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Abstract

In this thesis, detailed experimental studies and numerical simulations are
presented of laser cooling mechanisms in dissipative optical lattices and re-
sults of the first realized three dimensional Brownian motor in optical lat-
tices.

A dissipative optical lattice is a periodic light shift potential, created in
the interference patterns of laser beams. In this, atoms can be both cooled
and trapped, and the most important relaxation mechanism is generally
considered to be “Sisyphus cooling”. However, careful experimental and
theoretical investigations indicate the presence of other cooling processes as
well. This is studied by varying different parameters such as irradiance and
frequency of the lattice light. The time evolution of atoms in optical lattices
show strong evidence of a bimodal velocity distribution, where a population
transfer between one mode containing “hot” atoms and one mode containing
“cold” atoms is evident.

The normal diffusion of atoms in optical lattices is characterized by
isotrop random fluctuations and exhibit the nature of Brownian motion.
We have realized a technique where this motion is rectified and controlled.
This is done in a three dimensional double optical lattice. This Brownian
motor has control properties for both its speed and its direction in three
dimensions. Our three dimensional double optical lattice is created by using
laser light, exploiting two transitions, in the D2 line of cesium. Two three di-
mensional optical lattices are spatially overlapped; each optical lattice traps
atoms in one of two hyperfine ground states. The controllability comes
about by inducing phase shifts in the lattice laser beams, which displace
the lattices relative to each other. This type of highly controlled Brownian
motor is of fundamental interest since Brownian motion is present in almost
all systems and for the role they play in protein motors and the function of
living cells, and for the potential applications in nanotechnology. Brownian
motors of this kind also open the way to possible studies of quantum Brow-
nian motors and quantum resonances that are predicted for atomic ratchets.

Optical lattices, and especially double optical lattices, have also been
suggested as a platform for quantum state manipulations due to the good
isolation from environment and ambient effects. Most of the work in this
thesis is a first step towards the implementation of quantum manipulation
schemes in a double optical lattice.
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Chapter 1

Introduction

Optical lattices are created in the interference pattern from laser beams,
forming periodic light-shift potentials for atoms moving in the laser fields
[1, 2]. One main feature of atoms trapped in an optical lattice is the weak
interaction, both with the environment and with neighboring atoms, which
often results in long coherence times, since atoms remain in a given quantum
state for a long time in terms of atomic time scales. Optical lattices are
therefore very clean systems, where fundamental studies of e.g. interactions
between light and matter can be studied and quantum state manipulation
can be performed.

There are basically two kinds of optical lattices. One is near-resonant
optical lattices (NROLs) or dissipative optical lattices [1, 2], where an inher-
ent cooling mechanism and trapping are simultaneously possible. A NROL
is characterized by having the frequency of its light field tuned rather close
to an atomic resonance (typically less than 100 natural linewidths). The
other kind is far-off resonant optical lattices (FOROLs) [3, 4, 5, 6], which
are usually created with high laser power and far from an atomic resonance
(!100 natural linewidths). This resulting light field only traps atoms, while
lacking the possibility of cooling, since the light scattering that can remove
the atomic kinetic energy is small. These FOROLs have very little dissipa-
tion and heating effects and thereby, generally, much longer coherence times,
yielding an essentially conservative potential.

The first studies of 1D optical lattices done by Verkerk et al. [7] and
by Jessen et al. [8] and was later expanded to 2D and 3D by Grynberg et
al. [9] and Hemmerich et al. [10]. This type of localization experiments
in optical lattices were the starting point for the research field of optical
lattices, followed by studies of e.g. adiabatic cooling [11], Bloch oscillations
[12], Bragg scattering [13, 14], the quantum Zeno effect [15] and dynamical
tunneling [16]. During the last few years, the amount of research exploiting
optical lattices has hugely increased. This is mainly because now it is pos-
sible to load far-off resonant optical lattices with Bose-Einstein condensates
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(BECs). This has led to e.g. the observation of the superfluid to Mott in-
sulator phase transition in far-detuned optical lattices [17], which paved the
way to the creation of multiparticle entanglement by exploiting controlled
collisions [18]. The experimental controllability of optical lattices has also
served as a tool for studies of Brownian motion and Brownian motors which
is of fundamental interest because of the role they play in e.g. chemistry
and biology [19].

A double optical lattice (DOL) is two spatially overlapped optical lat-
tices, each trapping atoms in different states. Our 3D DOL [20, 21] consists
of overlapped optical lattices where the relative position in all directions
between the two lattices can be controlled. The lattices are insensitive to
phase fluctuations. This together with a high experimental controllability
offers prospects for serving as a platform for quantum state manipulation.
A DOL may offer possibilities for realizing rudimentary quantum gates and
for taking subsequent more ambitious steps towards a quantum computer,
relying mainly on the very efficient isolation from ambient effects. Early sug-
gestions for quantum information processing with optical lattices [22, 23, 24]
do however impose strict, and sometimes conflicting technical demands on
the optical lattice. Some of these problems may be overcome in our DOL.

Optical lattices became possible by the advent of laser cooling [25, 26,
27]. Laser cooling is a technique where the average center-of-mass velocity
for an ensemble of atoms is reduced from a few hundreds meter per second,
at room temperature, down to typically a few centimeters, or even millime-
ters, per second. At such low temperatures, fundamental studies of quantum
phenomena are possible. Laser cooling of neutral atoms was first proposed
by Hänsch and Schawlow [28] and at the same time, for ions by Wineland
and Dehmelt [29]. For laser cooling with neutral atoms, several laser beams
are polarized and directed such that the atoms experience a friction force
from the light field. Using such a scheme in three dimensions, yields a fric-
tion force in all directions. In this case the atoms are said to be in an optical
molasses (see section 2.6). Optical molasses were first realized by Chu and
coworkers [30]. Temperature measurements on optical molasses performed
by the group of Phillips [31] and theoretical predictions for its temperature
surprisingly disagreed. The experimentally measured temperature turned
out to be below a supposed theoretical limit. This deviation was later inde-
pendently explained by Chu [32] and Dalibard and Cohen-Tannoudji [33].
In their model, a combination of polarization gradients and optical pump-
ing on multi-level ground state atoms from the light field results in spatially
periodic optical light shift potentials [34] with alternating points of pure
circular polarization. In the model [35], atoms continuously climb uphill in
the potentials, converting some of the kinetic energy into potential energy.
At points of pure circular polarization, spontaneous emission processes dis-
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sipate energy into the vacuum field, and eventually atoms become localized
periodically. The cooling processes was given the name Sisyphus cooling.

The first part of this thesis is devoted to a basic introduction of laser
cooling and optical lattices, followed by a description of the experimental
setup and diagnostic tools used in the experiments. In the middle part, both
experimental and numerical simulation results for the dynamics involved in
the inherent cooling mechanisms and bimodal velocity distributions of atoms
trapped in dissipative optical lattices is presented. This is followed by an
description of DOLs and their use to e.g. serve as a platform to realizing
quantum state manipulations and quantum computing operations. The last
part summarizes both experimental and numerical simulation results on a
new type of three dimensional Brownian motor, realized in our DOL, which
is experimentally controlled both in speed and direction.

———————————————
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Chapter 2

Cooling and trapping of
atoms

2.1 Introduction

Cooling and trapping of atoms is based on the use of forces acting on atoms
in laser fields, or on the combination of laser fields and magnetic fields.
This chapter presents a brief review of the origin of the different forces
appearing when atoms interact with light. I will only consider the simplest
schemes, namely, a single light field and two counter propagating light fields
of frequency ωl propagating in the z-direction, interacting with a two-level
atom with transition frequency ωa.

2.2 Light forces

Two types of forces emerge when light interacts with atoms. One is the
scattering force, which results from momentum kicks on atoms when they
absorbs photons. The momentum of absorbed photons is released in ran-
dom directions by spontaneous emission. After many cycles, the resulting
net momentum transfer is in the direction of the incoming photons, and
consequently the atomic momentum is reduced in the opposite direction.
The second force is the dipole force which emanates from the interaction
between the electromagnetic field and an induced dipole moment.

In a semi-classical picture, an atom experiences a force F, determined
through the Ehrenfest theorem [36],

"F# =
d
dt

"p#, (2.1)

where p is the momentum operator of the atom. The time evolution of the
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2.2. Light forces

expectation value "p# is given by

d
dt

"p# =
i
! "[H,p]# = $

!
∂H
∂z

"
, (2.2)

where H is the Hamiltonian, defined in semi-classical terms as

H =
p2

2m
+ H0 $ D · ε(r, t). (2.3)

m is the mass of the atom, H0 is the internal energy Hamiltonian, D = $er
is the electric dipole moment operator and ε(r, t) is a classical electromag-
netic field. When the spatial derivative of H is taken (as in Eq. 2.2), the
only remaining term will be D · ε(r). Together with the electrical dipole
approximation1 this gives

F = e
∂

∂z
"ε(r) · r# . (2.4)

The expectation value from Eq. 2.4 can be expressed in terms of a state
density operator ρ through "ε(r) · r# = Tr(ρε(r) · r) and together with the
rotating wave approximation, RWA2, the expression for the force in Eq. 2.4
becomes

F = !
#
∂Ω
∂z

ρ!eg +
∂Ω!

∂z
ρeg

$
, (2.5)

where ρeg is the optical coherence between the ground and excited states,
the Rabi frequency Ω is defined as Ω = $ e!0

! "e|r|g#, ε0 is the amplitude of
ε(r), and |g# and "e| represents the ground and excited ket and bra vectors.
This results in

F = !qr(Ωρ!eg + Ω!ρeg) + i!qi(Ωρ!eg $ Ω!ρeg), (2.6)

where qr and qi represent the spatial variation of the amplitude and the phase
of the electromagnetic field respectively. This is shown by assuming that the
Rabi frequency containing one real and one imaginary part, Ω = |Ω|ei". The
first spatial derivative in Eq. 2.5 becomes

∂

∂z

%
|Ω|ei"

&
= ei"∂|Ω|

∂z
+ i|Ω|ei" ∂φ

∂z
=

Ω
|Ω|

∂|Ω|
∂z

+ iΩ
∂φ

∂z
= (qr + iqi)Ω. (2.7)

Equation 2.7 consists of two parts with very different physical properties.
The first part is associated to the dipole part since it is proportional to
the energy gradient of the field through qr = 1

|!|
#|!|
#z . The second part is

associated with the scattering force or the dissipative force, proportional to
the gradient of the phase (qi = #"

#z ).
1In the dipole approximation, one neglects the spatial variation of the electric field over

the size of the atom.
2In the RWA approximation, one neglects counter-rotating terms oscillating with the

frequency of the electromagnetic field [37].
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2.3. The dipole force

2.3 The dipole force

The dipole force, which results from the electromagnetic field interaction
with the induced dipole moment. Consider two counterpropagating laser
beams, creating a standing wave. Their interference produce a spatial am-
plitude gradient in the electrical field. This amplitude modulation causes
the ground and excited states to be shifted. For the limit where Ω % |∆|,
the resulting energy shifts are [38]

∆εg =
!Ω2

4∆
, (2.8)

∆εe = $!Ω2

4∆
, (2.9)

where ∆ = ωl$ωa is the angular detuning from an atomic resonance. These
energy shifts are called light shifts [34] and are proportional to the electrical
field amplitude, meaning that the energy levels of an atom are modulated
while moving in a standing wave. The gradient of the light shift is producing
a force that is strongest where the gradient is largest. For a ground state
atom in a standing wave of low irradiance, the magnitude of the dipole force
is given by

Fd = $ !&Ω2(r)∆
4 (∆2 + Γ2/4 + Ω2(r)/2)

, (2.10)

where Γ is the natural linewidth of the excited state. This force is conser-
vative and is directed towards positions where the irradiance has either a
maximum or minimum, depending on the sign of ∆. Moreover, since the
force is conservative it can be associated with a conservative potential via
F = $ #

#zU which is called the diabatic light shift potential [34] given by

Ud =
!∆
2

ln
#

1 + Ω(r)/2
∆2 + Γ2/4

.

$
. (2.11)

Light shift potentials will be further explained and considered in section
3.2.2.

2.4 Scattering force

The force from absorption followed by spontaneous emission on a two-level
atom is

Fs = !kγ, (2.12)

where k is the photon angular wave vector and γ is the photon scattering
rate [38]

γ =
s0Γ/2

1 + s0 + (2∆/Γ)2
, (2.13)
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2.5. Deceleration and cooling of an atomic beam

where s0 = 2|Ω|2/Γ2 is the saturation parameter at near resonance condi-
tions. For an atom at rest in a plane wave, the Rabi frequency is spatially
constant, and Eq. 2.12 becomes

Fs = !k 4ΓΩ2

∆2 + Γ2/4 + Ω2/2
. (2.14)

This force relies on the scattering of light out of the laser beams that build up
the standing wave, meaning that the force vanishes for atoms at rest (qi = 0),
and that atoms can only absorb light while moving. This dissipative force
is a key ingredient for reduction of the atomic velocity spread.

2.5 Deceleration and cooling of an atomic beam

There are several techniques to experimentally create atomic beams [39].
One is heating a sample and force the vapour through a nozzle. Deceler-
ating an atomic beam is usually accomplished by directing a near resonant
laser beam towards the atomic beam [25]. The atoms absorb photons at a
rate determined by the irradiance and detuning of the laser beam and the
atomic velocity. For each photon absorbed, the atomic velocity changes by
vrec

3 in the direction of the laser propagation. The spontaneously emit-
ted photons are emitted randomly, so there is no net average change in the
atomic velocity due to these emissions. If absorption is followed by stimu-
lated emission into the same direction as the incident laser beam (assuming
that the laser beam is a plane wave), there is no net momentum transfer
from the absorption-emission process. Only absorption followed by sponta-
neous emission contributes to the average force, which is given by the rate
of photon scattering, γ, times the momentum of a photon. This scattering
force is similar to the one in Eq. 2.14 with the modification that the Doppler
shifted laser frequency in the moving atomic reference frame has been taken
into account.

Fs = !k 4ΓΩ2

(∆ + ωD)2 + Γ2/4 + Ω2/2
, (2.15)

where ωD = $k · v. During deceleration, this Doppler shifted angular fre-
quency eventually cases the light to be out of resonance. This can be over-
come by e.g. shifting the laser frequency continuously into resonance.

2.6 Doppler cooling and optical molasses

Consider again a two-level atom interacting with two counter-propagating
laser fields with the same angular frequencies ωl. The laser frequencies are

3The momentum of an emitted photon is p = !k such that the atoms recoils by
prec = mvrec = !pphoton. Thus, the recoil velocity is vrec = !|k|/m.
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2.6. Doppler cooling and optical molasses

red detuned below the atomic resonance frequency (∆ < 0). If the atom
moves towards one of the beams with a velocity v, it will experience the
frequency of the opposing beam Dopplershifted by k · v, closer to atomic
resonance. For the other beam, the Doppler shift will be away from reso-
nance by the same amount. Thus, the atom will have a larger possibility of
scattering photons from the opposing beam than from the other one, and
therefore it will be decelerated in that direction. For low irradiance, by ne-
glecting small-scale spatial oscillations of the radiation pressure force, and
taking into consideration only the effect of the average force, the radiation
pressure will have the form

F = !k 4ΓΩ2

(∆ + ωD)2 + Γ2/4 + Ω2/2
$ !k 4ΓΩ2

(∆ $ ωD)2 + Γ2/4 + Ω2/2
. (2.16)

Equation 2.16 describes a velocity dependent force composed of two forces
F1 and F2 illustrated in fig. 2.1.

!l < !a !l < !a

F1 F2

Figure 2.1: Illustration of Doppler cooling in 1D. The velocity-dependent forces F1 and
F2 are created by two near-resonant, counter-propagating, red-detuned laser beams, with
angular frequencies !l. Atoms moving towards one of the beams are decelerated due to
the Doppler shift.

By expanding this for low velocities, Eq. 2.16 can be expressed as

F ' 16!k2Ω2 ∆Γ
(Γ2/4 + ∆2)2

v = $βv, (2.17)

where β is analogue to a friction coefficient. There is also heating involved.
Besides the friction force there is also a fluctuating force, the Langevin force
[40], responsible for the fluctuations from the mean number of absorbed
photons from the two fields. Although the cooling processes is partly quan-
tum mechanical in nature, as represented by the discrete momentum steps.
The atomic motion may be treated classically, if the atomic wave packet is
well-localized in position and momentum space. The time averaged interac-
tion can be separated into a mean cooling force and a diffusive term which
accounts for the stochastic nature of spontaneous emission. The velocity dis-
tribution can be modelled by a Fokker-Planck equation [40], with the force
term given by Eq. 2.17 and a diffusion term characterized by a momentum
diffusion coefficient Dp(v) [41], which is well represented by its value at
v = 0. Dp is determined by considering the increase in the mean-squared

9



2.6. Doppler cooling and optical molasses

momentum, along the beam axis, due to absorption and emission,

"p2(t)# ' 2Dpt = (!k)2(1 + Q + ξ)γt, (2.18)

where γ is the scattering rate (defined in Eq. 2.13) at v ( 0. There are two
distinct contributions to the diffusion coefficient. The term proportional to
the Mandel Q-parameter4 [42], Q = ["∆n#2 $ "n#]/"n#, where "∆n#2 is the
variance of the photon number distribution and "n# is the expectation value
of the number n of scattered photons, describes an anomalous diffusion,
reflecting anti-bunching scattered photons. For low irradiances considered
here, this term is small and may be neglected. The term proportional to ξ
represent the recoil due to spontaneous emission [42]. This value is deter-
mined by the angular distribution of spontaneously emitted photons for a
particular transition. For the emission of linearly polarized light ξ = 2/5,
while for circular polarization ξ = 3/10. For a 1D-configuration ξ = 1.
By equating the cooling rate due to friction with the heating rate, due to
momentum diffusion, the equilibrium temperature T is proportional to the
ratio of diffusion and friction as

kBT =
Dp

β
= $1 + ξ

8
!Γ

#
2∆
Γ

+
Γ

2∆
(1 + 2s0)

$
, (2.19)

where kB is Boltzmann’s constant and the saturation parameter

s0 =
Ω2/2

∆2 + "2

4

. (2.20)

By assuming low intensity (s0 % 1), Eq. 2.19 has a minimum for ∆ = $Γ/2,
which for ξ = 1 results in a minimum temperature of

Tmin =
!Γ
2kB

#
1 + ξ

2

$
. (2.21)

This is called the Doppler temperature, determined by the natural linewidth
of the excited state. For the resonant transition in cesium, Tmin (125 µK.
The extension of Doppler cooling to three dimensions is straight forward.
By using six beams, forming three orthogonal standing waves, an atom will
feel a viscous damping force in all directions. This is refereed by the name
optical molasses. Note that in an optical molasses atoms are not trapped.
They are only subject to a viscous damping and are free to diffuse, eventually
reaching the edge of the interaction region and escaping.

4The Mandel Q-parameter describes the photon statistics from a light field which in this
case is classified into sub-Poisson photon statistics, one definition of photon antibunching.
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2.7. The Magneto-Optical Trap (MOT)

2.7 The Magneto-Optical Trap (MOT)

There are several designs of atomic traps e.g. [43, 44, 45]. In this section,
one based on the scattering force is described. The magneto-optical trap [43]
is based on an orthogonal six-beam configuration with circularly polarized
laser beams, together with a spherical quadruple magnetic field, such that
an atom which moves away from the origin is Zeeman shifted into resonance
with a beam that pushes it back.

By using σ+ and σ" circularly polarized lights, one only couples tran-
sitions with positive respectively negative signs of the magnetic sublevels
MJe (J is the angular momentum quantum number), such that ∆MJ =
MJe $ MJg = ±1, see fig. 2.2. This creates an effective spring force
that confines the atoms around the origin of the trap. The linear mag-
netic field B(z) = αz will cause the upper magnetic sublevels MJe , to shift.
In this situation, the total force acting on an atom is found by substituting
(∆ + ωD $ αz/!) for (∆ + ωD) in equation 2.16, and expanding the total
force for low velocities results in

F = !k 4ΓΩ2

(∆ + ωD $ αz/!)2 + Γ2/4 + Ω2/2

$!k 4ΓΩ2

(∆ $ ωD + αz/!)2 + Γ2/4 + Ω2/2
. (2.22)

This force is a sum of a friction force and a spring force which provides both
cooling and trapping. By doing the expansion and the same assumptions as
for Eq. 2.17, the force becomes

F ) $βv $ κz, (2.23)

where κ = α/!k. In a MOT the situation is analogous to the velocity
damping in an optical molasses from the Doppler effect, but here the effect
operates in real space, whereas for optical molasses it operates in velocity
space. Since the laser light is red-detuned of the atomic resonance in both
cases, compression and cooling of the atoms is obtained simultaneously.
Moreover, a MOT works together with more sophisticated cooling schemes
[38] as well. With a MOT, an ensemble of atoms can be cooled from room
temperature to a few microkelvins in tenths of milliseconds and the trap can
reach atomic number densities of the order of 1012 atoms/cm3 [46].
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2.7. The Magneto-Optical Trap (MOT)

MJe
= -1

MJe
= 0 MJe

= -1 MJe
= 0 MJe

= +1 MJe
= 0

MJe
= +1

v- v+
v- v+

v- v+

z

E

MJg
= 0

Center of trap

!!a !!l

v+
v-

MJe
= +1 MJe

= -1

Figure 2.2: Illustration of a MOT in 1D. Applying a linear inhomogeneous magnetic
field that Zeeman shifts the degenerated sublevels MJe , will result in an e!ective spring
force that traps the atom around the center, where the magnetic field has a minimum.
The force is radiation pressure, which emanates from two counter propagating beams with
"+ and "! polarization.
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Chapter 3

Optical lattices

3.1 Introduction

Atoms cooled below the Doppler limit were first observed in 1988 by Lett et
al. [31]. This led to the Sisyphus cooling model to interpret the sub-Doppler
cooling proposed by Dalibard and Cohen-Tannoudji [35] and independently
by Chu and his group [47]. The cooling mechanism originates from po-
larization gradients of the laser field combined with light shift and optical
pumping.

Optical lattices bounds atoms by light, arranged in periodic arrays of
wavelength size. Optical lattices were first realized in one dimension in 1992
[7, 8], and in three dimensions in 1993 [9, 10]. As discussed in chapter 2,
the interaction between light and matter contains both a dissipative and a
conservative component, both relevant for optical lattices. The dissipative
component arises due to processes involving spontaneous emission, while
the conservative component is associated with the ac-Stark shift (light shift).
This chapter briefly presents the concepts of light shift and optical pumping.

There are basically two types of optical lattices. One is dissipative optical
lattices [2]. This is in a regime where optical pumping and radiation pressure
processes dominates, or at least are in the same order as the conservative
forces. These optical lattices provide both cooling and spatial periodicity
and are obtained by setting the frequency of the light relatively close to
an atomic resonance ((10-100Γ). The other type is conservative optical
lattices, or far-detuned optical lattices. They are realized when the light is
far detuned, * 104Γ. In this regime, the dissipative processes are reduced
and essentially conservative potentials are realized.

This chapter ends with an introduction to Double optical lattices and
the concept of inducing phase shifts in three dimensional optical lattices,
which is an important parameter in the experiments described in chapter 7,
“Brownian motors in dissipative optical lattices”.
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3.2. Trapping and localization in standing laser waves

3.2 Trapping and localization in standing laser waves

3.2.1 1D electromagnetic field configuration

An example of a one-dimensional optical lattice is when two electrical fields
ε1 and ε2 with orthogonal linear polarization (lin+lin) counter-propagate
along one axis and have the same irradiances, I0 , |ε0|2, and angular fre-
quencies ωl. The two electrical fields can be expressed as

ε1 = ε0x̂ cos(+klz $ ωlt)
ε2 = ε0ŷ cos($klz $ ωlt), (3.1)

where kl is the angular wave number (kl = 2π/λl); λl is the wavelength, and
ε0 is the amplitudes of the electrical fields. The sum of the two electromag-
netic fields can be written with time-varying phasors [48] as:

εtot = ε1 + iε2 = ε0 [x̂ cos(klz $ ωlt) + iŷ cos($klz $ ωlt)] . (3.2)

By identifying the real and imaginary axes of the complex plane with the
x- and y-axes, and by regrouping terms and converting to exponential no-
tations, Eq. 3.2 can be written as:

εtot =
ε0
2

'(
eiklz + ie"iklz

)
e"i$lt +

(
e"iklz + ieiklz

)
ei$lt

*
. (3.3)

With the quantization axis chosen along ẑ, the first counter clockwise circu-
lar polarization term corresponds to σ+ polarization and the second, clock-
wise circular polarization term corresponds to σ" polarization, respectively.
For a more convenient notation, the origin is shifted by λl/8, Eq. 3.3 can
then be rewritten into the form:

εtot(z) =
-

2ε0 [σ+ cos(klz) + iσ" sin(klz)] , (3.4)

where the circular basis for the polarization is introduced as

σ± = . x̂±iŷ-
2

. (3.5)

The interference pattern created by the total electrical field is a superposition
of two standing waves containing nodes with σ+ and σ" polarizations, spaced
by λ/4 along the z-axis, see fig. 3.1. Note that the electrical field amplitude is
constant everywhere. The polarization of the total field is generally elliptic,
but the resulting field becomes periodically purely circularly polarized with
intervals of λ/4 and contains strong polarization gradients. The resulting
field induces position-dependent light shifts [34] and optical pumping [49]
when interacting with atoms.
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3.2. Trapping and localization in standing laser waves

z
"+ "# "#"+

y
x

$1 $2

0 %/4 %/2 3%/4

lin. lin. lin.

Figure 3.1: Plane waves with electrical fields #1 and #2, counter-propagating along the
quantization axis ẑ with orthogonal polarizations (lin"lin). The polarization changes from
"+ at z = 0, to linear (45") at z = $/8 to "! at z = $/4 to linear (135") at z = 3$/8 etc.

3.2.2 Optical pumping, light shift and Sisyphus cooling

In this section, the “standard model” for a fictious two level atom, for laser
cooling is presented which qualitatively describes the different processes in-
volved in laser cooling but it does not necessarily include all dynamics in-
volved, especially not for multilevel atoms, which will be described later.

The time-dependent electric field induces an oscillating electric dipole
moment in the atom which, in turn, couples to the laser field. The energy of
the atom is shifted by an amount that depends on the irradiance, detuning
and polarization of the laser light and also on the atomic dipole moment.
This “light shift” is small, and for typical laser cooling experiments it is of
the order of hundreds or less photon recoil energies, Er

1, which typically
corresponds to a kinetic energy of hundreds or tenths of peV. A spatially
modulated optical light shift potential for several ground states can be cre-
ated by an appropriate choice of the polarization of the laser beams.

Optical pumping is the transfer of atoms from one ground state to an-
other by an absorption-emission cycle of photons. In certain configurations,
it is possible to transfer atoms by optical pumping to the lowest energy
states in the optical potentials. This interplay of optical potentials and op-
tical pumping is the processes that makes Sisyphus cooling work [35].

Consider an atom with a two-fold degenerate ground state Fg = 1/2,
and a four-fold degenerate excited state Fe = 3/2, see fig. 3.2. The ground
magnetic sub-states MFg = $1/2 and MFg = +1/2 couples to the excited
sub-states MFe = $3/2,$1/2,+1/2,+3/2 via electric dipole couplings. The
coupling strengths are proportional to the squares of the Clebsch-Gordan
coefficients [38]. The σ+ light induces transitions with ∆MF = +1, and σ"

light induces transitions with ∆MF = $1.
1An atom absorbing one resonant photon with angular frequency !r will spontaneously

emit a photon in a random direction with energy !!r. Thus, the atom is e!ected by a

recoil with the energy Er = !!r = !2k2

2m
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3.2. Trapping and localization in standing laser waves

1 12/31/32/3

MFg= -1/2 MFg= +1/2

Fe=3/2
MFe= -1/2MFe= -3/2 MFe= +1/2 MFe= +3/2

Fg=1/2

Figure 3.2: Energy-level diagram for the Fg = 1/2 # Fe = 3/2 model atom. The
relative strengths of the electric dipole couplings are indicated by the squares of the
Clebsch-Gordan coe"cients.

The difference in transition strengths, indicated by the squares of the
Clebsh-Gordan coefficients, combined with spatial polarization gradients re-
sult in a position dependent light shift. A general expression for the light
shift for the ground state levels in the low saturation regime is [38]

UMFg
=

!∆s0

2

(
c2
ge+ cos2(klz) + c2

ge! sin2(klz)
)
, (3.6)

where c2
ge+ (c2

ge!) are the squares of the Clebsch-Gordan coefficients, cou-
pling a ground state level and an excited level via σ+ (σ") light. The first
part of Eq. 3.6 (!#s0

2 ), comes from the light shift in Eq. 2.11. The second
part describes the spatially modulated behaviour when an atom is moving
in the interference pattern. The light shift potentials for the model atom
can be written as:

U+1/2 =
U0

3
+

2U0

3
cos2(klz)

U"1/2 =
U0

3
+

2U0

3
sin2(klz), (3.7)

where U0 = !∆s0/2. These potentials are illustrated for red detuning in
fig. 3.3. Consider an atom moving with velocity v along z in the bipotential
U±1/2, given by Eq. 3.7. Initially, the atomic velocity is large such that

1
2
mv2 ! U0. (3.8)

The atom is not trapped in any of the two potential wells and travels over
several wavelengths before being optically pumped from one magnetic sub-
level to the other. Moreover, since the velocity is low, an optical pumping
cycle can be considered to occur instantaneously in a given point along z.
Suppose that the moving atom initially is in the MFg = +1/2 sublevel,
seeing the U+1/2 potential. Its total energy (kinetic + potential) remains
constant as long it remains in the same sublevel. Eventually, the atom will
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3.2. Trapping and localization in standing laser waves

be optically pumped to the MFg = $1/2 sublevel. This transfer occurs with
the highest probability near points where the polarization is either σ+ or
σ" at the top of potential U"1/2. From here it will be optically pumped to
a point near the bottom of one valley in potential U+1/2. This excursion
leads to a corresponding change of its potential energy of the order of |U0|.
Thus, the total energy of the atom will decrease in discrete steps. From here,
the same sequence can be repeated, and on average, this process forces the
atom to climb more uphill than downhill, see fig. 3.3. The total energy of
the atom decreases by a series of discontinuous steps until its kinetic energy
becomes of the order of or smaller than U0 and the atom becomes trapped
and localized around a potential minima [38].

0 3%/4
z

"+

U-1/2, MFg= -1/2

U+1/2, MFg= +1/2

E

%/2%/4

U0

"+"# "#

Figure 3.3: Spatially dependent light shift potentials U+1/2 and U!1/2 for the two ground
states MFg = !1/2 and MFg = +1/2 for red detuned fields. The balls illustrates the
relative steady-state population of the corresponding states. Atoms are optically pumped
between the two ground states and the atomic kinetic energy is converted into potential
energy when climbing uphill in the light shift potentials. The energy is dissipated by the
spontaneous emission that accompanies the optical pumping process.

The velocity damping originates from the friction force as in the case of
Doppler cooling, see section 2.7. However, in a dissipative optical lattice,
there are also heating mechanisms involved. The recoil due to the absorbed
and reemitted photons in each optical pumping cycle has up to now been
neglected and the mean loss of potential energy for each cycle is assumed
to be much larger than the mean increase of the kinetic energy due to the
recoil. By lowering the potential height (low saturation) to the order of a
few recoils (U0 * Er), this approximation will get degraded.

As in the case of Doppler cooling, contributions to the diffusion are fluc-
tuations in the atomic momentum carried away by spontaneous emission,
and the balance between friction and heating results in an equilibrium tem-
perature. The equilibrium temperature, as in chapter 2.6, can be defined
as the ratio between the momentum diffusion coefficient Dp [35] and the
friction coefficient. In the limit of low saturation (S0 < 1) and large red

17



3.2. Trapping and localization in standing laser waves

detuning (∆ ! Γ), Dp can be written as [2]:

Dp =
3
4

!2k2 ∆2

Γ
s0. (3.9)

This diffusion is a result from fluctuations in the dipole force, since atoms
are randomly being optically pumped between the two potentials. The fric-
tion force F = $βv, where β = 3!k2∆/Γ [35]. For red detuning (∆ < 0),
the friction force becomes negative and decelerates the atoms. The theoret-
ical limit for the equilibrium temperature can be expressed by the simplest
solution of a Fokker-Planck equation [40], which gives a width of the distri-
bution function of kBT , and the theoretical equilibrium temperature T can
be expressed as:

kBT =
Dp

β
=

!
4

∆s0. (3.10)

This suggests that arbitrary low temperatures can be reached. This relation
can be rewritten as:

kBT , !Ω2

4|∆|
. (3.11)

This suggests that the temperature is determined by the ratio of the irradi-
ance I (I , Ω2) and the detuning ∆ from resonance of the lattice beams.
For low saturation, the light shift potential is given by U = !∆s0/2, and
from the model above it is straight forward to show that the steady state
temperature should scale linearly with the light shift (U , I/∆). This
has been confirmed in several experiments [50, 51, 52] as well as theoreti-
cal semi-classical [53] and full quantum Monte-Carlo [54] simulations. The
linear dependence of the temperature on the potential well depth breaks
down when the wells become too shallow. This “turning” point is known as
“décrochage” [55]. However, the threshold potential below which there ap-
pears to be a rapid increase of the temperature seems to be an artifact from
incomplete analyses, both from previous experiments and from theoretical
simulations (see paper IV). Moreover, in paper V, results shows that this
effect is resembling from only untrapped atoms (see paper V or chapter 5 for
details). However, the Sisyphus cooling scheme may explain the reduction of
the total energy for a moving atom in a laser field until it becomes trapped
and localized in an optical lattice. This process is in general very fast. For
a large number of trapped atoms, the velocity distribution (especially for
low potentials), shows evidence of a dual mode population. One group of
atoms are trapped (“cold” mode) and one that is untrapped (“hot” mode)
[56]. A more detailed discussion and experimental/theoretical results about
laser cooling is found in chapter 5.

3.2.3 Localization in optical lattices

The velocity damping due to the Sisyphus cooling mechanism also results
in a localization around the light-shift potential minima. When the steady
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3.2. Trapping and localization in standing laser waves

state is reached after a certain period of cooling, atoms are, to a large extent,
localized in the lattice sites [8, 52]. Typically, atoms are localized to a region
of the order of a tenth of the optical wavelength. The curvature of the lower
parts of the potentials can be approximated by an harmonic oscillator, re-
sulting in discrete vibrational energy levels, illustrated in fig. 3.4. This means
that an atom close to the bottom of a potential oscillate (vibrate) around its
equilibrium position with discrete and quantized oscillation energies given
by En = (n+1/2)!ωosc, where ωosc is the angular oscillation frequency. The
vibrational angular frequency in the harmonic approximation is given by [57]

ωosc = 2ωr

+
2
3

U0

Er
, (3.12)

where the part
,

U0
Er

is proportional to the number of bound levels. For the
n-th discrete state, the spread in position "x2# can be written as

"x2#n =
#

n +
1
2

$
6

4k2
l

+
2
3

U0

Er
. (3.13)

In typical experiments, the modulation depth is of the order of some hundred
recoil energies, which clearly localizes the atoms within an optical wave-
length of the lattice light.

An important parameter characterizing the motion of trapped atoms is
the ratio between the harmonic oscillation frequency of the atoms in the
wells and the optical pumping rate (scattering rate), γp, at which the atoms
jump from one level to another. The optical pumping rate determines the
internal evolution of variables, which is characterized by γp = 2Γs0/9 [49].
Depending on the magnitude of ωosc, there are two possible limiting situa-
tions: if ωosc ! γp, we are in a situation where the atoms undergo several
oscillations before they are optically pumped to neighbouring lattice sites.
If ωosc % γp, the atoms can make several transitions in a single oscilla-
tion period. This two regimes are denoted as the oscillating regime and the
jumping regime. For each of these limiting regimes a theoretical approach
is possible for investigating the dynamics of laser cooling.
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Figure 3.4: Schematic picture of the lowest lying vibrational levels in an optical light
shift potential, where the dashed line is the harmonic approximation to the potential. n
is indicating the discretely spaced vibrational energy levels.

Atoms bound in the lower vibrational levels have a longer optical pump-
ing time. This is a consequence of the strong localization, where scattering
of photons is mainly elastic, due to the Lamb-Dicke effect [58].

3.3 Multilevel atoms

Generally, for real atoms, the light field couples more than two levels at the
same time, and in laser cooling a complex atom-laser coupling of a large
number of states is involved. In degenerate systems, atoms have multiple
ground- and excited state sublevels, where coherent Raman couplings can
occur. Raman transitions couple either all even or all odd magnetic substates
in the ground state manifold, resulting in adiabatic light shift potentials
[59, 60]. For the Fg = 4 / Fe = 5 transition in the D2 line of Cs [61],
there are nine adiabatic lightshift potentials from the Zeeman sub-levels in
the ground state. Here an atom can be transferred between the MFg = $4
state, and the MFg = +4 state by sequential Raman transitions without
optical pumping (see fig. 6.3).

0 1 2 3 4 5

0 1 2 3 4MFg

MFe
-1-2-3-4-5

-1-2-3-4

Fe=5

Fg=4

Figure 3.5: Atomic level structure for the (Fg = 4 # Fe = 5) transition for the Cs D2
line. 9 ground and 11 excited sublevels are shown, where even (dashed) and odd (solid)
magnetic sub-states are coupled into two families by stimulated Raman transitions.

Taking the stimulated Raman transitions into account, the effective
ground state Hamiltoninan that describes the light shift will have the form:

Ĥe$ =
!s∆

2

(
d̂ · e!(z)

)
·
(
d̂† · e(z)

)
, (3.14)
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3.3. Multilevel atoms

where d̂ and d̂† is the lowering and the raising part of the atomic dipole
operator D̂ = D(d̂† + d̂), where D is the reduced dipole moment matrix,
e(z) is the local polarization components of the electrical field and

(
d̂ · e!(z)

)

and
(
d̂† · e(z)

)
are the matrix elements, which, projected onto the |!k(z)#

eigenstate, with eigenvector !k(z) are the Clebsch-Gordan coefficients cge± ;
(
d̂† · e(z)

)
|!k(z)# = c2

ge+ |!k(z)#. (3.15)

This is the Wigner-Eckhardt theorem [62]. The atomic dipole operator D̂:
projects the ground state of magnetic quantum number MFg onto an excited
state with magnetic quantum number MFe = MFg+i , where i 0 {0,±1},
depending on the polarization of the photon. The light shifts for this multi-
level atom can be calculated by solving the eigenvalue problem

!s∆
2

Ĥe$ |!k(z)# = Uk(z)|!k(z)#, (3.16)

where Uk(z) are the corresponding eigenvalues. Solving Eq. 3.16 results in
adiabatic light shift potentials [2] (see fig. 3.6a). By including the stimu-
lated Raman transitions, atoms can adiabatically move from one lattice site
to another without being optically pumped (see fig. 3.6b).

For the oscillating regime, the atomic motion is slow compared to the
internal time scale, which offers the atom enough time to continuously adjust
for the changes in the light field while moving. In this case the atom-light
coupling is better described by adiabatic potentials, since the atom have
enough time to adjust for the spatially changes in the light field and the
internal states will adjust adiabatically. The internal states can therefore no
longer be described with single quantum numbers. The second possibility
is when atoms are in the jumping regime. Here, the external degrees of
freedom changes rapidly, and the the moving atoms sees a rapid switch
between different light shift potentials, associated to different magnetic sub
states. Thus, the optical pumping will dominate the internal evolution. In
this case stimulated Raman transitions are unlikely.
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Figure 3.6: Light shift potentials for a lin"lin configuration for the Fg = 4 # Fe = 5
transition. a) Adiabatic potential, Raman transitions included. b) Diabatic potential,
Raman transitions omitted.

For a moving atom the situation is more complex due to the non-adiabatic
transitions that can couple one potential surface to another. Thus, for a
steady state, the potentials are similar to the one obtained for a Fg = 1

2 /
Fe = 3

2 transition. When the atoms are localized they oscillate back and
forth at the bottom of the wells where the polarization of the light is circular
and it is worth noting that the atoms are localized in an anti-ferromagnetic
order, the spins in two successive wells being anti-parallel.

The vibrational frequencies for diabatic or adiabatic potentials can be
evaluated similarly as for Eq. 6.10 in the harmonic approximation. For the
diabatic potential, oscillation frequency ωosc at the bottom of the wells is

!ωosc

Erec
) 2

+
2!U0

Erec

44
45

, (3.17)

while for the adiabatic potential it becomes

!ωosc

Erec
) 2

+
2!U0

Erec

16
17

. (3.18)

They are almost the same, which in deed comes from the fact that they are
localized at the bottom of the potentials. In experiments this small difference
of about 2% is difficult to measure. To characterize the atomic motion in
optical lattices there is several experimental an theoretical techniques that
can be used [63].

3.4 Three dimensional optical lattice

To extend an 1D optical lattice to higher dimensions, a multiple beam con-
figuration is needed. We use a configuration that is an extension of the 1D
(lin+lin) configuration previously described, by splitting up both of the two
beams, see fig. 3.8. By using n + 1 beams for a n-dimensional structure, the
topography of the potential surface is invariant under phase fluctuations of
the laser beams, which result only in spatial translations of the lattice [2].
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3.4. Three dimensional optical lattice

Additional lattice configurations are possible with both phase-independent
and phase-dependent topographies, such as quasiperiodic lattices, super-
lattices, anti-dot lattices, Talbot lattices, etc., [2, 63]. Phase fluctuations
usually takes place on a time scale large in comparison to the atomic evo-
lution, meaning that, atoms are able to adiabatically follow the translation
of the lattice. For the three-dimensional lattice configuration considered in
the rest of this chapter (see fig. 3.8a), the electrical field can be written as
[21]:

ε1 = ε0x̂(+k#y $ k$z $ ωlt)
ε2 = ε0x̂($k#y $ k$z $ ωlt)
ε3 = ε0ŷ(+k#x + k$z $ ωlt)
ε4 = ε0ŷ($k#x + k$z $ ωlt), (3.19)

where k# = kl sin(θ), k$ = kl cos(θ), where θ is the angle between the beams
and the quantization (z-) axis. Since ε1 and ε2 are polarized in x̂ direction,
in the new representation they oscillate along the real axis while ε3 and ε4
oscillate around the imaginary axis and are thus real and complex in the
complex plane. By using the same formalism as in chapter 3.2.1, for the one
dimensionally case, the total electrical field can be expressed as

εl(x, y, z) =

= 2ε0
-

ei π
4 cos(k$z)

#
cos(k#y) + cos(k#x)

2

$

+ ei 34% sin(k$z)
#

cos(k#y) $ cos(k#x)
2

$.
ei$lt

+ 2ε0
-

e"i π
4 cos(k$z)

#
cos(k#y) $ cos(k#x)

2

$

+ e"i 34% sin(k$z)
#

cos(k#y) + cos(k#x)
2

$.
e"i$lt. (3.20)

For z = 0, the lattice structure in the xy-plane is reduced to:

εl(x, y, z = 0) = 2ε0
/
eiπ

4

#
cos(k#y) + cos(k#x)

2

$0
ei$lt

+ 2ε0
/
e"iπ

4

#
cos(k#y) $ cos(k#x)

2

$0
e"i$lt. (3.21)

In this plane the distance between a σ+ site to a neighbouring σ" site is
given by introducing lattice constants. In the xy-plane the lattice constants
are equal a# = 2%

k#
. Along the z-axis (x = y = 0) the electrical field can be

written as:

εl(x = 0, y = 0, z) = 2ε0
(
eiπ

4 cos(k$z)ei$t + e"i 34% sin(k$z)e"i$t
)
. (3.22)
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3.4. Three dimensional optical lattice

The lattice constant is a$ = %
k#

. The resulting lattice structure is tetragonal,
with alternating σ+ and σ" potential minima, spaced by a# in the xy-
plane and by a$ along z, see fig. 3.7. In our experiment θ = 45%, thus
k$ = kl sin θ = 1&

2
kl, and k# = kl cos θ = 1&

2
kl. This particular configuration

has a lattice constant a$ along the z-axis and in the x and y-axis the lattice
constant a# is given by:

a$ =
π

k$
=

π
1&
2
kl

=
1-
2
λl, (3.23)

a# =
2π
k#

=
2π
1&
2
kl

=
-

2λl. (3.24)

This total field creates a face centered tetragonal, phase fluctuation inde-
pendent optical lattice with a lattice topography that realizes a true 3D
confinement of atoms (see fig. 3.8).
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Figure 3.7: Diabatic light shift potentials for the Fg = 4 (MFg = +4) ground state in the
D2 line of Cs for the total electrical field described in Eq. 3.20. a) Potential along the z-
direction. "+ and "! sites are spaced by $l/

$
2. b) Potential along the x- or y-directions.
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3.4. Three dimensional optical lattice
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Figure 3.8: Four laser beams propagate in the orthogonal yz- and xz-planes. Each laser
beam is polarized perpendicular to the plane of propagation and forms an angle % = 45"

with the quantization axis z, resulting in a tetragonal lattice structure.

3.4.1 Phase shifting an optical lattice

This section treats the concepts of inducing phase shifts in a three dimen-
sional optical lattice. The treatment builds upon the previously presented
lattice beam configuration. Many of the experiments described in this thesis
are based on phase shifting two spatially overlapped optical lattices relative
to each other. This is experimentally done by changing the optical path
lengths of the lattice beams with a set of facing prisms, mounted on linear
translation stages (see section 4.4 for experimental details).

Changing the optical path length of one beam

The concept is introduced by adding a phase component to the electrical
field. Assume that the optical path length of beam ε1 (see fig. 3.8) is changed
by a distance 2L. The electric field can be written as:

ε1 = ε0x̂ cos(k#y $ k$z + ϕ$ ωlt), (3.25)

where ϕ = 2Lkl is the corresponding phase shift. By writing the total
electric field as a phasor in a circularly polarized basis and repeating the
transformation from the preceding section we obtain after shifting the ori-
gin along the z-axis [21]:
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3.4. Three dimensional optical lattice

εl(x, y, z) =
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(3.26)

Equation 3.20, and Eq. 3.26 are equivalent under a change of variables k$z /
(k$z$ &

4 ) and k#y / (k#y+ &
2 ). A prolongation of the optical path of beam

1 with 2δ will thus lead to a phase change of the lattice by &
2 along the y-axis

and by &
4 along the z-axis. In the particular case of θ = 45% and ϕ = 2δkl,

the phase change along the x- and y-axis will be equal to

ϕ

4
=

2
4
Lkl =

2
4
L

2π
λl

= L
π

λl
. (3.27)

Along the z-axis the phase change will be given by

ϕ

2
=

1
2
2Lkl = L

2π
λl

. (3.28)

Finally, a phase shift of π corresponds to an increase of 1
2
&

2
λl in physical

space. Moving the translation stage a distance L will displace the lattice
by L

2
&

2
in the ẑ direction, and by L&

2
in the ŷ-direction. As mentioned, the

optical path lengths in the experiment are adjusted by changing a distance
between a set of two facing prism, mounted on linear translation stages, see
chapter 4.4. Each of the four beams are aligned through each of these sets.
Therefore, it is possible to change the optical path lengths of the beams.
This enable us to set a phase shift in any direction of the optical lattice.

Changing the optical path length of a pair of beams

By extending this to a simultaneous change of the optical path length of
beam ε1 and beam ε2, see fig. 3.8, the electrical field can be written as

ε1 = ε0x̂ cos(+k#y $ k$z + ϕ$ ωlt)
ε2 = ε0x̂ cos($k#y $ k$z + ϕ$ ωlt). (3.29)

This procedure can also be done for the beam pairs (ε3, ε4), (ε1, ε3), (ε1, ε4),
(ε2, ε3) and (ε2, ε4). Because of the symmetry of the laser beam configu-
ration; for the case of ε1 and ε2, a prolongation of &

2 in both of the beams
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3.5. Introduction to double optical lattices

results in an total translation of the lattice by ϕ/2 along the z-axis while the
position along the y-axis remains unchanged due to symmetry conditions.
By simultaneously changing the optical beam paths the same amount for
a pair of beams it is possible to induce phase shifts only along one specific
direction in the cartesian system.

3.5 Introduction to double optical lattices

Our single optical lattice operates from the hyperfine ground states Fg = 4
in the 6s 2S1/2 ground level and is slightly detuned below the resonances to
the excited Fe = 5 state in the 6p 2P3/2 state in 133Cs. One additional beam
is added to optically repump atoms back to the Fg = 4 ground state, see
fig. 3.9a.

The idea of a double optical lattice is to use two different transitions to
trap two different ground state atoms in two spatially overlapping lattices
that are created by two distinct laser fields with angular frequencies ωA and
ωB (see fig. 3.9b). In our 3D double optical lattice, the repumper beam
used in standard laser cooling schemes (see section 4.1) is replaced by an
additional lattice, also detuned below resonance [20]. This lattice will simul-
taneously act as a repumper and trap atoms. The two lattices are spatially
overlapped and have the same phase independent topographical structure
and beam modes. Our double optical lattice simultaneously traps atoms in
the Fg = 3 (lattice A) and Fg = 4 (lattice B) hyperfine ground states by
using beams of two distinct angular frequencies, ωA and ωB, operating on
two hyperfine ground states, see fig. 3.9c.

To avoid cross-talk between the respective lattices, one important feature
is that the energy separation between the ground states Eg (see fig. 3.9b)
is large enough such that ∆Eg ! ∆Ee. Thus, the lattices will not dephase
significantly across the lattice volume (diameter L) (∆Eg % c!

L ) and the
lattice constants are practically identical through out the whole atomic cloud
size (1/e-diameter (2 mm). Additionally, the detunings have to be small
enough to preserve the selectiveness between the two optical lattices.

27



3.5. Introduction to double optical lattices

Fe = 5

Fe = 4

Fg = 4

Fg = 3

!!B !!A

a) b)

} &Eg

} &Ee
!&B

Fe = 5

Fe = 4

Fg = 4

Fg = 3

!!B

} &Eg

} &Ee

Repumper
beam

c)

}!&B}
!&A}

'

$(4,$)4 z

x

y

e4

e2

e1

e3

$(2,$)2

$(1,$)1

$(3,$)3

'

Figure 3.9: a) Partial level diagram (not to scale). One laser with angular frequency !B

operate from the hyperfine ground states Fg = 4 and is slightly detuned by !#B below
the excited Fe = 5 state. The repumping laser beam is resonant to the Fg = 3 # Fe = 4
transition and optically pumps atoms back to the Fg = 4 ground state. b) Laser angular
frequencies !A and !B operates from the two hyperfine ground states Fg = 3 and Fg = 4
respectively, with the energy spacing #Eg, both slightly detuned below the excited states
Fe = 4 and Fe = 5 by an amount !#A and !#B, with the energy spacing #Ee. b)
Beam configuration for a three dimensional double optical lattice with phase independent
topography. Beam pairs #A1 , #B1 and #A2 , #B2 propagate in the yz-plane at an angle %
related to the quantization axis z. Both have polarizations e1 and e2 orthogonal to the
yz-plane. Beam pairs #A3 , #B3 and #A4 , #B4 propagate in the xz-plane at an angle % to the
quantization axis and have polarizations e3 and e4 orthogonal to the xz-plane.

———————————————
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Chapter 4

Experimental setup and
detection methods

In this chapter, a general overview of the experimental setup is presented,
including various diagnostic tools used. The experiment contains hundreds
of optical components, such as wave-plates, mirrors, lenses, prisms, crystals
etc., all aligned with high precision. The lasers used are both home-built
diode lasers and commercial diode and solid-state lasers. The experiment
is carried out in an ultra-high vacuum environment, to minimize unwanted
collisions with the residual gas, supported by several vacuum pumps dis-
tributed along the experimental setup. The control of the experimental
sequences and the data acquisition are done by custom-made LabView pro-
grams operating on two PCI cards.

4.1 Cooling transitions and laser setup

The 6s 2S1/2 ground state in 133Cs [61], splits into two hyperfine ground
levels, Fg = 3 and Fg = 4 respectively, separated by approximately 9.2 GHz.
The excited level 6p 2P3/2 has four hyperfine levels, Fe =2, 3, 4 and 5, see
fig. 4.1. Atoms that are optically excited from Fg = 4, have a probability
to decay to Fg = 3 ground state by absorption of non-resonant photons
followed by spontaneous emission. For this reason, a repumping laser field
resonant with the Fg = 3 / Fe = 4 transition is added in order to optically
pump atoms back to the Fg = 4 ground state.

More than twenty different laser beams, produced from eight lasers are
used in most of the experiments. Five of them are homebuilt single-mode
diode lasers [59, 60], where three of them are low power ((50 mW) external
cavity diode lasers (master laser II, stopping lasers I and II, see fig. 4.1),
producing narrow-band light (bandwidth of approximately 1 MHz) with a
single mode tunability of (1 GHz. These lasers are actively locked on the
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4.1. Cooling transitions and laser setup

crossover resonances1 4 1 5 and 3 1 4 respectively, which are by-products
from saturation absorption spectroscopy [64]. The remaining two home-built
diode lasers are free run, high power ((200 mW) lasers (slave lasers I and II),
which acts as amplifiers. These slave lasers are injection locked from master
lasers I and II, where weak beams are fed into the slave lasers, forcing them
to lase in the same spatial modes and frequencies [65]. Three other lasers
are commercial lasers. One is a tapered amplifier laser (Toptica TA100)
of (700 mW which serves as master laser I. The remaining two lasers are
solid state Ti:sapphire laser systems (Coherent MBR110) with a power of
(2.5 W (omitted in fig. 4.1). All laser beams are shifted slightly in frequency
by acousto-optical modulators (AOM) to fulfill the various experiments and
to rapidly switch frequencies, irradiances and to provide short shut-off times
of the beams.

Fe = 5
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6p 2P3/2

48*

38.5*

E/h

4x5

3x4

2AOM III
2AOM VII

2AOM VI
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Slave I
Lock

Lattice B

Probe
MOT
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6s 2S1/2
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2AOM IV
AOM IIX

Master II

Slave II

Lock

Lattice A

Stopping II

AOM IX

Repumper

Fg = 3

Fg = 4

1762*

Figure 4.1: Laser configuration scheme illustrated in the excited 6p 2P3/2 manifold. The
scheme shows two sets of transitions. Two lasers operating from the Fg = 4 ground state
(Master I and Stopping I lasers) and two lasers from the Fg = 3 ground state (Master
II and Stopping II lasers) in the 6s 2S1/2 ground state. The stopping lasers I and II are
frequency chirped with an amplitude of %100 Hz (indicated by the tilted lines) and serves
as the atomic beam deceleration lasers. From each master laser, several AOMs are used for
frequency shift for active locking, injection locking, frequency tuning of the probe beam,
(time-of-flight detection) and for frequency and irradiance control of the optical lattice
lights (lattices A and B). The energy splittings are not to scale and the Fe = 2 excited
state is omitted.

1Crossover resonances occurs when the laser frequency is tuned exactly between any
two transitions [64]. It is caused by absorption of a beam by two groups of atoms in a
vapour. One group has velocities that ”red” shift the light and the other that ”blue” shifts
the light into resonance.
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4.2. Experimental setup

4.2 Experimental setup

Initially, atoms are loaded into the trapping region from a chirp-slowed
atomic beam [38], from a resistively heated ((180%C) oven that produces a
vapour pressure of about (4 Pa [66]. Two spatially overlapped frequency
chirped laser beams decelerate the atoms from a thermal velocity of about
300 m/s [39], to typically 25 m/s, enough for efficient trapping in a MOT.
The oven is connected to the main experimental chamber via a narrow
stainless steel tube to secure a pressure gradient between the chambers, see
fig. 4.2. The experimental chamber is pumped by a NEG (non-evaporative
getter) pump and one ion pump, to maintain a pressure in the low 10"7 Pa
regime during operation. The oven chamber is pumped by a turbo pump,
yielding a pressure approximately one order of magnitude higher.

The experimental chamber is a cylindrical stainless steel tank, with nu-
merous flanges used for feedthroughs and viewports. The magnetic coils for
the MOT are mounted inside, around the centre of the chamber, generating
a magnetic field gradient of approximately 100 mT/m. Parts of the diag-
nostic tools used are mounted inside the chamber. A large area photo diode
for time-of-flight (TOF) measurement, is attached approximately 5 cm be-
low the trapping region onto the bottom flange of the chamber, mounted on
custom mounts to maintain optical access.

1

3

2 4

5

Figure 4.2: Photo of the experiment. From left: oven chamber (1), turbo pump (2),
NEG pump (3) and ion pump (4). The experimental chamber (5) is mounted on top of
a small optical table consisting mainly of polarization optics and mirrors for alignment
of MOT beams, lattice beams and diagnostic probes. In the back, a large optical table
with diode lasers, saturation absorption spectroscopy setups, AOMs and di!erent optics
needed for the experiments, can be seen.

An ion detection system is mounted between the magnetic coils, consist-
ing of two hollow cylinders; one extraction cylinder and one that is grounded
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4.3. Data acquisition and experimental control

[67]. These are mounted 33 mm from the origin opposite of each other and
in line with an MCP detector, which is mounted 10 cm from the origin, see
fig. 4.6.

4.3 Data acquisition and experimental control

4.3.1 Hardware

The experiment is controlled with two PCI DAQ cards from National Instru-
ments, mounted in a Dell Precision WorkStation 370, with an Intel Pentium
4 processor of 2.80 GHz and 512 MB RAM internal memory. One is a
NI 6229 card, which is an M-series multifunction DAQ card that supports
both analog I/O and digital I/O. The second card is a NI 6722 card with
digital I/O and with more analog I/O compared to the NI6229 card. Ad-
ditionally, there is also an NI PCI-GPIB (General Purpose Interface Bus)
card used, which is not used for data acquisition in the experiments, but
for communication with other electronic equipment. The DAQ cards both
support Direct Memory Access (DMA) for all analog and digital input and
output operations, which is necessary to obtain a high sampling rate of the
analog and digital outputs. With DMA support, the I/O data is directly
transferred from the computers RAM to the onboard memory of the DAQ
cards. This method does not require involvement of the computer’s CPU,
as is done normally with Interrupt Requests (IRQs), and therefore highly
benefits the transfer rates. The DMA is controlled by the PCI cards them-
selves. This means that all timing issues for controlling the experiment can
be completely hardware controlled, and are therefore independent of any
other simultaneously running processes on the computer. The NI 6229 card
has 32 analog inputs, but for the experiment they are used in a differential
mode, where every analog input channel has its own reference channel. This
means that the analog inputs are split up in to 16 signal channels and 16
corresponding reference channels. Differential measuring reduces the noise
pickup and increases common-mode noise rejection, which gives a better
signal-to-noise ratio.

4.3.2 Software

The heart of the experimental control is a Labview-based data acquisition
and control program. The program operates on the two PCI DAQ cards,
described in sec. 4.3.1, providing several analog and digital in-and outputs
with a real-time resolution of 10 µs for triggering mechanical shutters, mag-
netic field, AOMs, various synchronization features, data acquisition, and
for retrieving signals. The program is written to enable selectable fitting
options for analytical purposes, and do also provide arbitrary interfaces for
different types of diagnostics. An additional computer, synchronized with
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4.4. Laser beam configuration and alignment

the two NI PCI-cards, is equipped with a frame grabber card for video image
capture and for image analysis.

4.3.3 Experimental sequences

There are several parallel operations in each time sequence in the experi-
ment. First, the trap is loaded for approximately 4 s from the atom source
by chirp-slowing the atomic beam. Meanwhile, magnetic field, MOT-beams
and the repumper beam (resonant with the Fg = 3 / Fe = 4 transition),
overlapped with one of the MOT-beams, are on. Secondly, a cold MOT
phase is obtained by switching the chirped beams off while reducing the
irradiance and increasing the detuning from resonance for the MOT-beams.
This sequence is approximately 100 ms long. The magnetic field is then
rapidly turned off and an optical molasses with temperature T ( 20 µK is
obtained after 10 ms, after another change of the detuning and the irradiance
similarly to the previous sequence. To cool the atoms even further, a cold
molasses phase of approximately 2 ms is performed, where the irradiance
is reduced and the detuning is even further increased, yielding a selectable
final minimum temperature of (4 µK. These sequences render atoms that
can be trapped in an optical lattice. By switching the MOT-light off, and
simultaneously switching on the lattice light/lights, we typically trap 90%
of the initial number of atoms contained in the cold molasses.

4.4 Laser beam configuration and alignment

An important part of successful trapping, and of quantitative studies of
atoms in optical lattices, is high precision of beam alignment and good
control of irradiances, frequencies and spatial modes of the laser light. A
crucial part is the power balance between the beams (see paper I). For
a single lattice this is relatively easy, but to successfully realize a double
optical lattice, it is essential to reduce polarization impurities in the beams.
The double optical lattice is created from two lasers, A and B, see fig. 4.3a,
operating from each hyperfine ground state Fg = 3 and Fg = 4. The two
beams with orthogonal polarizations are spatially overlapped and is split
into four beam paths. Before splitting the beams into four branches, the
light is both spatially filtered and spatially overlapped using a polarization
maintaining (PM) single mode fiber. This fiber maintains the orthogonal
polarizations of the beams along the fiber. The light is then split into two
parts of equal power by polarization optics. The polarization of each part
is further cleaned with a pair of Glan-Thomson polarizers in each arm. The
two parts are split into four branches, each travelling through a pair of
facing prisms, mounted on linear translation stages, for manipulation of the
relative spatial phase in an arbitrary direction in three dimensions. Finally,
each branch containing the laser fields (εA1 , εB1), (εA2 , εB2), (εA3 , εB3) and
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4.4. Laser beam configuration and alignment

(εA4 , εB4) of equal power is further cleaned by additional polarization optics
before entering the experimental chamber with a 1/e 2-diameter of 7.5 mm.
The four beam pairs are aligned such that they create an angle θ of 45% with
the quantization axis ẑ, see fig. 4.3b.

Laser beams with this very clean polarization states resulting in a power
imbalance in the individually laser beams of less than 1% (see paper I).
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Figure 4.3: a) Schematic view of the branching of irradiances, needed to realize the
double optical lattice. Two beams, laser A and laser B, of slightly di!erent wavelengths
are initially overlapped into a polarization maintaining optical fiber, stretched in a bow-
tie structure (see figure inset) to maintain the orthogonal polarizations of the two beams.
G1 and G2 are Glan-Thompson polarizers. (#A1 , #B1), (#A2 , #B2), (#A3 , #B3) and (#A4 ,
#B4) are the resulting four beam pairs that enter the experimental chamber. Each final
branch passes through a linear translation stage (LTS), containing two facing prisms,
whose distance a can be adjusted manually for a change in the optical path length of L.

4.4.1 Rapid displacement using an electro-optic phase mod-
ulator

To rapidly change the relative spatial phase between the two optical lattices
an electro-optical phase modulator (EOPM) is implemented in the setup.
This enables phase shifts within the coherence time, which is of the order of
some microseconds. This makes quantum manipulations in optical lattices
possible and requires modifications to the setup shown in fig. 4.3. This device
is placed in one of the two arms directly after a 50/50 beam splitter cube,
see fig. 4.4, which maintains the orthogonal polarizations in the two arms.
This device phase shifts only one polarization component with a rise/fall
time shorter than 1 µs. This implementation results only in rapid phase
shifts in the vertical z direction. Note, by complementing each LTS with
an EOPM, rapid displacements of one optical lattice in any direction are
possible.
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Figure 4.4: Schematic illustration of the setup that allows rapid displacement of one
lattice in the vertical z direction. BS: 50/50 beam splitter.

In chapter 7, results of a three dimensional Brownian motor, realized
in a double optical lattice can be seen. For e.g. real-time studies of this
Brownian motor we have performed a few measurements where this EOPM
is phase shifting on lattice respectively to the other lattice. The result can
be seen in fig. 7.11, covering a relative spatial phase of ( 8π. The conclusion
from the results is that future real-time studies of this Brownian motor is
achievable with this device by controlling its speed.

4.5 Diagnostics

The diagnostic tools used in the experiment are based on different main
methods that accurately map out velocity distributions, the number of
atoms, the number density, and the center-of-mass position of the atomic
cloud. Our most accurate technique is the so called time-of-flight technique
(TOF) [31], which provide high resolution for analysis of the velocity dis-
tributions in the vertical direction. From the velocity distributions, we can
extract the temperature and the number of atoms in the atomic cloud. The
number density is measured with an absorption imaging technique, which
also provide the center-of-mass-position of the atomic cloud.

4.5.1 Time-of-flight detection

The idea is to measure the time it takes for the atoms to fall, under the influ-
ence of gravity, from the trapping region down to a given position (typically
5 cm), where it passes trough a thin resonant probe. The detected fluores-
cence yields a distribution of arrival times. This distribution is converted
by classical ballistic mechanics to a velocity distribution, and under ther-
modynamic equilibrium conditions, one may assign a Maxwell-Boltzmann
distribution to the distribution:

N(v) = N0 exp
/

mv2

2kBT

0
, (4.1)

where N0 is a normalization factor and v is the rms velocity. It is straight-
forward to convert the arrival time ta to a corresponding initial velocity
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v(ta).

v(ta) =
1
2gt2a $ l

ta
, (4.2)

where l is the distance between the trapping region and the location of the
probe and g is the gravitational acceleration. The velocity distribution is
then mapped to:

V (ta) = V0 exp

1
m(1

2gt2a $ l)2

2kBTt2a

2

, (4.3)

where V corresponds to the signal from the photo detector that registers the
fluorescence signal. By putting V (ta) = V0

2 , assuming that the probe beam
is infinitely thin, and by approximating the atomic cloud as point-like before
release, the full-width-half-maximum (FWHM) of the signal becomes:

∆tv =
1
g

+
8kBT ln 2

m
. (4.4)

Taking a finite probe and cloud size into account will lead to a broaden-
ing of the signal. To compensate for this one can approximate the clouds
initial spatial distribution and the irradiance distribution of the probe with
Gaussian distributions. This yields straightforward additions of error con-
tributions of the form: σtot =

,
σ2

a + σ2
b, [59, 60], where σa and σb are the

1
e -radii of the thin Gaussian probe beam and atomic cloud respectively. The
two contributions are independent of each other and can therefore be treated
separately.

The probe is around 50 µm thick and a typical atomic rms diameter
of the atomic cloud is 0.4 cm. This probe thickness contributes to a slight
broadening of the distribution and corresponds to a temperature difference
of 100 nK, becomes significant at much lower temperatures than our typical
experimental temperature regimes. In fig. 4.5, raw data is displayed for a
typical TOF-signal corresponding to (7 µK cold atoms trapped in a single
optical lattice. The temperature is determined from a Gausian fit to the
TOF-signal, where ∆tv is extracted.
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Figure 4.5: A typical experimental time of flight signal. Raw data showing the arrival-
time distribution of atoms trapped in a single optical lattice after an average of two
TOF-signals.

This technique also provides a the number of atoms. This is derived by
numerically integrating the TOF-signal. The number of atoms NA can be
expressed as

NA =
4π
dΩ

1
RD

λ

hc

2
Γ

Nc

3

4
5 I0

Isat
exp

(
"(vt)2

2'2
z

)

1 + 4
6
#
"

72 + I0
Isat

exp
(
"(vt)2

2'2
z

)dt

8

9
"1

, (4.5)

where dΩ is the solid angle from probe to the photo diode, RD is the photo-
diode response, Nc is the integrated current recorded on the photo diode, I0

is the peak irradiance from the probe beam, Isat is the saturation irradiance
(for cesium Isat = 1.09 mW/cm2) and σz is the 1

e -radii of the signal.

Note that the experimentally measured velocity distributions from atoms
trapped in optical lattices slightly deviates from a pure Gaussian distribution
(see chapter 5). Therefore the extracted value for the temperature and
the number of atoms has also an error due to this deviation. Actually, in
chapter 5 both numerical simulations and experimental results shows that
there is in fact a bimodal velocity distribution of atoms cooled and trapped
in dissipative optical lattices which.

4.5.2 Construction and analysis of a low noise TOF-detection
system

Our TOF-signal is our main diagnostic tool used motivated by its high
quality. This quality comes about as a combination of several things. During
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long time of developments and improvements, the signal to noise ratio has
become high. First, the probe beam (resonant with the Fg = 4 / Fe = 5
transition) is spatially filtered by a single mode optical fiber. Thereafter, the
probe beam is focused (5 cm below the centre of the trap by a high quality
cylindrical lens of focal length f = 1000 mm. The focal length is chosen
such that the Rayleigh range of the beam waist is large enough to maintain
approximately the same width within the size of the expanded atomic cloud.
The atomic cloud falls through the probe and fluoresce. This fluorescence
is detected by a sensitive large area photo diode (EG&G, UV-444, BQ).
The current from the photo diode is conducted by a shielded kapton cable
(MDC, KAP3), which is connected to a vacuum feed through. Outside of
the chamber, a shielded home-built aluminium box connects a short BNC-
cable ((20 cm) to a precision current-to-voltage amplifier (Melles Griot).
From the amplifier, the signal is fed into one analog differential mode input
for data acquisition.

Besides the hardware, a lot of effort has been invested in grounding
problems, where ground loops and e.g. low noise contributions from vacuum
pumps has been reduced.

1

2

3

4

5

Figure 4.6: Photo from the interior of the experimental chamber. Large area photo
diode for TOF detection (1), shielded kapton cables from the photo diode (2), illustration
of the flat resonant TOF-probe beam (3), hollow cylinders for ion detection (4), extraction
cylinder to the left and the grounded one to the right (mounted in between the two MOT
coils), MCP detector (5). In the photo, an illustration of an expanding atomic cloud,
falling through a TOF-probe, is shown.

The number of detected atoms is an important component, since the
signal-to-noise (S/N) ratio depends on the strength of the signal. Another
important component to reduce the noise and loss of atoms is stray light.
Stray lights from computer screens, resonant stray lights from the large
optical table, different kinds of lamps and LEDs and from various electronic
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equipments is reduced by shielding of the experimental chamber with black-
out material. Reflected light from the probe at the inside of the probe
entrance widow is cancelled by a slight downward tilting of the probe beam
such that pre-scattered photons are reduced. To prevent resonant stray light
during the time of free fall, the probe beam is rapidly turned on and off by an
AOM within a time window of typically 40 ms. Additionally, the irradiance
of the probe is kept slightly above saturation to ensure 100% of detection,
this also reduces scattered stray light.

In fig. 4.7a, experimental data of an average of four TOF-signals, con-
taining 6000 points, showing the velocity distributions of atoms trapped in
an optical lattice for two lattice times τ = 20 ms and τ = 500 ms. In
fig. 4.7b, an enlarged part of the signal from fig. 4.7a is shown. Even though
the signal is only an average of four signals, the noise level is low.

This clean signals provides experimental studies of cooling dynamics
where small features in the velocity distributions of atoms trapped in dissi-
pative optical lattices can be studied (see papers II, III, IV and V).
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Figure 4.7: a) An average of four TOF-signals for typical lattice parameters and for
lattice times & =20 ms (black curve) and & =500 ms (blue curve). The total number
of points is 6000 for each curve. b) Selection from figure b, showing a small part of the
signals where hardly any noise is present.

In fig. 4.8, a power spectrum of the the signal from fig. 4.7 for the signal
corresponding to a lattice time of τ =20 ms is shown. The power spectrum
is truncated at frequencies below 1 kHz, due to large contributions from the
signal itself. Frequencies above 20 kHz is essentially white noise and below
20 kHz, a typical 1/f-noice characteristics is visible, probably due to the
current-to-voltage amplifier characteristics.
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Figure 4.8: Power spectrum of a signal that is the average of four runs of the time-
of-flight probe. We only show the part of the power spectrum that is dominated by the
noise. The spectrum is normalized so that its value at 0 Hz is 0 dB.

Figure 4.9a is a high-pass filtered version of the signal (τ =20 ms) from
fig. 4.7, where frequencies below 1 kHz is truncated. A histogram plot of
these values are displayed in fig. 4.9b together with a Gaussian with the
same variance as the signal. Looking at the width of this Gaussian, we see
that the S/N ratio in this signal is approximately 2000. Since the data is
an average over four samples this means that the S/N ratio of the signal is
approximately 1000 for a single shot. The shape of the power spectrum in
fig. 4.8 indicates that the major part of the noise comes from frequencies
below 20 kHz. Generally, the power spectrum is consistent with electronic
noise with large S/N ratio of about 1000-2000.
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Figure 4.9: a) The signal after high-pass filtering. There are still some features left
around 100 ms, however using a higher cut-o! frequency also removes part of the noise
from the peak in the data. b) The noise data in a) is plotted as a histogram and compared
with a Gaussian having the same variance as the signal from a).

Future plans involves both improvements and constructions to increase
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the number of trapped atoms by an improved system for creating atomic
beams.

4.5.3 Absorption imaging

In absorption imaging [68], a weak resonant laser beam is used. The beam
is expanded such that it illuminates the whole atomic cloud. The method
works as follows: the probe beam is directed towards the atomic cloud; a
short probe pulse is initiated, the atoms absorb some light and the resulting
shadow is imaged 1:1 onto a CCD detector (Apogee Alta U2000). This is
illustrated in fig. 4.10a. Directly afterwards, an image without atoms is
captured (MOT beams are switched off) and is divided with the first one,
resulting in an image with atoms and without the background, see fig. 4.10b.

2f2f

CCDCCD

a) b)

/

Figure 4.10: a) The atomic cloud absorbs a short probe pulse and exposes a 1:1 image
of the shadow onto a CCD chip. The imaging lens have a focal length, f , of 20 cm. b)
The quote between an image without atoms and one with atoms, results in an image of
only the atomic cloud.

The rate at which scattering of photons of energy !ωp reduces the ir-
radiance of the beam on the CCD chip of pixel area A, can be expressed
as

∆IA = $γ!ωp

A
, (4.6)

where γ is the photon scattering rate defined in Eq. 2.13, where the sat-
uration parameter s0 = IA(NA)/Isat is used. The photon scattering rate
for large atomic densities is treated as a continuos variable [69], and the
irradiance reduction can be written as

dIA(NA)
dNA

= $!ωpΓ
2A

IA(NA)/Isat

1 + IA(NA)/Isat + 4(∆/Γ)2
. (4.7)

Integrating over the number of atoms, after separation of variables, leads to
the expression

NA =
2AIsat

!ωpΓ

/6
1 + 4(∆/Γ)2

7
ln

#
IA(0)

IA(NA)

$
+

IA(0) $ IA(NA)
Isat

0
, (4.8)
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where the term IA(0) $ IA(NA) can be neglected due to the low irradiance
in the probe beam, and the ratio IA(0)/IA(NA) is extracted from the two
captured images, with and without atoms. Summing over all pixels on the
CCD array, the final expression for the number of atoms becomes

N =
2AIsat

!ωpΓ

:

pixels

/6
1 + 4(∆/Γ)2

7
ln

#
IA(0)

IA(NA)

$0
. (4.9)

From the resulting image, the atomic cloud profile is fitted to Gaussian
functions in both the horizontal x and the vertical z directions in order to
extract the size of the cloud, and the center-of-mass position. Equation 4.9
is derived under the assumption of a two level atom with a Clebsch-Gordan
coefficient of one. Corrections for a real atom has to be taken into account
as

Ncorr = kcorrN, (4.10)

where the correction factor kcorr is the ratio between the total number of
scattering events for the two level atom, S

$
tot, and the real number of scat-

tering events Stot [70]. This correction factor has, for a probe pulse of 50 µs
and s0 = 4, the value of (1.05.

For extraction of the temperature, images of the cloud are captured at
different time delays after release from the trap. Additionally, by capturing
images at different time delays, spurious drifts of the atomic cloud can also
be detected. Two pictures are acquired, with and without atoms, and from
the reduction of light in the probe irradiance profile it is possible to extract
the physical properties of the atomic cloud, such as the atomic cloud size,
the number of atoms and the centre-of-mass position. This technique pro-
vides a way to determine the velocity spread along both the horizontal and
vertical directions.

———————————————
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Chapter 5

Cooling dynamics and
bimodal velocity
distributions in dissipative
optical lattices

5.1 Introduction

The increasing interest for the physics of optical lattices has led to the devel-
opment of different theoretical models, which permit to explain and predict
a great number of experimental observations, in a more or less quantitative
manner.

Generally, for multilevel atoms, population transfer and coherences be-
tween degenerate levels open up the possibility for more subtle cooling mech-
anisms. The Sisyphus cooling model previously described is derived for a
simple atomic system where there is a competition between a friction force
and diffusion.

The main objective of the work presented in this section has been to
investigate the complex mechanisms behind laser cooling. This work is based
on both experiments and on numerical simulations, where both semi-classical
and a wave function approach have been used. Previous work [56] has shown
strong evidence of non-Gaussian features in the velocity distributions of
atoms trapped in dissipative optical lattices. Recent works (papers II, III,
IV and V) and confirms the findings in [56] and further investigate the
dynamic behaviour of atoms trapped in dissipative optical lattices.

Even though the standard Sisyphus model [35] has been a cornerstone
for interpreting the cooling mechanism, it is clear that this model does not
fully reproduce the experimental and theoretical observations. Additionally,
both experiments and numerical simulations show features of a dual mode
population (paper V), which evolve in time by a gradual transfer of atoms
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going from a hot to a cold mode.

5.2 Theoretical approach

The dynamics of atoms with degenerate ground states in dissipative optical
lattices can be approached by several theoretical techniques. The conven-
tional starting point is the generalized optical Bloch equations [49], derived
using the rotating wave approximation, which determine the evolution of
the density matrix ρ

ρ =
#

ρee ρeg

ρge ρgg

$
. (5.1)

The diagonal terms ρgg and ρee contain the populations of the ground and
excited states and the Zeeman coherences [38]. The non-diagonal terms,
ρeg and ρge (where ρeg = ρ†ge), characterize the optical coherences. The
generalized optical Bloch equations describe the interaction between atom
and light and can, in a time-dependent form, be expressed as

dρee

dt
=

1
i!

/
P2

2m
, ρee

0
+

1
i!

(
;V (+)
AL ρge $ ρeg

;V (")
AL

)
$ γρee, (5.2)
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=
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, ρeg

0
+

1
i!

(
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dρgg
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=

1
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2m
, ρgg

0
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1
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;V (")
AL ρeg $ ρge

;V (+)
AL

)

+
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8π
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d2Ωk

:

(#k

%
;d · ε!

&
e"ik ·Rρeeeik ·R

%
;d
†
· ε
&

. (5.4)

;V (±)
AL is the electrical dipole interaction between the atom and the laser field,

γ is the photon scattering rate at low irradiances, ;d/;d
†

is lowering/raising
part of the atomic dipole operator, P is the momentum vector of an atom,
and ε is the polarization of a spontaneously emitted photon with angu-
lar wavevector k . The generalized optical Bloch equations can be solved
directly in order to study the dynamics, but it requires an enormous com-
puter power. Therefore, some less computationally demanding theoretical
approaches have been developed, based on standard approximations and
simplifications.

The atoms spend most of their time in the ground state, and the average
kinetic energy of the atoms in the lattice corresponds to a temperature that
is smaller than the temperature assigned by the Doppler limit. Therefore,
both the optical coherences, ρeg and ρge, and the population of the excited
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state can be adiabatically eliminated, resulting in a master equation of the
ground state matrix ρgg [49].

dρgg

dt
=

1
i! [He$, ρgg] +

#
dρgg

dt

$

dissipative.

. (5.5)

The above master equation, can be split into two parts. First, a reactive
part, containing the time evolution of ρ under the influence of an effective
Hamiltonian, He$, which is a sum of the kinetic part of the atomic motion
and the light shift operator. Secondly, a dissipative part describing the
damping of the density matrix under the influence of different processes of
photon absorption and emission. That is, this relaxation part describes the
population transfer between different ground states through a combination
of laser excitation and optical pumping.

5.2.1 Semi-classical approach

The master equation 5.5 is the starting point for theoretical approaches to
solve dynamical properties of atoms trapped in optical lattices. One is the
semi-classical approach1, where the master equation is evaluated by Monte-
Carlo simulations, calculating the temporal evolution for a given number of
atoms. This approach treats the external degrees of freedom of the atom
classically, while the internal degrees of freedom are treated quantum me-
chanically. The Wigner representation [71] is particular well suited for this
problem. Transforming the master equation [72], one obtains an equation
for the evolution of the Wigner form W (R,P, t)

W (R,P, t) =
#

1
2π!

$3 5
d3u

<
R +

u
2

=== ρ(t)
===R $ u

2

>
exp

#
$ iP · u

!

$
,

(5.6)
where R is the position vector and u is just a dummy variable used for the
integration. The Wigner representation is well suited for semi-classical treat-
ments and represents the phase space quasi-probability distribution of atoms
trapped in optical lattices. This representation has the advantage that it
can be interpreted as a distribution of atoms with both R and P specified.
By restricting the atoms to a regime where the momentum changes due to
recoil kicks are small compared to the width of the momentum distribution,
two approximations can be made. One is a second-order Taylor expansion in
the small parameter

6 !k
#P

7
from the Heisenberg uncertainty relation of ∆R.

The second one is by neglecting the motion-induced couplings between two
adiabatic states, i.e., neglecting the non-diagonal elements in the Wigner
distribution. However, this semi-classical approach does not work for atoms

1In this semi-classical approach one keeps the internal structure of the atom, but de-
scribes the external degrees of freedom classically.
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5.3. Dynamics of the cooling process

that have quantum features such as quantized energy levels, tunneling or
coherent splitting of wavepackets. A more exact semi-classical approach is
to include the motion induced couplings and adding the non-adiabatic cou-
plings (paper III), i.e., taking the coherent couplings between the diabatic
states into account. Doing this gives, especially for atoms with higher an-
gular momenta, a more realistic picture, but it takes more computer power
to evaluate all the nondiagonal elements in the Wigner distribution in the
diabatic basis.

5.2.2 Monte-Carlo wave function approach

Another approach to solving Eq. 5.5 is by replacing the density matrix by
stochastic wave functions [42] and calculating the temporal evolution. The
Monte-Carlo wave function (MCWF) approach [54, 73] treats the time evo-
lution of a single stochastic wave function that is characterized by intervals of
Hamiltonian evolution interrupted by random quantum jumps, accounting
for the spontaneous emission of photons. By introducing atomic state vec-
tors for the |ψg# ground and the |ψe# excited state components, the coupled
linear Schrödinger equations are expressed as

i! d
dt

|ψe# =
#

P 2

2m
$ !∆ $ i!γ/2

$
|ψe# + U (+) |ψg# , (5.7)

i! d
dt

|ψg# =
P 2

2m
|ψg# + U (") |ψe# , (5.8)

where P is the atomic momentum operator, U (±)is the light shift potential
and !∆ enters explicitly as the discrete energy offset of the excited state from
the ground state. The MCWF method offers a powerful technique to handle
higher momentum transitions, since the size of the wave function scales as
the number of atomic states. Compared to the semi-classical approach, this
full quantum approach requires more computer power, since the motion of
the atoms is treated quantum mechanically. With this method it is not pos-
sible to follow a certain atomic trajectory, as in the semi-classical approach,
but it offers all the quantum features of the dynamics superimposed into
one wavefunction.

5.3 Dynamics of the cooling process

A 1D full-quantum Monte-Carlo simulation has been performed for the Fg =
4 / Fe = 5 transition of the D2 line of cesium. It is performed over a series
of histories, and observables are recovered by averages of histories. The
momentum distribution D(P; t) is obtained from the time-dependent wave
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function ψhi by

D(P; t) =
1
N

N:

hi=1

|ψh(P; t)|2 , (5.9)

where hi labels the different histories. The time dependence of the cooling
process is obtained by considering a series of different histories where the
initial momentum for the atom is chosen randomly from a normal distribu-
tion corresponding to a temperature of 50 µK.

The time evolution of the cooling process shows that a narrow peak
gradually grows in the center of the momentum distribution and that the
population of the wings from the initial distribution decreases and spreads
out to higher momenta, see fig. 5.1. It appears as if the atoms are not
gradually cooled the way the standard Sisyphus model predicts, but instead
they are gradually populating the central feature, by a progressive transfer
from a hot to a cold mode.
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Figure 5.1: MCWF simulation of momentum distributions D(P) at di!erent lattice
times. The momentum is expressed in units of the recoil momentum Pr = h/$ for a
detuning # = !10$ and a potential well depth U0 = 127Er.

The corresponding experimental investigations are carried out for a 3D
single optical lattice for a variety of detunings ∆ and irradiances I of the
lattice beams. The experimental comparisons to the theoretical results ob-
tained in papers II, IV and V were achieved by using large sized lattice
beams, with a laser beam 1/e diameter of (4 mm. This enabled a trap-
ping efficiency of about 70% in the optical lattice from the initial number
of atoms trapped in the optical molasses. This reduced the molasses back-
ground, which otherwise may be a dominating feature in the wings of the
velocity distributions at short lattice times. Moreover, another important
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way to reduce the molasses background was to load the lattice from a rel-
atively hot molasses ((50 µK). This resulted in a quick diffusion for the
untrapped atoms (30%) which was necessarily to reduce the molasses back-
ground even more. At this temperature, the presence of the broad wings
was starting to be visible in the experiment due to a required time resolution
which the hardware that control the experimental sequences could not go
below. The velocity distributions where detected by a TOF technique, see
sec. 4.5.1 for details.

The experimental results are in good agreement with these numerical
simulations, showing that the time evolution of the cooling process is a
gradual transfer of atoms from a hot to a cold mode, see fig. 5.2a. Here,
the hot mode distribution shrinks and spreads out to higher momenta, and
it also decays due to diffusion out of the lattice, since this is finite in space
compared to the conditions in the theoretical models. This overall diffusion
is clearly visible in fig. 5.2b, where the lattice time was varied in steps up
to 220 ms.

2.0

1.5

1.0

0.5

0.0

-60 -40 -20 0 20 40 60

   0.2 ms
   1.0 ms
   5.0 ms
 10.0 ms

2.0

1.5

1.0

0.5

0.0

-60 -40 -20 0 20 40 60

   10 ms
   20 ms
   80 ms
 220 ms

a) b)

P/Pr P/Pr

Si
gn

al
 (A

rb
. u

ni
ts

)

Si
gn

al
 (A

rb
. u

ni
ts

)

Figure 5.2: Experimental momentum distribution at di!erent lattice times, for # =
!12.6$ and U0 = 217Er. a) TOF-signals for short times. The cold mode population
increases by a population transfer from the hot mode. b) TOF-signals for longer lattice
times, showing that atoms, still in the cold mode, di!using out of the lattice.

For both the numerical and experimental results we fit the momentum
distributions to double Gaussians;

D(P ) = Acold exp
?
$P 2/(2σ2

cold)
@
+ Ahot exp

?
$P 2/(2σ2

hot)
@
. (5.10)

For the numerical results, we investigate which parameters A and σ that
best reproduce the second,

A
P 2

B
, and the fourth,

A
P 4

B
, moments of the

distribution, while conserving the norm, with the constrains σcold < σhot,
see fig. 5.3a. No time dependence is seen in the width of the cold mode
(σcold), while the hot mode (σhot) is continuously heated. As can be seen in
fig. 5.3b, the relative populations are calculated as Aσ

-
2π for normalized
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distributions, showing that a steady state is reached after some time. Both
populations are exponentially evolving with time with a transfer rate of
( 790 s"1, calculated from exponential fits to the data. This is about 2
orders of magnitude slower than the scattering rate and about 15 times
slower than the localization rate measured for cesium in a 1D lattice [74].

Atoms in the hot mode never reach a steady state for longer times, but
the relative population in fig. 5.3b shows a steady state for each mode after
some time. The χ2 fit to eq. 5.10 of the experimental signal gives parame-
ters that also reproduce the constant momentum distribution width of the
cold mode, a relative population that show a cold mode gradually deplet-
ing the hot mode, and the emergence of a steady state condition, see fig. 5.4.

The semi-classical results are calculated by a second-order Taylor ex-
pansion of the Wigner distribution and recasted into a Langevin-type equa-
tion [40], i.e. by calculating phase-space trajectories instead of distribu-
tion of atoms. In fig. 5.5 a comparison between the semi-classical and
the full-quantum time evolution results are shown for a potential depth
of U = 130Er. Moreover, we chose the same initial momentum distribution
as in the full-quantum case, corresponding to a temperature of 50 µK. The
semi-classical results are in agreement with the full-quantum results, within
statistical errors.
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Figure 5.3: MCWF results showing the time dependence of the double Gaussian fit
parameters for the cold- and hot-mode. a) The widths "cold and "hot. b) Relative popu-
lations between the hot and the cold modes.
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Figure 5.4: Experimental results showing the time dependence of the Gaussian fit pa-
rameters for the cold (squares) and hot (circles) modes, for the experimental data shown
in fig. 5.2. a) Momentum distribution for the cold (squares) and the hot (circles) mode.
b) Relative population of the cold (squares) and the hot (circles) mode, with fits to expo-
nential functions (solid line).
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Figure 5.5: Numerical results of the time evolution of the momentum distribution for
a potential depth U = 130Er. The red curve shows the result from MCWF simulations,
while the black is semi-classical results.

The steady state momentum distributions, calculated for both deep and
shallow potential depths shows that

A
P 2

B
decreases linearly with the po-

tential depth to the turning point where décrochage [21, 56] appears, see
fig. 5.6. Also here, a comparison with full-quantum results is shown.

50



5.4. Bimodal velocity distributions in dissipative optical lattices

0 1000 2000 3000 4000 5000 6000
0

100

200

300

400

500

600

0 200 400 600 800
0

20

40

60

80

<
P 

2 >
/P

r

U/Er

Figure 5.6: Semi-classical results for
˙
P 2

¸
(circles) compared to full quantum results

(squares), for # = !10$.

5.4 Bimodal velocity distributions in dissipative
optical lattices

To further investigate the bimodality in the velocity distributions for atoms
trapped in dissipative optical lattices, we have performed 2D semi-classical
simulations based on paper III. This is done for different potential depths
and detunings, where untrapped atoms are defined as those who have eneries
larger than the potential depth, and trapped atoms as those having an
energy lower or equal to the potential depth.

By tracing the momentum for each individual atom, we have classified
two velocity groups, one cold (trapped) and one hot (untrapped). In fig. 5.7a,
results show a clear fraction of trapped and untrapped atoms in the lattice
for a potential depth that are below the limit where décrochage appears.
In fig. 5.7b are results for a potential depth that is slightly above, and in
fig. 5.7c far above this turning point.
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Figure 5.7: Numerical results showing trapped and untrapped momentum distributions
for # = 2$. a) Untrapped (blue) and trapped (black) atoms are shown for a potential
depth U = 30Er. b) Untrapped (blue) and trapped (black) for a potential depth U =
200Er c) Untrapped (blue) and trapped (black) for a potential depth U = 800Er.

In fig. 5.8a, we varied the potential depth in a range from U = 30Er to
U = 800Er. The average momentum for trapped (|ptr|) and untrapped
(|puntr|) atoms shows for different detunings that |ptr| decreases with U
while |puntr| shows the characteristic behaviour with a turning point seen
in [53, 56]. In fig. 5.8b, the relative population of trapped and untrapped
atoms shows that there is a clear transfer between the modes which could
potentially be described by a rate model.
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Figure 5.8: Numerical results. a) Momentum as a function of potential depth for
trapped (lower part) untrapped (upper part) atoms for di!erent detunings. b) Fraction
of the trapped an untrapped atoms as a function of potential depth.

It was shown in [75] that when neglecting the spatial modulation of
the optical lattice and thus the the possibility of trapping, the momentum
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distribution of atoms is in the form of a Tsallis function [76]. In paper V, it
is shown that the momentum of untrapped atoms does not follow a normal
distribution, while trapped atoms does. This indicates that the system is
non-ergodic [77].

5.5 Discussion

For multilevel atoms, laser cooling in a lin+lin configuration is often be-
lieved to be fully explained by the Sisyphus model. However, this model
is developed for a simplified level structure (Fg = 1/2 / Fe = 3/2), and
its interpretations include substantial approximations, e.g. spatial averag-
ing. This severely limits the applicability of the model in real experimental
situations. For both experimental and theoretical results presented in this
chapter, it is clear that the Sisyphus model does not reproduce the data.

In paper IV, a comment on [78] highlights previous experimental and
theoretical results in [56], that a double Gaussian is a better approximation
to the momentum distributions of atoms in an optical lattice compared to
e.g. a single Gaussian or a Tsallis distribution. In [75], an analytic solution
of the motion yields a Tsallis distribution, but this model explicitly neglects
the spatial modulations of the potential an thus the trapping of atoms in
the potential wells, which is crucial in dissipative optical lattices [13, 14, 79].

A powerful model to simulate the motion of atoms in dissipative opti-
cal lattices presented in paper III, includes all the nonadiabatic couplings,
while other approximations used are similar to previous work, e.g., [53].
These results, presented in paper II, show an excellent agreement with both
experimental results and fully quantum mechanical simulations.

Small features in the experimentally measured velocity distributions, de-
viating from single Gaussian distributions, have been possible by a high
resolution velocity probe (see section 4.5.2). This shows that the velocity
distribution of atoms, laser cooled in an optical lattice, is bimodal. This has
been strengthen by the theoretical results in paper V, where even at very
low light shifts, a majority of atoms are in a trapped (cold) mode, while the
overall velocity distribution will be strongly influenced by untrapped atoms.
Results in paper V indicates that the untrapped atoms contribute essentially
to the wings of the distribution, which are found to decay following a power
law.

In conclusion, I want to further stress that the momentum distribution
of atoms in optical lattices is better explained in a bimodal picture than
by the standard Sisyphus model, which may only be relevant in the very
beginning of the loading phase into optical lattices.
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5.6 Conclusion and outlook

The transfer of cold atoms between the hot and the cold mode might be
possible to describ by a rate model. This statement is based on an overall
insight of the findings given by the results presented in papers II, III, IV
and V, which the standard Sisyphus model does not predict.

For the numerical simulations it is clear that in the semi-classical ap-
proach it is important to include both populations and coherences between
the internal states of the atom to achieve an accurate comparison to full
quantum mechanical calculations, while the external degrees of freedom, at
least, seems at least in some situations, to be enough to describe classically.

Experimentally, even further improvements of the resolution of the ve-
locity probe is today in progress and from the results in paper V, a better
analysis of experimental results is possible and that the power-law tails in
the velocity distributions will be experimentally observed. This may open
up possible experimental studies of non-ergodicity in optical lattices.

———————————————
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Chapter 6

Double optical lattices

6.1 Introduction

In this chapter, the concept and experimental implementation of a double
optical lattice (DOL) is presented. The interest in systems such as a DOL
arise from a number of recent publications (see [80] and references therein)
where optical lattices are suggested as tools for quantum computation and
quantum state manipulations. In these suggestions, the relative position
between the optical lattices can be controlled and therefore also create in-
teractions between atoms in neighbouring lattice sites can be induced. This
leads to new possibilities for studies of cold collisions [81, 82, 83, 84]. A DOL
could, for example be used to build quantum logic gates [23, 24], generate
spin-squeezing [24] and to simulate ferromagnetism.

To construct a full scale quantum computer there are a number of pre-
requisites that would need to be fulfilled. In the above suggestions [23, 24],
atoms are assumed to be in the vibrational ground state, and for collisions
to be probable a high filling factor is needed. Many of these suggestions
may be possible with the present implementation of a fast electro-optical
phase modulator, which open up the possibility to displace the lattices in a
controlled manner, with precise control of both speed and position. A new
Raman sideband cooling scheme is proposed which optically pumps atoms
to the lowest vibrational ground states and together with a initially high
optical molasses density, provided by MOT-compression [46], a high filling
factor of atoms in the lattices could be possible.

This chapter ends with an introduction to a controllable 3D Brownian
motor realized in a double optical lattice.

6.2 Concept

The scheme is applied to optical lattices operating on the D2 line in Cs. Two
lasers are red detuned below the (Fg = 4 / Fe = 5) and (Fg = 3 / Fe = 4)
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6.2. Concept

transitions respectively, see fig. 6.1. The beam geometry for our DOL is an
extension of the 1D (lin+lin) configuration presented in section 3.5. The
resulting lattice structure is tetragonal, with alternating σ+/σ" sites that
trap atoms in different magnetic sub states, displaced by an amount given by
the lattice constants, a# = 2λl/

-
2 and a$ = λl/

-
2, which are perpendicular

and parallel to the quantization axis.
The advantage of using N + 1 beams for an N -dimensional lattice is the

robustness of the configuration against random phase changes in one or all
beams. If phase fluctuations in a laser occur, it happens equally in all four
beams of both the lattices. Consequently, there is no need to phase lock the
two lasers that generate the two lattices, and since the lattice lights follows
identical beam paths, with identical spatial modes, mechanical vibrations
only result in translations that will be synchronized for the lattices.

Fe = 5

Fe = 4

Fe = 3

Fe = 2

Fg = 4

Fg = 3

6s2S
1/2

6p2P3/2

~352 THz

151 MHz

201 MHz

251 MHz

9.2 GHz

!B

!A

!A
2+

!B
2+

Figure 6.1: Energy level diagram (not to scale) with transitions indicated. Two optical
lattice lasers with angular frequencies !A and !B operate from the two hyperfine ground
states Fg = 3 and Fg = 4, both slightly detuned by an amount #A,B, below the excited
states Fe = 4 and Fe = 5 respectively. The frequency splitting of the hyperfine levels are
indicated for both the ground and the excited levels.

The frequencies of the lattice laser beams differ by the hyperfine splitting
in the ground state of cesium, which is about 9.2 GHz. This is small enough
not to dephase the two lattices from each other within a typical atomic
cloud size (23 mm). Similarly, as in sec. 3.4, the electrical field for this
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configuration for either beam A or B can be written as [21]

ε(x, y, z) = 2ε0
/
cos(k$z)ei π

4

#
cos(k#y) + cos(k#x)

2

$0
ei$lt +

2ε0
/
sin(k$z)ei 3π

4

#
cos(k#y) $ cos(k#x)

2

$0
ei$lt +

2ε0
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cos(k$z)e"i π

4

#
cos(k#y) $ cos(k#x)

2

$0
e"i$lt +

2ε0
/
sin(k$z)e"i 3π

4

#
cos(k#y) + cos(k#x)

2

$0
e"i$lt, (6.1)

where k# = kl sin(θ), k$ = kl cos(θ), where θ is the angle between the beams
and the quantization (z-) axis and the circular polarization basis e±i$lt rep-
resents σ± lights. In section 4.4, experimental details was presented on how
the two laser beams A and B are spatially overlapped and aligned in a con-
figuration that enable relative spatial phase shifts between the lattices.

The light shift potentials for the lattice beams in a four beam (lin+lin)
configuration, operating from the Fg = 3 and Fg = 4 hyperfine ground
states, can be calculated, knowing the irradiance in the fields. The irradiance
for this configuration along the z-axis (x=y=0) at points of with pure circular
polarizations is

I = 8I0
?
cos2(k$z) + sin2(k$z)

@
. (6.2)

In the above equation, the terms cos2 and sin2 represent the irradiance in
the σ+ and σ" lights respectively. By introducing transition amplitudes
cge± to Eq. 6.2, and the general expression for the light shift, U = !|#|s0

2 ,
the expression for the light shift (∆ ! Γ) becomes

Uge =
!Γ2

∆
I0

Isat

(
c2
ge+ cos2(k$z) + c2

ge! sin2(k$z)
)
. (6.3)

By convenience, we rewrite Eq. 6.3 into the form

Uge =
!Γ2

2∆
I0

Isat

(
c2
ge+ + c2

ge! +
%
c2
ge+ $ c2

ge!

&
cos(2k$z)

)
. (6.4)

The coefficients are defined as [85]

cq
ge =

C
2Fg + 1

C
2Fe + 1

#
Fe 1 Fg

$Me q Mg

$-
Fe 1 Fg

Jg Ins Jg

.
, (6.5)

where the factor on the right hand side is the Wigner 3j-symbol and the
4th term is the Wigner 6j-symbol [86], q = ∆M = ±1, Jg is the total
angular momentum and Ins is the nuclear spin. By calculating Eq. 6.5 for

57



6.2. Concept

the Fg = 4 / Fe = 5 and Fg = 3 / Fe = 4 transitions, Eq. 6.4 can be
written as

U45 =
!Γ2
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Isat
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0
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From Eq. 6.6, one can see that the potential depths U
$
45 and U

$
34 are twice

the amplitude as

U
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The vibrational frequencies for atoms trapped in either of the two lattices
can be calculated by first expanding the cosine-terms in Eq. 6.6 into
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This can be further simplified into
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By using Eq. 6.9 and Eq. 6.7 the vibrational frequencies for atoms trapped
in the lattices can be written as

ν45 =
ωr

2π

F
2U $

45

Er
,

ν34 =
ωr

2π

F
2U $

34

Er
, (6.10)

where the recoil frequency ωr/2π =2.07 kHz for Cs. For typical experiments,
U

$
45,34 '200Er, results in vibrational frequency of (40 kHz.
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6.3 Changing the relative spatial phase in a DOL

Controlled interactions between the lattices require accurate control of the
relative position between the lattices. As mentioned in the previous section,
the relative position of the lattices is insensitive to phase fluctuations. How-
ever, if the optical path lengths between the four beam branches are changed
by a given amount, a phase shift between lattices A and B is introduced.

By applying the same calculations made in section 3.4.1 for a DOL, one
can calculate the physical distance needed to change the optical path lengths
in order to shift one lattice relative to the other a certain phase. The two
wavelengths used are λA ) 852.335 nm and λB ) 852.355 nm 1. First,
assume that the two lattices perfectly overlap spatially. Along the z-axis
there will be a point z' in space where σ+ and σ" sites of both lattices
coincide. Along the z-axis a σ+ site is located in places where cos(k$A

z) = 1
and cos(k$B

z) = 1. For a certain distance, the two lattices will be completely
dephased when

cos
#-

8
π

λlA
z'
$

= cos
#-

8
π

λlB
z' $ π

$
.

By comparing the arguments, the point where σ+ and σ" sites of both
lattices coincide is at z' = 1.287 cm. Repeating the same calculation for a
point y' leads to a distance y' = 2.574 cm where a σ+ and σ" sites of both
lattices coincide along the y-axis. Due to the symmetry of the fields y' = x'.

A relative spatial phase shift of π in the z-direction, thus corresponds
to an optical path length extension of ∆z =

-
2z' = 1.82 cm, and in the y

direction ∆y =
-

2y' = 3.64 cm (∆x = ∆y). Both ∆z and ∆y are much
larger than a typical size of an atomic cloud of (3 mm, which means that
the relative spatial phase across the cloud can be considered constant.

6.4 Temperature dependence in a DOL

In [20], demonstrations of the equilibrium temperature dependence as a
function of the relative spatial phase between the two lattices was showed.
A similar temperature dependence is shown in fig. 6.2a for a relative spatial
phase shift ϕz in the vertical z-direction. This temperature dependence is
used to experimentally determine the conversion between the beam path
extension to the relative spatial phase. In the z-direction an equal extension
or shortening of (3.3 cm of the beam branches labelled (εA1, εB1) and (εA2,
εB2) or the beam branches (εA3 , εB3) and (εA4 , εB4), see fig. 4.3b, corresponds
to ϕz = 2π in the z-direction only.

1Note that these two lattices will di!er only in their lattice constants due to di!erent
values of klA = 2π

λlA
and klB = 2π

λlB
.
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6.4. Temperature dependence in a DOL

A simple semi-classical explanation to the temperature variations is that
the variation stems from an increase in the number of scattered photons
when a σ+ point in lattice A overlaps with a σ" point in lattice B. Fig-
ure 6.2b shows a semi-classical model were a σ+ point in lattice A overlaps
with a σ+ point in lattice B. If an atom is optically pumped from lattice B
to lattice A, it will end up in the lowest light shift potential (due to conser-
vation of angular momentum), and then return to lattice B. In this process,
an atom only scatters a few photons. Consider the opposite situation, where
a σ+ point overlaps with a σ" point. Here, an atom in lattice B, is pumped
to lattice A, will end up in the least light shifted anti-trapping potential.
The atom will slide down the potential, gaining kinetic energy and, as it is
close to a σ" point, it will scatter photons, which pumps the atom to the
lowest potential. It is then pumped back to lattice B in a similar process.
Thus, in this case the number of scattered photons is considerably higher,
which results in heating.
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Figure 6.2: a) Measured temperature, dependence as a function of the beam path
extension 'L. b) If two "+ points in lattice A and lattice B overlap, atoms can be
transferred between the lattices with minimized light scattering. In the opposite case,
when a "+ site overlaps with a "! site, heating e!ects are enhanced. For illustration
purposes, the light shift potentials for the remaining Zeeman sub-levels are not shown.

The temperature in a DOL also depends on the relative spatial phase
ϕx and ϕy [20]. Furthermore, a variation of the potential depths UA,B in
lattice A and B for different values of the detunings ∆A,B and irradiances
IA,B changes the magnitude of the temperature variation [21].
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6.5 Controlled collisions in a DOL

By colliding laser cooled neutral atoms one can probe long range molecular
states that are difficult or impossible to detect by traditional means. Also,
because of the extremely low energies of the colliding atoms, it provides high
resolution [81]. By using a laser tuned such that the frequency is resonant
to a bound vibrational level in the excited state potential of a homonuclear
diatomic molecule, cold molecules can be created [87].

Our idea is to induce cold collisions between atoms trapped in the DOL
by controlling the relative spatial phase between the optical lattices. This is
done by an EOPM, which offer high control of the speed of the interaction
and as well as fast turn on/off interactions. Compared to previously per-
formed experiments on cold collisions and photoassociation, our set-up offers
large control, and we can specifically target collision parameters that other
wise have to be averaged over in experiments. Probing the collisional prop-
erties will also serve as a precursor for planed experiments with quantum
gates (see section below).

One way of detect the collision product is to first ionize the molecule
by a laser pulse and detect by a detection system described in sec. 4.2.
Formation of molecules can also be observed either by Resonance Enhanced
Multiphoton Ionization (REMPI) [88], or by detecting the loss of trapped
atoms due to the decay of the excited state to untrapped states.

6.6 Towards quantum computation in a DOL

Conventional computers operate according to the laws of classical physics.
A computer based on components that are governed by the laws of quantum
mechanics, e.g. in optical lattices [80], has the advantage that computer bits
can remain in two states at once as operations are performed, unlike con-
ventional bits, which must commit to “0” or “1” (see e.g. www.qubit.org).
Designing such a system is very challenging. One problem is that these
quantum bits (q-bits) must remain well isolated to preserve their quantum
nature, and yet be easily accessible for manipulation.

One of the most promising efforts to build a quantum computer so far
has been to trap ions and to manipulate them using lasers [80, 89]. But
since ions are charged, they interact readily with stray electric fields in the
environment and are thus susceptible to decoherence. Instead, using neutral
atoms trapped in far detuned optical lattice might offer advantages. Cold
neutral atoms potentially interact less with their environment. Moreover,
atoms trapped in different wells of an optical lattice hardly influence one
another, so millions of atoms can potentially be operated upon at once.

In this section, different experimental techniques and ideas are discussed
that can be used to fulfill some of the requirements towards the realization
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6.6. Towards quantum computation in a DOL

of quantum state manipulations and creation of logic quantum gates in our
DOL.

6.6.1 Increasing the filling factor in the lattices

The typical filling factor in our lattices is around 3-5 %, which makes con-
trolled interactions between atoms in neighbouring sites improbable. The
density in the lattices is limited by the initial density of the optical molasses
used to load the lattices. The density in the lattices can be improved by
various MOT-compression techniques [90, 91]. One technique that is more
suitable in our experiment is described in [46], where compression of an
initially high MOT density is performed. This technique reduces the scat-
tering rate, which minimizes diffusion, heating and density limiting effect.
The MOT light irradiance is decreased and further detuned below resonance.
At the same time the magnitude of the magnetic field gradient is increased
in order to increase the spring constant of the MOT.

Similar techniques have experimentally been tested in our set-up and we
have increased the density by a factor of around five, which increases the
filling factor to about 15-25%. This should be possible to optimize further
to reach filling factors close to 50%. Future plans also involve the creation of
a Bose-Einstein condensate in Cs, which would be the most efficient way to
reach high filling factors. It should also be noted that operating the DOL in
a further detuned regime will reduce depletion effects due to light scattering
in the optical lattices.

6.6.2 Raman sideband cooling in a DOL

Generally, atoms trapped in an optical lattice are distributed among vibra-
tional energy levels. One way to experimentally control the population of
the vibrational states, and to even further cool the atoms, is to induce reso-
nant Raman transitions that optically pump atoms to lower lying vibrational
energy levels. Earlier schemes [4, 92] have been based on the lattice itself
providing an inherent Raman coupling by Zeeman shifting the vibrational
levels of two light shift potentials into degeneracy. In our scheme, a new
version of Raman side-band cooling (RSC) is suggested, which should work
in a DOL [21]. The idea is illustrated in fig. 6.3a; consider a DOL where
the two optical lattices are spatially in phase (a σ+ site in lattice B spatially
overlaps with a σ+ site in lattice A). An additional beam (“Raman beam”),
phase locked to the lattice A light, is added in the xy-plane, see fig. 6.3b,
with linear polarization along the z-direction. The frequency of the Raman
beam is set such that it creates stimulated Raman couplings with the lattice
A light, which transfer atoms between the vibrational levels n in lattice B
and n $ 1 in lattice A. Lattice A is based on a non-cycling transition, and
exhibits inherent optical pumping to lattice B, which pump atoms to the
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6.6. Towards quantum computation in a DOL

vibrational level n $ 1 in lattice B. This process removes one vibrational
quantum from the atom’s kinetic energy for each cycle. Eventually, atoms
are pumped to the dark n = 0 state in lattice B. From here, atoms do not
interact with the light, since there is no level in lattice A to couple to, and
the atomic population increases for the n = 0 vibrational energy level in
lattice B.

This scheme will work for atoms in both σ+ and σ" sites since the Raman
transition couples to vibrational levels in both the MFg ± 4 states.
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Figure 6.3: a) Illustration of two spatially overlapped "+ sites for the two lattices A
(red) and B (blue), detuned by an amount #A,B below respective resonances. By adding
a ( polarized laser beam, phase locked to lattice light A, with a frequency di!erence
corresponding to the hyperfine slitting (%9.2 GHz) minus the frequency corresponding to
the vibrational levels spacing, vibrational levels n!1 and n in lattices A and B respectively
couple through a stimulated Raman transition. The dashed lines represents spontaneous
decays to receptively lattice. b) One Raman beam is added in the xy-plane, linearly
polarized along z.

Experimentally, we split off a small amount of light from lattice laser A.
This light is fed through an electro-optical modulator, which creates weak
((5%) sidebands spaced by (9.2 GHz from the carrier frequency, corre-
sponding to the hyperfine ground state splitting. To filter out the carrier
frequency and the other unwanted sideband, we injection lock a diode laser,
tuned such that it locks only on the sideband. Since the relative irradiance
of the sideband to the carrier is small, unwanted frequency components from
the carrier is present in the laser I light. We further clean the laser mode
by an additional injection locking of another diode laser. From here, the
laser mode is pure and contains only the laser mode sideband. Additional
frequency and irradiance control of the Raman beam is done by an AOM.

Several attempts have been performed experimentally to measure this
effect. Unfortunately, no clear evidence for such an effect have been seen
as yet. One possible reason is that the two lattices are still tuned too close
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to resonance and consequently, the effect is killed by spontaneous emission
effects. One additional consequence of having the lattices detuned close to
resonance is that the vibrational levels become less resolved, which reduces
the efficiency of Raman couplings. Eventually, this technique will be utilized
in DOLs tuned further from resonance.

6.6.3 Investigations of coherence times in a DOL

A quantum system prepared in a superposition state can typically decay in
two ways. One is due to decoherence (homogeneous decay) and one is due
to dephasing resulting from local variations in the evolution of the quantum
system (inhomogeneous decay).

Experimental studies of coherence time in an optical lattice has been
done in e.g. [93], where a system consisting of motional wave packets of
neutral atoms in a one dimensional optical lattice was investigated. For our
optical lattice we would have the possibility to investigate the decoherence
in different directions. Also, we could transfer this technique to DOLs, and
to cases with large detuning. It should also be noted that if we decode the
qubit in the internal state, rather than in the motional state, it is not clear
exactly how the coherence will be effected by vibrational excitations.

6.6.4 Quantum gates in a DOL

An additional criterium that has to be fulfilled is that quantum gate op-
erations happens within a time window where operations are not killed by
decoherence. In order to to realize a quantum gate in a DOL consisting of
dissipative optical lattices, where a q-bit is encoded in the internal states,
the optical pumping time between the lattices may be the most severe lim-
itation. In the dissipative regime, our DOL have an optical pumping time
out of lattice A is 1.7τscatt [21], which is given by the branching ratio from
the upper level in the open transition. The optical pumping time out of
lattice B (which depend on its detuning) is always much longer. However,
this would require a maximum gate time of less than a microsecond. Even at
near-resonance conditions, the system may still be feasible for a single opera-
tion. As mentioned in section 6.6.3, it is shown in [93], that a tightly bound
atom in an dissipative optical lattice has a decoherence time of about 50
scattering times (τsc), meaning that atomic interactions have to be switched
on and off, on a time scale faster than the decoherence time. The concept
of using e.g. cold collisions is a promising way to realize a quantum gate in
a DOL to create entangled states, corresponding to q-bits, encoded in the
internal states of atoms.

The logic choice for realizing a quantum gate in a DOL is to have far-off-
resonance conditions. With more laser power that the detunings of both
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lattices can be increased substantially. As mentioned in section 4, two
Ti:Sapphire laser systems are implemented in the experimental setup for
this purpose. For detunings around 1 GHz, the coherence times will be
substantially increased.

6.7 Introduction to a Brownian motor in a DOL

In paper VI we demonstrate a Brownian motor (BM), working in a three-
dimensional DOL, where Brownian particles were rectified to an induced
drift velocity, experimentally controllable both in direction and speed in
three dimensions. The underlying principle of this BM is quite general and
was first introduced in [94]. More about the BM follows in chapter 7

6.8 Conclusion and outlook

A DOL is versatile system where several interesting experiments and new
physics can be realized. In order to realize phase gate operations in the
DOL, one has to be able to individually or globally address the qubits with-
out washing out the coherence. Addressing the atoms is on of the main
obstacles to circumvent. Realizing a quantum computer is the main goal
but there are many other interesting experiments and future applications
for which DOL are suitable, especially whit a far detuned DOL.

———————————————
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Chapter 7

Brownian motors in
dissipative optical lattices

In this chapter, I present results from experiments of the first realized three
dimensional Brownian motor (BM), based upon atom-light interaction. Re-
sults shows that this BM is controllable in both speed and direction in three
dimensions.

7.1 Introduction

Brownian motors (BMs) [19, 95] are devices that convert random, isotropic
Brownian motion of particles into deterministic work. Understanding the
processes of BMs in mesoscopic and quantum systems is of fundamental
interest. In e.g. biology and chemistry, BMs are driven by stochastic mo-
tions, which generate directed motion on the microscopic level and are in
themselves the fundamental mechanism of the origin of living cells. Ma-
terial transport, contraction of muscles and chemical reactions in organic
materials [96] are some of many processes also driven by BMs.

From a conceptual as well as from a practical viewpoint, constructing
BMs is challenging. The most common way of realizing a rectified drift of
Brownian particles relies on the idea of applying a spatially or temporally
asymmetric external force on a system, albeit one that averages to zero.
There are two fundamental physical conditions that need to be fulfilled in
order to convert the energy of noise into deterministic mechanical work; (i)
the system at hand has to be brought out of thermodynamic equilibrium
(to avoid detailed balance and resulting zero current), and (ii) the spatial
and/or the temporal symmetry in the system has to be broken (to match
the Curie principle1 [97]).

1Curie’s principle states that: a certain cause yield a corresponding e!ect; the symme-
try properties of the cause should be contained in the generated e!ect and if the known
e!ect manifests a certain asymmetry, the latter should be contained in the cause which
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7.2. Concept

In our DOL we have realized a new type of BM (paper VI) which differs
from other ratchet effects and BMs [19] in the sense that we use potentials
that are both temporally and spatially symmetric. The Directed motion
can be induced in an arbitrary direction in three dimensions when atoms
jump back and forth between two state-dependent periodic potentials that
are coupled via strongly asymmetric optical pumping rates.

This chapter is a summary of both experimental and theoretical results
of this type of BM, followed by discussions of the results and outlooks.

7.2 Concept

Our BM is based on cold atoms, trapped in two state-dependent three-
dimensional dissipative optical lattices, that couple via a dissipative chan-
nel (spontaneous emission), leading partly to a small Brownian diffusion and
simultaneously to a coupling between the potentials. This coupling is repre-
sented by two strongly asymmetric transfer rates. This asymmetry causes a
controllable rectification when introducing a non-zero relative spatial phase
between the potentials.

The basic idea and underlying principle of our BM is quite general and
was first introduced in [94], described in a simplified semi-classical picture.
Assume that the DOL consists of two spatially and temporally symmetric
sinusoidal potentials, labelled by UA(z) and UB(z). Consider a Brownian
particle stationary for a short time in one of the two potentials, see fig. 7.1,
and having a low kinetic energy compared to the modulation depths of the
potentials. This particle will undergo Hamiltonian motion around the poten-
tial minimum. The motion is randomly interrupted by a dissipative process,
resulting in a small overall Brownian motion. One of the components in
the asymmetry that eventually gives rise to rectification is caused by un-
equal transfer rates between the potentials. Also, we assume the energy
damping to be much smaller than the typical oscillation frequency in the
potential wells, so that the dynamics falls into the low-damping regime, since
no induced drift can be obtained for sinusoidal potentials in an overdamped
regime [98].

By introducing a shift in the the relative spatial phase ϕ between the
two potentials, combined with the pronounced difference in the transfer
rates, the spatiotemporal symmetry of the system is broken and atoms are
repeatedly spatially shifted.

has generated the e!ect.
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Figure 7.1: Rectification mechanism. Two symmetric potentials UA(z) and UB(z) couple
atoms through asymmetric optical pumping rates )A%B and )B%A. a) The potentials are
in phase. The transfer from the long-lived state B, to the transient state A, and back,
does not lead to biased motion. b) A relative phase shift * is introduced. Spatial di!usion
is strongly facilitated in one direction, leading to a drift velocity vdz , where there is a
balancing friction. c) The potentials have a phase di!erence of (, and no rectification is
introduced.

By extending this concept into our three-dimensional DOL, the concept
can be adapted to induce directed motion in any direction in three dimen-
sions since the same physical process will function in any direction. Because
we use symmetric potentials, the direction of the induced drift can be re-
versed by a proper choice of the relative spatial phase and the magnitude of
the drift can be controlled also by changing the optical pumping rates.

7.2.1 Brownian motion and ratchets

Generally, Brownian motion is the irregular movement of particles in a fluid
or a gas. This random fluctuation occurs in mesocopic, or quantum me-
chanical systems. It is a domain for complicated stochastic processes [99] or
random walk features (Levy flights [100] etc.) of system containing thermal
noise. The first theoretical description of Brownian motion was presented by
Einstein in 1906 [101] and independently by Langevin [102] in 1908. Later,
Richard Feynman discussed the possibility of using thermal noise in conjunc-
tion with anisotropy to drive a motor in the context of a ”ratchet and pawl”
device shrunk to microscopic size [103]. Since noise is unavoidably present
in all physical, chemical and biological processes, studies of Brownian mo-
tion is therefore of fundamental interest. There is already an extensive body
of work on Brownian ratchets [19, 104], driven by the need to understand
biophysical systems such as molecular motors and certain mesoscopic sys-
tems. One of the first ways the ratchet mechanism was put to work involved
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7.2. Concept

separating particles by weight, in effect creating a “molecular sieve” [105].

In nature, Brownian ratchets show up in a variety of different forms.
They are the functional mechanism responsible for DNA transports, cellular
motions, intracellular transport of parasites through their host’s cytoplasm,
the function of the wing-beat of many insects, etc.. Up to now, the vast
majority of work on Brownian motors and ratchets include an asymmetric
potential that is used for rectification of noise [19, 104, 106]. Many variations
of Brownian ratchets have been developed [95, 107, 108, 109, 110].

Example of a 1D Brownian ratchet

One type of Brownian ratchet is based on the “flashing ratchet model” [109],
where a typical potential is of the form

V (x) = V0

/
sin

#
2πx

L

$
+

1
4

sin
#

4πx

L

$0
, (7.1)

which is a periodic potential with period L. In this case “flashing” means
that the potential is repeatedly switched on and off. Brownian ratchets
can work by applying such a potential to a viscous medium. The flashing
ratchet works as follows: at a time t1, there is an initial distribution P (x)
of particles, see fig. 7.2. At t2, the ratchet potential V (x) is turned on,
and a confinement of particles is possible at the bottom of the potentials.
Thereafter, the potential is turned off again at a time t3 and particles diffuse
randomly and is converted into net motion to the right, and the average
temperature of the particles changes. The potential is then turned on again
at time t4; particles are yet again transferred to potential minima and the
particle distribution is slightly shifted due to the potential asymmetry. This
flashing goes on for times t5, t6, and so on, and directed transport is thus
achieved [109].

As long as the ratchet potential is off the particle will move diffusively,
leading to a variance in position. When the ratchet potential is switched
on, the particle gets trapped in one of the potential minima. If the vari-
ance holds, the particle on average gets trapped into the minimum right of
the starting point. The maximum flux is obtained if the switching time is
large enough to assure that the particle can adjust in the trapping mini-
mum (adiabatic adjustment time) and also small enough to fulfill the above
requirement for the variance. One can roughly say that a net flux to the
right always occurs when thermal energy is significantly smaller than the
potential maximum, and that the external force is not chosen too large and
that the driving frequency matches the adiabatic adjustment time needed
for the particle to move into a potential minima.
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Figure 7.2: Illustration of a flashing ratchet. The picture shows how thermal noise in
a viscous medium is being rectified by the spatial asymmetry of the flashing potential
V (x) (red). The potential is switched on and o! for the times t1-t6 and so on, and the
time variation of the potential enables the system to absorb the energy from the external
system and the particles can move in one direction, illustrated by the, on average, shifted
particle distribution P (x).

7.2.2 Brownian motors

When thermal motion is important for the function of a ratchet, the system
is called a thermal ratchet or a Brownian motor. Such systems use non-
equilibrium energy to rectify Brownian motion and they cannot be realized
in thermal equilibrium.

By assuming that the flashing ratchet is working in a heat bath, one
obvious question to ask is: where does the energy come from leading to a
drift against the external force? The answer is that the energy does not
come from the heat bath but from the ratchet potential when it is switched
on and off. At that moment, the potential energy of the particle will be
suddenly increased, but most of the energy damped into the system will be
just dissipated into the heat bath due to the relaxation of the particle into a
potential minima. Only a tiny portion will be used for doing work. Thus a
Brownian motor does not violate any law of thermodynamics; it only turns
one type of work into another one. Nevertheless, the fluctuating force due
to the heat bath is essential for a Brownian motor and therefore, a BM can
not be a perpetuum mobile of the second kind.

Brownian motors are also excellent model systems for understanding
how nanoscale machines may operate in the presence of substantial thermal
motion. For this reason, the Brownian motor concept is often used to model
biological, molecular motors.
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7.3 Experimental realization

Detailed information of the DOL can be found in chapter 6. As have been
mentioned, the relative spatial phase is experimentally controlled by chang-
ing the the optical path length in each branch that build up the optical
lattices, and offers control of an arbitrary relative phase in any direction
in three dimension. The most important experimental obstacles to realize
the BM is the control of the power balance between the laser beams (see
section 4.4), such that spurial spatial drifts of the atomic cloud is avoided.
The transfer rates between the two lattices are controlled by the irradiances
and detunings of the lattice lights.

The induced drift is determined by the kinetic temperature, measured
by the ballistic TOF technique (see section 4.5.1), where a Gaussian fit to
the TOF-signal provides the peak arrival time of the distribution and the
number of atoms by the area under the fitted curve. In fig. 7.3a, three
TOF signals are shown, all for lattice time τ = 350 ms. The middle one,
indicated by (0), is when the two optical lattices are in phase and no induced
drift is present. Those indicated by (+z) and ($z) are when the vertical
relative spatial phase ϕz is set to generate a maximum drift, either upwards
or downwards.

To trace the rectified drift as a function of relative spatial phase, TOF-
signals are extracted for an interaction time in the lattices of typically
300 $ 400 ms, each for a different value of ϕz. Thereafter, Gaussian fits
is performed to the signals and the position of the centre of the distribution
is extracted. In fig. 7.3b, a clear dependence between the relative spatial
phase ϕz and the magnitude of the induced drift can be seen for a typical
set of lattice parameters (∆A, ∆B, IA and IB).

A more direct technique, and a complement to the TOF technique, is by
imaging the shadow of the atoms (see section 4.5.3), transiently illuminated
by a weak resonant probe beam, on a CCD detector. The images provides
the centre-of-mass position of the atomic cloud in the xz-plane, determined
by Gaussian fits to the images after an arbitrary lattice time τ .
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Figure 7.3: a) Normalized TOF-signals at di!erent arrival times t, for di!erent rela-
tive spatial phases *z that generates maximum induced drifts in the upward (+z) and
downward (!z)-direction. The middle one (0) shows a TOF signal for no induced drift
when the optical lattices are in phase. All three TOF signals are normalized to make
comparison easier and each curve is an average of four experiments in order to improve
the diagnostics. b) Experimental results showing the arrival time ta at the probe as a
function of the relative spatial phase *z.

7.4 Experimental results

We have experimentally investigated the characteristic behaviour of our BM
by changing the lattice parameters as a function of the relative spatial phases
ϕx, ϕy and ϕz. The physical behaviour of the BM is complex since it is
working in the dissipative regime, where a strong coupling between friction,
heating and dissipation is present. Changing any lattice parameter, simul-
taneously change the friction, heating and dissipation. This affects in turn
also the transfer rates of atoms between the two lattices, which produce the
asymmetry in the system. Typically, these rates are strongly asymmetric.
In [94], simulations shows that there is an optimum in the ratio between the
transfer rates for generating an maximum induced drift.

Although the induced drift is caused by a force, proportional to the slope
of the light shift potential of the short lived lattice A, a balance between this
force and the intrinsic friction in the system turns to an constant induced
drift velocity vd. This has been confirmed by changing the lattice time τ ,
before ballistic release, in a number of steps from 10 to 350 ms meanwhile
keeping all other parameters fixed. The constant drift velocity in the z-
direction for a relative spatial phase of 3π/2 can be seen in inset of fig. 7.4a.
For an atom having a constant drift velocity vd, the arrival time ta, at the
probe should have the following functional form

t2a +
2vd

g
(ta + τ) $ 2l

g
= 0. (7.2)
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7.5. Directionality and multidimensional coupling of the BM

In fig. 7.4b, the maximum vertical drift velocity, for an optimum relative
spatial phase, indicates that it increases when tuning closer to the Fe = 4
state for lattice B. This is true also for different choices of IA, IB and ∆A.
When approaching the Fg = 4 / Fe = 4 resonance, the probability for
optical pumping of atoms to the Fg = 3 ground state due to absorption
of non-resonant photons increases, and a more optimum asymmetry in the
pumping rates is reached. Further detuning resulted in resonant trap losses,
and the diffusion drastically lowered the signal height and the most optimum
pumping rates have not been reached.
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Figure 7.4: a) Confirmation of a constant vertical rectified drift, where the drift increases
linearly with the lattice time & from 30 to 350 ms. b) Maximum vertical drift velocity
vdz as a function of #B, where #A = 33$, IA = 4.17 mW/cm2, IB = 2.71 mW/cm2 for a
lattice time & = 450 ms. The Fg = 4 # Fe = 4 resonance occurs at #B & 48$.

7.5 Directionality and multidimensional coupling
of the BM

To confirm the three dimensionality of the BM, we have acquired direct
images of the atomic cloud by absorption imaging. Images were acquired
for different interaction times, for both the horizontal x- and the vertical
z-directions, as well as for a diagonal direction by inducing simultaneously
drifts in both the z and x-directions, see fig. 7.5. This proves that we can
indeed control and rectify noise and induce motion in an arbitrary direction.

Since the direction of the induced drift is mainly controlled by the rel-
ative spatial phase between the two lattices, the relative spatial phase de-
pendence is straight forward along only one direction. However, in fig. 7.5d,
the induced drift is not simply the sum of the two drifts (vertical and hor-
izontal). Experimental investigations, indicates that there is a non-trivial
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phase dependence of the induced drift that couples the two components.
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Figure 7.5: False color images of the atomic cloud at two di!erent interaction times &1
and &2, &0 being zero interaction time. The final image at the time &2 is acquired after
an interaction time of &2 %0.9 s (&1 %0.5 s). a) A phase shift only along z, showing an
upward drift. b) Di!erent phase shift in z; a downward drift is evident, *x and *y are
still zero. c) *z and *y are zero; only a horizontal drift along the vertical x-direction is
evident. d) Both *x and *z are set for a drift along the z and x-directions, resulting in a
diagonal drift.

To characterize the dynamics of the BM, experimental investigations of
this “multi-dimensional relative phase space coupling” has been performed.
We have changed the relative spatial phases ϕz,y in about 20 steps, from $3

4π
to 7

4π, covering slightly more than 2π both along the z- and y-directions.
This resulted in grid points from about 400 measurements, where each point
corresponds to an average of five TOF-signals. Throughout the measure-
ments, ϕx was kept fixed for a perfect overlap between the two lattices
in the x-direction. In fig. 7.6a, vertical induced drifts vdz are measured
for lattice parameters: ∆A = 33Γ, ∆B = 40Γ, IA = 0.7 mW/cm2 and
IB = 0.2 mW/cm2. These values were chosen to maximize the induced drift
while still having large TOF-signals. In fig. 7.6b, the corresponding grid of
points for the vertical temperature variation can be seen.
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Figure 7.6: Experimental results. a) Induced vertical drift velocity vdz (mm/s) as a
function of the relative spatial phases along the z- and y-directions. b) Corresponding
vertical temperature (µK) as a function of the relative spatial phases along the z- and
y-directions.

Along the ϕz-direction in fig. 7.6a, a close to sinusoidal shape of vdz can
be seen, regardless of choice of ϕy. Instead, following the shape along ϕy at
any value of ϕz , deviations from a sinusoidal shape is evident. By slicing up
fig. 7.6a, into cuts along different directions. it can be seen that the shape
of the induced drift changes depending on which relative spatial phase axis
one follows. Note that there is only the vertical drift velocity component
measured. In fig. 7.7a, 7.7b and 7.7c, cuts along different axis of fig. 7.6 can
be seen, showing that even though ϕz is kept fixed, a clear variation, can be
seen anyway. This manifests that there is a relative phase dependence that
couples to the different induced drift components.
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The experimental result show a clear periodic structure both along the
z- and y-directions. That the potentials are coupled is evident since the
maximum induced drift, both along the positive and negative directions, do
not lie on a straight line along the y-axis.
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7.6 Theoretical results

By using a simple model displaying the basic characteristics of the sys-
tem, a better understanding of the qualitative behaviour of our BM can
be reached. We have performed simulations where we consider a classical
Brownian particle which can be in one of two internal states, interacting
with state-dependent external potentials Uj . The index j refers, in analogy
to the experiment (see chapter 6), to A and B, such that UB is the light shift
potential resulting from laser field B, corresponding to the lowest adiabatic
optical potential for the Fg = 4 / Fe = 5 transition of the 4-beam lin+lin
lattice configuration. Similarly, UA is chosen as the lowest adiabatic optical
potential for the Fg = 3 / Fe = 4 transition. The Fokker-Planck equa-
tion [40] for the Wigner distribution Wj(x,v, t) of this Brownian particle,
characterized by its velocity v and internal state j, reads [40, 94]

[∂t + v∂x]Wj $ ∂v [v + !Uj(x) + Dv,j(x)∂v] Wj

= γj$(j(x)Wj$ $ γj(j$(x)Wj , (7.3)

where Dv,j(x) is the diffusion constants, representing the Brownian motion
resulting from scattered photons from the optical lattice lasers, j' 3= j, with
time expressed in units of the inverse of the friction coefficient α and position
in units of the inverse angular wave vector k of the laser light, such that all
variables are dimensionless. In addition, we scale the potentials by a factor
of (45/88)A,2 such that the adiabatic potential along z, U(0, 0, z) shown in
fig. 7.8a, has a depth of ' 2A, allowing a direct comparison with the sine
potential amplitude A used in [94].

Additionally, we assume that the dynamics is in the low-damping regime3

and that the motion is restricted to 2D (y = 0), and we observe the average
velocity vd in the z or x directions as a function of the relative phase shift ϕ
in either of these directions. We use arbitrary position-independent values
of Dv, and γ, with γA%B = 3γB%A = 7.5 (i.e., an atom spends 75% of its
time in the long-lived lattice B), where the difference in periodicity and
height between the x and z directions should be noted (cuts along x or y
are identical), while UA and UB are almost the same.

Figure 7.8b shows the dependence of the Brownian motor mechanism on
the relative phase ϕ between the two potentials, with A = 200 and Dv = 75
in both states. The overall shape of the curve is similar to what was obtained
for a sine potential in ref. [94], with a greater drift velocity for a phase shift
along x, due to the deeper potential along that direction.

2A coe"cient of 44/45 appears in the formula for the potential from the Clebsch-Gordan
coe"cients for a Fg = 4 # Fe = 5 transition.

3The mean kinetic energy of the system is smaller than the depth of the potentials and
the oscillation frequency is larger than the rate of energy damping
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Figure 7.8: a) The lowest one dimensional adiabatic potentials, U(0, 0, z) (red) and
U(x, 0, 0) (blue), for the lattice A (dashed line) and lattice B (solid line) transitions used
in the simulation, expressed as a function of the light shift U0 [2], where k is the absolute
value of the wavevector of the laser field. b) Numerical simulations of the Brownian motor
mechanism for the vertical z (full line) and horizontal x (dashed line) directions. The
drift velocity vd is plotted as a function of the relative spatial phase * = *A ! *B, varied
independently along z or x.

Compared to the simulations in fig. 7.8b, the experimental results in
fig. 7.3b clearly deviate around ϕ = 0 and 2π both in x and z. This was
also noticed in simulations using diabatic potential curves (paper VIII). This
prompted us to use adiabatic curves for the results in fig. 7.8b. It is now
clear that the discrepancy is not due to the shape of the potential, which
calls for simulations where a more realistic model is used to approach the
physical system at hand. Moreover, the relation between the beam path
extension and the relative spatial phase, shown in fig. 6.2a, indicates that
the Brownian motor effect has the same periodicity as the diabatic potential
curve [21].

Results in fig. 7.9a shows that the drift velocity is proportional to the
potential depth, up to a certain value where the BM effect saturates, and as
seen in fig. 7.9b, changing the diffusion constant Dv affects the BM differ-
ently depending on the internal state of the atom. Increasing the diffusion in
both lattices, or only in the long-lived one, results in a decrease of the drift
velocity. Conversely, a greater diffusion in the short-lived lattice slightly
increases the drift velocity. This because atoms can take advantage of the
increased Brownian motion without too much adverse effect from isotrope
diffusion during the short time spent in that lattice.
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Figure 7.9: a) Resulting drift velocity as a function of the potential depths AA and
AB. Circles: identical depths; squares: varying depth of the long-lived lattice AB for
AA = 200; triangles: varying depth of the short-lived lattice AA for AB = 200. *z = 2(/3
and Dv,A = Dv,B = 75 in all cases. b) Dependence of the magnitude of drift velocity on
the di!usion constant Dv. Circles: identical di!usions; squares: varying di!usion in the
long-lived lattice Dv,B for Dv,A = 75; triangles: varying di!usion in the short-lived lattice
Dv,A for Dv,B = 200. *z = 2(/3 and A = 200 in all cases.

As for the experimental results in fig. 7.6a, numerical simulations for a
2D case (x = 0) have been performed, where the dynamics of the atom are
given by the Fokker-Planck equation. Simulation results are displayed in
fig. 7.10a, showing the vertical induced velocity vdz as a function of the two
relative spatial phases ϕz and ϕy. The results show qualitatively the same
behaviour as for the experimental results.
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7.7 Discussion

One obstacle for fully characterizing this BM is that it is realized in dis-
sipative optical lattices. Changing the lattice parameters, simultaneously
changes the potential depths, diffusion, friction and transition rates between
the lattices. Good comparisons to numerical simulations are hard since the
two periodic potentials in reality each contain a number of different light
shift potentials corresponding to different magnetic substates.

In the limits γB%A/γA%B / 0,4 the system is effectively reduced to a
single optical lattice, and we would expect any BM effect to vanish. There-
fore it is clear that the optimal BM effect must be achieved for some finite
ratio γB%A/γA%B /, as has indeed been confirmed by classical simulations
[94]. This is clearly consistent with the data in Fig. 7.4b. Due to experimen-
tal difficulties when laser B is tuned too close to Fe = 4 state, we have not
been able to extend our data to larger ∆B in order to investigate if the drift
velocity falls off again. Classical simulations indicate that this will happen
for γB%A/γA%B / larger than 0.1-0.2. Although we do not know the exact
relation between γB%A/γA%B / and ∆B (which will also depend on other
parameters), measurements of the relative populations of the two lattices
indicate that this value has not been reached [21].

The complexity of the system makes it hard to directly relate the exper-
imental findings to the simple classical model used. Therefore, future plans
involves a full quantum mechanical simulations, using the full level structure
for better comparison between experiment and simulations.

7.8 Conclusion and outlook

In this chapter both experimental and numerical simulation results show the
qualitatively characteristic behaviour of this new type of Brownian motor for
cold atoms, based on double optical lattices. The spatiotemporal symmetry
in the system offer good control of both speed and direction in an arbitrary
direction in three dimensions. Investigations of the 2D relative spatial phase
dependence on the induced drift in the system clearly indicates that the two
trapping potentials are coupled. Numerical simulations have shown that a
simple model describing the motion of a Brownian particle shifting between
the two sinusoidal potentials captures the main features of this Brownian
motor.

Future plans involves e.g. real time measurements of our BM. For this
purpose an EOPM is implemented in the set up (see sec. 4.4.1). In fig. 7.11
induced drift velocities can be seen for a relative spatial phase shift up to
( 8π.
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Future plans also involves a far detuned double optical lattice, whit two
additional laser beams serving as pump beams between the optical lattices,
which opens up prospects to study this Brownian motor in a more clean
system without dissipative effect and in particular, it should allow the in-
vestigations of a possible quantum Brownian motor [111] and to explore pos-
sible quantum resonances that are predicted for atomic ratchets [112, 113].
A better understanding of the system may also open an understanding for
adapting the system to chemical and/or biological systems due to the gen-
erality of the scheme.

———————————————
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Chapter 8

Conclusion

In this thesis results both from experiments and from numerical simulations
of the motion and dynamics of atoms in dissipative optical lattices is pre-
sented. Results of the cooling mechanisms shows that atoms in an optical
lattice have a bimodal velocity distribution, almost regardless of parame-
ter choice, within the dissipative regime. The time evolution of the cooling
mechanisms shows that there is a gradual transfer of atoms from a “hot” to
a “cold” mode during the damping towards equilibrium. One important fea-
ture is that while the cold mode is gradually populated, its “temperature”
remains essentially the same, while the hot mode is being depleted with an
increasing “temperature” as a result from heating and dissipation. Although
the Sisyphus model might describe part of the underlying mechanism, the
global characteristics of the cooling process may instead be better described
by a rate model, describing the transfer between the two modes.

Finding a model, describing the velocity distributions of atoms in a dis-
sipative optical lattice is a challenging task. Although several attempts by
different groups have been made, where the velocity distributions have been
fitted to various functions (single Gaussian, Double Gaussians, Tsallis distri-
butions, et.c) [20, 78], only qualitative conclusions can be drawn. However,
describing the motion of atoms in optical lattices in terms of a bimodal dis-
tribution seems promising.

I also present results from experiments of the first realized three di-
mensional Brownian motor (BM), based on atom-light interaction. Results
shows that this BM is controllable in both speed and direction in three
dimensions. The application of the general mechanism behind our Brow-
nian motor to other fields such as nanotechnology, biology and chemistry
may be possible. It is shown that some of the qualitative features of the
experimental results can be reproduced by simplified numerical simulations.

These experimental results have been possible due to development of a
multiple power-balanced laser beams in the double optical lattice. Measure-
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ments have shown an imbalance of less than 1% between the individually
laser beams. In future work on quantum gates and quantum state manipu-
lation in general, this will be important. Improvements and developments
in the experimental set-up of diagnostics have been important, where signal-
to-noise ratio in the time-of-flight detection system have resulted in less than
0.1 mm/s resolution in detected induced drift velocities the visibility of small
features in the velocity distributions.

In general, using a DOL may be a promising tool to render rudimen-
tary quantum gates and for quantum state manipulations. Also, controlled
collisions and probing long range molecular states may be possible with a
completely different level of experimental control.

———————————————
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Chapter 9

Summary in Swedish
Sammanfattning p̊a Svenska

Denna avhandling innefattar s̊aväl experimentella som numeriska studier av
laserkylda atomer i optiska kristallgitter. Bland annat har laserkylningspro-
cesser studerats, där atomers rörelser i optiska kristallgitter har uppvisat
andra typer av bakomliggande mekanismer än de som tidigare föruts̊ags
genom “Sisyfoskylningsmodellen”.

Sedan atomer kylda till n̊agra mikrokelvin först realiserades (sent 60-
tal) Sisyfoskylningsmodellen varit hörnstenen för först̊aelsen av laserkylda
och lokaliserade atomer i dissipativa optiska kristallgitter. I dissipativa op-
tiska kristallgitter finns det en balans mellan den uppvärmande diffusionen
och den kylande friktionen. Studier i denna avhandling visar att laserkyl-
ningsprocesser är mer komplexa än vad denna modell innefattar. B̊ade ex-
perimentella och numeriska resultat visar att atomer i optiska kristallgitter
har tv̊a hastighetsfördelningar där en “kallare” och en “varmare” mod av
atomer omfördelas mellan moderna. Speciellt s̊a visar det sig att varma
atomer dels värms och diffunderar ut ur gittret, men samtidigt populeras
den kalla moden med en tidsutveckling som inte förändrar dess temperatur
nämnvärt.

I detta arbete presenteras ocks̊a resultat fr̊an den första realiserade tred-
imensionella Brownska motorn baserad p̊a ljus-atom-växelverkan. Det unika
med denna Brownska motor är att den är kontrollerbar b̊ade vad gäller dess
hastighet som dess riktning. Den underliggande principen för denna Brown-
ska motor är tämligen generell och den kan därför vara applicerbar inom
andra vetenskapliga discipliner s̊asom nanoteknik, biologi, kemi och elek-
tronik. Generellt s̊a är först̊aelsen av Brownska motorer viktigt eftersom de
återfinns i v̊ar omgivning, fr̊an exempelvis härkomsten av muskelsamman-
dragningar och materialtransporter i levande celler till rörelsen hos bakterier
och mindre organismer.

Det flesta av de experimentella resultaten presenterade i denna avhan-
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dling har varit möjliga genom utveckling och förbättringar av den experi-
mentella uppställningen. Framförallt s̊a har kvaliten och reproducerbarheten
vid de olika mätningar som gjorts blivit avsevärt förbättrade jämfört med
tidigare vilket utgör en bra grund för framtida studier av ultrakalla atomer.

———————————————
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[10] A. Hemmerich and T. W. Hänsch, Phys. Rev. Lett. 70, 410 (1993).

[11] A. Kastberg, W. D. Phillips, S. L. Rolston, R. J. C. Spreeuw, and
P. S. Jessen, Phys. Rev. Lett. 74, 1542 (1995).

[12] M. Raizen, N. Qian, and C. Salomon, Physics Today 50, 30 (1997).

[13] G. Birkl, M. Gatzke, I. H. Deutsch, S. L. Rolston, and W. D. Phillips,
Phys. Rev. Lett. 75, 2823 (1995).

[14] M. Weidemüller, A. Hemmerich, A. Görlitz, T. Esslinger, and T. W.
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[64] W. Demtröder, Laser spectroscopy, basic concepts and instrumentation
(Springer, Berlin, 1998).

[65] P. W. Milonni and J. H. Eberly, Lasers (John Wiley & Sons, Inc., New
York, 2000).

[66] A. N. Nesmeyanov, in Vapour pressure of the chemical elements, edited
by R. Gary (Elsevier, Amsterdam, 1963).

[67] J. Lundin, Master’s thesis, Ume̊a University, Sweden, 2005.

90



REFERENCES

[68] M. Walhout, Ph.D. thesis, University of Maryland, USA, 1994.

[69] V. S. Letokhov and V. G. Minogin, Phys. Rep. 73, 3 (1981).

[70] F. Roth, Master’s thesis, Ume̊a University, Sweden, 2003.

[71] E. P. Wigner, Phys. Rev. 40, 749 (1932).

[72] J. Dalibard and C. Cohen-Tannoudji, J. Phys. B 18, 1661 (1985).

[73] K. Mølmer, Y. Castin, and J. Dalibard, J. Opt. Soc. Am. B 10, 524
(1993).

[74] G. Raithel, G. Birkl, A. Kastberg, W. D. Phillips, and S. L. Rolston,
Phys. Rev. Lett. 78, 630 (1997).

[75] E. Lutz, Phys. Rev. A 67, 051402(R) (2003).

[76] C. Tsallis, J. Stat. Phys. 52, 479 (1988).

[77] E. Lutz, Phys. Rev. Lett. 93, 190602 (2004).

[78] P. Douglas, S. Bergamini, and F. Renzoni, Phys. Rev. Lett. 96, 110601
(2006).

[79] C. I. Westbrook, R. N. Watts, C. E. Tanner, S. L. Rolston, W. D.
Phillips, and P. D. Lett, Phys. Rev. Lett. 65, 33 (1990).

[80] C. Monroe, Nature 416, 238 (2002).

[81] J. Piilo, Ph.D. thesis, Helsinki Institute of Physics and University of
Helsinki, Helsinki, 2003.

[82] K.-A. Suominen, J. Phys. B 29, 5981 (1996).

[83] J. Weiner, V. S. Zilio, and P. S. Julienne, Rev. Mod. Phys. 71, 1
(1999).

[84] K. Burnett, P. S. Julienne, P. Lett, and K. A. Suominen, Phys. World
8, 42 (1995).

[85] B. H. Bransden and C. J. Joachain, Physics of atoms and molecules
(Prentice Hall, Edinburgh Gate, Harlow, England, 2003).

[86] C. Biedenharn and H. van Dam, Quantum theory of angular momen-
tum (Academic Press, New York, 1965).

[87] F. Masnou-Seeuws and P. Pillet, Adv. At. Mol. Opt. Phys. 47, 53
(2001).

[88] B. L. Tolra, C. Drag, and P. Pillet, Phys. Rev. A 64, 061401 (2001).

91



REFERENCES

[89] D. J. Wineland, C. Monroe, W. M. Itano, D. Leibfried, B. E. King,
and D. M. Meekhof, Journal of Research of the National Institute of
Standards Technology 103, 259 (1998).

[90] W. Petrich, M. H. Anderson, J. R. Ensher, and E. Cornell, J. Opt.
Soc. Am. B 11, 1332 (1994).

[91] C. G. Townsend, N. H. Edwards, K. P. Zeite, C. J. Cooper, J. Rink,
and C. J. Foot, Phys. Rev. A 53, 1702 (1996).

[92] S. E. Hamann, D. L. Haycock, G. Klose, P. H. Pax, I. H. Deutsch, and
P. S. Jessen, Phys. Rev. Lett. 80, 4149 (1998).

[93] F. B. J. Buchkremer, R. Dumke, H. Levsen, G. Birkl, and W. Ertmer,
Phys. Rev. Lett. 85, 3121 (2000).

[94] L. Sanchez-Palencia, Phys. Rev. E 70, 011102 (2004).

[95] P. Reimann, Phys. Rep. 361, 57 (2002).

[96] W. Ebeling and F. Schweitzer, Nova Acta Leopoldina NF 88, 332
(2003).

[97] P. Curie, J. Phys. III (Paris) 3, 393 (1894).

[98] R. Kanada and K. Sasaki, J. Phys. Soc. Japan 68, 3759 (1999).

[99] V. G. Kulkarni, Modeling and Analysis of Stochastic Systems (Chap-
man and Hall/CRC, London, 1995).

[100] F. Bardou, J.-P. Bouchaud, A. Aspect, and C. Cohen-Tannoudji, Lévy
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