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Abstract

Gravitational waves and electromagnetic waves are important as carriers of
energy and information. This thesis is devoted to the study of the propaga-
tion and interaction of these waves in plasmas, with emphasis on nonlinear
effects and applications within astrophysics.

The physical systems are described by the Einstein-Maxwell-fluid equa-
tions or Einstein-Maxwell-Vlasov equations, when a kinetic treatment is
required. The small amplitude and high-frequency approximation is em-
ployed for the gravitational waves, such that perturbative techniques can
be applied and space-time can be considered locally flat, with a gravita-
tional radiation field superimposed on it. The gravitational waves give
rise to coupling terms that have the structure of effective currents in the
Maxwell equations and an effective gravitational force in the equation of
motion for the plasma. The Einstein field equations describe the evolution
of the gravitational waves, with the perturbed energy-momentum density
of the plasma and the electromagnetic field as a source.

The processes that are investigated are gravitational waves exciting elec-
tromagnetic waves in plasmas, altering the optical properties of plasmas
and accelerating charged particles. The thesis also deals with the prop-
agation propertities of gravitational and electromagnetic waves, e.g. ef-
fects due to resonant wave-particle interactions, plasma inhomogeneties
and nonlinear self-interactions. It is also shown that plasmas that are not
in thermodynamical equilibrium may release their free energy by emitting
gravitational waves.

KEYWORDS: general relativity, plasma, gravitational waves, electromag-
netic waves, nonlinear, wave interaction, wave propagation.
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Chapter 1

Introduction

Waves can be found in Nature in many forms; waves on the ocean surface,
acoustic waves from a beatiful music piece reaching your ear, ancient elec-
tromagnetic waves from a distant star etc. Virtually all physical systems
sustain some kind of waves. They are important as carriers of energy and
information from one place to another. In some physical systems waves
play a central role in the dynamics. In other systems the waves are only
a by-product, but may then be important as carriers of valuabe informa-
tion for us to study and thereby gain increased understanding of the nature
of the system. The effects that determine the evolution of a wave can be
broadly grouped as:

• Wave interactions

• Propagation in varying backgrounds

• Nonlinear self-interactions

• Wave instabilities

Wave interactions are not restricted to waves of the the same kind, but
can also occur between waves of very different types. A striking example
is the coupling between low-frequency waves in the earth’s crust during
earthquakes and electromagnetic waves in the ionosphere surrounding our
planet. This can sometimes be observed as an illumination of the sky dur-
ing an earthquake. Actually, it has been speculated whether observations
of specific changes in the ionosphere can be a used to predict earthquakes.

Waves may also interact directly with particles. A surfer (viewed as
a particle) riding an ocean wave is such an example. The wave pushes
(with the aid if gravity) the surfer forward, whereby the surfers velocity
is increased. In so doing, some amount of energy is converted from wave
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2 CHAPTER 1. INTRODUCTION

energy to kinetic (particle) energy. If the number of particles (surfers) inter-
acting with the wave is large, the interaction may lead to rapid damping of
the wave and the particle system is ”heated”.

The properties of a wave, such as speed, direction of propagation, en-
ergy, polarization etc, depends on the background in which it propagates.
A background that varies in time and/or space leads to variations in these
properties. This is what ”bends” light rays in a piece of glass and makes the
stars ”twinkle” (or scintillate). The background in which the starlight prop-
agates (e.g. the Earth’s atmosphere) fluctuates randomly, causing random
variations in the intensity of the light.

Nonlinear self-interaction of waves can be understood as follows. If a
wave is powerful enough, it can affect the background in which it prop-
agates. Since the evolution of the wave depends on the background, the
wave thereby interacts with itself. For instance, a light beam may affect the
background to make it behave like a focusing lens. As the light beam gets
focused, the light intensity increases, leading to even larger effect on the
background, i.e. stronger focusing, etc. The result is that the light beam
”collapses” into a narrow region with high energy density.

Waves also function as a mathematical tool for investigating the stability
of physical systems. By studying the equations that describe the surface of
a lake, it is clear that it is a mathematically valid solution to have a surface
as smooth as a mirror even on a windy day. If one, however, adds a very
small perturbation (a small wave-ripple) to that solution one finds that the
solution is unstable; the wind causes the small waves to grow larger. The
conclusion is that — since there are always some very small wave-like irreg-
ularities even on a ”mirror-smooth” surface — if there is wind there will
also be surface waves. This is an example of a wave instability.

This thesis is devoted to the study of gravitational and electromagnetic
waves in plasmas, with main focus on how these waves can interact and on
their propagation properties.

Gravitational and electromagnetic waves in plas-
mas

Gravitational waves are predicted to exist by the theory of general relativity
but have, in the writing of this thesis, not yet been observed directly. Still,
very few physicists doubt their existence. The reason is that general rela-
tivity has been very successful in explaining gravity; in the solar system,
in astronomy and astrophysics, and in the evolution of the entire Universe
starting with the Big Bang. If gravitational waves do not exist, the men-
tioned effects must be explained by a theory significantly different than
relativity theory, and for this, there are no good candidates. The laws of
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gravity that were written down by Isaac Newton in 1687 is a good descrip-
tion of most gravitational effects that occur on earth and in the solar system.
In newtonian gravity, massive objects act on each others with gravitational
forces, according to Newtons laws. In general relativity, there are no grav-
itational forces. Gravity is described as curvature of space-time. In partic-
ular, a massive object (e.g. a star) curves the space-time. A light particle
(e.g. a planet) tends to fall towards, or orbit, a more massive object. The ex-
planation is, simply, that this is how objects move in curved space-time —
not by being caused by a force acting on it, as in newtonian theory. Space-
time is, however, not just an arena for objects to exist and interact in. It is
in itself a dynamical object that posseses energy, momentum and angular
momentum. Gravitational waves can be described as ripples in the space-
time curvature. They propagate with the velocity of light in vacuum and
carry energy, momentum and angular momentum, that can be transferred
to particles and electromagnetic fields.

In 1975, R. Hulse and J. Taylor reported on the discovery of a binary
star system (PSR 1913+16) that came to provide the so far strongest obser-
vational evidence for gravitational waves [1]. The two stars in the binary
pulsar evolve around a common center of mass and have velocities as large
as 0.1 percent of the speed of light. Observations show that the system loses
energy — presumably by radiating gravitational waves — at precisely the
rate predicted by relativity theory. There has been attempts since the 1960s
to directly detect gravitational waves in earth-based laboratories, and the
search intensified with the finding of the Hulse-Taylor pulsar. It is well un-
derstood why these attempts have sofar been unable to register any gravi-
tational waves. The reason is that gravitational waves interact very weakly
with matter and the natural noise that exists in any detector (thermal vibra-
tions, sound waves from the surroundings and even seismic disturbances)
has typically a larger effect on the detector equipment than the gravitational
waves. The technology has, however, progressed steadily and at the present
time it is believed that current technology can reduce the noise and amplify
the signal to a level where gravitational wave detection should be possi-
ble. One of the most promising detectors is LIGO [2], basically consisting
of a system of laser beams and mirrors, that has been running since 2002
with continously increasing sensitivity. The europeen detectors GEO600 [3]
(technically less advanced) and VIRGO [4] (not yet in operation) uses the
same technique.

The detectors will later function as gravitational wave ”telescopes”. As-
tronomy today does not record only the visible light that reaches earth from
cosmos. During the last decades a number of new ”windows to the uni-
verse” has been opened. These new windows consists of studying cosmic
radio waves, micro waves, gamma rays, neutrinos etc. Each time a new
observational window have been opened, astronomers have found new
types of objects in space and learned of new astrophyscial and cosmolog-
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ical processes. Most likely, the ”gravitational wave window” will be no
exception. Gravitational wave astronomy is particularly interesting since
gravitational waves are able to penetrate most barriers that hinder electro-
magnetic waves and particle rays from reaching our telescopes.

FIGURE 1. Illustration of the interaction between a gravitational wave (wavy
surface), plasma particles (points) and an electromagnetic wave (solid cruve). Al-
though space-time is where plasmas and electromagnetic fields exist, it is also a dy-
namical object in itself. Energy and momentum can be transferred between space-
time, plasmas and electromagnetic fields.

To make sense of the images that will come from gravitational wave tele-
scopes, it must first be understood how gravitational waves are produced
and how they evolve as they propagate through space. Some waves are
too weak to ever be detected on (or nearby) earth. They may, however,
interact with matter and electromagnetic fields, as illustrated in FIGURE 1,
and thereby give rise to secondary effects that potentially can be observed.
In extremely energetic processes, such as supernovae explosions, gravita-
tional waves interact more strongly and may be an important part of the
dynamics. The interaction may also affect the gravitational wave and thus
alter the form of the wave signals expected to reach the detectors.

The common state of matter in these scenarios is the plasma state. A
plasma is a collection of positively and negatively charged particles. This is
the state that ordinary matter turns into if heated sufficiently, so that its
molecular and atomic structure is disrupted. The plasma state remains
as long as the kinetic energy of the particles is significantly larger than
the attractive binding energy. At an early stage the entire universe was
in a plasma state (except for the dark matter, possibly). In present time,
the plasma state is still very common; stars are made of plasma and the
”empty” space between stars and galaxies is filled with a dilute plasma.
Plasma physics has been stimulated mostly by the strive to understand the
sun (FIGURE 2), the earths magnetosphere and to construct fusion reactors.

In many aspects a plasma behave like a fluid with electromagnetic prop-
erties. What distinguishes plasmas is the occurence of collective behaviour
and the variety of nonlinear effects. Collective behaviour is a result of the
long-range electromagnetic interaction force, that tends to make particles
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move in a coordinated way. The nonlinearities leads to that motion and
electromagnetic fields in plasmas tend to amplify each others (or theirself,
for that matter). Needless to say, perhaps, is that the behaviour of plasmas
is in general rather complex and difficult to analyse. Much insight into the
nature of plasmas can be gained, however, by studying the many type of
wave phenomenas that occur in plasmas.

FIGURE 2. The sun is, like most other plasmas, a rather lively system with many
complex dynamical processes, e.g. solar eruptions that can be seen in the lower left
of the picture. The nuclear burning in the center of the sun energizes the plasma.
This is manisfested as turbulent motion, in which many nonlinear wave processes
occur.

In plasmas one can find familiar wave types, like ”ordinary” electro-
magnetic waves and sound waves, but also waves that have no counterpart
in other medias, and it is no exception in plasma physics, that the waves are
important as carriers of energy and information.
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Chapter 2

General Relativistic Plasma
Physics

General relativistic plasma physics is the interplay between space-time ge-
ometry, electromagnetic fields and matter that is in a plasma state. Each of
these subfields have been well studied for, at least, almost a century. Still,
this field is to a large extent unexplored, even though plasma is often the
relevant state of matter where general relativistic effects are important. This
is mainly because that both general relativity theory and plasma physics are
both complex and highly nonlinear theories. To compensate for these dif-
ficulties, one often uses simplified models, e.g. simple matter models, like
neutral ideal fluids. In many cases such simplifications are well justified,
e.g. the gravitational coupling between two stars is not very sensitive to the
internal structure of the stars. Describing the stars by ideal neutral fluids,
or even as point particles, gives in many cases a sufficently accurate result.
In traditional plasma physics, the gravitational field from the plasma it-
self is usually discarded, since many electromagnetic effects dominate over
gravitational effects. The occurrance of gravitational fields is usually due
to some external source, e.g. a planet or a “neutral star”, and is described
by Newton’s gravitational law. This can be generalized to non-gravitating
plasmas in curved space-time, which may be relevant when considering rel-
atively teneous plasmas in the vincinity of black holes and compact stars,
or when considering the effect of gravitational waves on plasmas. When
the plasma effect on the gravitational field is also of interest one should use
a self-consistent description.

In this chapter some basic framework for general relativistic plasma
physics is presented. General expositions on relativity, cosmology and plasma
physics, can be found in the textbooks and reviews [5]-[9], [10]-[11] and
[12]-[17], respectively. The approach to the framework presented in this

7
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chapter was presented in Ref. [55] and [51], building on the 1+3 orthonor-
mal frame formalism [11]. Alternative methods have been developed and
applied by several other authors, particularly for non-gravitating plasmas
in curved space-time. Perturbations of cosmological charged multifluids
have been considered by Marklund et al [18]. Daniel and Tajima [19] have
studied plasma effects in black hole space-times, utilizing a frame work de-
veloped by Thorne [20]. Elsässer and Popel [21] have considered plasma
waves and Landau damping in curved space-time. Formalisms for waves
in magnetized plasmas have been devoloped and applied by Anile [22], Pa-
padopoulos and Esposito [23, 24] and Breuer and Ehlers [25]. Kinetic the-
ory applied to general relativity can be found in [26]-[28] and in references
therein. These and other formalisms have been applied to study gravita-
tional waves in plasmas [44]-[82]. These references will be discussed in
more detail, in section 3.1. Astrophysical and cosmological plasma physics
has been covered in, for instance, the book by Tajima and Shibata [29] and
in a review by Opher [30].

Notations and conventions

The language of general relativity is differential geometry. When focus-
ing on the physics, the formal mathematics is conventionally concealed as
much as possible. For instance, T µν is referred to as a tensor although
it represents only the components of the actual tensorial quantity T ≡
T µνeµ ⊗ eν , where eµ are basis of a particular tangent space, ⊗ is the outer
product and summation over the indices µ and ν is understood. Latin in-
dices, µ, ν, ... = 0, 1, 2, 3, are used in the coordinate formalism – referring
to a particular coordinate system xµ = (t, x, y, z) – and a, b, ... = 0, 1, 2, 3
are used in the tetrad formalism, whereas i, j, ... = 1, 2, 3 are used in both
formalisms. The metric has Lorentzian signature (− + ++), as in Refs. [5]
which is also followed regarding definitions and conventions for the cur-
vature tensor and the covariant derivative. For the covariant derivative we
reserve the notation ∇µ and for partial derivatives we apply ∂µ ≡ ∂xµ ≡
∂/∂xµ. At some instances we also make use of the standard commutation
and anti-commutation notations, e.g., A[µ|ν|Bσ] ≡ 1

2 (AµνBσ − AσνBµ) and
A(µ|ν|Bσ) ≡ 1

2 (AµνBσ + AσνBµ), where the bar notation means that ν is
excluded from the commutation/anti-commutation. Units are chosen such
that the velocity of light in vacuum, electric permitivity and magnetic per-
meability equals unity.

2.1 Governing equations

The elements of general relativistic plasma physics are: space-time geome-
try, electromagnetic fields and plasmas. The state of the space-time geom-
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etry — the gravitational field — is described by the metric tensor gµν . The
gravitational response to matter and electromagnetic fields is given by the
Einstein field equations (EFE)

Gµν = κTµν (2.1)

where Gµν ≡ Rµν − 1
2Rgµν is the Einstein tensor, Rµν is the Ricci tensor,

Tµν is the total energy-momentum tensor for matter and electromagnetic
fields, κ = 8πG and G is the gravitational coupling constant. The twice-
contracted Bianchi identities, ∇νG

µν = 0, implies that also the total energy-
momentum tensor should be covariantly divergence free, ∇νT

µν = 0.
The electromagnetic field tensor, F µν , is governed by the Maxwell equa-

tions
∇νF

µν = jµ (2.2)

∇µFνσ + ∇νFσµ + ∇σFµν = 0 (2.3)

where jµ is the total four-current. The energy-momentum tensor of the
electromagnetic field is given by

T EM
µν = F σ

µ Fνσ − 1
4gµνF

στFστ (2.4)

Treating the plasma as a collection of massive charged point-particles the
plasma energy-momentum tensor is

T PL
µν =

1√
| det gµν |

∑

(i)

p
(i)
µ p

(i)
ν

mγ
δ3(xj − xj

(i)) (2.5)

where (i) labels the particles. The equations of motion for the particles are

pν
(i)∇νp

µ
(i) = F µ

(i) (2.6)

where pµ
(i) is the four-momenta of particle (i) andF µ

(i) is the four-force acting
on it, e.g. the Lorentz force, F µ

(i) = q(i)p
ν
(i)Fµν .

The governing equations presented are, unfortunately, not very prac-
tical for studying processes in general relativistic plasma physics. Firstly,
the number of equations of motion for the plasma equals the number of
particles. This makes the system intractable, even with the aid of power-
ful computers. Less complicated descriptions of the plasma are desirable
and will be presented below. Secondly, with these formulations the physi-
cal nature of the system is not very transparent. For instance, real physical
effects of the gravitational field on the plasma and electromagnetic field are
mixed with “false” effects that can arise due to a particular choise of coor-
dinates. In the following section, some methods for dealing with thess type
of problems are presented.
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2.2 Unraveling the physics

There are many ways to formulate the interplay beween space-time and
matter. Each alternative formulation has its own advantages and draw-
backs. The generality, interpretability and simplicity varies with what math-
ematical framework one employs and what variables are studied. The ap-
proach presented here is based on the orthonormal frame formalism [11, 55,
51].

Space-time splitted into space and time

Although the concept of space-time is central to general relativity it can
often be practical to re-divide space-time into space and time. What an
observer percepts as space is a hypersurface that is orthogonal to the (time-
like) four-velocity of the observer. The percieved direction of time coincides
with that of the four-velocity. To be a useful tool, the splitting should not
be restricted to one point (the observer) only. One can imagine space-time
being covered by a field of ficticuous observers (or a physical field, e.g.
a fluid velocity field), given by a time-like four-velocity field uµ. Space-
time can then be sliced up into layers of surfaces (snapshots of space) —
three-dimensional hypersurfaces, to be specific — that are orthogonal to uµ

(direction of time), see FIGURE 3. This is often referred to as the 1+3 split
[11].

FIGURE 3. The 1+3 split illustrated. A field of observers with 4-velocities fills
spacetime. At any point, spacetime is split into space (a hypersurface orthogonal to
uµ) and time (parallel to uµ).

From the four-velocity uµ one can construct the following projection tensors

Uµ
ν ≡ −uµuν , Hµν ≡ gµν + uµuν

Uµ
ν projects parallel to uµ and Hµν projects onto a hyperplane orthogonal

to uµ. Note that

δµ
ν = −uµuν + (δµ

ν + uµuν) = Uµ
ν +Hµ

ν
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Any vector fµ can thus be split into a temporal part and a spatial part

fµ = Uµ
νf

ν +Hµ
νf

ν

The generalization to tensors is straight forward. Furthermore, it is con-
venient to introduce the rest-space volume element εµνσ ≡ uτετµνσ, where
ετµνσ is the four-dimensional volume element (ετµνσ = ε[τµνσ], ε0123 =√
| det gµν |).

Example 2.1 (1+3 split of the electromagnetic field) Applying the projection
tensors, the electromagnetic field can be split into an electric part, Eµ = Fµνu

ν ,
and a magnetic part,Bµ = 1

2εµνσF
νσ , (as measured by an observer with 4-velocity

uµ) by

F µν = uµEν − uνEµ + εµνσBσ (2.7)

The Maxwell equations can be splitted into a form that is rather similar to the
Newtonian counterpart

Hµ
νĖ

ν − εµνσ∇̃νBσ = −Jµ − 2
3ΘEµ

+ σµ
νE

ν + εµνσ(u̇νBσ + ωνEσ) (2.8)

Hµ
νḂ

ν + εµνσ∇̃νEσ = − 2
3ΘBµ + σµ

νB
ν − εµνσ(u̇νEσ − ωνBσ) (2.9)

∇̃µE
µ = ρch + 2ωµB

µ (2.10)

∇̃µB
µ = −2ωµE

µ (2.11)

The derivative operators that are introduced here and the kinematical quantities
{Θ, σµν , ωµν , ω

µ} — referring to the state of the velocity field uµ (and indirectly
to the gravitational field) — are defined in the Appendix. Jµ = Hµ

νj
ν and ρch =

uµj
µ are the charge current and density, respectively. The Maxwell equations is

this way splitted into two evolution equations, Eqs. (2.8) and (2.9), (Ampere’s and
Faraday’s laws) and to constraint equations, Eqs. (2.10) and (2.11), (divergence of
the electric and magnetic field), similar to their Newtonian counterparts.

Orthonormal frame

In the coordinate formalism of general relativity the geometrical basis is in
general not orthogonal, see FIGURE 4. By a coordinate transformation the
basis can be made orthonormal locally — but a different transformation is
in general required at another space-time point.
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b)a)

FIGURE 4. Illustration of coordinate basis versus orthonormal basis. The coordi-
nate basis a) is tangential to the coordinate lines and is, in general, not orthogonal.
Orthonormal basis b) can be constructed as linear combinations of the coordinate
basis.

A tetrad, X µ
a , transforms a coordinate basis, ∂µ, into a more general basis,

ea:
∂µ → ea = X µ

a ∂µ (2.12)

The basis can, for instance, be constructed so that it is everywhere orthonor-
mal, although space-time is curved, see FIGURE 4. Any vector field A can
be expressed both in terms of a coordinate basis or tetrad basis, i.e.,

A = Aµ∂µ = Aaea = AaX µ
a ∂µ (2.13)

The vector components are related by Aµ = X µ
a A

a and Aa = ωa
µA

µ, where
ωa

µ is the inverse to X µ
a , i.e. ωa

µX
ν

a = δν
µ. The dual basis to ea are the

differential forms ωa = ωa
µdx

µ, where dxµ are dual to ∂µ (that is ωa[eb] = δa
b

and dxµ[∂ν ] = δµ
ν ). The metric can thus be written

ds2 = gµνdx
µdxν = gabω

aωb = gabω
a
µω

b
νdx

µdxν (2.14)

This means that gµν and gab are related by gµν = gabω
a
µω

b
ν . The usefulness

of the tetrad formalism is that the tetrad can be chosen such that gab = ηab =
diag(−1, 1, 1, 1) — which defines orthonormality — or any other convenient
choice. All tensorial quantities can thus be transformed Aµ···

ν··· → Aa···
b···

into a description where the metric is everywhere locally Minkowski. A
practical scheme for the tetrad formalism is presented in the Appendix. For
an example of a tetrad basis, see Eq. (3.3)- (3.4).

Example 2.2 (The Maxwell equations with orthonormal basis) Having an
orthonormal basis, it is also meaningful to introduce an Euclidian three-vector no-
tation. Let the electromagnetic field tensor be decomposed into an electric and a
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magnetic field as in Eq. (2.7), with uµ = (1, 0, 0, 0). Three-vectors are denoted
E = (E1, E2, E3, ), ∇ = (e1, e2, e3, ). With this notation, the Maxwell equa-
tions (2.2)-(2.3) can be rewritten as

∇ ·E = ρ+ ρE (2.15)
∇ ·B = ρB (2.16)

e0E−∇×B = −j− jE (2.17)
e0B + ∇×E = −jB (2.18)

The covariant derivative has been expanded in terms of the Ricci rotation coeffi-
cients, Γc

ab ≡ −X µ
a X

ν
b ∇νω

c
µ, according to

∇aAb = eaAb − Γc
baAc (2.19)

In Eq. (2.15)-(2.18), the gravitational coupling through the rotation coefficients
are collected in the ”effective” currents and charge densities. Observe that these
appear both as electric current and charge density, jE and ρE , as well as magnetic
current and charge density, jB and ρB . They are given by

ρE ≡ −Γi
jiE

j − εijkΓ0
ijBk

ρB ≡ −Γi
jiB

j + εijkΓ0
ijEk

jE ≡
[
−

(
Γi

0j − Γi
j0

)
Ej + Γj

0jE
i − εijk

(
Γ0

j0Bk + Γm
jkBm

)]
ei

jB ≡
[
−

(
Γi

0j − Γi
j0

)
Bj + Γj

0jB
i + εijk

(
Γ0

j0Ek + Γm
jkEm

)]
ei

2.3 Plasma models

As mentioned previously, it is not possible to keep track of each individ-
ual plasma particle by means of the particle equation of motion, Eq. (2.6),
which in orthonormal tetrad basis reads

paeap = q [γmE + p×B] + γmG (2.20)

where γ =
√

1 + pipi/m2 and the four-momenta is pa = γmdxa/dt. The
gravitational force-like term, G, is given by Gi ≡ −Γi

abp
apb/γm. One

must instead use a less detailed description. In this section three very use-
ful plasma descriptions are presented in a general relativistic framework
(employing orthonormal tetrad basis and Euclidian three-vector notation
in most equations).
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Kinetic description

The most accurate description that also is of practical use is the kinetic
description [11, 12, 13, 26, 27, 28]. The state of each plasma component
(one component for each particle species) is given by a distribution func-
tion, which contains the information of how the particles are distributed in
phase-space. The description can be exact, in which case the time evolution
of the distribution function is given by the Klimontovich equation or the Liou-
ville equation. But kinetic theory becomes most useful when one considers
the average behaviour of a plasma. In this case the distribution function is a
smooth function that provides a statistical microscopical description of the
plasma. Each plasma species evolves according to the Boltzmann equation

L[f ] = C (2.21)

where f(xµ, pi) is the distribution function, C is the collision term and L is
the Liouville operator1

L = pµ∂xµ +
[
F i − Γi

µνp
µpν

]
∂pi (2.22)

where F µ is the (real) force acting on the particles. Note that the gravita-
tional field enters the Boltzmann equation as an effective force. In many
plasmas the particle kinetic energy is much larger than the nearest neigh-
bor potential energy, in which case collisional effects can be ignored, i.e.
C = 0. The equation L[f ] = 0 is referred to as the Vlasov equation. Using an
orthonormal basis and assuming electromagnetic forces it reads

e0f +
p · ∇f
γm

+

[
q

(
E +

p×B

γm

)
+ G

]
· ∇pf = 0 (2.23)

where ∇p ≡ (∂px
, ∂py

, ∂pz
). The Vlasov equation expresses that the phase-

space density of particles is preserved along particle worldlines – only col-
lisions can produce a rate of change along the worldlines. That a plasma
is collisionless does not, however, mean that the particles do not interact.
Each particle is acted on by the fields, e.g. electromagnetic or gravitational,
that are generated collectively by all particles together. The plasma contri-
bution to the energy-momentum tensor is, in the kinetic plasma description,
given by

T PL
ab =

∑

p.s.

∫
papb

γm
fd3p (2.24)

1With this form of the Liouville operator, the Boltzmann equation is not fully covariant,
since the summation in the force term is over spatial indices only. If general covariance is
desired, one should take f = f(xµ, pν), but not with p0 and pi independent of each others.
Integration over momentum space of terms involving f , should be taken on the mass-shell,
pµpµ = −m2.
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The electric four-current is ja =
∑

p.s. q
∫
paf/(γm)d3p. Summation is over

the particle species.
The Vlasov equation is used extensively for many systems. In tradi-

tional plasma physics the Vlasov equation (in combination with the Maxwell
equations) is very important for studying wave-particle resonances, where
wave energy is converted into kinetic energy and vice verse, and for ana-
lyzing the stability properties of plasmas that are not in thermodynamical
equilibrium. In gravitational physics the Vlasov equation (together with
Einstein’s field equations or their Newtonian approximation) is applied to
the dynamics of galaxies, in which case the ”particles” are stars, and to cos-
mology, where the ”particles” may be galaxies or clusters of galaxies.

Multifluid description

The kinetic description has the advantage of being a microscopic descrip-
tion that takes into account the distribution of particle velocities. For prob-
lems when this level of detail is not needed it is in general easier to use
a fluid description for the plasma. The multifluid description is a macro-
scopic description where the plasma is modelled by a set of interpenetrat-
ing fluids, one for each particle species.

The fluid description can be justified in terms of kinetic theory. By tak-
ing the moments of the kinetic equation (multiplying the Boltzmann or
Vlasov Eq. by factors involving the particle momentum and integrating
over momentum space) one can obtain an effective macroscopic model (see,
e.g., [28] and references therein), i.e. evolution equations and an equation
of state. See Ref. [22] for relevant equations of state in various astrophysical
situations.

Alternatively, one can start with a fluid energy-momentum tensor with
suitable properties and derive fluid equations and supplement them by an
assumed equation of state. Since the Einstein tensor is divergence free, the
total energy-momentum tensor should satisfy ∇bT

ab = 0. The fluid mo-
mentum equation (generalized Euler’s equation) can be derived by project-
ing ∇νT

ab = 0 along the fluid four-velocity. A fluid state can be described
in terms of the fluid four-velocity field V a = γva with γ = (1− viv

i)1/2, the
restframe particle number density, n, and the pressure p. Particle conserva-
tion (zeroth moment of the kinetic equation) is given by ∇a(nV a) = 0, for
each fluid component, or equivalently in orthonormal frame formalism

e0(γn) + ∇ · (γnv) = ∆n (2.25)

where ∆n = −γn
(
Γi

0i + Γi
00vi + Γi

jiv
j
)
.

Example 2.3 (Ideal charged fluid with non-relativistic pressure) The energy-
momentum tensor for an ideal fluid describing a system of particles of mass m and
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charge q is

T FL
ab = (µ+ p)VaVb + pgab (2.26)

where µ is the total mass-energy density [22] in the fluid frame. The momentum
equation follows from ∇b(T

ab
FL + T ab

EM) = 0 and the Maxwell equations. If the
pressure is assumed non-relativistic, i.e. µ = mn � p, the momentum equation
reads (see Appendix)

mn(e0 + v · ∇)γv = −γ−1∇p+ qn(E + v ×B) +mng (2.27)

where the effective gravitational force mng is given by

g ≡ −γ
[
Γi

00 +
(
Γi

0j + Γi
j0

)
vj + Γi

jkv
jvk

]
ei (2.28)

The multifluid description consists of several charged interpenetrating flu-
ids, each governed by a momentum equation as presented above — the
particle charge and mass differ, however, in general.

Magnetohydrodynamic description

When considering the low frequncy dynamics of a magnetized plasma the
fluid components behave essentially like a single electrically conducting
fluid. The charge densities of the fluids are bound to the most heavy fluid
component (dragging the lighter fluids with it), which in turn is bound to
the magnetic field. These models are often referred to as the magnetohydro-
dynamic (MHD) description. These are best viewed as postulated models
for the low frequency dynamics of magnetized plasmas. Although the MHD
equations can be derived from the multifluid equations (or directly from ki-
netic theory), the underlying assumptions are very restrictive, and it is hard
to find systems where all of these assumptions are realized simultaneously.
Still, it has been found that MHD theory is a good model for a class of plas-
mas much larger than guaranteed by the underlying assumptions.

Example 2.4 (A simple MHD model) A simple single-fluid model for magne-
tized plasmas can be derived given the assumptions (see e.g. Ref. [17]) that i) the
characteristic MHD time scale is much larger than the characteristic time scales for
plasma oscillations and for particle collision, ii) the characteristic MHD length scale
is much larger than the plasma Debye length and the gyro radius and that iii) the
fluid velocity, the particle mean velocity and the Alfvén velocity,CA ≡

√
|B|2/ρm,

are much smaller than the velocity of light. In the orthonormal frame formalism,
the general relativistic MHD equations corresponding to these assumptions, and
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that of nonrelativistic pressure, are

ρm(e0 + v · ∇)v = j ×B−∇p+ ρmg

E + v ×B = ηj

e0(γn) + ∇ · (γnv) = ∆n

∇×B = j + jE

e0B + ∇×E = −jB

supplemented by some equation of state, e.g. p = ρmkBT/m. The equations can
be derived from the multifluid description by combining the equations for the fluids
and applying the mentioned assumptions. Here, v is the center of mass fluid veloc-
ity, j, ρm, p and T are the total current density, total mass density, total pressure
and total temperature, respectively, and m is the sum of the particle masses. In the
MHD approximation the total charge density is negligible and therefore Gauss law
is not needed and for CA � c the displacement current vanishes. The resistivity,
η, can be included by introducing a collision term in the original multifluid equa-
tions. The system of equations is known as ideal MHD if η = 0 or resistive MHD if
η 6= 0.

Several alternative general relativistic magnetohydrodynamic models exist
in litterature [22, 23, 80]. Some of these relaxes some of the assumptions
that where made in the preceeding example, and includes relativistic fluid
velocity, displacement current etc. Nonrelativistic MHD have largely been
applied to space and solar physics, and to laboratory fusion plasmas [17].



18 CHAPTER 2. GENERAL RELATIVISTIC PLASMA PHYSICS



Chapter 3

Gravitational and
Electromagnetic waves

This chapter is devoted to the framework for gravitational and electromag-
netic waves in plasmas, and the basic properties of these waves.

3.1 Gravitational waves

The following quotation is from a letter, written in 1936, from Albert Ein-
stein to Max Born [31, 32]

”Together with a young collaborator, I arrived at the interesting result that
gravitational waves do not exist, though they had been assumed a certainty to first
approximation.”

It is a remarkable statement since gravitational radiation was one of the first
predictions (published in 1916 [33]) of Einstein’s general theory of relativ-
ity. But the prediction from 1916 was made for linear gravitational waves,
i.e. a result of perturbation theory — which sometimes do fail. Later Ein-
stein attempted to find exact wave solutions to the field equations, but the
nonlinearities in the equations made it very difficult to find such solutions
that are free from singularities. This lead him, and others, to believe that
gravitational radiation is not a possibility. Although Einstein (and others)
soon realized that the singularities where not as severe as they first seemed
— and he returned to the beleif that graviational waves indeed could exist
— gravitational waves remained a controverse until the 1970s. There are
mainly two reasons for this. Firstly, even though the field equations im-
plies that time-varying mass-quadrupole moments (such as binary stars)

19
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emit gravitational waves, there was no sign of radiation reaction (change in
energy and angular momentum) in the equation of motion for the source.
The second reason is that the energy density carried by gravitational waves
can, at any space-time point, be made zero by choosing a particular set of
coordinates. The relativity community could not at that time agree on the
meaning of this, i.e. if this means that gravitational waves are not real. But
in the 1970s the reaction problem was finally well understood (for a review,
see [34, 35]). Suitable formalisms for studying the equation of motion for bi-
nary stars had been found — the radiation reaction araises first at fifth order
in the post-Newtonian perturbation expansion. The discovery of the Hulse-
Taylor binary pulsar in 1975 [1], which looses energy at the predicted rate,
came to provide the first observational evidence of gravitational waves.

Still, the observed energy loss of the Hulse-Taylor pulsar can only be
considered as an indirect observation of gravitational waves. The last decades,
there has been much effort in designing detectors for direct observations of
gravitational waves. These consist of large metall bars or spheres (e.g. [36]),
or systems of lasers and mirrors (e.g. [2, 3, 4]) — as isolated from external
and internal noise as current technology allows. It is belived that these de-
tectors have now reached the level of sensitivity where it should be possible
to detect some of the gravitational radiation bursts that Earth is occasionally
exposed to, and the sensitivity is increased continuously. The rate of those
events that should be possible to detect today are, however, expected to be
low. Currently, the detector signals consist of what seem to be noise. Still,
gravitational wave evidence may be hidden in these signals, which are an-
alyzed closely and compared to signals from other detectors. The analysis
relies crucially on what the expected gravitational wave forms are.

Although the first objective is to find evidence of gravitational radia-
tion and thereby confirm this implication of general relativity, it is the next
step that scientists find most exciting. The detectors will then function as
gravitational wave ”telescopes”, see e.g. the review by Schutz [39]. Gravi-
tational radiation can penetrate most barriers that hinder conventional ra-
diation from reaching earth. Gravitational wave telescopes will therefore
open up a new window into space, through wich scientist may be able to
observe so far hidden regions, such as the interior of supernova explosions,
emissions from neutron stars and black holes or the Big Bang. Another
important feature is that gravitational waves come from the bulk motion of
their sources, whereas most electromagnetic waves that are observed re-
sides from individual particles.

The most important sources of gravitational waves are considered to be
(see e.g. Ref. [39] for more details on these sources):

• Binary systems. Two stars orbiting a common center of mass will ra-
diate gravitational waves, leading to increasing orbital frequency and
decreasing separation. For large separations, the waves are nearly
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monochromatic. If the stars are compact, e.g. neutron stars or black
holes, the separation/frequency can eventually become small/high
and the waves are then of larger amplitude and are modulated, be-
fore the objects finally coalesce. The orbital frequency ranges up to 1
kHz, before two neutron stars are in contact and begin merging.

• Gravitational collapse. Stars more massive than three solar masses
are too heavy to cool down quietly when the nuclear burning ends.
Instead they undergo gravitational collapse that ends with a super-
nova explosion, where huge amounts of energy is released mainly in
the form of neutrinos but also in the form of gravitational waves [40],
unless the collapse is spherically symmetric. The process is complex
and it is unclear to what fraction energy is converted into gravita-
tional waves. Frequencies in the kHz region are expected.

• Neutron stars. Newly formed neutron stars may rotate very fast (about
100 Hz). This has been shown to be an unstable state, due to the
coupling between the neutron star normal modes and gravitational
waves, see e.g. [41, 43]. The state of high rotation decays by the emis-
sion of gravitational waves.

• Black holes. If a black hole is perturbed, e.g. as an initial state after
gravitational collapse, by annihilating a star or by merging with an-
other black hole, its normal modes [42] are excited. These modes are
associated with gravitational wave emission, see, e.g., the pedagogi-
cal review by Rezzolla [43]. For stellar-mass black holes, the natural
frequencies are of the order of 1 kHz.

• The early Universe. During the inflation of the universe, fluctuations
in the gravitational wave field would have been energized by para-
metric amplification, resulting in a cosmic gravitational background
radiation [44] containing information of the state of the universe at
times 10−24 s after the Big Bang. This should be compared to the
scientific importance of the cosmic electromagnetic microwave back-
ground, which originated from times 105 years after Big Bang. Today,
the spectrum of relic gravitational waves extends up to frequencies of
GHz. But the background is stochastic, however, and best hope of de-
tecting it is by placing detectors in space — operating in the frequency
range mHz to Hz.

Gravitational waves in plasma-like media have been studied since the
1970s. The studies can be cathegorized as follows.

i) Observable effects on plasma. Some gravitational waves are too weak
to ever be detected on earth using the current detector designs. Closer to
the source, however, the waves are stronger and induce effects on plasmas
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that may be observable — reaching earth electromagnetically or as parti-
cle showers. The time-delay of electromagnetic waves from pulsars due
to gravitational waves has been proposed [44, 45] as a mean of observing
gravitational waves. The acceleration of particles by gravitational waves in
magnetized plasmas has been considered in Refs. [47, 48] and the gravi-
tational wave induced shift in the electromagnetic cyclotron spectrum was
examined in Ref. [49]. Excitation of plasma Langmuir waves [50], plasma
oscillations [51, 52], ion-accoustic waves [53] and electromagnetic waves
[54]-[58] by gravitational waves in plasmas have been studied. The conver-
sion of gravitational waves into electromagnetic waves due to scattering
against charged particles was calculated in Ref. [59].

ii) Effect on gravitational waves. When propagating through a plasma-like
medium, gravitational waves may exhibit dispersion, refraction, damping
(absorption) and modification by interaction with other waves. Since the
analysis of the signals from current gravitational wave detectors depends
crucially on the expected wave-forms, it is necessary to determine the im-
portance of these effects. Dispersion and possible Landau damping of grav-
itational waves in a collisionless gas have been considered in Refs. [46],
[60]-[67]. Damping of gravitational waves due to resonant particle accel-
eration in magnetized plasma has been studied in Refs. [47, 54], whereas
damping due to collisional dissipation was considered in Ref. [68] and, in
a cosmological fluid, in Ref. [69]. In Ref. [70] the propagation of gravi-
tational waves in matter was treated in terms of the electro-gravitational
and magnetogravitational fields. A WKB formalism for gravitational wave
propagation in a fluid medium was presented in Ref. [71]. The linearized
Einstein-Vlasov equations have been solved for long gravitational waves in
an ultrarelativistic two-component Friedmann universe [72]. The modifi-
cation of gravitational waves due to cosmic magnetic fields was studied in
Ref. [73]. Equations for nonlinear gravitational waves in matter have been
derived in Ref. [74].

iii) Gravitational wave emission. Plasma processes can also lead to the
emission of gravitational waves. For the gravitational waves to be of sig-
nificant amplitude, however, this requires very energetic plasma configu-
rations. In Refs. [73, 75], the generation of gravitational waves due to cos-
mic magnetic fields in the early universe was considered. The excitation of
gravitational waves by interacting sound waves was studied in Ref. [76]
and the conversion of electromagnetic waves into gravitational waves by
scattering against charged particles was calculated in Ref. [77].

iv) Interaction in complex processes. Many of the results in the points above
can be important subprocesses in larger, more complex, processes. This
field is not very deloped so far. In Ref. [78] the role of interaction between
gravitational and electromagnetic waves in plasmas during supernova ex-
plosions was discussed. The conversion from gravitational waves to elec-
tromagnetic waves in plasmas has been studied in the context of gamma-
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ray bursts in Refs. [79, 80]. In and Ref. [81] the coupling between grav-
itational waves and electromagnetic fields was proposed as a generating
mechanism for the cosmic background magnetic field, and the implications
of gravitational waves exciting plasma waves and electromagnetic waves
in the cosmological plasma have been studied or discussed in the Refs.
[82, 53].

Linearized waves in vacuum

Most gravitational wave sources, e.g. compact binaries, are also associated
with strongly curved background space-times, like the Schwarzchild space-
time. In general, it is difficult to distinguish the wave from the background.
If the wavelength is much smaller than the characteristic length-scale of the
background curvature, however, this distinction simplifies. This is referred
to as the high-frequency approximation, for which Isaacson presented a for-
malism, where gravitational waves in curved space-time can be treated in
a perturbative manor (up to third order in wave amplitude) [37]. The idea,
illustrated in FIGURE 5, is that in the limit of high frequencies, the back-
ground does not vary over distances comparable to the wavelength. By
a coordinate transformation, the background space-time can then be made
flat in any region of this size. When propagating over distances comparable
to the background lenght scale, the background curvature makes the waves
follow null geodesics and be ”deflected”, just like light rays. By taking into
account higher order terms in the high-frequency approximation, the dis-
persion of gravitational waves by the background curvature is found.

FIGURE 5. Illustration of the high-frequency approximation. If the wavelength of
the wave (wavy line) is much smaller than the distance over which the background
space-time varies (curved line), the background can, locally, be taken to be flat
(straight line).

Let the metric tensor g(0)
µν describe some particular vacuum space-time,

i.e. fulfilling R
(0)
µν = 0. The propagation of small amplitude gravitational

waves in this space-time can be studied by introducing a metric perturba-
tion

hµν = h(1)
µν + h(2)

µν + ...
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with components of h(1)
µν much smaller than unity and where h(2)

µν ∝ (hµν)2

is the nonlinear response to h(1)
µν . The metric, gµν = g

(0)
µν +hµν , should fulfill

R(0)
µν +R(1)

µν +R(2)
µν + ... = 0

where R(n)
µν stands for the nth term of the expansion of the Ricci tensor in

powers of h(1)
µν . In the linearized theory of gravitational waves, the expansion

is truncated after linear order in h
(1)
µν . Since g(0)

µν is already a solution, this
implies R(1)

µν = 0, or more explicitely

R(1)
µν = 1

2g
στ
(0)(∇ν∇µhστ + ∇τ∇σhµν −∇σ∇νhτµ −∇σ∇µhτν) = 0 (3.1)

where the covariant differentiation is with respect to the background so-
lution, g(0)

µν . In the high-frequency approximation it is possible to make
the gauge choice, ∇νh

µν = 0 and hµ
µ = 0, for which Eq. (3.1) simplifies.

If one, in addition to high frequencies, considers propagation only over
short distances compared to the characteristic background length scale, it
is also possible to (locally) remove the background curvature by a coordi-
nate transformation. In so doing, g(0)

µν becomes the Minkowski metric, ηµν ,
and R(1)

µν = 0 reduces to
∂σ∂σhµν = 0 (3.2)

For plane gravitational waves in the transverse and traceless (TT) gauge
propagating along the z ≡ x3 coordinate, the non-zero components of hµν

are h11 = h22 ≡ h+ and h12 = −h21 ≡ h×. Gravitational waves have
two degrees of freedom, two independent linear polarizations, h+ and h×.
These states differ only by a rotation of π/4 about the axis of propagation.
An orthonormal tetrad that describes plane gravitational waves in the TT-
gauge propagating along the z ≡ x3 coordinate, is given by the following
contravariant basis

e0 = ∂t , e1 = (1 − 1
2h+)∂x − 1

2h×∂y , (3.3)

e2 = (1 + 1
2h+)∂y − 1

2h×∂x , e3 = ∂z (3.4)

In the tetrad formalism the field variables, h+ and h× fulfill the same equa-
tion as in the coordinate formalism, Eq. (3.2). The energy density carried
by GWs is given by the Landau-Lifshitz pseudo energy-momentum tensor
[7]. For waves in the TT-gauge it is given by

E = 1
2κ

[
(∂thA)2 + (∂thB)2

]
(3.5)

Example 3.1 (Free particles in a gravitational wave field) Some of the nature
of gravitational waves can be illustrated by solving the equation of motion 2.20 for
a cloud of neutral test particles. For gravitational waves in the TT-gauge, the effec-
tive gravitational force G is zero for free particles with momenta p = 0. This seems
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to indicate that particles initially in rest, will not be influenced by gravitational
waves. This is not entirely true. The distance between two particles, displaced by a
vector ρµ = (0, ρ) is given by

d =
√
gijρiρj

and this quantity does not remain constant. The particles remain at their coordi-
nate positions, but the gravitational wave deforms the otherwise plane space-time
and this affects the physical displacement. This is illustrated in FIGURE 6, where
the effect of a gravitational wave on a cylindrical configuration of test-particles is
displayed. The displacement is orthogonal to the direction of propagation, indi-
cating the transverse nature of gravitational waves. After the pulse the particles
return to their original positions. The effective gravitational force on (free) particles
in motion is finite, according to Eq. 2.20. Accordingly, the particles experience a
temporary shift in velocity and direction of propagation, but they are really not af-
fected in any way different from particles at rest — they only differ by a coordinate
transformation.

FIGURE 6. The effect of a gravitational wave pulse on a cylinder of test-particles.
The wave pulse is given by h+ = h sin(φ) exp [−φ2/C] and h× = 0 with φ =
kz − ωt. The propagation is along the axis of the cylinder.

Linearized waves in a plasma

The interaction of gravitational waves with plasmas and electromagnetic
fields can be studied in two ways. Firstly, the plasma (and EM fields) can
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be treated as a test-plasma. The self-gravitation of the plasma is then dis-
carded, and there is no back-raction of the plasma on the gravitational
wave in this approximation. Secondly, the interaction can be examined us-
ing a selfconsistent description, where also the plasma contribution to the
energy-momentum tensor in the EFE is taken into account. It is then possi-
ble to determine to what extent the gravitational waves are affected by the
plasma.

Non-gravitating plasma

In the case of gravitational waves in a test-plasma, plane gravitational waves
can be taken to be in the TT-gauge, provided the wavelength and interac-
tion region is small compared to the characteristic background length scale.
The effect of gravitational waves on a plasma and an electromagnetic field
is described by the equations in Chapter 2. The calculations of these effects
are simplified substantially by the TT-gauge choice. The effective gravita-
tional force in the fluid description is given by

g = − 1
2γ(1 − vz)

[
vxḣ+ + vyḣ×)

]
e1

− 1
2γ(1 − vz)

[
vxḣ× − vyḣ+

]
e2

− 1
2γ

[
(v2

x − v2
y)ḣ+ + 2vxvyḣ×

]
e3 (3.6)

and the gravitationally induced effective currents in the Maxwell equations
are

jE = − 1
2

[
(Ex −By)ḣ+ + (Ey +Bx)ḣ×

]
e1

− 1
2

[
−(Ey +Bx)ḣ+ + (Ex −By)ḣ×

]
e2 (3.7)

jB = − 1
2

[
(Ey +Bx)ḣ+ − (Ex −By)ḣ×

]
e1

− 1
2

[
(Ex −By)ḣ+ + (Ey +Bx)ḣ×

]
e2 (3.8)

where the overdot represents partial time derivative and ∂z ≈ −∂t has been
used. The remaining gravitationally induced terms are zero. The effective
force for particles, G, takes the same form as g: G = mg upon replacing
v → p/γm. The effect of gravitational waves on matter and electromagnetic
fields is illustrated by two examples below.

Example 3.2 (Acceleration of particles) In Example 3.1, the effect of gravita-
tional waves on free particles was considered. A particle moving in a monochro-
matic gravitational wave-field will have a periodic shift in kinetic energy and di-
rection of propagation, but for free particles (free from forces other than the gravi-
tational), there is no net effect. If the particle is not free, however, and the motion
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is constrained somehow, this can lead to a cumulative change in energy and mo-
mentum, i.e. lead to a long term acceleration (or deceleration). Constrained motion
occurs, for instance, for a charged particle in a magnetic field. Take the magnetic
field to be B = Bez and assume that a gravitational wave propagates parallel to it.
The equation of motion for the charged particle is then given by

d

dt
p = (ωc/γ)p×ez −G ≡ F (3.9)

where ωc ≡ qB/m is the cyclotron frequency. In the absence of the gravitational
wave, G = 0, the particle gyrates around the magnetic field lines. A gravitational
wave will in general produce a small and irregular deviation from the particle gy-
ration. But if the wave is resonant with the particle gyration, which occurs if the
wave frequency equals ω = 2ωc, the z-component of the effective force, gz, will
contain a constant term that will lead to a long term acceleration of the particle
along the magnetic field. As found in Ref. [47] , the particle velocity approaches
the speed of light as 1

vz → 1− 1

hωct
(3.10)

where h denotes the gravitational wave amplitude. The size of the acceleration
clearly depends on the strength of the wave and of the magnetic field. Given long
time enough this mechanism can clearly produce highly energetic particles. It is
crucial, however, that the magnetic field is sufficently static and homogeneous for
the resonance to be fulfilled for a long enough time. The acceleration or deccel-
eration of particles means that the wave looses or gains some energy. The effect
on the amplitude of gravitational waves, that interact resonantly with particles in
magnetized plasmas, is considered in paper III.

z=0 
z 

FIGURE 7. Generation of an electromagnetic wave by a gravitational wave eneter-
ing a region (z > 0) with a magnetic field. The amplitude of the electromagnetic
wave grows linearly with z.

Example 3.3 (Generation of electromagnetic waves) Gravitational waves may
be a source of electromagnetic waves [46], [83]-[85]. If a gravitational wave enters

1In Ref. [47] it is found that the parallel momentum increases exponentially with respect to
the proper time. This is equivalent to Eq. (3.10).
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a region in space where there is an electromagnetic field, this may lead to nonzero
effective currents in the Maxwell equations. The currents alternate with the grav-
itational wave and produce electromagnetic waves. Assume that a gravitational
wave, h+(z− t), propagates perpendicular to a static homogeneous magnetic field,
B0 = B0ex. Electromagnetic waves will then be produced according to the wave
equation

[∂2
t − ∂2

z ]Bx = B0∂
2
t h+ (3.11)

that follows from the Maxwell equations (2.15)-(2.18). Take B0 = 0 for z < 0 and
B0 6= 0 for z ≥ 0, and h+ = h cos(k(z − t)). The amplitude of the generated
electromagnetic wave will then grow as Bx = 1

2kB0h sin(k(z − t))z in the region
with the background magnetic field, see FIGURE 7. Depending on the size of this
region and on the strength of the gravitational wave and the background magnetic
field, the electromagnetic wave can grow to levels where it may become observable
or even energetic enough to be of dynamical importance. In paper II and VI, the
generation of electromagnetc waves in plasmas is studied.

Gravitating plasma

In general, it is much more complicated to treat the interaction between lin-
earized gravitational waves, plasmas and electromagnetic fields selfconsis-
tently. Besides the plasma and Maxwell equations, the Einstein field equa-
tions

G(0)
µν +G(1)

µν = κ(T (0)
µν + T (1)

µν ) (3.12)

should be fulfilled, where G
(0)
µν is the Einstein tensor of the background

gravitational field and T
(0)
µν the energy momentum tensor of the unper-

turbed plasma. If the high-frequency approximation is valid, the back-
ground space-time can still be made planar, so that the problem reduces to
solving G(1)

µν = κT
(1)
µν with gµν = ηµν + hµν . But the gravitational perturba-

tion can in general not be taken to be in the TT-gauge. The reason is that the
matter perturbations that couple to gravitational waves, does typically not
couple back to the TT-components of the wave field alone, but also produce
”supplementary” gravitational fields, i.e. the perturbed energy-momentum
tensor is not necessarily transverse and traceless. The effect of these fields
on the plasma should also be taken into account. This means that the TT-
gauge is in general not a valid choice. The metric tensor can, however, still
be splitted into one part representing gravitational waves in the TT-gauge,
and one part representing the supplementary fields, see Paper VI for de-
tails. The perturbed Einstein field equations implies the following equation
for gravitational waves

∂c∂ch+ = −κ
(
T

(1)
11 − T

(1)
22

)
(3.13)

∂c∂ch× = −κ
(
T

(1)
12 + T

(1)
21

)
(3.14)
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In the high-frequency limit the supplementary gravitational fields tend to
zero (the condition on the frequency may be more or less restrictive than the
condition with respect to the unperturbed background). The conclusion is
that in the limit of high frequency, gravitational waves can be taken to be
in the the TT-gauge also for gravitating matter, despite that the perturbed
energy-momentum tensor is not transverse and traceless. This simplifies
the calculations of the gravitational wave effects on the matter substantially.

Example 3.4 (Dispersion of gravitational waves) The dispersion of gravita-
tional waves in a homogenous neutral gas with mass density ρm and temperature
T can be found the following way [46], [60]-[67]: For simplicity, assume that in
the absence of gravitational waves, the distribution function for the gas (denoted
f0) is Maxwellian and consider a plane wave, h+ = h exp[i(kz − ωt)]. The grav-
itational wave will be associated with a perturbation of the distribution function,
δf = δ̂f exp[i(kz − ωt)], so that f = f0 + δf . The linearized EFE and Vlasov
equation then reads

[∂2
t − ∂2

z ]h+ = κ

∫
m−1[(p1)

2 − (p2)
2]δfd3p

[∂t + pz/(γm)∂z]δf + G · ∇pf0 = 0

which combines to the following dispersion relation (reinstating c)

ω2 − c2k2 − ω2
g = 0

where ω2
g = 16πc−2GnkBT . Paper III is an extension of this result to magnetized

plasmas. In that case the dispersion relation implies complex frequency, which
means that the wave is damped (or growing) due to resonant wave-particle interac-
tion. It should be pointed out that also the space-time curvature leads to dispersion
of gravitational waves [46]. The two contributions can be calculated separately and
added to obtain the total dispersion relation.

Finite amplitude waves

Linearized theory is valid in many situations. But for moderately small
amplitude, the nonlinearities in the EFE may become important. The sys-
tem of equations that is produced by perturbation theory is rather compli-
cated, however. But there exist some exact gravitational wave solutions to
EFE. These are very special solutions, with a high degree of symmetry, but
by studying these it is possible to gain insight into some of the nonlinear
features of gravitational waves. The solution given by the following line
element represents a plane gravitational wave of arbitrary amplitude prop-
agating in the z-direction in an otherwhise plane space-time:

ds2 = −dt2 + a(ξ)2dx2 + b(ξ)2dy2 + dz2
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with
b∂2

ξa+ a∂2
ξ b = 0 (3.15)

and where ξ = z − t. Clearly, a = b = 1 corresponds to no wave. It is
instructive to assume small amplitude and expand the metric about a =

b = 1. Take a = (1 + h + 1
2H)

1

2 and b = (1 − h + 1
2H)

1

2 , where h � 1 and
H ∼ h2. To first order in h, the metric reduces to linearly polarized waves
and Eq. (3.15) is trivially fulfilled. To second order, Eq. (3.15) implies

∂2
tH = − (∂th)

2
+ 2∂2

t (h)2 (3.16)

The right hand side can essentially be identified as the pesudo energy-
momentum carried by the gravitational wave h. H can be interpreted as the
gravitational background field that is produced by the energy-momentum
of the wave ripple h, see FIGURE 8. For plane waves, the wave ripple h is
unaffected by the presence of the background field it produces. But in gen-
eral, the pseudo energy-momentum of a gravitational wave may produce
a background curvature that back-reacts on the wave. Anti-parallel waves
are known to interact [86, 87]. Brill and Hartle [88] (based on Wheeler’s
electromagnetic GEONS [89]), constructed and approximate vacuum solu-
tion with gravitational waves confined to propagate on a spherical shell of
null-geodesics, where the confinement is due to the spherical symmetric
background field that is produced by the waves themself.

Using the inverse scattering technique, solutions of exact gravitational
waves in Friedmann-Robertson-Walker universes have also been produced
[90].

wave ripple 

wave background 

FIGURE 8. Symbolic illustration of a gravitational wave ripple, h, and wave back-
ground gravitational field, H , produced by the ripple.

3.2 Electromagnetic waves

In this thesis, electromagnetic waves refer to waves in plasmas with E,B 6=
0. This includes, besides waves that resemble electromagnetic waves in
vacuum, also low-frequency waves in magnetized plasmas, such as Alfvén
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waves. In cosmological and astrophysical plasmas, electromagnetic waves
is the main carrier of information. Many astrophysical plasmas, such as
stars and interstellar plasmas, are well described by magnethydrodynam-
ics, where the electromagnetic waves are also very important in the dy-
namical processes. In laboratory plasmas, electromagnetic waves are for
example applied for heating of fusion plasmas, as a diagnostic tool and to
accelerate particles. Troughout this section, we discard gravitational fields.

Linearized waves

In linearized plasma wave theory [13]-[17], [91], the wave perturbations are
assumed to be of small amplitude. The precise conditions for the nonlinear
terms to be negligible vary between different models and wave modes. In
the fluid descriptions, the linearized governing equations — the Maxwell
and plasma equations — are of the form

D̂u = 0 (3.17)

where D̂ = D̂(∂t,∇) is a matrix of partial differential operators and u is a
vector of wave variables (the electromagnetic field, the velocity field, den-
sity etc.). If the plasma is subjected to some external influence, this can be
included as a source term, a vector S, on the right hand side of Eq. (3.17).
There are many ways of studying waves in plasmas. If the characteristic
length scale of the wave perturbation is of the same order as of the back-
ground (or conversely for the time scales) the wave evolution can be rather
complicated. In the limit of short wave lengths (and short time scales), on
the other hand, the background can be taken as homogeneous (and stati-
tionary) and the analysis simplifies largely. The general solution can be
constructed as a superposition of plane waves (or, more formally, by mak-
ing a Fourier transformation)

u =
∑

k,ω

uk,ωe
i(k·x−ωt)

where k is the wave vector, ω the frequency. Since the uk,ω factors are in-
dependent, Eq. (3.17) implies Dk,ωuk,ω = 0, where Dk,ω can be obtained
from the operator matrix, D̂, by letting ∂t → −iω,∇ → ik. For non-trivial
solutions to exist, the wave vector and frequency should be consitent with
det(Dk,ω) = 0. The determinant can in general be factorized

det(Dk,ω) = D1(ω,k)D2(ω,k) · · ·DN (ω,k)

where Dn(ω,k) are polynomials in ω and k. Each solution Dn(ω,k) = 0
— referred to as a dispersion relation — is a distinct wave mode and corre-
sponds to distinct state vectors uk,ω,n. The distinct wave modes can also
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be described by their wave equations. These can be obtained directely
from Eq. (3.17), by noting that some components form closed sets of equa-
tions, where each set can be combined into a single equation, or by taking
−iω → ∂t, ik → ∇,uk,ω,n → un to form,

D̂nun = 0

Example 3.5 (High-frequency waves in an electron-ion plasma) Given the
ansatz u = u(z, t) (with characteristic frequency much larger than the ion fluid
time scale in an unmagnetized plasma), the Maxwell and electron fluid equations
imply that the perturbations Ex, By, vx describe a linearly polarized electromag-
netic wave. The system of equations governing these perturbations are

D̂u ≡




− q
m 0 ∂t

∂z ∂t 0
−∂t −∂z qn







Ex

By

vx


 = 0

The corresponding wave equation is

D̂u ≡
[
∂2

t − ∂2
z + ω2

p

]
u = 0

For harmonic waves this produces the dispersion relation D(ω,k) ≡ ω2 − k2 −
ω2

p = 0 and the state vector u = (Ex, By, vx) = (1,−k/ω, q/mω)Ex.

Example 3.6 (MHD waves) The linearized MHD equations can be expressed in
terms of the the displacement vector d as

ρ0∂
2
t d− (∇× δB) ×B0 − (∇×B0) × δB−∇ [d · ∇p0 + p0∇ · d] = 0

where δv and δB are perturbations of the velocity field and magnetic field. These
are related to the displacement vector by δv = ∂td and δB = ∇× (d ×B0).
For harmonic wave perturbations of a uniform background, with B0 = B0ez, the
obtained system, Dd = 0, produces the determinant equation DADM = 0. The
dispersion relations are

DA ≡ ω2 − k2
zv

2
A = 0

DM ≡ ω4 − ω2k2(C2
A + C2

S) + k2
zk

2C2
AC

2
S = 0

Here, CA = B0/
√
ρ0 is the Alfvén velocity and CS =

√
p0/ρ0 is the sound

velocity. The wave mode labelled A is referred to as the shear Alfvén wave — a
purely transverse wave on which the magnetic tension acts as a restoring force.
The wave mode labelled M is the fast and slow magnetoacoustic wave (DM = 0
has two solutions with different phase velocities). The magnetoacoustic wave is
partially longitudinal and has both the magnetic pressure and magnetic tension as
restoring forces. In the limit of propagation parallel to the unperturbed magnetic
field it may reduce to either a shear Alfvén wave or a sound wave.
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The dispersion relation contain most of the information about the wave
properties. It reveals at what frequencies and wave numbers a certain wave
mode occurs. Reformulaing the dispersion relation as ω = ω(k), the phase
and group velocities are given by vph = ω

k k̂ and vg = ∇kω, respectively.
Typical for waves in plasmas is that, v′

g = k̂·∇kvg 6= 0, i.e. that wave pulses
are dispersed.

The energy of electromagnetic waves in plasmas is the sum of the elec-
tromagnetic and kinetic energy that is associated with the wave perturba-
tion. By introducing the dielectric tensor, ε, defined by D = ε·E, where D is
the electric displacement field, the total wave energy density of a harmonic
linearized plane wave is given by

E = E∗ ·
(
ω−1∂ω

[
ω2ε

])
·E (3.18)

where ω is the wave frequency. The expression for the dielectric tensor
depends on the plasma description that is used. The wave energy fulfills
the following conservation law

∂tE + ∇ · (vgE) = 0 (3.19)

which says that wave energy is transported with the group velocity.

Large amplitude waves

The nature of waves of larger amplitude, where the nonlinearities must be
taken into account, is more complicated. The nonlinearities have a ten-
dency to lead to instabilities and/or coupling to other wave modes. There
exist only a few exact wave solutions to the Maxwell-plasma fluid equations
that allow arbitrarily large amplitude [14, 92]. One example is a circularly
polarized Alfvén wave, which is purely transverse and not associated with
a nonlinear Lorentz force. In paper VI, the conversion of such waves, that
can be very energetic, into gravitational waves is considered.
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Chapter 4

Wave propagation and
interaction

Chapter 2 and 3 describe the theoretical basis for studying gravitational
and electromagnetic waves in plasmas. This chapter describes a number of
effects and wave phenomena that are closely related to the processes that
are examined in the papers included in this thesis.

4.1 Geometric optics

Geometric optics is an approximation method for describing propagation
of linear waves in weakly varying backgrounds, i.e. when the character-
istic wave length/frequency is small/large compared to the background
length/time scale. The method is well described in Refs. [13, 91, 93, 94] and
covariantly in [22, 25]. Consider a simple system

D̂(∂t,∇, t,x)A = 0 (4.1)

where t and x in the wave propagator D̂ denotes that the background is
(weakly) t and x dependent. The wave propagator could for instance be
that of Example 3.5 with a varying plasma frequency, ωp. Take the ampli-
tude A to be of the form

A = a(x, t)eiθ(x,t)

and define wave number and frequency in terms of the wave phase (or
eikonal) θ, as

k = ∇θ , ω = −∂tθ

Due to the weakly varying background, k and ω will also vary — they are
the local wave number and frequency of the wave. It should be pointed out

35
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that this method applies both for single wave pulses as well as for quasi-
monochromatic long waves. The wave equation (4.1) implies a local disper-
sion relation Dk,ω that is rewritten as ω = W (k,x, t). With this method it
is practical to conceptually treat the wave as a collection of quasi-particles —
photons, if the wave is electromagnetic. The number density of photons is
given by E/~ω, where E is the wave energy density (typically E ∝ |a(x, t)|2).
Each photon has the equation of motion

dx(t)

dt
= vg (4.2)

where x(t) is the position and vg the group velocity ∂kW . The photon wave
number and frequency evolves according to

dk

dt
= −∇W ,

dω

dt
= ∂tW (4.3)

with the co-moving deriative defined as d
dt ≡ ∂t + vg · ∇. Equations (4.2)

and (4.3) are known as the ray equations. Note the Hamiltonian form of these
equations, with caconical variables x and k, and Hamiltonian W . Clearly,
in a stationary uniform media, the photon wave number as well as fre-
quency is preserved in the co-moving frame. For a modulated wave, the
local group velocity vary with the position in the pulse, and this give rise
to pulse dispersion. In a stationary but nonuniform media, the photon fre-
quency remains unchanged whereas the wave number varies, and the pho-
ton is refracted. In a non-stationary media, the photon frequency is up or
down shifted along the ray trajectories, a phenomena also known as photon
acceleration [94, 95].

Example 4.1 (Photon acceleration) Plasma oscillations can be generated by means
of a short laser pulse of high frequency which gives a phase velocity almost equal
to the speed of light, c, (see example 4.4 and Ref. [96]). The density perturbations
associated with the plasma oscillations leads to that the plasma frequency is given
by ω2

p = ω2
p0 + δ, where ω2

p0 is constant and δ = δ0 sin [ωp0(z/c− t)]. A high fre-
quency photon has dispersion relation ω2 = c2k2 + ω2

p, i.e. W = (c2k2 + ω2
p)1/2.

Then, according to Eqs. (4.2) and (4.3), the position, wavenumber and frequency
of the photon varies like

dx

dt
= c2

k

ω
,

dk

dt
= − 1

2ω
∇δ , dω

dt
=
ωp

ω
∂tδ

Depending on the position of the photon in the plasma oscillation, the frequency is
either up or down converted and if also the photon propagates with a velocity close
to c, the conversion can last for long times. Also the group velocity will change
slightly, which justifies the name of the process. Photon acceleration due to plasma
nonuniformities travelling with the velocity c, induced by gravitational waves, is
studied in paper II.
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There may be regions in the media where the geometric optics method
breaks down. These regions are known as cutoffs and resonances. A cutoff
(k = 0) typically sepearates a region of wave propagation (k2 > 0) from a
region where the wave spatially decays exponentially (k2 < 0). At a cutoff,
the assumption of a weakly varying media breaks down, and analysis of
the wave equation (4.1) shows that the wave is reflected by such nonuni-
formities. A resonance is a region where k → ∞. These may occur at wave
frequencies that coincide with some natural frequency of the system, such
as the plasma frequency, and wave energy is typically absorbed at a reso-
nance and the analysis often requires a kinetic treatment.

Example 4.2 (Electromagnetic wave in a magnetized plasma.) An extraor-
dinary electromagnetic wave in a plasma, propagating perpendicular to the back-
ground magnetic field, has the dispersion relation

ω4 − ω2(ω2
h + ω2

p + c2k2) + ω2
hc

2k2 + ω4
p = 0

where ωh ≡ (ω2
p +ω2

c )1/2 is the so-called hybrid frequency. The wave number and
group velocity are

k =
1

c

[
ω2(ω2

h + ω2
p) − ω4 − ω4

p

ω2
h − ω2

]1/2

, vg =
ω2 − ω2

h

2ω2 − ω2
h − ω2

p − c2k2

c2k

ω

The ω−k dependence is plotted in FIGURE 9, together with the phase and group ve-
locity. There is a resonance at ω = ωh and cutoffs at ω = 1

2 (±ωc +[ω2
c +4ω2

p]
1/2).

At the cutoffs, the group velocity approaches zero. In paper IV the propagation
properties in inhomogeneous plasmas of this particular wave mode is examined.

0 1 2 3 4
0

1

2

3

ω

k

FIGURE 9. The ω − k dependence (solid line) plotted together with the phase
velocity (dashed line) and group velocity (dotted line), as function of ω. In this
figure ωp = ωc = 1 and c = 1. The cutoffs occur at ω ≈ 0.62 and ω = 1.62, and
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the resonance at ω ≈ 1.41. At the cutoffs, the phase velocity approaches infinity
whereas the group velocity goes to zero. At the resonance, both the phase and group
velocity goes to zero.

4.2 Wave-particle interactions

Typically, the particles acted on by a wave-field show oscillatory or irregu-
lar motion. There may, however, exist particles which experience a constant
force in their co-moving frame. These particles are said to be resonant with
the wave, as in Example 3.2. If there are many particles that are resonant
— and being accelerated/decelerated by the wave — it should be taken
into account that the wave loses/gains energy in the process, and exhibits
damping/growth. These processes are known as wave-particle interactions
and are studied by applying kinetic theory. For linear perturbations, the
problem typically reduces to solving a linear wave equation (e.g. following
from the Maxwell or Einstein equations)

[∂2
t −∇2]A = S(δf)

and the linearized Vlasov equation (in the case of non-collisional plasmas)

L0[δf ] + LA[f0] = 0

where A is the wave perturbation and δf is the perturbation of the distri-
bution function, with unperturbed state f0. S is a source terms (e.g. arising
from, real or effective, electric currents) that involves integration of δf over
momentum space, and L0 and LA are the Liouville operator for the back-
ground and wave, respectively. For monochromatic wave perturbations,
and when the Vlasov equation produces an explicit relation δf ∝ A (such
that the source term become S = SAψ), the solution to the system is given
by the dispersion relation D = SA. If there is any systematic conversion be-
tween kinetic and wave energy, the dispersion relation will give a complex
frequency, ω = ωr + iΓ, where ωr is the real wave frequency and Γ is the
(real) damping/growth rate. Wave damping leads to waves of limited life-
time, but also to heating of plasmas. If, on the other hand, the dispersion
relation implies a growth rate for some waves, this means that the back-
ground state (given by f0) is unstable. The free kinetic energy that is stored
in the plasma may then be released in the form of wave emission.

Example 4.3 (Cyclotron damping) Consider a plasma with constant magnetic
field B0 = B0ẑ. Charged particles gyrate about the magnetic field with the gyro
frequency ωc ≡ qB0/γm. If a circularly polarized monochromatic electromagnetic
wave, E = −(ω/k2)k ×B propagates parallel to the background magnetic field,
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the particles experience a force in the z-direction that is given by

Fz =
q

γm
(p ×B)z = 2p⊥ωc

B

B0
sin[kz − (ω − ωc)t] (4.4)

where B is the wave magnetic field, ω and k are the wave frequency and wave
vector, respectively, and p⊥ = (p2

x + p2
y)1/2. Typically, particles experience an

irregular driving force. However, it is clear from this expression that the gyrating
motion of a particle can resonate with the wave [98]. A particle with parallel ve-
locity, vz , fulfilling kvz − (ω − ωc) = 0 will be acted on by a constant force in
the z-direction. This acceleration mechanism is known as cyclotron acceleration.
The Maxwell-Vlasov system implies the following dispersion relation for circularly
polarized electromagnetic waves [99]

ω2 − c2k2 =
∑

p.s.

πωω2
p

∞∫

−∞

∞∫

0

p2
⊥F0

kpz/m− γω − ωc
dp⊥dpz (4.5)

where

F0 ≡
[(

1 − kpz

γω

)
∂p⊥ +

kp⊥
γω

∂pz

]
f0

Whether the dispersion relation implies damping or wave instability depends on the
background distribution function f0(p⊥, pz) about the resonant momenta where
the integrand is singular, i.e., where kpz/m − γω − ωc = 0. The pole contribu-
tion can be evaluated by applying contour integration. For Maxwellian particle
distributions the waves are are damped. This is known as cyclotron damping. But
if the plasma is not in thermodynamical equilibrium, there is free energy that may
feed an instability. In paper III, the cyclotron damping of gravitational waves in
magnetized plasmas is studied.

4.3 Wave-wave interactions

In systems with many degrees of freedom, like plasmas, there are many
ways that waves may interact with each other. The effect is most efficient
when the interaction is coherent1. In linear theory, interaction between two
waves, represented by ψ1 and ψ2, has the following form

D̂1ψ1 = c1ψ2 , D̂2ψ2 = c2ψ1 (4.6)

where D̂n is the wave propagator and cn is a constant (for n = 1, 2). The
two waves are coupled if cn 6= 0, i.e. if they act as sources to each other.
This picture is only meaningful if the coupling is weak. More specificially,

1Coherent wave interaction is when the relative phase of the waves remains constant.
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we assume cn is small such that the waves can be represented by ψn =

ψ̃n(x, t)ei(kn·x−ωnt). The amplitude, ψ̃n(x, t), depends weakly on x and t
on the scales k−1

n and ω−1
n , and kn and ωn satisfies the dispersion relation

Dn. In that case, Eq. (4.6) implies simple evolution equations for the wave
amplitudes ψ̃n(x, t). Coherent interaction occurs when the frequencies and
wave numbers coincide, ω1 = ω2 and k1 = k2. If this is not fulfilled (exactly
or approximately), the interaction only produces small rapid variations in
the wave amplitudes. Coherent interaction between gravitational and elec-
tromagnetic waves is considered in paper VI.

Two different wave modes with the same frequency rarely have the
same wave number, as they fulfill different dispersion relations. But in
nonuniform media, the wave number changes with the varying background
parameters during propagation, and there may exist critical points where
the wave numbers cincide. At these points the waves become more strongly
coupled (they interact coherently) and may undergo mode conversion, see
e.g. [91, 100, 101]

In nonlinear wave theory, there is a multitude of wave couplings that
can occur. For a wave pulse ψ = ψ̃(x, t)ei(k·x−ωt) + c.c. (where c.c. denotes
complex conjugate of the preceeding term), quadratic nonlinearities give
rise to terms of the form |ψ̃|2, ψ̃2ei2(k·x−ωt) and ψ̃∗2e−i2(k·x−ωt)and similarly
for cubic and higher order nonlinearities. These nonlinearities may act as
source terms for other wave modes — providing coupling between waves
that do not couple in linear theory.

Example 4.4 (Wake field excitation) A high-frequency electromagnetic pulse in
a plasma give rise to a longitudinal Lorentz force (pondermotive force), nonlinear
in the wave amplitude, that acts on the electron fluid. In the regime of the cold
plasma model, this leads to excitation of a, so called, wake field of plasma oscilla-
tions [96, 97]. The equation describing this process is

[
v2

g∂
2
ξ + ω2

p

]
φ = α|A|2

where φ is the electric potential, α is a constant, A the vector potential for the elec-
tromagnetic wave and ξ = z − vgt is a co-moving coordinate. Behind the exciting
pulse, the wake field has the solution of a plasma oscilation, φ = φ0 sin[kp(ξ−ξ0)],
with phase velocity equal to the group velocity of the exciting pulse, i.e. kp =
ωp/vg. In a magnetized plasma the wake field becomes partially electromagnetic
and propagates [97], i.e. have finite group velocity. The propagation properties of
such wake fields are examined in paper IV.

In reality, a plasma state is characterized by a multitude of wave excita-
tions, An = Ãn(x, t)ei(kn·x−ωnt) + c.c., each governed by equations of the
type

D̂nAn = Sn
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where the source term Sn = Sn(A1, A2, ..., AN ) is due to the presence of
the other waves. The most important parts of the source terms are those
that are resonant with An, i.e. that are proportional to ei(kn·x−ωnt). Since
linear wave couplings are rare compared to nonlinear couplings, the latter
is more important for determining the evolution of the entire spectrum of
waves. To second order in amplitude, resonant interaction is most easily ac-
complished through three-wave interactions [100, 102]. Consider three waves
Ai = ai(t) exp [i(ki·x−ωit)]+c.c. (i = 0, 1, 2), governed by equations having
the form

∂tAi + iωiAi = fi(A0, A1, A2) (4.7)

where fi is purely nonlinear in A0, A1 and A2. The nonlinearity is assumed
weak, such that |∂tai| � |ωiai|, and only linear and first order nonlinear
terms are taken into account, e.g.

A1A2 = a1a2e
i[(k1+k2)·x−(ω1+ω2)t] + a1a

∗
2e

i[(k1−k2)·x−(ω1−ω2)t] + c.c.

In uniform media,the equations describing three-wave interaction can al-
ways be put into the form of Eq. (4.7) by taking linear combinations of the
variables — in which caseA0, A1 andA2 are referred to as normal modes of
the system — and applying the assumption of weak nonlinearity. Resonant
interaction occurs when the waves fulfill the matching conditions

k0 = k1 + k2 , ω0 = ω1 + ω2 (4.8)

The most important terms in fi(A0, A1, A2) in Eq. (4.7) are then those that
are resonant with the left hand side2, i.e. terms proportional to exp[iki·x]
or exp[−iki·x]. Neglecting non-resonant terms yields the so called coupled-
mode equations

da0

dt
= C0a1a2 ,

da1

dt
= C1a

∗
2a0 ,

da2

dt
= C2a0a

∗
1 (4.9)

with constants C0, C1 and C2, known as the coupling coefficients. The cou-
pled mode equations can be solved analytically by means of Jacobian ellip-
tic functions [100, 102]. Typically, the solutions are periodic and bounded,
see FIGURE 7. If, however, the system is subjected to a pump wave (a wave
so energetic that its amplitude can be taken to be constant on the time-scale
of interest), the normal modes of the system may be parametrically excited by
the pump wave through three-wave interaction: setting da0/dt = 0 implies
that a1, a2 ∝ exp[Γt] where the exponential growth rate is Γ =

√
C1C2|a0|.

2Nonlinear terms proportional to exp[i((k1+k2)·x − (ω1+ω2)t)] are, thanks to the match-
ing conditions, resonant with linear terms proportional to exp[ik0·x−ω0t)]. The nonresonant
terms on the right hand side of Eq.(4.7) cause excitations of additional (nonresonant, and there-
for of smaller amplitude) oscillations.
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FIGURE 7. Numerical solution of the coupled mode equations (4.9), that de-
scribes the time evolution of the wave amplitudes in three-wave interactions. Initial
values are chosen a0(0) = 2, a1(0) = 1 and a2(0) = 0 and the coupling coeffi-
cients have values C0 = −C1 = −C2 = −1.

Multiplying the equations (4.9) with suitable factors to form wave energy
densities, Wi ∝ |ai|2 , gives

dW0

dt
= −ω0V0 ,

dW1

dt
= ω1V1 ,

dW2

dt
= ω2V2 (4.10)

for some amplitude dependent factors Vi. For most systems V0 = V1 = V2,
and in that case, given the matching conditions (4.8), the total wave energy
densityW ≡W0 +W1 +W2 is conserved. Another implication of V0 = V1 =
V2, from which many conclusions of the interaction can be drawn without
actually solving the coupled mode equations, are the so called Manley-Rowe
relations for the wave action Si = Wi/ωi

d

dt
[S1 − S2] =

d

dt
[S0 + S1] =

d

dt
[S0 + S2] = 0 (4.11)

Through the Manley-Rowe relations the process of three-wave interactions
can be interpreted quantum-mechanically; as one quasi-particle with en-
ergy ~ω0 and momenta ~k0 decaying into two quasi-particles with energy
~ω1 and ~ω2 and momenta ~k1 and ~k2, respectively. The matching con-
ditions assures that energy and momenta is conserved in the decay and –
since Si can be interpreted as the number of quasi-particles (or wave quan-
tas) of type i – the Manley-Rowe relations guarantee that n quasi-particles
of type 0 decay into n quasi-particles each of type 1 and 2.

The decay of gravitational waves into magnetohydrodynamic waves is
considered in paper I and the conversion of electromagnetic waves to gravi-
tational waves i studied in paper VI, where the interaction can be identified



4.4. NONLINEAR WAVE PROPAGATION 43

as an effective three-wave interaction process although it involves only two
waves.

It should be pointed out that pure three-wave interaction have rather
limited application in reality. For instance, given an external pump wave,
there is in general not two unique waves fulfilling the matching condition
for resonant three-wave interaction, but a large number of possible com-
binations. The coupled mode equations still have the value of giving the
coupling strength between the waves, but the analysis is more complicated
than solving only Eqs. (4.9). The entire spectrum of waves can be described
by a wave distribution function that — similarly to the particle distribution
function in kinetic particle theory — gives the number density of waves
(or quasi-particles) in (x,k) space. The evolution of the wave spectrum is
given by a wave kinetic equation for the distribution function [91] — an equa-
tion similar to the Boltzman equation, where the collision term is due to
wave interactions.

4.4 Nonlinear wave propagation

In section 4.1, the propagation of linear waves was discussed. When the
wave amplitude is large enough for the nonlinearities of the system to be-
come important, these should be taken into account. As noted in section
4.3, the nonlinearities can make a wave couple to other waves in the system
and thereby ”dissipate” its energy over the wave spectrum. But sometimes
the nonlinear self-interaction of a wave is the dominant effect for a wave
propagating in a nonlinear medium [100, 103, 104]. Some of the most well-
known effects are; the formation of solitions and wave collapse.

There are some generic nonlinear wave equations that arises for a large
number of systems in certain limits. The two most well-known are the
Korteweg de Vries equation and the nonlinear Schrödinger (NLS) equation.
The NLS equation may arise by assuming weakly nonlinear and weakly
modulated wave perturbations, ψ = ψ̃(x, t)ei(k·x−ωt) + c.c. with |ψ1| � 1,
∇ψ̃ � kψ̃ and ∂tψ̃ � ωψ̃. Say that the exact wave equation is given by

D̂ψ = N(ψ)

where D̂ is the linear wave propagator and the nonlinear terms are collected
in N(ψ). The nonlinearities typically have the structure to form some terms
that are resonant with ψ, e.g. |ψ̃|2ψ, in which case the wave amplitude
approximately evolves according to the nonlinear Schrödinger equation

[
i(∂t + vg∂z) + 1

2v
′
g∂

2
z

]
ψ̃1 = C|ψ̃1|2ψ̃1

where C is a constant and v′g ≡ dvg/dk is the wave dispersion. How the
NLS equation arises is outlined for a simple system in Appendix. With
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v′g = C = 0, the equation describes stationary propagation (with the group
velocity) of a wave pulse. If nonzero, the v′g∂2

z -term acts to disperse the
pulse, and the nonlinearity may either, if v′gC < 0, act ”focusing” (coun-
teracting the dispersion) or, if v′gC > 0, act ”defocusing” (spreading out
the pulse). Remarkably many systems produce the NLS equation when ap-
plying this scheme, but not all. Some systems produces nonlinear terms of
higher order than |ψ̃1|2ψ̃1, and some systems, cannot be reduced to a single
amplitude evolution equation at all. The nonlinear propagation of plane
gravitational waves is examined in paper V, using similar methods as de-
scribed here.



Appendix

Decomposing the covariant derivative

In the 1+3 split (see section 2.2.) it is practical to define the following deriva-
tive operators, for an arbitrary second rank tensor Aµ

ν ,

Ȧµ
ν ≡ uσ∇σA

µ
ν , ∇̃σA

µ
ν ≡ Hµ

τH
e
νH

f
σ∇fA

τ
e (A1)

and they are named the “covariant time derivative along fundamental world-
lines” and the “fully orthogonally projected covariant derivative”, respectively.
The kinematical quantities {Θ, σµν , ωµν , ω

µ} refers to the state of the vector
field uµ (and indirectly to the gravitational field). These are defined as

Θ ≡ ∇̃µu
µ (A2)

σµν ≡ [h(µ|σhν)τ − 1
3h

µνhστ ]∇̃σuτ (A3)

ωµν ≡ ∇̃[µuν] (A4)

ωµ ≡ 1
2ε

µνσωνσ (A5)

and are named the volume rate of expansion, the trace-free symmetric rate of
shear tensor, the skew-symmetric vorticity tensor and the vorticity vector, re-
spectively. The names are only meaningful for a physical vector field, such
as the fluid velocity field, see e.g. [10]. Given the definitions above, the
covariant derivative of ua can be decomposed in the following way

∇µuν = −uµu̇ν + ∇̃µuν = −uµu̇ν + 1
3Θhµν + σµν + ωµν (A6)

If the 1+3 split is combined with an orthonormal tetrad frame, the Ricci
rotation coefficients are related to the kinematical quantities by [11]

Γi00 = u̇i (A7)

Γi0j = 1
3Θδij + σij − εijkω

k (A8)

Γij0 = εijkΩk (A9)

Γijk = 2a[iδj]k + εkl[in
l
j] + 1

2εijln
l
k (A10)
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where Ωi is the rate of rotation of the spatial frame ei with respect to a Fermi
propagated basis and ai and nij , which is symmetric, determine the spatial
rotation coefficients. The procedure is to (given a tetrad basis, implying
the rotation coefficients) identify u̇i, Θ, σij , ωi, Ωi, ai and nij through these
equations and apply this to the splitted equations, e.g. Eqs. (2.8)-(2.11).

Tetrad formalism

The transformation from a coordinate description into a tetrad description
of the basic equations, presented in section 2.2, can be performed as follows
below.

1. Given the metric ds2 = gµνdx
µdxν , a particular choice is made for the

tetrad metric tensor gab (for instance gab = ηab). From

ds2 = gµνdx
µdxν = gabω

a
µω

b
νdx

µdxν

one can calculate ωa
µ and thus the inverse X µ

a .

2. The tetrad basis is given by

ea = X µ
a ∂µ

3. Next, the so called commutation functions γa
bc(x

µ) can be determined
from

[ea, eb] = γc
abec

4. The Ricci rotation coefficients are given by

Γabc =
1

2

(
gadγ

d
cb − gbdγ

d
ca + gcdγ

d
ab

)

5. The Riemann curvature tensor and the Ricci tensor are

Ra
bcd = ec (Γa

bd) − ed (Γa
bc) + Γa

ecΓ
e
bd − Γa

edΓ
e
bc + Γa

beΓ
e
cd − Γa

beΓ
e
dc

Rbd = ea (Γa
bd) − ed (Γa

ba) + Γa
eaΓe

bd − Γa
edΓ

e
ba

6. All equations can now be transformed into tetrad description

Aµ···
ν··· → Aa···

b··· = ωa
µ · · ·X ν

b · · ·Aµ···
ν···

∇µAν → ∇aAb = eaAb − Γc
baAc
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Example 4.5 (The momentum equation) The vanishing four-divergence of the
energy-momentum tensor of an ideal charged fluid and electro-magnetic field, ∇ν(T µν

FL +
T µν

EM) = 0, leads to the equation

mnuν∇νuµ = −∇µp+ qnFµνu
ν

when projected orthogonal to uµ (nonrelativistic pressure is assumed and the nota-
tions are the same as in Example 2.3). Applying the presented scheme, this equa-
tions is transformed into

mnubebua = −eap+ qnFabu
b +mnΓc

abucu
b (A11)

This is the four-vector version of Eq. (2.27)

Deriving the NLS equation

How the NLS equation arises is most easily understood by considering an
example. Consider the equation

[
∂2

t − ∂2
z + 1

]
ψ = ψ2 (A12)

Assume a weakly nonlinear dispersive and weakly modulated wave per-
turbation, ψ1 = ψ̃1(z, t)e

i(kz−ωt) + c.c. with |ψ1| � 1, ∂zψ̃1 � kψ̃1, ∂tψ̃1 �
ωψ̃1, and k and ω fulfilling the linear dispersion relation, ω2 = k2 + 1

(ω2, k2 � 1). Note that the nonlinearity ψ2 results in terms like |ψ̃1|2 and
ψ̃2

1e
i2(kz−ωt). These are not matched by any terms on the left-hand side of

Eq. (A12) — they operate on different time and length scales than ψ̃1(z, t)e
i(kz−ωt).

This means that the nonlinearities do not directly interact with ψ1, but rather
produces secondary wave perturbations. The ansatz should thus be ex-
tended correspondingly:

ψ = ψ0 + ψ1 + ψ2

whereψ0 ∼ |ψ̃1|2 andψ2 ∼ ψ̃2
1e

i2(kz−ωt)+c.c. are meant to match the nonlin-
earities. Applying this ansatz to Eq. (A12) and identifying terms operating
on the same time and length scale (having equal oscillatory factors) leads
to that the following three equations are identified

[
∂2

t − ∂2
z + 1

]
ψ0 =

〈
ψ2

1

〉
0

(A13)
[
∂2

t − ∂2
z + 1

]
ψ1 = ψ0ψ1 + 〈ψ2ψ1〉1 (A14)

[
∂2

t − ∂2
z + 1

]
ψ2 =

〈
ψ2

1

〉
2

(A15)

Note that terms that are quadratic in ψ0 and ψ2 are discarded, as these are
(small) higher order nonlinearities. The brackets 〈...〉n refer to those terms
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in the bracket that are resonant with ψn. The next step is to expand the
derivatives and apply the weak amplitude dependence on z and t. Up to
lowest relevant order, the result is

ψ0 = 2|ψ̃1|2 (A16)
[
−ω2 + k2 + 1 − i2(ω∂t + k∂z) + ∂2

t − ∂2
z

]
ψ̃1 = ψ0ψ̃1 + ψ̃2ψ̃

∗
1 (A17)

[
−4ω2 + 4k2 + 1

]
ψ̃2 = ψ̃2

1 (A18)

Applying the dispersion relation and substituting the relations between
ψ0, ψ̃2 and ψ̃1 into Eq. (A17), gives the NLS equation

[
i(∂t + vg∂z) + 1

2v
′
g∂

2
z

]
ψ̃1 = − 5

6ω
|ψ̃1|2ψ̃1 (A19)

where ∂2
t ≈ v2

g∂
2
z have been applied, such that [∂2

t − ∂2
z ]ψ̃1 ≈ − 1

ω2 ∂
2
z ψ̃1.



Summary of papers

Paper I: Parametric excitation of Alfvén waves
by gravitational radiation

Gravitational wave energy can be transferred to a plasma by exciting
waves in the plasma. The process is most efficient if it is resonant. This
can be analyzed using the three-wave interaction formalism. In this paper,
the decay of gravitational waves to magnetohydrodynamic waves through
three-wave interaction is considered. As a first step a magnetohydrody-
namic plasma model that takes space-time curvature into account is de-
rived. The space-time is then taken to be that of linear gravitational waves
in Minkowski space. The gravitational waves are assumed to propagate
parallel to the plasma background magnetic field and the coupling to mag-
netohydrodynamic waves with arbitrary direction of propagation is con-
sidered. Coupled mode equations, that describe the evolution of the wave
amplitudes due to three-wave interaction, are derived. The equations are
shown to be energy conserving and fulfill the Manley-Rowe relations. Par-
ticular attention is paid to the case when the gravitational wave act as
pump wave — having constant amplitude on the time scale of interest.
In this case the magnetohydrodynamic waves undergo parametric excita-
tion and their amplitudes grow exponentially in time, with the growth rate
Γ =

√
CIC∗

IIh, where CI and CII are the coupling coefficients, appearing
in the coupled mode equations, and h is the gravitational wave amplitude.
In an idealized model of a magnetized plasma close to a compact binary,
the exponential growth rate becomes Γ ∼ 10−2s−1.

49
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Paper II: Photon frequency conversion
by gravitational radiation

In this paper the optical properties of a magnetized plasma subjected to
gravitational waves are examined. When gravitational waves propagate in
a space-time with a background magnetic field, they may induce electro-
magnetic waves. If there is a plasma present, this coupling may produce
large density perturbations (given by Eq. (11b)), travelling with essentialy
the speed of light in vacuum. This affect the optical properties of the plasma
— photons propagating in the plasma may undergo photon acceleration
and be frequency up- or down-shifted. The frequency shift is calculated
using the ray equations of geometric optics, resulting in the formula in Eq.
(18). The effect of a compact binary (radiating gravitational waves) on a
nearby magnetized plasma is considered. The result show a perodic fre-
quency up and down shift (that may be of several orders in magnitude) of
the electromagnetic radiation spectrum of the plasma. The periodicity of
the variations in the spectrum coincides with the gravitational wave fre-
quency — twice the orbital frequency of the binary system.

Paper III: Cyclotron damping and Faraday rotation
of gravitational waves

By resonant wave-particle interaction, energy may be transferred be-
tween a gravitational wave and the particles in a plasma. In principle, this
could alter the expected amplitudes of the gravitational waves that reach
Earth. This paper is devoted to the evolution of gravitational waves in
a collisionless magnetized plasma. The waves are assumed to propagate
parallel to the magnetic field. By means of the linearized Einstein-Vlasov
system of equations, the dispersion relation for gravitational waves in a
magnetized plasmas is calculated (Eq. (24) and (25)), valid for arbitrary
background velocity distribution functions, including relativistic temper-
atures. From the dispersion relation the following results are obtained; i)
Gravitational waves propagating in equilibrium plasmas are damped due
to resonant wave-particle interaction. For low-temperature plasmas, this
occurs for waves with frequency ω ≈ 2ωc, where ωc is the cyclotron fre-
quency. For plasmas with relativistic temperature, this occurs in a wider
region of frequencies, with maximum damping at frequencies several or-
ders larger than ωc. ii) Linearly polarized gravitational waves exhibit a con-
tinuous shift in polarization when propagating in a magnitized plasma —
known as Faraday rotation, in the case of electromagnetic waves. The ef-
fect has similar temperature dependence as the damping. iii) Magnetized
plasmas that are not in thermal equilibrium may be unstable with respect to
gravitational wave perturbations. As an example, it is shown that plasmas
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with anistropic temperature are unstable, and may release its free energy
by emitting gravitational waves about the resonant frequency.

Paper IV: Propagation of electromagnetically generated
wake fields in inhomogeneous magnetized plasmas

An electromagnetic wave pulse in an unmagnetized plasma may excite
a wake field of (electrostatic) plasma oscillations. If the plasma is mag-
netized, the wake field consists of extraordinary electromagnetic waves
— which, in contrast to plasma oscillations, have nonzero group velocity
and thus propagate energy and information. In this paper, the propaga-
tion properties of such wake fields in inhomogeneous backgrounds are in-
vestigated. A wave evolution equation for the wake field is derived (Eq.
(9)). The equation is valid for arbitrary inhomogenities in the plasma den-
sity and magnetic field, along the direction of propagation. Based on this
equation, the following properties of the wake field are established; i) The
wake field is partially reflected and partially transmitted at sharp inho-
mogeneities, and the reflection and transmission coefficients are explicitly
given and illustrated in figures (Fig. 1 and 2). ii) As inhomogeneities make
the group velocity vary in space, the wave energy density also varies in
space. The resulting field amplification is calculated and illustrated in Fig.
3. iii) Since the frequency of a wake field photon equals the local plasma
frequency — which is directly related to the density — at the point the field
was generated, the wake field carries information of the density profile of
the plasma. A numerical method for integrating the ray equations, with the
wake field spectrum as inital data, is developed. By a numerical simulation,
it is demonstrated that by measuring the spectrum of a wake field exiting
the plasma (Fig. 5a), and applying the presented method, it is possible to
compute the density profile of the plasma (Fig. 5b).

Paper V: Nonlinear self-interaction
of plane gravitational waves

Since gravitational waves carries energy and momentum, which is a
source of gravity (nonlinear in the wave amplitude), it is plausible that
gravitational waves can self-interact through nonlinear effects. From plasma
physics and nonlinear optics, there are a number of effects known to oc-
cur for small-amplitude electromagnetic waves in nonlinear medias. In
this paper, the propagation of plane small-amplitude gravitational waves
in flat space-time is studied, taking nonlinear (gravitational) effects into
account. It is shown that, although there is a nonlinear response of the
gravitational field (Eq. (11)) to the waves, these nonlinearities cancel in the
wave evolution equation (Eq. (5)) — in other words, there is no nonlinear
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self-interaction of the waves. It is then discussed under what conditions
gravitational waves can self-interact nonlinearly. It is argued that nonlin-
ear self-interaction should occur for gravitational waves in matter or waves
propagating in curved vacuum space-times, as this give rise to dispersion.

Paper VI: Resonant interaction between gravitational waves,
electromagnetic waves and plasma flows

It has been known since the 60s that gravitational waves and electro-
magnetic waves can interact. In the presence of a background magnetic
field, gravitational waves can be converted into electromagnetic waves and
vice versa. This paper is an extension of these results, including the effect
of the presence of a plasma. In section IV, it is shown that, provided the
high frequency approximation is valid, the TT-gauge can be applied also to
gravitational waves interacting with matter selfconsistently. This is a valu-
able result that simplifies the later calculations. Since gravitational waves
have a phase velocity approximately equal to the speed of light, coherent
interaction only occurs if this is also true for the electromagnetic waves.
For waves propagating perpendicular to the magnetic field, the interaction
is diminished in strength by the presence of the plasma. Thus the main fo-
cus in the paper is on interaction with circularly polarized electromagnetic
waves propagating along the background magnetic and plasma flows. An
evolution equation is derived for these electromagnetic waves (Eq. (48)),
valid for arbitrarily large amplitudes and including the effect of gravita-
tional waves. The resonant interaction is described by the wave interaction
equations (72) and (73), which are shown to be energy conserving. The
equations have exact solutions, e.g. Eq. (86)-(89).

The main result is that energy may be exchanged between the gravi-
tational and electromagnetic waves and with the plasma flow. In partic-
ular, it is shown that the plasma flow may be explosively unstable with
respect to resonant gravitational-electromagnetic wave perturbations and,
conversely, resonant gravitational and electromagnetic waves can produce
plasma flows (described by Eq. (91)).
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[21] K. Elsässer and S. Popel, Phys. Plasmas 4, 2348 (1997).

[22] A. M. Anile, Relativistic fluids and magneto-fluids (Cambridge university
press, 1989).

[23] D. Papadopoulos and F. P. Esposito, Ap. J 257, 10 (1982).

[24] D. Papadopoulos, L. Vlahos and F. P. Esposito, A&A 382, 1 (2002).

[25] R. A. Breuer and J. Ehlers, Proc. R. Soc. Lond. A 370, 389 (1980);
R. A. Breuer and J. Ehlers, Proc. R. Soc. Lond. A 374, 65 (1981).

[26] J. Bernstein, Kinetic theory in the expanding universe (Cambridge: Cam-
bridge University Press, 1988).

[27] R. L. Liboff, Kinetic Theory (Wiley, New York, 1977).

[28] J. Uzan, Class. Quantum. Grav. 15, 1063 (1998).

[29] T. Tajima and K. Shibata, Plasma Astrophysics (Addison–Wesley, 1997).

[30] R. Opher, Plasma Phys. Control. Fusion 41 A209 (1999).

[31] D. Kennefick, Controversies in the History of the Radiation Reaction Prob-
lem in General Relativity, gr-qc 9704002.

[32] M. Born, The Einstein Born letters, letter no.71 (MacMillan, London
1971).



BIBLIOGRAPHY 57

[33] A. Einstein, Königlich Preussische Akademie der Wissenschaften
Berlin, Sitzungsberichte: 688-696

[34] T. Damour, The problem of motion in Newtonian and Einsteinian gravity in
300 years of gravitation ed. S. Hawking and W. Israel (University Press,
Cambridge 1987).

[35] T. Damour, An introduction to the Theory of Gravitational Radiation in
Gravitation in astrophysics: Cargse 1986 ed. B. Carter and J. B. Hartle
(Plenum Press, New York 1987).

[36] P. Astone, Class. Quantum Grav. 19, 5449 (2002).

[37] R. A. Isaacson, Phys. Rev. 166, 1263 (1968).

[38] M. A. H. MacCallum and A. H. Taub, Commun. Math. Phys. 30, 153
(1973).

[39] B. F. Schutz, Class. Quantum Grav. 16, A131 (1999).

[40] M. Rees, R. Ruffin and J. A. Wheeler. In Black holes, Gravitational waves
and Cosmology (Gordon and Breach, New York, 1974).

[41] N. Andersson, K. Kokkotas and B. F. Schutz, Astrophys. J 510, 846
(1998).

[42] T. Regge and J. A. Wheeler, Phys. Rev. 108, 1063 (1957);
F. J. Zerilli, Phys. Rev. Lett. 24, 737 (1970).

[43] L. Rezzolla, Gravitational Waves from Perturbed Black Holes and Relativis-
tic stars, Lecture notes from: Summer School on Astroparticle Physics
and Cosmology, gr-qc/03002025.

[44] M. Maggiore, Phys. Rep. 331, 283 (2000).

[45] L. Blanchet, S Kopeikin and G. Schfer. In Gyros, Clocks and Interferom-
eters: Testing Relativistic Gravity in Space ed. C. Lämmerzahl, C. W. F.
everitt and F. W. Hehl (Springer-Verlag, Berlin, 2000).
URL http://xxx.lanl.gov/abs/gr-qc/0008074

[46] L. P. Grishchuk and A. G. Polnarev, in General Relativity and Gravitation
(Vol 2), ed. A. Held (Plenum Press, 1980).

[47] K. Kleidis, H. Varvoglis and D. Papadopoulos, Class. Quantum Grav.
13, 2547 (1996);
K. Kleidis, H. Varvoglis and D. Papadopoulos and F. P. Esposito, A&A
294, 313 (1995).



58 BIBLIOGRAPHY

[48] J. W. van Holten, Cyclotron motion in a gravitational-wave background,
xxx.lanl.gov/gr-qc/9906026 and Gravitational waves and massless parti-
cle fields, xxx.lanl.gov/gr-qc/9906117

[49] D. Papadopoulos, A& A 396, 1045 (2002).

[50] G. Brodin and M. Marklund, Phys. Rev Lett. 82, 3012 (1999).

[51] G. Brodin, M. Marklund and P. K. S. Dunsby, Phys. Rev. D 62 104008
(2000).

[52] Y. G. Ignatev, Iz. Vyssh. Vchebn. Zaved. Fiz. 1, 74 (1985).

[53] G. Brodin, M. Marklund and P. K. S. Dunsby, Class. Quant. Grav. 18
5249 (2001).

[54] P. G. Macedo and A. H. Nelson, Phys. Rev. D 28, 2382 (1983).

[55] M. Marklund, G. Brodin and P. Dunsby, Astrophys. J 536, 875 (2000).

[56] Yu. G Ignat’ev, Phys. Lett. A 230 171 (1997).

[57] A. Greco and L. Seta, Class. Quantum Grav. 15, 3655 (1998).

[58] D. Papadopoulos, N. Stergioulas, L. Vlahos, et al. A & A 377, 701
(2001).

[59] M. Sasaki and H. Sato, Progress of Theoretical Physics 60, 148 (1978).

[60] E. Asseo et al, Phys. Rev. D 13, 2724 (1976).

[61] D. Chester, Phys. Rev. D 7, 2863 (1973).

[62] S. Gayer and C. F. Kennel, Phys. Rev. D 19, 1070 (1979).

[63] Y. G. Ignat’ev, Iz. Vyssh. Vchebn. Zaved, Fiz. No. 12, 136 (1974).

[64] J. Madore, Commun. math. Phys. 27, 291 (1972).

[65] J. T. Mendonca, J. Phys. A: Math. Gen. 34, 9677 (2001).

[66] P. C. Peters, Am. J. Phys. 56, 129 (1988).

[67] A. G. Polnarev, Sov. Phys. JETP 35, 834 (1972).

[68] J. Madore, Commun. math. Phys. 30, 335 (1973).

[69] V. Mendez, D. Pavn and J. M. Salim, Class. Quantum Grav. 14, 77
(1997).

[70] R. L. Ingraham, Gen. Rel. Grav. 29, 117 (1997).



BIBLIOGRAPHY 59

[71] J. Ehlers and A. R. Prasanna, Class. Quantum Grav. 13, 2231 (1996).
A. R. Prasanna, Phys. Lett. A 257, 120 (1999).

[72] V. I. Klebhnikov, Sov. Phys. JETP 59, 6 (1984) [Zh. Eksp. Teor. Fiz. 86,
13 (1984)].

[73] R. Maartens, C. Tsagas and C. Ungarelli, Phys. Rev. D 63 123507 (2001).

[74] M. Efroimsky, Phys. Rev. D 49, 6512 (1994).

[75] C. Caprini and R. Durrer, Phys. Rev. D 65, 023517 (2002).

[76] A. M. Anile, J. K. Hunter and B. Turong, Journ. Math. Phys. 40, 4474
(1999).

[77] D. V. Galtsov and Y. V. Grats, Zh. Eksp. Teor. Fiz 68, 777 (1975) [Sov.
Phys. JETP 41, 387 (1976)].

[78] R. Bingham, R. A. Cairns, J. M. Dawson, R. O. Dendy, C. N. Lashmore-
Davies, J. T. Mendonca, P. K. Shukla, L. O. Silva and L. Stenflo, Physica
Scr. T75 61 (1998).

[79] H. J. Mosquera Cuesta, Phys. Rev. D 65, 64009 (2002).

[80] J. Moortgat and J. Kuijpers, A& A 402, 905 (2003).

[81] M. Marklund, P. K. S. Dunsby and G. Brodin, Phys. Rev. D 62, 101501
(2000)

[82] D. Papadopoulos, Class. Quantum Grav. 19, 2939 (2002).

[83] M. E. Gertsenshtein, Zh. Eksp. Teor. Fiz. 41, 113 (1961) [Sov. Phys. JETP,
14, 84 (1962)].

[84] F. I. Cooperstock, The interaction between electromagnetic and gravi-
tational waves. Ann. Phys. 47, 173 (1968).

[85] Ya. B. Zeldovich, Sov. Phys. JETP 38, 652 (1974) [Zh. Eksp. Teor. Fiz. 65,
1311 (1973)].

[86] V. Faraoni and R. M. Dumse, Gen. Rel. Grav. 31, 91 (1999).

[87] M. E. Araujo, Gen. Rel. Grav. 21, 323 (1989).

[88] R. D. Brill and J. B. Hartle, Phys. Rev. 135, B271 (1964);
T. Regge and J. A. Wheeler, Phys. Rev. D 108, 1063 (1957).

[89] J. A. Wheeler, Phys. Rev. 97, 511 (1955).

[90] J. Bicak and J. B. Griffiths, Ann. Phys. 252, 180 (1996).



60 BIBLIOGRAPHY

[91] T. H. Stix, Waves in Plasmas (American Institite of Physics, New York,
1992).

[92] L. Stenflo, Phys. Scr. 14, 320 (1976).

[93] G. B Whitham Linear and Nonlinear Waves (John Wiley & Sons, New
York 1974).

[94] J. T. Mendonca Theory of Photon Acceleration (Institute of Physics Pub-
lishing, Bristol 2001).

[95] S. C. Wilks, J. M. Dawson, W. B. Mori, T. Katsouleas and M. E. Jones
Phys. Rev. Lett. 62, 2600 (1989).

[96] M. Gorbunov and V. I. Kirsanov, Zh.Eksp. Theor. Fiz. 93, 509 (1987).
[Sov.Phys. JETP 66, 290 (1987)].

[97] G. Brodin and J. Lundberg, Phys. Rev. E 57, 705 (1998).

[98] C. S. Roberts and S. J. Buchsbaum, Phys. Rev. 135, 381 (1964).

[99] F. Xiao, R. M. Thorne and D. Summers, Phys. Plasmas 5, 2489 (1998).

[100] A. Craik, Wave interactions and fluid flows (Cambridge Univeristy Press
1985).

[101] R. Littlejohn and W. Flynn, Phys. Rev. Lett. 70, 1799 (1993).

[102] J. Weiland and H. Wilhelmsson, Coherent Nonlinear Interaction of Waves
in Plasmas (Pergamon Press, New York, 1977).

[103] V. I. Karpman, Nonlinear Waves in Dispersive Media (Pergamon Press,
Oxford, 1975).

[104] R. K. Dodd, J. C. Eilbeck, J. D. Gibbon and H. C. Morris, Solitons and
Nonlinear Wave Equations (Academic Press, London, 1982).


		2003-10-09T10:52:44+0200
	Umea University Library




