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Abstract. This thesis consists of four papers, three papers about modelling animal pop-
ulations and one paper about an area integral estimate for solutions of partial differential
equations on non-smooth domains. The papers are:

I. Å. Brännström, Single species population models from first principles.

II. Å. Brännström and D. J. T. Sumpter, Stochastic analogues of deterministic single species
population models.

III. Å. Brännström and D. J. T. Sumpter, Coupled map lattice approximations for spatially
explicit individual-based models of ecology.

IV. Å. Brännström, An area integral estimate for higher order parabolic equations.

In the first paper we derive deterministic discrete single species population models with
first order feedback, such as the Hassell and Beverton-Holt model, from first principles.
The derivations build on the site based method of Sumpter & Broomhead (2001) and
Johansson & Sumpter (2003). A three parameter generalisation of the Beverton-Holt model
is also derived, and one of the parameters is shown to correspond directly to the underlying
distribution of individuals.

The second paper is about constructing stochastic population models that incorporate
a given deterministic skeleton. Using the Ricker model as an example, we construct sev-
eral stochastic analogues and fit them to data using the method of maximum likelihood.
The results show that an accurate stochastic population model is most important when the
dynamics are periodic or chaotic, and that the two most common ways of constructing
stochastic analogues, using additive normally distributed noise or multiplicative lognor-
mally distributed noise, give models that fit the data well. The latter is also motivated on
theoretical grounds.

In the third paper we approximate a spatially explicit individual-based model with a
stochastic coupled map lattice. The approximation effectively disentangles the deterministic
and stochastic components of the model. Based on this approximation we argue that the
stable population dynamics seen for short dispersal ranges is a consequence of increased
stochasticity from local interactions and dispersal.

Finally, the fourth paper contains a proof that for solutions of higher order real ho-
mogeneous constant coefficient parabolic operators on Lipschitz cylinders, the area integral
dominates the maximal function in the L2-norm.
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Introduction

This thesis is about mathematical modelling of animal populations. The primary

aim is not to predict change of specific populations, but to provide general insight

into how individual behaviour, dispersal and response to environmental change ef-

fect population change over time. The subject of study is always single species

populations, since I feel firmly that this case should be understood before it makes

sense to add further complexity.

Mathematical modelling is a general way of studying population change, and

one with an interesting history (see for example Kingsland, 1995), but it is not the

only way. Substantial insight can also be gained from statistical analysis of observed

data and from carefully planned experiments (Turchin, 2003). I believe that for

real progress to be made, these approaches have to be used complementarily. A

mathematical model disconnected from ecological reality is of doubtful use, and

so are any number of observed quantities or experimental results if they cannot

be understood in a more general theoretical framework. Most of the material in

this thesis is aimed at establishing a link between animal behaviour and population

models, thus bridging some of the gap between observations and theory.

Making sense of population models

It is common practice to name population models after the authors that first pro-

posed them. The models in this thesis therefore have names such as the Ricker,

Beverton-Holt and Skellam model, and they are all examples of models based on dif-

ference equations. Such models are realistic for populations with non-overlapping

generations that reproduce at discrete times, a situation not uncommon in nature

because of seasonal change. While models based on difference equations can be

quite complex, assuming dependence only on the previous generation leads to a

rather simple form

at+1 = atg(at ) (1)
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where g has a natural interpretation as the net reproductive rate per individual.

When the population is small, growth is usually exponential and can be modelled

by taking g constant, but exponential growth cannot continue forever. As the pop-

ulation increases, so does competition for what is ultimately a limited amount of

resources, and hence the reproductive rate g decreases. This is known as density

dependence. Depending on how this occurs the population may settle to an equi-

librium value, change periodically or even change chaotically in size. The Ricker

model, for which g(at ) = b exp(−at/n), can be used to model all these cases.

With its richness of dynamical behaviour, the Ricker model is a good choice for

ecological forecasting. Use of the Ricker model can be motivated on phenomeno-

logical grounds, as a tool to forecast population change, but this is in my opinion

somewhat unsatisfactory since it does not lead to insight into how population dy-

namics arise as a consequence of individual behaviour. From a modellers point of

view, it would be more satisfying to show that the Ricker model is a consequence

of individual behaviour. This is indeed the case; it can be derived under assump-

tions valid in the fisheries, as a consequence of heavy cannibalization of juveniles by

adults during a short period after birth (Thieme, 2003; Yodzis, 1989).

The Ricker model has also been derived by Royama (1992) and Sumpter &

Broomhead (2001), under the assumption that individuals are distributed uni-

formly and compete locally for resources. Their respective settings differ somewhat,

with Royama (1992) considering competition in continuous space and Sumpter &

Broomhead (2001) competition among discrete resource sites, but as I show in the

first paper of this thesis, Single species population models from first principles, they

are essentially equivalent. The derivation of the Ricker map by these authors was

new, but their methods were not. They had appeared earlier in a series of papers

by Pacala & Silander (1985) and a paper by Skellam (1951), in both cases in the

context of plant competition. Recently, Johansson & Sumpter (2003) significantly

improved the theoretical understanding of these derivations, by considering general

competition and approximations with stochastic dynamical systems.

One common assumption underlying all the above papers is that individuals are

distributed uniformly, such that any individual is equally likely to be found at any

region of space, or at any resource site. This need not be the case, however. Some

sites could for example be preferred over others, or simply easier to find. In Single
species population models from first principles I revoke this assumption and consider a

situation where the probabilities of finding (or selecting) specific sites are distributed

according to a well-known statistical distribution know as the Gamma distribution.

The number of individuals at a given site is then distributed negative binomially.
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This greatly extends the number of population models that can be derived from first

principles.

Deriving population models from first principles is important as it shows how

specific population models arise from individual behaviour and dispersal. It also

gives insight into the biological meaning of parameters, something that may prove

valuable when fitting models to data or when studying their dynamical proper-

ties. However, due to the explicitness of the underlying assumptions, the situations

where we can readily apply these conclusions are limited to those resembling the

conditions from which they were originally derived. This includes many situations

in nature, but far from all. Thus, they cannot be said to provide a truly general

framework in which most observation and empirical data can be interpreted and

understood, although they can inspire attempts to construct one.

In an attempt to build a more general framework, several authors argue that

populations change according to certain principles or ‘laws’ (Ginzburg, 1986; Berry-

man, 1999; Turchin, 2003; Colyvan & Ginzburg, 2003). One example of such a

law, around which there is some consensus, is the law of exponential growth which

we touched upon earlier. It states that a population will grow exponentially pro-

vided that the environment, as experienced by each individual, remain constant.

Exponential growth is almost always true for early stages of population growth, but

eventually ceases as a consequence of limited resources.

Stochasticity in animal populations

Establishing firm principles or laws of population growth is important, as there

would then be a unified theoretical framework in which both observational and

empirical data can be understood and interpreted. However, this goal is still far

away. For example, up till now the search for principles have focused on the deter-

ministic aspect of population change, even though the way populations change is

inherently stochastic.

Two sources of randomness affect ecological processes, namely demographic

stochasticity, which arises naturally through uncertainty in interactions among in-

dividuals, and environmental stochasticity caused by changes in the environment.

The latter may consist of both high frequency noise and low frequency change

taking place over decades (Bjørnstad & Grenfell, 2001). Although these concepts

make sense intuitively, it is challenging to give them a rigorous grounding, as they

are to some extent intertangled. Strict mathematical definitions have, however, been

given by Engen et al. (1998), and have subsequently been used to estimate the rela-
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tive importance of environmental and demographic stochasticity for populations of

a number of different species (Lande et al., 2003). For example, the brown bear of

northern Sweden was shown to be relatively unaffected by environmental stochas-

ticity (Sæther et al., 1998), while a population of song sparrows on the Mandarte

island of British Columbia was significantly affected (Sæther et al., 2000). Field

investigations of this kind usually require individual reproductive data in addition

to time-series of population abundance, and great care should be taken in the col-

lection of this data to minimise the sampling error which may otherwise distort the

result.

In ecology, unlike many other disciplines, stochastic and deterministic forces

are of comparable importance (Bjørnstad & Grenfell, 2001). Thus, finding general

ways of incorporating stochasticity in deterministic models of population change

is important, and the paper Stochastic analogues of deterministic single-species popu-
lation models is an attempt to do this. In this paper we consider how stochasticity

should be incorporated under ideal situations where all the stochasticity is either en-

vironmental or demographic. The results are summarised in the next chapter, but

one important conclusion is that when all stochasticity stems from environmental

sources, then one of the more frequently used ways of incorporating stochasticity

in population models is one we propose should be used. Using this method, the

stochastic analogue of (1) is

at+1 = atg(at) exp

(

��
t −

�2

2

)

where �
t ∼ N(0, 1) is a random variable with the standard normal distribution.

This is particularly appealing if g is the Ricker model since the logarithmic differ-

ences then, in expectation, depend linearly on population size.

Space: The final frontier

One way in which stochasticity may play a large role in determining population

change is discussed in the paper Coupled map lattice approximations of spatially ex-
plicit individual-based models of ecology. Here we argue that stochastic forces lead to

stability in single species populations when dispersal is local rather than global. In

the paper we add spatial structure to a site-based model of scramble competition.

The resulting model is then of a class known as spatially explicit individual-based

models, where the extent to which one individual affects another depends on the

distance between them. Such models have become quite popular in the last two
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decades or so, no doubt as a consequence of increasingly powerful desktop com-

puters, but also because many ecologists find it easier to express rules in terms of

individual behaviour than the formal language of mathematics.

Spatially explicit individual-based models are on the one hand more realistic

and easier to formulate than traditional mathematical models, but on the other

they are very hard to analyse. Simulations show that adding spatial structure often

changes the dynamics of the population, but pinning down why is hard. Simu-

lations have the drawback that it is often difficult to separate specific realisations

from general properties. Thus, there is a need to develop mathematical tools and

techniques for studying spatially explicit individual-based models. Currently, there

are two well-established techniques that can be used to reduce the dimensionality to

more analytically manageable proportions. These are reaction-diffusion equations

(Hutson & Vickers, 2000) and the method of moments (Bolker et al., 2000), the

latter often in the form of pair-approximations where one tracks the evolution of

pairs of neighbouring individuals over time (van Baalen, 2000). In Coupled map
lattice approximations of spatially explicit individual-based models of ecology we intro-

duce a third alternative, which disentangles the deterministic and stochastic aspects

of a model, and thus allows a deeper understanding of how population dynamics

arise as a consequence of interactions between the two.

Although techniques for approximating the behaviour of spatially explicit mod-

els do exist, the way spatial structure affects population dynamics is far from under-

stood. Understanding spatial dynamics is one of the major theoretical challenges in

the field of population dynamics, the “final frontier for ecological theory” (Kareiva,

1994), and there is certainly room for development of new, innovative mathematical

approaches.

Conclusion

Population ecology as a unified subject is only now taking form. In this introduction

I have tried to outline the major challenges that lie ahead, and how they relate to

my work. Establishing a unified theory of population change encompassing both

deterministic and stochastic forces in a spatial setting is a challenging task, and one

in which I hope the results of this thesis will play some role.
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Summary of papers I-IV

Papers I-III all relate to population modelling, while Paper IV is about an estimate

of solutions to higher order partial differential equations in non-smooth domains.

Paper I: Single species population models from first

principles

The first paper is about deriving single-species population models from basic as-

sumptions on individual behaviour and dispersal. Two established discrete time

frameworks for first-principles derivations are presented, one by Royama (1992)

where competition is among neighbouring individuals in continuous space, and

one by Sumpter & Broomhead (2001) and Johansson & Sumpter (2003) where

competition takes place among discrete sites. We then show these to be equivalent

in the sense that the dynamical systems defined by the expected population change

have the same set of solutions.

The main focus of the paper is the site-based framework where individuals are

distributed among, and compete at, discrete sites. The competitive phase is repre-

sented by an interaction function �, where the expected outcome of a competition

taking place at a site with k individuals is �(k). Most often, � is either taken as the

scramble competition interaction function

�(k) =

{

b if k = 1

0 otherwise
(2)

or the contest competition interaction function

�(k) =

{

b if k ≥ 1

0 otherwise
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Figure 1: An illustration of the site-based framework for scramble competition. Here, 6 individuals
are distributed among 5 discrete resource sites giving the site-count (3, 0, 1, 0, 2). They interact
with the expected outcome given by an interaction function �, giving an intermediate site-count

(�(3), 0, �(1), 0, �(2)). If we take � as the scramble interaction function (2) with b = 3 offspring,
then the intermediate site-count becomes (0, 0, 3, 0, 0), giving 3 individuals in the next generation.
These are then distributed among the sites and the process is repeated.

The process of distribution and competition is illustrated in Figure 1 for scramble

competition.

Sumpter & Broomhead (2001) and Johansson & Sumpter (2003) considered

uniform distribution of individuals, where the expected number at each site is Pois-

son distributed. We consider the case where the number of individuals at a site are

distributed negative binomially with expectation x and parameter �,

pk =
���
(�)

�
(k + �)

k!

xk

(� + x)k+�
(3)

This corresponds to ‘clustering’, as there will be more empty sites than if individuals

disperse uniformly. Such situations can for example occur if certain sites are more

easily accessible than others. From this framework we derive several well-known

population models, namely the Ricker, Skellam, Hassell and Beverton-Holt. The

last is particularly interesting, as we actually derive a more general model,

at+1 = bn

(

1 −
(

1 +
at

�n

)

−�
)

(4)
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of which the Beverton-Holt is the special case � = 1. Here, � > 0 corresponds

directly to the parameter in the underlying distribution of individuals and thus

the degree of clustering. As � → ∞, the underlying distribution (3) tends to the

Poisson distribution, and (4) converges to the Skellam model.

Paper II: Stochastic analogues of deterministic single

species population models

Single species population models are often deterministic, but there are many situ-

ation when a stochastic population model is preferable, for example when fitting

models to data or when estimating the probability of extinction. The problem

addressed in this paper is how to incorporate stochasticity in deterministic single-

species population models with first-order feedback.

Stochasticity in ecological systems arises from changes in the environment af-

fecting the population, and from the inherent uncertainty in the outcome of in-

teractions among individuals. While intertangled, Engen et al. (1998) have given

rigorous definitions of environmental and demographic stochasticity in ecological

populations. The essential difference between the two from a mathematical perspec-

tive is one of scaling; in variance the former scales linearly with population size, and

the latter quadratic. The respective proportion of environmental and demographic

stochasticity in an ecological system is, however, in general a function of population

size. For populations with stable dynamics, these proportions do not change much

over time, but this is usually not the case if the dynamics are periodic or chaotic.

A single time-series of population change does not seem sufficient to disentangle

environmental and demographic stochasticity. In the absence of further informa-

tion about the system, we therefore suggest that a model incorporating either demo-

graphic or environmental stochasticity should be used. To give plausible functional

relationships between variance and population size in the two cases, we first con-

sider a simple density dependent birth/death process which in expectation equals

a specified single-species population model. This reasoning suggest that variance

proportional to the expectation is plausible when most of the stochasticity is demo-

graphic.

To construct a model incorporating environmental stochasticity we assume that

changes in the environment affect one of the parameters in the model, typically

either the density-independent (intrinsic) growth-rate or the carrying capacity. In

the former case, we show that the variance of environmental stochasticity is propor-
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tional to the square of the expectation.

Using these relations we construct stochastic analogues of the Ricker model.

These include the traditional ones with either additive normally distributed noise,

at+1 = f (at ) +
��

t (5)

or multiplicative lognormally distributed noise

at+1 = f (at ) exp(��t −
�2/2) (6)

where �
t ∼ N(0, 1) is a random variable with the standard normal distribution. We

then fit the models to data from the individual-based model of Sumpter & Broom-

head (2001) using the method of maximum likelihood. When the underlying dy-

namics are stable, we see no significant difference between the models. However,

for periodic or chaotic dynamics the results differ sharply. We conclude that the

way stochasticity is incorporated is most important when there is large variation in

population size over time.

The results show that the traditional models (5) and (6) generally fit the data

well. Furthermore, multiplicative lognormally distributed noise (5) has variance

proportional to the square of the expectation, thus making it suitable as a model of

a system affected by environmental stochasticity.

Paper III: Coupled map lattice approximations for spatially

explicit individual-based models of ecology

We extend the model by Sumpter & Broomhead (2001) by adding local dispersal,

as shown in Figure 2. This spatially explicit model is then approximated with a

stochastic coupled map lattice as follows. Instead of following each individual, we

track the respective populations in disjoint squares with side equal to the dispersal

range s. These squares are denoted patches. We then make the assumption that

individuals are well-mixed within these patches so that the reproductive success can

be predicted using the stochastic approximation by Johansson & Sumpter (2003).

Under this assumption we also determine random variables describing the net mi-

gration to neighbouring patches. Together this allows us to define the stochastic

dynamical system.

Numerical simulations show that for a wide range of parameter values, the

stochastic coupled map lattice well approximates the spatially explicit model. When
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Figure 2: The spatially explicit individual-based model. Each box represents a site, and individuals are
represented by black circles. Shown are the reproductive phase where sites with exactly 1 individual

produce b = 4 offspring followed by dispersal where individuals disperse in a range s = 1 and then
once more reproduction. If two or more individuals share the same site they fail to reproduce due to
interference.

we replace the stochastic coupled map lattice with the deterministic analogue de-

fined by the expected population change, we find that the system behaves as the

deterministic mean-field approximation (see Johansson & Sumpter, 2003; Sumpter

& Broomhead, 2001). This is a strong indication that stochasticity due to local in-

teraction and dispersal effects the stability seen in the spatially explicit model when

the dispersal range is short.

To gain analytical understanding we consider a simplified stochastic coupled

map lattice with global coupling where populations evolve according to a step func-

tion with added normally distributed noise. The dynamics of this system can be

studied analytically and reveal a sharp transition from periodic to stable dynamics,

similar to that seen in the spatially explicit model. This offers further evidence that

for the specific model illustrated in Figure 2 it is increased stochasticity and not the

spatial structure per se that effects stability.
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Figure 3: A cone in which boundary values are obtained as we approach the boundary. The non-
smooth domain depicted is a Lipschitz graph domain � , defined as all points above a Lipschitz

function, that is a function that locally grows at most linearly with some maximum (supremum)
rate of change known as the Lipschitz constant. This setting is typical for elliptic equations. Parabolic
equations are often studied in domains on the form �×I where I is a real interval, known as Lipschitz

cylinders.

Paper IV: An area integral estimate for higher order

parabolic equations

Elliptic and parabolic differential equations have traditionally been solved on a

smooth domain with smooth boundary data. The solution is then continuous up to

the boundary. If the data is not smooth, it may still be possible to find a solution but

it cannot be continuous up to the boundary as this would imply continuous bound-

ary data. Instead, the data is attained in the limit as we approach the boundary in

suitable cones, as shown in Figure 3. This is often referred to as non-tangential

convergence.

Two main tools characterising non-tangential convergence are available. These

are the maximal function, defined as the supremum of the solution in the cone, and

the area integral where a quadratic expression is integrated over the cone. The main

result of this paper is that for solutions of higher order real homogeneous constant-

coefficient parabolic operators L + Dt of order 2m on certain non-smooth domains�
×R known as Lipschitz cylinders, the area integral dominates the maximal func-

tion in L2. More precisely, we show the following theorem

Theorem. Let
�

⊂ R
n be a Lipschitz graph domain. If (L + Dt )u = 0 in

�
× R

and
∥

∥N (∇m−1u)
∥

∥

L2(∂�×� )
< ∞ then

∥

∥N (∇m−1u)
∥

∥

L2(∂�×� )
≤ C

∥

∥S(∇m−1u)
∥

∥

L2(∂�×� )

where C depends only on the Lipschitz character of
�

, the operator L and dimension n.
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The outline of the proof is as follows. Using the Fourier transform and a rescaling

technique from Brown & Hu (2001), it suffices to consider solutions of the operator

L + i. The estimate for this operator is obtained using techniques developed by

Dahlberg et al. (1997) for solutions of higher order real homogeneous constant-

coefficient elliptic equations.
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