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A

The main focus of this thesis lies on the critical properties of two-
dimensional (2D) superconductors in zero magnetic field. Simulations
based on variants of the 2D XY model are shown to give characteristic
features close to the phase transition which agree qualitatively with experi-
mental data. Thus, it is concluded that these common characteristic features
are caused by two-dimensional vortices.

The thesis consists of an introductory part and five separate publications.
In the introductory part of the thesis the basic results of the Ginzburg-
Landau model, which gives a phenomenological description of supercon-
ductors, are described. In 2D systems, the superconductive phase transition
in the absence of a magnetic field is governed by the unbinding of thermally
created vortices and is called the Kosterlitz-Thouless (KT) phase transition.
An introduction to this kind of transition is given. The important features
of the current-voltage (IV ) characteristics and the nonlinear conductivity,
which can be used to study the KT transition, are discussed. The scaling
analysis procedure, a powerful tool for the analysis of the properties of a
system in the vicinity of phase transition, is reviewed. A scaling form for
the nonlinear dc conductivity, which takes into account finite-size effects, is
discussed.

The static 2D XY model, which is usually used to describe superfluids,
superconducting films as well as the high-Tc superconductors with high
anisotropy, is introduced. Three different types of dynamic models, namely
resistively shunted junction, relaxational, and Monte Carlo dynamics are
superimposed on the 2D XY model for the evaluation of the dynamic prop-
erties. The Villain model and a modified XY model using a p-type interaction
potential exhibit different densities of the thermally created vortices. Since
the dominant characteristic physical features close to the KT transition are
associated with vortex pair fluctuations these two models are investigated.

The introductory part closes with a short introduction to each of the five
published articles.

iii



“Thesis” — 2003/6/11 — 15:44 — page iv — #6i
i

i
i

i
i

i
i

Keywords: superconductor, two dimensions, phase transition, vortex, current-
voltage characteristics, complex conductivity, scaling, critical exponents,
XY -type models, dynamics.

iv



“Thesis” — 2003/6/11 — 15:44 — page v — #7i
i

i
i

i
i

i
i

Publications

The thesis is based on the following publications:

I K. Medvedyeva, B.J. Kim, and P. Minnhagen, Analysis of current-voltage
characteristics of two-dimensional superconductors: Finite-size scaling behavior in
the vicinity of the Kosterlitz-Thouless transition, Physical Review B 60, 14 531-
14 540 (2000).

II K. Medvedyeva, B.J. Kim, and P. Minnhagen, Ubiquitous finite-size scaling
features in I-V characteristics of various dynamic XY models in two dimensions,
Physica C 355, 6-14 (2001).

III K. Medvedyeva, B.J. Kim, and P. Minnhagen, Splitting of the supercon-
ducting transition in the two weakly coupled 2D XY models, Physica C 369,
282-285 (2002).

IV K. Medvedyeva, B.J. Kim, and P. Minnhagen, Comment on “Loss of Su-
perconducting Phase Coherence in YBa2Cu3O7 films: Vortex-Loop Unbinding and
Kosterltz-Thouless Phenomena”, Physical Review Letters 89, 149703 (2002).

V K. Medvedyeva, P. Holme, B.J. Kim, and P. Minnhagen, Dynamic criti-
cal behavior of the XY model in small-world networks, Physical Review E 67,
036118 (2003).

v



“Thesis” — 2003/6/11 — 15:44 — page vi — #8i
i

i
i

i
i

i
i



“Thesis” — 2003/6/11 — 15:44 — page vii — #9i
i

i
i

i
i

i
i

Contents

1 Introduction 1
1.1 Outline of the thesis 3

2 The Ginzburg-Landau model 5
2.1 The order parameter in the GL model 5
2.2 The length scales of the GL model 6

3 The Kosterlitz-Thouless transition 9
3.1 The nature of the Kosterlitz-Thouless transition 9
3.2 IV characteristics 13
3.3 Frequency-dependent response 14

4 Scaling 19
4.1 Static and dynamic critical exponents 19
4.2 Scaling analysis of the IV characteristics 20

4.2.1 Technical details of the scaling procedure 22
4.3 Influence of finite-size effects on the IV characteristics 22
4.4 Scaling of non-equilibrium relaxation 25

5 Models and types of dynamics 27
5.1 XY -type models 27
5.2 Dynamic Models 29

5.2.1 Boundary conditions 30
5.2.2 Josephson effects and the RCSJ model 31
5.2.3 RSJ dynamics 33
5.2.4 Relaxational dynamics 37
5.2.5 Monte Carlo dynamics 39

5.3 Observables 40

6 Summary of the Papers 43
6.1 Introduction to Paper I 43

6.1.1 Paper I 44
6.2 Paper II 48
6.3 Paper III 49

vii



“Thesis” — 2003/6/11 — 15:44 — page viii — #10i
i

i
i

i
i

i
i

6.4 Paper IV 52
6.5 Paper V 53

Bibliography 57

Acknowledgements 61

viii



“Thesis” — 2003/6/11 — 15:44 — page 1 — #11i
i

i
i

i
i

i
i

1

Introduction

With the discovery of superconductivity in mercury at 4K by Kamer-
lingh Onnes in 1911, a search for more superconducting materials with
higher transition temperatures Tc began. Over decades this led to a gradual
increase in the highest known transition temperature, up to a plateau at 23K
with the discovery of superconductivity of Nb3Ge by Galaver in 1973 [1].
After 13 years without further increase of Tc, a new class of superconduc-
tors, “Cuprate-Superconductors”, was discovered starting with the discovery
of superconductivity at ∼ 35K in ”LBCO”1 by Bednorz and Müller [2], for
which they were awarded the Nobel Prize in 1987. Further large increases in
the highest known Tc up to ∼ 90K followed quickly in the same class of ma-
terials, exemplified by Y1Ba2Cu3O7−δ (“YBCO”)2. Shortly after that, higher
Tc values were found in the “BSCCO”3 system [3] and the “TBCCO”4 sys-
tem [4] with Tc-values of up to ∼ 130K, which represent the highest known
transition temperatures up to now. The high transition temperatures of
the new class of superconductors opened expectations with respect to their
technical application since all these compounds only require easily accessi-
ble liquid nitrogen cooling with a boiling temperature of 77K, rather than
the significantly more expensive liquid helium cooling.

Besides the extremely high transition temperatures, high-Tc cuprate su-
perconductors are different from conventional superconductors in a num-
ber of aspects. The coherence length ξ which is usually associated with
the average size of a Cooper pair is of the order of about 500 to 10000Å for
conventional superconductors while for high-Tc superconductors ξ ∼ 12Å
to 15Å at zero temperature. Since the London penetration depth of high-Tc
superconductors is of the order λ ∼ 103Å [5] they are in the so called type-II
limit, characterized by λ/ξ� 1. Thus, cuprate superconductors can contain
quantized magnetic flux (vortices). The intensive research of these materials
has revealed the importance of vortex physics for both the basic understand-
ing and application of superconductors. The present thesis focuses on the

1Mixed oxide of lanthanum, barium, and copper.
2In this structure, the Y can be replaced by many other rare earth elements, e.g. La, Nb, Sm,

Eu, Gd, Ho, Er, and Lu, with similarly high Tc.
3Mixed oxides of bismuth, strontium, calcium, and copper.
4Mixed oxides of thallium, barium, calcium, and copper.

1
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2 1 Introduction

understanding of vortex physics in superconductors.
All cuprate superconductors feature “copper oxide planes” as a common

structural element, which is believed to dominate the superconducting
properties. Thus, all high-Tc superconductors mentioned above can be
viewed as parallel superconducting planes with interplane coupling. This
layered structure results in anisotropic behavior. The interplane coupling
can be very weak so that under certain conditions, the materials may be de-
scribed as a stack of decoupled two-dimensional superconducting planes.
Furthermore, using thin film technology, it is possible to produce very thin
superconducting films of cuprate superconductors, whose thickness d is
much less than the magnetic penetration depth λ. In this case the sample
also can be regarded as two-dimensional.

Quasi two-dimensionality of the cuprate superconductors as well as
the high transition temperatures enhance the influence of thermal fluc-
tuations in the superconducting phase of such compounds. The phase
transition between the superconducting and the normal state in a strictly
two-dimensional superconductor in the absence of an external magnetic
field is driven by thermally created vortex fluctuations and is known as the
two-dimensional (2D) Kosterlitz-Thouless (KT) phase transition: Thermally
excited vortices, interacting via a logarithmic potential, are bound in neu-
tral pairs below the KT transition temperature TKT. As the temperature T is
increased across TKT from below, these pairs start to unbind. Generally, for
cuprate superconductors the phase transition has a three-dimensional char-
acter. However, the quasi two-dimensionality means that many features of
two-dimensional vortex fluctuations still characterize the physics of cuprate
superconductors in the vicinity of the phase transition.

The signature of the KT transition is for example present in such experi-
mentally observable quantities as the current-voltage (IV ) characteristics of
the sample or its complex conductivity. The IV characteristics are described
by a power-law dependence of the voltage on the current: V ∝ Ia with an
exponent a, which is known to have a universal value 3 precisely at the KT
transition [6]. For T < TKT the exponent is a > 3, whereas for T > TKT the IV
characteristics show ohmic behavior a = 1 [7].

From measurements of the frequency dependent complex conductivity
σ(ω) it is possible to extract information about the vortex dynamics: For
a fixed frequency σ as a function of temperature should show a single
dissipation peak in Re[ωσ(ω)] at a frequency dependent temperature Tω,
with a value between TKT and the mean-field transition temperature Tc0 .
This peak represents losses due to vortex motion while a sharp drop-off
in Im[−ωσ(ω)] at the same temperature reflects an effective decrease in
superconductivity for the same frequency.

The model for the description of two-dimensional superconductors used
in the present thesis in order to study vortex physics is the 2D XY model. The
2D XY model catches the static vortex properties of 2D superconductors. In
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1.1 Outline of the thesis 3

order to extract the dynamic properties, the static 2D XY model has to be
supplemented with an appropriate dynamic model. Three such models are
investigated in this thesis:

• the resistively shunted junction dynamics model, based on the elemen-
tary Josephson relations for single junctions and Kirchhoff’s current
conservation law;

• the time-dependent Ginzburg-Landau model or relaxational dynam-
ics model, in which the equations of motion are obtained from the
phenomenological theory of the relaxation of the superconducting
order parameterΨ;

• the Monte Carlo dynamics based on the Metropolis algorithm [8].

Numerical simulations of these models are used to extract the relevant
dynamic quantities we are interested in.

1.1 Outline of the thesis

The present thesis consists of six chapters. The main goal of the Chapters 2-
5 is to give an introduction to the series of Papers I - V published in the
course of this thesis. The Chapter 6 consists of the discussion of the Papers
themselves. The introductory part is organized in the following way:

• Chapter 2 gives an introduction to the Ginzburg-Landau model as a
phenomenological model of superconductivity. The superconducting
order parameterΨ(r), coherence length ξ, magnetic penetration depth
λ, as well as the vortex structure are discussed here.

• Chapter 3 discusses the Kosterlitz-Thouless (KT) transition in terms
of thermally created vortices and gives a review from a two dynamic
perspectives, concentrating on the current-voltage characteristics and
complex conductivity measurements.

• Chapter 4 deals with the scaling analysis procedure which is a power-
ful tool in analyzing experimentally measured and numerically sim-
ulated data in the vicinity of the phase transition. The scaling forms
for the investigated quantities are discussed and the method used to
deduce the critical exponents is explained.

• Chapter 5 introduces the equilibrium XY -type models and the dif-
ferent dynamic models used in Papers I - V. The Josephson relations,
which are the basis for the resistively shunted junction (RSJ) dynam-
ics, and the equations of motion for RSJ, relaxation and Monte Carlo
dynamics are presented.
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• Chapter 6 summarizes the results from the Papers I - V individually.
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The Ginzburg-Landau model

The Ginzburg-Landau (GL) model is a quantum phenomenological model of
superconductivity based on the Landau theory [9] of a second order phase
transition. This model is based on an introduced pseudo-wavefunctionΨ(r)
of the superconducting charge carrier density which at the same time plays
the role of a complex order parameter. The basic ideas of the Ginzburg-Landau
model are described in this section.

2.1 The order parameter in the GL model

In 1937 Landau developed a model to describe second order phase transi-
tions, in which the state of a material changes gradually while its symmetry
changes discontinuously at the transition temperature. The crucial point in
this theory is the introduction of the concept of an order parameter. The
order parameter υ is an appropriate property of the system which vanishes
in the high-temperature phase, i.e. above a transition temperature Tc, but
has a nonzero value below the transition T < Tc. The identification of υ is
often obvious from the nature of the phase transition. Thus, for example,
for the ferromagnetic transition it is natural to identify the spontaneous
magnetization Ms as the order parameter while in the case of ferroelectric
materials the role of υ is played by the spontaneous electric polarization Ps.
One fundamental statement of the Landau theory is that the phase tran-
sition is accompanied by a reduction in the symmetry of the system [9]:
The low-temperature phase has a low symmetry and is called the ordered
phase while the high-temperature phase is called disordered phase and has
a higher symmetry.

In the absence of a magnetic field the transition from the normal to the
superconducting state in three-dimensional (3D) systems is a second order
phase transition. At the same time superconductivity is some kind of a
macroscopic quantum state. In 1950 Ginzburg and Landau (GL) introduced
a position dependent complex function Ψ(r) as an order parameter within
Landau’s general theory of second order phase transitions [10]. This order
parameter can be regarded as a wavefunction for superconducting charge

5
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6 2 The Ginzburg-Landau model

carriers and is represented as

Ψ(r) = ReΨ+ iImΨ = |Ψ(r)|eiθ(r), (2.1)

where θ is the phase common to the community of the particles and Ψ(r)
can be normalized so that |Ψ(r)|2 gives the number density of Cooper pairs
ns(r): |Ψ(r)|2 = ns(r).

The basic postulate of the GL model is that the difference in the free
energy F between the normal and superconducting phase of a system is a
function of the order parameter near the phase transition. Furthermore,
because Ψ(r) → 0 continuously as T → Tc from below, the free energy can
be expanded in a power series of the order parameter near the transition
temperature Tc and can be written as (see, for example, Ref. [11])

FGL[Ψ] = Fn +

∫
ddr

{
α|Ψ(r)|2 +

β

2
|Ψ(r)|4

+
~2

2m∗

∣∣∣∣∣(∇ − ie∗

~
A
)
Ψ(r)

∣∣∣∣∣2 + B2

8π

}
, (2.2)

where Fn is the free energy of a system in the normal state, α and β are
phenomenological expansion coefficients characterizing the material, m∗ =
2me and e∗ = ±2e are the mass and the charge of a superconducting charge
carries (Cooper pair). The sign of the charge depends on whether a Cooper
pair consists of electrons (−) or holes (+). In the following we will assume
e∗ = −2e, i.e. that the superconducting charge carriers are electrons. A is
the vector potential which is connected to the magnetic induction B via
B = ∇×A. In the absence of a magnetic field the value of |Ψ|2 for which the
free energy of a homogeneous superconductor is minimum can be obtained
by minimizing Eq. (2.2) with respect toΨ giving

|Ψ0|
2 = ns =

{
−
α
β for T < Tc0 ,

0 for T > Tc0

(2.3)

with the phenomenological parameters α ≡ α(T) ≈ α0(T − Tc0 ) with α0 > 0
and β(Tc0 ) = β0 > 0. The model predicts the phase transition at the so-called
mean-field transition temperature Tc0 where α(Tc0 ) = 0 while α changes the
sign from negative to positive as the temperature exceeds Tc0 .

2.2 The length scales of the GL model

According to their magnetic properties, superconductors are classified into
type-I and type-II superconductors. Type-I superconductors expel the mag-
netic field completely from their interior for fields up to the critical field Hc
(Meissner state). Type-II superconductors additionally exhibit a mixed state
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2.2 The length scales of the GL model 7

for magnetic fields between the lower Hc1 and upper Hc2 critical magnetic
fields (Shubnikov phase), in which the magnetic field penetrates the super-
conductor in quantized units (see, for example, Ref. [12]). For magnetic
fields H > Hc for type-I and H > Hc2 for type-II superconductors supercon-
ductivity is destroyed. In the Meissner state, an external magnetic field is
expelled via shielding currents close to the surface of the superconductor.
Both the shielding current density and the external magnetic field decay
exponentially from the surface into the superconductor. The length scale
on which the magnetic field is decaying at a superconducting boundary
is called the London penetration depth and is given by (see, for example,
Ref. [11, 12]):

λ2 =
m∗c2

4πnse∗2
=

m∗c2β

4πe∗2|α(T)|
, (2.4)

where c is the speed of the light. Along with this length scale the GL theory
introduces the coherence length

ξ2 =
~2

2m∗|α(T)|
(2.5)

which defines the length scale for spatial variations of the order parameter
Ψ(r). The ratio of the two characteristic length scales defines the Ginzburg-
Landau parameter k = λ/ξ which controls whether a superconductor is a
type-I kind (k < 1/

√
2) or if it is a type-II kind (k > 1/

√
2).

Classic superconductors in the clean limit are characterized by k � 1.
For dirty superconductors or high-Tc superconductors k may be much
greater than 1 making them type-II superconductors [11]. According to
Abrikosov [13] magnetic field penetrates into type-II superconductors in
the mixed state in a form of magnetic flux tubes called vortices. A schematic
presentation of an isolated magnetic vortex is shown in Fig. 2.1: An Abri-
cosov vortex has a normal core which can be approximated by a long thin
cylinder with its axis parallel to the external magnetic field. The radius of the
cylinder is of the order ξ and the density of the Cooper pairs (and therefore
the amplitude of the order parameter) decreases to zero at the vortex center.
The direction of the supercurrent circulating around the normal core is such
that the direction of the magnetic field generated by it coincides with that
of the external field and is parallel to the normal core. Each vortex carries
a magnetic flux quantum Φ0 = 2π~c/|e∗| and the corresponding magnetic
field is largest at the vortex center and decreases from the center on a length
scale given by the penetration depth λ.

In bulk superconductors (3D) the magnetic penetration depthλ typically
ranges from 102 to 103Å. However in thin superconducting films, which can
be regarded as a two-dimensional (2D) superconductors (system thickness
d � λ), screening is less effective due to the confinement of the screening



“Thesis” — 2003/6/11 — 15:44 — page 8 — #18i
i

i
i

i
i

i
i

8 2 The Ginzburg-Landau model

(a)
B

(b) B

|ψ|

ξ

λ

2

2

r

2

F 2.1 Schematic presentation of an isolated magnetic vortex in a type-II super-
conductor with relevant length scales: a) configuration of the supercurrent creating
the vortex; b) dependence of the magnetic field and the density of superconducting
charge carriers on the distance from the vortex center.

current to the plane. Therefore, the London penetration depth has to be
replaced by an effective 2D screening length defined as [14]

Λ =
2λ2

d
=

m∗c2

2πe∗2n2D
s
, (2.6)

where d is the system thickness. The sheet density of the Cooper pairs n2D
s is

connected to the density of the Cooper pairs in a bulk superconductor ns via
n2D

s = dns = d|Ψ0(r)|2. Λ is typically a macroscopic value and can be even
larger than the sample size. Thus, 2D superconductors can be regarded as
type-II superconductors.
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The Kosterlitz-Thouless transition

In two-dimensional superconductors in the absence of an external magnetic
field the phase transition from the superconducting to the normal state is
driven by thermally created vortices: Below the transition the thermally
created vortices are bound in vortex-antivortex pairs1. At the transition the
pairs start to unbind producing free vortices which can cause dissipation
losses. This transition is called the Kosterlitz-Thouless (KT) transition. The
KT transition can be investigated for example by transport and by response
measurements. In this section the nature of the KT transition is described
and both kinds of measurements are discussed.

3.1 The nature of the Kosterlitz-Thouless transition

The superconducting phase of bulk superconductors is characterized by the
existence of long range order (LRO). LRO can show, for example, in the be-
havior of the order parameter correlation function G(r) = 〈Ψ∗(r)Ψ(0)〉which
goes to |Ψ0|

2 , 0 as r tends to infinity2. In 1966 Mermin and Wagner [15]
showed that two-dimensional systems described by a multicomponent or-
der parameterΨ(r) = ψk(r) (where k = 1, ...,n), and possessing a continuous
symmetry, do not exhibit conventional long range order. This results in the
fact that the expectation value of the order parameter 〈Ψ(r)〉 vanishes for all
finite temperatures. In 1972, Berezinskii [16], and independently Kosterlitz
and Thouless [17], suggested that in 2D systems LRO in the low-temperature
phase should be replaced with so-called quasi-long range order. The term
quasi-long range order (QLRO) implies that the order parameter correlation
function decays according to

G(r) = 〈Ψ∗(r)Ψ(0)〉 ∝ 〈e−iθ(r)eiθ(0)
〉 ∼ r−η(T). (3.1)

The exponent η is not universal, but depends on temperature and the con-
stant J = ~2

|Ψ0|
2/4m∗ via η(T) = kBT/2πJ [18], where kB is the Boltzmann

constant. Since the correlation function (3.1) vanishes as r → ∞ there is
no true long range order for T > 0 in agreement with the Mermin-Wagner

1Antivortices are the vortices with opposite magnetic field direction.
2Ψ∗ denotes the complex conjugate ofΨ = |Ψ|eiθ.

9
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10 3 The Kosterlitz-Thouless transition

theorem. On the other hand, it does not decay exponentially as expected
for temperatures greater than the phase transition temperature. Thus, al-
though there is no LRO at any finite temperature in 2D systems, the decay of
correlations should change from power-law behavior at low temperatures
to the exponential decay at high temperatures. Hence, a phase transition
is expected at the temperature at which the correlation function changes its
behavior. This turns out to be the case and is known as the Berezinskii-
Kosterlitz-Thouless phase transition temperature TBKT. In the following for
convenience we will call the transition the KT transition and the transition
temperature as TKT.

The 2D KT transition in the absence of an external magnetic field is
driven by the unbinding of thermally induced vortex-antivortex pairs. In
the 2D case a vortex can be thought of a point defect (“topological defect”)
with zero amplitude of the order parameter in the center and a singularity
in the phase θ(r). The line integral along a closed path in the clockwise
direction surrounding the vortex is∮

∇θ · dl = 2πnv, (3.2)

where nv is an integer and is called “vorticity” of the vortex (or “topological
charge” or “winding number”). If nv = +1, the topological defect is called
vortex while an excitation with nv = −1 is called antivortex. In general, the
winding number counts how many times the phase winds by ±2π in going
around the defect in the clockwise direction. While in principle it is possible
to have vortices with |nv| > 1 we will see below that they are energetically
expensive and as a consequence need not be considered. The vortex current
density flows within an area of radius ∼ Λ [see Eq. (2.6)], the 2D magnetic
penetration depth.

In the case when a vortex is present, the line integral
∮
∇θ(r) · dl along

a closed loop around the vortex center is finite. Therefore a supercurrent
circulates around the vortex core. In the case of zero external magnetic field
the supercurrent velocity vs is related to the gradient of the phase∇θ via [11]

vs(r) =
~

m∗
∇θ(r).

Then the kinetic energy density term associated with the phase gradients
can be written as ns(m∗v2

s/2) and therefore the kinetic energy associated with
the vortex is

E = Ec +
~2ns

2m∗

∫
d2r [∇θ(r)]2, (3.3)

where Ec is the loss of the condensation energy due to the normal vortex core
and ~2ns/2m∗ can be expressed using the previously introduced constant J



“Thesis” — 2003/6/11 — 15:44 — page 11 — #21i
i

i
i

i
i

i
i

3.1 The nature of the Kosterlitz-Thouless transition 11

by J/23. Ec can be taken to be a constant but depending on the Cooper
pair density ns. It can crudely be estimated by assuming that the Cooper
pair density vanishes within an area of radius ξ around the vortex center.
The loss of the condensation energy is fn − fs = α2/2βd (see, for example,
Ref. [11]), where fn and fs are the free energy density in the normal and
in the superconducting state, respectively, times the core area ∼ ξ2 givs us
Ec ≈ ~2ns/4m∗d.

The second term in Eq. (3.3) can be estimated by considering the cylin-
drical symmetry: Ψ(r) only depends on the distance r from the vortex center
so that for any circular line integral around a circle with radius r we have

2πnv =

∮
∇θ(r) · dl = 2πr|∇θ|.

Consequently, |θ(r)| = nv/r and the energy associated with an isolated vortex
in a system with size L is

E = Ec +
J
2

∫
dr [∇θ(r)]2 = Ec +

Jn2
v

2

∫ 2π

0

∫ L

a

1
r2 r dr =

Ec + Jπn2
v ln

(L
ξ

)
. (3.4)

The integration is cutoff at small r by the core size ξ of the vortex since the
amplitude of the order parameter |Ψ| vanishes on a length scale given by ξ
(compare Fig. 2.1). From this equation we see that the energy of the vortex
is a quadratic function of its charge nv and therefore it is energetically
preferable to create vortices with |nv| = 1. Furthermore, we see that the
energy of the vortex increases logarithmically with the size of the system and
in the thermodynamic limit, when L → ∞, it becomes impossible to create
a single vortex by thermal fluctuations. However, free vortices become
important as the temperature is increased. To estimate the temperature at
which this happens let us consider the energy-entropy argument: Kosterlitz
and Thouless pointed out that the energy of an isolated vortex and its
entropy depend on the size of the system in the same manner. Indeed,
the entropy associated with the vortex depends logarithmically on the area
since there are approximately (L/ξ)2 possible positions where the vortex can
be located and thus the entropy is S = 2kB ln(L/ξ). At the same time, the
energy cost for a single vortex to be created is given by Eq. (3.4). Thus the
free energy cost to introduce a single vortex with nv = ±1 is

F = E − TS = Ec + (πJ − 2kBT) ln(L/ξ). (3.5)

From this relation one can easily see that in a large system, when L→∞, the
free vortices can not be created spontaneously for temperatures T < πJ/2kB

3From this point throughout the text we use ns in order to denote the sheet density of the
Cooper pairs.
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12 3 The Kosterlitz-Thouless transition

since in this case F → ∞. However, at T > πJ/2kB the system can decrease
its free energy by producing vortices: F→ −∞ as L→∞. The temperature
TKT = πJ/2kB at which the Helmholtz free energy F changes its sign from
positive to negative is the KT transition temperature. This is the lowest
temperature at which free vortices can appear in an infinite system.

Although the energy of a single vortex scales with the system size, the
energy cost for creating a pair which consists of two vortices of opposite
vorticity of a distance r from each other depends logarithmically on the
distance between the members of the pair [6, 17]:

Epair(r) = 2Ec + 2πJ ln
( r
ξ

)
. (3.6)

Therefore, at low temperatures thermal excitations are generated in the form
of bound vortex-antivortex pairs. Let us notice here that the logarithmic
interaction between a vortex and antivortex in Eq. (3.6) has the same form
as the electrostatic Coulomb potential in two dimensions. This suggests that
in 2D case vortices can be treated as Coulomb charges [6]. The mean square
separation between the members of a vortex-antivortex pair as function of
temperature is then given by:

〈r2
〉 =

∫
∞

ξ
e−2πJ ln(r/ξ)/kBT r22πr dr∫
∞

ξ
e−2πJ ln(r/ξ)/kBT 2πr dr

= ξ2 πJ − kBT
πJ − 2kBT

.

If it were possible to create vortices at zero temperature then the mean
separation between two vortices with opposite vorticity would be just ξ. As
we start to increase the temperature, the mean square separation increases
as well, until it diverges at T = πJ/2kB, which is exactly the KT transition
temperature TKT introduced above. At this temperature the vortex pair
becomes unbound and free vortices are produced.

Thus, according to KT, thermally excited fluctuations (vortices) give rise
to a phase transition in 2D systems in the absence of an external magnetic
field: below the KT transition temperature TKT vortices of different vorticity
interact via a logarithmic potential and are bound in neutral pairs. In the
thermodynamic limit of an infinite sample free vortices can not exist at
T < TKT. As the temperature T is increased across TKT from below, the pairs
start to unbind producing a finite density of free vortices.

It should be mentioned that TKT as calculated above is not exact since it
considers only a single vortex-antivortex pair ignoring the influence of other
pairs which inevitably will arise in the system. For a low density of vortex-
antivortex pairs the space between a given pair is unlikely to contain other
pairs and a bare (unrenormalized) interaction between vortices correctly
describes the properties of the system. However, as the temperature rises,
the density of vortex pairs increases. Due to this, pairs of two vortices
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separated by some large distance are very likely to have several smaller
vortex pairs between them. The smaller pairs will relax in the field produced
by the larger pairs and this polarization will cause a reduction of the strength
of the vortex-antivortex interaction. Due to the Coulomb gas analogy where
the vortices are treated as effective charges, the screening of the large pair
of vortices by the smaller pairs can be described in terms of an effective
vortex dielectric constant ε ≥ 1. This constant takes into account the effect
of vortex pairs of the size less or equal to r on the vortex interaction [6, 19].
Eventually, it will lead to the reduction of the KT transition temperature.

3.2 IV characteristics

One of the most common ways to study a KT transition is to investigate the
transport properties of the sample, i.e. its current-voltage (IV ) characteris-
tics. Vortices determine the IV characteristics in the following manner: an
external current density applied to the sample causes a Lorentz force acting
on a vortex perpendicularly to the current flow. The physical origin of this
force lies in the superposition of the circulating vortex current and the ex-
ternally applied current which leads to a current gradient in the direction
perpendicular to the external current. In the absence of vortex pinning the
Lorentz force produces a steady dissipative vortex motion, which results
in the presence of a nonzero resistance. However, as we explained in the
previous section, below the KT transition there are no free vortices present.
Instead the vortices with opposite circulation are bound into neutral pairs.
In this case an applied current exerts oppositely directed Lorentz forces on
each member of the pair of the magnitude per unit length

FL =
1
c

jΦ0,

where j is the density of the external current at the location of the normal
core of the vortex and Φ0 is the magnetic flux quantum [12]. A schematic
representation of this situation is shown in Fig. 3.1. Eventually, the net force
on the pair is zero and the vortices do not move. Thus the resistance of
a sample in this case is zero (see, for example, Ref. [20]). However, zero
resistance for 2D superconductors is strictly found only in the limit of zero
applied current j → 0. For j > 0 and T > 0 there is a non-zero probability
for an unbinding of a vortex pair due to the Lorentz force acting on the
individual vortices. This results in two vortices which are then free to move,
producing resistance, until they recombine [21]. Thus the IV characteristics
become nonlinear, i.e. V ∼ Ia(T) with the nonlinear IV exponent a(T) > 3.
One should notice here that this power-law behavior can be seen only in
the case of relatively small currents. On the other hand, in the large-current
limit all pairs will de facto be unbound and the constant number of free
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+ _

FF LL

j

F 3.1 Schematic representation of the vortex-antivortex pair. The Lorentz
forces FL caused by an applied current density j exerts in opposite directions on
each member of the pair.

vortices will give ohmic response V ∼ I for the IV characteristics. As we
cross TKT from below thermally induced free vortices appear. They give an
additional contribution to the response which is now ohmic even for small
currents.

Therefore, for T > TKT in the low current limit the nonlinear IV exponent
a(T) = 1 and the current-voltage characteristics displays ohmic response.
Precisely at the KT transition, in the j → 0 limit, a(T) jumps from 1 to
3 [6, 19] for decreasing temperature. For T < TKT one has a(T) > 3 and
power-law response [7].

3.3 Frequency-dependent response

Besides the transport measurements at zero frequency which contain in-
formation about the KT transition, the non-zero frequency response mea-
surements also allow to extract information about dynamical properties of
the vortices. For frequency-dependent measurements a two-coil mutual-
inductance technique is widely used (see, for example, Refs. [22, 23]). A
schematic presentation of this technique is shown in Fig. 3.2. The supercon-
ducting sample is placed between a driver and a pickup coil. An alternating
current I with an angular frequency ω is applied to the driver coil and the
response is measured by the pickup coil. From the measurements the re-
sponse of the superconductor to a time-dependent electromagnetic field can
be deduced.

The response of a superconductor to a small time-dependent electro-
magnetic field can be described in terms of the complex ac conductivity of
the system. In the 2D case the ac conductivity σ(ω) is just the inverse of
the sheet impedance Z(ω) which in the presence of vortex-antivortex pairs
is written as Z(ω) = −iωLkε(ω) [6, 24]. Here Lk is the kinetic inductance of
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3.3 Frequency-dependent response 15

~ Ι drive

Vpickup

F 3.2 Schematic presentation of the experimental arrangement for the two-coil
mutual inductance technique. An alternating current Idrive induces a voltage Vpickup

in the pickup coil. Vpickup is affected by the electromagnetic response of the sample.

the sample caused by the non-dissipative motion of the superconducting
charge carriers in the absence of fluctuation effects. It is related to the bare
superfluid density ρ0(T)4 via Lk = (me/e∗)2/ρ0(T). A complex, frequency
dependent, dielectric response function ε(ω) describes the effect of vortex
pairs and unbound vortices. This function is connected to the frequency
dependent effective superfluid density ρ via Re[1/ε(ω)] = ρ/ρ0 [6]. So, in
the presence of 2D fluctuation effects σ(ω) can be expressed as

σ(ω) = −
ρ0(T)

iωε(ω)
(3.7)

(for simplicity we use (me/e∗)2 = 1). From this equation we can see that

Re[σ(ω)] = −
ρ0

ω
Im

[
1
ε(ω)

]
(3.8)

and

Im[σ(ω)] =
ρ0

ω
Re

[
1
ε(ω)

]
. (3.9)

The interplay between bound vortex pairs and free vortices is reflected in the
complex conductivity σ(ω) via the response function ε(ω) in the following
manner: In the high-temperature phase close to the mean-field transition

4The bare superfluid density ρ0 is the mass density of the homogeneous superfluid in
the absence of vortex fluctuations and is related to the sheet density of Cooper pairs via
ρ0 = m∗ns [25].
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16 3 The Kosterlitz-Thouless transition

temperature Tc0 there are free vortices present and their diffusion gives rise
to a Drude response form (see, for example, [11]):

Re
[

1
ε(ω)

]
=

ω2

ω2 + σ2
0

(3.10)

and

Im
[

1
ε(ω)

]
= −

σ0ω

ω2 + σ2
0

, (3.11)

where σ0 is the characteristic frequency scale which is proportional to the
vortex density. As the temperature is decreasing towards the KT transition,
more and more vortices bind together into the pairs and eventually the
response is dominated by vortex pairs. The response function in this case
has so-called Minnhagen phenomenology (MP) form which is given by the
following relations [6]:

Re
[

1
ε(ω)

]
=

1
ε

ω
ω + ω0

(3.12)

and

Im
[

1
ε(ω)

]
= −

1
ε

2
π
ω0ω lnω/ω0

ω2 − ω2
0

, (3.13)

where ω0 is the characteristic frequency scale. Close to the transition ω0
is proportional to the small density of free vortices. The intuitive physics
underlying this anomalous response form is the same on which the dynam-
ics proposed by Ambegaokar et al. in Ref. [24] is based: The larger the
separation between the vortices in a vortex pair, the more time it needs in
order to adjust to an external perturbation. The response time needed in
order to respond to an external frequency ω goes like 1/ω and the typical
diffusion distance to reorient a pair of size r is of the order of r which means
that only pairs smaller than r ∼ (1/ω)1/2 have time to respond. Simulations
for the 2D Coulomb gas model [26] and the 2D XY model [27], as well
as experiments [28], revealed that Eqs. (3.12) and (3.13) give a very good
description of the 2D vortex response. The temperature dependence of the
dielectric response is determined by the rapid variation of ω0 as function
of temperature and ε can often for practical purpose be approximated by a
constant ε = 1.

Both the MP and the Drude response show a maximum in the imaginary
part at a certain frequency ωmax. This maximum corresponds to ω = ω0
for MP response and ω = σ0 for Drude response. The ratio between the
imaginary and real part precisely at this maximum is termed the peak ratio:

PR =
∣∣∣∣∣ Im(1/ε(ωmax))
Re(1/ε(ωmax))

∣∣∣∣∣. (3.14)
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3.3 Frequency-dependent response 17

For the free vortex response (Drude) PR = 1 and for the vortex pair response
(MP) PR = 2/π. Thus, a determined value of the peak ratio reflects the vor-
tex unbinding mechanism presented in the sample: thermal unbinding of
vortex pairs causes the proportion of free vortices to gradually increase rel-
atively to the bound vortex pairs. Therefore as the temperature is increased
from TKT to the mean-field transition temperature Tc0 the response crosses
over from the MP to the Drude response.

In the experiment the complex conductivity is usually measured at a
fixed frequency as a function of temperature. The dissipative part of the
conductivity Re[ωσ(ω)], which is proportional to Im(1/ε(ω)), has a peak at
a frequency dependent temperature Tω. This peak is accompanied by a
continuous decay to zero of the effective superfluid density manifested in
Im[−ωσ(ω)]: In the absence of vortices ε(ω) = 1 and Im[−ωσ(ω)] is propor-
tional to the bare superfluid density ρ0, which disappears at the mean-field
transition temperature Tc0 . Thus, in the limit ω → ∞ Im[−ωσ(ω)] should
vanish at Tc0 , whereas in the limit ω → 0 Im[−ωσ(ω)] vanishes at TKT.
Therefore, for a finite frequency Im[−ωσ(ω)] drops rapidly towards zero at
a frequency dependent temperature in the interval [TKT,Tc0 ].
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4

Scaling

One of the most important features of the continuous phase transition is the
divergence of the correlation length at a critical point, i.e. at the temperature
at which the transition occurs. Systems showing this critical behavior can be
divided into different universality classes, characterized by global features
such as the symmetry of the underlying Hamiltonian, the number of spa-
tial dimensions of the system, and so on. These universality classes are
distinguished by a number of critical exponents characterizing power-law
dependencies of the correlation length and many other physical quantities
close to and at the critical point. Thus, if a quantity f (x) goes like xµ close
to the critical point, then µ is the critical index. More precisely, if a function
f (x) has a behavior

f (x) ∼ xµ as x→ 0,

where x→ 0 when |T − Tc| → 0, then the critical index is defined by

lim
x→0

ln[ f (x)]
ln(x)

= µ.

A method which is commonly used to determine critical exponents of a
system is scaling analysis. Both scaling and scaling analysis are described in
this chapter.

4.1 Static and dynamic critical exponents

The critical exponents of a system can be divided in static exponents, which
describe the equilibrium behavior of the system, and dynamic exponents
which describe the time evolution of the system under non-equilibrium
conditions. The important critical exponents in the theory of the continuous
phase transition (see, for example, Ref. [29]) are the following:

• The order parameter critical exponent β that describes the temperature
dependence of the order parameter ψ:

|ψ| ∼ |T − Tc|
β.

19
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20 4 Scaling

• Associated with the order parameter correlation function is the co-
herence or correlation length ξ(T) which diverges to infinity when
T→ Tc. Near Tc, the dependence of ξ on temperature is described by

ξ ∼ |T − Tc|
−ν,

with ν being the coherence length critical exponent.

• The specific heat critical exponent α:

cv ∼ |T − Tc|
−α.

• The susceptibility critical exponent γ, characterizing the divergence of
the isothermal susceptibility χ at criticality:

χ ∼ |T − Tc|
−γ.

All these static exponents are related through scaling laws [29], e.g.,

α + 2β + γ = 2,

2 − α = νd,

where d is the dimensionality of the system.
The behavior of the system under non-equilibrium conditions is gov-

erned by the dynamic critical exponent z. The dynamic critical exponent may
be understood from the following considerations: As we know, the correla-
tion length ξ is the length scale on which, for example, the order parameter
decays. The coherence length is finite in the high-temperature phase. As the
critical temperature Tc is approached, ξ increases, indicating that regions of
fluctuations become larger and as a consequence it takes more time for the
system to equilibrate. This phenomenon is known as critical slowing down
and is characterized by the divergence of the relaxation time τ near the
critical point according to the dynamic scaling hypothesis (see, for example,
Ref. [29]). This slowing down at the critical point is related to the divergence
of the static correlation length by the relation:

τ ∼ ξz,

defining the dynamic critical exponent z.

4.2 Scaling analysis of the IV characteristics

The dynamic properties of a system are reflected in its IV characteristics.
According to the considerations in the previous section, the behavior of the
IV characteristics near the transition should be determined by the dynamic
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critical exponent z. The determination of z from the IV characteristics
is called "scaling analysis". The basic assumption of scaling analysis is the
existence of a single length scale which diverges at the critical point and that
in this case all other lengths of the system become unimportant. The scaling
form is constructed by writing the desired measurable quantity in terms of
the scaling length scale and a dimensionless combination of variables of the
problem which are independent of the scaling length scale.

In the case of the KT transition there are two scales which diverge at TKT:
the vortex correlation lengthξ and the typical time scale given by a relaxation
time τ. The vortex correlation length ξ should not be confused with the
Ginzburg-Landau correlation length introduced in Chapter 2.2, which is
also commonly called ξ. It represents the length scale on which vortices
unbind: a vortex and antivortex are unbound if the distance between them
is larger than ξ and they are bound if the distance is smaller than ξ. Thus,
the vortex correlation length is infinite for temperatures smaller than TKT.
For T > TKT it is finite and decays at T→ TKT as [6, 19]

ξ ∼ ξGL(T)exp[b(Tc0 − T)/(T − TKT)]1/2,

where b is expected to be of the order of unity and ξGL(T) is the Ginzburg-
Landau coherence length given by Eq. (2.5), which diverges at the mean-field
transition temperature Tc0 . The divergence of the vortex correlation length
and the relaxation time determine the behavior of the IV characteristics.

A detailed scaling theory for type-II superconductors has been devel-
oped by Fisher, Fisher and Huse (FFH) in Ref. [30]. Among many other
results FFH argued that in zero applied magnetic field the nonlinear resis-
tivity E/ j, where E is the dissipative electric field and j is the applied dc
current density, should satisfy the scaling form:

E
j
= ξd−2−zχ±

(
jξd−1

T

)
, (4.1)

where d is the system dimension and χ± is the scaling functions above
(+) and below (−) the transition. The exact functional dependence of the
scaling function χ± is unknown, but we do know its limiting behavior:
Above the critical temperature χ+ → const as the argument of this function
x ≡ jξd−1/T → 0, corresponding to finite resistivity. At the transition tem-
perature E/ j is finite but ξ diverges leading to χ+ ≈ χ− ∼ x(z+2−d)/(d−1) for
x→∞. This results in

E ∼ j(z+1)/(d−1) (4.2)

at the critical temperature which agrees with the expected E ∼ j3 behavior at
TKT in the two-dimensional case provided that the dynamic critical exponent
is z = 2 at T = TKT. One may note that if the scaling assumption (4.2) holds
then the dynamic critical exponent z is related to the non-linear IV exponent
a via the scaling relation z + 1 = a in the case of d = 2.
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4.2.1 Technical details of the scaling procedure

As an example for a scaling procedure, let us take the scaling given by
Eq. (4.1). The idea of scaling analysis is that if the experimental or numerical
data satisfy an assumed scaling behavior for different driving currents and
temperatures, then the critical temperature and critical exponent z can be
obtained from a best data collapse. For this, let us rewrite Eq. (4.1) as [31]

I
T

( I
V

)1/z

= κ±

( Iξ
T

)
, (4.3)

where κ± ≡ x/χ1/z
±

(x), d = 2 and E/ j = V/I since the electric field E and the
current density j are given by V = EL and I = jL for 2D L×L system. Accord-
ing to Eq. (4.3) we expect the IV isotherms to collapse into a single scaling
curve by plotting each isotherm as I(I/V)1/z/T versus Iξ/T, if the proper
value for the exponent z is inserted. This collapse is then a manifestation of
the scaling behavior.

To illustrate the build-up of the scaling collapse, in Fig. 4.1 a collapse is
constructed from a set of the IV isotherms obtained for an ultra-thin YBCO
sample from Ref. [32]. The scaling collapse consists of two distinct branches:
The lower branch consists of the IV curves taken above the expected TKT
and corresponds to κ+, while the upper branch consists of the IV data taken
below expected TKT and corresponds to κ−.

4.3 Influence of finite-size effects on the IV characteristics

Scale invariance is strictly possible only in the thermodynamic limit, i.e. in
the limit when the system has infinite size. Experiments on real systems, as
well as numerical calculations, are all based on systems of a finite size L. The
effects that result from this finite size are called finite-size effects. The concept
of finite-size scaling allows to draw conclusions about phase transitions from
studies on finite systems.

In 2D superconductors there are two length scales which may serve as
a length scale cutoff of the logarithmic vortex interaction given by Eq. (3.6),
namely the finite size of the system L and the perpendicular magnetic pen-
etration depth Λ. In the following we will use the term finite-size effects
to cover both possibilities. Let us now consider how the current-voltage
characteristics and its scaling discussed in Chapter 4.2 are affected by the
finite-size effects. The dominating length scale of the system is defined by
the minimum of the linear size of the system L and the magnetic penetration
depth Λ: L = min{L,Λ}. This system size now has to be compared to the
vortex correlation length ξ. If Λ � L � ξ the vortex correlation length is
not affected by the boundaries of the system, and the thermodynamic prop-
erties are those of the infinite system. In the opposite limit, when L � ξ
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F 4.1 Example of the collapse of data in scaling analysis. If the voltage mea-
sured at different temperatures as a function current is plotted in the manner shown,
the data points fall only onto two curves. The lower branch corresponds to the data
above and the upper to the data below an expected phase transition temperature
TKT.

the length scale L = min{L,Λ} becomes the dominating length scale in the
system. In the case of L� Λ the vortices separated by distances greater than
Λ are not bound by a logarithmic potential and the energy of a single vortex
given by Eq. (3.4) should be replaced with E = Ec + πn2

v J ln(Λ/ξ). Likewise,
if Λ � L the energy necessary to create a single vortex is again finite at all
temperatures. The probability of finding a free vortex in a system of size L
can be related to the corresonding free energy change and can be estimated
for T ≤ TKT by [compare Eq. (3.5)]:

P = e−∆F/kBT
≈

(
ξ
L

)2 TKT
T −2

.

For an infinite system, P is zero for T < TKT. But if L is finite, P is never zero
indicating that there is a finite density of free vortices even below TKT.

The finite-size induced free vortices create measurable deviations in the
behavior of the IV characteristics. To understand this mechanism let us look
at a schematic sketch of the discussed length scales shown in Fig. 4.2. The
upper line in the figure represents the smaller of the lengths Λ and L. In
the region I the temperature is sufficiently above TKT so that ξ is reduced to
values below min{L,Λ} and the vortices are unbound. In this temperature
region the behavior of the system is determined by ξ and the observed
IV characteristics are that of the thermodynamic limit, i.e. no finite-size
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min { L , Λ }
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T

F 4.2 Competing length scales of the problem as function of temperature T:
the vortex correlation length ξ has to be compared to the minimum of the linear
size of the system L and the perpendicular magnetic penetration depth Λ.

induced vortices occur. The majority of free vortices result from thermal
breaking of vortex-antivortex pairs.

As T decreases towards TKT, the vortex correlation length ξ grows
quickly, eventually exceeding the cutoff length scaleL = min{L,Λ} in region
II. If there is no cutoff byL, then vortices separated by less than ξ are bound
into the pairs, while vortices separated by distances greater than this length
remain unbound. Thus, as temperature decreases, more and more vortices
will be bound into vortex pairs. The existence of a finite correlation length
however means that the density of free vortices is finite for temperatures
in this region. In practice, the IV curves will still resemble the regular KT
behavior: they develop an ohmic region at the lowest currents and power-
law behavior with slope less than 3 towards large currents. The presence
of finite-size induced free vortices now leads to a higher resistance in the
ohmic region.

The effect of finite-size induced vortices is strongest in region III, i.e. at
and below TKT. Here, in the case of infinite sample size and infinite magnetic
penetration depth, the vortex correlation length ξ → ∞, all vortices are
bound in pairs and therefore the density of free vortices is zero. However,
in a finite-sized sample the role of ξ is replaced by L or Λ and finite-size
induced vortices appear [20, 32]. This means that the IV curves for T ≤ TKT
may display a deviation from power-law behavior and instead show ohmic
behavior. Since the KT transition involves zero density of free vortices,
the presence of free vortices in finite-sized systems masks the ideal phase
transition, even though the vortex unbinding mechanism is still present.
However, the KT transition temperature can be redefined as a crossover
temperature separating a low-temperature regime where free vortices are
induced by finite-size effects from a high-temperature phase where the



“Thesis” — 2003/6/11 — 15:44 — page 25 — #35i
i

i
i

i
i

i
i
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majority of the free vortices are created by thermal unbinding of vortex-
antivortex pairs.

Let us now take that L = min{L,Λ} = L (the case of L = Λ is then
straightforward). For a two-dimensional system the scaling suggested by
FFH and given by Eq. (4.1) can directly be used only in a system with L� ξ.
Otherwise, already for temperatures very close to TKT from above the finite
size of the system L instead of ξ serves as the large length scale cutoff. So,
at TKT the finite-size scaling form deduced from Eq. (4.1) in the case of d = 2
takes the form

E
j
= L−z f ( jL), (4.4)

where the scaling function f (x) satisfies f (0) =const and f (x) ∝ xz for large x,
corresponding to the finite-size induced resistance R ∝ L−z for j→ 0 and E ∝
j1+z in the large current limit, respectively. Since the whole low-temperature
phase of a system undergoing a KT transition is "quasi" critical with ξ =
∞ [6], only the scaling function χ+ [Eq. (4.1)] above the KT transition has a
clear justification and the electric field in the high-temperature phase scales
as

E = jξ−zχ+( jξ/T).

Below the KT transition each temperature is characterized by its own scaling
function hT(x) and the finite size of the system can be taken into account by
the scaling form

E
jR
= hT

(
jLgL(T)

)
, (4.5)

where R = lim j→0(E/ j) ∝ L−z(T) [compare with Eq. (4.4)], hT(0) = 1, h(x) ∝
xz(T) for large x, and gL(T) is a function of at most T and L such that a finite
limit function g∞(T) exists in the large-L limit.

4.4 Scaling of non-equilibrium relaxation

Traditionally, it was believed that critical scaling exists only in the equilib-
rium or in the long-time limit of dynamic evolutions. However, recently
it has been shown that a universal scaling in time can also be constructed
for the relatively rapid relaxation behavior of the system towards equilib-
rium from a non-equilibrium initial state [33, 34, 35]. This method is called
short-time critical dynamics and not only exhibits the existence of universal
dynamic scaling behavior within the short-time regime, but also allows to
determine the critical exponents.

In model simulations one can examine the short-time scaling behavior
of the quantity [34]

Q(t) =
〈
sgn

(∑
r

cosθr(t)
)〉
, (4.6)
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where θr is the phase of the superconducting order parameter, the sign
function is sgn(x) = 1 for x > 0 and sgn(x) = −1 for x < 0, and 〈 · · · 〉 is the
average over different time sequences from the same starting configuration.
The initial configuration of the phases is chosen such that Q(0) = 1 and the
equilibrium value of Q at large times is zero.

In order to be able to detect the phase transition and to obtain the critical
exponents, the finite-size scaling of the quantity Q can be used. We know
that close to the critical temperature Tc the characteristic time τ scales as
τ ∼ ξz. As we discussed above, in a finite-sized system ξ is cutoff close
to the transition by the finite size of the system L and thus τ ∼ Lz. The
coherence length ξ itself diverges near Tc as ξ ∼ |T − Tc|

−ν. Therefore, a
finite-sized scaling form for the quantity Q(t) may be written as [36, 37]:

Q(t,T,L) = F
(
t/Lz, (T − Tc)L1/ν

)
. (4.7)

Since Q(t = 0) = 1 at any system size L, the scaling function F(x1, x2) satisfies
F(0, x2) = 1. At Tc, where the second scaling variable vanishes, the dynamic
exponent z can easily be determined from Eq. (4.7) by the requirement that
the Q(t) curves obtained for different sizes of the system have to collapse
onto a single curve when plotted against the scaling variable tL−z. It is also
possible to determine Tc from Eq. (4.7) by applying an intersection method:
Starting from the fully phase ordered non-equilibrium state, Q decays from
1 to 0 as time proceeds. For times t where 0 < Q(L,T, t) < 1 we can fix the
parameter a = tL−z to a constant for given L and z. Then Q has only one
scaling variable (T − Tc)L1/ν and can thus be written as

Qa(T,L) = F
(
a, (T − Tc)L1/ν

)
. (4.8)

If we now plot Q with fixed a as function of T for various L, all curves
should have a unique intersection point at T = Tc. Finally, one can check the
consistency by using the full scaling form to collapse the data for different
temperatures and sizes onto a single scaling curve in the variable (T−Tc)L1/ν

at fixed a = tL−z. In addition, this is a way to determine a value of the static
exponent ν.
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Models and types of dynamics

For the understanding of the properties of condensed matter it is useful to
discuss a “model” of the real system. A good theoretical model of a com-
plex system should emphasize the significant features of the real physical
system. Then it should be possible interpret experimental data as well as
to make predictions for the behavior of a real physical system from studies
of the model. Some generic models for the study of phase transition phe-
nomena are the Ising model, Heisenberg model, XY model, Potts model,
etc. It is believed that the 2D XY model catches essential features connected
to topological defects for 4He, superconducting arrays as well as for super-
conducting films in the limit for a magnetic penetration length much larger
than the sample thickness. The model is also relevant to high-Tc materials
like YBCO or BSSCO in situations when the effective interlayer coupling
is so weak that materials can be regarded as decoupled two-dimensional
superconducting planes.

The 2D XY model is an equilibrium model which studies the static
properties of the phase transitions. In order to study the time evolution of
a system, a dynamic model can be imposed on the XY model. Well known
types of dynamics are the resistively shunted junction dynamics (RSJD)
model, relaxational dynamics (RD) model, and the Monte Carlo dynamics
(MCD). In this chapter we describe the XY model as well as different types
of dynamics.

5.1 XY -type models

Let us consider a two-dimensional area which is divided into a lattice of
interconnected cells, each cell represented by a single lattice point. For
simplicity let us choose a square lattice so that each point has four nearest
neighbors. Let us ascribe a spin si = (six; siy) with |si| = 1 to each lattice point
and assume that each spin can interact only with its nearest neighbors. If the
spin can point in any direction in the plane, then the model is called XY-type
model and if the system is two-dimensional then it is called 2D XY-type model.

27
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The Hamiltonian of the XY -type model is (see, for example, Ref. [17])

H =
∑
〈i j〉

U(φi j = θi − θ j), (5.1)

where the sum is over the nearest neighbor sites and θi is the angle of the
ith spin with respect to some arbitrary axis.

In order for the 2D XY -type model to describe 2D superconductors let
us define the continuum order parameter Ψ(r) = |Ψ|eiθ(r) on the lattice.
Each lattice point then is ascribed a phase of the order parameter θi if the
magnitude of the order parameter |Ψ| is fixed and equal for the whole lattice.
Furthermore, one can see that Eq. (5.1) is the discretized version of the vortex
energy given by Eq. (3.3) if:

• The lattice constant in Eq. (5.1) is taken to be unity so that the angular
difference between nearest neighbors φi j = θi −θ j corresponds to ∇θ ;

• The function U(φ) is equal to φ2/2 for small φ in order to yield the
correct continuum limit;

• U(φ) is a periodic function of 2π so that the phase angle θi for each
lattice point is only defined up to a multiple of 2π;

• the XY coupling constant J/2 = ns~2/2m∗ or in terms of the bare su-
perfluid density J = ρ0(~/m∗)2.

These conditions are satisfied by the interaction potential U(φ)

U(φ) ≡ −J cos(φ) (5.2)

and with this choice the model is the usual 2D XY model or the planar rotor
model. The Hamiltonian (5.1) with the choice for the function U(φ) given
by Eq. (5.2) is invariant under discrete local transformations which change
any phase θi → θi ± 2π and thus the XY model permits the existence of
vortices. While in the continuum case the vortices are characterized by a
non-zero circulation of the superfluid velocity [see Eq.( 3.2)], in the case of
the lattice we can define a vortex in terms of an angular difference of the
spins of nearest neighbors lattice sites: there is a vortex at a certain plaquette
if the sum of the angular differences around it is non-zero or∑

P

mod(φi j) = ±2π.

Here
∑

P is the sum over corner points of the cell which is building up the
lattice, and mod(x + 2πn) = x for x ∈] − π;π] for any integer n. Again,
the circulation carried by a vortex configuration can be either negative or
positive according to the direction of circulation. Fig. 5.1 shows the phase
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F 5.1 Phase configuration for (a) vortex with a vorticity +1, (b) antivortex with
a vorticity −1, (c) vortex - antivortex pair.

configuration in the XY model for a single vortex with different directions
of the rotation as well as for a vortex-antivortex pair.

As we discussed, the KT transition is governed by vortex pair fluctu-
ations. From the point of view of vortex fluctuations any U(φ) fulfilling
the necessary requirements stipulated above is a valid choice. A possible
generalization of the interaction potential is [38]:

Up(φ) ≡
2J
p2

[
1 − cos2p2

(
φ

2

)]
, (5.3)

where Up=1(φ) corresponds to the potential of the usual XY model [see
Eq. (5.2)]. The practical point of such a generalization is that the vortex
density increases with increasing p. The variation of the parameter p can
also change the nature of the transition: for p exceeding some maximum
value (p > pmax ≈ 5) the type of the phase transition changes from KT-type
to the first order type [38, 39].

Another possible form for the interaction potential is

e−U(φ)/T
≡

∞∑
n=−∞

exp
[
−

J
2T

(2πn − φ)2
]
. (5.4)

The model with such an interaction potential is called the Villain model [40].
While the XY model with the p-type potential with p > 1 has more vortices
than the usual p = 1 XY model the Villain model is characterized by a
smaller vortex density than the XY model.

5.2 Dynamic Models

In order to extract dynamic properties of vortex fluctuations out of the
model we need a specific dynamic model. To simulate the dynamic behavior
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starting from the XY -type model several types of dynamic models can be
used. In this section we introduce the dynamic equations of motion for the
resistively shunted junction dynamics (RSJD) model, relaxational dynamics
(RD) model, and the Monte Carlo dynamics (MCD) model.

In the limiting static case, all dynamic models should produce the same
equilibrium results. However, the dynamic properties of the systems can be
different. Different types of dynamics have their own advantages and disad-
vantages. The RSJD is constructed from the elementary Josephson relations
for a single Josephson junction that forms the array units, plus Kirchhoff’s
current conservation condition at each lattice site [35, 41]. Therefore, this
type of dynamics has a firm physical realization. On the other hand, RSJD
is quite slow which leads to the limitation in the time scale which can be
probed in simulations. In contrast to the RSJD model in which the dissi-
pation is assumed to take place only on the junctions, the RD model has
local (on-grain) dissipation. Although the RD [35, 39, 41] is much easier
to implement than RSJD, it does not converge much faster than RSJD and
it does not have a similar direct physical realization as RSJD. However, a
superconductor has sometimes been argued to have a RD type of dynamics
rather than a RSJD [30, 42]. The MCD simulation [43] is much faster than
RSJD or RD, so that it allows to investigate dynamic behaviors on much
longer time scales 1. However, since there is no direct physical realization of
the MCD, in practice, the applicability of this dynamics to a specific physical
system must then be explicitly demonstrated. In the following discussions
on the details of the different dynamics used, we focus on the original 2D XY
model with the interaction potential given by Eq. (5.2) since the extensions
to a modified 2D XY model (5.3) and Villain model (5.4) are straightforward.

5.2.1 Boundary conditions

Simulations of the XY model only converge well on relatively small lat-
tice sizes. In Refs. [41, 44] it was shown that the fluctuating twist boundary
conditions can be used in order to reduce artifacts due to small system sizes.

The twist from the lattice site i to the site i + Lµ̂, where µ̂ denotes the
basis vectors of the lattice, e.g. µ̂ = x̂, ŷ in 2D, is defined as the sum
of the phase difference along a link connecting the two nearest positions
in one direction. For example, if µ̂ = x̂ then

∑
〈i j〉x (θi − θ j) = L∆x. The

periodic boundary conditions (PBC) imposed on the phase angle means
θi+Lµ̂ = θi and therefore restricts the twist from site i to site i + Lµ̂ to an
integer multiple of 2π. The boundary conditions of the more generalized
form, namely θi+Lµ̂ = θi + L∆µ̂, where the twist variable ∆µ̂ is not fixed to
a constant but allowed to fluctuate has been termed the fluctuating twist

1One can also study dynamic behaviors at much lower temperatures with MCD.
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L L

L(a) (b) ∆

F 5.2 (a) Periodic and (b) fluctuating twist boundary conditions. If the phase
angle looks across the boundary a distance L it will see itself in the case of the PBC
while it will see itself rotated on the angle L∆ in the case of the FTBC.

boundary condition (FTBC), and was originally introduced for static Monte-
Carlo (MC) simulations [45] and then extended to Langevin-type dynamics
at finite temperatures [35, 41]. Both, FTBC as well as PBC are schematically
shown in Fig. 5.2.

5.2.2 Josephson effects and the RCSJ model

In 1962, Josephson [46] made the remarkable prediction that a zero voltage
supercurrent

Is = Ic sin(φ), (5.5)

should flow between two superconducting electrodes separated by a thin
insulating barrier. Here φ = θ1 − θ2 is the difference in the phase of the
Ginzburg-Landau complex order parameter in the two electrodes, and the
critical current Ic is the maximum supercurrent that the junction can support.
If the current supplied by an external source exceeds the critical value Ic, it
causes a voltage V to appear across the junction. Josephson predicted that
in this case the phase difference φ would evolve according to

dφ
dt
=

2eV
~
, (5.6)

so that the current would be an alternating current of amplitude Ic and
frequency 2eV/~. These predicted effects, the supercurrent without voltage
drop and the current oscillations in the presence of a dc voltage, are known
as the dc and ac Josephson effects, respectively. Both effects have been fully
confirmed by an immense body of experiments (see, for example, Ref. [47]).

Although Josephson’s predictions were based on a microscopic theoret-
ical analysis of the quantum mechanical tunneling of electrons through the
barrier layer, it is now clear that the effects are much more general. They
can occur whenever two strongly superconducting electrodes are weakly
coupled by a region which may either be non-superconducting or a weaker
superconductor (Josephson junction) [11, 46]. If the non-superconducting
region is an insulator (usual thickness of such a region is about 10−50Å), the
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SS

21ψ ψI

N

F 5.3 A schematic representation of the Josephson junction composed from
a two superconducting electrodes (S) and a thin insulating (I) or normal metal (N)
layer. Ψ1 and Ψ2 are the complex order parameters of the first and the second
electrode, respectively.

device is called a superconductor-insulator-superconductor (SIS) junction.
If it is a normal metal (of thickness about 0.5−5.0µm) it is a superconductor-
normal metal-superconductor (SNS) junction. Two superconducting elec-
trodes can also be connected by a short, narrow constriction (microbrige),
and the junction is then called ScS junction, where c denote the constriction.
Fig. 5.3 shows a schematic representation of the SIS or the SNS junction.

The energy stored in the Josephson junction between two superconduc-
tors can be calculated using Eqs. (5.5) and (5.6) as

Es =

∫
VI dt = −

~Ic

2e
cos(φ) ≡ −EJ cos(φ), (5.7)

where EJ ≡ ~Ic/2e measures the strength of the Josephson coupling.
Eq. (5.7) includes only the effect of the supercurrent which flows through

the junction. At the same time there are other “channels” which allow
current flow. For example, any junction has a mutual capacitance C because
it consists of two separate pieces of metal. It means that if there is a time-
varying voltage across the junction, there will be a displacement current in
the junction

Id = C
dV
dt
=
~C
2e

d2φ

dt2 , (5.8)

where Eq. (5.6) has been used. This channel can also store the energy

Ec =
CV2

2
=

C
2

(
~

2e

)2 d2φ

dt2 . (5.9)
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Finally, a shunting resistor can be added to the junction in order to create
a dissipative channel. A normal current which flows across the junction is
then approximated by an ohmic relation

In =
V
R
=
~

2eR
dφ
dt
, (5.10)

where R is resistance. Due to its dissipative nature this channel does not
store any energy.

In analyzing the behavior of circuits involving Josephson junction, the
resistively and capacitively shunted junction (RCSJ) model is used. The
equivalent circuit of this model is shown in Fig. 5.4 and combines the Joseph-
son junction (shown in Fig. 5.4 by a cross), shunted by a resistance R and
a capacitance C. Since the channels are parallel, an externally supplied
current Iext is equal to the sum of the currents from the three channels:

Iext = Ic sin(φ) +
~

2eR
dφ
dt
+
~C
2e

d2φ

dt2 . (5.11)

The analogous equation for the Hamiltonian of the RCSJ model is obtained
by adding Eqs. (5.7) and (5.9):

H =
C
2

(
~

2e

)2 d2φ

dt2 −
~Ic

2e
cos(φ) =

1
2C

Q2
− EJ cos(φ), (5.12)

where Q ≡
(
~C
2e

) dφ
dt = CV is the excess charge of the junction (see Ref. [48]).

5.2.3 RSJ dynamics

A two-dimensional array, in which each lattice point is a superconduct-
ing grain coupled by Josephson junctions to its nearest neighbors is called
Josephson junction array (JJA). The JJA is schematically shown in Fig. 5.5.
In such an array there are three competing energy scales: the scale of the
charging energy Ec ≡ e2/2C, associated with the energy cost to place a
charge on the grain, the scale of the Josephson energy EJ ≡ ~Ic/2e which is
the coupling energy of the two grains that make up a single junction, and
the scale of the thermal energy kBT. When the size of the grains is not too
small, its capacitance is rather big and the quantum-phase fluctuations due
to charging effects may be neglected [20, 48, 49]. In this case the supercon-
ducting order parameter on the grain is the only dynamical variable. The
model system of such a JJA is the resistively shunted junction (RSJ) model.
Here, the grains are represented by small superconducting islands so that
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C R

F 5.4 Equivalent circuit diagram of the RCSJ model. From left to right are the
junction capacitance C, Josephson junction and the shunt resistance R.

the amplitude variations of the complex order parameter inside of them
can be neglected and each island at site i is described by the phase angle
θi. The RSJ model is often referred to as the overdamped limit of the RCSJ
model [11].

Since Ec � EJ in the RSJ model, the charging energy given by Eq. (5.9)
can be neglected in calculating the energy of the model. Then each junction
carries the energy given by Eq. (5.7) and the total energy of the RSJ model is

H = −EJ

∑
〈i j〉

cos(φi j = θi − θ j), (5.13)

where
∑
〈i j〉 again means the sum over the nearest neighbors. One should

note that the Hamiltonian of the RSJ model given by Eq. (5.13) is isomorphic
to the Hamiltonian of the 2D XY model given by Eq. (5.1) with an interaction
potential (5.2) if the XY coupling constant is expressed as J ≡ ~Ic/2e.

A possible static phase configuration for the system can be obtained
from Eq. (5.13). For the investigation of the dynamic properties of the
arrays, the resistively shunted junction dynamics (RSJD) model can be used.
In the RSJD model we assume that all junctions have the same critical
current Ic = 2eEJ/~ and are shunted by equal resistances R. The dynamical
equations of motion for the RSJ model are generated from the total current
conservation of the current at each lattice site. The net current Ii j from the
superconducting grain at site i to the superconducting grain at site j is the
sum of the supercurrent Is

i j, the normal resistive current In
i j, and the thermal

noise current It
i j: Ii j = Is

i j+ In
i j+ It

i j. The thermal noise current is added to each
link between two adjacent nodes in order to model the effect of thermal
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S

Ic

i jθ θji

F 5.5 A schematic diagram of the Josephson junction array. Superconducting
grains marked with “S” are embedded on the non-superconducting substrate. When
the separation between the grains is small enough, each grain is coupled to the
neighboring ones by the Josephson coupling. The figure on the right-hand side
represents the corresponding model system, where each grain is replaced by a small
superconducting island and at site i each island is described only by the phase angle
θi. The crosses between islands denote Josephson junctions with the critical current
Ic.

fluctuations. The supercurrent is given by the Josephson current-phase
relation, Is

i j = Ic sinφi j. The normal resistive current is given by In
i j = Vi j/R,

where Vi j is the potential difference across the junction, and R is the shunt
resistance. Finally, the quantity It

i j represents the noise due to the resistive
flow of the quasiparticle current which is phenomenologically described by
Vi j/R. For our purpose we can model the stochastic current It

i j as a “white
noise” which has the following properties [50]:

〈It
i j〉 = 0 and 〈It

i j(t)I
t
kl(0)〉 = (2kBT/R)δ(t)(δikδ jl − δilδ jk),

where 〈· · ·〉 is thermal average, δ(t) and δi j are Dirac and Kronecker delta,
respectively. The δ function correlation means that the values of It

i j are
completely uncorrelated; the probability for a value of It

i j at any instant in
time is not influenced by any other value that it may have had at any earlier
time.

Since the total bond current Ii j is conserved at every 2D lattice site i we
have

∑
′

j Ii j = Iext
i , where the primed summation means the summation over

four nearest-neighbors of site i, and Iext
i is an external current source at i.

By using the Josephson relation φ̇i j ≡ dφi j/dt = 2eVi j/~ without external
driving current, i.e. Iext

i = 0, one can derive the dynamic equations for the
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phase θi:
θ̇i = −

∑
j

Gi j

∑
k

′

(sinφ jk + η jk), (5.14)

where the primed summation is over the four nearest neighbors of the site
j, η jk is the dimensionless thermal noise current defined by η jk ≡ It

jk/Ic, and
Gi j is the lattice Green function for a 2D square lattice:

Gi j =
1
L2

∑
k,0

eik(xi−x j)

4 − 2coskx − 2cosky
.

Here L is the number of the lattice points, and ki = (2π/L)ni with ni =
0, 1, 2, ...,L − 1 (i = x, y). The thermal noise current satisfies 〈ηt

i j〉 = 0 and
〈ηi j(t)ηkl(0)〉 = 2Tδ(t)(δikδ jl − δilδ jk). The distribution of the noise is assumed
to be uniform. The time, current, distance, energy, and the temperature
are normalized in units of ~/2eRIc, Ic, the lattice spacing a, the Josephson
coupling strength EJ, and EJ/kB, respectively. The RSJD equations (5.14) can
also be rewritten in a Langevin-type form [51]:

θ̇i = −
∑

j

Gi j

δH(θi)
δθ j(t)

+
∑

k

′

η jk

 . (5.15)

Next we impose the FTBC on the phase angle θ: The global twist L∆µ̂
in the µ̂ direction across the whole system is introduced through the local
transformation θi → θi + ri · ∆, where ri is the position of the site i and
∆ ≡ (∆x,∆y) is a new dynamic variable (called twist variable). Thus, the
phase difference φi j on the bond (i, j) is changed to θi − θ j − ri j · ∆, with the
unit vector ri j from site i to site j, while onθi the periodicityθi = θi+Lx̂ = θi+Lŷ
is imposed. The Hamiltonian of the 2D XY model of size L × L is written in
terms of these variables as [45]

H = −EJ

∑
〈i j〉

cos(φi j ≡ θi − θ j − ri j · ∆). (5.16)

In order to get a closed set of equations we must also have equations of
motion for the new variables ∆x and ∆y in addition to the equation of
motion of the phase variables θi (5.14). So far we have considered the
situation when the total current in the sample is zero, which corresponds
to no current passing over the boundary. Let us now consider a system in
the presence of an external current density jext = Iext/L in x direction. The
global current conservation implies that the summation of all currents in
each direction should be zero at any time t. This can be expressed as

jext =
1
L

∑
〈i j〉x

(
sin(θi − θ j − ∆x) + (θ̇i − θ̇ j − ∆̇x)

)
+ η∆x (5.17)
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0 =
1
L

∑
〈i j〉y

(
sin(θi − θ j − ∆y) + (θ̇i − θ̇ j − ∆̇y)

)
+ η∆y (5.18)

for the x and y directions, respectively, and the right-hand side of both
equations can be recognized as a sum of the supercurrent, normal current
and the thermal noise current. Here

∑
〈i j〉x(y)

is the summation over all bonds
in x(y) direction and η∆x(y) denotes the thermal noise current in x(y) direc-
tion which obeys the conditions [41]: 〈η∆x〉 = 〈η∆y〉 = 〈η∆xη∆y〉 = 0, and
〈η∆x (t)η∆x (0)〉 = 〈η∆y (t)η∆y (0)〉 = (2T/L2)δ(t). By using the fact that the phase
angles by definition are subject to the periodic boundary conditions we can
easily obtain the equations of motion for the twist variables:

∆̇x =
1
L2

∑
〈i j〉x

sinφi j + η∆x − jext, (5.19)

∆̇y =
1
L2

∑
〈i j〉y

sinφi j + η∆y . (5.20)

Furthermore, using the voltage-phase relation (5.6) with φi j = θi − θ j −

ri j · ∆ we derive that the voltage drop across the sample in one direction is
connected to the twist variable in the same direction as

Vx = −L∆̇x. (5.21)

We term the dynamics determined by Eqs. (5.14), (5.19), and (5.20) as RSJD
with FTBC.

5.2.4 Relaxational dynamics

Whereas the RSJD is obtained from microscopic consideration, the time-
dependent Ginzburg-Landau dynamics or relaxational dynamics is a purely
phenomenological theory of the relaxation of the order parameter Ψ(r): In
equilibrium, the spatial configuration of the superconducting order param-
eter is given by

δFGL

δΨ(r)
= 0,

where FGL is the Ginzburg-Landau free energy in the absence of a magnetic
field [see Eq. (2.2)]

FGL =

∫
ddr

(
α̃|Ψ(r)|2 +

β

2
|Ψ(r)|4 +

~2

2m∗
|∇Ψ(r)|2

)
, (5.22)

here α̃ = αΘ andΘ ≡ (T−Tc0 )/Tc0 is the reduced temperature. If the system
is slightly out of equilibrium, one can assume that the rate at which the
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system relaxes back to equilibrium is proportional to the deviation from
equilibrium. This assumption is purely phenomenological and leads to the
following equation for the rate of change of the order parameter:

∂Ψ(r)
∂t

= −Γ
δFGL

δΨ(r)
, (5.23)

where the phenomenological parameter Γ is the bare order parameter re-
laxation rate assumed to be independent of Ψ, and weakly temperature
dependent. In order to ensure that the system relaxes towards the correct
equilibrium distribution for a given temperature T one may introduce a
noise term η into Eq. (5.23)

∂Ψ(r)
∂t

= −Γ
δFGL

δΨ(r)
+ η(r, t), (5.24)

where the noise is assumed to be a Gaussian random function [29].
The dynamics for fluctuations in the superconducting order parameter

is introduced through the time-dependent Ginzburg-Landau type Langevin
equation (5.24). Here the first term causes the order parameter Ψ to relax
towards a configuration which minimizes the GL free energy, while the
noise ensures that the system relaxes to the proper equilibrium distribution.
This type of dynamics is called relaxational dynamics (RD) and represents a
dynamic model without the use of conservation laws. The fluctuating noise
in Eq. (5.24), associated with each lattice point, is taken to have zero mean
〈ηi(t)〉 = 0 and correlations are described by

〈ηi(t)η j(0)〉 = 2TΓδ(t)δi j. (5.25)

In the classification scheme of Hohenberg and Halperin [52], Eqs. (5.22),
(5.24) and (5.25) constitute model A dynamics for a two-component (com-
plex) order parameter. Thus this model belongs to the dynamic universality
class of the relaxational models [53]. By neglecting the variations of the mag-
nitude of the complex order parameter Ψ(r) we find the phase equation of
motion for the RD defined by

θ̇i = −Γ
δH
δθi
+ ηi = −

∑
j

′

sinφi j + ηi, (5.26)

where H is the XY Hamiltonian (5.16) in units of EJ and time t is in units
of ~/ΓEJ. The equation of motion for the twist variable in the absence of an
external current is of the form [35, 41]

∆̇ = −
1
L2

∂H
∂∆
+ η∆, (5.27)
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which is the same as Eqs. (5.19) and (5.20) for RSJD in case jext = 0. Accord-
ingly, to some extent the RD may be viewed as a simplified version of the
RSJD where the global current conservation is kept but the local current con-
servation is relaxed. Consequently, the equations for the phase variables
are different for RSJD and RD (Eqs. (5.14) and (5.26), respectively) while
the same equations (5.19) and (5.20) apply to the twist variables for both
dynamics.

5.2.5 Monte Carlo dynamics

In the 2D XY model, the Monte Carlo dynamics can be used to simulate the
dynamics of the system in the presence of an applied current by using the
Hamiltonian [43]

H = −EJ

∑
〈i j〉

cos(θi − θ j − ∆ · rij) + L2 jext∆x, (5.28)

and the standard Metropolis algorithm [8]. In MC simulations the energy
difference of configurations, not the energy itself, determines the time evo-
lution of the system. One step in the MC simulations, which we identify as
a time unit, is composed as follows [43]:

1. Pick one lattice site and try to rotate the phase angle at the site by
an amount randomly chosen in [−δθ, δθ] (we call δθ the trial angle
range). The twist variable ∆ is kept constant during the update of the
phase variables.

2. Compute the energy difference ∆H before and after the above try; If
∆H < 0 or if e−∆H/T is greater than a random number chosen on the
interval [0, 1), accept the trial move.

3. Repeat steps 1 and 2 for all the lattice sites to update the phase vari-
ables.

4. Update the fluctuating twist variables ∆x in the similar way that L∆x
is tried to rotate within the angle range δ∆ with θi and ∆y kept un-
changed. (For convenience, we use δ∆ = δθ).

5. Compute the energy difference ∆H before and after the trial step 4 for
∆x. Accept the step 4, if ∆H < 0 otherwise accept it with probability
e−∆H/T like in step 2.

6. Repeat steps 4 and 5 to update ∆y.

The trial angle δθ should be chosen so that it is sufficiently small in order to
obtain desired data while it is big enough to make the Monte Carlo dynamics
much faster than the other dynamic methods [43].
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5.3 Observables

The coupled equations of motion which describe the time evolution for the
superconducting phase and twist variable in simulations are discretized
in time with the time step ∆t = 0.05 and ∆t = 0.01 for RSJD and RD,
respectively. Then they are numerically integrated using the second order
Runge-Kutta-Helfand-Greenside algorithm [54], which reduces the effective
temperature shift due to the discrete time step significantly [41]. As a result,
the IV characteristics and the complex conductivity σ are obtained.

• IV characteristics:

The voltage drop V across the system in the direction of an applied ex-
ternal current is given by Eq. (5.21) in units of IcR for RSJD and in units of
ΓEJ/2e for RD, respectively [41]. We measure the electric field E = 〈V/L〉t
in order to obtain the IV characteristics, where 〈· · ·〉t denotes the time aver-
age performed over O(106) time steps for large currents for both RSJD and
RD, and O(5 × 107) and O(109) steps for small currents for RSJD and RD,
respectively. In the case of RSJD we apply the efficient fast Fourier trans-
formation method, which makes the overall computing time O(L2) log2 L in
2D. In comparison, the RD simulations requires O(L2). The thermal noises
are generated from a uniform distribution, where the width is determined
to satisfy the noise correlation at a given temperature.

In the MCD simulations the trial angle δθ = π/6 is chosen since it is
sufficiently small in order to obtain the correct IV characteristics while it is
big enough to make MCD much faster than the other dynamic methods [43].
The time-averaged electric field is obtained after equilibration from the
averages over O(109) (at large currents) to O(1010) (at small currents) MC
steps.

• Complex conductivity σ:

In the simulations we calculate the time-correlation function Gµ(t) [55]

Gµ̂(t) ≡
1
L2 〈Fµ̂(t)Fµ̂(0)〉, (5.29)

where the global supercurrent Fµ̂(t) flowing in the µ̂ direction is given by

Fµ̂(t) ≡
∑
〈i j〉µ

sin φi j.

The sum is over all nearest-neighbor pairs in one of the lattice direc-
tion. From the ergodicity of the system the ensemble averages of the form
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〈O(t)O(0)〉 in Eq. (5.29) can be replaced by the average 〈O(t + t′)O(t′)〉t′ over
time t′. The averages over more than 106 time steps is typically performed
in the simulations. The time-correlation function G(t) which is the aver-
age of the time-correlation functions Gµ̂(t) for different lattice’s directions
is calculated up to a temperature dependent time tmax beyond which G(t)
becomes so small that it is impossible to converge the data well enough to
obtain further improvement.

The conductivity σ(ω) as well as the dielectric function 1/ε(ω) introduced
in Chapter 3.3 are the spectral functions and thus can be expressed as the
Fourier transform of G(t). In Ref. [56] the connection between 1/ε(ω) and
G(t) in 2D was shown to have the form

Re
[

1
ε(ω)

]
= Re

[
1
ε(0)

]
+

ω
ρ0T

∫
∞

0
G(t) sinωt dt, (5.30)

Im
[

1
ε(ω)

]
= −

ω
ρ0T

∫
∞

0
G(t) cosωt dt, (5.31)

where Re[1/ε(0)] is related to the helicity modulus γ, which measures the
system linear response to a long-wavelength twist in the phase, by γ = ρ =
ρ0/ε(0). For the XY -type Hamiltonian the helicity modulus γµ̂ is given by
(see, for example, Ref.[6] and reference therein)

γµ̂ =
1
L2

(
EJ 〈

∑
〈i j〉µ̂

cosθi j〉 −
E2

J

T
〈

(∑
〈i j〉µ̂

sinθi j

)2
〉

)
, (5.32)

where
∑
〈i j〉µ̂ is the sum over all bounds in the µ̂ = x̂, ŷ direction parallel to

the two lattice planes, and 〈· · ·〉means the time average.
According to Eq. (3.7) the relations between the real and imaginary parts

of σ(ω) and 1/ε(ω) are given by

Re[σ(ω)] = −
ρ0

ω
Im

[
1
ε(ω)

]
,

Im[σ(ω)] =
ρ0

ω
Re

[
1
ε(ω)

]
,

and therefore as soon as G(t) and γ (which is the average of γµ over the
two lattice plane directions) are known it is straightforward to obtain the
behavior of Re[ωσ(ω)] and Im[−ωσ(ω)] from the simulations.
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Summary of the Papers

6.1 Introduction to Paper I

As we discussed in Chapter 3.2, the current-voltage relation in 2D super-
conductors is V ∼ Ia(T) with the exponent a(T) ≥ 3 in the temperature region
T ≤ TKT and a(T) = 1 at T > TKT. However, it is observed experimen-
tally in many 2D systems like ultrathin YBCO samples [32], superfluid 4He
films [57] as well as in theoretical models like the lattice Coulomb gas [58]
that the IV relations for T ≤ TKT become linear when an applied current I
is lowered below some threshold value. An example of such IV data ob-
tained in Ref. [32] by Repaci et. al is shown in Fig. 6.1: At low temperatures
the IV curves have approximately power-law form with a approximately
7 indicating by the right thick full line in Fig. 6.1. As the temperature is
increased, the IV curves start to develop a region of lower slope in the low
current limit, indicated by the lower part of the left thick full line in Fig. 6.1.
As the temperature is increased further, this region shows ohmic behavior
and for the highest temperatures the curves are ohmic for the entire current
range. The predicted sharp change in a(T) from 3 to 1 at TKT (the left thick
full line on the Fig. 6.1) is not seen. The presented data instead displays an
apparent discontinuity in the low-temperature curvature of the IV charac-
teristics separated by a temperature at which V ∼ Ia with a = 7 (the right
thick full line in the Fig. 6.1): the isotherms above this temperature show a
positive curvature in low currents limit while the IV curves below show a
negative curvature. Because of the scaling argument a = z+ 1 the isotherms
with slope a = 7 corresponds to a dynamic critical exponent z = 6.

This has been pointed out by Pierson et al. in Ref. [31] and by applying
a dynamic FFH scaling approach [Eq. (4.1)] (we shall call it Pierson scaling
in the following) it was concluded that the KT transition of the systems
mentioned above is characterized by z ≈ 6. Since for the dynamic critical
exponent a value of z = 2 at the resistive transition has been confirmed
in many numerical simulations, e.g. the lattice Coulomb gas with Monte
Carlo dynamics [58], the Langevin-type molecular dynamics of Coulomb
gas particles [26], and the 2D XY model both with the RSJD and the RD [35,
41], the claim z ≈ 6 is indeed very intriguing. Therefore, in Paper I it is our
aim to find a possible explanation for such a contradiction to the established

43
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F 6.1 The IV characteristics for Repaci’s YBCO data from Ref. [32].

conventional view.

6.1.1 Paper I

Analysis of current-voltage characteristics of two-dimensional
superconductors: Finite-size scaling behavior in the vicinity of the

Kosterlitz-Thouless transition

Physical Review B 62, 14531 (2000)

As we discussed in Chapter 4, the scaling form given by Eq. (4.1), which
constitutes the basis and theoretical background for the Pierson method in
Ref. [31], is correct for 2D systems only in the thermodynamic limit ξ/L→ 0.
Thus this method is only justified for a certain temperature range above the
KT transition. At and below the KT transition the minimum length from
the linear size of the system L and the magnetic penetration depthΛ instead
of the vortex coherence length serves as the large length scale cutoff (in the
following we will assume that min{L,Λ} = L). The scaling relation is then
given by Eq. (4.5)

E
jR
= hT

(
jLgL(T)

)
.

This scaling hypothesis can be tested experimentally in the following way:
The electric field E is a function of the applied current density j and the
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temperature T. If the data for E at and below TKT are plotted against j there
should be an individual curve for each temperature T. However, if E/ jR for
different temperatures are plotted against jLgL(T), all of these curves should
collapse onto a single curve. The function gL(T) is determined from the best
data collapse.

To verify the new finite-size scaling relation we perform simulations
of the 2D RSJD model based on the Eqs. (5.14), (5.19), and (5.20). In the
analysis of the data (for brevity, we from now on call the data obtained
from the simulations of the 2D RSJD model as the RSJ data) it turned out
that the finite-size scaling given by Eq. (4.5) is indeed obeyed by the data.
The conclusion is, that despite the fact that the RSJ data show non-vanishing
resistances below the KT transition, the established conventional view holds
with z = 2 at the transition and the non-vanishing resistance below the KT
transition is a finite-size effect.

The finite-size features of the RSJ data can be seen from Fig. 6.2, where
d ln E/d ln j is plotted against applied current density j in log scale. Be-
low the KT transition in the low-temperature phase the slope d ln E/d ln j
for smaller j should be a constant given by z(T) + 1. However, because
of the finite-size effect, the slope instead crosses over to 1 for smaller j.
This crossover produces a maximum for the curves in Fig. 6.2. Since the
crossover is a finite-size effect this means that the position of the maxi-
mum is controlled by the variable jL up to additional T-dependencies. If
the additional T-dependencies are weak this implies that the maximum is
occurring at roughly the same current I(= jL) for all T below the KT transi-
tion. This turns out to be true for the 2D RSJ model as indicated by the full
drawn lines connecting the maxima in Fig. 6.2. Above the KT transition,
where the finite size of the system does not play a role, the maximum is
instead controlled by the variable jξ and since the vortex correlation length
ξ strongly decreases with increasing T above the KT transition this means
that the maximum above the KT transition should move to larger j with
increasing T. The crossover between these two behaviors should occur near
the temperature for which L ≈ ξ, i.e., a temperature somewhat larger than
TKT (see Fig. 4.2). In Fig. 6.2 such a crossover occurs between T = 1.00 and
1.10 which is consistent with TKT ≈ 0.90 1. The inset in Fig. 6.2 compares
these maxima (denoted as ’max’) with the values z(T) + 1 expected in the
thermodynamic limit : the one obtained from a static calculation (denoted
as ’static’) according to

z(T) =
1

εTCG − 2,

where TCG is the Coulomb gas temperature [6], and the other one from the
scaling form R ∼ L−z(T) (denoted as ’scale’, data from Ref. [41]). As seen

1It is well established that the 2D XY model on the square lattice has the KT transition at
TKT ≈ 0.892J/kB, where J is the Josephson coupling strength (see, for example, Ref. [59]).
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F 6.2 The IV data for the 2D RSJ model with L = 8 plotted as d ln E/d ln j
against j in log scale. The full drawn line segments connect the maxima. The inset
illustrates that the maxima of d ln E/d ln j to a good approximation are given by z+ 1
where z is determined in two different ways (see text). The horizontal broken line
in the inset corresponds to the KT value a = z + 1 = 3.

from the inset, the maxima in Fig. 6.2 agree very well with the actual values
for the thermodynamic limit. This implies that the KT transition occurs
close to the temperature for which the maximum is 3, which according to
the inset gives a value close to T = 0.90. This suggests that the signature of
a KT transition for a finite-sized system is reflected in the behavior of the
positions of the maxima and that the transition is close to the temperature
for which the maximum is 3.

The standard finite-size scaling given by Eq. (4.5) does not rule out the
existence of a scaling of the form

E
jR
= h

(
jLgL(T)

)
, (6.1)

in which the temperature dependence of the scaling for small values of
the variable x = jLgL(T) is absorbed into a function gL(T) for each fixed
size L. From this scaling we determine a function gL(T) which makes the
curves for small enough jLgL(T) collapse. If we assume that ξ in Eq. (4.1)
is proportional to R−α, where 1/α is a constant with respect to temperature
and corresponds to a value of z = 6 as obtained by Pierson, then from a
practical point of view the Pierson’s method can be connected to our finite-
size scaling form via the relation gL = ALR−α with AL being a constant
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F 6.3 The function gL(T) determined for the 2D RSJ model with size L = 6
(open circles) and 8 (open squares). It is shown that the function gL for both sizes
over a limited T interval is well approximated by gL(T) ∝ R−α with α ≈ 1/6.

which may depend on L. Fig. 6.3 shows that gL(T) over a limited region
in the vicinity of the KT transition is very well represented by R−α with
α ≈ 1/6. However, the proportionality gL ∝ R−1/6 does not work down to
the temperature for which z(T) = 6. This reflects the fact that there is no
finite temperature at which resistance vanishes.

We compare the RSJ data with the Repaci’s data. The remarkable sim-
ilarity between the results for the finite-size 2D RSJ model and Repaci’s
YBCO data clearly suggests that the same physics is reflected in the two
systems. Our conclusion is, that since the 2D RSJ model reflects a finite-size
induced feature, that it is also the case for the YBCO data. The finite size in
the latter case means a cutoff in the logarithmic vortex interaction, which,
apart from the actual finite size of the system, can be caused by a residual
weak perpendicular magnetic field or by a finite perpendicular penetration
depth [6].

We conclude:

• Both the RSJ and Repaci’s data are consistent with a conventional
Kosterlitz-Thouless transition in the thermodynamic limit for which
the dynamic critical exponent is z = 2.

• The apparent vanishing of the resistance in Repaci’s data presented in
Fig. 6.1 is not real but an artifact of the finite-voltage threshold in the
experiment.
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• The ohmic behavior of the IV curves at low currents for the isotherms
below the expected TKT results from finite-size induced vortices (see
discussion of this effect in Chapter 4.3).

• The finite-size type effect of the IV characteristics is responsible for
the observed large value of z ≈ 6 in Ref. [31] for the simulation data
as well as for the YBCO data. This exponent has nothing to do with
the true dynamic critical exponent which at TKT has the value of two.

• There is an intriguing scaling feature in the linear part of IV character-
istics associated with 2D vortex fluctuations. This scaling phenomena
appears to be an unexpected feature for the data obtained both in the
simulations and in the experiment.

6.2 Paper II

Ubiquitous finite-size scaling feature in I -V characteristics of various
dynamic XY models in two dimensions

Physica C 355, 6 (2001)

The finite-size induced tails of the current-voltage characteristics dis-
cussed in Paper I obey a scaling behavior given by Eq. (6.1). In Paper I
we have shown that the scaling function gL(T) over a limited region in the
vicinity of the KT transition is very well represented by R−α with the expo-
nent α ≈ 1/6. Although this scaling property does not represent any true
phase transition, the observed scaling behavior appears to be a common and
intriguing feature for data obtained from experiment and the simulations.

In Paper II we search for a possible physical mechanism causing the
scaling behavior of finite-size induced tails of the IV characteristics associ-
ated with α ≈ 1/6. We use the RSJD, the RD , and the MCD simulations
discussed in Chapter 5.2 to study the IV data of three different models of
2D superconductors: the Villain model, the XY model in its original form,
and the XY model modified with p-type potential (see Chapter 5.1 for more
details). These three models differ from each other by the density of the
thermally created vortices. We come to the following conclusions:

• The qualitative features of the scaling form given by Eq. (6.1) are
ubiquitous and independent of both the vortex density and the type
of dynamics used in the simulations.

• The IV curves obtained with different types of dynamics, up to con-
stant scale factors, coincide very well in a broad range of the external
current density. This opens the possibility to use MCD simulation
to examine long-time dynamic properties of the models, which from
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F 6.4 Experimentally measured Im[−ωσ(ω)] as function of temperature for
ω = 17 mHz, 170 mHz, 1.7 Hz, 17 Hz, 170 Hz, 1.7 kHz, 170 kHz (from the left to the
right). The horizontal lines show the respective zero levels for the individual tran-
sitions. The data are taken from Ref. [60].

a technical point of view may be more efficient than RSJD or RD, to
examine long-time dynamic properties of the models.

6.3 Paper III

Splitting of the superconducting transition in the two weakly coupled
2D XY models

Physica C 369, 282 (2002)

The investigation carried out in Paper III is inspired by the experimental
results obtained by Festin et al. in Ref. [60] for a 1500 Å thin YBCO film:
measurements of the complex conductivity clearly display a two-step su-
perconducting transition. The data obtained by Festin et al. are reproduced
in Figs. 6.4 and 6.5: a striking double peak structure in Re[ωσ(ω)] as function
of T is found and each peak is accompanied by a rapid drop of Im[−ωσ(ω)].
One possible explanation for the double peak is that the epitaxially grown
YBCO film is split into an upper and lower part due to slightly different
oxygen contents. From this perspective the sample would consist of two
weakly coupled parallel superconducting planes with different properties,
e.g. different critical temperatures.
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F 6.5 Re[ωσ(ω)] as function of temperature measured for a thin YBCO film at
the same frequencies as Im[−ωσ(ω)] in Fig. 6.4. The inset illustrates the peak ratio
defined as the ratio Re[ωσ(ω)]/Im[−ωσ(ω)] taken at the dissipation peak maxima for
a given ω. The data are taken from Ref. [60].

In order to investigate this scenario we use two weakly coupled 2D XY
models representing two homogeneous superconducting layers, one on the
top of the other. The model is presented in Fig. 6.6 and its Hamiltonian is
written as

H = H1 +H2 +Hint,

H1 ≡ −J1

∑
〈i j〉

cos(θ(1)
i − θ

(1)
j ),

H2 ≡ −J2

∑
〈i j〉

cos(θ(2)
i − θ

(2)
j ),

Hint ≡ −J⊥
∑

i

cos(θ(2)
i − θ

(1)
i ),

where H1 and H2 are the usual 2D XY Hamiltonians with the coupling
strengths J1 and J2 for the first (lower) and the second (upper) planes, re-
spectively, the summation

∑
〈i j〉 is over all nearest neighbors within the

respective plane, and Hint with the coupling strength J⊥ describes the cou-
pling between the planes. As we mentioned before, the 2D XY model on the
square lattice undergoes a KT transition at Tc ≈ 0.89J/kB. Accordingly, two
planes with different coupling constants then undergo two separate phase
transitions at the different temperature Tc1 ≈ 0.89J1/kB and Tc2 ≈ 0.89J2/kB
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F 6.6 Two weakly coupled 2D XY model. The coupling strength J⊥ describes
the coupling between the planes, while J1 and J2 are the coupling strength for the
first (lower) and the second (upper) planes, respectively. θ1(2)

i is the phase of the
superconducting order parameter at site i of the first (second) plane.

for zero interplane coupling. To study the dynamics of the system, we
use the equations of motion of the RSJ dynamics and periodic boundary
condition.

Our simulations of the two weakly coupled 2D XY models with zero
and small value of the interplane coupling constant (0 ≤ J⊥ ≤ 0.04 ) reveal
a double transition in the ωσ(ω) data in agreement with the experimental
data.

A further consistency check on the scenario in terms of two coupled
2D superconducting parts comes from the peak ratio defined as the ratio
Re[ωσ(ω)]/Im[−ωσ(ω)] taken at the dissipation peak maxima for a given ω.
For a 2D superconductor this peak ratio should vary between 2/π ≈ 0.63
for small ω to 1 for larger ω (see discussion in Chapter 3.3). The inset in
Fig. 6.5 gives the ratios estimated from the experimental data. One can
see that these ratios are consistent with 2D vortex fluctuations close to the
transition. The small deviation may be due to a convolution of the high and
low temperature parts of the transition.

Thus, we conclude:

• Our simulations of two weakly coupled 2D XY models reproduce a
double peak dissipation structure accompanied by the two-step tran-
sition in the inductive response similar to the one observed by Festin
et al. in Ref. [60] for a thin YBCO film.



“Thesis” — 2003/6/11 — 15:44 — page 52 — #62i
i

i
i

i
i

i
i

52 6 Summary of the Papers

• This is consistent with the explanation that the YBCO film is build
up from two superconducting layers, one on top of the other. The
transition of each layer has a 2D character with slightly different critical
temperatures Tc1 and Tc2.

• A possible explanation for this behavior might be an inhomogeneous
film quality caused by the film deposition process. This can, for exam-
ple, lead to different oxygen contents in the two parts, which in turn
result in slightly different superconducting properties.

6.4 Paper IV

Comment on “Loss of Superconducting Phase Coherence in YBa2Cu3O7
Films: Vortex-Loop Unbinding and Kosterlitz-Thouless Phenomena”

Physical Review Letters 89, 149703 (2002)

This Paper is a comment on the work by Kötzler et al. in Ref. [61],
in which the frequency-dependent conductance σ(ω,T) near the transition
temperature Tc of a YBa2Cu3O7 thin film is studied. Kötzler et al. interpreted
experimental results as evidence that the decay of the superfluid density is
caused by a 3D vortex-loop proliferation mechanism and a dimensional
crossover when the correlation length ξc along the c axis becomes compa-
rable to the sample thickness d. In the comment we show that the complex
conductance data presented in Ref. [61] have characteristic key features not
compatible with their analysis. The data can in fact be described by the
existing phenomenology of 2D vortex fluctuation (see Ref. [6]) associated
with a partial decoupling of CuO2 planes.

In our analysis, we observe that the dissipation part of the scaling func-
tion S = S′ + iS′′ which is connected to the complex conductance σ and the
kinetic inductance Lk via ωLk(T)σ(ω,T) = S(ω/ω0) and satisfies, according
to Kötzler et al.,

S′′ = 1/[1 + (ω/ω0)−α] (6.2)

should in fact be multiplied by a factor of 2/π in order to be correct. The
signatures of a 2D vortex fluctuation dynamic response can then be directly
inferred from the dissipation peak of σ′: its height is between 1/π ≈ 0.32
and 0.5 and increases with frequency ω [compare to Eqs. (3.10) and (3.12)].
The lower value 1/π corresponds to the Minnhagen response form (given
by α = 1 in Eq. (6.2)) associated with bound vortex-antivortex pairs which
dominate close to the KT transition. The higher value 1/2 corresponds to
the Drude response (given by α = 2 in Eq. (6.2)), dominated by abundant
free vortices well above the KT transition.

Kötzler et al. link their proposed mechanism of a blow-up of vortex loops
to an apparent sample-independent onset of a deviation of the inductive
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data from the inferred 3D L−1
k : at 1kHz, ωσ′′ as function of T/Tc deviates

at about 35 nH−1 to the right from the inferred 3D L−1
k . We notice, that the

relevant scale on which vortex type fluctuations become important may be
estimated from the KT transition criteria [25]

(LkTc)−1 =
e2ρ0

meεTc
=

{
8e2kB
π~2 for T→ T−c ,

0 for T→ T+c

giving L−1
k ≈ 7(nH)−1 for the samples in Ref. [61]. This places the KT

transition, which in principle always can be associated with a large enough
sample of finite thickness, very close to the inferred 3D transition. This
suggests that the deviation at 1kHz occurring below the inferred Tc, as well
as below the inferred KT-transition, may indeed be caused by vortex loops.

However, we claim that any change of 3D L−1
k caused by a dimensional

crossover (ξc & d) will always increase fluctuations and therefore decrease
the critical temperature Tc. This would lead to a deviation of the inductive
data ωσ′′ as function of T/Tc in the limit of zero frequency to the left instead
of to the right. In our scenario the only thing that happens is that the effect
of thermally created vortex loop fluctuations start to become increasingly
more important for the renormalization of the superfluid density as the
T3D

c is approached from below. For a given fixed frequency ω the largest
of these loops becomes effectively frozen out from the renormalization.
Consequently, the value of the superfluid density increases from the ω = 0-
value. This explains the deviation of Kötzler’s data to the right from the
extrapolated 3D value at ω = 0.

Thus, we conclude:

• The investigation by Kötzler et al. in Ref. [61] is not compatible with an
interpretation in terms of a thickness induced blow-up of proliferated
vortex-loops at T∗(d) < Tc.

• The data can consistently be described in terms of the 2D vortex fluc-
tuation dynamic response.

6.5 Paper V

Dynamic critical behavior of the XY model in small-world networks

Physical Review E 67, 036118 (2003)

This paper focuses on the dynamic critical behavior of the XY model
defined on the Watts-Strogatz (WS) model of small-world networks. In
general, the small-world effect means that a randomly chosen pair of sites
(sometimes called nodes or vertices) may be connected by a remarkably
small number of links (bonds or edges). In the WS model for small-world
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networks [62], a regular network is first constructed by arranging N sites in a
one-dimensional circular topology and connecting each site to 2k neighbors.
Then each link is revised one by one, and with the rewiring probability P the
far side of the link is detached and reconnected to a randomly chosen other
site (with the restriction that loops and multiple links may not be formed). In
this manner, a small-world network with the size N is constructed with the
model parameters k and P. This procedure is illustrated in Fig. 6.7. For k > 1
the parameter k is not believed to have a significant effect on the network
structure [36], and thus we fix k = 3 throughout the paper. By tuning the
parameter P from 0 to 1 the network character is changed from a regular to
random. A regular network is characterized by a linear dependence of the
average distance between two sites l upon the network size N, while in the
random network l ∼ logN.

Furthermore, each site i of the network is described by a spin angle θi,
corresponding to the phase of the superconducting order parameter in the
Ginzburg-Landau theory of superconductivity. These spins interact through
the XY Hamiltonian

H = −
1
2

∑
i, j

Ji j cos(θi − θ j) , (6.3)

with the coupling matrix Ji j given by

Ji j = J ji =

{
J, if (i, j) is an edge,
0, otherwise. (6.4)

To investigate the dynamic critical behavior of the XY model on the WS
network, we use the short-time relaxation method based on the relaxation
from a non-equilibrium state (see Chapter 4.4). Using dynamic Monte Carlo
simulations based on the Hamiltonian (6.3) we measure the quantity [see
Eq. (4.6)]

Q(t) =
〈
sgn

(∑
r

cosθr(t)
)〉
.

Then in order to determine the critical exponents we use the finite-size
scaling of Q(t) described in Chapter 4.4. The linear size of the system L
is now replaced by the size of the network N which is connected to L via
N = Ld (d is the dimensionality of the regular lattice). Thus, in the case of
the network the characteristic time τ close to Tc scales as τ ∼ Lz = Nz/d = Nz̄.
The correlation volume ξV ∼ ξd is related to the critical exponent ν by ξV ∼

|T − Tc|
−ν̄ = |T − Tc|

−νd since the correlation length diverges as ξ ∼ |T − Tc|
−ν.

The correlation volume can also be defined for a non-regular lattice.
Following the analyzing procedure described in Chapter 4.4 we find:

• the dynamic critical exponent z̄ of the XY model on WS model net-
works is equal to 0.54;
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(a) (b) (c)

F 6.7 The construction of a Watts-Strogatz model network. One starts from a
regular one-dimensional lattice of nodes (a). For every node (we consider the black
node specifically) the edges connections on one side are revised (for the black vertex
these are dashed). Then, with a probability P one detaches the other end is detached
(b) and re-attached (c) under the conditions that no loops (edges starting and ending
at the same node) or multiple edges may be formed.

• the static exponent is ν̄ ≈ 2.0. This is consistent with the result of
Ref. [36], in which the static properties of the XY model on the small-
world network have been investigated;

• the above results hold for any P > 0.

The upper dimensionality for the mean-field theory is d = 4 (see, for
example, Ref. [29]). Thus z̄ = z/d = 1/2 and ν̄ = νd = 2 correspond to the
mean-field values. Therefore, the obtained values z̄ = 0.54(3) and ν̄ ≈ 2.00 ,
as well as the other two critical exponents α = 0 and β = 1/2 of the specific
heat and magnetization, respectively, determined in Ref. [36] establish the
mean-field nature of the transition in XY model on WS networks.

Thus, we conclude:

• The phase transition in the XY model on WS networks belongs to the
same universality class as a regular lattice of dimensionality d ≥ 4.

• The shortcuts introduced in the WS network lead to a mean-field
behavior of the system.
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