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Abstract
In this thesis we focus on Dirichlet’s problem for the complex Monge-Ampère

equation. That is, for a given non-negative Radon measure µ we are interested
in the conditions under which there exists a plurisubharmonic function u such
that (ddcu)n = µ, where (ddc )n is the complex Monge-Ampère operator. If this
function u exists, then can it be chosen with given boundary values? Is this
solution uniquely determined within a given class of functions?
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1. Introduction

Let G ⊆ R3 be a bounded domain with smooth boundary and let f : ∂G→ R be
a continuous function. The problem of finding a function u : Ḡ→ R such that u is
twice continuously differentiable on G, continuous on Ḡ, which satisfies Laplace’s
equation ∆u = 0 on G and u = f on ∂G is called Dirichlet’s problem. The name
was supposedly given by Riemann even though he knew that Gauß had worked on
this problem prior to Dirichlet (see e.g. [28, 44]). In this thesis we are interested
in Dirichlet’s problem and some of its consequences. Here, however, we do not
consider this problem for Laplace’s equation but for the complex Monge-Ampère
equation instead, which is the natural counterpart to Laplace’s equation in the
context of several complex variables. In addition, we consider a non-homogenous
equation. More precisely, for a given non-negative Radon measure µ defined on
an open set in Cn we are interested in the problem of finding a function u with
certain boundary values such that (ddcu)n = µ and if such a function u exists,
then we consider the question of whether this solution is unique within a given
class of functions. Here (ddc )n denotes the complex Monge-Ampère operator.

We now continue with a brief discussion about the setting of Dirichlet’s prob-
lem for the complex Monge-Ampère equation. Our interest in considering pluri-
subharmonic functions leads to the condition that µ is a non-negative measure.
To ensure that we have a satisfying quantity of plurisubharmonic functions,
throughout this thesis we will assume that Ω is a bounded hyperconvex domain.
Recall that a bounded domain Ω ⊆ Cn, is called hyperconvex if there exists a
bounded plurisubharmonic function ϕ : Ω → (−∞, 0) such that the closure of
the set {z ∈ Ω : ϕ(z) < c} is compact in Ω, for every c ∈ (−∞, 0). Demailly
proved in [24] that any bounded pseudoconvex in Cn with Lipschitz boundary
is hyperconvex. Dirichlet’s problem for the complex Monge-Ampère equation
on an arbitrary open set in Cn was considered in [31] (see also [43]). It was
announced in [8] and later published in the ground-breaking article [9] that the
complex Monge-Ampère operator is well-defined on locally bounded plurisubhar-
monic functions. Shiffman and Taylor gave an example in [56] that shows that it
is not possible to extend the complex Monge-Ampère operator in a meaningful
way to the whole class of plurisubharmonic functions and still have the range
contained in the class of non-negative measures (see also [32]). In [16], Cegrell
proved that the complex Monge-Ampère operator is well-defined on a certain
subset, E , of non-positive plurisubharmonic functions (see e.g. Section 2 for the
definition of E). Moreover, he proved that E is, in some sense, the natural domain
of definition of the complex Monge-Ampère operator (Theorem 4.5 in [16]) and
therefore this subclass of plurisubharmonic functions will have a central role in
this thesis.
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Dirichlet himself wanted to find a function u that was continuous on Ḡ and
equal to a given function f on ∂G. Many authors have studied Dirichlet’s prob-
lem with these continuous boundary values in the pluripotential setting, and we
refer to [38] for information and references. In this thesis we are interested in a
weaker type of boundary values. We appeal to the decomposition theorem proved
by Riesz in [54] that says that any non-positive subharmonic function defined on
a bounded domain can be written as a sum of a Green potential and a harmonic
function. The smallest harmonic majorant of the Green potential is zero and
the harmonic function is determined by its behavior near the boundary. Thus,
one can interpret the boundary values of the given subharmonic function as the
harmonic part in Riesz’s decomposition theorem. A straightforward generaliza-
tion of this decomposition theorem to the context of pluripotential theory is not
possible (for a non-linear approach to this problem see e.g. [51, 52]). Instead, as
in [15], consider the following inequality:

H ≥ u ≥ ϕ+H , (1.1)

where ϕ and H are given functions in E . Let N be the class of plurisubharmonic
functions in E with smallest maximal plurisubharmonic majorant identically zero.
Then we say that a plurisubharmonic function u defined on Ω belongs to N (H)
(= N (Ω, H)), H ∈ E , if there exists a function ϕ ∈ N such that inequality (1.1)
holds. In the above sense, we say that a function in N (H) has boundary values
given by H. Note that the function H is not necessarily bounded near the
boundary of Ω. Another way of defining boundary values of plurisubharmonic
functions is through boundary measures, which were introduced by Demailly
in [24] and later generalized by Cegrell and Kemppe in [18]. Under additionally
assumptions these two types of boundary values coincide with the classical notion
(Section 5 in [18]).

It is possible to consider the complex Monge-Ampère operator on complex
manifolds (see e.g [36]) and even on complex spaces (see e.g [6]), but in this
thesis we mainly focus our attention on Monge-Ampère measures defined on a
bounded hyperconvex domain in Cn, n ≥ 1.

Complex Monge-Ampère techniques are a useful tool in other fields of math-
ematics, e.g. algebraic geometry, number theory, and complex dynamics. For
example, the complex Monge-Ampère equation is precisely what is needed in or-
der to construct Kähler-Einstein metric over irreducible singular Kähler spaces
with ample or trivial canonical sheaf. Even so, here we concentrate our attention
on subextension of plurisubharmonic functions, which is a question within the
field of pluripotential theory. Let Ω1 and Ω2 be two sets such that Ω1 ⊂ Ω2 ⊂ Cn,
n ≥ 1, and let u be a plurisubharmonic function defined on Ω1. Is it then possi-
ble to find a plurisubharmonic function v defined on Ω2 such that it is less than
or equal to u on Ω1? In [7], Bedford and Burns (see also [14]) proved that any
smooth bounded domain in Cn satisfying a certain non-degeneracy condition on
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the Levi-form on the boundary is the domain of existence for plurisubharmonic
functions; and in [29], El Mir constructed an example of a plurisubharmonic
function defined on the unit bidisc in C2 for which the restriction to any smaller
bidisc admits no subextension to a larger domain.

In simplicity, we will focus on the following considerations:
1) Dirichlet’s Problem. Let µ be a given non-negative Radon measure.

a) Existence; does there exists a plurisubharmonic function u such that
(ddcu)n = µ? If this function u exist, can it be chosen with given
boundary values?

b) Uniqueness; if u and v are plurisubharmonic functions such that

(ddcu)n = (ddcv)n = µ ,

then is it true that u = v?

2) Subextension of plurisubharmonic functions.
The non-positive constant functions are in E and therefore the question of

uniqueness does not always have a positive answer. In Paper I, we prove some
powerful tools for working with the complex Monge-Ampère operator and we
get an affirmative answer to question 1 b) for a large subset of E . Example 5.4
in [17] shows that, in contrast to the case of Laplace’s equation, question 1 a) is
not always true. We concentrate on question 1 in Paper II where we complete
Cegrell’s characterization from [15] for the family of functions in E with finite
pluricomplex energy. Paper III also focuses mainly on question 1 and we prove
a generalization of the celebrated subsolution theorem by Ko lodziej ([35]) for E .
The proof relies on results from Paper I. Paper IV deals with the question of
boundary values of certain subclass of E and in Paper V we prove some subex-
tension theorems by using techniques from Papers I and III. Some convergence
theorems in the compact Kähler manifold case are obtained in Paper VI.

For an introduction to classical and pluripotential theory, the monographs
Pluripotential Theory by Klimek, [34], and Classical Potential Theory by Ar-
mitage and Gardiner [5] are recommended and we refer to [27, 36, 38] for further
information about the complex Monge-Ampère equation. We would also like to
draw attention to Krylov’s beautiful survey [39]. Kiselman’s historical survey [33]
is highly recommended for those interested in the history of plurisubharmonic
functions and potential theory in several complex variables.
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2. Preliminaries

Let Ω ⊆ Cn, n ≥ 1, be a bounded hyperconvex domain and let PSH(Ω) denote
the class of plurisubharmonic functions defined on Ω. A bounded plurisubhar-
monic function ϕ defined on Ω belongs to E0 if limz→ξ ϕ(z) = 0, for every ξ ∈ ∂Ω,
and

∫
Ω

(ddcϕ)n < +∞. The maximum principle for plurisubharmonic functions
implies that if ϕ ∈ E0, then ϕ < 0 or ϕ = 0 on Ω.

Definition 2.1. Assume that Ω ⊆ Cn, n ≥ 1, is a bounded hyperconvex domain.
Let E (= E(Ω)) be the class of plurisubharmonic functions ϕ defined on Ω, such
that for each z0 ∈ Ω there exists a neighborhood ω of z0 in Ω, a decreasing
sequence {ϕj}∞j=1, ϕj ∈ E0, that converges pointwise to ϕ on ω as j → +∞, and

sup
j

∫
Ω

(ddcϕj)
n
< +∞ .

In [16], Cegrell proved that the complex Monge-Ampère operator is well-
defined on E as the limit measure in the following theorem.

Theorem 2.2. For k = 1 . . . n, let uk ∈ E and {ukj }, ukj ∈ E0, be a decreasing
sequence such that {ukj } converges pointwise to uk as j tends to +∞. Then(

ddcu1
j

)
∧
(
ddcu2

j

)
∧ · · · ∧

(
ddcunj

)
is weak∗-convergent and the limit measure is independent of the sequences {ukj }.

As mentioned in the introduction Cegrell also proved that E is, in some sense,
the natural domain of definition of the complex Monge-Ampère operator (Theo-
rem 4.5 in [16]).

For the convenience of the reader, it is worthwhile to introduce some tem-
porary notations that only will be used in this section. Let M be the set of
non-negative Radon measures defined on a bounded hyperconvex domain Ω in
Cn and let MA = {ddcu1 ∧ · · · ∧ ddcun : u1, . . . , un ∈ E}. From Paper III,
we have that MA = {(ddcu)n : u ∈ E}. Moreover, it follows from [16] that
MA ⊆ M and from [17] we have that this inclusion is proper for n ≥ 2. If
n = 1, then PSH(Ω) = SH(Ω), Ω is a B-regular domain, and ddc = 2i∂∂̄ = ∆.
Moreover, E = {u ∈ SH(Ω) : u ≤ 0}. Hence, for n = 1 we have that
MA =

{
µ ∈M :

∫
Ω
−max(ga,−1)dµ < +∞

}
where ga is the pluricomplex

Green function with pole at a ∈ Ω, i.e.

ga(z) = sup{u(z) : u ∈ PSH(Ω), u ≤ 0, u(z)− log |z − a| ≤ O(1) as z → a} .

In [12], B locki proved that E = {ϕ ∈ PSH(Ω) ∩W 1,2
loc (Ω) : ϕ ≤ 0} when n = 2,

and showed that this equality is not valid for n ≥ 3. Later, in [13], he obtained
a complete characterization of E for n ≥ 1. Another characterization of E was
proved in [19] in terms of the so-called ϕ-capacity.
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Many authors has defined the complex Monge-Ampère measure on different
classes of unbounded plurisubharmonic functions. Let n ≥ 2, Hk be the k-
dimensional Hausdorff measure, and for any function u set

L(u) = {z ∈ Ω : u is unbounded in any neighborhood of z}
D = {u ∈ PSH(Ω) : for every z ∈ Ω there exists a neighborhood ω of z such

that L(u|ω) b ω}
FS = {u ∈ PSH(Ω) : L(u) is in the

1-envelope of pseudoconvexity of Ω\L(u)} .

Note that D ⊂ FS. Demailly proved that (ddc )n is well-defined on D ([25, 26,
27]) and later Fornæss and Sibony generalized this result to FS ([30]). Moreover,
Demailly proved that if u ∈ PSH(Ω) is such that H1(L(u)) = 0, then u ∈ D
and Fornæss and Sibony proved that if u ∈ PSH(Ω) is such that H2(L(u)) = 0,
then u ∈ FS. It should be noted that the results proved by Demailly, Fornæss
and Sibony are valid for more general currents than we are discussing here. For
any function u ∈ FS we have that Ω\L(u) 6= ∅. Example 2.3 shows one of
the striking differences between E and FS. This example prove the existence of
function u ∈ E with Ω = L(u).

Example 2.3. Let Ω be a hyperconvex domain in Cn, n ≥ 1, and let E ={
x+ iy : (x, y) ∈ Q2n

}
∩ Ω. The set E is a pluripolar set, and by [16] it follows

that there exists a function u ∈ E such that E ⊆ {u = −∞}. By construction,
we get that Ω = L(u). �

Now we introduce some interesting subclasses of E from [15, 16]. Assume that
u is a plurisubharmonic function defined on Ω and {ϕj}, ϕj ∈ E0, is a decreasing
sequence that converges pointwise to u on Ω as j tends to +∞. For p > 0 fixed,
consider the following assertions:

(1) sup
j

∫
Ω

(−ϕj)p(ddcϕj)n < +∞

(2) sup
j

∫
Ω

(ddcϕj)
n
< +∞ .

If the sequence {ϕj} can be chosen such that (1) holds, then u is said to be in
Ep (= Ep(Ω)) and if (2) holds, then u is in F (= F(Ω)). Finally, if both (1) and
(2) are satisfied, then u ∈ Fp (= Fp(Ω)). It follows from [15, 16] that all these
classes are contained in E . Moreover, we have that

⋃
p>0 Ep ∪ F ⊆ N . This is a

consequence of Theorem 4.2 in [3], Theorem 6.2 in [15], and Lemma 3.14 in [16].
By using this together with Theorem 2.1 in [17], we get the following remark.

Remark. The function u belongs to N such that
∫

Ω
(ddcu)n < +∞ if, and only

if, u ∈ F .

6
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In the introduction, we mentioned boundary values of plurisubharmonic func-
tions given by inequality (1.1). Now we re-state this definition in full.

Definition 2.4. Assume that Ω ⊆ Cn is a bounded hyperconvex domain and let
K ∈ {E0, Ep, F , N }. We say that a plurisubharmonic function u defined on Ω
belongs to the class K(Ω, H), H ∈ E , if there exists a function ϕ ∈ K such that

H ≥ u ≥ ϕ+H .

Note that K(Ω, 0) = K and that functions in E0(Ω, H) do not necessarily have
finite total Monge-Ampère mass (see [2, 21]). Moreover, they do not need to be
bounded. The class K is always a convex cone, but K(Ω, H) is in general only a
convex set.

Let u ∈ PSH(Ω), u ≤ 0. The function uj is then defined by

uj = sup
{
ϕ ∈ PSH(Ω) : ϕ ≤ u on CΩj

}
,

where CΩj denotes the complement of Ωj in Ω and {Ωj} is an increasing se-
quence of strictly pseudoconvex sets that exhaust Ω. Let u ∈ PSH(Ω), u ≤ 0,
then uj ∈ PSH(Ω) and uj = u on CΩj . The definition of uj implies that {uj}
is an increasing, upper-bounded sequence and therefore limj→+∞ uj exists q.e.
(quasi-everywhere) on Ω. Hence, the function ũ defined by ũ =

(
limj→+∞ uj

)∗
is plurisubharmonic on Ω. Here, (w)∗ denotes the upper semicontinuous regular-
ization of w. If u ∈ E , then by [16] we have that ũ ∈ E , since u ≤ ũ ≤ 0, and
by [12, 13] it follows that ũ is maximal on Ω. Assume now that u ∈ F . Then it was
proved in [18] that {

(
ddcuj

)n} is a sequence that converges in the weak∗-topology
to a non-negative measure µu, defined on ∂Ω, as j tends to +∞. The measure
µu is called the boundary measure of the function u. This boundary measure
construction is a generalization of Demailly’s classical Monge-Ampère boundary
measures. In [18], the authors proved the following Lelong-Jensen-Demailly type
equality: Assume that u ∈ F and that ϕ ∈ E is such that

∫
Ω
ϕ(ddcu)n > −∞,

and that ddcϕ ∧ (ddcu)n−1 vanishes on pluripolar sets. Then it holds that

lim
j→+∞

∫
Ω

ϕ
(
ddcuj

)n =
∫

Ω

ϕ(ddcu)n +
∫

Ω

uddcϕ ∧ (ddcu)n−1
.

In particular, if ϕ ∈ PSH(Ω) ∩ C(Ω̄), then it holds that∫
∂Ω

ϕµu =
∫

Ω

ϕ(ddcu)n +
∫

Ω

uddcϕ ∧ (ddcu)n−1
.

Information concerning the seminal Demailly boundary measure construction and
the classical Lelong-Jensen-Demailly formula can be found in [22, 23, 24, 27].

For u ∈ F and g ∈ PSH(Ω) ∩ L∞(Ω), let gu be the function in L∞(∂Ω, µu)
such that limj→+∞ g

(
ddcuj

)n = guµu. Then gu is considered to be the boundary
values of g w.r.t. µu. Now assume that H ∈ {v ∈ E ∩ L∞(Ω) : (ddcv)n = 0} and
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g ∈ F(Ω, H). Then it was proved in [18] that

gu µu = Hu µu ,

for every u ∈ F . Thus, Cegrell and Kemppe got, under certain assumptions,
that the boundary values arising from Monge-Ampère boundary measures and
F(Ω, H) coincides. Moreover, they proved that these notions of boundary values
coincide with the classical approach.

8
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3. Summary of Papers

3.1. Paper I: A comparison principle for the complex Monge-Ampère
operator in Cegrell’s classes and applications. This paper was written
together with Nguyễn Văn Khuê.

In this paper we start by proving the following two inequalities.

Proposition 3.1.

a) Let u, v ∈ F such that u ≤ v on Ω. Then for 1 ≤ k ≤ n

1
k!

∫
Ω

(v−u)kddcw1 ∧ · · · ∧ ddcwn +
∫

Ω

(r−w1)(ddcv)k ∧ ddcwk+1 ∧ · · · ∧ ddcwn

≤
∫

Ω

(r − w1)(ddcu)k ∧ ddcwk+1 ∧ · · · ∧ ddcwn ,

for all wj ∈ PSH(Ω), 0 ≤ wj ≤ 1, j = 1, . . . , k, wk+1, . . . , wn ∈ E and
all r ≥ 1.

b) Let u, v ∈ E such that u ≤ v on Ω and u = v on Ω\K for some K b Ω.
Then for 1 ≤ k ≤ n we have that

1
k!

∫
Ω

(v−u)kddcw1 ∧ · · · ∧ ddcwn +
∫

Ω

(r−w1)(ddcv)k ∧ ddcwk+1 ∧ · · · ∧ ddcwn

≤
∫

Ω

(r − w1)(ddcu)k ∧ ddcwk+1 ∧ · · · ∧ ddcwn ,

for all wj ∈ PSH(Ω), 0 ≤ wj ≤ 1, j = 1, . . . , k, wk+1, . . . , wn ∈ E and
all r ≥ 1.

Our aim of the article is Theorem 4.1, which generalizes Lemma 7.2 in [1],
Lemma 5.4 in [15], and Lemma 3.4 in [17].

Theorem 4.1. Let u, u1, . . . , un−1 ∈ E, v ∈ PSH(Ω), v ≤ 0, and T = ddcu1 ∧
· · · ∧ ddcun−1. Then

ddc max(u, v) ∧ T |{u>v} = ddcu ∧ T |{u>v} .

Using Proposition 3.1 and Theorem 4.1 we obtain the following Xing type
inequality that generalizes the corresponding inequalities in [47, 57, 59].

Theorem 4.9. Assume that Ω ⊆ Cn, n ≥ 1 is a bounded hyperconvex domain.
Let u, v ∈ E be such that limz→ζ(u(z) − v(z)) ≥ 0 for every ζ ∈ ∂Ω. Then for

9



1 ≤ k ≤ n we have that:

1
k!

∫
{u<v}

(v − u)kddcw1 ∧ · · · ∧ ddcwn

+
∫
{u<v}

(r − w1)(ddcv)k ∧ ddcwk+1 ∧ · · · ∧ ddcwn

≤
∫
{u<v}∪{u=v=−∞}

(r − w1)(ddcu)k ∧ ddcwk+1 ∧ · · · ∧ ddcwn ,

for all wj ∈ PSH(Ω), 0 ≤ wj ≤ 1, j = 1, . . . , k, wk+1, . . . , wn ∈ E and all r ≥ 1.

3.2. Paper II: Concerning the energy class Ep for 0 < p < 1. This paper
was written together with Per Åhag and Rafa l Czyż.

For a function u ∈ Ep, let ep(u) be defined by

ep(u) =
∫

Ω

(−u)p(ddcu)n ,

for p > 0. The integral ep(u) is the pluricomplex p-energy of u. As in [15, 46] the
pluricomplex p-energy is used here when studying Ep.

Theorem 2.3. Let p > 0 and u0, u1, . . . , un ∈ E0. Then∫
Ω

(−u0)pddcu1∧· · ·∧ddcun ≤ Dn,p ep(u0)p/(p+n)ep(u1)1/(p+n) · · · ep(un)1/(p+n) ,

where

Dn,p =


p
−α(n,p)

1−p if 0 < p < 1
1 if p = 1

p
pα(n,p)
p−1 if p > 1

and α(n, p) = (p+ 2)
(
p+1
p

)n−1

− (p+ 1).

For p ≥ 1, Theorem 2.3 was proved in [46] and if p = 0, then it can be
interpreted as Corollary 5.6 in [16]. This Hölder type inequality is a fundamental
tool in [15]. As a direct consequence of this estimate it follows that Fp and Ep
are convex cones (Corollary 2.4).

If q > p > 0, then Fq ⊂ Fp, by Hölder’s inequality. Let q > p > 0 be fixed.
Then it follows from Example 2.3 in [15] that Ep\Eq is non-empty. Example 2.6 in
this paper shows that Eq \ Ep is non-empty as well. Thus, a similar interpolation
result as for Fp is not possible for Ep.

The aim of this article is to prove the following theorem:

Theorem 3.6. Let n ≥ 1, p > 0, and µ a non-negative measure. This mea-
sure does not necessarily have finite total mass. Then there exists a uniquely

10
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determined function u ∈ Ep such that (ddcu)n = µ if, and only if, there exists a
constant A > 0, such that ∫

Ω

(−ϕ)pdµ ≤ A(ep(ϕ))
p

n+p ,

for every ϕ ∈ E0.

For p ≥ 1, Theorem 3.6 was proved in [15, 20]. A related Dirichlet problem
for the case p = 0 was proved in [16].

3.3. Paper III: Monge-Ampère measures on pluripolar sets. This paper
was written together with Per Åhag, Urban Cegrell and Rafa l Czyż.

In this article we continue to study Dirichlet’s problem for the complex Monge-
Ampère equation. First we obtain the following comparison principle:

Corollary 3.2. Let u, v,H ∈ E be such that (ddcu)n vanishes on all pluripolar
sets in Ω and (ddcu)n ≤ (ddcv)n. Consider the following two conditions:

(1) lim
z→ζ

(u(z)− v(z)) ≥ 0 for every ζ ∈ ∂Ω,

(2) u ∈ N (H), v ≤ H.
If one of the above conditions is satisfied, then u ≥ v on Ω.

In Corollary 3.2., the assumption that (ddcu)n vanishes on all pluripolar sets is
essential and the proof is based on results from Paper I. Recall that limz→ζ(u(z)−
v(z)) ≥ 0 for every ζ ∈ ∂Ω, means that for any ε > 0 there exists a set A b Ω
such that u(z)− v(z) ≥ −ε for every z ∈ Ω\A.

The following identity principle play a technical prominent role in the proof
of our main theorem.

Theorem 3.6. Let H ∈ E. If u, v ∈ N (H) is such that u ≤ v, (ddcu)n = (ddcv)n

and
∫

Ω
(−w)(ddcu)n < +∞ for some w ∈ E that is not identically 0, then u = v

on Ω.

Another important tool is the following theorem.

Theorem 3.7. Assume that µ = (ddcϕ)n, ϕ ∈ N with µ(A) = 0 for every
pluripolar set A ⊆ Ω. Then for every H ∈ E such that (ddcH)n ≤ µ there exists
a uniquely determined function u ∈ N (H) such that (ddcu)n = µ on Ω.

Let µ be a non-negative measure defined on Ω such that it vanishes on pluripo-
lar subsets of Ω and that there exists a function ϕ ∈ PSH(Ω), ϕ < 0, such that∫

Ω
(−ϕ) dµ < +∞. Then it follows from [17] that there exists a uniquely deter-

mined function ϕ ∈ N such that (ddcϕ)n = µ.
Let u ∈ E and 0 ≤ τ be a bounded lower semicontinuous function. Then we

define
uτ = sup{ϕ ∈ PSH(Ω) : ϕ ≤ τ1/nu} .

11



(Definition 4.2). For u ∈ E we write µ = χ{u=−∞}(ddcu)n and define T to be
the class of simple functions f =

∑m
j=1 αjχEj , αj > 0, where Ej are pairwise

disjoint, compact and µ-measurable such that f is vanishes outside {u = −∞}.

Definition 4.5. Let u ∈ E and 0 ≤ g ≤ 1 be a µ-measurable function. We define

ug = inf
f∈T
f≤g

(sup{uτ : f ≤ τ, τ is a bounded lower semicontinuous function})∗ .

Let u ∈ E and g, 0 ≤ g ≤ 1, be a µ-measurable function that vanishes outside
{u = −∞}. It is then proved in Theorem 4.7 that ug ∈ E and (ddcug)n =
g(ddcu)n. Example 4.8 shows that our given singular measure g(ddcu)n is not
necessarily a discrete Radon measure. Thus, Theorem 4.7 is a generalization of
results in [24, 40, 41, 42, 58, 61].

By using these tools we obtain our main theorem:

Theorem 4.15. Let Ω ⊆ Cn, n ≥ 1, be a bounded hyperconvex domain, H ∈
E(Ω) a given maximal plurisubharmonic function and assume that µ is a non-
negative Radon measure defined on Ω. If there exists a function w ∈ E such that
µ ≤ (ddcw)n, then there exists a function u ∈ E such that w + H ≤ u ≤ H and
(ddcu)n = µ.

In the case where w is a bounded plurisubharmonic function and H is iden-
tically zero, Theorem 4.15 is the celebrated subsolution theorem by Ko lodziej
([35]; for an alternative proof see Section 4 in [38]). Example 5.4 in [17] shows
that there exists a non-negative Radon measure µ such that there does not exist
any function u ∈ E that satisfies (ddcu)n = µ.

3.4. Paper IV: Boundary values of functions in Cegrell’s class Eψ. In
this paper we use the following notation: Let ψ ∈ PSH(Ω), ψ ≤ 0. We say
that a plurisubharmonic function u defined on Ω belongs to Eψ if there exists
a decreasing sequence {ϕj}, ϕj ∈ E0, that converges pointwise to ϕ on Ω, as j
tends to +∞, and supj

∫
Ω

(−ψ)(ddcϕj)
n
< +∞.

By using Demailly’s boundary measures and the Lelong-Jensen-Demailly for-
mula for the pluricomplex Green function with pole at a point (see e.g. [24]) we
obtain the following.

Theorem 3.1. Let Ω be a bounded hyperconvex domain in Cn (n ≥ 2) and
u ∈ Eψ(Ω) for some ψ ∈ PSH(Ω), ψ < 0. Then

∫
∂Ω
u∗ µΩ,a = 0 for all a ∈ Ω.

Here (w)∗ denotes the upper semicontinuous regularization of the function w on
Ω̄ and µΩ,a is the Demailly boundary measure for the pluricomplex Green function
with pole at a.

In particular, Theorem 3.1. imply the following corollaries.

Corollary 3.2. Let Ω be a bounded B-regular domain in Cn (n ≥ 2) and u ∈
Eψ(Ω) for some ψ ∈ PSH(Ω), ψ < 0. Then u∗|∂Ω ≡ 0.

12
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Corollary 3.3 Let Ω = Ω1×Ω2 with Ω1 ⊂ Cn1 , Ω2 ⊂ Cn2 , be bounded B-regular
domains and u ∈ Eψ(Ω) for some ψ ∈ PSH(Ω), ψ < 0. Then u∗|∂Ω1×∂Ω2 ≡ 0.

Let Ω1,Ω2 ⊆ C be B-regular domains. We end this paper by constructing a
function u ∈ Eψ(Ω1 × Ω2), such that for some ψ ∈ PSH(Ω1 × Ω2), ψ < 0, it
holds that u∗|∂Ω1×Ω2∪Ω1×∂Ω2 < 0.

3.5. Paper V: Pluripolar sets and subextension in Cegrell’s classes.
In [16], Cegrell proved that for every pluripolar set E in Ω we can find a function
u in F1(Ω) such that u = −∞ on E. Following the ideas given in [15] we prove
the following.

Theorem 3.1. Let E be a complete pluripolar set in Ω. Then there exists a
function ϕ ∈

⋂
p>0 Fp(Ω) such that E = {ϕ = −∞}.

Let u ∈ PSH(Ω), u ≤ 0, then we define the subextension of u to Ω̃ as

ũ = sup{ϕ ∈ PSH(Ω̃) : ϕ ≤ 0, ϕ ≤ u on Ω}

and we prove this paper’s main result.

Theorem 4.1. Let Ω, Ω̃ be such that Ω ⊂ Ω̃. If u ∈ Ep(Ω), then there exists
a function ũ ∈ Ep(Ω̃) such that ũ ≤ u on Ω, (ddcũ)n ≤ 1Ω(ddcu)n and ep(ũ) ≤
ep(u). Here 1Ω is the the characteristic function for Ω in Ω̃.

3.6. Paper VI: On the convergence in capacity on compact Kähler
manifolds and its applications. The convergence in Cn -capacity on domains
in Cn was introduced by Bedford-Taylor in [10]. In [37], Ko lodziej introduced the
capacity CX,ω on a compact Kähler manifold X. The main aim of this paper is to
study the convergence in CX,ω on a compact Kähler mainfold X. The obtained
results are used to study global extremal functions and describe the ω-pluripolar
hull of a ω-pluripolar subset in X. We first prove:

2.1. Theorem. Let uj , u ∈ PSH(X,ω) be uniformly bounded. Then the follow-
ing two conditions are equivalent:

i) uj → u in CX,ω.

ii) lim
j→∞

uj ≤ u and limj→∞
∫
X

(uj − u)ωnuj = 0.

We then continue by proving the following theorem:

2.4. Theorem. Let X be a compact Kähler manifold and S a smooth hyper-
surface in X. Let uj , u ∈ PSH(X,ω) be uniformly bounded such that uj → u in
CX,ω and supp ωnuj ⊂ K b X\S for j ≥ 1. Then uj |S → u|S in CS,ωS as j →∞.

As a consequence of Theorem 2.4 we get Corollary 2.5.

13



2.5. Corollary. Let X and S be as in Theorem 2.4 and uj , u ∈ PSH(X,ω)
such that uj increasing to u a.e. on X and supp ωnuj ⊂ K b X\S for j ≥ 1.
Then uj |S increasing to u|S a.e. on S.

Corollary 2.5 was proved by Bedford-Taylor in [11] for X = CPn.
As an application we apply the obtained results to investigate global extremal

functions and ω-plurisubharmonic hulls of ω-pluripolar sets in a compact Kähler
manifold X. Let E be a subset of X and Q a function defined on E. Then define

VE,Q = sup{ϕ ∈ PSH(X,ω) : ϕ ≤ Q on E} .
The function VE,Q is called the global extremal function of E with weight Q and
we write VE = VE,0. We prove the following theorem:

3.1. Theorem. Let X be a compact Kähler manifold and S a smooth hyper-
surface in X. Let K be a compact set in X\S and Q be a lower semicontinuous
function on K. Then

(VK,Q|S)∗ = V ∗K,Q|S .

By using Corollary 2.5 we obtain Theorem 3.4:

3.4. Theorem. Let X be a compact Kähler manifold and S a smooth hyper-
surface in X. Let E be a ω-pluripolar subset in X\S. Then E∗X ∩ S is also
ωS-pluripolar in S.

14

••



Acknowledgements

I wish to express my sincere gratitude to:
• Prof. Urban Cegrell, my excellent advisor, for teaching me the art of

research.

• Prof. Nguyễn Văn Khuê, who first introduced me to the field of several
complex variables and brought my attention to the wonderful world of
pluripotential theory.
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