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Abstract. This thesis consists of four papers, all concerning random iteration
of isometries. The papers are:

I. Ambroladze A, Ådahl M, Random iteration of isometries in unbounded
metric spaces. Nonlinearity 16 (2003) 1107-1117.

II. Ådahl M, Random iteration of isometries controlled by a Markov chain.
Manuscript.

III. Ådahl M, Melbourne I, Nicol M, Random iteration of Euclidean isometries.
Nonlinearity 16 (2003) 977-987.

IV. Johansson A, Ådahl M, Recurrence of a perturbed random walk and an
iterated function system depending on a parameter. Manuscript.

In the first paper we consider an iterated function system consisting of iso-
metries on an unbounded metric space. Under suitable conditions it is proved
that the random orbit {Zn}∞n=0, of the iterations corresponding to an initial point
Z0, “escapes to infinity” in the sense that P (Zn ∈ K)→ 0, as n→∞ for every
bounded set K. As an application we prove the corresponding result in the Euc-
lidean and hyperbolic spaces under the condition that the isometries do not have
a common fixed point.

In the second paper we let a Markov chain control the random orbit of an
iterated function system of isometries on an unbounded metric space. We prove
under necessary conditions that the random orbit “escapes to infinity” and we
also give a simple geometric description of these conditions in the Euclidean and
hyperbolic spaces. The results generalises the results of Paper I.

In the third paper we consider the statistical behaviour of the reversed random
orbit corresponding to an iterated function system consisting of a finite number
of Euclidean isometries of Rn. We give a new proof of the central limit theorem
and weak invariance principles, and we obtain the law of the iterated logarithm.
Our results generalise immediately to Markov chains. Our proofs are based on
dynamical systems theory rather than a purely probabilistic approach.

In the fourth paper we obtain a sufficient condition for the recurrence of a
perturbed (one-sided) random walk on the real line. We apply this result to the
study of an iterated function system depending on a parameter and defined on
the open unit disk in the complex plane.
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1. Introduction and background

We start by considering a concrete example that illustrates the kind of random
process studied in this thesis. Take a point z0 in the plane and let f1 and f2 be
two functions acting in the following way: f1 rotates any point 45 degrees around
the origin (anti clockwise) and f2 moves any point one step to the right. We will
now randomly generate a sequence of points by starting from z0 and using the
functions f1 and f2.

So, start from z0 and generate a new point by tossing a fair coin; if it shows
head we apply f1 to z0, and if it shows tail we apply f2. The new point z1 is
then either the result of rotating z0 45 degrees around the origin or by moving
z0 one step to the right. Next, start from z1, toss the coin again and generate
the new point z2 by the same rule used to generate z1 from z0. Then start from
z2 and continue in the same way indefinitely. . . .

Assume that the outcome of the first four tosses are HTTH (where H is head
and T is tail), then the picture to the left below shows the first four points
generated by this procedure. If we continue generating points as above the result
after 15000 coin tosses are the 15000 points plotted in the picture to the right
below.
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We are interested in how this sequence of points behaves in the long run, in a
statistical sense.
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1.1 Introduction

In this thesis we study random iteration of isometries in unbounded metric spaces.
Given an unbounded metric space (X, d), an isometry is a distance preserving
function f mapping X into itself, that is

d(f(x), f(y)) = d(x, y)

for every pair of points x, y in X. It is clear from the definition that the com-
position of any number of isometries is again an isometry, but since we do not
require an isometry to be onto the set of isometries of X need not form a group.
However, in for example the Euclidean and the hyperbolic spaces they do form a
group and it is well known that any isometry f in n-dimensional Euclidean space
(Rn, d) can be written as

f(x) = Ax+ b

where A is an orthogonal matrix and b ∈ Rn (there is a similar result for the
hyperbolic spaces). In addition to this representation we can also classify the
isometries according to their action. Let us take the example of the Euclidean
plane (R2, d). There any isometry is either a translation, rotation, reflection or
a glide-reflection.

A translation moves every point a given length in a given direction. A
translation has no fixed point except when it is degenerate and equals the
identity.

A rotation rotates every point a given angle around a given point called
the centre of the rotation, which is also the only fixed point.

A reflection reflects every point through a given line (the mirror). Every
point lying in the mirror is a fixed point.

A glide-reflection is the composition of a reflection and a translation which
translates in a direction parallel to the mirror. A glide-reflection has no
fixed point (unless the translation component equals the identity).

It can be shown that every isometry in (R2, d) is the composition of at most three
reflections, and more generally that every isometry in (Rn, d) is the composition
of at most n + 1 reflections (reflection in a hyperplane). If an isometry is the
composition of an even number of reflections it is called orientation-preserving
(or direct), else orientation-reversing (or opposite). In (R2, d) the translations
and rotations are the orientation-preserving ones. We can make a similar classi-
fication in the hyperbolic spaces.

An iterated function system (IFS) consists of a set of functions {f1, f2, . . . , fN}
mapping X into itself together with a set of probabilities {p1, p2, . . . , pN}. We
will use the notation {f1, f2, . . . , fN ; p1, p2, . . . , pN}. Given an IFS, by random it-
eration we mean that we take an initial point z0 and then choose at random one of

2

Print & Media



the functions f1, f2, . . . , fN according to the distribution {p1, p2, . . . , pN}, denote
this function by fi1 . We then apply this function to the point z0 giving us a new
point z1 = fi1(z0). Again we choose a function, fi2 , at random, independently of
the first choice, and apply this function to z1 giving us the point z2 = fi2 ◦fi1(z0).
Continuing in this fashion we obtain a sequence of points {zn}∞n=0 which we
call an orbit. This orbit is a realisation of the random orbit {Zn}n≥0 where
Zn = fin ◦ . . . ◦ fi2 ◦ fi1(Z0) and {ik}∞k=1 is a sequence of i.i.d random variables
taking values in {1, 2, . . . , N} with distribution {p1, p2, . . . , pN}. We will also
study the reversed random orbit {Ẑn}n≥0, which is the random orbit obtained

by composing the functions in reverse order Ẑn(Z0) = fi1 ◦ fi2 ◦ . . . ◦ fin(Z0).

Perhaps the simplest example of a stochastic process generated by an iterated
function system of isometries is the simple, symmetric random walk. In the one
dimensional case we can think of this stochastic process as the motion of a particle
on the real line. At each step the particle moves either one step to the right, of
unit length with probability one half, or one step to the left, also of unit length
and with probability one half. To identify the underlying IFS we notice that
taking one step to the right corresponds to applying the isometry x→ x+ 1 and
taking one step to the left corresponds to applying the isometry x → x − 1. So
the IFS is {x+ 1, x− 1; 1

2 ,
1
2} and the position of the random walk after n steps

is given by Zn, where {Zn}n≥0 denotes the random orbit (note that in this case
the random orbit is equal to the reversed random orbit).

There are now a number of statistical results that we can state for the random
orbit since it is just a simple, symmetric random walk. The first result, the strong
law of large numbers, says that we almost surely have

Zn
n
→ 0,

as n tends to infinity.
The central limit theorem describes the deviation of Zn from its mean value

zero. The theorem says that the deviation is typically of the order n1/2, or to be
more precise

P
(
a <

Zn√
n
< b
)
→ 1√

2π

∫ b

a

e−x
2/2 dx, as n→∞.

We note that this implies that P (Zn ∈ K)→ 0 for every bounded interval K of
the real line as n tends to infinity.

The random orbit also exhibits some large but rare fluctuations and the law
of the iterated logarithm tells us exactly how big they are. The precise statement
is

P
(

lim sup
n→∞

|Zn|√
2n log log n

= 1
)

= 1
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where log denotes the natural logarithm.
There is also a weak invariance principle saying that Brownian motion can,

in a sense, be thought of as a continuous time approximation of the random orbit
(a precise statement can be found in section 3).

In sections 2 and 3 we will see how these results generalise to iterated func-
tion systems of isometries in unbounded metric spaces, especially the Euclidean
spaces.

Iterated function systems has been studied extensively the last twenty years,
although the history of the subject dates back to the thirties. But as opposed to
this thesis most studies involve some kind of contraction condition. For example,
Hutchinson [13] considered the case when the functions were all contractions.
Barnsley and Elton [6] considered the case when there is contractivity on the av-
erage between any two points, allowing functions that are not global contractions
and even expanding functions. In these cases the IFSs provide a convenient way
to iteratively produce fractals, indeed this was the motivation for both of these
papers and many, many other. The book by Barnsley [5] is a nice introduction
to fractals and IFSs and their relation. See also the review by Diaconis and
Freedman [10].

We next outline the background to the problems considered in this thesis.

1.2 Background

In the beginning of the nineties some problems in approximation theory led Hans
Wallin and Johan Karlsson to study continued fractions of the form

a1

1 +
a2

1 + a3

1+...

where aj ∈ C. A continued fraction is said to converge when the sequence of
approximants {cn}∞n=1 converges, where

cn :=
a1

1 +
a2

1 +
...

1+an

By defining the Möbius transformations sj =
aj

1+z and letting

Sn(z) = s1 ◦ s2 ◦ . . . ◦ sn(z)

it is easily checked that cn = Sn(0). For z 6= 0, Sn(z) is called the n:th modified
approximant.
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Their approach to study continued fractions was to study Sn(z) and especially
Ŝn(z), where

Ŝn(z) = sn ◦ . . . ◦ s2 ◦ s1(z).

{Ŝn(z)}∞n=1 can be seen as an orbit of an IFS consisting of the functions {sj}∞j=1.
Letting only a finite number of these functions be distinct they considered both
non-random orbits (periodic or limit periodic) [16], and random orbits [15]. To
discuss their results we first need to look at how a Möbius transformation f can
be classified according to the behaviour of its iterates {fn(z0)}∞n=0.

Two cases can occur, see [3]. Either the iterates of f converges to one of its
fixed points in which case we say that f is of convergence type, or the iterates
move around on a circle (which depends on the initial point z0) and we say that
f is of divergence type. When f is of the form f = a/(1 + z) it is of divergence
type whenever a < −1/4. A Möbius transformation of divergence type will from
now on mean a function of the form f = a/(1 + z) with a < −1/4.

In [15] the study of the random orbits was done by computer experiments, by
plotting a large number of iterates. In the case of an IFS consisting of Möbius
transformations of divergence type the plots indicated the existence of an at-
tractor on the real line. Pictures can be found in [15] (also for IFSs consisting of
transformations of convergence type, or of both types).

In [9] Barrlund, Wallin and Karlsson gave a proof for a special case, confirming
the computer experiments. They considered the IFS {−0.5/(1 + z),−5/(1 +
z); 1/2, 1/2} of divergence type transformations and proved that with probability
one the chordal distance on the Riemann sphere between two orbits with different
initial points, but produced by the same infinite sequence of functions, tends
to zero. Since every orbit with initial point on the real line stays on the real
line this proves that the orbits converge to the extended real line, R = R ∪
{∞}, with probability one. The proof relies on numerical computations for the
specific functions used and thus could not be generalised. Based on the computer
experiments and the above result they stated the following conjecture.

Conjecture 1.2.1. For an IFS of Möbius transformations of divergence type
almost every orbit converges to the extended real line.

A few years later Hans Wallin and Amiran Ambroladze [3], studied iteration
of Möbius transformations mapping the open upper half plane of the complex
plane H onto itself. Such a Möbius transformation can be written as

az + b

cz + d
, where a, b, c, d ∈ R and ad− bc = 1.

We note that the ones of divergence type are included. They made the import-
ant observation that these Möbius transformations are exactly the orientation-
preserving isometries of H when equipped with the hyperbolic metric h, see [22]
page 89. The space (H, h) is called the hyperbolic plane (or a model of it) and is
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a complete, unbounded metric space where the extended real line is the circle at
infinity. Including also the orientation-reversing isometries

az̄ + b

cz̄ + d
, where a, b, c, d ∈ R and ad− bc = 1

they proved the following result.

Theorem 1.2.2. Let {f1, f2, . . . , fN ; p1, p2, . . . , pN} be an IFS of hyperbolic iso-
metries without a common fixed point in H. Then, for any initial point z0 ∈ H,
the random orbit {Zn}n≥0 (where Zn = fin◦. . .◦fi2◦fi1(z0)) tends to R = R∪{∞}
in the sense that for any bounded set K ⊂ H we have

P (Zn ∈ K)→ 0 as n→∞.

The condition of no common fixed point is necessary since else the random
orbit would always stay on the circle with centre c (the common fixed point) and
radius h(Z0, c). The proof relies on the coupling method and a detailed study of
the geometric properties of the possible isometries and their iterates. Since the
extended real line is the circle at infinity of the hyperbolic plane we can think of
the conclusion of the theorem as saying that the random orbit goes to infinity in
a probabilistic sense (recall that the corresponding result holds for the simple,
symmetric random walk).

Theorem 1.2.2 does not prove the conjecture, but the following theorem also
by Wallin and Ambroladze, does and also gives more, see [4].

Theorem 1.2.3. Let {f1, f2, . . . , fN ; p1, p2, . . . , pN} be an IFS of orientation-
preserving hyperbolic isometries without a common fixed point in H and no com-
mon invariant line in H. Then, for any initial point z0 ∈ H, the random orbit
{Zn}n≥0 (where Zn = fin ◦ . . . ◦ fi2 ◦ fi1(z0)) tends to R with probability one.

In the proof they identify orientation-preserving isometries

f(z) =
az + b

cz + d

in (H, h) with matrices [
a b
c d

]

in SL(2,R), which is the set of 2 × 2 matrices with real entries and determinant
one. By improving a theorem by Furstenberg about products of random matrices
belonging to SL(2,R), which says that the norm of the random product grows
exponentially with probability one, then allows them to obtain the theorem via
the identification of products of random matrices and random compositions of
orientation-preserving isometries.
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The proof also shows that the result is true for an uncountable set of isometries,
i.e when we have a probability distribution µ on the set of orientation-preserving
isometries of the hyperbolic plane such that the isometries in the support of µ
satisfy the conditions of the theorem.

In the next section we will see how Theorem 1.2.2 can be generalised to
arbitrary unbounded metric spaces.

2. Random iteration of isometries in unbounded metric spaces

In this section we summarise and discuss the results of papers I and II ([2] and
[25]) and consider briefly a related problem. Both of these papers concern the
problem of finding conditions for the random orbit, corresponding to an IFS of
isometries of an unbounded metric space (X, d), to go to infinity in the sense that

P (Zn ∈ K)→ 0 for every bounded set K. (2.1)

The difference between Paper I and Paper II is that in Paper II we do not choose
the isometries independently in each step, but instead we let a Markov chain
control which isometry to choose.

2.1 Random iteration - the i.i.d case

As can be seen in Theorem 1.2.2 in the previous section a sufficient and necessary
condition for (2.1) to hold in the hyperbolic plane is that the isometries do not
have a common fixed point. This condition is of course always necessary, but
in a general unbounded metric space it need not be sufficient as the following
example shows.

Example 2.1.1. Consider the space which is the surface of an infinite cylinder,
for example obtained by identifying the points (x, y) and (x + 1, y) in X =
{(x, y) ∈ R2 : 0 ≤ x ≤ 1} equipped with the metric inherited from the usual
metric on R2. Let f1 and f2 be two distinct rotations of the cylindrical shell.
Then f1 and f2 are both isometries without fixed points (if we assume that neither
of them is the identity) and every orbit is bounded. N

We also note that this example proves that there exist isometries without
fixed points having bounded orbits.

Clearly there must exist unbounded orbits if we are to have (2.1), but again
this is not a sufficient condition.

Example 2.1.2. Let Zk = {0, 1, 2, . . . , k − 1} be the quotient space Z/kZ with
the standard distance δk in it, defined by δk(x, y) = min{|x−y|, k−|x−y|}. Let
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{ni}∞i=1 be a fixed increasing sequence of natural numbers such that 2ni/2ni−1 →
∞ as i→∞. Let Xi = Z2ni . The metric di in Xi will be introduced by

di =
1

2ni−1
δ2ni

Note that Xi is a bounded metric space for each index i, but its diameter goes
to infinity as i→∞.

Denote by X the set of all bounded sequences x̄ = (x1, x2, . . .) where xi ∈ Xi

(that is supi di(xi, 0) < ∞). Let x̄ = (x1, x2, . . .) and ȳ = (y1, y2, . . .) be two
elements in X. We introduce the following metric in X:

d(x̄, ȳ) = sup
i
di(xi, yi).

We define an isometry f1 : X → X by f1(x̄) = x̄ + 1̄, that is f1(x1, x2, . . .) =
(x1 + 1, x2 + 1, . . .). Let 0̄ = (0, 0, 0, . . .) and consider the orbit {fn1 (0̄)}n≥0.
This orbit is unbounded due to the fact that the i:th component of fn1 (0̄) ranges
through the whole space Xi and the diameter of Xi goes to infinity as i → ∞.
So we have

lim sup
n→∞

d(fn1 (0̄), 0̄) =∞ (2.2)

On the other hand consider fn1 (0̄) = (x1, x2, . . .) for n = 2ni . Here x1 = x2 =
. . . = xi = 0. Furthermore, for k > i we have xk = 2ni and

dk(xk, 0) =
1

2nk−1
δ2nk (xk, 0) =

1

2nk−1
2ni ≤ 1

which implies that
lim inf
n→∞

d(fn1 (0̄), 0̄) ≤ 1. (2.3)

Now define the isometry f2 as f2(x1, x2, x3, . . .) = (x1, x2 + 1, x3 + 1, . . .). The
isometries f1 and f2 only differ in the first component. By the above analysis
of the orbit of f1 and by the definition of f2 we see that every orbit will visit a
certain bounded neighbourhood B of 0̄ at the times n = 2ni for i = 1, 2, . . .. This
proves that P (Z2ni ∈ B) = 1 and hence that (2.1) does not hold. N

The main result of Paper I says that a sufficient condition for (2.1) to hold is
that one, or both of the following two conditions hold.

Condition 1. There exists a deterministic orbit, {xn}n≥0, such that

d(xn, x0)→∞ as n→∞.

Condition 2. There exist two deterministic orbits, {xn}n≥0 and {x′n}n≥0 where
x0 = x′0, such that

lim sup
n→∞

d(xn, x
′
n) =∞.
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Note that Example 2.1.2 shows that we can not replace limn→∞ d(xn, x0) =∞ in
Condition 1 by the weaker condition lim supn→∞ d(xn, x0) =∞. That Condition
1 or Condition 2 holds is in fact a necessary condition. This was not observed in
Paper I, but can easily be proved in the following way.

Assume that P (Zn ∈ K)→ 0 for every bounded set K. It follows that there
must exist at least one orbit {xn}n≥0, x0 = Z0, such that lim supn→∞ d(xn, x0) =
∞. If also lim infn→∞ d(xn, x0) =∞, then Condition 1 is satisfied. Assume now
that lim infn→∞ d(xn, x0) < ∞. This implies that there exists a bounded set B
such that xn ∈ B infinitely often. If Condition 2 is not satisfied we also have
lim supn→∞ d(xn, x

′
n) < ∞ for every orbit {x′n}n≥0. We can then find m > 0

such that lim supn→∞ P (Zn ∈ Bm) > 0 where Bm is the m-neighbourhood of B,
i.e the set {x ∈ X : d(x,B) < m}. But since Bm is bounded this is a contradic-
tion, so Condition 2 holds.

If we restrict to proper metric spaces, i.e spaces where the closure of every
bounded set is compact, satisfying the condition

(SP) For every x, y ∈ X there exists m ∈ X such that

d2(x, z) + d2(y, z) ≥ 2d2(m, z) +
1

2
d2(x, y)

for all z ∈ X
which for example include the Euclidean and the hyperbolic spaces of any di-
mension, then we can prove that one or both of Condition 1 and Condition 2
hold if and only if the isometries have no common fixed point and hence that
(2.1) holds under this condition. This is thus a generalisation of the result for
the hyperbolic plane stated in the previous section.

What is the relationship between Condition 1 and Condition 2? In general
neither of them implies the other. If we take the space of Example 2.1.2 with
the isometry f1 as defined in that example and let f2(x1, x2, x3, . . .) = (x1 +
1, x2, x3, . . .) we see that Condition 2 is satisfied but not Condition 1. If we in
the Euclidean plane let f1 be a glide-reflection and f2 a translation equal to the
translation component of f1, then Condition 1 is satisfied but not Condition 2.

At least in the Euclidean spaces it seems certain that Condition 2 should
imply Condition 1. In fact, this is not hard to prove in the one or two dimensional
Euclidean spaces by just considering the different cases that can occur.

2.2 Random iteration controlled by a Markov chain

Instead of choosing the isometries independently in each step we can let a Markov
chain control which isometry to choose. Given a set of isometries {f1, . . . , fN}
let {in}∞n=1 denote an irreducible Markov chain with state space S = {1, . . . , N},
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transition matrix P = (pij) and initial distribution µ. We define the random
orbit {Zn}∞n=0 by Zn = fin ◦ . . . ◦ fi1(Z0), where P (in+1 = j | in = i) = pij and
P (i1 = i) = µi. Note that if pij = pj is a constant independent of i for every j,
then we have the i.i.d case.

It turns out that a sufficient and necessary condition to have (2.1) is that one
or both of the following two conditions hold.

Condition 1. There exists a deterministic orbit, {xn}n≥0, such that

d(xn, x0)→∞ as n→∞.

Condition 2. For every m > 0 there exist two orbits {xn}∞n=0 and {x′n}∞n=0,
x0 = x′0, such that for some k we have d(xk, x

′
k) > m and ik = i′k, where

xk = fik ◦ . . . ◦ fi1(x0) and x′k = fi′k ◦ . . . ◦ fi′1(x′0).

This is Theorem 3.1 in Paper II which thus generalises the corresponding
result of Paper I. An interesting question is if (2.1) still holds if these conditions
are replaced with the ones used in the i.i.d case (i.e if Condition 2 is weakened).
The answer is no in general. We can construct an example where Condition 2,
as in the i.i.d case, holds but where neither of the two conditions here hold.

We also note that, in contrast to the i.i.d case, Theorem 3.1 might not be
true if we have an infinite (countable) number of isometries.

As in Paper I, if we restrict to proper metric spaces satisfying the condition
(SP) it is possible to reduce the condition (Condition 1 or Condition 2) to a
simpler geometric condition. We do not explain this condition here, but it is
equivalent to the condition of no common fixed point of {f1, . . . , fN} when, for
example, all the entries of P are positive (and hence this generalises the result
for the i.i.d case).

2.3 Random iteration of non-contractive functions

A natural question is if (2.1) also holds for random iteration of non-contractive
functions under the same conditions as in the isometry case. A non-contractive
function f is a function satisfying d(f(x), f(y)) ≥ d(x, y) for all x and y. Here
we give an example showing that the random orbit might not go to infinity in
the sense of (2.1) even if Condition 1 and Condition 2 hold.

Example 2.3.1. Let (X, d) be `2\{0} with metric d(x, y) =
(∑∞

i=1 |xi−yi|2
)1/2

.

Define f and g by

f(a1, a2, a3, . . .) = (0, c1a1, c2a2, c3a3, . . .)

g(a1, a2, a3, . . .) = (c1a1, c2a2, c3a3, . . .)

10
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where {ck}∞k=1 is a decreasing sequence of numbers satisfying ck > 1 for every k
and

∏∞
k=1 ck <∞. It is easily seen that f (and g) satisfies d(f(x), f(y)) > d(x, y)

for all x 6= y. Let p and q, with p > q, be the probabilities of choosing f and g.
Now, Condition 1 and Condition 2 are satisfied since

lim
n→∞

d(gn(x), x) =∞

for every x ∈ X (this is Condition 1) and

lim
n→∞

d(gn(x), gn−1 ◦ f(x)) =∞

for every x ∈ X (this is Condition 2). If we let the initial point be Z0 =
(1, 0, 0, . . .), Zn will be of the form (0, . . . , 0, Pn, 0, . . .) where Pn is the product
of n numbers belonging to the set {c1, c2, . . . , cn} and Pn is in the i:th position
if and only if f has been chosen i− 1 times.

A realisation of {Pn}∞n=0 (or the random orbit {Zn}∞n=0) is produced by an
infinite sequence of f :s and g:s. Thinking of g as −1 and f as 1 any realisation of
{Pn}∞n=1 corresponds, in a unique way, to a realisation of a simple random walk
{Sn}∞n=0 with P (Sk+1 = Sk − 1) = q and P (Sk+1 = Sk + 1) = p. If {sn}∞n=0 and
{s∗n}∞n=0 are two realisations of this random walk and {pn}∞n=0 and {p∗n}∞n=0 are
the corresponding sequences of products it follows that p∗n ≤ pn for every n if
s∗n ≥ sn for every n, since {ck}∞k=1 is a decreasing sequence.

Now let σm, m ∈ N, denote the sample path of the random walk which at
time m + 1 is at −m − 1, at time m + 2 at −m, at time m + 3 at −m − 1 and
so on, oscillating between −m− 1 and −m, thus never exceeding −m after time
m. For every realisation {sn}∞n=0 of the random walk satisfying inf sn > −m we
have sn ≥ σm(n) for every n, where σm(n) denotes the position of the path σm
at time n. So we have p

(m)
n ≥ pn for every n where {p(m)

n } corresponds to σm
and {pn} to {sn}∞n=0. By the definition of σm we have

lim
n→∞

p(m)
n = cm+1

1

∞∏

k=2

c2k <∞

so limn→∞ pn <∞ as well.
Since p > q we have P (inf Sn > −∞) = 1 by the strong law of large numbers.

Together with the fact that limn→∞ p
(m)
n < ∞ for every m this implies that

P (limn→∞ Pn <∞) = 1 or equivalently P (supn d(Zn, Z0) <∞) = 1, i.e {Zn}n≥0

is almost surely bounded.
Since {ck}∞k=1 is a decreasing sequence it is easily verified that the same result

holds for any starting point Z0 and we even have

|Zn|2 ≤ Pn|Z0|2

where |x|2 =
(∑∞

i=1 x
2
i

)1/2

. N
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3. Random iteration of Euclidean isometries

In this section we summarise and discuss the results of Paper III (or [26]) and
also review the dynamical systems theory that these results are based on. We
consider an iterated function system of isometries {fi}Ni=1 of d-dimensional Euc-
lidean space and prove statistical results for the reversed random orbit, such as
the strong law of large numbers, the central limit theorem, the weak invariance
principle and the law of the iterated logarithm, both in the i.i.d case, when the
isometries are chosen independently in each step according to some probability
distribution {pi}Ni=1, and in the Markov case, when an irreducible Markov chain
controls which isometry to choose in each step. There is an unfortunate formula-
tion in Paper III saying that we study the random orbit, but as is apparent from
the proofs, we study the reversed random orbit.

Random iteration of isometries has been studied before, see for example
Gorostiza [12], Roynette [21] and Tutubalin [23]. Gorostiza, allowing an uncount-
able set of isometries, proved the central limit theorem and the weak invariance
principle in the i.i.d case. The results of Paper III are more general and the
method of proof is different. The proofs rely on recent results [11], [18], [19] and
[20] about compact group extensions of dynamical systems.

This section is divided into several subsections. In the next we describe the
statistical results in detail and in the subsequent ones we explain how these results
are proved using dynamical systems theory.

3.1 Statistical properties

We state the statistical results for the i.i.d case, but they hold equally well in
the Markov case with minor modifications (see Theorem 2.9 in Paper III). These
statistical results hold for the reversed random orbit, but at least the central
limit theorem also holds for the random orbit. This is discussed at the end.

For every i we write fi as fi(z) = hiz + ki where hi ∈ O(d) and ki ∈ Rd,
where O(d) denotes the set of d × d orthogonal matrices. Let G ⊂ O(d) be the
closed group generated by h1, h2, . . . , hN and define

Fix(G) = {v ∈ Rd : gv = v for every g ∈ G}.

Fix(G) is the set of vectors that are fixed by the elements in G. Let k̄ denote the

mean value of the translation components, i.e k̄ =
∑N
i=1 piki, and let Z̄ be the

orthogonal projection of k̄ on Fix(G).
We can split the reversed random orbit into two components as Ẑn = Ẑ1

n+ Ẑ2
n

with Ẑ1
n belonging to Fix(G) and Ẑ2

n belonging to the orthogonal complement
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Fix(G)⊥. The behaviour of the component Ẑ2
n might be fairly complicated, but

it is easily seen that Ẑ1
n is just a random walk on Fix(G) with linear growth rate

(or drift) Z̄. The strong law of large numbers for the reversed random orbit takes
the form,

lim
n→∞

1

n
Ẑn = Z̄, a.s.

This result gives a rough description of the growth of Ẑn. It implies that

Ẑn = nZ̄ + εn

where εn = o(n) is the deviation from linear growth. In particular this means
that the growth of Ẑ2

n is always sublinear. More precise information about εn is
provided by the next results.

Let ⇒ denote weak convergence, or convergence in distribution, and N(0,Σ)
1 the d-dimensional normal distribution with mean zero and covariance matrix
Σ. The central limit theorem (CLT) for the reversed random orbit states that

1√
n

(Ẑn − nZ̄)⇒ N(0,Σ) as n→∞

where the covariance matrix Σ can be identified (Theorem 2.6 - Paper III). So
the central limit theorem tells us that the deviation εn = Ẑn − nZ̄ from linear
growth is typically of the order n1/2.

The central limit theorem is called degenerate if the covariance matrix Σ is
singular (det(Σ) = 0). This happens if and only if there is some G-invariant
subspace on which the restricted isometries either have a common fixed point or
are identical translations.

Let W denote the d-dimensional Brownian motion with covariance matrix Σ
(the same Σ as in the CLT), W is characterised by the following three properties:
(i) W (0) = 0 almost surely, (ii) W (t) has distribution N(0, tΣ) for every t ≥ 0,
and (iii) W has independent increments. Let C([0,∞),Rd) denote the space
of continuous functions mapping [0,∞) into Rd. It is a standard result that
W ∈ C([0,∞),Rd) almost surely, i.e almost every realisation of Brownian motion
is a continuous function taking values in Rd.

Define a sequence of stochastic processes {Wn}n≥0 by Wn(0) = 0 and

1A random vector Y with distribution N(0,Σ) satisfies

P (Y ∈ I) =
1

(2π)d/2(det Σ)1/2

∫

I
exp−

1
2
〈Σ−1x,x〉 dx1 · · · dxd

for every rectangle I ⊂ Rd, if Σ is nonsingular.
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Wn(t) =
1√
n

(Ẑnt − ntZ̄) for t =
1

n
,

2

n
, . . .

and by linear interpolation on each interval
[
r−1
n , rn

]
, r ≥ 1 (see figure 3.1). We

then have

Wn ⇒W as n→∞

which is called the weak invariance principle (WIP). What makes the WIP so
powerful is the continuous mapping theorem: if L : C([0,∞),Rd) → Rd is
a continuous map, then L(Wn) ⇒ L(W ). By choosing a suitable metric2 on
C([0,∞),Rd), L given by L(f) = f(1) is continuous and hence

Wn(1)⇒W (1),

but since Wn(1) = 1√
n

(Ẑn − nZ̄) and W (1) is normally distributed with mean

zero and covariance matrix Σ this is just the CLT. This is why the WIP is often
called the functional central limit theorem. By choosing L appropriately we can
in a similar way prove many statistical results for the reversed random orbit by
using known results for Brownian motion.

2for example ρ(f, g) =
∞∑

n=1

min{1, sup0≤t≤n|f(t)− g(t)|}
2n

-2

-1.5

-1

-0.5

0

0.5

1

-1.5 -1 -0.5 0 0.5 1

Figure 3.1: A sample path of W50(t) for 0 ≤ t ≤ 3. The IFS consists of a rotation
and a translation chosen with equal probability (Z̄ = 0).
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We also have the following form of the law of the iterated logarithm (LIL).

P
(

lim sup
n→∞

c · Ẑn − nZ̄√
2n log log n

= σc

)
= 1

for every c ∈ Rd, where σc = ctΣc and t denotes transpose. Essentially this result
says that |εn| is bounded by C

√
2n log log n, where C is a constant depending on

Σ.

The reversed random orbit is more stable than the random orbit in the sense
that the increments are uniformly bounded, depending only on the starting point
and the set of isometries. The increments for the random orbit can however be
arbitrarily large. In the i.i.d case, when the isometries are chosen independently
in each step, the distributions of Ẑn and Zn are equal for each n. This means that
at least the central limit theorem also holds for the random orbit. In the Markov
case, when a Markov chain controls which isometry to choose in each step, the
distributions of Ẑn and Zn will not be equal in general, but nevertheless we can
prove the central limit theorem under the same condition (see Theorem 2.9 in
Paper III) as for the reversed random orbit.

Let the Markov chain controlling the random orbit have transition matrix
P and initial distribution π (the unique stationary distribution). Define the
“backward” transition matrix Q by

qij =
πj
πi
pji

and let the reversed random orbit be controlled by a Markov chain having trans-
ition matrix Q and initial distribution π (which is the stationary distribution also
for this chain). Then Zn and Ẑn have the same distribution (see [7] page 5 for an
explanation of this fact). Furthermore, it is easily checked that the sufficient and
necessary condition, for the statistical results to hold for an IFS controlled by a
Markov chain (see Theorem 2.9), holds for Q if and only if it holds for P. Thus
if P satisfies this condition then the random orbit, controlled by P, satisfies the
same central limit theorem as the reversed random orbit, controlled by Q, does.

3.2 Measure preserving transformations and ergodicity

Let (X,F , µ) be a probability space. A measurable transformation T : X →
X is said to be measure preserving (or µ is called T -invariant) if µ(T−1A) =
µ(A) for every A ∈ F , and ergodic if T−1A = A implies µ(A) = 0 or 1. A
fundamental result for measure preserving, ergodic transformations is Birkhoff’s
ergodic theorem (or the pointwise ergodic theorem).

Theorem 3.2.1. If f ∈ L1(X,F , µ) and T : X → X is measure preserving and
ergodic, then
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lim
n→∞

1

n

n−1∑

k=0

f(T kx) =

∫

X

f dµ

for almost every x (w.r.t µ).

The quadruple (X,F , µ, T ) or simply T is called a dynamical system and a real
valued (or Rd valued) function on X is called an observation. We next introduce
two important dynamical systems, the shift (or Bernoulli shift) and subshifts of
finite type. From now on we ignore the σ-algebras.

The shift. Let S = {1, 2, . . . , N} and define X+ = {(xn)∞n=0|xn ∈ S} as the
space of all one-sided sequences having entries in S. Let σ : X+ → X+ be the
shift transformation defined by (σ(x))n = xn+1, that is σ shifts each sequence
one step to the left. We call σ (or really (X+, σ)) the one-sided shift on N
symbols. If we let {p1, p2, . . . , pN} be a probability distribution on S, then the
corresponding product measure µ on X+ is the unique σ-invariant probability
measure satisfying

µ{x ∈ X+ : xi = j0, xi+1 = j1, . . . , xi+k = jk} = pj0pj1 . . . pjk

for all i and k and every sequence {j0, j1, . . . , jk} with elements in S. The product
measure µ is usually called a Bernoulli measure.

Subshifts of finite type Let P = (pij) be an N ×N irreducible stochastic matrix
(transition matrix). Let X+

P = {(xn)∞n=0|xn ∈ S, pxnxn+1
> 0 for n ≥ 0} be

the space of all one-sided sequences that are admissible as determined by P. If
σ : X+

P → X+
P is the shift transformation we call σ (or really (X+

P , σ)) a one-sided
subshift of finite type. There is a unique σ-invariant measure µ on X+

P satisfying

µ{x ∈ X+
P : xi = j0, xi+1 = j1, . . . , xi+k = jk} = πj0pj0j1pj1j2 . . . pjk−1jk

where π is the unique row probability vector satisfying πP = π. The measure µ
is called a Markov measure.

From a probabilistic point of view we have now explicitly constructed two
probability spaces where the sequence {Yi}∞i=0 given by Yi = (σi(·))0 is i.i.d on
(X+, µ) and a Markov chain with transition matrix P on (X+

P , µ). We will utilise
this in the next subsection.

3.3 Iterated function systems and dynamical systems

We start by defining a probability space (X,µ). In the i.i.d case, given a set of
probabilities {pi}Ni=1, let X = X+ and µ be the Bernoulli measure determined
by {pi}Ni=1. In the Markov case, given an irreducible transition matrix P, let
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X = X+
P and µ be the Markov measure determined by P. We let σ : X → X

be the shift transformation, in the i.i.d case σ is the one-sided shift and in the
Markov case σ is a one-sided subshift of finite type.

Recall that we have the representation fi(z) = hiz + ki and that G denotes
the closed group generated by h1, h2, . . . , hN . Define f , h and k on X by letting
f(x) = fi, h(x) = hi and k(x) = ki whenever x0 = i. By the preceding subsection
we can now define the reversed random orbit on (X,µ) by3

Ẑn(x) = f(x) ◦ f(σx) ◦ . . . ◦ f(σn−1x)(0)

which can also be written as

Ẑn(x) =

n−1∑

j=0

hj(x)k(σjx) (3.1)

where hj(x) = h(x)h(σx) . . . h(σj−1x) and h0 = e, the identity matrix.

Let T : X ×G→ X ×G be defined by

T (x, g) = (σx, gh(x)).

T is a measure preserving transformation on the probability space (X × G,m)
where m = µ × ν and ν denotes Haar measure on G. T is also ergodic (Pro-
position 4.1-Paper III) and is called a compact group extension of σ. Define the
equivariant4 observation φ : X × G → Rd by φ(x, g) = gk(x) and consider the
sum

φn =
n−1∑

j=0

φ ◦ T j .

The increments φ, φ ◦ T, φ ◦ T 2, . . . form a stationary sequence of identically dis-
tributed random vectors since T is measure preserving, and it is not hard to see,
due to (3.1), that we have

Ẑn(x) = φn(x, e).

In the next two subsections we will see how the CLT, WIP and LIL are proved
for the sequence {φn} defined on (X×G,m) using results from [11] and [18]. That
these results also hold for the sequence {φn(·, e)} defined on (X,µ), and hence
for the reversed random orbit, follows from [19].

Since T is ergodic, the strong law of large numbers follows almost immediately
from the Birkhoff ergodic theorem and the fact that φ is equivariant. The other
results are harder to prove and are based on a decomposition of the equivariant
observation φ.

3Since we are working with isometries the statistical results for the reversed random orbit
do not depend on the initial point and hence we take Z0 = 0.

4An observation is called equivariant if φ(x, g) = gφ(x, e).
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3.4 Decomposition of equivariant observations

From now on we assume that our equivariant observation φ has mean zero (i.e
φ̄ =

∫
φ dm = 0), this cause no loss of generality since if not we consider the

equivariant observation φ − φ̄ which certainly has mean zero. Let X and G be
defined as in the previous subsection and let L2

G = L2
G(X × G,Rd) denote the

space of all equivariant observations φ : X ×G→ Rd, φ(x, g) = gv(x) such that
v ∈ L2(X,Rd). Note that the equivariant observation arising from our iterated
function system belongs to L2

G. Define U : L2
G → L2

G by Uφ = φ ◦ T , where T is
defined as above, U is called the Koopman operator. Its adjoint P : L2

G → L2
G,

known as the Perron-Frobenius operator, is defined by

∫

X×G
Pφ · ψt dm =

∫

X×G
φ · Uψt dm

where φ, ψ ∈ L2
G.

Now, there is a Banach space5 FG ⊂ L2
G, containing the equivariant observa-

tion arising from our iterated function system, such that P is quasicompact when
restricted to FG, i.e P has only finitely many eigenvalues on the unit circle and the
rest of the spectrum is contained in a disk of radius less than one. Given φ ∈ FG
with mean zero this quasicompactness property leads to the decomposition (see
Theorem 2.2 in [18])

φ = ψ + Uχ− χ
where ψ, χ ∈ FG and Pψ = 0. It follows that we have the following approximation
of φn in terms of ψn,

φn = ψn + Unχ− χ (3.2)

where Unχ− χ = o(n1/2) almost surely. This approximation implies that

Σ := lim
n→∞

1

n

∫

X×G
φnφ

t
n dm =

∫

X×G
ψψt dm.

The d × d-matrix Σ is the covariance matrix appearing in the CLT, WIP and
LIL. From the approximation (3.2) we also conclude that to obtain the CLT for
φ (or really the sequence {φn}) it suffices to obtain the CLT for ψ, since

1√
n
φn =

1√
n
ψn +

1√
n

(Unχ− χ)

and the last term tends to zero almost surely. The WIP and LIL follows from ψ
in a similar way.

5FG is the space of equivariant observations φ(x, g) = gv(x) such that v is Lipschitz
continuous with respect to the metric dθ(x, y) = θt(x,y) on X, where 0 < θ < 1 and
t(x, y) = min{i : xi 6= yi}.
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3.5 Proving the statistical results

The statistical results all follow from the so called almost sure invariance principle
(ASIP) proved in [11]. However, as the proof of the ASIP is quite complicated
we now look at two alternative methods of proof, which will illustrate the im-
portance of the fact that Pψ = 0. These methods do not however give all the
results stated in subsection 3.1.

Reversed martingale differences. A sequence {Xj}∞j=0 of random variables
is called a reversed martingale difference if

E(Xj|Fj+1) = 0

for every j ≥ 0 where {Fj}∞j=0 is a sequence of decreasing σ-algebras. If we
denote the σ-algebra on X ×G by F it can be shown that

UPψ = E(ψ|T−1F)

and since Pψ = 0 we have E(ψ|T−1F) = 0 and also E(ctψ|T−1F) = 0 for every
c ∈ Rd. This implies that

E(ctψ ◦ T j |T−(j+1)F) = 0

for every j ≥ 0, so {ctψ ◦ T j}∞j=0 is a stationary, ergodic reversed martingale

difference with respect to the decreasing sequence of σ-algebras {T−jF}∞j=0, for

every c ∈ Rd.
By [17] and [24] this implies that {ctψn}∞n=1 satisfies the central limit the-

orem (with variance ctΣc) for every c ∈ Rd. The Cramér-Wold technique (see
[8] page 383) now makes it possible to pass from the one dimensional results, for
the sequences {ctψn}∞n=1, to the d-dimensional result for the sequence {ψn}∞n=1.
Thus the central limit theorem holds for the sequence {ψn}∞n=1 (with covariance
matrix Σ).

Multiplicative sequences. A sequence {Xj}∞j=0 of random variables is called
a multiplicative sequence if

∫
Xj1Xj2 . . .Xjr dP = 0

for all j1 > j2 > . . . > jr ≥ 0, r ≥ 1. Note that a sequence of independent random
variables with mean zero is multiplicative. It is known, see [11] for references,
that the CLT and WIP and also the upper LIL (if every Xj ∈ L∞) hold for such

sequences, i.e for Sn =
∑n−1
j=0 Xj . The upper LIL is the same statement as the

LIL but with = replaced by ≤.
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Since Pψ = 0 it follows, see Proposition 2.8 in [11], that {ctψ ◦ T j}∞j=0 is a

multiplicative sequence for every c ∈ Rd. So the CLT and WIP hold for {ctψn}∞n=1

for every c ∈ Rd (with variance ctΣc). By the Cramér-Wold technique the CLT
and WIP hold for {ψn}∞n=1 (with covariance matrix Σ). The upper LIL holds
since ψ is bounded (X ×G is compact and ψ is continuous).

4. A perturbed random walk and an iterated function system

In Paper IV (or [14]) a sufficient condition for the recurrence of a perturbed
random walk is obtained and this result is then applied to the study of an iterated
function system depending on a parameter.

We define the perturbed random walk {Xn}∞n=0 by X0 = 0 and

Xn+1 =

{
Xn + 1, with probability 1

2

Xn − 1 + f(Xn), with probability 1
2 .

The function f is defined on [0,∞) and chosen so that Xn ∈ [0,∞) for every
n. We also require that f is a non-negative decreasing function tending to zero.
We call such a function a perturbation function. An example is f(x) = e−x.
This perturbed random walk is just a simple, symmetric random walk that is
perturbed every time it makes a move to the left by a quantity that depends on
the position of the walk. The result of this perturbation is that the moves to the
left are always shorter than the moves to the right (if f > 0), but the difference
tends to zero as we approach infinity.

For this perturbed random walk there are two things that can happen: either
it returns infinitely often to a fixed (finite) neighbourhood of zero with probability
one, in which case we call it recurrent, or it tends to infinity almost surely, in which
case we call it transient. We expect recurrence if f decays to zero fast enough
and transience otherwise. In Paper IV we do not find the optimal condition on
f for deciding when we have recurrence or transience, but we give the following
sufficient conditions:

If
∫∞

0
f dx <∞, then we have recurrence.

If f(x) ≥ ax− 1
2

√
ln(x) for some a > 10, then we have transience.

The inequality in the latter condition is to be interpreted as holding for all x > N
where N can be arbitrarily large.

The iterated function system we were originally interested in, and which led
to the investigation of perturbed random walks, is defined on the open unit disk
D in the complex plane and consists of the two analytic functions
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{
f1(z) = c(z − 1) + 1

f2(z) = z2
(4.1)

chosen with equal probability. The parameter c is taken from the interval (0, 1).
What makes this IFS interesting is that f1 attracts the points in D towards its
fixed point 1, but f2, on the other hand, attracts towards its fixed point zero.
The most interesting case is when c = 1

2 , because then f1 halves the distance
from any point z to 1 and f2 comes arbitrarily close to double it as z tends to
1. We study the problem of determining for which parameter values c we have
convergence to the boundary point 1, and in what sense. Letting {Zn}∞n=0 denote
the random orbit we prove the following results for any initial point in D.

(i) If c < 1
2 , then Zn → 1 almost surely.

(ii) If c = 1
2 , then Zn → 1 in probability and Zn is recurrent.

(iii) If c > 1
2 , then Zn does not tend to one in probability.

To see the connection to a perturbed random walk we let c = 1
2 . First, write the

random orbit as

Zn+1 =

{
1
2 (Zn − 1) + 1, with probability 1

2

Z2
n, with probability 1

2

and let Z0 = 0. Next, let Xn = −(ln 2)−1 ln(1− Zn), then

Xn+1 =

{
Xn + 1, with probability 1

2

Xn − 1 + f(Xn), with probability 1
2

which is a perturbed random walk since the function f , which in this case is
f(x) = −(ln 2)−1 ln(1− 2−(x+1)), is a perturbation function.

The problems considered here originates from an open problem in [1] concern-
ing sufficient and necessary conditions for the random orbit, of an IFS of analytic
functions on D, to escape to the boundary.
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