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Abstract
The present thesis considers several important problems of combustion theory,
which are closely related to each other: turbulent burning, flame interaction with
walls in different geometries, flame acceleration and detonation triggering.
The theory of turbulent burning is developed within the renormalization
approach. The theory takes into account realistic thermal expansion of burning
matter. Unlike previous renormalization models of turbulent burning, the theory
includes flame interaction with vortices aligned both perpendicular and parallel to
average direction of flame propagation. The perpendicular vortices distort a flame
front due to kinematical drift; the parallel vortices modify the flame shape because
of the centrifugal force. A corrugated flame front consumes more fuel mixture per
unit of time and propagates much faster. The Darrieus-Landau instability is also
included in the theory. The instability becomes especially important when the
characteristic length scale of the flow is large.
Flame interaction with non-slip walls is another large-scale effect, which
influences the flame shape and the turbulent burning rate. This interaction is
investigated in the thesis in different geometries of tubes with open / closed ends.
When the tube ends are open, then flame interaction with non-slip walls leads to an
oscillating regime of burning. Flame oscillations are investigated for different flame
parameters and tube widths. The average increase in the burning rate in the
oscillations is found.
Then, propagating from a closed tube end, a flame accelerates according to the
Shelkin mechanism. In the theses, an analytical theory of laminar flame
acceleration is developed. The theory predicts the acceleration rate, the flame shape
and the velocity profile in the flow pushed by the flame. The theory is validated by
extensive numerical simulations. An alternative mechanism of flame acceleration is
also considered, which is possible at the initial stages of burning in tubes. The
mechanism is investigated using the analytical theory and direct numerical
simulations. The analytical and numerical results are in very good agreement with
previous experiments on “tulip” flames.
The analytical theory of explosion triggering by an accelerating flame is
developed. The theory describes heating of the fuel mixture by a compression wave
pushed by an accelerating flame. As a result, the fuel mixture may explode ahead of
the flame front. The explosion time is calculated. The theory shows good agreement
with previous numerical simulations on deflagration-to-detonation transition in
laminar flows.
Flame interaction with sound waves is studied in the geometry of a flame
propagating to a closed tube end. It is demonstrated numerically that intrinsic flame
oscillations coming into resonance with acoustic waves may lead to violent folding
of the flame front with a drastic increase in the burning rate. The flame folding is
related to the Rayleigh-Taylor instability developing at the flame front in the
oscillating acceleration field of the acoustic wave.
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Sammanfattning
Denna avhandling innefattar flera viktiga problem inom förbränningsteorin vilka är
hårt sammanknutna till varandra så som turbulenta förbränningar, flaminteraktioner
med gränsytor med olika geometrier, flamacceleration samt detonationsutlösning.
Teorin bakom turbulenta förbränningar är utvecklad med hjälp av
renormaliseringsansatser. Teorin bygger på realistiska termiska expansioner av
brinnande material. Jämfört med tidigare renormaliseringsmodeller av turbulenta
förbränningar så innefattar denna teori interaktionen mellan flammor och virvlar
orienterade både vinkelrät mot och parallellt med flammans genomsnittliga
utbredning. Vinkelrätt orienterade virvlar förvrider flamfronten vilket beror på
kinematiska drifter medan parallella virvlar modifierar flammans utseende
beroende på centrifugalkraften. En korrugerad flamfront förbrukar mer
bränsleblandning per tidsenhet och fortplantar sig fortare. I de teoretiska
modellerna är även Darrieus-Landauinstabiliteter inkluderade. Instabiliteten visar
sig bli speciellt viktig vid stora karakteristiska längder.
En annan storskalig effekt är flaminteraktioner med non-slip gränsytor, som
påverkar flammans utseende och förbränningshastigheten. I denna avhandling är
denna effekt studerad vid olika flamrörsgeometrier samt med slutna och öppna
rörändar. Vid öppna rörändar visar det sig att flaminteraktionen vid non-slip
gränsytorna leder till ett oscillerande förbränningsområde. Dessa oscillationer är
studerade och undersökta för olika parametrar och rörtjocklekar. Resultat visar sig
ge en snittökning av förbränningshastigheten.
Från en sluten rörända så accelereras flammorna enligt Shelkinmekanismen. I
denna avhandling utvecklas den analytiska teorin för accelererande flammor vid ett
laminärt flöde. Teorin förutsäger accelerationsökningen, flammas utseende och
flamflödets hastighetsprofil. Teorin är styrkt av ett flertal numeriska simuleringar.
Dessutom är en alternativ mekanism för flamacceleration betraktad, vilket inträffar
vid begynnelseantändningen av flammor. Mekanismen studeras med den analytisk
teorin samt även med direkta numeriska simuleringar. Både de analytiska och
numeriska resultaten stämmer bra överens med tidigare experiment på
”tulpanliknande” flammor.
Dessutom utvecklas den analytiska teorin för explosionsutlösning av
accelererande flammor. Denna teori beskriver en bränsleblandings upphettning vid
tryck från en kompressionsvåg skapad av accelererande flammor. Detta teorin visar
att bränsleblandningar kan explodera framför en flamfront och att explosionstider
för detta kan beräknas. Teorin visar sig stämma väl överens med tidigare numeriska
simulationer för deflagration-to-detonantion övergångar i laminära flöden.
Flaminteraktioner med ljudvågor är studerad vid geometrin för
flamfortplantning mot slutna rörändar. Vi har demonstrerat numeriskt att
inneboende flamoscilationer, som är i resonans med ljudvågor kan leda till häftig
flamböjning och häftig snittökning av förbränningshastigheten. Denna flamböjning
är besläktad till Rayleigh-Taylorinstabiliteter, som framträder vid flammor i ett
oscilerande accelerationsfält för en ljudvåg.
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Preface
(What I am going to talk about)
Probably, nobody could imagine our world without burning. In spite of a
considerable difference between a primitive human hunting for mammoths, a rich
noble having a rest at a fireplace in his castle, a car-driver or a passenger of a
modern flight – all of them have felt the benefit of fire. At present, combustion is
the main source of energy giving heat, light, hot food and the possibility of travel.
Starting with ancient times, people have tried to understand the nature of burning,
from the primitive theological aspects of fire up to the modern studies of
combustion as a part of classical physics and chemistry, and of the role of hydrocarbon fuels in international economics. Systematic scientific investigations of
burning started about a century ago. Still, a lot of important questions are yet to be
answered. One of the main problems in modern combustion science is calculating
the burning rate (the propagation velocity of the burning zone). How does the
burning rate depend on various chemical and physical properties of the fuel, the
geometry of a combustion chamber, and many other parameters? Unfortunately,
there is no complete quantitative and qualitative understanding of this question as
of yet.
I hope that my thesis is a step in this direction. My colleagues and I studied
different phenomena related mainly to flame propagation in tubes. A way towards
the thesis was not short or straightforward. On the contrary, the reader may follow
all the spiral-like steps of our research during the last few years as well as the
evolution of our knowledge about different aspects of burning. For a long time, an
external turbulent flow was assumed to be the main factor affecting the flame
velocity. Other very important phenomena like flame interaction with the walls of a
combustion chamber and with sound waves were often omitted. We started with the
same idea. At first, we considered flame interaction with external turbulence in an
“ideal” tube with adiabatic slip walls. In Papers I and II we derived an analytical
theory of turbulent burning in such a configuration of the combustion chamber. We
started with the case of a weakly turbulent flame, when the root-mean-square
velocity of the turbulent flow is less than the speed of flame propagation with
respect to the fuel mixture. In this approach the theory derived was rigorous and
based on the first physical principles. Unlike a lot of previous theoretical studies,
we took into account many realistic flame parameters such as thermal expansion in
the burning process and the finite width of the burning zone. Using the standard
assumption of self-similar (scale-invariant) flame dynamics, we extrapolated the
results to the case of strongly turbulent burning. However, validation of the theory
by comparison to the experiments faced some difficulties. First of all, the tube walls
xi

are non-slip in reality. Incorporating this effect into our studies led to a lot of new
features, since the non-slip walls corrugate the flow and lead to an additional (and
sometimes huge!) increase in the flame velocity. In addition, this effect depends on
whether (i) the tube ends are open or (ii) at least one end is closed. The first case
has been considered in Paper III. We observed about a 1.5 times average increase in
the flame velocity due to the boundary conditions.
However, the role of non-slip tube walls becomes much more important if one
of the tube ends is closed. When a flame front propagates from the closed tube end
to the open one, the positive feedback of flame-flow interaction leads to unlimited
flame acceleration. This effect has been studied in Papers IV and V. The result of
such acceleration is that initially slow subsonic flame propagation (deflagration)
can transform to the detonation. It happens even for laminar burning in such
combustion geometry. Of course, the viscous tube walls are not the only reason for
flame acceleration. External turbulence, the intrinsic flame instabilities and other
effects also participate in this process, playing a supplementary role. For example,
an alternative mechanism of flame acceleration has been studied in Paper VI.
Acceleration of that kind occurs at the early stages of burning, when a flame
expands from the ignition point. We have observed a rather strong increase in the
flame velocity in that case. However, the acceleration stops quickly when the flame
touches the tube walls. In contrast, the acceleration scenario due to friction at the
tube walls is not limited in time. Unlimited flame acceleration is followed by the
explosion ahead of the flame front and, eventually, by the detonation. In Paper VII
we have developed an analytical theory of explosion triggering by an accelerating
flame. We have determined the position and time instant of explosion depending on
the Mach number and the acceleration growth rate. Finally, in Paper VIII we
investigated the role of viscous walls in the geometry of flame propagation from the
open tube end to the closed one. If the acoustic mode between the flame and the
closed tube end comes into resonance with the flame oscillations resulting from the
non-slip at the walls (Paper III), then the acoustic amplitude becomes extremely
large, which leads to violent folding of the flame front, huge increase in the flame
velocity and, probably, even flame turbulization.
Basically, every physical phenomenon participates in any process. The main
task of a researcher is to clarify which phenomena are of primary importance, and
which of them are of minor importance and may be omitted. I believe my thesis
allows certain aspects of combustion science to be reconsidered and pays attention
to effects, which had not previously been fully investigated.
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The same in details…
1. Introduction
What is burning? Basically, it may be defined as an exothermal chemical
reaction. Such a definition includes a great variety of different processes, starting
with standard oxidation of coal, oil, natural gas, alcohol and other hydro-carbon
fuels, and ending with astrophysical applications like thermonuclear reactions in
Supernovae, etc. My work was limited by premixed gaseous burning, when all
chemical components necessary for the reaction are present in a fuel mixture from
the very beginning. In that case, if the heat release in burning exceeds the thermal
losses, then the reaction is self-supporting, as it happens in car engines, gas
turbines or various laboratory setups. Once ignited, the reaction typically spreads
through the gas as a rather thin, well-localized front until all the fuel is exhausted.
There are two main self-supporting regimes of combustion: the flame (called
also deflagration) and the detonation (Williams, 1985; Zeldovich et al., 1985;
Landau and Lifshitz, 1989). In the case of a flame, the reaction propagates due to
thermal conduction, transporting energy from the hot burnt matter to the cold fuel
mixture. In a detonation, the process occurs due to shock waves, which compress
the fuel mixture increasing its temperature. The flame is a subsonic burning
regime, which propagates 2–4 orders of magnitude slower than the fast
(supersonic) detonation. In the present thesis we will focus mainly on flame
propagation. The possibility of the detonation (explosion) triggering by the
accelerating flame will also be discussed in Chapter 5.
So, what is a flame? Well… a typical reacting flow consists of the regions of
the fuel mixture (where the reaction has not begun yet), of the burnt matter
(where the reaction is completed), and a thin zone called a “flame front”
separating them. The inner structure of a planar flame front (which is the simplest
for study) is illustrated schematically in Fig. 1a. The characteristic density and
temperature distributions in such a system are shown in Fig. 1b.
Everyone knows that burning does not occur at room temperature, while at
high temperatures the reaction goes very fast. This is because the reaction rate of
any burning process is strongly temperature-dependent, sometimes increasing by
up to 108 − 109 times when the temperature of the fuel mixture becomes only twice
as large. The reaction occurs inside a thin active reaction zone, where the
temperature is close to that of the burnt matter Tb . The mechanism of flame
propagation may be explained as follows. Thermal conduction transports the
energy from the active reaction zone to the colder layers of the fuel mixture thus
heating the mixture, and, therefore, increasing the reaction rate inside it. On the
other hand, the reaction rate goes down with exhaustion of the fresh gas. As a
result, the flame front moves continuously from burnt to fresh matter. We will
assume that both fresh and burnt gases obey the perfect gas equation.
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Fig. 1.1. Typical internal structure of a planar flame front (a) with the characteristic
temperature and density distribution inside a planar flame (b).
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the reaction rate A inside the burning zone (Paper III).
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The main flame parameters are the expansion factor Θ defined as a fresh to
burnt gas density ratio Θ = ρ f ρ b , the planar flame speed U f illustrated in Fig.
1.1 and the flame thickness L f defined conventionally as
L f = κ / CP ρ f U f ,
(1.1)
where κ is the thermal conduction coefficient and CP is the heat capacity at
constant pressure. The characteristic value of L f is about L f = (10−4 − 10−3 )cm ,
which is much smaller than the typical size of a burning chamber R = (0.1 − 1)m .
As a result, a flame is usually treated as a discontinuity surface separating the
fresh and the burnt gases. Planar flame speed is usually much smaller than the
speed of sound, U f = (10 − 103 ) cm / s , so that slow burning happens almost
isobarically, P ≈ const .
If we study the macro-scale (hydrodynamic) aspects of flame propagation,
then the micro-scale details of the chemical reaction are of minor importance, and
it is often convenient to replace the complicated kinetics of all chemical processes
with a single irreversible (Arrhenius) reaction. The simplest solution to the
combustion equations (the Navier-Stokes and the heat conduction equations)
corresponding to the planar flame front has been found in the classical work by
Zeldovich and Frank-Kamenetsky (Zeldovich and Frank-Kamenetsky, 1938), see
also (Zeldovich et al., 1985). This solution determined the planar flame speed U f
as a function of the thermal and chemical properties of the fuel mixture. Figure
1.2 shows the temperature distribution, the local mass fraction of the fresh gas Y,
and the reaction rate A scaled by its maximal value inside the burning zone (the
results of the direct numerical simulations of Paper III). We can see from Fig. 1.2
that the value L f defined by Eq. (1.1) is just a parameter of length dimension in
the problem, while the characteristic flame width may be an order of magnitude
larger.
However, a planar flame illustrated by Fig. 1.1 happens ultimately seldom in
reality. Almost all industrial flames have a corrugated front shape. A corrugated
front has a larger surface area; it consumes more fuel mixture per unit of time and
propagates faster than the planar front. Calculation of the curved flame velocity
U w (called also the burning rate) is probably the most important problem for
combustion science; sometimes U w exceeds the planar flame speed U f by an
order of magnitude. A flame front usually gets corrugated due to the intrinsic
flame instabilities, external turbulent flow, flame interaction with walls and many
other factors. In the standard approach of an infinitely thin flame front, the
turbulent flame velocity is proportional to the flame surface area
U w / U f = Sw / S ,
(1.2)
where S w is the surface area of a curved flame and S is the cross-section of the
tube (i.e. the area a planar front would have). Equation (1.2) should be modified
for a flame of finite thickness (different flame isotherms may have different
surface areas). Still, even in that case U w and S w are well-correlated.
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2. Theory of turbulent burning
For a long time, an external turbulent flow was assumed to be the main
reason for flame bending. Unfortunately, studies of turbulent burning usually face
a lot of difficulties, since turbulence in itself is one of the most unresolved
(though important) problems in classical physics (Peters, 2000). Currently,
researchers use different models to imitate the turbulent flow. For instance, it is
typically assumed that the turbulent velocity field is isotropic, “statisticallystationary” in the laboratory reference frame, and obeys the Kolmogorov
spectrum (Landau and Lifshitz, 1989), though nobody has proved if the realistic
turbulent flow in combustion experiments satisfies these criteria.
The main parameters describing the turbulent flow are the root-mean-square
(rms) velocity in one direction U rms (called also the turbulent intensity) and the
integral turbulent length λT , which characterizes the length scale of the flow.
Thus the main question is how the turbulent flame velocity depends on the
turbulent intensity and other flame-flow parameters. Turbulent combustion may
proceed in several regimes depending on the scaled values U rms / U f and λT / L f .
These regimes are shown on the Barrere-Borghi diagram in Fig. 2.1, see also the
review (Bychkov and Liberman, 2000). The borders between them are plotted
rather qualitatively, because theoretical understanding of these regimes is still
quite limited. Different regimes of burning have different properties and different
laboratory / industrial applications. We cannot talk about turbulence at all in the
case of low Reynolds numbers. The region with, say, Re ≈ U rms λT /ν < 1 is related to
the decay of turbulence. In the “quasi-laminar” regime of “wrinkled flames”,
turbulence does not decay. Even so, its role in flame corrugation is negligible in
that case, while the flame front is curved mainly due to the flame instabilities. In
the “flamelet” regime of burning the turbulent flow strongly corrugates the flame
shape on length scales much larger than the flame thickness L f , while the internal
flame structure (including transport properties) is laminar. Much more intensive
external turbulent flow may “penetrate” the internal flame structure modifying the
transport coefficients inside the burning zone. Then the flame propagates due to a
“turbulent” mechanism of thermal conduction, with the local normal burning rate
different from U f , and with the larger flame thickness. As a result, such a regime
of burning is called “thick flames” or “thickened flames”. Finally, if turbulent
burning proceeds in the regime of “well-stirred reactors”, then a very intensive
turbulent flow spreads the burning zone over the whole combustion chamber.
Obviously, we cannot talk about the flame “front” at all in that case.
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Among these regimes, the regime of turbulent flamelets, typical for car
engines and gas turbines, is of the most interest. Since external turbulence does
not influence the transport coefficient inside flamelets, then micro-scale
(chemical) and macro-scale (hydrodynamic) phenomena of burning may be
studied separately. Since external turbulence was assumed to be the main reason
for flame bending, for about 70 years there was a general belief that U w / U f may
be expressed as a function of the scaled turbulent rms-velocity U rms / U f only
independent of other flame-flow parameters (Williams, 1985)
U w / U f = F (U rms / U f ) .
(2.0.1)
2.1. Approach of zero thermal expansion and the renormalization analysis
There have been various attempts to determine the function F from Eq. (2.0.1)
experimentally or by using simplified theoretical models. For instance, the
majority of theoretical works on turbulent burning were performed in the
approach of zero density drop at the flame front, when the expansion factor is
Θ = 1 (Clavin and Williams, 1979; Williams, 1985; Yakhot, 1988; Kerstein et al.,
1988; Pocheau, 1994; Denet, 1999; Ashurst, 2000, Bychkov and Denet, 2002).
Such an approach simplifies the problem considerably: flame dynamics does not
influence the turbulent flow if both fresh and burnt gases are of the same density.
The first rigorous analytical theory of weakly turbulent flames was developed by
Clavin and Williams (Clavin and Williams, 1979).
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Fig. 2.2. Self-similar (scale-invariant) flame dynamics. Illustration of the renormalization
method.

In addition to the approach of Θ = 1 , the Clavin-Williams theory is based on the
assumptions of zero flame thickness L f = 0 and low turbulent intensity (weak
nonlinearity) U rms U f << 1 (Clavin and Williams, 1979). The theory suggested the
quadratic dependence for the increase in the flame velocity ∆U ≡ U w − U f versus
the turbulent intensity U rms (Clavin and Williams, 1979)
2
∆U / U f = U rms
/ U 2f .
(2.1.1)
The Clavin-Williams equation (2.1.1) may be extended to the case of strong
turbulence using the renormalization method (Yakhot, 1988; Pocheau, 1994;
Bychkov, 2003; Papers I, II). Renormalization assumes self-similar flame
dynamics on different length scales as shown schematically in Fig. 2.2. If the
Reynolds number of the turbulent flow is high and the spectrum of flame
wrinkles is broad, then the whole spectrum may be decomposed into narrow
“bands” of width dk . Every band produces a small increase in the flame velocity
dU , which may be calculated in the approach of a weakly corrugated flame. The
new increased flame velocity plays the role of U f for the next band in the
spectrum. Wrinkles with the wave numbers above k provide the propagation
velocity U = U (k ) ; the total turbulent flame velocity U w is the integral over the
whole spectrum U w = U (kT ) , where k T = 2π / λT corresponds to the maximal length
scale of the turbulent flow.
The renormalization analysis for turbulent burning with zero thermal
expansion has been suggested by Yakhot (Yakhot, 1988), with later improvement
by Pocheau (Pocheau, 1994). Realistic thermal expansion has been taken into
account in (Bychkov, 2003). Following (Pocheau, 1994; Bychkov, 2003), we can
present the total rms-velocity of the turbulent flow in the integral form
kν

2
U rms
= ∫ ε T (k ) dk ,

(2.1.2)

kT

6

where ε T is the spectral density of the turbulent kinetic energy and kν = 2π / λν is
the wave number related to the Kolmogorov (dissipation) length scale (typically
λT >> λν , k T << kν ). For example, in the case of Kolmogorov spectrum
ε T (k ) ∝ k −5 / 3 we find from Eq. (2.1.2)
2
3

2
ε T (k ) = U rms
kT2/3k −5/3 .

(2.1.3)

Then the “local” counterpart of Eq. (2.1.1) takes the form
ε ( k ) dk
dU
=− T 2 ,
U
U
which gives (Pocheau, 1994)

(2.1.4)

2
U w2 = U 2f + 2U rms

(2.1.5)

after integration over the whole turbulent spectrum. Equation (2.1.5) provides the
2
quadratic dependence ∆U ∝ U rms
for weakly turbulent flames and the linear
relation ∆U ∝ U rms in the case of a very strong turbulent flow. Equation (2.1.5) is
shown in Fig 2.3 by the solid line. Markers present the results of different
experiments on turbulent burning (Abdel-Gayed at al., 1987; Aldredge et al.,
1998; Kobayashi et al., 1998).
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Fig. 2.3. The analytical theory (Clavin and Williams, 1979; Pocheau, 1994), Eq. (2.1.5),
derived in the limit of Θ = 1 , L f = 0 (the solid line) and the typical phenomenological
dependence (2.1.6) for C = 2.1 (the dashed line) are compared to the experiments (Abdel-Gayed
et al., 1987; Aldredge et al., 1998; Kobayashi et al., 1998) shown by markers.
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We can see that the analytical theory (Clavin and Williams, 1979; Pocheau,
1994), obtained in the limit of zero thermal expansion Θ = 1 and zero flame
thickness L f = 0 , does not describe the realistic flames properly. Also, there were
attempts to find the function (2.0.1) empirically. For instant, the typical
phenomenological suggestions for Eq. (2.0.1) take the form
∆U / U f = CU rms / U f ,
(2.1.6)
with the constant C adjusted as C ≈ 2 − 2.2 by comparing Eq. (2.1.6) to the
experiments. The linear dependence (2.1.6) for C = 2.1 is shown in Fig. 2.3 by the
dashed line. Similarly to Eq. (2.1.5), this curve does not agree with the whole set
of experimental points (Abdel-Gayed at al., 1987; Aldredge et al., 1998;
Kobayashi et al., 1998). Indeed, though phenomenological approaches are very
useful for solving particular technical problems, any empirical equation is
restricted to the particular experiment, and it cannot be generalized for arbitrary
conditions.
So, neither phenomenology, nor the Clavin-Williams-Pocheau theory
explains the experimental data. One can clearly see that the experimental points
form a “cloud”, which cannot fall into a single curve like (2.0.1). It happens
because the scaled rms-turbulent velocity U rms / U f is not the only parameter
describing turbulent combustion. The work (Abdel-Gayed et al., 1987) tried to
organize the cloud of experimental data by introducing empirically additional
3
variables like the Karlovitz number Ka = (U rms
L f / U 3f λT )1 / 2 and / or the Reynolds
number of the flow into the dependence (2.0.1). One more shortcoming of Eqs.
(2.1.5), (2.1.6) is that both curves in Fig. 2.3 start with U w = U f at U rms = 0 , while
even laminar flames are usually curved due to the intrinsic flame instabilities,
with a propagation velocity several times larger than U f (Gostintsev et al., 1988;
Kobayashi et al., 1998; Bradley et al., 2000; 2001). Finally, the turbulent flame
speed depends strongly on a particular geometry of the combustion setup: a
combustion bomb in (Abdel-Gayed et al., 1987), Bunsen flames in (Kobayashi et
al., 1998; 2002; Kobayashi and Kawazoe, 2000; Filatyev et al., 2005), platestabilized burning in (Klingmann and Johansson, 1998), burning in tubes in
(Aldredge et al., 1998; Aldredge and Killingworth, 2004; Lee and Lee, 2003).

2.2. Weakly turbulent burning with realistic thermal expansion
As we have seen, theories of turbulent flame speed developed for Θ = 1 agree
poorly with experiments. To overcome this problem, one has to take into account
realistic flame parameters starting with large thermal expansion in the burning
process. An important step in the development of such a theory has been
performed in the classical works (Searby and Clavin, 1986; Aldredge and
Williams, 1991). Searby and Clavin investigated the linear response of a flame of
finite thickness to a weakly turbulent external flow (Searby and Clavin, 1986).
Using these results, Aldredge and Williams calculated the turbulent flame
velocity (Aldredge and Williams, 1991). Still, both papers (Searby and Clavin,
8

1986; Aldredge and Williams, 1991) got rid of the intrinsic flame instability (the
Darrieus-Landau instability) by choosing sufficiently narrow “tubes”.
Unfortunately, such a choice heavily restricted the outcome of these pioneering
studies.
In Papers I, II we used the ideas of (Searby and Clavin, 1986; Aldredge and
Williams, 1991). We also managed to take into account both external turbulence
and the flame instability. The main idea of our studies (Papers I, II) is the
following. One can present the scaled increase in the flame speed as an arbitrary
function of the turbulent rms-velocity, the expansion coefficient, the flame
thickness, the characteristic length scale of the flow and other parameters of the
problem:
2
∆U / U f = F (U rms
/ U 2f , Θ, ...) .
(2.2.1)
In the limit of weak turbulence, the right-hand side of Eq. (2.2.1) may be
2
expanded in series of U rms
/ U 2f << 1 as (Bychkov, 2003; Papers I, II)
U2
∆U
= CL ( Θ,...) + CT ( Θ,...) rms
,
(2.2.2)
Uf
U 2f
where CL and CT are some coefficients. Taking CL = 0, CT = 1 we reduce Eq.
(2.2.2) to the Clavin-Williams result (2.1.1). Obviously, the zero-order term CL
describes increase in the flame velocity in the case of zero turbulence; it results
from intrinsic flame instabilities. In our work we considered mainly the
contribution of the Darrieus-Landau (DL) instability. The last term in Eq. (2.2.2)
presents the contribution of external turbulence into the flame velocity increase.

The Darrieus-Landau instability
The DL instability (Darrieus, 1938; Landau, 1944; Landau and Lifshitz,
1989) is inherent to all flames in gaseous mixtures; it is caused by thermal
expansion of the burning matter. According to the Darrieus-Landau theory,
perturbations of an infinitely thin flame front grow exponentially over time and
make the front curved (Darrieus, 1938; Landau, 1944). Finite flame thickness
leads to thermal stabilization of the DL instability at sufficiently small scales
(Pelce and Clavin, 1982). The mechanism of thermal stabilization is illustrated in
Fig. 2.4 by the arrows. The thermal flux converges in the convex parts of the
flame front. Therefore, the fuel mixture is heated more effectively there, which
leads to an increase in the local flame speed. In contrast, the thermal flux diverges
in the concave parts of the front, and the local flame velocity decreases.
For the first time, the flame of finite thickness was studied by Markstein
(Markstein, 1964) in the scope of phenomenological corrections to the DarrieusLandau theory. Later, the rigorous linear theory of the DL instability for a flame
front of small, but finite thickness was developed (Istratov and Librovich, 1966;
Pelce and Clavin, 1982). In a certain sense, the DL cut off λc plays the role of an
effective flame thickness. It is a function of thermal and chemical properties of
the burning mixture.
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Fig. 2.4. Thermal stabilization of the Darrieus-Landau instability.

The DL cut off is a key parameter for flame dynamics: it determines the critical
tube width, for which the instability may develop. For a flame propagating in a
two-dimensional (2D) channel of width D or a tube with the square cross-section
D × D , the critical tube width is Dc = λc 2 (Akkerman and Bychkov, 2003).
Perturbations with λ > λc grow exponentially until nonlinear stabilizing
effects become important. The mechanism of nonlinear (Huygens) stabilization,
also called kinematical restoration, is illustrated by Fig. 2.5a. Due to the Huygens
stabilization, the convex parts of the flame front get smoother, while the concave
parts of the front become sharper up to the formation of cusps. As a result, in
tubes of “moderate” width Dc < D < (4 − 5) Dc the DL instability is balanced by
thermal plus nonlinear stabilizations leading to a curved, stationary flame front.
The characteristic shape of a curved flame with Θ = 5 propagating stationary in a
tube of width D = 2 Dc obtained in our direct numerical simulations is shown in
Fig. 2.5b. The temperature distribution is presented by colours (from blue at
T = 300 K to red at T = 1500 K ). The solid lines with the arrows present the flow
streamlines. According to the direct numerical simulations (Bychkov et al., 1996;
1997; Travnikov et al., 2000), for flames with realistic thermal expansion in tubes
of moderate width the flame velocity increases as ∆U / U f = 0.5 − 0.8 because of the
DL instability.
On very large length scales λ >> λc a curved stationary flame front shown in
Fig. 2.5b becomes unstable again. In that case, according to the general belief, the
DL instability leads to the fractal structure of the flame front with self-similar
fractal properties. The self-similar flame dynamics has been observed in the
experiments (Gostintsev et al., 1988; Bradley at al., 2000; 2001).
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(a)

(b)
Fig. 2.5. Nonlinear stabilization of the Darrieus-Landau instability (a) and the curved stationary
flame front presented by isotherms for Θ = 5 and D = 2 Dc (b).
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Then the cut off wavelength of the DL instability λc plays the role of the inner cut
off for the fractal cascade, and the propagation velocity of a fractal flame may be
estimated as
D
U w ≈ U f ( λmax λc ) ,
(2.2.3)
where λmax is the largest possible length scale of the fractal cascade (i.e. the
characteristic length scale of the hydrodynamic flow). The factor D is the fractal
excess. According to the experimental measurements (Gostintsev et al., 1988;
Bradley at al., 2000; 2001), D ≈ 1 / 3 for all studied laboratory flames. The
theoretical predictions (Travnikov et al., 2000; Bychkov and Liberman, 2000) led
to a similar result: the fractal excess depends on the expansion factor, D = D(Θ) ,
with D ≈ 1 / 3 for typical Θ = 5 − 10 . The factor CL in Eq. (2.2.2) should reflect the
self-similar properties of the DL instability.

Kinematical turbulent flame drift and burning along the vortex axis
The factor CT in Eq. (2.2.2) depends both on the parameters of the turbulent
flow and the flame properties. As illustrated in Fig. 2.6, the effect of turbulence is
determined by two different physical processes. First, the flame front is drifted
and distorted by vortices perpendicular to the direction of flame propagation (this
is the kinematical effect discussed in Sec. 2.1). Second, thermal expansion leads
to one more (“dynamical”) effect of turbulence: the vortices parallel to the
direction of flame propagation also increase the flame speed due to the centrifugal
force. Thus, the factor C T consists of two parts:
CT = C⊥ + C|| ,
(2.2.4)
where the labels ⊥ and || stand for the kinematical flame drift and fast burning
along the vortex axis.
Flame propagation perpendicular to the turbulent vortices has been
extensively studied in Paper I. We calculated the factor C⊥ using the SearbyClavin equation (Searby and Clavin, 1986). The reader may find the respective
calculations in Papers I, II. We have studied in Paper I how C⊥ depends on
thermal expansion, the flame thickness, the integral turbulent length, the turbulent
spectrum, the transport coefficients, the Markstein and Prandtl numbers, etc. We
have obtained that the role of kinematical flame drift for realistic flames is much
less than that in the limit of Θ = 1 . Typically, C⊥ ≈ 0.1 − 0.25 for realistically large
Θ = 5 − 10 (Paper I). Therefore, the influence of the kinematical drift on the flame
dynamics may be up to 10 times weaker than the Clavin-Williams result! Of
course, one has to remember that this conclusion holds within the renormalization
approach or in the limit of weak turbulence / nonlinearity.
The majority of theoretical and numerical works of turbulent burning
considered flame propagation perpendicular to the turbulent vortices, as shown in
Fig. 2.6a. Still, 1/3 part of the kinetic energy of an isotropic turbulent flow is
stored in the vortices aligned parallel to the average direction of flame
propagation.
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Fig. 2.6. Kinematical flame drift (a) and burning along the vortex axis (b).
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Such a vortex acts like an effective gravitational field driving the light burnt
matter to the rotation axis, and the heavy fuel mixture to the vortex “walls”
(Ishizuka, 2002; Petchenko et al., 2006; Bychkov et al., 2006; 2007). As a result,
the flame shape becomes curved, which leads to an additional increase in the
turbulent flame speed (see, for instance, (Ishizuka, 2002) as a review on the
subject). A similar effect happens when a flame propagates in a rotating
cylindrical tube (Atobiloye and Britter, 1994; Petchenko et al., 2006; Bychkov et
al., 2007) or in a Taylor-Couette flow between two counter-rotating cylinders
(Aldredge et al., 1998; Bychkov et al., 2006). The main task of Paper II, see also
(Bychkov et al., 2007), was to incorporate the effect of flame propagation along a
vortex into the general description of turbulent burning. The factor C|| has been
determined in (Bychkov et al., 2007). For standard propane and methane burning
we have found C|| ≈ 0.4 − 0.6 (Bychkov et al., 2007; Paper II), which exceeds
noticeably the respective kinematical coefficient C⊥ .
The turbulent coefficients C⊥ , C|| for a flame of zero thickness are shown in
Fig. 2.7 versus the expansion factor Θ . One can see that the effect of burning
along the vortex axis dominates over kinematical flame drift for any realistic
thermal expansion. The same result is observed in Fig. 2.8, where the turbulent
and laminar factors C ⊥ , C || , C L for a methane-air flame with Θ ≈ 7.5 are presented
versus the flow length scale λ . The dashed line shows the scaled increase in the
laminar flame velocity due to the DL instability, while the solid lines present the
turbulence-related coefficients. I would like to stress that both factors C ⊥ , C||
depend on the DL cut off λc .
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Fig. 2.7. The coefficients C⊥ , C|| for an infinitely thin flames front L f = 0 versus the expansion
factor Θ .
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Fig. 2.8. The turbulent coefficients C⊥ , C|| (solid) and the laminar coefficient C L (dashed)
versus the dimensionless length scale of the flow λ / λc for methane-air burning with Θ ≈ 7.5 .

There are two interesting properties observed in Fig. 2.8. First, the coefficients go
rather fast to zero at the length scales below the DL cut off. Second, the factors
C ⊥ , C|| tend to the saturation values for λ >> λc . Similarly to Fig. 2.7, the effect
of burning along the vortex axis in Fig. 2.8 dominates over the flame drift
perpendicular to the vortex axis on realistic scales λ >> λc . The value C ⊥ exceeds
C|| on small scales λ < 2λc only.

2.3. Strongly corrugated turbulent flames with realistic thermal expansion
The theory presented in Sec. 2.2 has been derived for an arbitrary expansion
2
factor Θ in the approach of weak turbulence (weak nonlinearity) U rms
<< U 2f .
However, we have an opposite situation in the typical combustion experiments
(Abdel-Gayed et al., 1987; Aldredge et al., 1998; Lee and Lee, 2003), where the
rms-velocity of the turbulent flow U rms may exceed the planar flame speed U f
considerably. To extrapolate Eq. (2.2.2) to the situation of strongly corrugated
flames, the renormalization method (Yakhot, 1988; Pocheau, 1994) has been
applied to flames with an arbitrary Θ (Bychkov, 2003; Papers I, II), see also
(Bychkov et al., 2006; 2007). Assuming self-similar properties of the fractal
cascade, we may split all flame wrinkles into narrow spectral bands. The
contribution of the instability effects depends on k as U DL = U f (k / kc ) − D similar to
Eq. (2.2.3). Then the DL instability and external turbulence working together
provide the velocity increase (counterpart of Eq. (2.2.2))
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dU
dk
= −ε L ( k ) dk − CT ( k ) ε T ( k ) 2 .
(2.3.1)
U
U
Here ε L (k ) is the laminar (or DL) contribution, with ε L = D / k for k < k c and ε L = 0
for k ≥ k c , where kc ≡ 2π / λc . The factor CT ( k ) in Eq. (2.3.1) is specified in Paper
II. The turbulent spectral density ε T may be determined by Eq. (2.1.3). Using the
renormalization analysis we assumed the scale-invariance (self-similarity) of
flame dynamics. The renormalization idea works properly if λ >> λc (i.e. L f → 0 ).
Both turbulent factors C⊥ and C|| are almost constant in that limit, see Fig. 2.8.
Then, within the renormalization approach of λ >> λc , we can take the total
turbulent factor C T in the form of a Heviside step-function with CT = 0 if λ < λc
and CT = const ≈ 0.6 − 0.9 for λ > λc . In that case Eq. (2.2.2) may be integrated
analytically as (Bychkov, 2003; Paper II)
U w2

= U 2f

 λmax

 λc





2/3

 λmax 
4
2
+ CT U rms


3
λ
 T 

2/3

ln(λT / λc ) .

(2.3.2)

For a flame of finite thickness, the factor CT is a complicated function of different
flame-flow parameters, and Eq. (2.3.1) has been solved numerically in that case
(Papers I, II). Still, the analytical expression (2.3.2) is quite useful for analyzing
behavior of the turbulent flame velocity. The factor (λmax / λT )2 / 3 in Eq. (2.3.3)
makes the influence of external turbulence much stronger in the presence of the
strong large-scale DL instability. Thus even the simplified formula (2.3.2)
explains the diversity of experimental data measured by different research groups.
Indeed, according to Eq. (2.3.2), the value U w / U f is not a universal function of
U rms / U f like Eq. (2.0.1), but it is also determined by the strength of the DL
instability and other large-scale effects.
Finally, let us compare the present theory to the experimental data. In that
sense, geometry of the experiments (Lee and Lee, 2003) is the most illustrative.
In the work (Lee and Lee, 2003) the propane-air flames propagated in a tube with
a rectangular cross-section 9 cm × 3.5 cm . The turbulence was generated by a grid,
with the integral turbulent length of the flow λT ≈ 0.5 cm , which is almost an order
of magnitude smaller than the tube width. For propane-air burning, the DL cut off
wavelength is λc = 0.21 cm (Searby and Quinard, 1990; Paper I), which is
comparable to λT , λT / λc ≈ 2.5 . Unfortunately, the renormalization approach is not
rigorous in that case, since the condition of wide spectrum λ >> λc does not hold.
However, analyzing the measurements (Lee and Lee, 2003) we can use the
renormalization method formally.
The result of numerical integration of Eq. (2.3.1) and the experimental data
(Lee and Lee, 2003) are compared in Fig. 2.9. To understand the results better,
first, we performed integration for small length scales up to the integral turbulent
length λT = 0.5 cm (the dotted line A). Second, we solved Eq. (2.3.1) over all
length scales up to the maximal wavelength determined as λmax = 2 × 9 cm (the
dashed line B). We can clearly see that curve A corresponding to the small-scale
(external) turbulence is well below the experimental points (Lee and Lee, 2003).
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Fig. 2.9. Comparison of the dependence U w / U f versus U rms / U f obtained in Papers I, II
(lines) to the experiments (Lee and Lee, 2003) with stoichiometric propane-air flames
(markers). The curves A and B are related to the spectral domains λ < λT and λ < λ max ,
respectively. The solid curve C takes into account all effects including influence of the non-slip
boundary conditions at the walls.

However, even curve A starts at U w ≈ 1.7U f for U rms = 0 , which demonstrates a
noticeable role of the DL instability on small scales. The dashed line B (the result
of integration over all scales) goes much closer to the experimental points. I
would like to stress that the difference between lines B and A is provided by the
large-scale DL instability, while turbulence works only on small scales λ < λT .
This additional increase in the flame velocity resembles the factor (λmax / λT )2 / 3 in
the analytical expression (2.3.2). Still, even the curve B underestimates the
experimental data (Lee and Lee, 2003). To complete the comparison, we should
take into account the influence of viscous walls. This effect has been investigated
in Paper III, see Chapter 3; it provides additional increase in the flame velocity by
a factor of about 1.5. The solid line C in Fig. 2.9 shows the result of line B
multiplied by the correction coefficient f0 = 1.5 . This curve comes very close to
the markers. Thus taking all large-scales into account we obtain good agreement
between the theory and the experiments.
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3. Flame oscillations in tubes with non-slip walls
As I stressed above, the experiments (Lee and Lee, 2003) involved flame-wall
interaction due to the non-slip boundary conditions at the walls. This effect was
omitted in the theory of Chapter 2, where we considered flame propagation in an
ideal tube with slip walls. To reduce the gap between the analytical theory
(Papers I, II) and the experiments on turbulent burning in tubes like (Lee and Lee,
2003), in Paper III we have investigated the influence of the non-slip tube walls
on the flame propagation velocity. The importance of friction at the tube walls
was already stressed in the paper (Lee and Lee, 2003). The authors of (Lee and
Lee, 2003) tried to understand the role of viscous walls by introducing empirical
correction coefficients. The coefficients were measured by using the images of a
curved shape of the flame front on large length scales. The correction factors
measured in (Lee and Lee, 2003) were rather large, about 2–3. Then the authors
of (Lee and Lee, 2003) suggested “removing” the viscous boundary conditions by
reducing the measured turbulent flame velocity with the respective correction
coefficients. The result obtained should correspond to flame propagation in a
hypothetical tube with slip walls. Of course, this method is not sufficiently
accurate. We decided to solve the problem in another way. The tube width in (Lee
and Lee, 2003) exceeds the integral turbulent length by about an order of
magnitude, see above. Then the effects of turbulence and of flame interaction
with the walls may be presumably separated due to a large difference in length
scales. Indeed, the friction at the walls leads to a large-scale modification of the
flame shape, which noticeably exceeds the integral turbulent length in the
experimental flow. Then the local flame velocity on small scales (modified by
turbulence and, probably, the DL instability) may be replaced by a new “effective
laminar” velocity of flame propagation. If such an approach works properly, then
the large-scale flow may be treated formally as a laminar one with the modified
planar flame speed. In that case one can find corrections related to non-slip at the
walls by studies of laminar flames.
Surprisingly, up to now there have been few theoretical / numerical works on
flame interaction with non-slip tube walls (Kagan and Sivashinsky, 2003; Ott et
al., 2003). Still, this effect is of primary importance for flame dynamics. Burning
gas expands, and a flame front acts as a piston and generates a flow. The non-slip
walls stop the adjacent gas producing a non-uniform velocity distribution. The
non-uniform velocity field, in turn, bends the flame shape increasing the burning
rate, and so on. The outcome of such flame-wall interaction depends on the
boundary conditions at the tube ends. We have considered three possible options.
1) Both ends of the tube are open and non-reflecting (Paper III).
18

We have observed noticeable oscillations of the flame shape and velocity in this
case.
2) A flame propagates from the closed tube end to the open one (Papers IV, V).
We have obtained an unlimited flame acceleration, which may lead, eventually, to
the explosion / detonation triggering.
3) A flame propagates from the open tube end to the closed one (Paper VIII).
Flame interaction with sound waves reflected from the closed tube end may lead
to violent folding of the flame shape and, probably, to flame turbulization.
In this Chapter we will consider the first case (when both ends of a tube with
non-slip walls are open). The other options will be discussed in the next chapters.
In Paper III we studied flame propagation in an infinitely long tube with non-slip
boundary conditions at the walls, both ends open and non-reflecting boundary
conditions at the ends. We solve the problem in a 2D channel using the direct
numerical simulations of the complete set of combustion equations including
thermal conduction, diffusion, real viscosity value and chemical reaction. The
basic equations and the description of the solver are presented, for instance, in
Paper III. We simulated an initially planar laminar flame with thermal expansion
Θ = 8 (which corresponds to stoichiometric propane-air flames studied in (Lee
and Lee, 2003)) propagating in a tube of width D within the domain
20 L f ≤ D ≤ 120 L f . Of course, a real tube is much wider. Still, the use of small
length scales is the typical limitation for the direct numerical simulations of flame
dynamics. The main dimensionless parameter of the problem is the scaled tube
width D / L f ; the characteristic time of flame dynamics is measured by τ = D / U f .
Evolution of the flame shape in a tube of moderate width D = 40 L f is illustrated in
Fig. 3.1. The flame isotherms (from 600 K to 2100 K with the step 300 K ) are
shown in Fig. 3.1 for different time instants. We may see that an initially planar
flame front acquires first a strongly curved concave shape, which is accompanied
by noticeable flame acceleration. Still, the acceleration regime is followed by fast
deceleration.
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Fig. 3.1. Evolution of the flame shape (the flame isotherms) in a tube of width D / L f = 40 with
non-slip walls.
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Fig. 3.2. The scaled increase in the flame length Dw / D − 1 versus time in a tube of width
D / L f = 40 .

As a result, the flame shape becomes almost planar again, with the propagation
velocity slightly exceeding the planar flame speed U f . Then, after some time, the
flame front accelerates again, which is followed by one more deceleration, etc.
The flame front oscillates. Unfortunately, there is no rigorous theoretical
explanation of the flame oscillations as of yet; this will probably be a subject of
my future research.
In Paper III we have studied the oscillations of the flame length Dw and the
velocity of flame propagation U w , which was calculated using the conservation
law for the mass fluxes ahead of the flame front and behind the front
uz f − uz b
Uw =
.
(3.1)
Θ −1

Meanwhile, the oscillations of both values correlate; remember that the scaled
flame speed may be estimated by the scaled flame length / surface in the case of
zero flame thickness, see Eq. (1.2). We have observed oscillations in sufficiently
wide tubes D / L f ≥ 40 . The scaled increase in the flame length Dw / D − 1 is
presented in Fig. 3.2 versus time for a tube of width D / L f = 40 . We can see quite
strong nonlinear pulsations of the flame length around an average value
< Dw > / D ≈ 1.65 shown in Fig. 3.2 by the dashed line.
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Fig. 3.3. The scaled period of the flame oscillations U f t P / D versus the scaled tube width
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This result is considerably higher than the scaled increase in the flame length
Dw / D ≈ 1.3 produced by the DL instability in tubes of the same width, but with
slip walls. Oscillations of the flame length shown in Fig. 3.2 look very regular:
the maximal, minimal and average over an oscillation flame length remain more
or less constant during the whole simulation run.
We have demonstrated that the flame behaviour depends on the tube width.
In particular, the period of the flame oscillations grows strongly with the increase
in D / L f , see Fig. 3.3. Indeed, increasing the tube width by a factor of 5.5 we
obtain an oscillation period 60 times larger: from tP ≈ 0.6 D / U f ≈ 17 L f / U f in the
case of moderate tube width D = 30 L f up to tP ≈ 5.5D / U f ≈ 614 L f / U f for
D = 110 L f . The average scaled increase in the flame velocity U w / U f − 1 is shown
in Fig. 3.4 versus the scaled tube width D / L f . Unlike the oscillation period, the
scaled flame velocity depends weakly on tube width. Indeed, the average values
vary only a little, 1.38 < U w / U f < 1.54 for tube widths in the range
40 < D / L f < 110 , which allows extrapolating the results obtained for realistically
wide burning chambers with, say, D / L f ≈ 103 . According to Fig. 3.4, we can
roughly estimate the correction factor due to the viscous walls as f0 ≈ 1.5 . This
result is somewhat smaller than the smallest correction factor f 2 ≈ 1.6 − 1.8
measured in (Lee and Lee, 2003). Still, the value f 2 is related to turbulent burning
studied in (Lee and Lee, 2003), while we simulated propagation of laminar flames
in Paper III. Even so, the values f0 and f 2 agree quite well taking into account the
uncertainty of the factor f 2 . When the correction coefficient produced by non-slip
at the walls has been found, we can compare the theory of turbulent burning
derived in Chapter 2 to the experiments (Lee and Lee, 2003), see Fig. 2.9.
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4. Flame acceleration
In Papers IV, V we have considered flame propagation from the closed tube
end to the open one, as shown schematically in Fig. 4.1. In that case the effect of
friction at the walls is much stronger than in the open tube. Indeed, in the
geometry of Fig. 4.1 the whole flow produced by flame propagation is pushed
towards the fuel mixture, while in Paper III the flow was distributed between the
fuel mixture and the burnt matter. As a result, in Papers IV, V we have observed
unlimited flame acceleration instead of the flame oscillations discussed in
Chapter 3. The physical mechanism of the flame acceleration may be explained in
a rather simple way. The gas expands in the burning process pushing the fuel
mixture. The walls stop the adjacent gas due to viscous boundary conditions,
which leads to strong velocity variations between the tube axis and the walls. The
non-uniform velocity field bends the flame front increasing the flame speed
(burning rate) U w . The larger burning rate makes the flow stronger, so we have a
positive feedback between the flow and the curved flame shape. This mechanism
is presented schematically in Fig. 4.2. In Papers IV, V we have demonstrated that
the flame length and the burning rate grow exponentially in time.
The acceleration mechanism explains a very important phenomenon of
combustion science – the deflagration-to-detonation transition (DDT). As I
pointed out in the Introduction, there are two main regimes of burning: the flame
(deflagration) is a slow subsonic regime, and the detonation is a fast supersonic
regime. The deflagration and the detonation have quite different properties for the
same fuel mixture; the burning rate may differ by several orders of magnitude in
these two regimes.

z

burnt
matter

fuel
mixture

R

Fig. 4.1. Accelerating flame in a tube with non-slip at the walls and with one end closed.
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Flame elongates

Flame velocity increases

Flow velocity increases
Fig, 4.2. Positive feedback of flame interaction with viscous walls leading to the unlimited
flame acceleration.

However, a large number of experiments on flames in tubes demonstrated
spontaneous flame acceleration leading eventually to the flame-to-detonation
transition (Shelkin, 1940; Utriev and Oppenheim, 1966; Zeldovich et al., 1985;
Williams, 1985; Kerampran et al., 2000; Roy et al., 2004; Tangirala et al., 2004).
Of course, such a transition causes a lot of safety problems (imagine the DDT in a
nuclear power plant or in the centre of a megalopolis!). On the other hand, the
DDT is the key problem for the design of pulse-detonation engines in the modern
subsonic / supersonic flight (Roy et al., 2004). The typical scenarios of the DDT
will be discussed in the next chapter. Here we will consider the first (and the most
important) part of the DDT – the flame acceleration.
The idea of the flame acceleration due to friction at the tube walls is not
new. Almost 70 years ago Shelkin explained the flame acceleration by flow
interaction with the non-slip tube walls in his classical work (Shelkin, 1940). Of
course, non-slip at the tube walls is not the only reason for the increase in the
burning rate. In Chapter 2 we discussed the velocity increase because of
turbulence and the DL instability. However, a flame accelerates only during a
limited time interval in that case, while the Shelkin mechanism is not limited in
time. It works until the detonation is triggered. Therefore, the influence of viscous
tube walls is of the most interest here. Though the Shelkin mechanism was wellknown and widely accepted, there was no rigorous theory of flame acceleration.
The general belief was that flame acceleration is impossible without an external
turbulent flow (Shelkin, 1940; Williams, 1985; Zeldovich et al., 1985; Roy et al.,
2004). This left a researcher facing a lot of difficulties in developing the theory,
since turbulent burning has not been the focus of much study, see Chapter 2. Only
a few years ago a constructive idea was suggested (Kagan and Sivashinsky, 2003;
Ott et al., 2003) that even laminar flames may accelerate, while the role of
external turbulence is only supplementary. Such an idea is very helpful for
theoretical studies, since it allows researchers to avoid the unsolved problems of
turbulent combustion. The idea was supported by several simulation runs (Kagan
and Sivashinsky, 2003; Ott et al., 2003).
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At that stage, our research group started working in this direction. We have
developed the analytical theory of accelerating laminar flames with realistically
large thermal expansion propagating in a tube / channel with one end closed and
with non-slip at the walls (Papers IV, V). We started with flame propagation in a
2D channel (Paper IV). Propagation of an axisymmetric flame front in a
cylindrical tube has been studied in Paper V. These analytical results are briefly
presented in Sec. 4.1. The theory has been validated by the direct numerical
simulations for the complete set of combustion and hydrodynamic equations. The
numerical results are presented, discussed and compared to the theoretical
predictions in Sec. 4.2.

4.1. Theory of accelerating flames in tubes with non-slip at the walls
Here I will present the main results of the theory of flame acceleration in the
geometry of Fig. 4.1. The gas behind the flame is at rest, and we assume in the
theory that the stream ahead of the front is plane-parallel u = eˆ z u z (r , t ) . In addition,
in the theory we use the standard approach of an infinitely thin flame front L f = 0 .
Then the total burning rate is proportional to the flame surface area U w ∝ Sw , Eq.
(1.2), and the average velocity of the flow generated by the flame is
u z = ( Θ − 1)U w ,
(4.1.1)
where ... designates averaging for a fixed cross-section of the tube. After a short
transitional time at the very beginning, the flame acceleration goes exponentially
U w ∝ exp(σ U f t / R) ,
(4.1.2)
where the dimensionless exponential factor σ (acceleration growth rate) plays the
role of an eigenvalue for the problem.

Flame propagation in a 2D channel (Paper IV)
The solution to the Navier-Stokes equations for a flame accelerating in a 2D
channel provides the velocity profile in the form (Paper IV)
cosh µ − cosh( µ r / R)
u z ,2 D = (Θ − 1)U w
,
(4.1.3)
cosh µ − µ −1 sinh µ
where
µ ≡ σ U f R /ν = σ Re ,
(4.1.4)
and Re ≡ U f R /ν is the Reynolds number related to flame propagation. In the limit
of almost stationary propagation of the flame front we have µ << 1 and Eq. (4.1.3)
is reduced to the 2D Poiseuille flow
3
2



u z ,2 D = (Θ − 1)U w 1 −


r2 
.
R 2 

(4.1.5)

However, for a flame with realistically large thermal expansion, Θ = 5 − 10 , the
opposite situation takes place: µ >> 1 (Paper IV). Then the velocity profile (4.1.3)
resembles an almost uniform flow with a transitional layer at the walls.
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A flame front may be described by the function z f (r , t ) = z f (0, t ) + f (r , t ) ,
where z f designates the flame top, and f describes the flame shape, with
f (0, t ) = 0 by the definition. In that case any point of the front propagates with the
local velocity u z + U f (1 + ∇ 2⊥ f )1/ 2 in z - direction. The flow (4.1.3) provides the first
term in the local velocity; the second term comes because of the inclined shape of
the front. Due to the unlimited flame acceleration, after a short transition time we
have (∇ 2⊥ f ) 2 >> 1 everywhere except for the region around the flame top. Then the
evolution equation for the flame front becomes
∂f / ∂ t + U f ∇ ⊥ f = u z ( r , t ) − u z ( 0, t ) ,
(4.1.6)
which leads to the exponential growth of the flame length (the exponential flame
acceleration)
f ( r , t ) = Φ ( r ) exp σ U f t / R .
(4.1.7)

(

)

Solving Eq. (4.1.6) in Paper IV we have found the flame acceleration rate σ
2


(Re−1)2 
4Re Θ
 1+
 .
σ 2D =
−
1
4Re 
(Re−1)2 

(4.1.8)

Equations (4.1.4), (4.1.8) determine also the parameter µ . The acceleration rate
σ decreases with the Reynolds number; we have σ = Θ 2 / Re with µ = Θ for
Re >> 4Θ . Paper IV also describes the flame shape in a 2D channel. Analysis of
Paper IV shows that all flames with realistic thermal expansion accelerate.
Stationary propagation of the flame front is possible only for small expansion
factors Θ < 3 .

Axisymmetric flame propagation in a cylindrical tube (Paper V)
In Paper V we have developed a similar theory of flame acceleration in a
cylindrical tube. The cylindrical geometry is much closer to the realistic
experimental case. The results obtained look similar to that of Paper IV. The
velocity profile in a cylindrical geometry takes the form (Paper V)
I ( µ ) − I0 ( µ r / R )
u z ,cyl = ( Θ −1)U w 0
,
(4.1.9)
I 0 ( µ ) − 2µ −1I1 ( µ )
where µ is defined by Eq. (4.1.4), and I 0 (r ) , I 1 (r ) are the modified Bessel
functions of zero and first order. In the limit of µ << 1 Eq. (4.1.9) is reduced to the
Poiseuille flow in a cylindrical tube
u z ,cyl = 2 ( Θ −1)U w 1 − r 2 / R 2 .
(4.1.10)

(

)

Still, we are interested in the opposite limit µ >> 1 , when the flame accelerates. In
the zero order approximation of µ >> 1 the acceleration rate was calculated in
Paper V as
2

σ cyl


8 ( Θ −1) 
Re 
=
1+
−1 .

4 
Re



(4.1.11)
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In the limit of large Reynolds numbers, Re >> 8(Θ − 1) , we have σ cyl = 4(Θ − 1) 2 / Re
with µcyl = 2(Θ − 1) . We can see that the chosen limit µ >> 1 holds with rather good
accuracy in both geometries. In particular, taking Θ = 8 typical for stoichiometric
methane and propane flames we find µ = 14 >> 1 . For large Reynolds numbers, the
acceleration rate in cylindrical tubes is about 4 times larger than in the 2D
geometry, σ cyl ≈ 4σ 2 D .

4.2. Modeling of accelerating flames in tubes with non-slip at the walls
To validate the theory of accelerating flames derived in Papers IV, V and
discussed in Sec. 4.1, we have performed the direct numerical simulations of the
hydrodynamic and combustion equations including transport processes and
chemical kinetics. The computer code used in a 2D geometry was the same as in
Paper III. A similar code was used in the cylindrical geometry. This solver is
described, for instance, in Papers V, VI, see also (Bychkov et al., 1997;
Petchenko et al., 2006). We used the expansion factor Θ = 8 , the planar flame
velocity U f = 34.7cm / s and varied the Reynolds number related to flame
propagation
Re = RU f /ν = R / L f Pr
(4.2.1)
by changing the tube radius R with respect to the flame thickness L f = ν / Pr U f .
We have estimated the burning rate using Eq. (1.2).
Figure 4.3 compares the flame shape calculated analytically with the
simulation results (Paper IV). Figure 4.3a uses a reduced scale in z - direction;
Fig. 4.3b shows the flame shape in equal scales in both axes. The dashed lines
present the flame isotherms in the domain 600 K ≤ T ≤ 2100 K plotted with the step
∆T = 300 K for R = 25 L f . In Fig. 4.3 we used Pr = 1 with Re = 25 . The respective
theoretical curve is shown in Fig. 4.3a by the solid line. We can see that the
theory of Sec. 4.1 predicts the flame shape quite well except for the trough close
to the tube axis. The trough results from the intrinsic flame instabilities at the
locally planar part of the flame front close to the tube axis. The streamlines of the
flow generated by the flame are also plotted in Figs. 4.3. We can see that the
burnt matter is mostly at rest. In the fuel mixture the streamlines are parallel to
the tube axis almost everywhere except for the very small region just ahead of the
front. The simulation results justify the assumption of a plane-parallel flow used
in the theory. To check quantitatively if the flow is really plane-parallel, in Fig.
4.4 we have presented the velocity distribution ahead of the flame front in the 2D
channel for the simulation run with Re = 50 and Pr = 0.5 (i.e. R = 25L f according
to Eq. (4.2.1)). The markers correspond to the simulation results taken at the
distances 10 R; 20 R; 35R (circles, triangles and crosses) from the flame front. The
arrows illustrate the direction of the flow. As we can see, the velocity profile does
not change as we move away from the flame. However, this is true as long as the
distance to the flame is not too large; otherwise even tiny effects of gas
compression and non-zero Mach number may become noticeable.
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(a)

(b)
Fig. 4.3. The characteristic flame shape and the streamlines of the flow in a tube of radius
R = 25 L f (Paper IV). Figure 4.3a uses a reduced scale in z - direction; Fig. 4.3b shows the
flame shape in equal scales in both axes. The dashed lines in Fig. 4.3a show the isotherms in
the domain 600 K ≤ T ≤ 2100 K plotted with the step ∆T = 300 K . The streamlines are
presented by the solid lines. The flame shape obtained theoretically is also shown in Fig. 4.3a
by the solid line. The colors in Fig. 4.3b designate the temperature from 300 K in the fuel
mixture (blue) to 2400 K in the burnt matter (red)
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Fig. 4.4. The velocity profile u z in a tube of radius R = 25 L f (Paper IV). The solid lines show
the theoretical result. The markers correspond to the simulation results taken at the distances
10 R; 20 R; 35 R from the flame (circles, triangles and crosses, respectively). The arrows
illustrate the direction of the flow.
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Figure 4.4 also compares the numerical results to the theoretical predictions for
the velocity profile, Eq. (4.1.3). We can see that the theory agrees with the direct
numerical simulations. Figure 4.5 shows the scaled flame velocity U w / U f versus
time for different Reynolds numbers. At the initial stage a flame accelerates
rather slowly. However, after a short transitional time the flame front starts
accelerating in an almost exponential regime. The acceleration is close to
exponential already when the burning rate U w is only 2 – 3 times larger than the
planar flame speed U f . The plots in Fig. 4.5 are presented in the semi-logarithmic
scale. The acceleration rate σ may be estimated as the angular coefficient of the
plots. Figure 4.6 presents the acceleration rate σ versus the Reynolds number.
The dashed line describes the dependence (4.1.8), while empty markers
correspond to the 2D simulation results (Paper IV). The solid line and the filled
markers present the theory and the simulation results obtained for the cylindrical
geometry (Paper V). As we can see, the theory predicts the acceleration rate quite
well in both cases. The acceleration rate in a cylindrical tube may be 4 times
larger than in the 2D channel.
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Fig. 4.6. The acceleration rate versus the Reynolds number. The dashed line describes the 2D
theoretical predictions, while empty markers correspond to the 2D simulation results. The solid
line and the filled markers present the theory and the simulation results obtained for a
cylindrical geometry.
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Thus in Papers IV, V we have developed the analytical theory of Shelkin’s
mechanism for the flame acceleration in tubes because of the non-slip boundary
conditions at the tube walls. In both works we have validated the theory by
extensive direct numerical simulations. Predictions of the analytical theory agree
with the simulation results quite well. The developed theory predicts the main
features of flame acceleration: the exponential growth in time, the acceleration
rate, the flame shape and the velocity profile in the flow pushed by the flame
front. According to Papers IV, V, the acceleration growth rate decreases with the
Reynolds number of the flow (in particular, with growth of the tube width).

4.3. Flame acceleration at the initial stage of burning
In Papers IV, V we have focused on the flame acceleration in the scope of
Shelkin’s scenario (Shelkin, 1940; Zeldovich et al., 1985). However, friction at
the viscous walls is not the only reason for the increase in flame velocity. A flame
shape also gets corrugated due to the intrinsic flame instabilities (Landau and
Lifshitz, 1989; Bychkov and Liberman, 2000; Kadowaki and Hasegawa, 2005),
an external turbulent flow (Clavin and Williams, 1979; Searby and Clavin, 1986;
Abdel-Gayed et al., 1987; Aldredge and Williams, 1991; Pocheau, 1994;
Aldredge et al., 1998; Bychkov, 2003; Papers I, II), flame-sound interaction
(Searby, 1992; Aldredge and Killingworth, 2005; Poinsot and Veynante, 2005,
Paper VIII), etc. All these phenomena may play a supplementary role for the
Shelkin scenario. One more mechanism of the flame acceleration was suggested
and studied experimentally in (Clanet and Searby, 1996). Clanet and Searby
(Clanet and Searby, 1996) considered flame propagation in a cylindrical tube with
one end closed as illustrated in Fig. 4.7. The flame was ignited at the symmetry
axis at the closed end. It was shown in (Clanet and Searby, 1996) that the flame
shape develops from a hemispherical one at the beginning to the “finger”-shape,
see Fig. 4.7, which leads to a large increase in the flame surface area (and the
total burning rate U w ).

R

r

tube
flame

”skirt”

”tip”

z

Fig. 4.7. Geometry of a finger-shaped flame accelerating due to the initial conditions.
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The volume of the burnt gas increases in burning as
dV
= ΘU f S w .
(4.3.1)
dt
Clanet and Searby (Clanet and Searby, 1996) estimated the flame surface area S w
and the volume of the burnt gas V in Fig. 4.7 as
Sw ≈ 2π RZtip ,
V ≈ π R 2 Ztip ,
(4.3.2)
where Z tip denotes the position of the flame tip. Then Eq. (4.3.1) is reduced to
d Z tip
dt

= 2Θ

Uf
R

Z tip ,

(4.3.3)

which leads to the acceleration of the flame tip as
Ztip ∝ exp(2ΘU f t / R) .

(4.3.4)

This process is however quite short: the acceleration stops when the flame “skirt”
touches the wall.
In Paper VI we have developed the analytical theory and performed the
direct numerical simulations of flame dynamics in the configuration of Fig. 4.7.
To separate the Clanet-Searby acceleration mechanism (Clanet and Searby, 1996)
from Sheilkin’s scenario (Shelkin, 1940; Zeldovich et al., 1985), in Paper VI we
adopted ideally slip adiabatic boundary conditions at the walls. The ClanetSearby scenario is related to the ”tulip flame” phenomenon and does not require
non-slip walls.
Figure 4.8 illustrates the simulation run of Paper VI performed for a flame
with Θ = 8 propagating axysimmetrically in a cylindrical tube of radius R = 20 L f
with slip at the walls. In the simulations we used the same axysymmetric
cylindrical solver as in Paper V. To imitate an ignition point, we started all
simulations with a small hemisphere of radius R0 << R at the tube axis, at the
closed tube end, see Fig. 4.8a. The temperature distribution is shown by the
colors (from the blue for 300 K in the fuel to the red for 2400 K in the burnt gas).
At the beginning, the flame expands as a hemi-spherical front as R f = ΘU f t and
generates an expanding “source”-flow (Figs. 4.8 a, b). However, as soon as the
flame front approaches the walls, the flow in the radial direction is stopped, while
the flow in the axial direction becomes stronger, makes the flame elongated and
leads eventually to the flame acceleration (Figs. 4.8 c, d). The acceleration stops
soon after position “d”, when the flame skirt touches the wall. Because of the
strong slop of the flame front at that moment, fast deceleration follows the flame
acceleration, after which the flame shape becomes much flatter (Fig. 4.8 e, f).
Then an initially convex flame shape transforms to a concave ”tulip” flame (Fig.
4.8g), which, in turn, collapses later (Fig. 4.8h). In Paper VI we have estimated
the characteristic time instant of transition to the “finger”-shaped flame
tsph ≈ R / 2α U f ,
(4.3.5)
where

α = Θ(Θ −1) .

(4.3.6)
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(a)

(e)

(b)

(f)

(c)

(g)

(d)

(h)

Fig. 4.8. Evolution of the flame shape in a tube of width R = 20 L f obtained in the direct
numerical simulations of Paper VI. The colors designate the temperature from 300 K in the
fuel mixture (blue) to 2400 K in the burnt matter (red). Figures 4.8 (a – h) correspond to the
time instants tU f / R = 0;0.12; 0.28;0.32; 0.43;0.64;1.03 .
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We have derived the analytical formulas for the position of the flame skirt
sweeping along the closed end of the tube
ΘR
Rskirt =
tanh α U f t / R ,
(4.3.7)

(

α

)

and the position of the flame tip moving along the axis
ΘR
Ztip =
sinh 2α U f t / R .
(4.3.8)
2α
The flame acceleration stops when the flame shirt touches the wall, R f = R , which
happens at the time instant
 Θ +α 
R
twall =
ln 
.
(4.3.9)
2α U f  Θ − α 

(

)

During the time interval tsph < t < twall the flame tip accelerates in an almost selfsimilar regime, and Eq. (4.3.8) may be replaced with
ΘR
Ztip =
exp σ U f t / R ,
(4.3.10)
2σ
where the acceleration growth rate σ is given by
σ = 2α = 2 Θ(Θ −1) .
(4.3.11)
This result is similar to the estimation (4.3.4) suggested by Clanet and Searby in
(Clanet and Searby, 1996). At the end of the acceleration, the flame tip reaches
the position
Ztip (twall ) = ΘR ,
(4.3.12)
and the total flame surface area (the total burning rate) increases as
Sw / π R 2 = 2Θ2 /(Θ + 1) ,
(4.3.13)
which implies a factor of 15 (!) for flames with realistic thermal expansion. Still,
in the case of slip at the tube walls, the acceleration stops as soon as the flame has
touched the side wall of the tube. The skirt of the flame front sweeps along the
wall at high speed because of the small angle between the flame front and the
wall. Then the flame shape becomes flatter, after which the convex flame
converts to the concave shape (called “tulip flame”) shown in Fig. 4.8g.
Figure 4.9 shows the time-evolution of the flame surface area and the
positions of the flame tip and skirt in a tube of width R = 20 L f . We can clearly see
all the stages of burning. The abrupt drop in the surface area happens at the time
instant t wall , which is the starting point for the “skirt”-plot. The theory derived in
Paper VI agrees very well with the direct numerical simulations of Paper VI and
with the experiments (Clanet and Searby, 1996). Figure 4.10 presents the
characteristic time instants of the flame evolution t sph , t wall , t tulip versus the ratio
R / U f . Theoretical predictions of Paper VI (lines) are compared to the
experimental data of (Clanet and Searby, 1996) shown by the markers. To plot
the theoretical lines we took Θ = 7.23 calculated as an average for all experimental
points. One can see that the theory agrees well with the experimental
measurements (Clanet and Searby, 1996).

(
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Fig. 4.9. The scaled flame surface area, S w / πR 2 , the tip position, Z tip / R , and the skirt
position, Z skirt / R , versus time for R = 20 L f .
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Fig. 4.10. The characteristic time instants of the flame evolution, t sph , t wall and t tulip versus the
ratio R / U f (sec). The markers show the experimental results (Clanet and Searby, 1996); the
lines correspond to the theoretical formulas of Paper VI.
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Fig. 4.11. The acceleration rate versus the equivalence ratio for propane-air flames in tubes of
radii R = 2.5cm and R = 5cm . The filed markers show the experimental results (Searby and
Clanet, 1996); the solid line and empty markers show the theoretical predictions of Paper VI.

Fig. 4.11 compares theoretical predictions for the acceleration rate versus the
equivalence ratio with the experimental measurements (Clanet and Searby, 1996)
for propane-air flames in tubes of radii 2.5 cm and 5 cm. The filled markers in
Fig. 4.9 show the experimental results for the growth rate (Clanet and Searby,
1996), the curves present the theoretical results; the empty markers on the curves
correspond to the data for U f and Θ related to that of theoretical results. Again,
we can see that the theoretical predictions agree quite well with the experiments.
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5. Explosion triggering by the flame
A spontaneous deflagration-to-detonation transition (DDT) is one of the most
important problems in combustion science (Roy et al., 2004). The typical scenario
of the DDT is illustrated in Fig. 5.1. An accelerating flame front acts as a piston,
which pushes compression and shock waves in the fresh gas. The compression
waves heat the cold gas reducing the reaction time inside it. As result, the fresh
gas may explode, which triggers the detonation (Fig. 5.1). In Chapter 4 we have
discussed the flame acceleration, which is the first step in the DTT. Here we will
consider the next stage in this process – explosion triggering due to compression
waves. In Paper VII we have developed an analytical theory of explosion
triggering within the approach a one-dimensional isentropic compression wave.
Assuming that the chemical kinetics for the low-temperature reactions is known,
we have determined the position and time instant of the explosion. The
temperature in an isentropic compression wave is given by (Landau and Lifshitz,
1989)
2

2

T  c   γ −1 u 
=   = 1 +
 ,
T f  c0  
2 c0 

(5.1)

Flame
acceleration

Compression / shock
waves

Reduction of the
reaction time

Heating of the
cold gas
Detonation

Explosion
Fig. 5.1. Mechanism of the DDT.

37

where c is the local sound speed, c0 = c(T f ) , γ ≡ CP / CV is the adiabatic exponent
and u is the local flow velocity. If a flame front accelerates exponentially as
U w = U f exp σ U f t / R ,
(5.2)

(

)

then u decreases from the maximal value (Paper VII)
umax = (Θ −1)U f exp σ U f t / R

(

)

(5.3)

just ahead at the front to u = 0 far ahead of the flame. Paper VII presents the
analytical solution for velocity and temperature distribution in the compression
wave. Figure 5.2 shows the temperature profiles (5.1) ahead of the flame with
thermal expansion Θ = 5 accelerating in a 2D channel of radius R / L f = 50 (solid
lines). According to Paper IV, in that case the acceleration rate is determined by
Eq. (4.1.8) as σ = 0.23 . The temperature profiles in Fig. 5.2 are taken at the scaled
time instants U f t / R = 0.8 − 6.4 with the interval 0.8 . The vertical lines show the
current positions of the flame front.
The reaction rate is ultimately sensitive to the temperature in the case of a
single irreversible Arrhenius reaction of the first order
dY
Y
= − exp ( − Ea / RgT ) ,
(5.4)
dt
τR
where Y is the local mass fraction of the fresh gas, τ R is the reaction constant of
time dimension, Rg = 8.31J /(mol ⋅ K ) is the perfect gas constant, and Ea is the
activation energy; typically Ea / Rg T >> 1 .
1.5

1.4

T / Tf

1.3

1.2

1.1

1
0

25

50
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100

125

150

175

200

z/R
Fig. 5.2. Temperature profiles ahead of the flame front for Θ = 5 and R / L f = 50 at
U f t / R = 0.8 − 6.4 , with the scaled time intervals 0.8. The dashed bold line is related to the
instant of the explosion U f tc / R = 7.9 . The marker shows the position of the explosion.
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An element of the cold gas explodes after the induction time (Zeldovich et al.,
1985)
C R
ti (T ) = τ R p g T 2exp ( Ea / RgT ) ,
(5.5)
E AQ
if the gas temperature increases because of the heat release in the reaction only.
Here CP is the heat capacity at constant pressure, Q is the heat release in the
reaction.
For room temperature T f the induction time is extremely large. Still, it
reduces drastically with temperature increase due to the exponent in Eq. (5.5). We
consider a gas element at the position z at the time instant t . The gas element
may explode after the induction time ti unless the flame front consumes it earlier.
Therefore, the explosion happens ahead of the flame front (at the time instant tc )
if the following condition is satisfied:
ti ( z, t ) + t − tc ( z, t ) = 0 .
(5.6)
Here the time tc is calculated with respect to the start of the flame acceleration.
We are looking for the element, which may explode first (the smallest possible t ).
Then one more equation determines minimal time before the explosion.
 ∂ti 


 ∂z 

t

 ∂tc 
 .
∂
z

t

= 

(5.7)

In Paper VII we have solved the set of Eqs. (5.6) – (5.7). We calculated the time
instant and position of explosion versus the activation energy, thermal expansion,
acceleration rate and other flame parameters. The last temperature profile in Fig.
5.2 (the bold dashed line) corresponds to the minimal time instant U f tc / R = 7.9
when Eq. (5.6) is satisfied. The marker in Fig. 5.2 shows position of the
respective gas element; the element explodes ahead of the flame front. Figure 5.3
presents the trajectories of the gas particles ahead of the flame (dashed and dotted
lines) and of the flame front (bold solid line). The thermal-chemical parameters
are the same as in Fig. 5.2. The solution to Eq. (5.6) is shown in Fig. 5.3 by one
more solid line (loop). The gas particles inside the loop may explode ahead of the
flame front. The particle with the trajectory selected by longer dashes explodes
first. The square marker in Fig. 5.3 is related to the minimal time (solution to Eqs.
(5.6), (5.7)). The time / position of the explosion are shown by the circular
marker. Due to heat release in the explosion, other elements of the cold gas
evolve immediately into explosion, which eventually leads to the detonation
triggering. Figure 5.4 presents the explosion time tc (the solution to Eqs. (5.6) –
(5.7)) versus the activation energy Ea . The marker shows the time of explosion
from Fig. 5.3. We can see that explosion time grows noticeably with the increase
in the activation energy. Still, such an increase is quite moderate in comparison
with ultimately strong dependence (5.5). The dashed lines show the time instants
of shock formation ts , which determine limitations of the theory.
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Fig. 5.3. The trajectories of the particles of the fresh gas (dashed and dotted lines) and of the
flame front (the bold solid line). The loop (solid line) shows the solution to Eq. (5.6), with the
condition (5.7) presented by the square marker. The circular marker determines the time /
position of explosion.

25

ts

tc Uf / R

20

tc

R / Lf = 100

15

ts

tc

R / Lf = 50

10

tc

ts

5

R / Lf = 20

0
12

14

16

18

20

22

24

26

28

30

Ea / RgTf
Fig. 5.4. The explosion time tc versus the scaled activation energy Ea / Rg T f for
R / L f = 20 − 100 (solid lines). The circular marker presents the time of explosion from Fig. 5.3.
The time instants of shock formation are shown by the dashed lines.
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The flow is not isentropic after shock formation; the theory of Paper VII works
rigorously in the case of tc ≤ ts only. For tc > ts , we may use the theoretical results
only as an evaluation.
In Paper VII we have also compared the theory to the previous numerical
studies of the DDT (Kagan and Sivashinsky, 2003). Unlike the exponential
regime of the flame acceleration obtained in Papers IV and V, Kagan and
Sivashinsky (Kagan and Sivashinsky, 2003) observed the linear acceleration
regime as
U w = U f (1 + aU f t / R)
(5.8)
with the growth rate a ≈ 1.45 for R / L f = 5 . After modifying the analysis for Eq.
(5.8), we have obtained rather good agreement between our theory and the
simulations (Kagan and Sivashinsky, 2003).
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6. Flame-acoustic interaction
Flame interaction with the non-slip tube walls depends qualitatively on the
boundary conditions at the tube ends. Indeed, we observed flame oscillations in a
tube with both ends open (Paper III) and unlimited acceleration of a flame
propagating from the closed tube end to the open one (Papers IV, V). As a third
possible option, in Paper VIII we have studied flame propagation from the open
tube end to the closed one, as shown in Fig. 6.1. Unlike the open tube (Paper III),
in that case the flame interacts with sound waves reflected from the closed tube
end. Flame-sound interaction is one of the most interesting problems in
combustion science. A propagating flame generates acoustic waves, which, in
turn, make the flame front more corrugated or smoother, depending on the
geometry. The main aspects of flame propagation through acoustic waves in the
geometry of Fig. 6.1 were addressed in (Markstein, 1964; Searby, 1992; Aldredge
and Killingworth, 2004). In particularly, Searby (Searby, 1992) observed that
sufficiently fast flames produce extra-strong acoustic waves and lead to violent
turbulent burning in the second half of the tube. However, the important
phenomenon of flame turbulization has not been explained so far. Some ideas in
that direction have been proposed in (Bychkov, 2002), but the effects considered
in (Bychkov, 2002) were related to tubes with slip walls, and were noticeably
weaker than the turbulent burning in the experiments (Searby, 1992).
Flame interaction with acoustic waves in a 2D channel with non-slip walls
has been studied numerically in Paper VIII, see also (Petchenko et al., 2007). We
used the same 2D solver with the same thermal-chemical parameters as in Papers
III, IV. We have demonstrated in Paper VIII that the acoustic mode between the
flame front and the closed tube end is of the most interest.

z
burnt
matter

x

D

Fig. 6.1. Flame propagation from the open tube end to the closed one in a tube with non-slip at
the walls.
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When this mode comes into resonance with the intrinsic flame oscillations, the
acoustic amplitude becomes extremely large leading eventually to violent flame
folding, with huge increase in the flame length / velocity.
Figure 6.2a shows the scaled flame length Dw / D versus the scaled time
U f t / D for a tube of width D / L f = 35 . Firstly, we can clearly see the large increase
in the oscillation amplitude. The flame length reaches the values as large as
Dw / D ≈ 35 at U f t / D ≈ 6.5 and then goes down when the flame front comes to the
closed tube end. To demonstrate that violent flame folding is related to flameacoustic interaction, in Fig. 6.2b we plotted time variations of the scaled z velocity component u z / U f in the acoustic wave ahead of the front. Indeed, flame
oscillation in Fig. 6.2a resembles that of the flow in Fig. 6.2b. In particular, the
maximal flow velocity | u z | / U f ≈ 63 corresponds to the same time instant
U f t / D ≈ 6.5 as the maximal flame length. This maximal acoustic amplitude is
quite close to | u z | / U f ≈ 48 − 54 measured in the experiments (Aldredge and
Killingworth, 2004). We have compared the acoustic period ta (the time needed
for sound to travel from the flame front to the closed tube end and back) to the
characteristic period of the flame pulsations in Fig. 6.2, t p . Strong growth of the
oscillation amplitude starts when ta ≈ t p . The maximal flame length (flow
velocity) are observed a little later, when ta ≈ t p / 2 . Probably, some time is
required to excite strong sound waves.
Close to the tube end the resonance condition ta ≈ t p does not hold anymore,
which explains the fast decrease in the oscillation amplitude. Taking slip walls
instead of non-slip, we have obtained a quasi-stationary weakly curved flame
front resulting from the DL instability. Thus the observed violent flame folding is
related to non-slip walls. Figure 6.3 presents the evolution of the flame shape in a
tube of width Dw / D ≈ 35 close to the resonance, when the flame is strongly
corrugated. In Fig. 6.3a we can observe the elongated jet of fresh gas developing
at the flame front. Then, in Fig. 6.3b, most of the jet is separated from the main
flame front by a “bottleneck”. As a result, the jet collapses pushing a blob of
burnt matter into the fuel mixture in Fig. 6.3c. The flame shape in Fig. 6.3c
resembles that obtained by Searby in the experiments (Searby, 1992).
The physical nature of such violent flame folding is related to the RayleighTaylor (RT) instability. The RT instability develops at the interface between the
heavy and light matter in a gravitational field; in the present case, acoustic waves
play the role of effective gravitation. The acceleration produced by the acoustic
wave may be evaluated as u zωa , where ωa = 2π / ta is the acoustic frequency. The
acceleration role is determined by the inverse Froude number
gD D u z
D uz
=
ωa = 2π
.
(7.1)
2
U f ta U f
Uf Uf Uf
For u z / U f ≈ 60 and ta ≈ t p ≈ 0.3D / U f , we obtain the inverse Froude number up to
103 , which leads to the strong RT instability. In addition, we have checked in
Paper VIII if the RT instability has sufficient time to develop.
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Fig. 6.2. Time evolution of the scaled flame length Dw / D (a) and the scaled flow velocity
ahead of the flame u z / U f (b) in a tube of width D / L f = 35 .
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(a)

(b)

(c)

Fig. 6.3. Flame shape at the time instants U f t / D = 6.71; 6.75; 6.77 for a tube of width
D = 35 L f and length L = 40 D . The colors designate the temperature from 300 K in the fuel
mixture (blue) to 2400 K in the burnt matter (red).

For that purpose one should compare the characteristic growth rate of the RT
instability ( gk )1/ 2 = (2π g / D)1/ 2 to the frequency of the flame pulsations (the
oscillating acceleration plays destabilizing role during the time t p / 2 ):
1/ 2

( gk )

1/ 2

t p / 2 = π t p ( u z ta D ) .
(7.2)
For the simulations of Paper VIII we find the value (7.2) as large as 14. Thus the
half-period of the flame oscillations is quite sufficient for the development of the
RT instability. The elongated jet of the fresh gas shown in Fig. 6.3a resembles the
nonlinear stage of the RT instability (Kull, 1991; Inogamov and Oparin, 1999;
Clanet et al., 2004). In the other half of acoustic period the jet collapses fast due
to flame propagation, with inversion from the strongly convex flame shape to the
concave one. This scenario is similar to the Meshkov-Richtmeyer instability
(Richtmeyer, 1960; Meshkov, 1969; Clanet and Searby, 1996; Bychkov, 1998),
which develops at the interface of density drop hit by a shock wave.
In the recent work (Petchenko et al., 2007) we have also performed the
simulations of flame dynamics in the wide channel with D / L f = 200 . Evolution of
the flame shape in that case is illustrated in Fig. 6.4. As we can see, flame
acoustic resonance in wide tubes leads to a much more corrugated (turbulent)
flow.

45

Fig. 6.4. Flame shape at time instants U f t / D = 4.27; 4.32; 4.36; 5.09; 5.53; 5.55; 5.56 (a-g,
respectively) for a tube (channel) of width D = 200 L f and length L = 40 D (Petchenko et al.,
2007). The colors designate the temperature from 300 K in the fuel mixture (blue) to 2400 K
in the burnt matter (red).
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7. Summary of the results
Paper I. Velocity of Weakly Turbulent Flames of Finite Thickness
Akkerman, V., Bychkov, V., Combust. Theory Modelling 9, 323-351 (2005).
In Paper I we have investigated the velocity increase in a weakly turbulent
flame of finite thickness produced by flame interaction with the vortices
perpendicular to flame propagation. The obtained velocity increase depends on
the flow parameters: on the turbulent intensity, on the turbulent spectrum and on
the characteristic length scale. It also depends on the thermal and chemical
properties of the burning matter: thermal expansion, the Markstein number and
the temperature dependence of transport coefficients. We have shown that the
influence of finite flame thickness is especially strong close to the resonance
point, when the wavelength of the turbulent harmonic is equal to the cut off
wavelength of the Darrieus–Landau instability. The velocity increase is almost
independent of the Prandtl number. In contrast, the Markstein number is one of
the most important parameters controlling the velocity increase. We have studied
the relative role of the external turbulence and the Darrieus–Landau instability for
the velocity increase for different parameters of the flow and the burning matter.
The velocity increase for turbulent flames in methane and propane fuel mixtures
is calculated for different values of the equivalence ratio. The present theoretical
results have been compared to previous experiments on turbulent flames. In order
to perform the comparison, the theory has been extrapolated to the case of a
strongly corrugated flame front using the ideas of self-similar flame dynamics.
The obtained theoretical results are in reasonable agreement with the
experimental data, taking into account the uncertainties of both the theory and the
experiments. We have demonstrated that the Darrieus–Landau instability is more
important for the flame velocity than the external turbulence in many experiments
on turbulent flames.

Paper II. On the Theory of Turbulent Flame Velocity
Bychkov, V., Petchenko, A., Akkerman, V., Combust. Sci. Technol. 179, 137151 (2007).
In Paper II we have extended the work started in Paper I. In addition to the
kinematical flame drift perpendicular to the vortex axis, we have considered fast
burning along the vortex axis. We have developed the ideas of the self-similar
behaviour of a strongly corrugated flame front to the case of a flame influenced
both by the external turbulence and by the Darrieus–Landau instability. The
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obtained analytical formula demonstrates that the Darrieus–Landau instability is
of principal importance when the integral turbulence length scale is large. The
developed theory has been used to analyze recent experiments on turbulent
flames propagating in tubes. We have demonstrated that the experimental results
are strongly influenced by the large-scale effects such as the flame instability and
flame interaction with non-slip walls.

Paper III. Flame Oscillations in Tubes with Non-slip at the Walls
Akkerman, V., Bychkov, V., Petchenko, A., Eriksson, L.E., Combust. Flame 145,
675-687 (2006).
In Paper III we have investigated a laminar premixed flame front
propagating in a two-dimensional tube (channel) with non-slip at the walls and
with both ends open. The problem of flame propagation has been solved using
direct numerical simulations of the complete set of hydrodynamic equations
including thermal conduction, diffusion, viscosity, and chemical kinetics. As a
result, we have shown that flame interaction with the walls leads to the oscillating
regime of burning. The oscillations involve variations of the curved flame shape
and the velocity of flame propagation. The oscillation parameters depend on the
characteristic tube width, which controls the Reynolds number of the flow. In
narrow tubes the oscillations are rather weak, while in wider tubes they become
stronger with well-pronounced nonlinear effects. The period of oscillations
increases for wider tubes, while the average flame length scaled by the tube
diameter decreases only slightly with increasing tube width. The average flame
length calculated in the present work agrees with that obtained in the
experiments. Numerical results reduce the gap between the theory of turbulent
flames and the experiments on turbulent combustion in tubes.

Paper IV. Theory and Modeling of Accelerating Flames in Tubes
Bychkov, V., Petchenko, A., Akkerman, V., Eriksson, L.E., Phys. Rev. E 72,
paper 046307 (2005).
In Paper IV we have developed the analytical theory of premixed laminar
flames accelerating in a tube (channel), which is an important part of the
fundamental problem of flame transition to detonation. According to the theory,
flames with realistically large density drop at the front accelerate exponentially
propagating from a closed end of a channel with non-slip at the walls to the open
end. The acceleration is unlimited in time. It may go on until the flame triggers
the detonation. We have obtained the analytical formulas for the acceleration rate,
the flame shape and the velocity profile in the flow pushed by the flame. The
theory has been validated by extensive direct numerical simulations performed
for the complete set of hydrodynamic and combustion equations including
thermal conduction, viscosity, diffusion, and chemical kinetics. The theoretical
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predictions agree well with the numerical results. We have also demonstrated
how the developed theory can be used to understand the acceleration of turbulent
flames.

Paper V. Accelerating Flames in Cylindrical Tubes with Non-slip at the Walls
Akkerman, V., Bychkov, V., Petchenko, A., Eriksson, L.E., Combust. Flame 145,
206-219 (2006).
In Paper V we have developed an analytical theory of flame acceleration in
cylindrical tubes with one end closed. It is shown that all realistic flames with a
large density drop at the front accelerate exponentially because of the non-slip at
the tube walls. Such acceleration mechanism is not limited in time and,
eventually, it may lead to detonation triggering. We have demonstrated that the
acceleration rate decreases with the Reynolds number of the flow. In contrast, the
acceleration rate grows with thermal expansion of the burning matter. It is shown
that the flame shape and the velocity profile remain self-similar during the flame
acceleration. The theory has been validated by extensive direct numerical
simulations. The simulations have been performed for the complete set of
combustion and hydrodynamic equations including thermal conduction, diffusion,
viscosity, and chemical kinetics. The simulation results agree very well with the
analytical theory.

Paper VI. Flame Acceleration at the Early Stages of Burning in Tubes
Bychkov, V., Akkerman, V., Fru, G., Petchenko, A., Eriksson, L.E., Combust.
Flame, in press.
In Paper VI we have considered the acceleration of premixed laminar flames
at the early stages of burning in long tubes. The acceleration mechanism was
suggested earlier by Clanet and Searby in the work (Calnet and Searby, 1996).
The acceleration happens due to the initial ignition geometry at the tube axis:
when a flame develops to a "finger"-shaped front, with surface area growing
exponentially in time. The flame surface area grows quite fast but only for a short
time. We have developed the analytical theory of the flame acceleration, which
determines the growth rate, the total acceleration time and the maximal increase
in the flame surface area. Direct numerical simulations of the process are
performed for the complete set of combustion equations. The simulations results
and the theory agree well with the previous experiments. The numerical
simulations have also demonstrated flame deceleration, which follows
acceleration, and the so-called "tulip flames".
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Paper VII. Explosion Triggering by an Accelerating Flame
Bychkov, V., Akkerman, V., Phys. Rev. E 73, paper 066305 (2006).
In Paper VII we have developed an analytical theory of explosion triggering
by an accelerating flame. The theory describes the structure of a one-dimensional
isentropic compression wave pushed by the flame front. The condition of
explosion in the gas mixture ahead of the flame front has been derived. The
instant of the explosion is determined provided that a mechanism of chemical
kinetics is known. We have demonstrated how the problem is solved in the case
of a single reaction of Arrhenius type, controlling combustion both inside the
flame front and ahead of the flame. In addition, the model of the Arrhenius
reaction with a cutoff temperature is also considered. The limitations of the
theory due to the shock formation in the compression wave have been found.
Comparison of the theoretical results to the previous numerical simulations shows
good agreement.

Paper VIII. Violent Folding of a Flame Front in a Flame-Acoustic Resonance
Petchenko, A., Bychkov, V., Akkerman, V., Eriksson, L.E., Phys. Rev. Lett. 97,
paper 164501 (2006).
In Paper VIII we have performed the direct numerical simulations of violent
flame folding because of the flame-acoustic resonance. A flame propagates in a
tube (channel) from an open end to a closed one. Acoustic amplitude becomes
extremely large when the acoustic mode between the flame and the closed tube
end comes into resonance with the intrinsic flame oscillations. The acoustic
oscillations produce an effective acceleration field at the flame front leading to a
strong Rayleigh-Taylor instability during every second half period of the
oscillations. The Rayleigh-Taylor instability makes the flame front strongly
corrugated with elongated jets of heavy fuel mixture penetrating the burnt gas and
even with pockets of fresh matter separated from the flame front.
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8. Conclusions
In this thesis we have studied different phenomena bending a flame front and
increasing the flame speed, such as the Darrieus-Landau instability, turbulence,
flame interaction with the walls and flame-sound interaction. It is demonstrated
how the turbulent flame velocity depends on the thermal parameters of the
burning mixture (thermal expansion / equivalence ratio, flame thickness, transport
coefficients) and on the flow parameters (turbulent intensity and spectrum,
characteristic length scales). Our theory shows that large-scale effects of laminar
nature may be equally important for the turbulent flame speed in combustion
experiments as the small-scale turbulence. We have also developed a theory and
performed the simulations of the flame acceleration due to non-slip at the
chamber walls. Even for laminar burning, such acceleration mechanism is not
limited in time and, eventually, it may lead to detonation / explosion triggering
ahead of the flame front. A flame front may also accelerate due to specific
geometry of flame ignition. One more interesting effect is related to flame
interaction with sound waves. The acoustic amplitude becomes extremely large
when the acoustic mode between the flame and the wall comes into resonance
with the intrinsic flame oscillations. Considerable increase in the acoustic
amplitude results in violent flame folding leading to huge increase in the total
burning rate.
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