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Applications of the Virtual Holonomic Constraints Approach:
Analysis of Human Motor Patterns and Passive Walking Gaits

Uwe Mettin
Department of Applied Physics and Electronics, Umeå University

ABSTRACT

In the field of robotics there is a great interest in developing strategies and algorithms to
reproduce human-like behavior. One can think of human-likemachines that may replace
humans in hazardous working areas, perform enduring assembly tasks, serve the elderly
and handicapped, etc. The main challenges in the development of such robots are, first,
to construct sophisticated electro-mechanical humanoidsand, second, to plan and control
human-like motor patterns.

A promising idea for motion planning and control is to reparameterize any somewhat
coordinated motion in terms of virtual holonomic constraints, i.e. trajectories of all de-
grees of freedom of the mechanical system are described by geometric relations among
the generalized coordinates. Imposing such virtual holonomic constraints on the system
dynamics allows to generate synchronized motor patterns byfeedback control. In fact,
there exist consistent geometric relations in ordinary human movements that can be used
advantageously. In this thesis the virtual constraints approach is extended to a wider and
rigorous use for analyzing, planning and reproducing human-like motions based on math-
ematical tools previously utilized for very particular control problems.

It is often the case that some desired motions cannot be achieved by the robot due
to limitations in available actuation power. This constraint rises the question of how to
modify the mechanical design in order to achieve better performance. An underactuated
planar two-link robot is used to demonstrate that springs can complement the actuation
in parallel to an ordinary motor. Motion planning is carriedout for the original robot
dynamics while the springs are treated as part of the controlaction with a torque profile
suited to the preplanned trajectory.

Another issue discussed in this thesis is to find stable and unstable (hybrid) limit
cycles for passive dynamic walking robots without integrating the full set of differen-
tial equations. Such procedure is demonstrated for the compass-gait biped by means of
optimization with a reduced number of initial conditions and parameters to search. The
properties of virtual constraints and reduced dynamics areexploited to solve this problem.

Keywords: Motion Planning, Humanoid Robots, Virtual Holonomic Constraints, Under-
actuated Mechanical Systems, Mechanical Springs
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Preface

This licentiate thesis consists of an introduction to the problem of motion planning and
control for bipedal humanoid robots and the following four papers including a summary
of the presented contributions:

I. U. Mettin, P.X. La Hera, L.B. Freidovich, A.S. Shiriaev, and J. Helbo. Motion
planning for humanoid robots based on virtual constraints extracted from recorded
human movements. InJournal of Intelligent Service Robotics, 1(4):289–301, 2008.

II. U. Mettin, P.X. La Hera, L.B. Freidovich, and A.S. Shiriaev. Generating human-
like motions for an underactuated three-link robot based onthe virtual constraints
approach. InProceedings of the 46th IEEE Conference on Decision and Control,
p. 5138–5143, New Orleans, USA, December 12-14 2007.

III. L.B. Freidovich, U. Mettin, A.S. Shiriaev, and M.W. Spong. A passive 2DOF
walker: Finding gait cycles using virtual holonomic constraints. Accepted to the
47th IEEE Conference on Decision and Control, 6 pages, Cancun, Mexico, Decem-
ber 9-11 2008.

IV. U. Mettin, P.X. La Hera, L.B. Freidovich, and A.S. Shiriaev. How springs can
help to stabilize motions of underactuated systems with weak actuators. Accepted
to the47th IEEE Conference on Decision and Control, 6 pages, Cancun, Mexico,
December 9-11 2008.

Further publications and submitted papers which are not part of this thesis are listed be-
low:

• L.B. Freidovich, U. Mettin, A.S. Shiriaev, and M.W. Spong. Apassive 2DOF
walker: Hunting for gaits using virtual holonomic constraints. Submitted toIEEE
Transactions on Robotics, 28 pages, 2008.

• P.X. La Hera, L.B. Freidovich, A.S. Shiriaev, and U. Mettin.Swinging up the
furuta pendulum via stabilization of a planned trajectory:Theory and experiments.
Provisionally accepted toIFAC Journal of Mechatronics, 21 pages, 2008.
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• L.B. Freidovich, P.X. La Hera, U. Mettin, A. Robertsson, A.S. Shiriaev, and R. Jo-
hansson. Stable periodic motions of inertia wheel pendulumvia virtual holonomic
constraints. Submitted toInternational Journal of Robotics Research, 22 pages,
2008.

• P.X. La Hera, U. Mettin, I.R. Manchester, and A.S. Shiriaev.Identification and con-
trol of a hydraulic forestry crane. InProceedings of the 17th IFAC World Congress,
p. 2306–2311, Seoul, Korea, July 6-11 2008.

• S. Westerberg, I.R. Manchester, U. Mettin, P.X. La Hera, andA.S. Shiriaev. Virtual
environment teleoperation of a hydraulic forestry crane. In Proceedings of the
2008 IEEE International Conference on Robotics and Automation, p. 4049–4054,
Pasadena, USA, May 19-23 2008.

• U. Mettin, P.X. La Hera, L.B. Freidovich, and A.S. Shiriaev.Planning human-
like motions for an underactuated humanoid robot based on the virtual constraints
approach. InProceedings of the 13th International Conference on Advanced
Robotics, p. 585–590, Jeju, Korea, August 21-24 2007.

• L.B. Freidovich, A.S. Shiriaev, U. Mettin, P.X. La Hera, andA. Sandberg. Plan-
ning orbitally stabilizable periodic motions for an underactuated three-link pendu-
lum. In Proceedings of the European Control Conference 2007, p. 3167–3172,
Kos, Greece, July 2-5 2007.
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1 Introduction

1.1 Problem Formulation

Humans have the amazing capability of performing a variety of movements with perfected
motor control of their limbs. At the same time, it is somewhathidden how this “control
system” really works. Technically speaking, one has to planparticular motion patterns for
the dynamical system, employ low level controllers for individual actuators, synchronize
them with respect to time, reject disturbances, etc. All this happens intuitively in the
human body even though extensive coordination patterns arerequired to handle the large
degree of actuation. Similar observations can be also made for animals, however, they are
not particularly focused in this thesis.

Humanoid robots are electro-mechanical systems resembling the morphology of the
human body. Consequently, it is very much desired to reproduce ordinary motions human
alike. For this reason the analysis of human movement itselfis essential in order to find a
description of targeted motion patterns. Of course, there is a significant difference in the
rather elementary robot machinery compared to the complexity of humans which makes
it difficult to meet the demands for truly human-like robot motions. One can think of
the required level of sophistication in actuation and perception, mass distribution within
the body, etc. The performance of the robot is limited to the power of chosen actuators
and its dynamics is determined by all the physical parameters. These factors have to be
considered in the mechanical design to be able to accomplishthe targeted movement.
Hence, the main problems in the development of human-like machines can be pointed out
as

• constructing appropriate electro-mechanical humanoids,and

• planning and control of human-like motion patterns.

The strong interconnection of motion planning and mechanical design requires mathemat-
ical modeling already in the early stage of development. Achievable movements depend
heavily on the obtained robot dynamics.

Let us next look at basic elements of analyzing human movement followed by a brief
overview of state-of-the-art bipedal humanoid robots in Section 1.3. Major concepts of
motion planning and control are presented in Section 1.4.

1



2 1. Introduction

1.2 Analysis of Human Movement

The analysis of human movement is considered essential to describe particular motion
patterns. Note, however, that the human body possesses a very complex structure with
many degrees of freedom in the skeleton and an enormous degree of actuation. For in-
stance, about 30 different muscles are mainly working in just one leg during walking
movement [59]. The actuation itself is described by the biophysical characteristics of
muscle mechanics, which is a research field in biomechanics and kinesiology [63]. An
electromyogram (EMG) gives measurements of associated muscle contraction. Eventu-
ally, an investigation of human movement requires the following considerations:

• Kinematics:The quantitative description of human movement is based on the mea-
surement of kinematic variables. Forces which cause the movement are not consid-
ered. The measurements are usually obtained by a well calibrated camera system
capturing anatomical landmarks of a human test person.

• Anthropometry: The physical parameters of human body dynamics are roughly
given by the lengths of interconnected multiple body segments between each joint,
and the corresponding mass distribution together with the moment of inertia. An-
thropometric data gives such parameters by describing the human physical varia-
tion.

• Dynamics (Kinetics): Using the kinematic description of the movement together
with accurate anthropometric data, and, given the acting external forces, allows to
compute joint reaction forces and muscle moments. This procedure is called link-
segment modeling and represents an inverse solution since the really exerted muscle
forces are not measured, but indirectly estimated.

A detailed discussion on human kinematics, anthropometry,and corresponding dynamics
can be found in [63]. Energy flows that cause the movement are also presented there
in terms of mechanical work, energy and power. Estimation formulas to compute the
parameters of the link-segment model can be found in [59] including a description of
how to measure required anthropometric parameters of a testperson1. A useful study
about anthropometry and mass distribution for males of three different size categories is
reported in [39].

The human movement is characterized by a three dimensional nature as depicted in
Fig. 1.1. In order to get a quantitative description of various joint trajectories, a test per-
son is commonly equipped with numerous artificial markers onthe body to be tracked by a
motion capturing system. A large library of kinematic motion captures is provided by the
EYES JAPAN Web3D Project [13]. One can find many ordinary and quite special human
movements such as walking, sitting down, chair-rise, jumping, throwing, karate moves,
gestures, etc. The recorded files contain translational androtational position vectors of
ca. 20 joints which yields already a detailed quantitative description of the body segment
configuration. Fig. 1.2 shows how human movement captures are visualized by particular

1Most likely the formulas from [59, p. 17 et sqq.] have been applied to the test person “Allan” in the Danish
AAU-BOT1 project [1].
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Frontal Plane Sagittal plane

Transverse plane

(a) The reference planes of the human body.

Z

X

Y

(b) Projection on the three principal planes of move-
ment.

Fig. 1.1: The three dimensional nature of human movement (graphs taken from [59]).

(a) Ellipsoid-segmented test person from the EYES
JAPAN Web3D Project [13] viewed with MotView
[42].

(b) Joint trajectories of a test person from the AAU-
BOT1 project of Aalborg University [1] viewed with
Qualisys Track Manager [41].

Fig. 1.2: Typical human motion captures—here for walking.



4 1. Introduction

programs. Note, however, that the quantitative description of human movement is based
on nontrivial measurement techniques along with some processing of raw data [63].

While many motions are performed on finite time intervals, human locomotion is
characterized by the periodicity of gait. There are two elementary requisites defined [59]:

• periodic movement of each foot from one position of support to the next, and

• sufficient ground reaction forces to support the body applied through the feet.

Swing
phase
40% Stance

phase
60%

Acceleration

Deceleration

Midswing

Toe-off Heel-off

Midstance

Foot-flat

Heel strike

Fig. 1.3: The gait cycle with the two main phases, namely stance and swing (graph taken from [59]).
The two phases are also known as single support phase (one foot on theground) and double support
phase (both feet have ground contact).

This cyclic pattern of movement is depicted in Fig. 1.3 with respect to the right foot. A
surprising fact is that humans experience some underactuation during motions involving
single support such as walking, running, or dancing, etc. Technically speaking, the num-
ber of actuators is less than the number of generalized coordinates, even though the overall
level of actuation is very high. This effect shows up naturally due to plantarflexion at the
ankle which allows foot rotation. Moreover, it is importantto note that humans exhibit
energy efficient locomotion mostly due to passive limb dynamics [34], i.e. not using ac-
tive joint control. There are also several other motions where the whole body constitution
balances about a rather weakly actuated joint. For instancethe wrists cannot contribute
much stabilizing torque to perform a hand stand, the same with the ankles while sitting
down or rising from a chair, a ballerina can perform a pirouette on her toes, gymnasts
demonstrate impressive coordination patterns, etc.

Obviously, there must be a certain synchronization of the body segments that renders
the human movement. The question now is how such motor control patterns are generated.
In [24] one can find a thorough discussion on dynamics of legged animal locomotion that
describes the following neuromechanical framework of control loops:
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• Preflexes (bottom layer):Mechanical feedback in form of neural clock-excited and
tuned muscle activation through chosen skeletal postures—the muscle-limb system
has nonlinear, passive visco-elastic properties that can be “programmed” for sen-
sorless self-stabilization of some motion.

• Central Pattern Generator CPG (middle layer):Neural circuit for generating a
locomotion pattern that creates feedforward muscle activation.

• Reflexes (top layer):Sensory-driven feedback that adjusts CPG and motoneuron
outputs (preflexes) to further increase stability and dexterity.

Clearly, there are complex interactions among the neural, sensory, and motor systems, the
muscle-body dynamics, and the environment. It is thereforehelpful to develop mathe-
matically tractable models that uncover the basic principles. However, it is important to
note that complexity of the models does not necessarily imply complexity of a solution
required to recover locomotion. In fact, experimental studies of vertebrate and inverte-
brate motor patterns give evidence for a dynamicalcollapse of dimensionformulated in
terms of the so-called posture principle [24], i.e. any somewhat coordinated motion is
restricted to a low-dimensional subspace within a high-dimensional configuration space
of the model. This observation supports the use of simple mechanical models for legged
locomotion that can be exploited for analysis and synthesisof the patterns. The SLIP
model (spring-loaded inverted pendulum) is particularly popular since its dynamics cov-
ers running behavior of animals with various morphologies (see Fig. 1.4). In principle,
one could describe locomotion as moving the center of mass from one point to another,
which is actually a problem of low dimension. The corresponding motor control patterns,
however, are tuned and optimized through evolution and iterative learning.

Fig. 1.4: The SLIP model describes the dynamics of running animals (graph taken from [24]).
Animals actuate their multiple legs in groups showing similar patterns of groundreaction forces
which supports the analog to biped locomotion.
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1.3 Mechanical Design of Bipedal Humanoid Robots

Humanoid robots are electro-mechanical systems resembling the appearance of a human
body. The mechanical design determines the achievable performance, i.e. the construction
should be well thought. There exist already a number of sophisticated bipedal humanoid
robots with degrees of freedom more than 20. For instance ASIMO from Honda [25],
KHR-3 HUBO from Korea Advanced Institute of Science and Technology [32], UT-θ
from the University of Tokyo [56], and JOHNNIE from the Technical University of Mu-
nich [55] are very well known among several others (see Fig. 1.5). At the moment ASIMO

(a) ASIMO, Honda Motor Co.
[25].

(b) JOHNNIE, TU Mu-
nich [55].

(c) RABBIT, CNRS France
[9].

Fig. 1.5: Some well-known biped robots.

is the fastest one in locomotion: walking speed is 2.7 km/h, running speed is 6 km/h. The
individual sizes among existing humanoid robots vary quitemuch: ASIMO, HUBO, and
UT-θ may be considered middle-size with heights of 1.30 m, 1.25 m,and 1.50 m respec-
tively. The large-size robot JOHNNIE is 1.80 m tall. All mentioned robots are developed
according to the link-segment model of humans, i.e. torso, legs, arms, and numerous
joints are present. However, the human body structure is still much more complex than
the achieved robot representation. One interesting solution to allow independent move-
ment of the torso and legs is realized for UT-θ by a double spherical hip joint—a combined
couple of spherical joints with a shared center of rotation.Moreover, it features a backlash
clutch in each knee joint to switch between actuated mode andpassive mode.

There are also substantial attempts in studying human locomotion subject to under-
actuation in single support. Introducing point-feet in themechanical design allows to
consider the challenging control problem of stabilizing gait cycles human alike. The pla-
nar biped robot RABBIT from the French National Center for Scientific Research [9] was
built for that purpose (see Fig. 1.5c). The number of degreesof freedom was chosen small
enough to still have a representative humanoid defined.
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Since the human gait is mostly driven by passive limb dynamics [34], the study of
(passive) dynamic walking robots seems interesting in order to analyze naturally stable
walking cycles at low energy cost. Such robots utilize mainly the leg dynamics for the
locomotion which is powered, for instance, by gravity on inclined floors [12,36], by ankle
push-offs [11], or by hip actuation [64]. Moreover, energy losses during impacts can be
reduced using semi-circular feet—as discussed in [36]—whichgenerate the desired roll-
off effect about the ankle.

During the development of a humanoid robot it is very important to consider the
masses of the individual components, i.e. construction material, actuators and sensors,
computer hardware, power sources, etc. Here, the mass distribution is mainly determin-
ing the latter dynamics. The performance of the robot is limited to the power of chosen
actuators: the more mass has to be accelerated at the severallinks, the more power is
required from the joint motors. It means that already in the design phase of the robot one
has to think about the attempted motion trajectories in order to select the required actua-
tors. However, more powerful motors are heavier and bulkierand the mechanical design
of the robot cannot be changed arbitrary.

In [40] the mechanical design concept and the control hardware of the HUBO platform
are described. Here, and generally, the criteria are

• low development costs,

• light weight and compact joints,

• simple kinematics,

• high rigidity,

• slight uncertainty of the joints, and

• self-contained system.

Another descriptive design procedure including requirement specification can be found
for the recently built large-size humanoid robot AAU-BOT1 from Aalborg University [1].
An inverse dynamics analysis of human gait serves as basis for the component selection.
Therefore, the ground reaction forces under the feet of the test person were also measured
during the performed movement using force platforms. This allows to specify required
torque trajectories for the human movement and draw some conclusions for the humanoid.

The generally desired versatility in the dynamic gait of humanoid robots and anthro-
pomorphic legged robots, respectively, is a challenge to meet. Compared to the very
complex actuation during the human gait, where multiple muscle groups are utilized in
each body segment, the actuation of humanoid robots is considered poor, both in degrees
of freedom as well as in power. Since the power supply is limited for autonomous robot
locomotion, energy economy is another development issue. An objective measure is the
energetic cost of transport (COT) defined as the energy consumed to move a unit weight
a unit distance [34].
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1.4 Motion Planning and Control for Bipedal Humanoid
Robots

1.4.1 Preliminaries

Commonly, a set of trajectories for particular motions is computed off-line and saved in a
large data base. The robot selects on-line which one of the predefined paths will be used
during the movement. As already discussed, the actuators are mainly limiting the perfor-
mance of the robot, i.e. certain constraints, such as available motor power, smoothness of
the acceleration profile, energy efficiency, etc., have to betaken into account. Most likely,
a humanoid robot would not exhibit the desired motion patterns if some measured torque
trajectories from a test person were directly inputted. Thedifference of the simplified and
averaged robot dynamics compared to the human complexity isa problem to face.

The only way to support the robot constitution is to exert forces through contact with
the ground. Let us consider movements where the support is established by the feet—this
is the case for the most relevant motions. Asupport polygonis given by the convex hull
that is formed by all of the contact points with the ground [61]. Thus, it makes sense
to consider certain stability criteria for the upright equilibrium of the robot dynamics in
order to maintain balancing during the movement [61,65]:

• The normal projection of thecenter of mass (CoM)on the ground accounts for
static gravitational forces. It is not applicable for fast movements with dynamic
forces taking effect.

• The most popular criterion is the so-calledzero moment point (ZMP). It is basically
a renaming of thecenter of pressure (CoP)defined as the point on the ground where
the resultant of the ground reaction forces acts.

The concept of stability is not very well defined for humanoidrobots—the most in-
tuitive interpretation may be understood as “to avoid falling” [23]. In theory it must be
checked whether solutions of the dynamical system, initiated close enough, converge ex-
ponentially to the desired trajectory. However, asymptotic stability does not exist for
motions defined on finite time intervals. In this case one has to ensure the system to be
contractive, i.e. solutions initiated close enough to the desired trajectories remain be-
ing close enough. In a true sense, stability for humanoid robots can be only defined for
motion patterns that show some steady behavior, such as a periodic gait. Orbital stabil-
ity describes then the exponential convergence of solutions of the dynamical system to
a closed trajectory in the phase space, even though local stability is not guaranteed at
every time instant. Stability conditions in biped locomotion associated with the criteria
introduced above are defined in [61]. A gait is called

• statically stableif the normal projection of the robot’s CoM does not leave the
support polygon,

• quasi-statically stableif the CoP of the stance foot remains strictly within the sup-
port polygon, and
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• dynamically stableif the CoP of the stance foot is on the boundary of the support
polygon for at least part of the cycle and yet the biped does not overturn.

Bipedal locomotion of humanoid robots is undoubtedly a verychallenging problem in
motion planning and control. Especially, during single support it is difficult to maintain
the upright equilibrium of the robot dynamics. Exploiting the ZMP criterion is one way to
find suitable motion patterns and to prevent the robot from falling. However, the classical
design criteria of the robot’s CoM or the ZMP appear not useful for accomplishing a
dynamically stable gait, mainly because of the restrictionto flat-footed locomotion. In
fact, truly human-like gaits can be only achieved if the feetare allowed to rotate during
single support—this happens naturally for humans due to plantarflexion at the ankle as
already mentioned in Section 1.2. It is important to note that such roll-off effect causes
underactuation, i.e. the number of independent control inputs is less than the number
of generalized coordinates. There exist already a couple of(passive) dynamic walkers
that exhibit naturally stable gait trajectories at the presence of underactuation—see also
Section 1.3. Such machines are mainly driven by passive limbdynamics which makes
them usually less versatile.

The main problem now is to find a constructive procedure for motion planning and
control of dynamically stable human-like trajectories given the dynamics of a feedback-
controlled robot subject to underactuation. In nonlinear control theory the idea of impos-
ing virtual holonomic constraintson the system dynamics by feedback control appears
promising to address the challenges in bipedal locomotion.This approach allows time-
invariant synchronization of the individual body segments.

In the following sections, the ZMP criterion and the virtualholonomic constraints
approach shall be discussed.

1.4.2 Zero Moment Point (ZMP)

A quasi-statically stable motion can be achieved if the center of pressure (CoP) is always
contained in the robot’s support polygon [61], i.e. the stance foot functions as a base and
is therefore not allowed to rotate during single support. Commonly, the motion planning
of gait trajectories is then carried out based on a simple inverted pendulum approach
augmented with the ZMP criterion and additional experimental (ad hoc) tuning (see e.g.
[28, 31, 38]). During single support, for instance, such a simple pendulum represents the
whole body that is rotating about the ankle of the stance foot. Hence, the ground reaction
force has to act within the support polygon at a certain distance from the ankle in order
to compensate all moments about the horizontal axes. The error between the designed
motion and the real robot dynamics must be compensated on-line by feedback control.
The advantage here is the rather simple real-time generation of the gait trajectory. The
inverted pendulum approach has been applied to ASIMO, HUBO,UT-θ, and JOHNNIE
among others [65]. The main shortcomings of this approach are, first, the limitation to
rather unnatural looking motions with the stance foot flat onthe ground and, second,
the need of time-dependent controllers which becomes challenging for synchronizing the
links of the robot.
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For instance, in case of the HUBO robot the walking patterns are planned by generat-
ing the relative position trajectories of two feet with respect to the pelvis center [31]. The
following design factors were considered:

• Determining thewalking cycle, which is two times the step time, by using the nat-
ural frequency of a 2D simple inverted pendulum model.

• Deriving thelateral swing amplitude of the pelvisby utilizing the ZMP dynamics
of the 2D simple inverted pendulum model.

• The double support ratiois the time percentage that both feet are having ground
contact during a single walking cycle.

• The forward landing position ratio of the pelvisrepresents the pelvis forward dis-
placement with respect to the hind leg at the moment of starting double support
phase.

m
m

m

Single support Double support Single support 

Fig. 1.6: Schematic of generating the walking pattern based on the inverted pendulumapproach,
shown from the sagittal view (graph taken from [31]).

In Fig. 1.6 the schematic of generating the walking pattern based on the inverted pendu-
lum approach is shown from the sagittal view. The reasoning behind the design factors
are motivated on one hand by a simplified robot model living just in the sagittal plane
combined on the other hand with observation as well as understanding of the human gait
cycle and adjustments to the robot via experimental tuning.The pelvis naturally moves
periodically during the human gait and oscillations of legsand arms are synchronized in
order to compensate angular moments of the legs. The used trajectories are chosen to be
cubic splines or sine waves for very smooth actuation due to limitations in motor power.
The walking control method for HUBO is presented in [30] and [31] with an extension
to uneven and inclined ground. Since the gait cycle is divided into several phases a con-
troller switching strategy is suggested where the involvedcontrollers are PID’s. Important
to note is that the ankles of the robot are used quite much for posture stabilization. Since
the gait trajectory is generated based on the inverted pendulum approach, the upper body
motion is understood as disturbance on the model and the pelvis compensates for such.
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1.4.3 Virtual Holonomic Constraints Approach

It has been worked out that underactuation plays an important role in the human gait.
Consequently, the human body and thus the humanoid robot must be modeled as an un-
deractuated mechanical system. The virtual constraints approach appears to be the fa-
vored concept to deal with motion planning and control for such class of systems. Thus,
we consider the underactuated controlled Euler–Lagrange system

d

dt

[
∂L(q, q̇)

∂q̇

]

−
∂L(q, q̇)

∂q
= B(q)u (1.1)

with the Lagrangian given by

L(q, q̇) =
1

2
q̇TM(q)q̇ − V (q)

subject to underactuation
dimq > dimu . (1.2)

Above, q is a vector of generalized coordinates,M(q) is a positive definite matrix of
inertia, V (q) represents potential energy of the system, andB(q) is a full rank input
matrix of appropriate dimension. As known (see e.g. [54]), the Euler–Lagrange equations
(1.1) can be rewritten in the more convenient form

M(q) q̈ + C(q, q̇) q̇ +G(q) = B(q)u (1.3)

with the corresponding matrix functionsC(q, q̇) accounting for Coriolis and centrifugal
forces, andG(q) for gravitational forces.

The idea behind the virtual holonomic constraints approachis to specify any some-
what coordinated motion of the mechanical system (1.3) as geometric function of gener-
alized coordinatesF (q). Here, the equationF (q) = 0 is called [44]

• holonomic (geometric) constraintif it represents a restriction on generalized coor-
dinates physically imposed on the system;

• virtual holonomic (geometric) constraintif the relation is preserved by some control
action along solutions of the closed-loop system, providedthat initial conditionsq0
are chosen to satisfy the constraint:F (q0) = 0 andF ′(q0)q̇0 = 0.

In particular, one can choose a coordinate or possibly a scalar function of coordinates
(for instance path length) as an independent variableθ that parameterizes the motion with
respect to time. Then, the virtual holonomic constraint takes the form








q1
q2
...
qn








= Φ(θ) =








φ1(θ)
φ2(θ)

...
φn(θ)








(1.4)

with n = dimq.
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Making the virtual holonomic constraint (1.4) invariant bysome feedback control law
u∗ yields reduced order dynamics of the form [48]

α(θ) θ̈ + β(θ) θ̇2 + γ(θ) = 0 (1.5)

representative for the overall closed-loop system. Its dimension depends on the degree
of underactuation, i.e. the differential equation is scalar in the case of underactuation de-
gree one where dimq − dimu = 1. Solutions of that virtually constrained system define
achievable motions of the mechanical system (1.2)–(1.3) with precise synchronization of
the generalized coordinates given by (1.4). It means that the whole motion is then repa-
rameterized by the evolution of the chosen configuration variableθ(t). The coefficients
of (1.5) are computed as follows [48]:

α(θ) = B⊥(q)M (Φ(θ)) Φ′(θ) ,

β(θ) = B⊥(q)
[

C (Φ(θ),Φ′(θ)) Φ′(θ) +M (Φ(θ)) Φ′′(θ)
]

,

γ(θ) = B⊥(q)G (Φ (θ)) ,

whereB⊥(q) is a full rank matrix defining the nonactuated coordinate(s)such that
B⊥(q)B(q) = 0. Note that a differential equation of the form (1.5) can be solved an-
alytically providedα(θ) 6= 0, i.e. the reduced dynamics is always integrable (see Ap-
pendix A). Specifically, the integral function

I(θ, θ̇, θ0, θ̇0) = θ̇2 − exp

{

−2

∫ θ

θ0

β(τ)

α(τ)
dτ

}

θ̇20

+

θ∫

θ0

exp

{

−2

∫ θ

s

β(τ)

α(τ)
dτ

}

2 γ(s)

α(s)
ds

(1.6)

preserves its zero value along a solutionθ(t) of (1.5), initiated at(θ(0), θ̇(0)) = (θ0, θ̇0)
[49].

The features of the virtual holonomic constraints approachcan be summarized as
follows:

• It deals with mechanical systems subject to underactuationor possibly weak actua-
tion in some joints.

• A desired motion pattern is specified by geometric relationsamong the generalized
coordinates in such a way that the trajectory of a single variable defines the whole
motion.

• Keeping such relations invariant by feedback control action yields reduced order
dynamics.

• Solutions of the reduced dynamics define all the achievable motions for the closed-
loop system given precise synchronization of the generalized coordinates.
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• The motion planning task is split into: first, finding some virtual holonomic con-
straints and, second, selecting a desired trajectory of thereduced dynamics with
certain characteristics such as period or velocity profile.

• There is a procedure for designing a time-invariant feedback controller that makes
the desired motion invariant and orbitally stable.

The virtual holonomic constraints approach has been already proved successful in
rendering asymptotically orbitally stable periodic gait trajectories with the planar under-
actuated 5 degree-of-freedom robot “RABBIT” [6]. The control action in [6] is zero-
ing a certain class of virtual constraints that creates an attracting invariant set—a two-
dimensional zero dynamics sub-manifold of the full hybrid closed loop system consisting
of continuous time dynamics with impulse (impact) effects [62]. It is worth to emphasize
that the choice of virtual holonomic constraints in [6] is a part of design such that the
hybrid zero dynamics is indeed invariant for the closed-loop system and admits a scalar
linear time-invariant Poincaré return map for assessing exponential orbital stability of the
gait cycle for the full model. A detailed systematic presentation of this procedure can be
found in [61].

A more general approach on imposing virtual holonomic constraints is proposed in
[45,48,49] by means of orbital stabilization to preplannedperiodic motions; [15] presents
a further extension to hybrid limit cycles. Here, the virtual holonomic constraints are
free to choose as long as the reduced dynamics has closed trajectories as solutions. The
controller design is based on a transverse linearization along a desired trajectory of the
reduced dynamics (1.5). Such controllers have been alreadysuccessfully implemented
in real-time to stabilize various preplanned orbits for underactuated mechanical systems,
e.g. the Furuta Pendulum [47] and the Pendubot [14].

The beauty of the virtual constraints approach is that for any desired trajectory of the
reduced dynamics one can immediately compute the nominal control torques that render
the desired motion in the state space of the feedback-controlled robot with given precise
synchronization of the generalized coordinates. Since themotion is represented by the
evolution of an independent configuration variable, these torques are now parameterized
as time-invariant functions of the actuated coordinates. It means that—based on solutions
of reduced dynamics—one can already obtain required torque profiles for the actuators in
the design phase of the robot.
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2 Contributions

2.1 Paper I — Motion Planning for Humanoid Robots
Based on Virtual Constraints Extracted from Recor-
ded Human Movements

An analysis of kinematic data recorded from ordinary human movements reveals the ex-
istence of consistent geometric relations among the individual body segments. This is an
interesting and very important result of the paper. It basically means that typical move-
ments, such as walking, running, sitting down, grasping, dancing, etc., follow particular
motor control patterns that are found as nearly invariant functions of joint coordinates.
Given a robot with kinematics and mass distribution similarto the recorded test person,
one can use such geometric relations for human-like motion planning and control.

The main idea is to make the geometric relations that are found in human movements
invariant for the feedback controlled robot (see Section 1.4.3). Imposing these virtual
holonomic constraints on the system dynamics yields reduced order dynamics which can
be considered as acentral pattern generator (CPG). Representing various motor patterns
in terms of virtual holonomic constraints builds up some kind of “vocabulary” of cor-
responding robot motions. Eventually, the respective solutions of the reduced dynamics
give some choice for suitable trajectories of the chosen configuration variableθ, which,
at the same time, determines the trajectory in the state space of the full dynamical system.
This describes the dynamical collapse of dimension associated with the posture principle
(see Section 1.2). It is remarkable that, despite various assumptions in the humanoid mod-
eling, the preplanned virtually constrained motions are consistent with the studied human
movements. Note, however, that the whole motion-planning procedure is based on the
assumption that virtual constraints can be imposed on the system dynamics by a feed-
back control action. A constructive procedure to implementpreplanned periodic motions
is already suggested in [45, 48, 49] by means of orbital stabilization based on transverse
linearization along a desired trajectory of the reduced dynamics; an extension to hybrid
limit cycles is presented in [15].

Essentially, the presented investigation validates and supports the wider and rigorous
use of virtual holonomic constraints for analyzing, planning and reproducing human-like
motions based on mathematical tools previously utilized for very particular control prob-
lems. In fact, we can formulate now a framework of motor pattern control for an un-

15
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deractuated walking robot analog to the neuromechanical framework of legged animal
locomotion (see Fig. 2.1). Here, the central pattern generator (CPG) is a data base of
motor patterns reparameterized in terms of virtual holonomic constraints and solutions of
reduced dynamics. A particular pattern would be selected and possibly tuned for a tar-
geted robot motion according to the current states of the mechanical system—it happens
as kind of reflex to the currently performed motion when for instance the terrain changes.
The CPG gives a feedforward torque to the actuators associated with the particular motor
pattern that is chosen. This generates a nominal motion of the mechanical system in open
loop. However, a stabilizing controller must be applied to achieve robust performance
or stability in the presence of uncertainties—it is similar to preflexes. The parameters of
the feedback control law are determined by the chosen motor pattern and possibly some
tuning caused by reflexes.
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Fig. 2.1: A framework of motor pattern control for an underactuated robot basedon the virtual
holonomic constraints approach. It is similar to the neuromechanical framework of legged animal
locomotion with interactions between preflexes, central pattern generator(CPG), and reflexes.
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2.2 Paper II — Generating Human-like Motions for an
Underactuated Three-Link Robot Based on the Vir-
tual Constraints Approach

The next step after the motion planning procedure is the controller design to stabilize
a virtually constrained robot motion at the presence of disturbances and uncertainties.
This paper exemplifies a modification of the virtual constraints approach suggested in
[45,48,49] from periodic to finite time motions. In particular, the motion of sitting down
to a chair is presented where the virtual constraints are found from human recordings and
the approximated humanoid robot is modeled by an underactuated three-link pendulum.

The main idea is to linearize the closed-loop system along a preplanned trajectory
[θ∗(t), θ̇∗(t)] computing the so-called transverse linerarization [45] given in the following
state space form

d
dt
z = A(θ∗(t), θ̇∗(t))z +B(θ∗(t), θ̇∗(t))v
z = [δI, δy, δẏ]T

(2.1)

with the time-variant matrix functionsA(θ∗(t), θ̇∗(t)) andB(θ∗(t), θ̇∗(t)). Here, (2.1)
represents a linearization of the dynamics of the transverse coordinates

x⊥ =
[

I
(

θ, θ̇, θ∗(0), θ̇∗(0)
)

, y1, . . . , yn−1, ẏ1, . . . , ẏn−1

]

,

whereI is given in Appendix A andy1,...,yn−1 define synchronization mismatches. It is
worth noting that the dimension of the state vectorz is one less than the number of states
of the original dynamics, i.e. dimz = 2n− 1 with n = dimq.

In our case, the motion lives on a finite time intervalt ∈ [0, T ] and is not periodic.
That is why considerations of feedback stabilization tasksare meaningless. Instead, one
has to find a controller that ensures invariance of a tubing neighborhood with possible
contraction to the desired motion. Such a controller can be derived finding a positive
definite solution of the continuous time-varying dynamic Riccati equation

Ṙ(t) +A(t)TR(t) +R(t)A(t) +Q = R(t)B(t)Γ−1B(t)TR(t) (2.2)

with the boundary condition

R(T ) = QT = QT

T > 0

and with appropriately chosen weighting matricesQ > 0 andΓ > 0. In this case the
feedback control law

v(t) = −Γ−1B(t)TR(t)z(t) (2.3)

solves the LQR problem minimizing the performance index

J =

T∫

0

{z(t)TQz(t) + v(t)Γv(t)} dt+ z(T )TQT z(T ) .
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If the closed-loop system is initialized in a vicinity closeenough to the desired trajectory,
then, its solution is kept within a tube as being visualized in Fig. 2.2. This fact is explained
in Appendix C.

Fig. 2.2: Tube around the desired trajectory with possible contraction.

2.3 Paper III — A Passive 2DOF Walker: Finding Gait
Cycles Using Virtual Holonomic Constraints

The study of passive walking devices attracted attention ofresearchers in the robotics
and control communities after McGeer’s publication in 1990[36] presenting “a class of
two-legged machines for which walking is a natural dynamic mode”. A planar compass-
like biped on a shallow slope is the simplest model of a passive walker. It is a two-
degrees-of-freedom impulsive mechanical system known to possess periodic solutions
reminiscent to human walking. The main contribution of thispaper is a new approach
of searching for hybrid limit cycles of passive walking robots. The virtual holonomic
constraints approach serves as analytical and constructive tool that allows to reduce, first,
the number of parameters to be found in the search for suitable initial conditions, and
second, the number of differential equations to be solved during the numerical procedure.
The demonstration is carried out for the passive 2DOF walkeras standard benchmark
example.

Key element of the procedure is to reparameterize the continuous-time dynamics be-
tween impacts by a solution of reduced dynamics, i.e. find virtual holonomic constraints
that satisfy the properties of a walking cycle in the particular continuous-time interval.
The states right before and right after impacts determine eventually whether there is a
cycle or not—they are parameters of the search procedure, where some of them can be
already expressed as algebraic equations that come from renaming and reset rules associ-
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ated with an impact. Defining a virtual holonomic constraint








q1
q2
...
qn








= Φ(θ) =








θ
φ1(θ)

...
φn−1(θ)








(2.4)

for n generalized coordinatesq, we get a system of differential equations for the passive
walking robot of the form (1.5):

α1(θ)
d2

dt2
θ + β1(θ)

[
d
dt
θ
]2

+ γ1(θ) = 0

α2(θ)
d2

dt2
θ + β2(θ)

[
d
dt
θ
]2

+ γ2(θ) = 0
...

αn(θ) d2

dt2
θ + βn(θ)

[
d
dt
θ
]2

+ γn(θ) = 0

(2.5)

where the degree of underactuation is dimq − dimu = n, i.e. there is no actuation at
all. Each of the second-order nonlinear differential equations (2.5) w.r.t. time, can be
rewritten as a first-order linear differential equation with θ as an independent variable

1
2α1(θ)

d
dθ

([
d
dt
θ
]2
)

+ β1(θ)
[

d
dt
θ
]2

+ γ1(θ) = 0

1
2α2(θ)

d
dθ

([
d
dt
θ
]2
)

+ β2(θ)
[

d
dt
θ
]2

+ γ2(θ) = 0

...
1
2αn(θ) d

dθ

([
d
dt
θ
]2
)

+ βn(θ)
[

d
dt
θ
]2

+ γn(θ) = 0

(2.6)

and can be integrated [49] toI1, I2, ..., In, irrespective of the form of the smooth scalar
functionsαi(θ), βi(θ), andγi(θ), wherei = 1, . . . , n (see also Appendix A).

It is worth to observe that not only the equations (2.5) are ofthe form (1.5), but any
linear combination withθ-dependent weightsµ1(θ), µ2(θ), ...,µn(θ) has again the form
of (1.5) with the coefficients





α(θ)
β(θ)
γ(θ)



 =





α1(θ) α2(θ) · · · αn(θ)
β1(θ) β2(θ) · · · βn(θ)
γ1(θ) γ2(θ) · · · γn(θ)












µ1(θ)
µ2(θ)

...
µn(θ)







. (2.7)

where the resulting integralI is not the sum of integralsI1, I2, ..., In from (2.6). Even-
tually, we can get an infinite number of integral functions bychoosing the weights in
(2.7).

All these integrals are conserved quantities along a solution of (1.5) [49]. They de-
pend on the initial conditions(θ0, θ̇0) and the virtual holonomic constraintΦ(θ) with its
component-wise derivatives w.r.t.θ—cf. Section 1.4.3, (1.6). Equalizing some of the pos-
sible integrals allows to eliminatėθ from the expressions. As a result one obtains a system
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of algebraic equations forΦ(4)(θ) as functions ofΦ(3)(θ), Φ′′(θ), Φ′(θ), andΦ(θ), where
θ is an independent variable. It is possible to reduce the order of the differential equation
for Φ(θ) by further manipulation on the expressions.

An interesting question is also how to choose the weights in (2.7) to get convenient
or simple integral expressions. In the particular example that was studied in the paper—a
planar 2DOF biped walker—the weights are chosen together with a particular virtual holo-
nomic constraint in order to recover the total energy of the system (see also Appendix B).
The energy of the passive walker is clearly conserved between impacts, which makes it
possible to equalize its expressions for the initial and final state of the continuous-time
interval. As a result, we obtain one algebraic equation thatrelates unknown parameters
of the search for gait cycles. Furthermore, the energy expression is used to derive a dif-
ferential equation for the constraint functionφ(θ) which is of second order and hasθ
as the independent variable. It means that the numerical search for gait cycles can be
based on solving a reduced number of differential equationscompared to the original
fourth-order dynamics. However, the energy function is only sufficient in the particular
example with two degrees of freedom, where the virtual holonomic constraint is chosen as
Φ(θ) = [θ, φ(θ)]T . For higher degrees of freedom, one would need additional conserved
quantities to reduce the order of the differential equationfor Φ(θ).

The analysis presented in the paper reveals also important properties of hybrid pe-
riodic solutions of the walker dynamics. It is shown that the2-dimensional manifold
associated with a natural stable cycle, in general, is not invariant for the hybrid dynamics
of the compass-gait walker. This observation, made for a natural cycle of a passive me-
chanical system, is important for analysis, synthesis, andstabilization of “natural gaits”
for controlled walking robots. As a result, the concept of hybrid zero dynamics and meth-
ods for its stabilization developed in [61] cannot be used torecover the natural walking
pattern for a controlled compass-gait biped with an actuator at the hip joint. The observed
here lack of invariance for a natural gait of a passive walkermotivates the development of
other approaches.

2.4 Paper IV — How Springs Can Help to Stabilize Mo-
tions of Underactuated Systems with Weak Actuators

Naturally, the achievable performance of feedback controlled robots depends to a large
extent on the power of available actuators. However, the actuators are normally chosen
according to constraints in the construction, such as limited space, minimal mass, and
power consumption. It means that many motions planned analytically based on appropri-
ate models and confirmed throughout simulations might not berealizable in experiments.

There are always some desired motions that require actuation power which is hardly
feasible for the robot. That is why we are interested to answer the following question.
Is it possible to improve the actuation range by introducingsome passive mechanical
elements in parallel to the original actuator? In fact, there is a simple solution to the
problem: complement the actuators by some configuration of mechanical springs which
delivers a torque profile that is well-tuned for the desired robot motion.
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This paper shows how to take advantage of mechanical springsto complement a com-
parably weak DC motor. The aim is to generate periodic motions of an underactutated
planar two-link robot, the so-called Pendubot. Motion planning and control design of
underactuated systems is clearly more challenging compared to the case when all degrees
of freedom are actuated. Here, the main objective is to reduce the control efforts by aug-
menting the actuation with contributive spring torques.

The generic procedure of parameterizing a particular motion, subsequent selection of
springs, and control design is the following:

1. Find a virtual holonomic constraint for synchronizationamong the generalized co-
ordinates (analytically or by observation).

2. Choose a desired trajectory of the reduced order closed-loop dynamics.

3. Compute the required nominal torque associated with the desired trajectory.

4. Select or design mechanical springs that contribute to the required actuation torque.

5. Design a controller that stabilizes the desired motion and additionally compensates
for the mismatch between required torque and the contributive spring torque.

Eventually, one can expect a significant reduction of mechanical power to be delivered
by the motor when the actuation is complemented by some well-tuned springs. This
procedure is exemplified in the paper for the Pendubot.
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24 3. Paper I — Analysis of Human Motor Patterns

Motion Planning for Humanoid Robots Based on Virtual Constraints Extracted
from Recorded Human Movements

Abstract — In the field of robotics there is a great interest in developing strategies and
algorithms to reproduce human-like behaviors. In this paper, we consider motion plan-
ning for humanoid robots based on the concept of virtual holonomic constraints. At first,
recorded kinematic data of particular human motions are analyzed in order to extract con-
sistent geometric relations among various joint angles defining the instantaneous postures.
Second, a simplified human body representation leads to dynamics of an underactuated
mechanical system with parameters based on anthropometricdata. Motion planning for
humanoid robots of similar structure can be carried out by considering solutions of re-
duced dynamics obtained by imposing the virtual holonomic constraints that are found in
human movements. The relevance of such a reduced mathematical model in accordance
with the real human motions under study is shown. Since the virtual constraints must be
imposed on the robot dynamics by feedback control, the design procedure for a suitable
controller is briefly discussed.

Keywords — Motion Planning, Humanoid Robots, Virtual Holonomic Constraints,
Underactuated Mechanical Systems

3.1 Introduction

Humanoid robots are electro-mechanical systems resembling the morphology of the hu-
man body. Consequently, it is very much desired to reproduceordinary motions like
humans. Great efforts have been made already to construct especially walking robots to
study bipedal locomotion. For instance “ASIMO” from Honda [25], “JOHNNIE” from
the Technical University of Munich [55], and “RABBIT” from the French National Cen-
ter for Scientific Research [9] are very well known among several others. However, hu-
manoid robots shall not be restricted to follow only cyclic movement patterns such as
walking or running; we might expect that they are capable of performing other motions as
well. For example, they could sit down on a chair, pick up a book from the floor and put
it on the shelf, handle some tools, etc. In addition to autonomous humanoid robots which
are mainly targeted at service robotics, there is also an interest in generating human-like
motions for intelligent rehabilitation devices and prostheses. For example, a patient could
train affected muscles by utilizing some kind of electro-mechanical attachment as well as
an artificial leg with certain actuation.

The literature is rich in reports about walking-pattern generation to enable versatile
bipedal robot locomotion. Planning of such gait trajectories is usually done according to
certain equilibrium criteria for the robot dynamics in order to maintain balancing during
motion. The most popular criterion is the so-called zero moment point (ZMP) which is
basically a renaming of the center of pressure (CoP) defined as the point on the ground,
where the resultant of the ground reaction forces acts—see [61,65] for the state-of-the-art
in bipedal robot locomotion. Quasi-statically stable motion can be achieved if the CoP
is always contained in the robot’s support polygon [61], i.e., the stance foot functions as
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a base and is therefore not allowed to rotate during single support. Commonly, the mo-
tion planning of gait trajectories is then carried out basedon a simple inverted pendulum
approach augmented with the ZMP criterion and additional experimental (ad hoc) tuning
(see [28, 31, 38]). The main shortcomings of this approach are the following: first, the
limitation to rather unnatural looking motions with the stance foot flat on the ground; sec-
ond, sensitivity to parameters of the system and of the environment, and, third, the need
of time-dependent controllers, which become challenging for synchronizing the links of
the robot.

Truly human-like gaits can be only achieved if the feet are allowed to rotate dur-
ing single support—this happens naturally for humans due to plantarflexion at the ankle.
However, it is important to note that such roll-off effect causes the robot to be underactu-
ated, i.e., the number of independent control inputs is lessthan the number of generalized
coordinates. A surprising fact is thathumans experience some underactuationduring mo-
tions involving single support, even though the overall level of actuation is very high.
The reason for that lies mainly in the energy-efficient locomotion due to passive limb
dynamics. In fact, (passive) dynamic walking robots, whichutilize the leg dynamics for
locomotion, exhibit stable gait trajectories requiring minimal or mostly no position con-
trol [34]. This minimizes the energetic cost of transport dramatically compared to ZMP
driven robots. Moreover, energy losses during impacts can be reduced using semi-circular
feet [36] that generate the desired roll-off effect.

The main problem now is to find a constructive procedure for motion planning and
control of dynamically stable human-like motions given therobot dynamics subject to
underactuation. In nonlinear control theory the idea of imposingvirtual holonomic con-
straintson the system dynamics by feedback control appears promising to address the
challenges in bipedal locomotion. A scalar function of coordinates (for instance path
length) or possibly one coordinate itself has to be chosen asan independent variable that
parameterizes the motion with respect to time. Finally, alldegrees of freedom will be
geometrically related to it. The whole motion is then represented by the evolution of
the chosen configuration variable which allows time-invariant synchronization of the in-
dividual body segments. This approach has been already proven successful in rendering
asymptotically orbitally stable periodic gait trajectories with the planar underactuated 5
degree-of-freedom robot “RABBIT” [6].

The control action in [6] is zeroing certain set of outputs, defined by a class of virtual
constraints, creating an attracting invariant set—a 2D zerodynamics sub manifold of
the full hybrid closed-loop system consisting of continuous-time dynamics and impulse
(impact) effects [62]. It is worth emphasizing that the virtual holonomic constraints in [6]
are parameters of design and they must be found such that the hybrid zero dynamics
are indeed invariant for the closed-loop system and admit a scalar linear time-invariant
Poincaré return map for assessing exponential orbital stability of the gait cycle for the full
model. A detailed systematic presentation of this procedure can be found in [61].

In this paper, we extend the approach of using virtual constraints discussed in [45,
48, 49, 61, 62] with the objective to represent any kind of natural human motion. The
last means that we would like to identify, if possible, somewhat consistent patterns for
periodic gaits as well as for motions defined just on finite-time intervals. Assuming that
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the human body consists of rigid multiple chain segments allows to introduce a suitable
Euler–Lagrange system with parameters approximated to anthropometric data as a start-
ing point as a mathematically tractable model. Recordings of real human movements
are used to obtain associated geometric relations between the generalized coordinates for
various motions instead of searching such functions to satisfy certain restrictions and de-
sign criteria as previously applied in control literature [61]. The investigation below is
aimed to validate and support wider and systematic use of virtual holonomic constraints
for analyzing, planning, and reproducing human-like motions.

3.2 Problem Formulation

At first, we would like to show that there exist consistent geometric relations among the
individual body segments of humans during ordinary motions. Presumably, such geomet-
ric relations describe the evolution of involved joint angles characterizing a certain limb
synchronization. A brief qualitative analysis of recordedkinematic data demonstrates
this fact in Section 3.3. Given a robot with similar kinematics and mass distribution, such
relations can be used for human-like motion planning and control as to be demonstrated.

It has been worked out that underactuation plays an important role in the human gait.
Consequently, the human body and thus the humanoid robot must be modeled as an un-
deractuated mechanical system. The virtual holonomic constraints approach allows to
deal with motion planning and control of such class of systems. Making a geometric re-
lation invariant by feedback action yields reduced-order dynamics—a scalar differential
equation of second order—representative for the overall closed-loop system, which can be
considered as a central pattern generator [24]. The solutions of the virtually constrained
system define achievable motions with given precise synchronization. Note that the ap-
propriate constraints may be found either analytically or by observation. Suppose now
that such virtual constraints extracted from human movements are perfectly imposed on
the feedback-controlled system. Then, the following questions arise:

• Does the approach based on the reduced-order dynamics, obtained for the approx-
imated dynamical humanoid model, allow to reproduce the original human motion
with respect to the evolution of the chosen configuration variable?

• How to design a controller that keeps the desired virtual constraints invariant and
diminishes effects of disturbances, uncertainties in modeling, errors in parameter
estimates, etc.?

One of the contributions of this paper is to provide the positive answer to the first
question. Two types of motions are studied here:

(a) sitting down motion and chair-rise, which are defined just on finite time intervals,
and

(b) single support phase of a cyclic walking gait.
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For simplicity and also due to the nature of these motions, the analysis will be restricted
to the sagittal body plane, i.e., a moving 2D frame that separates the body in left and
right. An extension to the 3D case (for instance, the kinematic description of a ballerina
performing a pirouette would also require the transversal and possibly the frontal body
plane) is more or less straightforward, but it involves moredegrees of freedom. Note
however, that only the model description in Euler–Lagrangeform is essential.

According to the human kinematic data and with the help of anthropometry, we will
derive two simplified human body representations in Section3.4 for the studied motions
(a) and (b). As a result, one obtains a set of differential equations for dynamics of the
corresponding underactuated humanoid robots.

Achievable motions of the particular humanoid robot are defined by solutions of the
reduced system dynamics obtained by imposing the virtual constraints extracted from
human movements. An assessment of qualitative and quantitative properties is given in
Section 3.5. We demonstrate there that the obtained virtually constrained motion is indeed
consistent with the studied human motions.

We shall remark that the whole motion-planning procedure isbased on the assumption
that virtual constraints can be imposed on the system dynamics by a feedback control
action. However, it is not an objective here to show a technical derivation of the control
law, but rather to emphasize that there is a constructive procedure available which allows
to implement the preplanned motion – see [45, 48, 49] for orbital stabilization based on
transverse linearization along a desired trajectory of thereduced dynamics, [15] for an
extension to hybrid limit cycles, and [37] for a modificationto finite time motions. Only
a short discussion on the controller design and some simulation results of the feedback-
controlled robot are presented in Section 3.6.

3.3 Invariant Geometric Relations in Human Motions

Let us briefly present some results of studying various motions performed by human ac-
tors. A large library of kinematic motion data is kindly provided by the EYES JAPAN
Web3D Project [13].

The walking pattern of a test person is shown in Fig. 3.1 by theevolution of particular
joint angles. One can observe that the angular position of the left leg and the right arm
oscillate in common phase and different amplitude; the samehappens comparing the right
leg and the left arm. Intuitively, it is clear that swinging the arms is part of the natural
look of the human gait, although it is not really required forbipedal locomotion. However,
human walking is heavily driven by passive limb dynamics, which certainly requires some
synchronization of the individual body segments.

Another interesting motion pattern that will be further discussed in this paper, is sitting
down to a chair and rising from it. Here, one can expect a consistent relation between
angular positions at the joints of the hips, the knees, and ofcourse the waist since the
upper body is supposed to balance the center of mass. Indeed,Fig. 3.2 reveals that the
chest moves forward during the sitting down and rising process. Naturally, the angle about
the lateral axis of the knee plays the counterpart compared to the hip angle.
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Fig. 3.1: Angular positions about lateral joint axes of left hip and right shoulder (top graph) and
right hip and left shoulder (bottom graph) for a walking human; the personturns around at approx-
imately 3.5, 7.5 and 11.5 s and proceeds walking.
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Fig. 3.2: Angular positions about lateral joint axes of waist, hip and knee for a human who is sitting
down to a chair and rising from it. The real motion is actually performed in the timeintervals [0, 4],
[7, 10] and [12.5, 15] s with small resting pauses on the chair.



3.4. Human Body Representation—Modeling the Humanoid Robot 29

There are many ordinary and quite special human motions in the data base mentioned
above. It is evident that certain geometric relations describe the evolution of involved joint
angles, observable for instance in walking, sitting down, chair-rise, jumping, throwing,
karate, gestures, etc. The existence of such geometric relations among the human body
joints during motion and, moreover, the fact that they are consistent for multiple trials
motivates the application of the virtual constraints approach, provided that one has an
appropriate mechanical model. So, in the following section, we propose a simplified
human body representation, first, for sitting down and rising motion and, second, for
walking in single support. The corresponding dynamics of anunderactuated humanoid
robot represents the mathematical starting point for the motion-planning procedure.

3.4 Human Body Representation—Modeling the
Humanoid Robot

3.4.1 Sitting Down and Rising From a Chair

For motions like sitting down and rising from a chair, the very complex structure of the
human body can be reasonably simplified to just three links. Assuming that the feet are
fixed parallel to the ground, we can take the first link to be thecombined calfs (lower legs),
the second link to be the combined thighs (upper legs) and thethird link to represent the
upper body including arms and head.

Of course, we know that humans are fully actuated during the considered motions
since the feet act as basis flat on the ground. However, it is reasonable to believe that,
although the whole body constitution balances about the ankles, stabilization is mostly
done without using torques of the ankle joints, but via synchronization of the other joints
[6]. Let us consider the ankle being weakly actuated with nonrelevant contribution to
the motion patterns. Hence, an underactuated planar three-link (3DOF) robot will be
modeled, where the combined ankles are chosen as a passive joint (see Fig. 3.3). Sitting
down and rising motions are mainly defined in the sagittal body plane which allows a
simplification to this 2D frame. The resulting dynamics is described by the following
controlled underactuated Euler–Lagrange system:
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 = M3(q)





q̈p
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+ C3(q, q̇)





q̇p
q̇a1

q̇a2



+G3(q) (3.1)

whereq = [qp, qa1, qa2]
T is the vector of generalized coordinates withqa1, qa2 andqp

denoting two active and one passive coordinate;τa1 andτa2 are controlled torques that
can be applied to the second and the third link, respectively. M3(q) is the inertia ma-
trix, the matrixC3(q, q̇) corresponds to Coriolis and centrifugal forces, andG3(q) is the
gravitational torque vector.

The physical parameters of the system (3.1) are approximated according to general-
ized anthropometric data2 reported in [39]. An evaluation of the kinematic data of the

2Straightforward computations of anthropometric data can be also found in [63] based on height and overall
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Fig. 3.3: Schematic of the planar 3DOF robot.

actor “Azumi” from the human motion data base provided by [13] yields the parameter
values given in Table 3.1. Here, the mass distribution of a “small sized man” has been
scaled in order to match the dimensions of “Azumi”. Masses ofthe lower legs and the
upper legs are combined, respectively, tom1 andm2. All masses of the upper body parts
including arms and head are added up tom3, where the combined center of mass is cal-
culated by a weighted sum of the corresponding distances to the hip joint. The lengths of
the links are labeled byl1, l2, andl3, the distances to the particular center of masses by
r1, r2, andr3. The inertiasJc1, Jc2, andJc3 are computed about the center of mass for
cylindric joints with certain radius corresponding to the anthropometric data.

Table 3.1: Physical parameters of the planar 3DOF robot (see Fig. 3.3) based on anthropometric
data.

Parameter Lower Leg Upper Leg Upper Body
Length(m) l1 = 0.456 l2 = 0.469 l3 = 0.623
Mass(kg) m1 = 6.2 m2 = 15.4 m3 = 40.2
Distance to CoM(m) r1 = 0.273 r2 = 0.261 r3 = 0.217
Inertia about CoM(kg m2) Jc1 = 0.559 Jc2 = 1.344 Jc3 = 3.061
Gravitational constant g = 9.81 m/s2

mass of a person.
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Consequently, this simplified human body representation can be used in order to de-
scribe the motion-planning problem for the underactuated planar three-link robot. The
generalized coordinates of the Euler–Lagrange model (3.1)have to be obtained as func-
tions of time from the corresponding recorded human motion in order to find geometric
relations among them. Since the third link represents several joints in one, the angleqa2

can be approximated by coordinate transformation according to its combined center of
mass.

3.4.2 Single Support Phase of the Walking Gait

For dynamic walking we have to look at a model that allows bipedal locomotion and it
should be complex enough to take into account the body segments that are mainly in-
volved in the motion. As already mentioned, underactuationin the feet shows up during
single support. By introducing point feet with perfect ground contact, instead, simplifies
the considerations a little without losing the general characteristics of the gait pattern—of
course one can also introduce actuated feet or simply semi-arc feet, but this is not impor-
tant for our demonstration here. A reasonable human body representation for human-like
walking must further contain two legs with knee joints, a torso with a hip joint as well
as shoulder joints, and two arms. Once again, just the sagittal plane shall be considered
since the human gait is mainly defined there; in the 3D case onehas to take care of the
hip movement defined in the transversal body plane. The previous assumptions add up
to an underactuated planar seven-link (7DOF) robot as depicted in Fig. 3.4. Similar to
the 3DOF robot (3.1), the resulting dynamics is described bythe following controlled
underactuated Euler–Lagrange system:
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where the stance leg, indicated by the coordinateq1R, is not actuated. The physical model
parameters (see Table 3.2) are originally taken fromanthropometric dataof the test person
“Allan” within the Danish “AAU-BOT1” project from Aalborg University [1], and appro-
priately scaled according to more purposeful multi-trial motion recordings of another test
person with unknown mass distribution.



32 3. Paper I — Analysis of Human Motor Patterns

���

���

���

���

���

����

��	�
�	�

���
���

���

���	�
�	�

Fig. 3.4: Schematic of the planar 7DOF robot.

Table 3.2: Physical parameters of the planar 7DOF robot (see Fig. 3.4) based on anthropometric
data.

Parameter Lower Legs Torso
Length(m) l1R = l1L = 0.434 l3 = 0.542
Mass(kg) m1R = m1L = 3.62 m3 = 43.4
Distance to CoM(m) r1R = 0.254, r1L = 0.18 r3 = 0.386
Inertia about CoM(kg m2) Jc1R = Jc1L = 0.052 Jc3 = 2.812
Parameter Upper Legs Arms
Length(m) l2R = l2L = 0.438 l4R = l4L = 0.59
Mass(kg) m2R = m2L = 6.87 m4R = m4L = 5.88
Distance to CoM(m) r2R = 0.232, r2L = 0.206 r4R = r4L = 0.274
Inertia about CoM(kg m2) Jc2R = Jc2L = 0.086 Jc4R = Jc4L = 0.174
Gravitational constant g = 9.81 m/s2
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3.5 Motion Planning Based on Virtual Constraints

3.5.1 Virtual Holonomic Constraints From Human Movement Anal-
ysis

In the previous section we have introduced two dynamical models for possible humanoid
robots that can be used to plan particular human-like motions. At first, one has to find
virtual holonomic constraints from the kinematic data of human movements with respect
to the generalized coordinates given in the model description (3.1) and (3.2), respectively.

Let us start with the sitting down and chair-rise motion thatwas already shown in
Fig. 3.2. Looking at the pure motion of interest, indicated by the intervals, strong geomet-
rical relations between the generalized coordinatesqa1 (relative angle of upper legs) and
qa2 (relative angle of upper body) can be found as functions ofqp (angle of lower legs).
Recall that the chosen independent variable, in this caseqp, must be monotonic in time in
order to uniquely define the relating functions. For thesitting down motionthe following
third-order polynomials

qa1,S = −868.4 q3p + 3457.5 q2p − 4593 qp + 2036.7
qa2,S = 269.9 q3p − 1077.1 q2p + 1438.7 qp − 644.2

(3.3)

describe very well the relations that were found for the studied human. For therising
motion, the following can be obtained:

qa1,R = −479.4 q3p + 1852 q2p − 2388.3 qp + 1029.2
qa2,R = 595.3 q3p − 2283.9 q2p + 2924.1 qp − 1250.7 .

(3.4)

The holonomic constraints (3.3) and (3.4) are shown in Fig. 3.5, where the fitting to the
investigated human joint relations is revealed, although the rather small sampling rate of
30 Hz gives only a few points for the rather small time intervals in the human kinematic
data. It should be noted that from the robustness point of view, the chosen constraints
may not be optimal, because small changes in the values ofqp will result in comparably
big changes in the other angles. Possibly, one could improvethe robustness property by
using another choice of the independent variable. However,we keep these relations since
having the passive angle independent is more natural from the mechanical point of view
and simplifies the calculations to be done.

It is obvious that the geometric relations for sitting down and rising are different al-
though one could expect the motions being just the reverse ofeach other. The rising
motion covers also a wider range of the ankle jointqp, which is due to the fact that at
some point close to the chair, the person sitting down does not balance anymore and just
let the body fall. Geometric relations at the end of the sitting down motion are, therefore,
not covered by the considered human body dynamics. It is alsonot quite clear from the
recorded human data up to what extent the arms have been supportively used during the
rising as well as during the sitting down motion.

Let us now look at thesingle support phase of walking. Here, we will use kinematic
data of 20 independent trials of a test persons normal walking gait provided by Aalborg
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Fig. 3.5: Geometric relations of the joint anglesqa1 and qa2 as functions ofqp for sitting down
motion (solid curve) and rising motion (dashed curve) superimposed onthe investigated human
joint relations (dots, respectively circles).

University. In that way, it is possible to check whether the geometric relations are some-
what consistent for a particular motion—the data in Fig. 3.1 is not very well suited for this
purpose. The Aalborg data has the additional advantage of a eight-times-higher sampling
frequency, namely 240 Hz, which gives much better resolution. One could also take es-
timates for velocities and possibly accelerations into account for the regression. Indeed,
Fig. 3.6 shows very consistent geometric functions of the generalized coordinates with
respect to the chosen independent variableq3 defining the relative angle between torso
and stance leg. The following fifth-order polynomials are obtained from one of the trials
(solid curve) that is selected representative for the othertrials:
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with the coefficient matrix

PW =











−10.9 −11.12 −6.42 −2.28 −0.65 1.25
14.97 15.22 7.45 2.22 −0.39 0.21
81.2 82.82 18.81 −3.88 0.68 3.74

−105.31 −117.11 −39.09 3.52 3.85 −0.65
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Fig. 3.6: Geometric relations of the individual joint angles as functions of the torso angle q3 for
the single support phase of walking (solid curve) superimposed on the investigated human joint
relations for 20 trials (dots).
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We have found now virtual holonomic constraints by analyzing particular human
movement kinematics. The next step is to come to the motion-planning stage for the
corresponding humanoid robot. That is why, the properties of reduced order dynamics for
invariant virtual constraints will be overviewed next.

3.5.2 Reduced Dynamics

Consider the underactuated controlled Euler–Lagrange system

d

dt

[
∂L(q, q̇)

∂q̇

]

−
∂L(q, q̇)

∂q
= B(q)u (3.6)

with the Lagrangian given by

L(q, q̇) =
1

2
q̇TM(q)q̇ − V (q)

subject to underactuation degree one, i.e.,

dimq − dimu = 1 . (3.7)

Above,M(q) is a positive definite matrix of inertia,V (q) represents potential energy of
the system, andB(q) is a full rank input matrix. We haveM(q) = M3(q) and ∂V (q)

∂q
=

G3(q) for the 3DOF robot (3.1), whileM(q) = M7(q) and ∂V (q)
∂q

= G7(q) for the 7DOF
robot (3.2).

Suppose there exists a control lawu∗ that imposes the virtual holonomic constraint

{q1 = φ1(θ), q2 = φ2(θ), . . . , qn = φn(θ)} (3.8)

with n = dimq, then the resulting closed-loop dynamics can be represented by the fol-
lowing scalar second order differential equation[49]

α(θ) θ̈ + β(θ) θ̇2 + γ(θ) = 0 (3.9)

describing the evolution of the new independent variableθ(t). All degrees of freedom will
be geometrically related to it, i.e., the whole motion is parameterized by the chosen con-
figuration variable according to (3.8). This reduced order dynamics is always integrable,
providedα(θ) 6= 0. Specifically, the integral function

I(θ, θ̇, θ0, θ̇0) = θ̇2 − exp

{

−2

∫ θ

θ0

β(τ)

α(τ)
dτ

}

θ̇20

+

θ∫

θ0

exp

{

−2

∫ θ

s

β(τ)

α(τ)
dτ

}

2 γ(s)

α(s)
ds

(3.10)

preserves its zero value along a solutionθ(t) of (3.9), initiated at(θ(0), θ̇(0)) = (θ0, θ̇0)
[49]. Note that (3.10) can serve as a measure of distance to a desired trajectory for the
reduced system [45].
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Onceθ is defined and the virtual holonomic constraint
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(3.11)

together with their component-wise derivativesΦ′(θ) andΦ′′(θ) with respect toθ are
found, the smooth scalar functionsα(θ), β(θ), andγ(θ) of the reduced dynamics (3.9)
can be computed as follows [48, Prop. 2]:

α(θ) = B⊥M (Φ(θ)) Φ′(θ) ,

β(θ) = B⊥
[

C (Φ(θ),Φ′(θ)) Φ′(θ) +M (Φ(θ)) Φ′′(θ)
]

,

γ(θ) = B⊥G (Φ (θ)) ,

whereB⊥ is a row vector defining the nonactuated coordinate, e.g.B⊥ = [1, 0, 0] for
system (3.1) andB⊥ = [1, 0, 0, 0, 0, 0, 0] for system (3.2).

Eventually, the motion-planning problem for the introduced robots (3.1) and (3.2) can
be defined in terms of desired solutionsθ∗(t) of the reduced dynamics (3.9) obtained by
imposing the virtual holonomic constraint (3.11). Let us take now the particular virtual
constraints (3.3)–(3.5) extracted from human movement analysis and use them for motion
planning.

3.5.3 Solutions of the Reduced Dynamics for the Sitting DownMo-
tion

Achievable motion patterns for sitting down of the controlled underactutated 3DOF robot
(3.1) can be studied via the reduced system dynamics (3.9), with the independent variable
chosen asθ := qp, obtained by the virtual holonomic constraint (3.3) that isassumed to
be perfectly imposed by feedback control.

An important range of trajectories is shown in the phase portrait in Fig. 3.7—the
relevant interval forθ is basically given in Fig. 3.5. It is clearly seen that there exist
trajectories which form closed orbits in the vicinity of theequilibrium point at (1.2, 0), i.e.,
corresponding solutions of the differential equation are periodic. The region of interest
for solutions representing the sitting down motion is highlighted. Here, the trajectories
will have solutions forθ which correspond to the range for the real human motion, but
with different velocity profile each. The desired trajectory for the sitting down motion
(dashed curve in Fig. 3.7) is taken as a part of a closed trajectory. The corresponding
solution of (3.9)

θ∗,S(t) ∈ [1.26, 1.355] rad,
for t ∈ [0, TS ] with TS = 0.367 s, and
(θ∗,S(0), θ̇∗,S(0)) = (1.355 rad, − 0.10 rad/s)

(3.12)

satisfies the performed human motion with respect to the timeTS needed to move. This
is visualized in Fig. 3.8, where the virtually constrained motion (solid curve) is superim-
posed on the real human motion (dots) valued at the ankle joint qp as function of time.



38 3. Paper I — Analysis of Human Motor Patterns

region of
interest

θ [rad]

θ̇
[r

a
d
/
s]

1.15 1.2 1.25 1.3 1.35 1.4 1.45
−5

−4

−3

−2

−1

0

1

2

3

4

5

Fig. 3.7: Phase portrait with various trajectories for the reduced dynamics of the sitting down
motion and the chosen trajectory (dashed line) as part of a closed orbit.
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Fig. 3.8: Sitting down motion (solid curve) and rising motion (dashed curve) obtainedby the virtual
constraints approach versus the recorded human motion (dots, circles) valued at the ankle jointqp

as function of time.
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The actual quality of the obtained motion is shown more descriptively in Fig. 3.9 using
stick figures in a flip-book animation, where the virtually constrained motion (solid line)
is superimposed on the real human motion (dashed line). It can be seen that the planned
motion based on the virtual constraints approach is remarkably close to the real human
behavior. What also becomes obvious in Fig. 3.8 is that the velocity profile of the com-

t=0.00s t=0.07s t=0.13s t=0.20s

t=0.27s t=0.33s t=0.37s

Fig. 3.9: Flip-book animation of the virtually constrained sitting down motion (solid curve) super-
imposed on the recorded human motion (dashed line).

pared motions slightly differs. Most likely, this is due to the fact that humans induce small
torques by using their ankles during the motion, i.e., the feet are not truly passive—unlike
our modeling assumption—and help a little to balance the body.

3.5.4 Solutions of the Reduced Dynamics for the Rising Motion

Applying the same procedure to the rising motion results again in particular reduced sys-
tem dynamics, but now obtained by imposing the virtual holonomic constraint (3.4). Its
solutions are depicted in the phase portrait in Fig. 3.10. Here, there are no closed orbits
around any of the equilibrium points in the shown interval, i.e., corresponding solutions
are unbounded. However, the interesting trajectories for reproducing the considered mo-
tion are similarly shaped compared to the sitting down dynamics, but now in the upper
phase plane. The following solution (dashed line in Fig. 3.10) of the reduced dynamics
approximately matches the recorded human motion with respect to the timeTR needed to
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Fig. 3.10: Phase portrait with various trajectories for the reduced dynamics of the rising motion
and the chosen trajectory (dashed line).

move:

θ∗,R(t) ∈ [1.217, 1.343] rad,
for t ∈ [0, TR] with TR = 0.433 s, and
(θ∗,R(0), θ̇∗,R(0)) = (1.217 rad, 0.248 rad/s) .

(3.13)

This is visualized as well in Fig. 3.8, where the virtually constrained motion (dashed
curve) is superimposed on the recorded human motion (circles) valued at the ankle joint
qp as function of time. A qualitative comparison is given againin the form of a flip-book
animation in Fig. 3.11. A little mismatch can be noticed comparing the postures of the
human and the virtual motion at several time instants. As expected from Fig. 3.8, they
should at least coincide in the starting and the end point; but especially those points are
not very well covered by the holonomic constraints (3.4). Infact, with the poor resolution
of the kinematic recordings within the interesting time intervals, one cannot improve the
constraint functions with respect to reasonable estimatesfor velocity as part of the regres-
sion. It is also not quite clear from the recorded human data up to what extent the arms
have been supportively used during the rising as well as during the sitting down motion.
However, the rising motion as obtained by the virtual constraints approach is still very
much human-like. If the robot’s ankle joint would be chosen to be actuated, one had the
additional freedom to compensate for the posture mismatch by another controller.
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t=0.00s t=0.07s t=0.13s t=0.20s

t=0.26s t=0.33s t=0.40s t=0.43s

Fig. 3.11: Flip-book animation of the virtually constrained rising motion (solid curve) superim-
posed on the recorded human motion (dashed line).

3.5.5 Solutions of the Reduced Dynamics for the Single Support Phase
of the Walking Gait

Achievable motion patterns for walking in single support ofthe controlled underactuated
7DOF robot (3.2) can be also studied via the reduced system dynamics (3.9), now with
the independent variable chosen asθ := q3, obtained by virtual holonomic constraint (3.5)
that is assumed to be perfectly imposed by feedback control.

Corresponding trajectories are depicted in Fig. 3.12 in a relevant interval forθ (cf.
Fig. 3.6). Here, all solutions are unbounded, but some of them are reasonably defined in
the region where our studied motion lives in (highlighted).The desired solution (dashed
line), that satisfies the recorded human motion with respectto the timeTW needed to
move, is found by

θ∗,W (t) ∈ [−0.577, 0.133] rad,
for t ∈ [0, TW ] with TW = 0.475 s, and
(θ∗,W (0), θ̇∗,W (0)) = (−0.577 rad, 0.945 rad/s) .

(3.14)

Other solutions that are defined in the region of interest give a different velocity profile
for the evolution of the configuration variableθ(t). In Fig. 3.13 we can see the obtained
virtually constrained motion (solid curve) superimposed on the recorded human motion
(dots) valued at the angleq3 as function of time. A qualitative assessment of the robot
configuration with respect to time can be done with the help ofa flip-book animation in
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Fig. 3.12: Phase portrait with various trajectories for the reduced dynamics of the walking motion
in single support phase and the chosen trajectory (dashed line).
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Fig. 3.13: Walking motion in single support phase (solid curve) obtained by the virtualconstraints
approach versus the recorded human motion (dots) valued at the joint angleq3 as function of time.

Fig. 3.14. The virtually constrained motion is obviously inclose accordance with the
desired human motion, although a slight mismatch indicatesthe importance of the foot
rotation which is not modeled here.

Of course, the single support phase of walking is just one part of the full hybrid cycle
that additionally requires an update map for feet impacts toreset and rename states [61].
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t=0.00s t=0.07s t=0.14s t=0.20s

t=0.27s t=0.34s t=0.41s t=0.47s

Fig. 3.14:Flip-book animation of the virtually constrained walking motion in single support phase
(solid curve) superimposed on the recorded human motion (dashed line).

It is, however, not our intention to discuss this further, but rather to demonstrate that
the reduced dynamics recover the continuous-time motion ofthe human test person with
consistent constraints for many trials.

3.6 Feedback-controlled Robot

3.6.1 Controller Design

The design step following the motion planning is the synthesis of a feedback controller
with the objective to keep solutions of the closed loop system as close as possible to
the preplanned motion and to diminish effects of disturbances on the system behavior,
uncertainties in modeling, errors in parameter estimates,etc.

Taking a look now at our preplanned motions from Section 3.5,it is important to
observe that sitting and rising, as well as the single support phase of walking, are defined
onfinite time intervals.

A proper initialization of motions defined on finite time intervals is a challenging
task since initial velocities are usually non-zero. However, for most of the human finite-
time movements one can think of the following separation regarding modeling, motion
planning, and control:
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• There exists an initial and possibly final phase where the humanoid model is under-
stood as fully actuated. This, indeed, happens right beforesitting down when the
person stands still and small ankle torques from the feet basis maintain the balance;
a chair-rise is usually initiated with the help of arm forcesexerted on the chair; etc.

• There exists a finite time interval determined by a particular motion pattern where
the humanoid model undergoes underactuation or weak actuation in some joints.
A certain synchronization of body segments is observed during the motion in this
phase. It can be used for controller synthesis.

For the first case of full actuation there are a number of ways to bring the robot in the
vicinity of initial states required for the proper initialization. A solution would be, for in-
stance, to extend the planned trajectory by a transition phase in which another controller
is employed. One could design some trajectory that starts ata static robot configuration
with zero initial velocities and passes into the desired initial states. Standard interpola-
tion tools such as splines allow to obtain smooth continuousfunctions of positions and
velocities. Note further that the single support phase of the walking gait is part of a hy-
brid cycle where impulse effects on the system dynamics attribute ground impacts. In this
case, it is certainly reasonable to have non-zero velocities at the start and at the end of the
continuous-time motion.

The actual motion patterns that we are interested in are covered by the latter case,
where motion planning and control design are left as nontrivial tasks due to underactuation
and the requested synchronization of joints in motion. The aim of this paper was to
suggest appropriate analyzing and design procedures for this case.

Among a few methods that can be used for synthesis of a feedback controller to
achieve contraction to the preplanned motion in finite time,we suggest to utilize the pro-
cedure proposed in [45,48,49]. It exploits transverse linearization of the system dynamics
along a desired motion that can be found analytically. It is worth mentioning that such
feedback controllers have been already successfully implemented in several experimental
setups, in particular, to stabilize preplanned orbits for the Furuta Pendulum [47] and the
Pendubot [14].

To provide some insights into controller synthesis based ontransverse linearization,
let us introduce the following vector of new generalized coordinates for the underactuated
controlled Euler–Lagrange system (3.6),(3.7)

Y = q − Φ(θ) . (3.15)

It is clear that the vectorY is zero along the target motion. Then degrees of freedom in
q are now described by(n + 1) excessive coordinates inY andθ. Hence, one of these
coordinates can be always locally expressed as a function ofthe others—let us assume
this is the case foryn—which yields the new independent coordinates [48]

y = (y1, y2, . . . , yn−1)
T and θ , (3.16)

and the ‘old’ generalized coordinatesq in the form

q = Φ(θ) +

[
y

h(y, θ)

]

. (3.17)
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Taking time derivatives ofy, one obtains the relations






ÿ1
...

ÿn−1




 =






q̈1
...

q̈n−1




−






d2

dt2
φ1(θ)
...

d2

dt2
φn−1(θ)




 =






v1
...

vn−1




 (3.18)

that define the feedback transformation from the controlledinputsu to the new control in-
putsv. As shown in [45,48], in the new coordinates the dynamics of the system (3.6),(3.7)
is given in partly linear form:

α(θ)θ̈ + β(θ)θ̇2 + γ(θ) = gy(θ, θ̇, θ̈, y, ẏ)y

+gẏ(θ, θ̇, θ̈, y, ẏ)ẏ + gv(θ, θ̇, y, ẏ)v

ÿ = v ,

(3.19)

where the left-hand side of the upper equation corresponds to the one for the virtually
constrained system (3.9), while the right-hand side is rewritten in the new coordinates
(3.17) and is equal to zero along the target motion.

Computing the variation of the integral function (3.10) along the motion of (3.19),
one obtains dynamics transversal to a trajectory defined by asolutionθ(t) of the reduced
dynamics (3.9) and the desired synchronization [45]

d
dt
I(·) = 2θ̇

α(θ) [gy(·)y + gẏ(·)ẏ + gv(·)v − β(θ)I(·)]

ÿ = v .
(3.20)

Eventually, the controller design for (3.19) can be based ona linearization of the trans-
verse dynamics (3.20) along a desired solutionθ∗(t)—the linear time-varying system
commonly known as transverse linearization [45].

The technical derivation of the controller shall not be further discussed here. Note,
however, that the feedback transformation (3.18) containsthe control actionv that has
to be defined to achieve contraction to the preplanned motion, while the required torque
for perfectly imposed virtual holonomic constraints (i.e.v = 0) can be found from the
relationsτ = B(q)u, θ = θ∗(t), and

τ = [M(q)q̈ + C(q, q̇)q̇ +G(q)]| q = Φ(θ)

q̇ = Φ′(θ)θ̇

q̈ = Φ′′(θ)θ̇2 + Φ′(θ)θ̈ .

(3.21)

3.6.2 Simulation of Sitting Down and Rising

Let us look now at some simulation results for sitting down and rising motion to show
that one can really reproduce the studied motion patterns with a feedback-controlled
robot. From the motion-planning procedure in Section 3.5 wefound the desired trajecto-
ries (3.12) and (3.13) for the corresponding reduced dynamics obtained by the respective
constraints from human movements. Recall that the passive ankle joint qp was chosen
as independent variable that configures the whole robot posture. A comparison of the
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Fig. 3.15: Ankle jointqp = θ of the feedback-controlled robot compared to the desired solution of
the motion planning procedure.
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Fig. 3.16:Applied input torques to the active joints while sitting down assuming perfectly invariant
constraints.

planned motions to the feedback-controlled 3DOF robot is depicted in Fig. 3.15 valued
at the ankle jointqp. Obviously, the quality of the virtually constrained motion is highly
dependent on the accuracy of the initial position, which is naturally the case since there is
just a limited region of attraction. However, it is clear that the closer the initial condition
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lies to the desired trajectory, the less the error in the qualitative and quantitative closed-
loop performance. The influence of additive measurement noise has been simulated as
well, but turned out to be insignificant for the controller performance as long as the noise
level is kept in a realistic range for ordinary sensors.

It is worth looking at the applied input which is generating the desired motion. Just
for the case of sitting down, the torquesτa1 and τa2 to the active joints are shown in
Fig. 3.16 assuming perfectly invariant constraints (3.3).The torques appear to be quite
large for short time intervals, but this seems to be still in areasonable range for this
particular human movement where big forces occur (cf. [8,27])—not shown here: for the
rising motion the curves look similar and for walking, as expected, the required torques
are much smaller. In the beginning, the motion is basically influenced by impulse-like
peaks of the torques, afterwards they are almost constant. Intuitively, it is reasonable that
the torques should be immediately applied at time zero in order to maintain balancing.

The simulation results are meant to demonstrate that virtual constraints extracted from
human movement can be imposed on the robot dynamics by feedback control. For mo-
tions defined on finite time intervals, proper initiation is challenging. A possible approach
for implementation is discussed in the previous section. Note however, that proper design
for the transformed control inputv, based on transverse linearization, allows to relax re-
quirements for the precision.

3.7 Conclusions

A new method to generate human-like motion patterns for humanoid robots has been
introduced. Recorded kinematic data of human movements were analyzed in order to
find geometrical relations among various joint angles characterizing the instantaneous
postures. The existence of such consistent holonomic constraints for various, even not
periodic, motions of humans is an interesting result of our investigation.

The extracted relations can be used to plan human-like motions for humanoid robots.
The motion planning and the subsequent feedback controllerdesign are based on an ap-
propriate modification of the virtual holonomic constraints approach, recently developed
to control mechanical systems with underactuation one. Making the virtual constraints
invariant by feedback yields reduced order dynamics—a scalar differential equation of
second order—representative of the overall closed-loop system. Hence, the motion plan-
ning problem is divided into, first, finding appropriate virtual holonomic constraints for
synchronization among the generalized coordinates, and second, choosing motions con-
sistent with those and defined by the reduced dynamics.

A conclusion from presented analysis is that one can reproduce original human mo-
tions exploiting reduced order dynamics. The virtual holonomic constraints were ex-
tracted from recorded human movements and were imposed on approximated humanoid
dynamics. Two types of motions were studied in the analysis,first, sitting down mo-
tion and chair-rise, which are defined just on finite time intervals, and second, the single
support phase of a cyclic walking gait. It is remarkable that, despite various assump-
tions in the humanoid modeling, the obtained virtually constrained motions are consistent
with the studied human movements. Not demonstrated here, but worth noting, is that the
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reduced dynamics is not particularly sensitive to parameter uncertainties which is advan-
tageous for robots with similar kinematics but different mass distribution compared to the
studied human. Finally, a short discussion on the controller design and some simulation
results of a feedback-controlled robot demonstrated the feasibility of imposing the virtual
holonomic constraints that were found.
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Generating Human-like Motions for an Underactuated Three-Link Robot Based on
the Virtual Constraints Approach

Abstract — In the field of robotics there is a great interest in developing strategies
and algorithms to reproduce human-like behavior. In this paper, we consider motion
planning and generation for humanoid robots based on the concept of virtual holonomic
constraints. For this purpose, recorded kinematic data from a particular human motion are
analyzed in order to extract geometric relations among various joint angles defining the
instantaneous postures. The analysis of a simplified human body representation leads to
dynamics of a corresponding underactuated mechanical system with parameters based on
anthropometric data of an average person. The motion planning is realized by considering
solutions of reduced system dynamics assuming the virtual holonomic constraints are kept
invariant. The relevance of such a mathematical model in accordance to the real human
motion under study is shown. An appropriate controller design procedure is presented
together with simulation results of a feedback-controlledrobot.

Keywords — Motion Planning, Underactuated Mechanical Systems, Humanoid Robots,
Virtual Holonomic Constraints

4.1 Introduction

Humanoid robots are electro-mechanical systems resembling the appearance of a human
body. Consequently, it is very much desired to reproduce ordinary motions reminiscent of
humans. Great efforts have been made already to construct especially biped robots with
the objective of realizing walking. For instance “Asimo” from Honda [25] or “Johnnie”
from the Technical University of Munich [55] are very well known among several others.
However, humanoid robots do not necessarily just walk or follow other repetitive patterns
in behavior; we might expect that they are capable of performing other motions as well!
They could sit down on a chair, pick up a book from the floor and put it in the shelf,
etc. Additionally to autonomous humanoid robots, there is also an interest in generating
human-like motions for rehabilitation devices. Patients could train affected muscles by
utilizing some kind of electro-mechanical attachment. Intelligent prostheses with certain
actuation are feasible also.

In this paper, we consider motion generation for humanoid robots based on investiga-
tion of particular human movements that are attempted to be realized. For this purpose,
we analyzerecorded kinematic dataand impose the extracted geometric relations onto
a robot. In order to obtain mathematically tractable systemdynamics with reasonable
accuracy, the required parameters of a robot model can be approximated to an average
person as a starting point, although the robot will still nothave the same characteristics as
a human; in particular, even mass distribution can not be replicated.

Besides an appropriate motion planning procedure, it is also highly demanded that
a feedback controller ensures the required synchronization among the particular parts of
the robot. This implies that sophisticated control design methods such as [19] and others,
might be inappropriate without further elaboration. We will follow the virtual holonomic



4.1. Introduction 51

constraints approach, recently proposed in [6, 7, 18, 47, 48, 62], to solve the problems of
motion planning and orbital stabilization via feedback. However, the controller design
part of the approach has been developed only for the systems with degree of underactua-
tion one. Therefore, we assume thatthe human body and thus the robot is modeled as an
underactuated mechanical system. This is supported by the fact that during ordinary mo-
tions the whole body constitution balances about the ankles, where stabilization is mostly
done without using torques of the ankle joints, but via synchronization of the other joints
(cf. [6]).

The analysis of the recorded human motion is to be done as follows. A scalar function
of coordinates (for instance path length) or possibly one ofthem has to be chosen as an
independent variable that monotonically increases along the motion with respect to time.
Along the motion, all the degrees of freedom are geometrically related to it, i.e. the whole
motion is parameterized by the chosen configuration variable. When these relations are
imposed on a simplified model of a humanoid robot, i.e. kept invariant by an appropriate
feedback controller, there exist a reduction of the dynamics of the original model to a
scalar second order differential equation [48]. We addressthe following questions:

• Does the reduced dynamics recover the original motion?

• How to design a controller that realizes invariance for the extracted virtual holo-
nomic constraints and diminishes the influence of disturbances?

The problem of periodic stabilization of walking mechanisms has been studied using
other approaches, see e.g. [6,7,18,60]. The problem of generating orbitally stable periodic
motions has been investigated as well using various underactuated nonlinear systems [2,
3, 5, 21, 58, 62]. However, the newly introduced constructive tool of imposing virtual
holonomic constraints [48] has been already applied to several underactuated systems
showing promising results [47,49,50]. Therefore, one of our main goals here is to present
some motivation why it is reasonable to adopt this techniqueto humanoid robots. It is
worth noting that stabilization of holonomic constraints has been used before to achieve
stable walking. The constraints in the previous work (see e.g. [62]) can not be taken
arbitrarily but must be adjusted via a sophisticated procedure of tuning parameters to
ensure stability with a particular control strategy. In ourcase, the constraints are obtained
from experimental data.

The main contribution of this paper is to answer the above questions. Here, wefocus
mainly on the sitting down motionas a start. A simplified human body representation,
which allows to consider the sitting down motion, is proposed in Section 4.2. After that,
the dynamics of a corresponding underactuated planar three-link robot is introduced. An
analysis of achievable motions, consistent with the extracted geometric relations, follows
in section 4.3. The resulting mathematical model of the reduced system dynamics, where
the found virtual holonomic constraints are assumed to be kept invariant, is used to recover
the recorded human motion. Finally, the required controller design procedure is presented
in section 4.4. Simulation results of the closed-loop system are shown in section 4.5.



52 4. Paper II — Controller Design for Sitting Down Motion

4.2 Human Body Representation—an Underactuated Pla-
nar Three-Link Robot

For motions like sitting down to and rising from a chair, the verycomplex structure of the
human body can be reasonably simplifiedto just three links. Assuming that the feet are
fixed in parallel to the ground, we can take the first link to be the combined calves (lower
legs), the second link to be the combined thighs (upper legs), and the third link to represent
the upper body including arms and head. Hence, the motions under consideration can
be performed by an underactuated planar three-link robot, where the combined ankles
are chosen as a passive joint (see Fig. 4.1). The resulting dynamics is described by the
following system:





0
τa1

τa2



 = M(q)





q̈p
q̈a1

q̈a2



+ C(q, q̇)





q̇p
q̇a1

q̇a2



+G(q) (4.1)

whereq = [qp, qa1, qa2]
T is the vector of generalized coordinates, withqa1, qa2, andqp

denoting two active and one passive coordinates respectively; τa1 andτa2 are controlled
torques that can be applied to the second and the third links correspondingly;M(q) is
the inertia matrix, the matrixC(q, q̇) corresponds to Coriolis and centrifugal torques, and
G(q) is the gravitational torque vector—the functions of the matrix and vector elements
are listed in Appendix A.

The physical parameters of the system (4.1) were approximated according to general-
izedanthropometric datapresented in [39]. Evaluating the kinematic data of the human
motion data base provided by [13], all parameters can be obtained. In Appendix A, the
values for the actor “Azumi” are listed. Here, the mass distribution of a “small sized man”
has been scaled in order to match the dimensions of “Azumi”. Masses of the lower legs
and the upper legs are combined respectively tom1 andm2. All masses of the upper body
parts including arms and head are added up tom3, where the combined center of mass is
calculated by a weighted sum of the corresponding distancesto the hip joint. The lengths
of the links are denoted byl1, l2, andl3, and the distances to the centers of masses bylc1,
lc2, andlc3. The inertiasI1, I2, andI3 are computed for cylindric joints with certain radii,
corresponding to the anthropometric data.

The obtained simplified human body representation can be used to pose the motion
planning problem for an underactuated planar three-link robot. The generalized coor-
dinates of the Euler-Lagrange model (4.1) have to be relatedto some functions of time
from the corresponding recorded human motion in order to extract geometric relations
among them. Since the third link represents several joints in one, the angleqa2 can be
approximated by coordinate transformation according to its combined center of mass.
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Fig. 4.1: Physical parameters of the three-link pendulum.

4.3 Virtual Holonomic Constraints and Projected
Dynamics

In this section, we show that human-like motions can be planned by applying the virtual
constraints approach. The focus lies mainly on human-like sitting down motion, to be
realized by the three-link robot. Having the pure motion of interest, strong geometrical
relations for the generalized coordinatesqa1 (relative angle of upper legs) andqa2 (relative
angle of upper body) can be found as functions ofqp (angle of lower legs). For the sitting
down motion the following 3rd-order polynomials

qa1 = −868.4 q3p + 3457.5 q2p − 4593 qp + 2036.7 ,
qa2 = 269.9 q3p − 1077.1 q2p + 1438.7 qp − 644.2

(4.2)

describe very well the relations that were found for the studied human. These holonomic
constraints are shown in Fig. 4.2, where the fitting to the investigated human joint relations
is revealed, although the rather small sampling rate of 30 Hzfor the kinematic human data
results in quite few data points. It should be noted that fromthe robustness point of view
the chosen constraints may not be optimal, because small changes in the values ofqp
results in comparably big changes in the other angles. Possibly, one could improve the
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Fig. 4.2: Geometric relations for sitting down motion:qa1 andqa2 as functions ofqp.

robustness property by using another choice of the independent variable. However, we
keep these relations since having the passive angle independent is more natural from the
mechanical point of view and simplifies the calculations.

Now, suppose there exists a control law for the system (4.1) that imposes the vir-
tual constraints (4.2). Then, the resulting closed-loop dynamics can be described by the
following scalar second order differential equation[48]:

α(θ) θ̈ + β(θ) θ̇2 + γ(θ) = 0 , (4.3)

where the new independent variableθ is chosen to be the passive coordinateqp. Introduc-
ing the vector

Φ(θ) =





φ1(θ)
φ2(θ)
φ3(θ)



 =





qp
qa1(qp)
qa2(qp)





qp=θ

(4.4)

by utilizing the constraints and by forming its component-wise derivativesΦ′(θ) and
Φ′′(θ) with respect ofθ, allows to compute the functionsα(θ), β(θ), and γ(θ) [48,
Prop. 2]:

α(θ) = B⊥M (Φ(θ)) Φ′(θ) ,

β(θ) = B⊥
[

C (Φ(θ),Φ′(θ)) Φ′(θ) +M (Φ(θ)) Φ′′(θ)
]

,

γ(θ) = B⊥G (Φ (θ)) ,

where B⊥ =
[

1 0 0
]
.

The resulting expressions are quite complicated; in Appendix B, more details are
given. Eventually, the motion planning problem for the robot can be solved by finding an
appropriate solution of the reduced dynamics (4.3).

An important range of trajectories of the reduced system dynamics (4.3) is shown in
the phase portrait in Fig. 4.3. It is clearly seen that there exist trajectories which form
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Fig. 4.3: Phase portrait for the projected dynamics of the sitting down motion and the chosen
trajectory (dashed line) as a part of a closed orbit.
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Fig. 4.4: Sitting down motion obtained by the virtual constraints approach (solid curve) versus the
recorded human motion (dots) valued at the ankle jointqp as function of time.

closed orbits in the vicinity of the equilibrium point at (1.2, 0), i.e. corresponding solu-
tions of the differential equation are periodic. The regionof interest for solutions repre-
senting the sitting down motion is highlighted. Here, we have the trajectories forθ in the
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range that corresponds to the one for the real human motion, but with different velocity
profile each. The desired trajectory for the sitting down motion (dashed curve in Fig. 4.3)
is taken as a part of a closed trajectory. The corresponding solution of (4.3)

θ∗,S(t) ∈ [1.26, 1.355]rad fort ∈ [0, TS ], TS = 0.367 s,
(θ∗,S(0), θ̇∗,S(0)) = (1.355 rad,−0.10 rad/s),

(4.5)

satisfies the performed human motion with respect to the timeTS needed to move. This is
visualized in Fig. 4.4, where the virtual constraints motion (solid curve) is superimposed
on the real human motion (dots) valued at the ankle jointqp as function of time. The actual
quality of the obtained motion is shown more descriptively in Fig. 4.5 using flip-book
plots, where the virtual constraints motion (solid line) issuperimposed on the real human
motion dashed line) for several time instants. It can be seenthat the motion planned above
is remarkably close to the real human behavior. What also becomes obvious in Fig. 4.4 is
that the velocity profiles of the compared motions slightly differ. Most likely, this is due
to the fact that humans induce torques by using their ankles during the motion, i.e. the
feet are not truly passive and help a little to balance the body.

t=0.00s t=0.07s t=0.13s t=0.20s

t=0.27s t=0.33s t=0.37s

Fig. 4.5: Flip-book plots for the sitting down motion obtained by the virtual constraints approach
(solid curve) superimposed on the recorded human motion (dashed line) for several time instants.

4.4 Controller Design

The design step following the motion planning is the synthesis of a feedback controller
with an objective to diminish effects of disturbances, uncertainties in modeling, errors
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in parameter estimates, etc., on the system behavior. It is important to observe that the
preplanned motion is defined on thefinite time interval[0, T ]. This implies that we need
a controller to work only on this finite time interval and the solutions for stabilization
problems from [48,62] cannot be immediately used for the design.

However, some of the results reported in [48] can be applied in a new approach for
developing such controllers determined on finite time interval. To this end, let us introduce
new coordinates for the system:

y =

[
y1
y2

]

=

[
qa1 − qa1(qp)
qa2 − qa2(qp)

]

. (4.6)

Zero values ofy1 and y2 correspond to thevirtual holonomic constraintsobserved in
experiments.

Taking time derivatives ofy’s, one obtains

ẏ1 = q̇a1 − q̇a1(qp, q̇p), ÿ1 = q̈a1 − q̈a1(qp, q̇p, q̈p) = v1,
ẏ2 = q̇a2 − q̇a2(qp, q̇p), ÿ2 = q̈a2 − q̈a2(qp, q̇p, q̈p) = v2,

(4.7)

where the last equations define the feedback transformations of the control variables tov1
andv2:

τa1 = fv1(q, q̇, τa2, v1), τa2 = fv2(q, q̇, τa1, v2). (4.8)

In the new coordinates the dynamics of the three-link pendulum (4.1) is as follows:

α(θ)θ̈+β(θ)θ̇2+γ(θ) = gy(θ, θ̇, θ̈, y, ẏ)y+ (4.9)

+gẏ(θ, θ̇, θ̈, y, ẏ)ẏ + gv(θ, θ̇, y, ẏ)v

ÿ = v , (4.10)

wherev = [v1, v2]
T is the newly introduced control signal linearizing̈y in (4.7) andθ

represents the passive coordinateqp. The left-hand side of (4.9) corresponds to the one for
the virtual limit system (4.3), while the right-hand side isrewritten in the new coordinates
(4.6) and (4.7) with functionsgy = [gy1, gy2], gẏ = [gẏ1, gẏ2] andgv = [gv1, gv2], see
details in [48].

Apart from the system (4.9)-(4.10), let us denote by

θ∗(t) = qp∗(t), t ∈ [0, T ] (4.11)

the desired solution to follow and introduce the linear time-varying system (linearization
along the desired trajectory)

d

dt
X = A(t)X +B(t)V . (4.12)

The components of the time-variant matrix functions

A(t) =









a11(t) a12(t) a13(t) a14(t) a15(t)
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0









, (4.13)
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B(t) =

[
b11(t) 0 0 1 0
b12(t) 0 0 0 1

]T

(4.14)

are dependent onθ∗(t) and are given in Appendix C.
Let us further assume that the continuous time-varying dynamic Riccati equation

Ṙ(t) +A(t)TR(t) +R(t)A(t) +Q = R(t)B(t)Γ−1B(t)TR(t) (4.15)

defined fort ∈ [0, T ] with the boundary condition

R(T ) = QT

has a positive definite solution on that interval2. HereQ, QT are5 × 5 positive definite
matrices andΓ is 2 × 2 positive definite matrix.

The chosen solutionθ∗(t) corresponds to a curve

C =
{

[θ∗(t), θ̇∗(t)], t ∈ [0, T ]
}

without self-intersections on the phase portrait of the reduced system. This observation
allows to introduce (non-uniquely) a family of operators{Pt(·)} projecting points of the
phase space[θ, θ̇] ontoC

Pt : [θ, θ̇] → C

having the following properties: the sets
{

Pt([θ, θ̇]) = [θ∗(t), θ̇∗(t)]
}

areC1-smooth curves on the phase space of the reduced system and donot intersect each
other for different values oft ∈ [0, T ). Denote further byτ∗(·) an operator that gives the
time instant from[0, T ] for the point of the curveC

τ∗ : C → [0, T ]. (4.16)

With such notations and assumption of solvability the Riccati equation with boundary
condition given above we can formulate our main result.

Theorem 1 Consider the system (4.9)-(4.10) and the feedback controller

v(t) = −Γ−1B
(

τ∗

(

Pt([θ, θ̇])
))T

R
(

τ∗

(

Pt([θ, θ̇])
))

ζ,

ζ =
[
I y1 y2 ẏ1 ẏ2

]T

,
(4.17)

2The feedback controller
V (t) = −Γ−1B(t)T R(t)X(t)

solves the LQR problem minimizing the performance index

J =

T∫

0

{
X(t)T QX(t) + V (t)ΓV (t)

}
dt + X(T )T QT X(T ).
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where the functionI(θ, θ̇, θ∗(0), θ̇∗(0)) is defined by

I = θ̇2 − exp

{

−2

∫ θ

θ∗(0)

β(τ)

α(τ)
dτ

}

θ̇2∗(0)

+

θ∫

θ∗(0)

exp

{

−2

∫ θ

s

β(τ)

α(τ)
dτ

}

2 γ(s)

α(s)
ds ,

andy1, y2 are from (4.6). If the initial conditions

[qp(0), q̇p(0), qa1(0), q̇a1(0), qa2(0), q̇a2(0)]

for the closed-loop system are chosen close enough to the initial conditions for the desired
motion, i.e.

X(0)TR(0)X(0) ≤ ε,

with small positiveε andX(0) computed as

X(0) =
[

I(qp(0), q̇p(0), θ∗(0), θ̇∗(0)), y1(0), y2(0), ẏ1(0), ẏ2(0)
]T

,

then, along the solutions the inequality

d
dt
X (t)

T
R
(

τ∗

(

Pt([θ(t), θ̇(t)])
))

X (t) ≤ −δ|X (t) |2 (4.18)

with someδ > 0 holds and the solution is kept with the tube around the desired motion

defined by the functionX (t)
T
R
(

τ∗

(

Pt([θ(t), θ̇(t)])
))

X (t).

Proofof Theorem 1 is omitted due to limitation of space.

4.5 Simulations

Here, we briefly comment the results of the closed-loop system simulations. The associ-
ated Riccati equation has been numerically solved withQT = Q and

Q = diag(0, 2, 2, 0.5, 0.5), Γ = diag(1, 1) (4.19)

Simulation results for the feedback-controlled robot are shown in Fig. 4.6, where the pas-
sive coordinateqp is compared to the planned desired solution (4.5); recall that qp is the
independent variableθ in (4.3) and therefore it forms the argument to the virtual constraint
functions (4.4) to be made invariant. Obviously, the quality of the virtual constraints mo-
tion is highly depending on the accuracy of the initial position. The influence of additive
measurement noise has been simulated as well, but turned outto be insignificant for the
controller performance as long as the noise level is kept in arange realistic for ordinary
sensors.
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Fig. 4.6: Passive coordinateqp of the feedback-controlled robot compared to the desired solution
of the motion-planning procedure.
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Fig. 4.7: Applied input torques to the active joints while sitting down assuming perfectly invariant
constraints.

It is worth looking at the applied input, which is generatingthe desired motion. The
torquesτa1 andτa2 to the active joints are shown in Fig. 4.7 along the desired motion.
The torques appear to be quite large for short time intervals, but this is still in a reasonable
range for this particular human movement where big forces dooccur (cf. [8, 27]). In
the beginning, the motion is basically influenced by impulse-like peaks of the torques
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and afterwards they are almost constant. It is also clear that non zero torques should be
immediately applied at time zero to prevent falling.

4.6 Conclusions

A new method of generation human-like motions for humanoid robots has been intro-
duced. Recorded kinematic data of a human actor has been analyzed in order to extract
geometrical relations among various joint angles characterizing instantaneous postures.

The obtained relations are used to plan human-like motions for a humanoid robot.
The motion planning and the subsequent feedback controllerdesign are based on an ap-
propriate modification of the virtual holonomic constraints approach, recently developed
to control mechanical systems with underactuation one.

The derivations cover the movement patterns of sitting downto a chair. The corre-
sponding motion has been planned for a three-link planar robot with two active joints. A
feedback controller has been designed to reduce the influence of disturbances and para-
metric uncertainties. It is remarkable that the obtained motion of the robot is very close
to the recorded human movement despite the absence of information about the actor’s
physical parameters, a rather low sampling rate of the kinematic data, and various uncer-
tainties.

Appendix

A. Components of the Model (4.1)
The components of the inertia matrixM(q):

m11 = k1 + k2 + k4 + 2(k3 + k7) cos(qa1)
+2k5 cos(qa1 + qa2) + 2k6 cos(qa2) ,

m12 = k2 + k8 + (k3 + k7) cos(qa1)
+k5 cos(qa1 + qa2) + 2k6 cos(qa2) ,

m13 = k9 + k5 cos(qa1 + qa2) + k6 cos(qa2) ,
m21 = m12 , m22 = k2 + k8 + 2k6 cos(qa2) ,
m23 = k9 + k6 cos(qa2) , m31 = m13 ,
m32 = m23 , m33 = k9 .

The components of the matrixC(q, q̇):

c11 =f5q̇a1 + f6q̇a2, c12 = f5(q̇p + q̇a1) + f6q̇a2,
c13 =f6(q̇p + q̇a1 + q̇a2), c21 =−f5q̇a1 + f4q̇a2,
c22 =f4q̇a2, c23 =f4(q̇p + q̇a1 + q̇a2),
c31 =−f5q̇a1 − f4q̇a2, c32 =−f4(q̇p + q̇a1), c33 =0,

f1 = −k3 sin(qa1) , f2 = −k7 sin(qa1) ,
f3 = −k5 sin(qa1 + qa2) , f4 = −k6 sin(qa2) ,
f5 = f1 + f2 + f3 , f6 = f3 + f4 .
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The components of the gravitational torque vectorG(q):

g1 = g(k10 cos(qp) + k11 cos(qp + qa1)
+k12 cos(qp + qa1 + qa2)),

g2 = g(k11 cos(qp + qa1) + k12 cos(qp + qa1 + qa2)),
g3 = g k12 cos(qp + qa1 + qa2)).

The parameters of the model and the values of the physical parameters as approximated
for the human (see Fig. 4.1):

k1 = m1l
2
c1 +m2l

2
1 + I1 , k2 = m2l

2
c2 + I2 ,

k3 = m2l1lc2 , k4 = m3(l
2
c3 + l21 + l22) + I3 ,

k5 = m3l1lc3 , k6 = m3l2lc3 ,
k7 = m3l1l2 , k8 = m3(l

2
c3 + l22) + I3 ,

k9 = m3l
2
c3 + I3 , k10 = m11lc1 + 2m12l1 ,

k11 = m12lc2 +m2l2 , k12 = m2lc3 ,

l1 =0.456 m, l2 =0.469 m, l3 =0.623 m, g=9.81 m/s2,
lc1 =0.273 m, lc2 =0.261 m, lc3 =0.217 m,
m1 =6.2 kg, m2 =15.4 kg, m3 =40.2 kg,
I1 =0.559 kg m2, I2 =1.344 kg m2, I3 =3.061 kg m2.

B. Computation of the Projected Dynamics (4.3)

α(θ) = m11(Φ(θ)) +m12(Φ(θ))φ′2(θ) +m13(Φ(θ))φ′3(θ) ,
β(θ) = c11(Φ(θ),Φ′(θ)) + c12(Φ(θ),Φ′(θ))φ′2(θ)

+c13(Φ(θ),Φ′(θ))φ′3(θ) +m12(Φ(θ))φ′′2(θ)
+m13(Φ(θ))φ′′3(θ), γ(θ) = g1(Φ(θ)) ,

whereΦ(θ) and its components are defined by (4.4), while the other functions are given
in Appendix 4.6.

C. Components of the System (4.12)

a11(t) = −2 θ̇∗(t)β(θ∗(t))/α(θ∗(t))

a12(t) = 2 θ̇∗(t) gy1(θ∗(t), θ̇∗(t), θ̈∗(t), 0, 0)/α(θ∗(t)) ,

a13(t) = 2 θ̇∗(t) gy2(θ∗(t), θ̇∗(t), θ̈∗(t), 0, 0)/α(θ∗(t)) ,

a14(t) = 2 θ̇∗(t) gẏ1(θ∗(t), θ̇∗(t), θ̈∗(t), 0, 0)/α(θ∗(t)) ,

a15(t) = 2 θ̇∗(t) gẏ2(θ∗(t), θ̇∗(t), θ̈∗(t), 0, 0)/α(θ∗(t)) ,

b11(t) = 2 θ̇∗(t) gv1(θ∗(t), θ̇∗(t), θ̈∗(t), 0, 0)/α(θ∗(t)) ,

b12(t) = 2 θ̇∗(t) gv2(θ∗(t), θ̇∗(t), θ̈∗(t), 0, 0)/α(θ∗(t)) ,

wheregy =[gy1, gy2], gẏ =[gẏ1, gẏ2] andgv =[gv1, gv2] are functions defined by (4.9),
α(θ) andβ(θ) are given in Appendix 4.6, andθ∗(t) is the chosen solution of (4.3).
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A Passive 2DOF Walker: Finding Gait Cycles Using Virtual Holonomic Constraints

Abstract — A planar compass-like biped on a shallow slope is the simplest model
of a passive walker. It is a two-degrees-of-freedom impulsive mechanical system known
to possess periodic solutions reminiscent to human walking. Finding such solutions is a
challenging task. We propose a new approach to obtain stableas well as unstable hybrid
limit cycles without integrating the full set of differential equations. The procedure is
based on exploring the idea of parameterizing a possible periodic solution via virtual
holonomic constraints. We also show that a2-dimensional manifold, defining the hybrid
zero dynamics associated with a stable hybrid cycle, in general, is not invariant for the
dynamics of the model of the compass-gait walker.

Keywords — Walking Robots, Underactuated Mechanical Systems, LimitCycles, Vir-
tual Holonomic Constraints

5.1 Introduction

The study of passive walking devices is a fascinating field. It attracted attention of re-
searchers in the robotics and control communities after McGeer’s publication in 1990 [36]
presenting “a class of two-legged machines for which walking is a naturaldynamic mode”.
It followed a series of publications, see e.g. [10, 16, 17, 22, 33, 34, 52], proposing and re-
porting various ways to find and to analyze passive gaits of walking devices. Successful
results of passive walking are typically shown for quite simple models and it is not always
clear how to generalize such findings to more realistic representations of walking robots
with multiple degrees of freedom.

The main contribution of this paper is a new approach of searching for hybrid limit
cycles of passive walking robots. We suggest analytical andconstructive steps that allow
to reduce, first, the number of parameters to be found in the search for suitable initial
conditions, and second, the number of differential equations to be solved during the nu-
merical procedure. Our demonstration is carried out for a standard benchmark example:
the planar two-link walker commonly known as a compass-gaitbiped.

The key idea of the paper is exploring a special but generic change of coordinates
that can always be used for parameterizing any nontrivial hybrid periodic solution of the
walker dynamics. We avoid looking for explicit dependence on time but instead search
for relations between the generalized coordinates that should be valid along a cycle. Such
relations are calledvirtual holonomic constraints[48,61]. Intuitively, the deviations from
these geometric relations define a natural set of generalized coordinates in which a hybrid
periodic motion has almost trivial representation, related to the canonical local coordi-
nates introduced by Urabe [20, 57]. Results on using virtualholonomic constraints for
motion planning and feedback controller design for mechanical systems can be found
in [46,48,61] and others.

The analysis presented in the paper reveals important properties of hybrid periodic
solutions of the walker dynamics. We show that the2-dimensional manifold associated
with a natural stable cycle, which is called hybrid zero dynamics in [62] and is broadly
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used for stabilization of walking gaits [61], in general, isnot invariant for the hybrid dy-
namics of a compass-gait walker. This observation, made fora natural cycle of a passive
mechanical system, is important for analysis, synthesis, and stabilization of ‘natural gaits’
for controlled walking robots. Currently, the concept of hybrid zero dynamics and meth-
ods for its stabilization are well developed [61] followingthe pioneering works of [18,62]
and are becoming of common use. The here observed lack of suchinvariance for a natural
gait of a passive walker motivates development of other approaches.

5.2 Hybrid Dynamics of the Compass-Gait Biped

Let us consider a two-link passive compass-gait biped robot, schematically shown on
Fig. 5.1.
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Fig. 5.1: Schematic of the compass-gait biped on a shallow slopeψ.

Under certain conditions [17], the dynamics of the robot canbe described [17,22,53]
by the following system of Euler–Lagrange equations with impulsive effects [4,18,61]

d

dt

[
∂L(q, q̇)

∂q̇

]

−
∂L(q, q̇)

∂q
= 0 for q 6∈ S

q+ = P q− and q̇+ = Pq(q
−) q̇− q− ∈ S

(5.1)

whereq = [q1, q2]
T is the vector of generalized coordinates. The Lagrangian isgiven by

L(q, q̇) =
1

2
q̇T M(q) q̇ − V (q)

with the positive definite matrix of inertia

M(q) =

[
p1 −p2 cos(q1 − q2)

−p2 cos(q1 − q2) p3

]

and the potential energy

V (q) = p4 (cos(q1) − 1) + p5 (1 − cos(q2)) .
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Here the coefficients of the Largangian are defined by the physical parameters of the robot
(listed in Fig. 5.1) as follows

p1 = (mH +m)l2 +ma2, p2 = mlb, p3 = mb2,
p4 = (mH l +ma+ml)g, p5 = mbg .

Given the slopeψ of the walking surface, the impact surface is defined by

S =
{
q ∈ R

2 : H(q) = cos(q1 + ψ) − cos(q2 + ψ) = 0
}
. (5.2)

The impulse-effects are described by the renaming matrix

P =

[
0 1
1 0

]

(5.3)

and the reset map

Pq(q
−) =

[
p+
11 p+

12

p+
21 p+

22

]−1 [
p−11 p−12
p−21 p−22

]

(5.4)

with p6 = m · a · b, p7 = (mH · l2 + 2m · a · l),

p+
11 = p1 − p2 cos(q−1 − q−2 )
p+
12 = p3 − p2 cos(q−1 − q−2 )
p+
21 = −p2 cos(q−1 − q−2 ), p+

22 = p3

p−11 = −p6 + p7 cos(q−1 − q−2 )
p−12 = −p6, p−21 = −p6, p−22 = 0

that attributes the jump in velocities due to impact [18,26,53]; here the notations

q− = lim
τ→t−

q(τ) and q+ = lim
τ→t+

q(τ)

are used for the states right before and right after the impact.
As known, the equations (5.1) can be rewritten as (see [54])

M(q) q̈ + C(q, q̇) q̇ +G(q) = 0 (5.5)

with corresponding matrix functionsC(·) andG(·).
Our goal is to find symmetric walking gaits2 of the hybrid mechanical system (5.1).

5.3 Procedure of Finding Hybrid Limit Cycles Using Vir-
tual Holonomic Constraints

5.3.1 Notation for the parameters of a cycle

Given a shallow slopeψ, a symmetric periodic solution of (5.1) is uniquely defined by the
vector of parameters3

p⋆ =
[
a, b, c, d, e, f, g, h, T

]T

∈ R
9

2Arguments used for finding a symmetric gait are generic and can betherefore similarly applied to asym-
metric gaits.

3The parametersa andb here are not related to the notation for the physical lengthsgiven in Fig. 5.1.
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consisting of the half-periodT = Tp/2 > 0 and the following8 constants, denoting the
initial and final states,

q⋆(0+) =
[
q1⋆(0+), q2⋆(0+)

]T

=
[
a, e

]T

q̇⋆(0+) =
[
q̇1⋆(0+), q̇2⋆(0+)

]T

=
[
b, f

]T

q⋆(T−) =
[
q1⋆(T−), q2⋆(T−)

]T

=
[
c, g
]T

q̇⋆(T−) =
[
q̇1⋆(T−), q̇2⋆(T−)

]T

=
[
d, h

]T

.

(5.6)

5.3.2 Relations among the parameters of a cycle

After each step the robot experiences an impact if it hits theground, i.e. the condition
(5.2) is satisfied. It follows fromq⋆(T−) ∈ S that

cos(c+ ψ) − cos(g + ψ) = 0 . (5.7)

Note that the swing leg of a rigid two-link walker trespassesthe impact surface (5.2)
during one complete step. Following the other researchers,for our considerations, we
assume that the compass-gait robot experiences an impact only when a heel strike occurs.

The impulse effect (instantaneous change of the states), described by the second equa-
tion in (5.1) together with (5.3) and (5.4), gives the following expressions for the reset
states after impact

[
a
e

]

= P

[
c
g

]

=

[
g
c

]

and

[
b
f

]

= Pq

([
c
g

]) [
d
h

]

.

(5.8)

Solving the system of five algebraic equations (5.7) and (5.8) in terms ofa, b, d, one
obtains

g = a , c = e = −a− 2ψ

f =
b cos (2 a+ 2ψ) p2 − p6d

p3
(5.9)

h =
d(p3p7−p6p2)−b(p3p1−p

2
2 cos 2(a+ψ))

p3p6
cos 2(a+ψ) .

Solving4 the continuous-time dynamics (5.5), i.e.4 first-order differential equations, on
the time interval0 ≤ t ≤ T one can obtain4 missing relations for defining the parameters
a, b, d, andT of the cycle. So that the search of a hybrid cycle is convertedinto the search

4numerically or symbolically
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of the minimizer (the vector of parameterp∗) for the optimization problem:

min
{a,b,d,T}

{∥
∥
∥q̄(T ) −

[
c
g

]∥
∥
∥

2

+
∥
∥
∥ ˙̄q(T ) −

[
d
h

]∥
∥
∥

2

:

with (5.9) satisfied and̄q(t) being
the solution of (5.5) initiated at

q̄(0) =

[
a
e

]

, ˙̄q(0) =

[
b
f

] }

.

(5.10)

The optimization problem (5.10) is standard, and typicallysolved through numerical in-
tegration of the system dynamics (5.5). Such approach largely depends on a chosen inte-
gration method, and might be of limited use for detecting a stable cycle with small region
of attraction and for detecting unstable periodic motions.Let us develop an alternative
procedure.

5.3.3 Hunting for cycles using virtual holonomic constraints

The continuous sub-arc of a nontrivial periodic trajectoryq⋆(t) for (5.1), if exists, is a
solution of the differential equations (5.5) defined on a finite interval of time. Hence,
the evolution of the generalized coordinates along the cycle can be specified not only as
periodic functions of time

q⋆(t) = q⋆(t+ Tp) = [q1⋆(t), q2⋆(t)]
T
, ∀ t

but also as functions of a scalar variable that uniquely defines a particular point on the
continuous sub-arc of the cycle

q1⋆(t) = φ1 (θ⋆(t)) , q2⋆(t) = φ2 (θ⋆(t))
for 0 < t < T = Tp/2 .

The shape of functionsφ1(·), φ2(·) depends on the way we parameterize points on the
trajectory of the cycle in the state space of the walker, but these functions are clearly
unique for each parametrization.

If we assume that the new variableθ⋆ is one of the generalized coordinates, let say the
coordinate of stance leg, then the re-parameterization results in a new representation

q1⋆(t) = θ⋆(t), q2⋆(t) = φ (θ⋆(t)) , for 0 < t < T (5.11)

of continuous sub-arc of the cycle between two consecutive impacts. The scalar functions
θ⋆(·) andφ(·) are unknown. To derive equations with respect to these variables, we can
use the dynamics of the robot, i.e. substitute the relations5

q1 = θ, q2 = ϕ (θ) (5.12)

5Such relations between generalized coordinates of the system are known as virtual holonomic constraint,
see e.g. [46,61].
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into the Euler–Lagrange equations (5.5) and collect some terms. The straightforward
computations result into two differential equations of the2nd order for theθ-variable

α1(θ)
d2

dt2
θ + β1(θ)

[
d
dt
θ
]2

+ γ1(θ) = 0 (5.13)

α2(θ)
d2

dt2
θ + β2(θ)

[
d
dt
θ
]2

+ γ2(θ) = 0 , (5.14)

whereγ1(θ) = −p4 sin(θ), γ2(θ) = p5 sin(ϕ(θ)) and

α1(θ) = −p2 cos(θ − ϕ(θ))ϕ′(θ) + p1

β1(θ)=−p2 sin(θ−ϕ(θ))(ϕ′(θ))2 − p2 cos(θ−ϕ(θ))ϕ′′(θ)
α2(θ) = −p2 cos(θ − ϕ(θ)) + p3 ϕ

′(θ)
β2(θ) = p2 sin(θ − ϕ(θ)) + p3 ϕ

′′(θ) .

At first glance, the equations (5.13), (5.14) are similar to the Euler–Lagrange equa-
tions (5.5). Indeed, the relations (5.12) can be seen as a change of generalized coordi-
nates for the system. Meanwhile, each of the second-order nonlinear differential equa-
tions (5.13), (5.14) with respect to time, can be rewritten as a first-order linear differential
equation withθ as an independent variable:

1
2α1(θ)

d
dθ

([
d
dt
θ
]2
)

+ β1(θ)
[

d
dt
θ
]2

+ γ1(θ) = 0 (5.15)

1
2α2(θ)

d
dθ

([
d
dt
θ
]2
)

+ β2(θ)
[

d
dt
θ
]2

+ γ2(θ) = 0 (5.16)

and can be integrated [49] independent on the from of the functionsαi(·), βi(·), andγi(·),
i = 1, 2.

Lemma 1 (Integral and energy) Along any solutionθ(t) of the nonlinear system

α(θ) θ̈ + β(θ) θ̇2 + γ(θ) = 0 (5.17)

(a) the integral function

I
(

θ, θ̇, θ(0), θ̇(0)
)

= θ̇2−e

{

−
θ∫

θ(0)

2 β(τ)
α(τ)

dτ

}

θ̇2(0)+ (5.18)

+

∫ θ

θ(0)

e

{
s∫

θ

2 β(τ)
α(τ)

dτ

}

2γ(s)

α(s)
ds

preserves its zero value

I
(

θ(t), θ̇(t), θ(0), θ̇(0)
)

≡ 0

for all t ≥ 0 for which the solutionθ(t) is defined;



70 5. Paper III — Finding Gait Cycles of a Passive 2DOF Walker

(b) the energy function, if defined for some constantx,

Ex(θ, θ̇) =
1

2
e

{
θ∫

x

2β(τ)
α(τ)

dτ

}

︸ ︷︷ ︸

Ψx(θ)

θ̇2 +

θ∫

x

γ(τ)

α(τ)
Ψx(τ)dτ (5.19)

preserves its valueEx

(

θ(t), θ̇(t)
)

≡ Ex

(

θ(0), θ̇(0)
)

. In particular

Ex

(

θ(0+), θ̇(0+)
)

≡ Ex

(

θ(T−), θ̇(T−)
)

for the the time moments right after an impact and right before the next impact.

The identities in (a) and (b) can be checked via direct computations. Proof for (a) can be
found in [49]. The identity in (b) means simply that there is no change in the energy-like
function (5.19) for any solutions of (5.17) between impacts.

Both equations (5.13), (5.14) are in the form (5.17); therefore, they have two con-
served quantities (5.18) or two energies (5.19) irrespective of the particular form of the
unknown functionφ(·). Having in mind that dynamics of the walker is not completely
integrable, presence of two conserved quantities for (5.13), (5.14) is indeed surprising.
The explanation for this apparent contradiction is that theconserved quantities are not
true first integrals of the system and are solution dependent.

It is worth to observe that not only the equations (5.13), (5.14) are of the form (5.17),
but any linear combination of the equations (5.13), (5.14) with θ-dependent weights
µ1(θ), µ2(θ) has again the form of (5.17) with the coefficients





α(θ)
β(θ)
γ(θ)



 =





α1(θ) α2(θ)
β1(θ) β2(θ)
γ1(θ) γ2(θ)





[
µ1(θ)
µ2(θ)

]

.

For instance, with the weights

µ1(θ) = 1, µ2(θ) = ϕ′(θ)

one restores the true energy of the Euler–Lagrange system

E(q, q̇) =
1

2
q̇T M(q) q̇ + V (q)

when the generalized coordinates are not any but satisfy therelations (5.12), i.e.

E(q, q̇)|{q1=θ, q2=ϕ(θ), q̇1=θ̇, q̇2=ϕ′(θ)θ̇} = E0(θ, θ̇)

=
(

p1

2 − p2 cos(θ − ϕ(θ))ϕ′(θ) + p3

2 (ϕ′(θ))2
)
θ̇2

+p4

[
cos(θ) − 1

]
+ p5

[
1 − cos(ϕ(θ))

]
.

(5.20)

Here the functionE0(·) isEx(·) from (5.19) withx = 0.
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If the velocities before and after each impact are non-zero6, so thatb 6= 0 andd 6= 0,
then the boundary conditions (5.6) can be rewritten in termsof the virtual holonomic
constraint (5.11) as follows

θ⋆(0) = a, θ̇⋆(0) = b, θ⋆(T ) = c, θ̇⋆(T ) = d

ϕ(a) = e, ϕ′(a) = f
b
, ϕ(c) = g, ϕ′(c) = h

d
.

(5.21)

As Ex(·) keeps its value, see Lemma 1, one can substitute the relations (5.21) into
the function (5.20) obtain another identity between the parameters of the cycle defined in
(5.6)

E0(c, d) = E0(a, b)
(5.9)
= p1 b2

2 − p2 cos(a− e) f b

+p3 f2

2 + p4(cos(a) − 1) + p5(1 − cos(e)) .
(5.22)

As seen, it is a quadratic equation with respect tod, so at best it has two real solutions for
given values ofa andb.

Reducing the number of parameters to search for in (5.10) is not the only benefit of
using virtual constraints. Let us now reduce the number of differential equations needed
to be solved during the search: One can look at the system of differential equations
(5.13) and (5.14) as a system of algebraic equations for the two unknown functions of
time θ̇2⋆(t) and θ̈⋆(t). To derive a differential equation for the functionϕ(·) used for re-
parameterization of evolution of generalized coordinatesq⋆(t) along the cycle, consider
two cases:

• Case 1: The functionD(θ) :=
(
β1(θ)α2(θ) − β2(θ)α1(θ)

)
is separated from

zero on a sub-arc of the cycle, i.e.D(θ⋆(t)) 6= 0 for 0 ≤ t0 ≤ t ≤ t1 ≤ T .7 For
this time interval[t0, t1] the differential equations (5.13) and (5.14) can be solved
as algebraic ones w.r.t.θ̇2⋆(t) andθ̈⋆(t) as follows

θ̇2⋆ =
α2(θ⋆)γ1(θ⋆) − α1(θ⋆)γ2(θ⋆)

α1(θ⋆)β2(θ⋆) − α2(θ⋆)β1(θ⋆)
(5.23)

θ̈⋆ =
β1(θ⋆)γ2(θ⋆) − β2(θ⋆)γ1(θ⋆)

α1(θ⋆)β2(θ⋆) − α2(θ⋆)β1(θ⋆)
. (5.24)

The equation (5.23) in conjunction with the relation on the energy (5.22) rewritten
as

θ̇2 =
E0(a, b) − p4(cos(θ) − 1) − p5(1 − cos(ϕ(θ)))

p1

2 − p2 cos(θ − ϕ(θ))ϕ′(θ) + p3

2 (ϕ′(θ))2
(5.25)

results in the2nd order equation for the functionϕ(·)

ϕ′′(θ⋆) = f1
(
a, b, θ⋆, ϕ(θ⋆), ϕ

′(θ⋆)
)
, (5.26)

where the right-hand side is found by symbolic computation.

6This is a natural assumption.
7Note that the conditionD(θ⋆(t)) 6= 0 was always satisfied in our numerical studies.
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• Case 2: The functionD(θ) :=
(
β1(θ)α2(θ) − β2(θ)α1(θ)

)
is zero on a sub-arc

of the cycle, i.e.D(θ⋆(t)) ≡ 0 for 0 ≤ t0 ≤ t ≤ t1 ≤ T . For this time interval
the identityD(θ⋆(t)) ≡ 0 can be used and rewritten as differential equation forϕ.
Manipulating on (5.13) and (5.14) gives another identity which combined with the
previous yields the following first order equation

ϕ′(θ⋆) = f2
(
θ⋆, ϕ(θ⋆)

)
, (5.27)

where the right-hand side is found by symbolic computation.

The arguments above are summarized as a new procedure to find limit cycles for symmet-
ric gaits of the passive compass-gait biped:

Proposition 1 (Procedure to find limit cycles) A symmetric walking gait of the passive
compass-like robot (5.1) on a shallow slopeψ is defined in terms of 8 parameters (5.6)
representing initial and final states right after and right before impact.

(a) The renaming matrix (5.3) and the reset map (5.4) that apply to the states when
impact occurs yield 5 algebraic equations (5.9) for the parametersg, c, e, f , andh
expressed in terms of the values ofa, b, andd.

(b) Introducing the virtual holonomic constraint (5.11) allows to reparameterize a par-
ticular trajectory of (5.1) that corresponds to continuous-time dynamics between
impacts by a solution of (5.17). The initial and final states (5.6) are then given by
(5.21).

(c) Lemma 1 gives an expression for the conserved energy (5.22) between impacts,
which yields two solutions for the parameterd that can be written as functions ofa
andb.

(d) Finally, only two parametersa and b are left as variables; they are to be found
numerically as minimizers, for which the following performance index attains zero
value:

min
{a,b}

{

|ϕ̄(c) − g|2 + |ϕ̄′(c) − h/d|2 :

with (5.9) and (5.22) satisfied
and ϕ̄(θ) satisfies either (5.26) or (5.27)

initiated atϕ̄(a) = e andϕ̄′(a) = f/b
}

.

(5.28)

(e) As soon as the limit cycle is found, its period can be computed using the following
formula

T =

a∫

c

√
p1

2 − p2 cos(θ − ϕ⋆(θ))ϕ′
⋆(θ) + p3

2 (ϕ′
⋆(θ))

2

E0(a, b) − p4(cos(θ)−1) − p5(1−cos(ϕ⋆(θ)))
dθ .

Hereϕ⋆(θ) is the constraint function for the periodic motion.
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Clearly, (5.28) is simpler than (5.10). The fact that the conserved quantity (5.20) de-
pends on the functionϕ(θ) and its two derivatives point-wise, and not in a functional way
through integration, allows to reduce by one both the numberof parameters and the order
of the system of the differential equations to solve. The other reduction is due to searching
for a solution in the form without explicit dependence on time.

5.4 Results: Symmetric Gait Cycles Obtained from
Analysis

Here we elaborate the arguments of the previous section and organize the search for sym-
metric gaits of the passive walker with parameters listed inFig. 5.1. The shallow slope
for the compass-gait biped is chosen in a range ofψ ∈ (0, 6] deg which is about the same
interval as discussed in [17]. The initial conditionsq⋆(0+) and q̇⋆(0+), as well as the
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(a) Initial positionq⋆,1(0+) for the stance leg.
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(c) Initial positionq⋆,2(0+) for the swing leg.
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(d) Initial velocity q̇⋆,2(0+) for the swing leg.

Fig. 5.2: Initial conditions for the two symmetric gait cycles obtained from analysis (solidline
corresponds to stable cycles).
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half-periodT and the total energyE0 of the found symmetric gaits for this range of the
slope angle are shown in Fig. 5.2 and Fig. 5.3 as functions ofψ. As seen, two hybrid
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(a) Resulting half-periodT .
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(b) Required total energyE0.

Fig. 5.3: Half-period and total energy of the two symmetric gait cycles obtained from analysis (solid
line corresponds to stable cycles).

limit cycles are found following the proposed arguments. Itturns out that these cycles
can be distinguished by two different solutions ford, which we expected according to
Proposition 1(c). One limit cycle (represented by the dashed line in Fig. 5.2) is always
unstable. The other limit cycle (represented by the solid line in Fig. 5.2) is exponentially
orbitally stable within the intervalψ ∈ (0, ∼ 4.4) deg and unstable otherwise. For slopes
ψ ≥∼ 4.4 deg one can then notice a change in the stability properties caused by bifurca-
tion which makes the symmetric gait cycle unstable, but results in asymmetric gait cycles
for the robot.

5.5 Is Zero Dynamics Invariant for a Hybrid Walking
Gait?

For a stable walking cycle of the passive compass-gait walker, it is of interest to explore
properties of the system dynamics and especially to make some insights into mechanism
of its orbital stability. Re-parametrization of this cycleby one of generalized coordinates,
i.e. through a virtual holonomic constraint, as done above,might be a good staring point.
Indeed, the recently proposed concept ofhybrid zero dynamicsand associated control
architectures [61, 62] are explicitly based on this re-parametrization. They are among a
few control design methods that achieve orbital stabilization of walking gaits. So, it is of
interest to understand to what extend the concept ofhybrid zero dynamicsis appropriate
and relevant for naturally stable walking cycles.

To this end, consider the stable gait cycle (Fig 5.4a) withψ = 2.87 [deg] and

q⋆(0+) ≈
[
0.21689, −0.31708

]T

[rad]
q̇⋆(0+) ≈

[
− 1.08428, −0.39728

]T

[rad/s].
(5.29)
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Thevirtual holonomic constraintscorresponding to this cycle are

q⋆,1(t) = θ⋆(t), q⋆,2(t) = ϕ⋆(θ⋆(t)) , (5.30)

where the functionϕ⋆(θ⋆(t)) depicted on Fig 5.4b, is the solution of the system (5.26)
with (units omitted)

a = 0.21689, b = −1.08428, θ⋆(0) = 0.21689
ϕ(θ⋆(0)) = −0.31708, ϕ′(θ⋆(0)) = 0.36640 .
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(b) Virtual holonomic constraint.

Fig. 5.4: Symmetric gait cycle (5.29).

The hybrid zero dynamicsZ associated with the functions (5.30) is defined as a subset
of the state space of the walker dynamics

Z =
{

[q1, q2, q̇1, q̇2] : q2 = ϕ⋆(q1), q̇2 =
[

d
dq1
ϕ⋆(q1)

]

q̇1

}

(5.31)

and in the vicinity of the cycle it is a2-dimensional smooth sub-manifold of the state
space. Intersections ofZ with impact surfaceS, see (5.2), will define two curvesγ+ and
γ−. Then, invariance ofhybrid zero dynamicsconsists of two conditions:

1. Invariance ofZ with respect to the vector field of continuous-in-time part of the
walker dynamics: if initial conditions belong to a non-trivial subset ofγ+ ⊂
Z
⋂

S, then the solution of the Euler–Lagrange equations (5.1) obey to stay on
Z until the next impact occurs; ending up onγ− ⊂ Z

⋂
S.

2. Invariance ofZ with respect to the impact: an appropriate non-trivial subset of the
curveγ− is mapped by the impact update law of (5.1) into an appropriate non-trivial
subset of the curveγ+.

Below we consider both conditions for invariance separately, starting with the second one.
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5.5.1 Invariance of hybrid zero dynamics on the switching surfaces

Lemma 2 For any non-trivial symmetric gait of the compass gait walker (5.1) the associ-
ated hybrid zero dynamics is invariant with respect to the update law due to an impact.

The proof is omitted due to limitations of space. However, the arguments are generic and
can be applied for non-symmetric gaits, as well as can be readily extended for gaits of
higher-dimensional planar bipeds. It follows that the corresponding requirements on the
choice of the constraint functions in [61,62] are natural.

5.5.2 Lack of invariance of hybrid zero dynamics for the continuous-
in-time vector field

Invariance of the zero manifoldZ for the vector field of the two-link walker can be tested
through some theoretical arguments, or through computer simulation elaborated for some
cycles. At the moment, we cannot bring affirmative reasoningproving that such invariance
is hardly possible. Meanwhile, all numerical simulations strongly support the conclusion:
hybrid zero dynamics is not invariant for the continuous-in-time vector field of the walker
dynamics.
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Fig. 5.5: Desired trajectory (solid) in the subspace{q1, q̇1, q̇2} with continuous-time sub-arc
evolving between the hypersurfacesΓ+ andΓ

−
. The discrete mapping is invariant, i.e.F (γ

−
) ⊂

γ+. However, trajectories starting onγ+ other than[q⋆(t), q̇⋆(t)] do not end up inγ
−

(see dashed
and dashed-dotted trajectories), i.e. the zero dynamics, defined by thetrajectory of the cycle, are
not invariant.
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On Figs. 5.5 the motions of the two-link walker initialized at points on the curveγ+

other than[q⋆(t), q̇⋆(t)], are shown together with the target cycle (5.29), (5.30). Asseen,
the solutions do not end up on the curveγ− upon the intersecting switching surfaceΓ−.

5.6 Conclusion

The problem of finding hybrid periodic trajectories for a model of compass-gait biped
robot, consisting of a 2 DOF Euler–Lagrange dynamics and an instantaneous impact map
is studied. Straightforward computations lead to a minimization problem, which requires
finding four parameters and is based on solving a4th-order differential equation for com-
putation of the target functional.

Noticing that there must be a geometric relation between thetwo generalized coor-
dinates along the continuous-time sub-arc of any periodic trajectory, we have obtained
dynamics projected onto a manifold defined by the corresponding virtual holonomic con-
straint. We have discovered that such dynamics can be described by two independent
integrable differential equations. As a result, one can obtain a third-order differential
equation for the function describing the constraint and furthermore reduce it to a second-
order differential equation exploiting the analytical expression for one of the conserved
quantities. Our computations lead to a minimization problem, which requires finding two
parameters and is based on solving the found second-order differential equation for com-
putation of the target functional. So, the burden of numerical computations is reduced in
half.

We have verified that the proposed computational procedure does work and allows
finding stable as well as unstable limit cycles for a reasonable range of the slopes of the
walking surface.

We have also studied applicability of the concept of hybrid zero dynamics. It has
been shown that, in general, the corresponding two-dimensional manifold induced by the
periodic trajectory is not invariant. It is of interest to notice that the discovered absence of
invariance is in the continuous part of the dynamics while inthe discrete part invariance
is always naturally present.

We believe that our approach is generalizable to a description of a passive walking
biped in the form of a system of Euler–Lagrange equations of arbitrary order with an
instantaneous updating law modeling impact with the walking surface. However, it is left
for future investigations.
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How Springs Can Help to Stabilize Motions of Underactuated Systems with Weak
Actuators

Abstract — In the field of robotics the energy spent for actuation is always an issue.
It is often the case that some desired motions cannot be achieved by the robot due to
limitations in actuation power. We suggest a simple solution to the problem: complement
the actuators by some configuration of mechanical springs which delivers a torque profile
that is well-tuned for the desired robot motion. As a result,the control effort for the
original actuator will be reduced. In this case study we consider an underactuated planar
two-link robot for experimental demonstration of the concept. The virtual holonomic
constraints approach serves as analytical tool to parameterize, plan, and stabilize desired
periodic motions.

Keywords — Motion Planning, Virtual Holonomic Constraints, Springs, Underactu-
ated Mechanical Systems

6.1 Introduction

Motion planning and feedback controller design are key issues in robotics. The appli-
cation area of todays robots is broad: it covers manipulation tasks for standard robot
arms, legged locomotion of mechanically sophisticated machines, robotic prosthetics and
exoskeletons, etc. Naturally, the achievable performanceof feedback controlled robots
depends to a large extent on the power of available actuators. However, the actuators
are normally chosen according to constraints in the construction, such as limited space,
minimal mass, and power consumption. It means that many motions planned analytically
based on appropriate models and confirmed throughout simulations might not be realiz-
able in experiments. There are always some desired motions that require actuation power
which is hardly feasible for the robot. That is why we are interested to answer the follow-
ing question. Is it possible to improve the actuation range by introducing some passive
mechanical elements in parallel to the original actuator?

Springs are simple mechanical devices that offer great functionality at low cost. They
are commonly applied in machines to exert force, to provide flexibility, and to store or
absorb energy [43]. Therefore, springs are particularly attractive to be used as comple-
mentary source of torque. The main task is to design a spring configuration that gives a
torque profile somewhat close to the one that is required for aparticular motion. As a
result, the original actuator is mainly stabilizing this motion while the springs generate
most of the nominal torque required.

This paper shows how to take advantage of mechanical springsto complement a com-
parably weak DC motor. The aim is to generate periodic motions of an underactutated
planar two-link robot, the so-called Pendubot. Motion planning and control design of un-
deractuated systems is clearly more challenging compared to the case when all degrees of
freedom are actuated. Here, the main objective is to reduce the control efforts by augment-
ing the actuation with contributive spring torques. The Pendubot and the installed spring
assembly are depicted in Fig. 6.1. Corresponding system dynamics as well as properties
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of the spring assembly are presented in Section 6.2 and Section 6.3.
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Fig. 6.1: Pendubot with spring assembly from Umeå University. The robot was designed and built
by A. Sandberg and S. Elmå.

The virtual holonomic constraints approach, recently developed in [48], is used in
Section 6.4 and Section 6.5 as analytical tool to parameterize, plan, and stabilize de-
sired periodic motions for the Pendubot. The underlying theory has been already applied
in [14]. However, in this paper the focus lies on the contribution of springs complemen-
tary to the actuator which plays a role in the motion planningas well as in the feedback
control action. Experimental results for a particular periodic motion are finally shown in
Section 6.6 and conclusions are drawn in Section 6.7.
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6.2 Pendubot Dynamics

The dynamics of the planar two-link manipulating robot withactuation only on first link
q1 and a non-actuated linkq2 is given by [51]

M(q)

[
q̈1
q̈2

]

+ C(q, q̇)

[
q̇1
q̇2

]

+G(q) =

[
τ
0

]

(6.1)

with the inertia matrix

M(q) =

[
p1 + p2 + 2p3 cos(q2) p2 + p3 cos(q2)

p2 + p3 cos(q2) p2

]

,

the matrix corresponding to Coriolis and centrifugal forces

C(q, q̇) =

[
−p3 sin(q2)q̇2 −p3 sin(q2)(q̇1 + q̇2)
p3 sin(q2)q̇1 0

]

,

and the gravitational torque vector

G(q) =

[
p4 cos(q1) + p5 cos(q1 + q2)

p5 cos(q1 + q2)

]

.

The physical model parameters, given in Table 6.1, are combined to

p1 = m1r
2
1 +m2l

2
1 + Jc1 = 0.0319 kg m2

p2 = m2r
2
2 + Jc2 = 0.0092 kg m2

p3 = m2l1r2 = 0.01 kg m2

p4 = (m1r1 +m2l1)g = 1.2954 Nm
p5 = m2r2g = 0.3915 Nm .

Lengths, masses, and distances to the respective centers ofmass are measured, while
corresponding inertias are identified experimentally.

Table 6.1: Physical Parameters of the Setup

Parameter First Link Second Link
Length l1 = 0.25 m l2 = 0.25 m
Mass m1 = 0.374 kg m2 = 0.232 kg
Distance to CoM r1 = 0.198 m r2 = 0.172 m
Inertia about CoM Jc1 = 0.0027 kg m2 Jc2 = 0.0023 kg m2

Gravitational constant g = 9.81 m/s2

Spring assembly r1 = r4 = 0.045 m , r2 = r3 = 0.03 m
L0 = 0.055 m

The actuator in our setup is quite weak, with a maximum torqueof 0.22 Nm, compared
to the rather big masses to be accelerated. We will clearly face performance problems for
some desired motions. Therefore, a spring assembly is installed in parallel to the motor to
enhance the overall actuation. However, the spring configuration must be well-tuned for
a particular motion.
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6.3 Spring Assembly

Numerous compression springs can be installed in the springassembly as shown in Fig. 6.2.
The torque about the first link joint that is delivered by the individual springs on the bot-
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Fig. 6.2: Front view at the spring assembly.

tom{c1B , c2B , c3B , c4B} and on the top{c1T , c2T , c3T , c4T } is computed as follows

τc(ϕ) =







τc1T
(ϕ) + τc2T

(ϕ)
+τc3B

(ϕ) + τc4B
(ϕ)

}

for ϕ < 0

−τc1B
(ϕ) − τc2B

(ϕ)
−τc3T

(ϕ) − τc4T
(ϕ)

}

for ϕ > 0 ,
(6.2)

where fori = 1..4

τci{B,T}
(ϕ)=Fi{B,T} cos

(

|ϕ| + arccos
(

L0−sin(|ϕ|)ri

si{B,T}

))

ri

Fi{B,T}(ϕ) = ci{B,T}(L0 − si{B,T})

siB(ϕ) =
√

(L0 − sin(|ϕ|)ri)2 + (ri(1 − cos(ϕ)))2

{s1T = s4B , s2T = s3B , s3T = s2B , s4T = s1B} .

In the coordinate system of the Pendubot, the angleϕ is given by

ϕ = π/2 + q1 .

The generated torque w.r.t. the angleϕ is shown in Fig. 6.3 exemplified for a configuration
of some standard springs [35]c1B = c4B = 471 N/m andc2B = c3B = 471 N/m,
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Fig. 6.3: Generated torque of two standard springs with a constant of471 N/m when symmetrically
installed on the inner or outer lever.

respectively. Note that installing the same springs at the top of the spring assembly instead
of the bottom results in the same torque function.

It is clear that the dynamics of our original system (6.1) changes by installing some
springs acting on the first link. It is basically the same as introducing an additional poten-
tial torque, i.e. the gravitational torque vector changes accordingly to

Gc(q) = G(q) −

[
τc(q1)

0

]

. (6.3)

This fact does not influence motion planning for our mechanical system, presented in the
next section, but it necessarily plays some role in the feedback control action.

6.4 Motion Planning

6.4.1 Concept of Virtual Holonomic Constraints

The virtual holonomic constraints approach is a generic tool for motion planning and
control, especially for underactuated systems. The main idea is to reparameterize any
somewhat coordinated motion as a geometric function of the generalized coordinates.
If this function is preserved by some control action along solutions of the closed-loop
system2, it is calledvirtual holonomic (geometric) constraint. In particular, one has to
chose a coordinate or possibly a scalar function of coordinates (for instance path length)
as an independent variableθ that parameterizes the motion with respect to time. Then,

2Provided that initial conditionsq0 are chosen to satisfy the constraint.
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the virtual holonomic constraint takes the form







q1
q2
...
qn








= Φ(θ) =








φ1(θ)
φ2(θ)

...
φn(θ)








(6.4)

with n = dimq. Note that the function (6.4) can be shaped either by observation of some
real motion or by some analytical design procedure.

Suppose that there exists a control lawu∗ for the controlled input torquesB(q)u of
the underactuated Euler–Lagrange system that makes the virtual holonomic constraint
(6.4) invariant, then, the overall closed-loop system can be represented by reduced order
dynamics3 of the form

α(θ) θ̈ + β(θ) θ̇2 + γ(θ) = 0 . (6.5)

Hence, solutions of that virtually constrained system define achievable motions of the
robot with precise synchronization given by (6.4). It meansthat the whole motion is
parameterized by the evolution of the chosen configuration variableθ. The smooth func-
tions α(θ), β(θ) andγ(θ) of the reduced dynamics (6.5) can be computed as follows
from [48, Prop. 2]:

α(θ) = B⊥M (Φ(θ)) Φ′(θ)

β(θ) = B⊥
[

C (Φ(θ),Φ′(θ)) Φ′(θ) +M (Φ(θ)) Φ′′(θ)
]

γ(θ) = B⊥G (Φ (θ)) ,

whereB⊥ is associated with the non-actuated coordinate of the givensystem—in case
of the PendubotB⊥ =

[
0 1

]
. Note that the reduced order dynamics (6.5) is always

integrable, providedα(θ) 6= 0, which is an useful property. Specifically, the integral
function

I(θ, θ̇, θ0, θ̇0) = θ̇2 − exp

{

−2

∫ θ

θ0

β(τ)

α(τ)
dτ

}

θ̇20

+

θ∫

θ0

exp

{

−2

∫ θ

s

β(τ)

α(τ)
dτ

}

2 γ(s)

α(s)
ds

(6.6)

preserves its zero value along a solutionθ(t) of (6.5), initiated at(θ(0), θ̇(0)) = (θ0, θ̇0)
[49]. Note that (6.6) can serve as a measure of distance to a desired trajectory for the
reduced system [45].

Eventually, one can also compute the nominal control inputu∗ required to render a
desired solutionθ = θ∗(t) of (6.5) assuming perfectly imposed virtual holonomic con-
straints:

B(q)u = [M(q)q̈ + C(q, q̇)q̇ +G(q)]| q = Φ(θ)

q̇ = Φ′(θ)θ̇

q̈ = Φ′′(θ)θ̇2 + Φ′(θ)θ̈ .

(6.7)

3The dimension depends on the degree of underactuation; the differential equation is scalar in the case of
underactuation degree one where dimq − dimu = 1.
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6.4.2 Periodic Motions of the Pendubot

The procedure to find periodic motions of the Pendubot is described next. The first step
is to define some virtual holonomic constraint (6.4), e.g. polynomial function of some
order. Defining a linear relation between the coordinatesq1 andq2, and choosingq2 as
the independent parameterization variableθ gives us

Φ(θ) =

[
q1
q2

]

=

[
q10 + k(θ − q20)

θ

]

. (6.8)

For such a choice, existence of small periodic orbits of (6.5) around a chosen equilibrium
(q10, q20) has been proved in [49] and is discussed in [14] for the Pendubot.

Let us focus on periodic motions about thedownward-downward equilibriumof the
Pendubot, i.e.

(

q10 = −
π

2
, q20 = 0

)

. (6.9)

Such type of oscillation has an apparent resemblance to a swing leg motion during human
walking gaits—as an abstraction of the swinging leg, one can view the upper leg being
actuated at the hip joint while the lower leg is not or at most weakly actuated by the knee.
With the choice of

k = 0.4 (6.10)

in the linear relation of the virtual holonomic constraint (6.8), we obtain closed trajecto-
ries for the reduced dynamics (6.5) around the equilibrium (6.9) as shown in Fig. 6.4a. All
these periodic orbits represent achievable motions of the Pendubot with certain amplitude
and period. Not all of those, however, could be easily stabilized by the present actuator.
The torque required for any desired motion is simply computed by (6.7). The torque pro-
files associated to solutions of the reduced dynamics (depicted in Fig. 6.4a) are shown in
Fig. 6.4b with respect to the actuated angleq1—this representation can be advantageously
used to shape the complementary actuation torques of the spring assembly.

Considering the necessary torques for achievable motions requires also a closer look
at the available actuation power. In our setup there is a saturation level for the maximum
torque of the motor

τmax = 0.22 Nm ,

i.e. not all motions depicted in Fig. 6.4 are feasible. Let uschoose the following time
periodic solution of (6.5) with virtual holonomic constraints (6.8)–(6.10)

θ∗(t) :

{

(θ∗(0), θ̇∗(0)) = (0.65 rad, 0 rad/s)
T = 1.1336 s.

(6.11)

that can be still performed within the available actuation power (see bold line in Fig. 6.4).
The main task now is to tune the passive elements of the springassembly (see Sec-

tion 6.3) for the particular trajectory defined by (6.11). Weaim at reducing the control
effort on the original actuator by contributive spring torques.
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(a) Phase portrait for various solutions of the reduced dynamics.
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(b) Required torques w.r.t. the actuated angleq1 for various solutions of the reduced
dynamics. Saturation levels of the actuator are shown as well.

Fig. 6.4: Virtually constrained periodic motions of the Pendubot about the downward-downward
equilibrium with(q10 = −π

2
, q20 = 0) andk = 0.4. The bold line represents the desired motion.

6.4.3 Contribution of Springs to the Required Torque

A qualitative plot of torques generated by standard compression springs is already shown
in Fig. 6.3. There are various configurations for the spring assembly and we have to select
one that gives a reasonable curve close to the required torque τ∗ for the desired periodic
motion given by (6.11). Choosing some standard springs from[35]

c1B = c4B = 471 N/m (6.12)
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Fig. 6.5: Reduction of torque and mechanical power for the desired motion by introducing addi-
tional spring actuators.

gives such functionτc in the interval ofq1 relevant for the motion. Since the springs
become part of the control input to the first link, the motor will only have to give a reduced
torque

τred = τ∗ − τc . (6.13)
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In Fig. 6.5a it can be seen that the reduced motor torque is much less than the required
torque for the motion by introducing the springs as additional actuator. Looking at the
absolute mechanical power (see Fig. 6.5b) that was used overone period it becomes even
more obvious that there has been a remarkable reduction of energy expenditure to

PN
red,T =

∫ T

t=0
|τredq̇1∗| dt

∫ T

t=0
|τ∗ q̇1∗| dt

= 26% .

6.4.4 Generic Motion Planning Procedure with Subsequent Spring
Selection

Let us summarize the procedure of parameterizing a particular motion and the subsequent
selection of springs by the following steps:

1. Find a virtual holonomic constraint (6.4) for synchronization among the generalized
coordinates (analytically or by observation).

2. Choose a desired trajectory of the reduced order closed-loop dynamics (6.5).

3. Compute the nominal torque associated to the desired trajectory (6.7).

4. Select or design mechanical springs that contribute to the required actuation torque.

Of course, the whole motion-planning procedure is based on the assumption that vir-
tual constraints can be imposed on the system dynamics by a feedback control action.
This will be briefly discussed in the next section.

6.5 Control Concept with Springs

The design step following the motion planning is the synthesis of a feedback controller
with the objective to achieve contraction to the desired trajectory and to diminish effects
of disturbances, uncertainties in modeling, errors in parameter estimates, etc. Here, we
suggest a controller that is designed based on a transverse linearization along the desired
trajectory. The derivations for the feedback control law are shown in the Appendix, where
the controlled torque is given as

τk = f(q, q̇, v) .

Recall that the dynamics of the Pendubot (6.1) changes in terms of (6.3) by installing
some springs acting on the first link. In fact, the torqueτc that is generated by springs
can be interpreted as mechanical feedback. It means that thecontrolled torqueτ to the
original dynamics is now composed by

τ = τc + τk . (6.14)

A general schematic of the control concept with springs is depicted in Fig. 6.6. Eventually,
we expect a significant reduction of mechanical power to be delivered by the motor when
the actuation is complemented by some well-tuned springs.
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Fig. 6.6: Schematic of the control concept with mechanical feedback from springs.

6.6 Experimental Results

The experiment is carried out with a real-time platform of the type dSPACE 1104. The
angular positionsq1 andq2 of the two links are measured by encoders with resolutions of
4096 and 3600 pulses per revolution, respectively. The angular velocities are estimated
as ˆ̇q1 and ˆ̇q2 based on second order high-gain linear observers [29]. In order to apply the
feedback control law (see Appendix) for our desired periodic motion (6.11), one has to
find a stabilizing solution of the dynamic Riccati equation.SuchR(t) was found for the
weighting matrices

Q = diag(1, 1, 0.1) and Γ = 1 .

Since there are frictional torques present in the real setup, one has to apply a friction
compensation scheme. While there is significant friction in the first link joint, mostly
induced by the motor, the friction in the second link joint isassumed to be negligible. In
our case we use a a static map with estimated Coulomb and viscous properties:

τF = FCsign(ˆ̇q1) + FV
ˆ̇q1 ,

where the levels of Coulomb friction are different for positive and negative velocities

FC =

{
FCp for ˆ̇q1 > 0

FCn for ˆ̇q1 < 0 .

The following values were identified in experiments:

FCp = 0.021 Nm , FCn = 0.014 Nm , FV = 0.002 Nm s.

In Fig. 6.7–6.8 the experimental results are shown. The controller was able to stabilize
the desired virtually constrained motion (6.11) utilizingthe springs (6.12) as additional
actuator. The applied motor torque shows a hysteresis behavior around the ideally reduced
torque which is due to the presence of friction, model uncertainties, delay, etc. However,
the springs reduce the motor torque significantly. In fact, the desired motion could not
even be achieved in praxi without springs because of the saturation levels of the motor.
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Fig. 6.7: Experimental results (part 1) of virtually constrained oscillations generated by a reduced
torque from the motor utilizing the spring assembly with the standard constantsc1B = c4B =

471 N/m.
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(a) Achieved phase portrait for the desired solutionθ of the reduced dynamics (time
span 30 s).
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(b) Achieved virtual holonomic constraint (time span 30 s).

Fig. 6.8: Experimental results (part 2) of virtually constrained oscillations generated by a reduced
torque from the motor utilizing the spring assembly with the standard constantsc1B = c4B =

471 N/m.

6.7 Conclusions

In this paper we demonstrated the use of mechanical springs as passive actuators in con-
cert with a comparably weak DC motor to generate periodic motions of an underactutated
planar two-link robot. The main objective of reducing the control efforts with contributive
spring torques was shown. The virtual holonomic constraints approach serves as analyti-
cal tool to parameterize, plan, and stabilize desired motions. The suggested control design
procedure is based on a transverse linearization along a desired trajectory. During the mo-
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tion planning process one can realize a feasible range of motions within given saturation
levels of the actuators. By installing a suitable configuration of springs that gives approxi-
mately the required torque for the desired motion, it is possible to reduce the control effort
and consequently the power consumption of the original actuator significantly. This claim
was verified in experiments for a particular periodic motion.

Appendix: Suggested Stabilizing Controller

The key procedure to derive the stabilizing controller for the Pendubot is presented below.
The method is based on a transverse linearization along a desired trajectory proposed
in [45,48].

Let us introduce new independent coordinates for the Pendubot (6.1):

y = q1 − φ1(θ) and θ ,

where zero value ofy satisfies the virtual holonomic constraints defined in (6.4)and (6.8).
The first and second time derivatives ofy andθ are related to the original coordinatesq
and their time derivatives as follows

q̇ = L(θ, y)

[
ẏ

θ̇

]

, q̈ = L(θ, y)

[
ÿ

θ̈

]

+ L̇(θ, y)

[
ẏ

θ̇

]

where L(θ, y) =

[
1 φ′1(θ)
0 1

]

.

Hence, the dynamics ofy can be written as

ÿ = R(y, θ, ẏ, θ̇) +N(y, θ) τ = v

where

R = [1, 0] L−1M−1(q)

(

−C(q, q̇)q̇ −G(q) − L̇

[
ẏ

θ̇

])∣
∣
∣
∣ q = Φ(θ)

q̇ = L

[
ẏ

θ̇

]

N = [1, 0] L−1M−1(q)
∣
∣
q=Φ(θ)

and the feedback transformation

τ = N−1(y, θ)
[

v −R(y, θ, ẏ, θ̇)
]

(6.15)

results in a virtual control variablev.
Differentiating the integral function (6.6) along the trajectories of (6.5), one obtains

dynamics transversal to solutionsθ(t) [45,48]

d
dt
I(·) = 2θ̇

α(θ) [gy(·)y + gẏ(·)ẏ + gv(·)v − β(θ)I(·)]

ÿ = v .
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Eventually, the controller design can be based on the linearization along a desired solution
θ∗(t)—a linear time-variant comparison system called transverselinerarization:

d
dt
z = A(θ∗(t), θ̇∗(t))z + b(θ∗(t), θ̇∗(t))v
z = [δI, δy, δẏ]T

with the time-variant periodic matrix functions

A(θ(t), θ̇(t)) =





a11(θ, θ̇) a12(θ, θ̇) a13(θ, θ̇)
0 1 0
0 0 0





bT (θ(t), θ̇(t)) =
[

b1(θ, θ̇) 0 1
]

a11(θ, θ̇) = − 2θ̇β(θ)
α(θ) , a12(θ, θ̇) =

2θ̇gy(θ,0)
α(θ)

a13(θ, θ̇) =
2θ̇gẏ(θ,θ̇,0)

α(θ) , b1(θ, θ̇) = 2θ̇gv(θ)
α(θ) .

Exponential orbital feedback stabilization will be achieved using a solution of the contin-
uous time-periodic dynamic Riccati equation

Ṙ(t) +A(t)TR(t) +R(t)A(t) +Q = R(t)B(t)Γ−1B(t)TR(t)

with appropriately chosen weighting matricesQ ≥ 0 andΓ > 0. In order to use such
stabilizing solutionR(t) for any θ(t) close to the desired trajectoryθ∗(t), we have to
introduce an operatorPt, that is, projecting points of the phase plane(θ, θ̇) onto a curve
C∗ defined by(θ∗, θ̇∗) of the reduced system:

Pt : [θ, θ̇] → C∗

C∗ =
{

[θ∗(t), θ̇∗(t)], t ∈ [0, T ]
}

.

Another operator
T∗ : C∗ → [0, T ]

gives the corresponding time stamp from[0, T ] for the point of the curveC∗. The feedback
control law

v(t) = −Γ−1 b(θ, θ̇)T R
(

T∗

(

Pt([θ, θ̇])
))





I
y
ẏ



 (6.16)

guarantees convergence for the nonlinear system within a vicinity of the desired trajectory
[45,48].



A Integral Function of Reduced
Dynamics

The scalar reduced dynamics

α(θ) θ̈ + β(θ) θ̇2 + γ(θ) = 0

can be rewritten as

θ̈ +
β(θ)

α(θ)
θ̇2 +

γ(θ)

α(θ)
= 0 (A.1)

provided thatα(θ) 6= 0. The change of variable

Y = θ̇2 (A.2)

with
dY

dt
=
dY

dθ

dθ

dt
=
dY

dθ
θ̇ = 2θ̇θ̈

gives

θ̈ =
1

2

dY

dθ
. (A.3)

Substituting (A.2) and (A.3) into (A.1) yields a nonhomogeneous ordinary differential
equation of first order forY

d

dθ
Y + p(θ)Y = q(θ) , (A.4)

where

p(θ) = 2
β(θ)

α(θ)
and q(θ) = −2

γ(θ)

α(θ)
.

The homogeneous solution of (A.4) is found by separation of variables and integration
betweenθ0 andθ:

Y ′

Y
= −p(θ)

ln |Y | − ln |Y0| = −

∫ θ

θ0

p(τ)dτ

Yh = exp

{

−

∫ θ

θ0

p(τ)dτ

}

Y0 .

(A.5)
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The particular solution of (A.4) can be derived by variationof the constantY0 as follows:

Y = exp

{

−

∫ θ

θ0

p(τ)dτ

}

z(θ)

d

dθ
Y = −p(θ) exp

{

−

∫ θ

θ0

p(τ)dτ

}

z(θ) + exp

{

−

∫ θ

θ0

p(τ)dτ

}

d

dθ
z(θ) ,

(A.6)
substituting (A.6) into (A.4) and integrating betweenθ0 andθ

d

dθ
z(θ) = exp

{
∫ θ

θ0

p(τ)dτ

}

q(θ)

z(θ) =

∫ θ

θ0

exp

{∫ s

θ0

p(τ)dτ

}

q(s)ds ,

(A.7)

and substituting the last expression of (A.7) into the first expression of (A.6)

Yp = exp

{

−

∫ θ

θ0

p(τ)dτ

}
∫ θ

θ0

exp

{∫ s

θ0

p(τ)dτ

}

q(s)ds

Yp =

∫ θ

θ0

exp

{

−

∫ θ

s

p(τ)dτ

}

q(s)ds .

(A.8)

Finally, the general solution of (A.4) is given by the sum of the homogeneous and partic-
ular solution from (A.5) and (A.8)

Y = Yh + Yp

Y = exp

{

−

∫ θ

θ0

p(τ)dτ

}

Y0 +

∫ θ

θ0

exp

{

−

∫ θ

s

p(τ)dτ

}

q(s)ds

Y = exp

{

−2

∫ θ

θ0

β(τ)

α(τ)
)dτ

}

Y0 −

∫ θ

θ0

exp

{

−2

∫ θ

s

β(τ)

α(τ)
dτ

}

2γ(θ)

α(θ)
ds .

(A.9)
Thus, we can formulate the integral function of the reduced dynamics by substituting
(A.2) into (A.9), which yields

I(θ, θ̇, θ0, θ̇0) = θ̇2 − exp

{

−2

∫ θ

θ0

β(τ)

α(τ)
dτ

}

θ̇20

+

θ∫

θ0

exp

{

−2

∫ θ

s

β(τ)

α(τ)
dτ

}

2 γ(s)

α(s)
ds .

(A.10)



B Energy-like Function of
Reduced Dynamics

Multiplying the scalar reduced dynamics

α(θ) θ̈ + β(θ) θ̇2 + γ(θ) = 0

by the scalar integrating factorµ(θ) yields

µ(θ)α(θ) θ̈ + µ(θ)β(θ) θ̇2 + µ(θ)γ(θ) = 0 . (B.1)

Let us rewrite (B.1) in the form of Lagrangian dynamics as

d

dt

[

∂L(θ, θ̇)

∂θ̇

]

−
∂L(θ, θ̇)

∂θ
= 0 (B.2)

with the Lagrangian given by

L(θ, θ̇) =
1

2
M(θ) θ̇2 − V (θ)

and the total energy being

Ex(θ, θ̇) =
1

2
M(θ) θ̇2 + V (θ) , (B.3)

where now
M(θ) = µ(θ)α(θ)

V (θ) =

∫ θ

x

µ(τ)γ(τ) dτ .

It follows from (B.2)

d
dt

(

µ(θ)α(θ)θ̇
)

+ µ(θ)γ(θ) = 0

µ(θ)α(θ)θ̈ + (µ(θ)α′(θ) + µ′(θ)α(θ)) θ̇2 + µ(θ)γ(θ) = 0

which defines the equation for the coefficient

µ(θ)β(θ) = µ(θ)α′(θ) + µ′(θ)α(θ) .
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After separating the variables

µ′(θ)

µ(θ)
=
β(θ)

α(θ)
−
α′(θ)

α(θ)

and integrating betweenx andθ we get

µ(θ) =
α(x)µ(x)

α(θ)
exp

{
∫ θ

x

β(τ)

α(τ)
dτ

}

. (B.4)

Substituting (B.4) into the energy expression (B.3) withµ(x)α(x) = 1 yields finally

Ex(θ, θ̇) =
1

2
exp

{
∫ θ

x

β(τ)

α(τ)
dτ

}

θ̇2 +

∫ θ

x

γ(τ)

α(τ)
exp

{∫ τ

x

β(s)

α(s)
ds

}

dτ . (B.5)



C Invariant Tubing
Neighborhood of a Desired
Finite-time Trajectory

We consider the linear closed-loop system (2.1) with the feedback control law (2.3), where
R(t) is a positive definite solution of the continuous time-varying dynamic Riccati equa-
tion (2.2). One can formulate the Lyapunov function

V (t) = z(t)TR(t)z(t) (C.1)

and its time derivative

V̇ (t) = ż(t)TR(t)z(t) + z(t)TR(t)ż(t) + z(t)T Ṙ(t)z(t) (C.2)

in order to assess the behavior of trajectories in the neighborhood of the desired motion.
Substituting the state equation (2.1) and the differentialRiccati equation (2.2) into (C.2)
yields

V̇ (t) = z(t)T
[
A(t)T −R(t)B(t)(Γ−1)TB(t)T

]
R(t)z(t)

+z(t)TR(t)
[
A(t) −B(t)Γ−1B(t)TR(t)

]
z(t)

+z(t)T
[
R(t)B(t)Γ−1B(t)TR(t) −A(t)TR(t) −R(t)A(t) −Q

]
z(t)

= z(t)T
[
−R(t)B(t)(Γ−1)TB(t)TR(t) −Q

]
z(t) .

It can be shown thatR(t)B(t)(Γ−1)TB(t)TR(t) > 0 such that the inequality

V̇ (t) ≤ −z(t)TQz(t) ≤ −δ |z(t)|
2 (C.3)

with someδ > 0 holds. It means that the solution of (2.1), (2.3) is kept within the tube
around the desired trajectory defined by sets

z(t)TR(t)z(t) ≤ c

for somec > 0.
How to derive the statement (C.3) for the case of nonlinear dynamics is demonstrated

in [48]. The invariant neighborhood of the desired trajectory is visualized in Fig. 2.2,
wherePt andτ∗ are projection operators.
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