate array
for p = 1:5

Dt = R(p)*dt; L = N/R(p); % L timesteps of size Dt = R dt
Xtemp = Xzero*ones(M,1);
for j = 1:L

Winc = sum(dW(:,R(p)*(j-1)+1:R(p)*j),2);
Xtemp = Xtemp + Dt*mu*Xtemp + sigma*Xtemp.*Winc ...

+ 0.5*sigma^2*Xtemp.*(Winc.^2 - Dt);
end
Xmil(:,p) = Xtemp; % store Milstein solution at t =1

end

Xref = Xmil(:,1); % Reference solution
Xerr = abs(Xmil(:,2:5) - repmat(Xref,1,4)); % Error in each path
mean(Xerr); % Mean pathwise errors
Dtvals = dt*R(2:5); % Milstein timesteps used

loglog(Dtvals,mean(Xerr),'b*-'), hold on
loglog(Dtvals,Dtvals,'r–'), hold off % reference slope of 1
axis([1e-3 1e-1 1e-4 1])
xlabel('\Delta t')
ylabel('Sample average of | X(T) - X_L |')
title('Milstrong.m','FontSize',10)
legend('Strong Milstein','Reference line')
%%%% Least squares fit of error = C * Dt^q %%%%
A = [ones(4,1), log(Dtvals)]; rhs = log(mean(Xerr)');
sol = A\rhs; q = sol(2)
resid = norm(A*sol - rhs)

IV Appendix - Code for European call using E–M scheme

% This code is derived directly from the code made available on Giles homepage and
% is similar to the code used for his original
% 2008 Operations Research paper, using an Euler-Maruyama
% discretisation with time step refinement factor M=4.

function emgbm

close all; clear all;

addpath('..');

N0 = 1000; % initial samples on coarse levels
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Lmin = 2; % minimum refinement level
Lmax = 6; % maximum refinement level

for option = 1:2
if (option==1)

fprintf(1,'\n –– European call –– \n');
N = 2000000; % samples for convergence tests
L = 5; % levels for convergence tests
Eps = [ 0.005 0.01 0.02 0.05 0.1];

elseif (option==2)
fprintf(1,'\n –– Asian call –– \n');
N = 2000000; % samples for convergence tests
L = 5; % levels for convergence tests
Eps = [ 0.005 0.01 0.02 0.05 0.1 ];

end

filename = ['em_gbm' num2str(option)];
fp = fopen([filename '.txt'],'w');
mlmc_test(@emgbm_l, N,L, N0,Eps,Lmin,Lmax, fp, option);
fclose(fp);

% print exact analytic value, based on S0=K

T = 1;
r = 0.05;
sig = 0.2;
K = 100;

d1 = (r+0.5*sig^2)*T / (sig*sqrt(T));
d2 = (r-0.5*sig^2)*T / (sig*sqrt(T));

if (option==1)
val = K*( normcdf(d1) - exp(-r*T)*normcdf(d2) );
fprintf(1,'\n Exact value: %f \n',val);

end

% plot results

nvert = 3;
mlmc_plot(filename, nvert);

if(nvert==1)
figure(1)
print('-deps2',[filename 'a.eps'])
figure(2)
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print('-deps2',[filename 'b.eps'])
else

print('-deps2',[filename '.eps'])
end

end

%–––––––––––––––––––––––––––-
% level l estimator

function [sums, cost] = emgbm_l(l,N, option)

M = 4; % time step refinement factor

T = 1; % setting the parameters for time,
r = 0.05; % interest rate r,
sig = 0.2; % volatility sig,
K = 100; % and strike price K

nf = M^l;
nc = nf/M;

hf = T/nf; %fine level time step
hc = T/nc; %coarse level time step

sums(1:6) = 0;

for N1 = 1:10000:N
N2 = min(10000,N-N1+1);

% GBM model

X0 = K;

Xf = X0*ones(1,N2);
Xc = Xf;

Af = 0.5*hf*Xf;
Ac = 0.5*hc*Xc;

if l==0
dWf = sqrt(hf)*randn(1,N2); % generate fine level Wiener inc

61



Xf = Xf + r*Xf*hf + sig*Xf.*dWf; % fine level discretization
Af = Af + 0.5*hf*Xf; % fine level for Asian call

else
for n = 1:nc

dWc = zeros(1,N2); % allocate memory for coarse level Wiener inc
for m = 1:M

dWf = sqrt(hf)*randn(1,N2);% generate fine level Wiener inc
dWc = dWc + dWf; % generate coarse level Wiener inc
Xf = Xf + r*Xf*hf + sig*Xf.*dWf; % fine level disc
Af = Af + hf*Xf;% fine level Asian call disc

end
Xc = Xc + r*Xc*hc + sig*Xc.*dWc;% coarse level disc
Ac = Ac + hc*Xc;% coarse level Asian call disc

end
Af = Af - 0.5*hf*Xf;
Ac = Ac - 0.5*hc*Xc;

end

if option==1
Pf = max(0,Xf-K);% fine level payoff Euro call
Pc = max(0,Xc-K);% coarse level payoff Euro call

elseif option==2
Pf = max(0,Af-K);% fine level payoff Asian call
Pc = max(0,Ac-K);% coarse level payoff Asian call

end

Pf = exp(-r*T)*Pf;% uppdate fine level payoffs
% including the discount factor

Pc = exp(-r*T)*Pc;% uppdate coarse level payoffs
% including the discount factor

if l==0
Pc=0;

end

sums(1) = sums(1) + sum(Pf-Pc);
sums(2) = sums(2) + sum((Pf-Pc).^2);
sums(3) = sums(3) + sum((Pf-Pc).^3);
sums(4) = sums(4) + sum((Pf-Pc).^4);
sums(5) = sums(5) + sum(Pf);
sums(6) = sums(6) + sum(Pf.^2);

end
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cost = N*(nf+nc) ; % cost defined as total number of timesteps

V Appendix - Code for European call using the Milstein
scheme

% This code is derived directly from the code made available at Giles homepage,
% and used by Giles in the paper mcqmc06,
% using a Milstein discretisation with time step refinement factor M=2.

function milgbm

close all; clear all;

addpath('..');

N0 = 1000; % initial samples on coarse levels
Lmin = 2; % minimum refinement level
Lmax = 8; % maximum refinement level

for option = 1:2
if (option==1)

fprintf(1,'\n –– European call –– \n');
N = 2000000; % samples for convergence tests
L = 5; % levels for convergence tests
Eps = [ 0.005 0.01 0.02 0.05 0.1 ];

elseif (option==2)
fprintf(1,'\n –– Asian call –– \n');
N = 2000000; % samples for convergence tests
L = 5; % levels for convergence tests
Eps = [ 0.005 0.01 0.02 0.05 0.1];

end

filename = ['milgbm_' num2str(option)];
fp = fopen([filename '.txt'],'w');
mlmc_test(@milgbm_l, N,L, N0,Eps,Lmin,Lmax, fp, option);
fclose(fp);

% print exact analytic value, based on S0=K

T = 1;
r = 0.05;
sig = 0.2;
K = 100;
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d1 = (r+0.5*sig^2)*T / (sig*sqrt(T));
d2 = (r-0.5*sig^2)*T / (sig*sqrt(T));

if (option==1)
val = K*( normcdf(d1) - exp(-r*T)*normcdf(d2) );

elseif (option==2)
val = NaN;

end

if isnan(val)
fprintf(1,'\n Exact value unknown \n\n');

else
fprintf(1,'\n Exact value: %f \n\n',val);

end

% plot results

nvert = 3;
mlmc_plot(filename, nvert);

if(nvert==1)
figure(1)
print('-deps2',[filename 'a.eps'])
figure(2)
print('-deps2',[filename 'b.eps'])

else
print('-deps2',[filename '.eps'])

end

end

%–––––––––––––––––––––––––––-
%
% level l estimator

function [sums, cost] = milgbm_l(l,N, option)

K = 100; % setting the parameter: strike price K,
T = 1; % time,
r = 0.05;% interest rate,
sig = 0.2; % and volatility
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M = 2; % time step refinement factor

nf = M^l;
nc = nf/M;

hf = T/nf; % fine level time step
hc = T/nc; % coarse level time step

sums(1:6) = 0;

for N1 = 1:10000:N
N2 = min(10000,N-N1+1);

X0 = K;

Xf = X0*ones(1,N2);
Xc = Xf;

Af = 0.5*hf*Xf;
Ac = 0.5*hc*Xc;

if l==0
dWf = sqrt(hf)*randn(1,N2);
dIf = sqrt(hf/12)*hf*randn(1,N2);

Xf0 = Xf;
Xf = Xf + r*Xf*hf + sig*Xf.*dWf ... %fine level Milstein

+ 0.5*sig^2*Xf.*(dWf.^2-hf); %discretization
vf = sig*Xf0;
Af = Af + 0.5*hf*Xf + vf.*dIf(1,:); %fine level Asian call disc

else
for n = 1:nc

dWf = sqrt(hf)*randn(2,N2); % generate fine level Wiener inc

dIf = sqrt(hf/12)*hf*randn(2,N2);
for m = 1:2

Xf0 = Xf;
Xf = Xf + r*Xf*hf + sig*Xf.*dWf(m,:) + 0.5*sig^2*Xf.*(dWf(m,:).^2-hf); %fine
%level Milstein discretization
vf = sig*Xf0;
Af = Af + hf*Xf + vf.*dIf(m,:); % fine level disc for Asian call

end

dWc = dWf(1,:) + dWf(2,:);
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ddW = dWf(1,:) - dWf(2,:);

Xc0 = Xc;
Xc = Xc + r*Xc*hc + sig*Xc.*dWc + 0.5*sig^2*Xc.*(dWc.^2-hc); % coarse
% level Milstein discretization

vc = sig*Xc0;
Ac = Ac + hc*Xc + vc.*(sum(dIf,1) + 0.25*hc*ddW); % coarse level disc
% for Asian call

end
Af = Af - 0.5*hf*Xf; % fine level approximation for Asian call
Ac = Ac - 0.5*hc*Xc; % coarse level approximation for Asian call

end

if option==1
Pf = max(0,Xf-K); % fine level payoff
Pc = max(0,Xc-K); %coarse level payoff

elseif option==2
Pf = max(0,Af-K); % fine level Asian call payoff
Pc = max(0,Ac-K); % coarse level Asian call payoff

end

Pf = exp(-r*T)*Pf; % uppdate fine level payoffs
% including the discount factor

Pc = exp(-r*T)*Pc; % uppdate the coarse level payoffs
% including the discount factor

if l==0
Pc = 0;

end

sums(1) = sums(1) + sum(Pf-Pc);
sums(2) = sums(2) + sum((Pf-Pc).^2);
sums(3) = sums(3) + sum((Pf-Pc).^3);
sums(4) = sums(4) + sum((Pf-Pc).^4);
sums(5) = sums(5) + sum(Pf);
sums(6) = sums(6) + sum(Pf.^2);

end

cost = N*(nf + nc); % cost defined as the total number of timesteps
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VI Appendix - Code for Asian call in the Heston Model

% This code is derived from the
% 2008 Operations Research paper by Giles and uses an Euler-Maruyama
% discretization with time step refinement factor M=4.
% We use this to calculate the payoff of a Asian call in the Heston model.
% The level l estimator uses the variance improving substitution
% mentioned in both the thesis an the above paper by Giles.

function Hestas

close all; clear all;

addpath('..');

N0 = 1000; % initial samples on coarse levels
Lmin = 2; % minimum refinement level
Lmax = 6; % maximum refinement level

for option = 1
if (option==1)

fprintf(1,'\n –– Heston Asian call –– \n');
N = 2000000
; % samples for convergence tests
L = 5; % levels for convergence tests
Eps = [ 0.005 0.01 0.02 0.05 0.1 ];

end

filename = 'em_hestas';
fp = fopen([filename '.txt'],'w');
mlmc_test(@hestas_l, N,L, N0,Eps,Lmin,Lmax, fp, option);
fclose(fp);

%
% plot results
%

nvert = 3;
mlmc_plot(filename, nvert);
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if(nvert==1)
figure(1)
print('-deps2',[filename 'a.eps'])
figure(2)
print('-deps2',[filename 'b.eps'])

else
print('-deps2',[filename '.eps'])

end
end

%–––––––––––––––––––––––––––-
%
% level l estimator for Heston Asian call
%

function [sums, cost] = hestas_l(l,N, option)

M = 4; % time step refinement factor

T = 1; % setting the parameters for time T,
r = 0.05; % interest rate r,
sig = 0.2; % volatility sig
K = 100; % and strike price K

nf = M^l;
nc = nf/M;

hf = T/nf; % fine level time step
hc = T/nc; % coarse level time step

sums(1:6) = 0;

for N1 = 1:10000:N
N2 = min(10000,N-N1+1);

%
% Euler–Maruyama for the Asian call using the Heston model.
%

if option ==1
X0 = [K; 0.04];
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Xf = X0*ones(1,N2);
Xc = Xf;

Af = 0.5*hf*Xf;
Ac = 0.5*hc*Xc;

if l==0
dWf = sqrt(hf)*randn(2,N2); % generate fine Wiener inc
Xf = Xf + mu(Xf,hf)*hf + sig_dW(Xf,dWf,hf); % fine level
% discretization using EM
Af = Af + 0.5*hf*Xf; % fine level disc for Asian call

else
for n = 1:nc

dWc = zeros(2,N2);
for m = 1:M

dWf = sqrt(hf)*randn(2,N2); % fine level Wiener inc
dWc = dWc + dWf; % coarse level Wiener inc
Xf = Xf + mu(Xf,hf)*hf + sig_dW(Xf,dWf,hf); % fine level disc
Af = Af + hf*Xf; % fine level disc for Asian call

end
Xc = Xc + mu(Xc,hc)*hc + sig_dW(Xc,dWc,hc); %coarse level disc
Ac = Ac + hc*Xc; % coarse level disc for Asian call

end
Af = Af - 0.5*hf*Xf; % fine level Asian call approximation
Ac = Ac - 0.5*hc*Xc; % coarse level Asian call approximation

end

Pf = max(0,Af(1,:)-K); % fine level payoff for Asian call
Pc = max(0,Ac(1,:)-K); % coarse level payoff for Asian call

end

Pf = exp(-r*T)*Pf; % uppdate payoff for Asian call including discount factor
Pc = exp(-r*T)*Pc; % uppdate payoff for Asian call including discount factor

if l==0
Pc=0;

end

sums(1) = sums(1) + sum(Pf-Pc);
sums(2) = sums(2) + sum((Pf-Pc).^2);
sums(3) = sums(3) + sum((Pf-Pc).^3);
sums(4) = sums(4) + sum((Pf-Pc).^4);
sums(5) = sums(5) + sum(Pf);
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sums(6) = sums(6) + sum(Pf.^2);
end

cost = N*(nf + nc); % cost defined as total number of
% fine and coarse timesteps

%––––––––––

function m=mu(x,h)

%m = [ 0.05*x(1,:); ...
% 5*(0.04-x(2,:)) ];

m = [ 0.05*x(1,:); ...
((1-exp(-5*h))/h)*(0.04-x(2,:)) ];

%––––––––––

function sigdW=sig_dW(x,dW,h)

dW(2,:) = 0.7*dW(1,:) + sqrt(0.51)*dW(2,:); % generating the
% correlation between the two Wiener processes

%sigdW = [ sqrt(max(0,x(2,:))).*x(1,:).*dW(1,:); ...
% 0.25*sqrt(max(0,x(2,:))).*dW(2,:);

sigdW = [ sqrt(max(0,x(2,:))).*x(1,:).*dW(1,:); ...
exp(-5*h)*0.25*sqrt(max(0,x(2,:))).*dW(2,:) ];

References

[1] Robert A. Adams. Calculus: A Complete Course. Pearson Education
Canada Inc, Toronto, Ontario, 2003.

[2] Tomas Björk. Arbitrage Theory in Continuous Time. Oxford University
Press, Oxford, 2004.

[3] Peter Christoffersen, Steven Heston, and Kris Jacobs. The shape and term
structure of the index option smirk: Why multifactor stochastic volatility
models work so well. Management Science, 55(12):1914–1932, 2009.

[4] Roger L. Berger George Casella. Statistical Inference. Duxbury, Pacific
Grove, California, 2002.

[5] Michael B. Giles. Multilevel monte carlo path simulation. Operations Re-
search, 56(3).

70



[6] Michael B. Giles. Improved multilevel monte carlo convergence using the
milstein scheme. Monte Carlo and Quasi-Monte Carlo Methods 2006, pages
343–358, 2008.

[7] Michael B. Giles. Multilevel monte carlo methods. Acta Numerica, 24:259–
328, 2015.

[8] Paul Glasserman. Monte Carlo Methods in Financial Engineering.
Springer, New York, 2003.

[9] Allan Gut. An Intermediate Course in Probability. Springer, New York,
1995.

[10] Desmond J. Higham. An algorithmic introduction to numerical simulation
of stochastic differential equations. SIAM Rev, 43(3):525546, 2001.

[11] John C. Hull. Options, futures and other derivates. Pearson, New Jersey,
2015.

[12] R. Scheichl A.L. Teckentrup K.A. Cliffe, M.B. Giles. Multilevel monte
carlo methods and applications to elliptic pdes with random coefficients.
Computing and Visualization in Science, 14(3):3–15, 2011.

[13] Jörg Kienitz. Financial modelling - Theory, Implementation and Practice
with MATLAB Source. Wiley Finance, Chichester, West Sussex, 2012.

[14] Fima C. Klebaner. Introduction To Stochastic Calculus With Applications.
Springer, Berlin, 2005.

[15] Peter E. Kloeden. Numerical Solution of Stochastic Differential Equations.
Springer, Berlin, 1999.

[16] Bernt Øksendal. Stochastic Differential Equations. Springer, Berlin, 2003.

[17] Sheldon M. Ross. Simulation. Elsevier, Oxford, 2006.

[18] Dennis D. Wackerly. Mathematical Statistics with Applications. Duxbury,
Pacific Grove, California, 2002.

71


