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Ken Åman

Department of Chemistry

Biophysical Chemistry

Ume̊a University

Sweden

AKADEMISK AVHANDLING



COPYRIGHT c©2005 KEN ÅMAN
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Abstract

This thesis describes water proton and deuterium relaxation processes, as seen
by Nuclear Magnetic Resonance (NMR) spectroscopy, using Brownian Dynam-
ics (BD) or Molecular Dynamics (MD) simulations. The MD simulations reveal
new detailed information about the dynamics and order of water molecules out-
side of a lipid bilayer. This is very important information in order to fully
understand deuterium NMR measurements in lipid bilayer systems, which re-
quire an advanced analysis, because of the complicated water motion (such as
tumbling and self-diffusion). The BD simulation methods are combined with
the powerful Stochastic Liouville Equation (SLE) in its Langevin form (SLEL)
to give new insight into both 1H2O and 2H2O relaxation. The new simulation
techniques which combine BD and SLEL can give important new information
in cases where other methods do not apply. The deuterium relaxation is de-
scribed in the context of a water/lipid interface and is in a very elegant way
combined with the simulation of diffusion on curved surfaces developed by our
research group. 1H2O spin-lattice relaxation is described for paramagnetic sys-
tems. With this we mean systems with paramagnetic transition metal ions or
complexes, that are dissolved into a water solvent. The theoretical description of
such systems are quite well investigated but such systems are not yet fully under-
stood. An important consequence of the Paramagnetic Relaxation Enhancement
(PRE) calculations when using the SLEL approach combined with BD simula-
tions is that we obtain the electron correlation functions, which describe the
relaxation of the paramagnetic electron spins. This means for example that it
is also straight forward to generate Electron Spin Resonance (ESR) lineshapes.
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Populärvetenskaplig sammanfattning

Vattenmolekyler roterar, vibrerar och förflyttar sig när vatten befinner sig i fly-
tande form. När vatten kommer i kontakt med andra molekyler s̊a växelverkar
dessa med varandra. I denna avhandling beräknas hur vatten p̊averkas av sin
omgivning i tv̊a olika system med hjälp av datorsimuleringsmetoder (Brownsk
dynamik- eller molekyldynamiksimuleringar). S̊adana effekter kan inte ses med
blotta ögat utan man f̊ar använda n̊agon experimentell mätmetod. Jag och mina
medarbetare väljer att beskriva resultaten i kontexten av en speciell mätmetod
som kallas NMR. NMR st̊ar för Nuclear Magnetic Resonance (kärnmagnetisk
spinnresonans) och är en metod som mäter energiskillnader för s̊a kallade kärn-
spinn som p̊averkas av ett yttre p̊alagt statiskt magnetfält. Kärnspinnet kan
sedan ändra sitt energitillst̊and genom att avge eller uppta radiov̊agor. B̊ade
vanligt vatten och tungt vatten studeras. Det tunga vattnet skiljer sig fr̊an van-
ligt vatten genom att det har en neutron i varje vätekärna tillsammans med den
proton som redan finns där. Detta gör att dessa tv̊a kärnor ger olika utslag i ett
NMR-experiment. I huvudsak s̊a studeras tv̊a viktiga biofysikaliska system. Det
ena är när man har paramagnetiska joner, eller molekyler med paramagnetisk
joner, i en vattenlösning. Paramagnetiska molekyler p̊averkar vattnet p̊a s̊a sätt
att det till exempel kan användas för att skapa mer kontrastrika bilder vid s̊a
kallade magnetröntgen-undersökningar p̊a v̊ara sjukhus. Det andra systemet
som undersöks är vatten utanför ett dubbelskikt av lipider och där analyseras
hur vattnet p̊averkas. Detta är viktigt p̊a grund av att cellmembran i huvudsak
är uppbygggt av s̊adana dubbelskikt. Det huvudsakligt nya med min avhandling
är, förutom den mer detaljerade bilden av hur vatten rör sig och p̊averkas av sin
omgivning, de simuleringsmetoder jag har utvecklat. Dessa kan användas för
att skapa en ännu bättre först̊aelse av NMR-experiment.
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Abbreviations

BD Brownian Dynamics
BWR Bloch-Wangsness-Redfield
DC Decomposition
DD Dipole-Dipole
DPPC Dipalmitoylphosphatidylcholine
EPR Electron Paramagnetic Resonance
ESR Electron Spin Resonance
ISTO Irreducible Spherical Tensor Operator
MD Molecular Dynamics
MRI Magnetic Resonance Imaging
NMR Nuclear Magnetic Resonance
NMRD Nuclear Magnetic Resonance Dispersion
PRE Paramagnetic Relaxation Enhancement
SB Spin-Bath
SBM Solomon-Bloembergen-Morgan
Sc Scalar
SLE Stochastic Liouville Equation
SLEFP Stochastic Liouville Equation in its Fokker-Planck form
SLEL Stochastic Liouville Equation in its Langevin form
ZFS Zero Field Splitting

cf. confer (compare)
et al. et alia (and others)
i.e. id est (that is)
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1 Introduction

The work in this thesis is mainly about normal (H2O) and heavy (2H2O) water.
The aim is both to develop new simulation methods and give a more detailed
description of the systems that are analysed. The two main systems my cowork-
ers and I have looked at are transition metal ion complexes in water solution
and water/lipid-bilayer interfaces. These two systems are of central importance
in the biophysical community. Transition metal ion complexes in water solution
give raise to faster water proton relaxation rates and can therefore be of clinical
use as contrast agents in Magnetic Resonance Imaging (MRI). Lipid bilayers
make up the fundamental structure of cell membranes and therefore a more
detailed picture of water in a water/lipid-bilayer interface is needed. Since we
cannot see the water molecules moving around we need some measuring method
that can quantify the properties of the microscopical world. Nuclear Magnetic
Resonance (NMR) does not usually disturb the molecular system in any signif-
icant manner. Therefore, the water proton and deuterium relaxation processes
are described in the context of NMR experiments.

The thesis consist of three main parts. The first part (chapter 2) gives a
rather technical background of spin relaxation in the superoperator formalism.
Chapter 3 gives an introduction of paramagnetic relaxation enhancement pro-
cesses in liquids, together with a discussion of paper I and II. In the final part
(chapter 4) I present an introduction to lipid bilayer phases in water solutions
and a discussion of paper III and IV.
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2 Theoretical background

2.1 Introduction to spin relaxation

A spin in a real sample always have a non-static and very complicated surround-
ing, that interacts both intra- and intermolecular with the spin. This mean that
the total Hamiltonian (i.e. the energy operator) is enormously complicated and
as far as I can imagine impossible to explicitly write in full detail. To over-
come this problem a semi-classical relaxation theory can be used where the spin
system is described quantum mechanically by a spin density operator and the
influence of the surrounding is represented by fluctuating stochastic processes.
This chapter is devoted to a mathematical description of the basic principles of
spin relaxation using the superoperator formalism. The description focus on the
nuclear spin but is valid for the electron spin as well.

2.2 The nuclear spin relaxation

The concept of spin in general and nuclear spin in particular is of central im-
portance in this thesis. If we start with a classical description by placing a
macroscopic spinning charged top in a static magnetic field B0 = [0, 0, Bz ], the
top begin to precess in a cone around the magnetic field. The angular precession
frequency can be found to be: ω = q

2mBz [1], where q is the charge and m the
mass of the top. The precession of the spin of a nucleus (or an electron spin)
in a magnetic field seems to be straight forward from the classical analyse and
the precession frequency is then called the Larmor frequency. But we should be
careful to interpretate the precession of the spin to be analogue to the classical
case because of the extreme small length-scales involved. A quantum mechani-
cal description must be used [2]. The Larmor frequency ω0 for a nuclear spin is
then on experimental grounds found to be

ω0 = −γBz, (1)

where the gyromagnetic ratio γ (which in general can be positive as well as
negative) is defined as ~γ = gµN [3]. The experimental determined g-factor
g is dependent on the specific nuclei, and can be seen as a correction to the
classical mechanical relation, and µN ≡ e~

2mp
≈ 5.051 · 10−27 J/T is the nuclear

magneton. The corresponding relation for an electron spin is also described by
equation (1), where ~γ = −gµB . The Bohr magneton µB is 1836 times larger
than the nuclear magneton and g = 2.00232 is the g-value of an electron.

2.2.1 The Liouville von Neumann equation

Quantum mechanical states can be represented by state vectors in a Hilbert
space, which is a complete complex valued (infinite dimensional) linear vector

2



space with an inner product. In Dirac notation the state vector is represented
as |Ψ(t)〉. The generator of time evolution in quantum mechanics is the Hamil-
tonian, Ĥ. Hamiltonian is the energy operator which imply that it is both
hermitian and (when operating on energy eigenstates) give the energy as eigen-
values. The SI unit of the Hamiltonian is Joule. An alternative energy unit
of the Hamiltonian is governed by replacing Ĥ by Ĥ/~ receiving unit radians
per second (SI-unit: s−1). This unit is from now on, if not something else is
noted, used as the unit of the Hamiltonian throughout the thesis. Suppose that
a closed system is a system with a complete set of wave functions, which in Dirac
notation can be written 〈x|Ψ〉, where x here denotes the set of coordinates of
the system [4]. The state vector |Ψ〉 of such a system is then commonly called
a pure state. For a system in a pure state the fundamental equation of motion
is called Schrödinger’s equation [2] and is given by

i
d

dt
|Ψ(t)〉 = Ĥ|Ψ(t)〉. (2)

If Ĥ is time independent, the time evolution of the state is |Ψ(t)〉 = e−itĤ |Ψ(0)〉.

Often we do not know explicitly the state of the system and therefore can
not use equation (2) in a straight forward manner. This kind of systems is
found if we assume that our system of interest is part of a larger closed system
(i.e. system + surrounding), and the wave function of the larger closed system
do not fall into a product of functions of coordinates of the system and the
surrounding (so the system not get a wave function of its own) [4]. Those
states are commonly referred to as mixed states. This is the case if we have
an ensemble of systems of the same kind as the one of interest but distributed
over a range of possible states. Then for a complete description of the physical
system, an average state of the ensemble must be considered together with
the ordinary quantum mechanical expectation value of the hermitian operator
corresponding to an observable. The study of this kind of complicated systems
is called quantum statistical mechanics [5] [6] [7]. In this discipline the density
operator1 is central and it is defined by

σ ≡ |Ψ〉〈Ψ|, (3)

where the bar denotes ensemble average and σ in general is time dependent
even if the Hamiltonian is time independent. For a pure state we can skip the
ensemble average, so the density operator becomes the projection operator. The
time evolution of the density operator σ is from the Schrödinger equation found

1the density operator is a quantum mechanic operator but is by convention written without

a hat
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to be

i
∂σ

∂t
= [Ĥ, σ] ≡ L̂σ, (4)

where L̂ is the Liouville superoperator [7]. The Hamiltonian is in general time
dependent. Therefore the Liouville superoperator is time dependent and equa-
tion (4) is referred to as the stochastic Liouville von Neumann equation, or just
the Stochastic Liouville Equation (SLE). A superoperator is a linear operator,
mapping an operator into a new operator (cf. appendix A for more details about
superoperator elements).

The basis in a spin system can be described by spin state vectors |S,m〉
often just written |m〉, where m = −S,−S + 1, .., S. In NMR (or Electron
Spin Resonance (ESR)) we are interested in the response to a time dependent
external magnetic field by a nuclear (or an electron) spin system. This spin
system also interacts with a molecular surrounding that posses translational,
vibrational and rotational degrees of freedom and are often referred to as the
lattice (L) or the molecular heat bath (B). From now on the bath notation (B)
is used as long as something else is not noted. For simplicity NMR and nuclear
spins are considered, but the theory is also valid for ESR and electron spins.
In NMR the relevant property is the time evolution of the nuclear spin density
operator ρ(t), which is defined [8] [9] as

ρ(t) = TrB{σ(t)}, (5)

where the bath trace TrB stand for the sum of diagonal elements in a complete
basis of the bath Hilbert space and σ(t) is the density operator of the total
system (spin system + bath) defined by equation (3). But an explicit time de-
pendent spin density operator ρ(t) can not in general be found. This is because
it is not possible to get an analytical solution for the trace over the molecular
bath of the commutator: TrB{[Ĥ, ρ]}. Nevertheless, the time evolution of the
spin density operator ρ is of central importance of this thesis and described in
detail in section 2.4.

In NMR the time evolution of the macroscopic magnetisation vector M ≡
(Mx,My,Mz) is measured. By using the spin density operator defined above,
the magnetisation can from equation (55) be written

〈Mz〉(t) ∝ 〈Sz〉 = Tr(ρŜz) =

S∑

m=−S

mρmm(t); (6)

〈M±〉(t) ∝ 〈S±〉 = Tr(ρŜ±) =

S∑

m=−S

√
S(S + 1) − m(m ± 1)ρm,m±1(t), (7)

where M± ≡ Mx ± iMy and S is the spin quantum number.

4



2.2.2 Spin relaxation according to Bloch

In 1946 Bloch [10] gave a phenomenological description of the nuclear spin re-
laxation. The famous Bloch equations, giving the spin-lattice (T1) and spin-spin
(T2) relaxation times, are reviewed here because it is still used in order to under-
stand spin relaxation and NMR measurements. The equation of motion for the
magnetisation vector M ≡ [Mx,My,Mz], placed in a magnetic field B(t) in the
laboratory frame, can be written dM

dt = γM (t)× B(t). The largest component
of the B(t) field is the static field B0. Let us fix the laboratory frame such the
direction of the field is defined by B0 ‖ zL.

The spin relaxation is due to additional magnetic fields that affects the spin
states and are generated by electrons and protons from other atoms. Because
of thermal motions of molecules, those additional magnetic fields change in
magnitude very quickly. These internal magnetic fields cause additional motion
of the magnetisation vector known as relaxation. The spin relaxation can then
be described with two phenomenological relaxation times (T1 and T2) described
by

dMx

dt
= −Mx

T2
;

dMy

dt
= −My

T2
; (8)

dMz

dt
= −Mz − Meq

T1
,

where the equilibrium magnetisation vector is assumed to be [0, 0,Meq ]. Note
especially that equations (8) are identical in both the laboratory and the frame
rotating with Larmor frequency.

2.3 Interactions for the nuclear spin

There are both intra- and intermolecular interactions for the nuclear spin, but
the focus will mainly be on the interactions that has been relevant in the papers.
The strongest is Zeeman interaction, which is a coupling to the static magnetic
field of the NMR spectrometer. Writing the interactions in the Cartesian rep-
resentation is clumsy, especially when describing rotations, and therefore an
irreducible spherical tensor representation [11] can be used. In the Schrödinger
picture the Hamiltonian for the spin-bath (SB) interaction can for most cou-
plings of interest be written as a scalar contraction because the energy is a scalar
quantity;

ĤSB = ωSB

j∑

n=−j

T̂ (j)†
n · Ŝ(j)

n , (9)
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where Ŝ
(j)
n is the rank j spin Irreducible Spherical Tensor Operator (ISTO), see

Appendix B, that operates on spin state vectors |m〉, T̂
(j)
n is a rank j ISTO that

operates on the thermal bath state vectors and ωSB is a measure of the strength
of the spin-bath coupling in unit s−1, therefore leaving the tensors dimension-
less. For a system with several relevant spin-bath couplings, the total spin-bath
Hamiltonian can be written by a sum of Hamiltonians given by equation (9).

One must also decide if the molecular surrounding should be described quan-
tum mechanical or classical. In this thesis we choose a classical microscopical
description of the molecular thermal bath, whereas the quantum spin system is
treated with quantum mechanics. This is called a semi-classical approach. In
such an approach equation (9) can, if we use equation (66), be rewritten as

ĤSB,semi = ωSB

j∑

n=−j

(−1)nT
(j)
−n · Ŝ(j)

n , (10)

where T
(j)
n is a rank j irreducible spherical tensor that transform under rotations

in the same way as the ISTO (see appendix B). The tensor T
(j)
n (t) is assumed

to be a stochastical function that depends on the relative distance and spatial
orientation of the molecules [12].

Zeeman interaction: In NMR the largest interaction is with the Cartesian
static magnetic field vector B0 = [0, 0, Bz ]. This give rise to energy differences
because it is energetically favourable to align the magnetic moment of the nu-
cleus parallel to the external field compared to the antiparallel arrangement.
The Zeeman Hamiltonian is

Ĥ0 = ω0 · Ŝ(1)
0 , (11)

where ω0 = −γBz is the Larmor frequency. With this convention, we can see
that the z-axis of the Laboratory coordinate system is fixed in space by the static
magnetic field. From now on we implicitly assume that the laboratory frame
is defined in this way. Note also that equation (11) give the NMR resonance
condition selection rule ∆m = ±1, which mean that the resonance frequency is
equal to the Larmor frequency.

Dipolar interaction: This is a direct magnetic interaction through space
between the magnetic moments of two spins [13]. In paper I and II the dipole-
dipole (DD) interaction is of central importance for the theoretical description
of water proton relaxation. The interaction depends on the relative orientation
and distance between the spins and the description of the DD interaction is
based on equation (9) and described in section 3.2.

6



Quadrupole interaction: The charge distribution is not spherical symmetric
in a nucleus with S ≥ 1, which imply an electrical quadrupole moment. The
quadrupole interaction can be described by equation (9) and depends both on
the quadrupole moment and the orientation in the electric field gradient from the
surrounding (predominantly from the electrons), whereas the orientation has a
stochastic time dependence. The quadrupole interaction strongly influence the
relaxation of nuclear spins (S ≥ 1) in isotropic liquids [13] and is of central
importance for paper III and IV.

Zero field splitting interaction: As the name Zero Field Splitting (ZFS)
suggest, this interaction is present in the absence of an external magnetic field
(i.e. no Zeeman interaction). This interaction is central in paper I and II
and describe the interaction of the paramagnetic electron spin system (unpaired
electron spins) with its surrounding and can be expressed by equation (9). Then
the ZFS has its origin in the mixing of electrostatic and paramagnetic electron
spin-orbit interactions, but the dipole-dipole interactions between the electron
spins is believed to be unimportant for transition metal ions [14]. The NMR of
a water proton is then indirect effected by the ZFS through the DD interaction
with the electron spins.

Chemical shift and J-coupling: The chemical shift interaction means that
a nucleus in a molecule is shielded by its surrounding electrons, which imply a
lower magnetic field than B0 at the nucleus. This result in a chemical environ-
ment dependent shift of the NMR resonance frequency [13]. The physical name
of the concept called chemical shift is diamagnetism, i.e. the induced magnetic
dipole moments (of electrons) are opposite in direction to the field (B0) that
generates the induction. Unfortunately, the chemical shift can not be written
on the form given by equation (9). Consequently, a phenomenological approach
is often used, where the chemical shift is described by a modification of the
Zeeman interaction by a chemical shielding tensor.

J-coupling is the name of the indirect dipole-dipole interactions between
spin that are mediated through covalent (or hydrogen) bonds [13]. Thus this
interaction is intramolecular but not independent of the molecular orientation
and this is because the J-coupling is a tensor [13] and the quantization of the
spin energy levels are in the Laboratory frame by the Zeeman interaction. If we
have isotropic reorientation of the molecule the J-coupling tensor is averaged to
a scalar quantity isotropic J-coupling, often called the scalar coupling.

7



2.3.1 The spin-bath interaction and relaxation

The strength of the interaction of the spin (S) and the surrounding thermal bath
(B) is given by the spin-bath coupling strength ωSB, seen in equation (9) and
(10). A weak interaction, i.e. a small ωSB, give long relaxation times T1 and
T2, where a large T1 means that the system takes a long time to go to thermal
equilibrium. Stronger interactions give faster relaxation, i.e. smaller values T1

and T2.

The Redfield regime: The Redfield regime is defined so the spin-bath cou-
pling strength ωSB and the correlation time τc must fulfil

ωSBτc � 1. (12)

Other common names for this regime is the motional narrowing regime, the
strong narrowing regime, or the weak collision regime. Equation (12) can be
referred to as the strong narrowing condition. As the name Redfield may sug-
gest we can use the Bloch-Wangsness-Redfield theory, which is a second order
perturbation theory, in order to solve the stochastic Liouville equation (4). The
relaxation rates R1 ≡ 1/T1 and R2 ≡ 1/T2 are proportional to ω2

SBτc, which
imply that when ωSB → 0, i.e. no spin-bath coupling, the relaxation rates goes
to zero.

Slow motional regime: If we are not in the Redfield regime we are in the
slow motional regime, which then must fulfil

ωSBτc ' 1. (13)

Another common name is the strong collision regime. Then solving the Liou-
ville equation is not straight forward because the perturbation approach is not
possible to use.

2.3.2 The Zeeman interaction and relaxation

The static magnetic field strength (B0) is transformed to ω0 by using equation
(1).

Extreme narrowing limit: If

|ω0|τc � 1 (14)

we are in the so called extreme narrowing limit. If we in addition to this limit
also is in the Redfield regime, the phenomenological Bloch relaxation times T1

and T2 are equal. On the other hand if

|ω0|τc � 1 (15)

8



we are in the so called adiabatic limit.

2.4 Solving the Liouville von Neumann equation

Assume that we have a spin system (S) that couples to a molecular surrounding,
the thermal bath (B). The time evolution of the state of the total system (S+B)
is described by the Liouville von Neumann equation (4), where σ(t) is the total
(S + B) density operator. Assume that the Hamiltonian for the total system
can be decomposed as

Ĥ = ĤS + ĤB + ĤSB, (16)

where the operators act in a Hilbert space which is a direct product of the spin
(S) and bath (B) Hilbert spaces. Then in the Schrödinger picture we can express
the time evolution equation (4) as

∂σ(t)

∂t
= −iL̂σ(t), (17)

where the Liouville superoperator is from equation (16) found to be L̂ ≡ L̂S +
L̂B + L̂SB ≡ [ĤS , ]+ [ĤB , ]+ [ĤSB, ]. Because equation (17) is interpreted
in the Schrödinger picture all time dependence is in the density operator and
all Hamiltonians above are time independent operators, thus implying time in-
dependence for all Liouville superoperators. The spin Hamiltonian ĤS act only
on the S states and the bath Hamiltonian ĤB act only on the B states. The
spin-bath Hamiltonian ĤSB can for most spin-bath interactions be interpretated
through equation (9). In order to find a solution to equation (17) we can start by
transforming some of the time dependence in the density operator σ(t) into the
total Liouville time independent superoperator L̂. A time independent operator
Â (i.e. an operator in the Schrödinger picture) is then in general transformed
as

Â(t) = eitχ̂Â. (18)

Then of course the choice of superoperator χ̂ determines the transformation.
First, we can start by choosing χ̂ = L̂B , which then imply that the density
operator should transform as

σ′(t) = eitL̂Bσ(t). (19)

By using equation (5) and Taylor expansion of eitL̂B , together with cyclic in-
variance of the operators inside the trace, the bath-trace of equation (19) will
read

TrB{σ′(t)} = TrB{σ(t)} = ρ(t). (20)

9



Using the commutation relation [ĤS , ĤB] = 0, equation (19) then imply that
equation (17) will read

∂σ′(t)

∂t
= −i

(
L̂S + L̂′

SB(t)
)
σ′(t), (21)

where we can write

L̂′
SB(t) ≡ eitL̂B L̂SBe−itL̂B = [eitL̂B ĤSB, ] ≡ [Ĥ ′

SB(t), ].

In NMR we want to write equation (21) with the spin density operator ρ(t)
instead of σ′(t). This can be accomplished by doing a semi-classical assumption
for the spin-bath Hamiltonian given by equation (10). In the semi-classical
approach, Ĥ ′

SB(t) in equation (21) will according to equation (10), then read

Ĥ ′
SB,semi(t) = ωSB

j∑

n=−j

(−1)nT
(j)
−n(t)Ŝ(j)

n . (22)

Then by using equation (22) and equation (20) we can see that

TrB

{(
L̂S + L̂′

SB,semi(t)
)
σ′(t)

}
=

(
L̂S + L̂′

SB,semi(t)
)
ρ(t). (23)

In the view of equations (20) and (23), the bath-trace of equation (21) should
read

∂ρ(t)

∂t
= −i

(
L̂S + L̂′

SB,semi(t)
)
ρ(t), (24)

where L̂′
SB,semi(t) ≡ [Ĥ ′

SB,semi(t), ].

If we on the other hand choose χ̂ = L̂S + L̂B to be the transformation super-
operator in equation (18), we make a transformation to the so called interaction
picture. Because ĤS and ĤB commute we then can write

TrB{σ?(t)} ≡ TrB{eit(L̂S+L̂B)σ(t)} = eitL̂Sρ(t) ≡ ρ?(t), (25)

where the star indicate the interaction picture. The Liouville von Neumann
equation in the interaction picture is then written as

∂σ?(t)

∂t
= −iL̂?

SB(t)σ?(t), (26)

where L̂?
SB(t) = eitL̂S L̂′

SB(t)e−itL̂S . Then by making a semi-classical assumption
of the spin-bath Hamiltonian in the interaction picture we can write

Ĥ?
SB,semi(t) = eitL̂SĤ ′

SB,semi(t), (27)
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where Ĥ ′
SB,semi(t) is given in equation (22). Then by using equations (25) and

(27) together with the semi-classical approach, the bath-trace of equation (26)
give that

∂ρ?(t)

∂t
= −iL̂?

SB,semi(t)ρ
?(t), (28)

where L̂?
SB,semi(t) ≡ [Ĥ?

SB,semi(t), ] and L̂?
SB,semi(t) = eitL̂S L̂′

SB,semi(t)e
−itL̂S .

2.4.1 The Bloch-Wangsness-Redfield theory

By using that the spin density operator can be written ρ(t) = TrB{σ(t)} the
solution to equation (17) can be approximated by the Bloch-Wangsness-Redfield
(BWR), or just Redfield, theory which is a second order time dependent per-
turbation theory. The short presentation of the BWR theory in this section, is
based on the formulation used in an excellent presentation made by Bertil Halle
[9].

If we assume that it exist a finite integral correlation time τB such that

TrB{L̂?
SB(t)L̂?

SB(t − τ)σ0
B} = 0 for |τ | � τB (29)

and if we assume that τB � t � 1/ωSB, then the solution to equation (17) can
be approximated by

∂ρ(t)

∂t
≈ −(iL̂S + R̂ + iÛ)ρ(t), (30)

where R̂ is the real and Û the imaginary part of the complex Redfield su-
peroperator. NMR studies are performed under conditions such that the high
temperature approximation can be used: ~ω0

kbT
� 1. If an axially symmetric bath

Hamiltonian also is assumed, the superoperators can be written [8]

R̂ = ω2
SB

j∑

n=0

(1 − δn0

2
) · Jn(nω0) · (Ŝ(j)†

n Ŝ(j)
n + Ŝ(j)

n Ŝ(j)†
n ); (31)

and

Û = ω2
SB

j∑

n=1

·Kn(nω0) · (Ŝ(j)†
n Ŝ(j)

n − Ŝ(j)
n Ŝ(j)†

n ), (32)

where the rank j spin superoperator is defined as Ŝ(j)
n ≡ [Ŝ

(j)
n , ] and the Ŝ

(j)
n up

to rank 2 is given by equation (61). The spectral density functions are defined
as

Jq(qω0) ≡ Re

∫ ∞

0
dτe−iqω0τCqq(τ), (33)
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Kq(qω0) ≡ Im

∫ ∞

0
dτe−iqω0τCqq(τ). (34)

The correlation function for an axial symmetric bath is written as

Cqq(τ) = 〈T (j)∗
q (0)T (j)

q (τ)〉, (35)

where the brackets denotes ensemble average and the system is assumed to be

ergodic. Note that T
(j)
q in equation (35) must be chosen in such away that

〈T (j)
q 〉 = 0. (36)

2.4.2 Iteration algorithm for solving the stochastic Liouville equa-
tion

The formal solution to equation (28) can be written

ρ?(t − t0) = e
−i

∫ t

t0
L̂?

SB,semi(s)·ds
ρ?(t0). (37)

Assuming that L̂?
SB,semi(t) is constant during a small time interval (∆t), the

density operator in equation (37) can for each time step, be solved by the iter-
ation approximation

ρ?(tj+1) = e−i∆tL̂?
SB,semi(tj )ρ?(tj), (38)

where the time step is defined as ∆t = tj+1 − tj . The algorithm is simplified by
using equal length of time steps, i.e. a constant ∆t. The Liouville superoperator
L̂?

SB,semi can be expressed in some basis and written as a matrix.

Taylor truncation: If ∆tωSB � 1 equation (38) can be approximated by a
truncated Taylor expansion

e−i∆tL̂?
SB,semi(tj ) = I +

M∑

m=1

1

m!
(−i∆tL̂?

SB,semi(tj))
m. (39)

Decomposition using the Trotter approach: The Liouville matrix can
always be written as a sum of non commuting matrices

L̂?
SB,semi =

p∑

k=1

Ak. (40)

Then according to Suzuki [15], a symmetric version of Trotter’s formula can be
written

e
∑p

k=1
Ak ≈ (eA1/(2w) . . . eAp−1/(2w)eAp/weAp−1/(2w) . . . eA1/(2w))w, (41)

where larger integer w give a better approximation, because the error is bound
by a value proportional to w−2.
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3 Water proton relaxation enhancement by transi-
tion metal ions

3.1 Introduction

The electron spin has a magnetic moment that is 658 times larger than the pro-
ton magnetic moment. In a solution of water and paramagnetic ions (transition
metal ions or molecules including transition metal ions) the interaction between
unpaired electrons and the water proton provides the most important relaxation
pathway for the water proton spin. This effect is called Nuclear Magnetic Res-
onance Paramagnetic Relaxation Enhancement (NMR-PRE) and is significant
for ion concentrations in the mM range. The first description of the physical
mechanism of NMR-PRE was formulated by Solomon, Bloembergen and Mor-
gan (SBM) in the late 1950’s. In 1955 Solomon [16] presented a description of
the dipole-dipole interaction between spins. Solomon and Bloembergen [17] dis-
cussed the scalar interaction between two spins. Later the effects due to chemical
exchange where considered by Bloembergen [18] [19]. Bloembergen and Morgan
[20] developed an electron spin relaxation theory based on the Bloch-Wangsness-
Redfield (BWR) theory. The SBM theory then yields a consistent description
where the proton spin-spin and spin-lattice relaxation times are found from the
BWR theory using the dipole-dipole and the scalar interactions. For details see
for example the excellent review by Kowalewski et al. [14].

A highly symmetric paramagnetic S ≥ 1 system can be defined as a para-
magnetic molecule where the static Zero Field Splitting (ZFS) interaction is
vanishing by symmetry. Examples of highly symmetric systems are for example
transition metal ion aqua complexes with tetrahedral or octahedral configura-
tion. The spin relaxation theory formulated by Bloembergen and Morgan was
formulated for such systems. If the static ZFS interaction (S ≥ 1) is not vanish-
ing by symmetry we can define this as a low symmetry paramagnetic system.
When the static ZFS interaction is non-zero the electron spin relaxation is, in
addition to the transient ZFS interaction, also modified by the reorientation of
the molecule. The rhombicity of the static ZFS interaction has been shown to
have profound effects on the PRE. A non-zero rhombic static ZFS parameter al-
ways reduce the PRE at low magnetic fields (approximately below 1 Tesla) and
disappears when the field is increased [14]. Also increasing the angle between
the principal axis of the ZFS and DD interactions reduce the PRE at low fields
[14].

Paramagnetic molecules are used for contrast enhancement in Magnetic Res-
onance Imaging (MRI) because of the profound PRE effect on water proton
relaxation rates. Gadolinium(III) complexes are frequently used as contrast
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agents in medical examinations. Development of contrast agents that interact
with specific tissues or tumours seem to be an important future clinical appli-
cation [21]. For this reason, paramagnetic substances will probably still be an
attractive research field in the future.

3.2 A BWR description of the water proton relaxation

We assume that both molecular reorientation and the paramagnetic electron
relaxation is so fast that they may be considered to remain in equilibrium during
the water proton relaxation process. The Redfield theory then applies where the
electron spin, together with other molecular degrees of freedom, are considered
as part of the molecular heat bath (B). Let index I denote the proton spin
system and index S denote the paramagnetic electron system in order to use
the same notation as in paper I and II. Then the total Hamiltonian, in the
Schrödinger picture, can be written

Ĥtot = ĤI + ĤDD
IB + ĤSc

IB, (42)

where ĤI = ωI · Î(1)
0 is the Zeeman Hamiltonian2. The dipole-dipole (DD) inter-

action is between magnetic moments of the water proton and the paramagnetic
electrons and is defined as

ĤDD
IB ≡ ωSB

1∑

n=−1

T̂ (1)†
n Î(1)

n , (43)

where the lattice operator T̂
(1)
n is defined as

T̂ (1)
n = (−1)n−1

√
3

1∑

q=−1

(
1 2 1
q n − q −n

)
Ŝ(1)

q F
(2)
n−q. (44)

Ŝ
(1)
q is the rank 1 electron spin ISTO,

(
1 2 1
q n − q −n

)
is a 3-j symbol [11]

and the rank 2 tensor is defined as

ωSBF (2)
q = −~γIγS

µ0

4π
r−3
IS

√
10 · D(2)

0q (ΩP→L), (45)

where ΩP→L are the Euler angles when rotating from the vector between the
spins ~rIS (called the Principal (P) frame) to the Laboratory (L) frame. The
scalar spin-lattice Hamiltonian is defined as

ĤSc
IB ≡ ASc

1∑

n=−1

Ŝ(1)†
n Î(1)

n , (46)

2Note that we use the standard definition of the proton Larmor frequency: ωI < 0. But in

paper I and II ωI denote the absolute value |ωI |.
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where ASc is the scalar constant and T̂
(1)
n is defined by equations (44) and (45).

The BWR solution (cf. section 2.4.1) for the proton (spin quantum number
I = 1/2) gives the proton NMR relaxation rates

R1 ≡ 1

T1
= 2J1(ωI); (47)

R2 ≡ 1

T2
= J0(0) + J1(ωI). (48)

Note that the spin-lattice proton relaxation rate R1 is denoted R1M in paper
I and II. The spectral densities Jn are defined by equation (33), where the
quantum mechanical correlation function should read

Cnn(t) ≡ TrB{σ0
B

(
T̂ (1)†

n (0) + AScŜ
(1)†
n (0)

)(
T̂ (1)

n (t) + AScŜ
(1)
n (t)

)
}. (49)

The right hand side of equation (49) can easily be written as a sum of three
terms. That is a dipolar, a scalar and a cross (combined dipolar-scalar) correla-
tion function. When describing the spin-lattice proton relaxation rate (R1) the
scalar part is neglected and the focus is on the dipolar part [14]. In this case
the correlation function above is rewritten as

Cnn(t) = CDD
nn (t) ≡ TrB{σ0

BT̂ (1)†
n (0)T̂ (1)

n (t)}. (50)

Note that the neglection of the scalar part is not actually a critical restriction
of paper I and II. This is because the approach described in paper I can easily
be extended to incorporate the scalar interaction (use equation (49) instead of
equation (50)). Then a generalisation of our approach to describe the spin-
spin proton relaxation rate (R2) is straight forward. The quantum mechanical
correlation function in equation (50) can explicitly be written by using equations
(44) and (45), and is found in full detail in equation (7) in paper I. The bath
trace calculation in equation (50) can be simplified by using a decomposition
(DC) approximation, where the DC is with respect to the reorientational Wigner

coefficients D
(2)
0q (ΩP→L) and the electron spin ISTO Ŝ

(1)
n . In this approximation

the total correlation function (right hand side of equation (50)) is split into a
multiplication of the reorientational and the electron spin correlation functions
(cf. paper I for details).

3.3 The paramagnetic electron relaxation from BWR theory

The BWR solution of the electron spin relaxation with spin quantum number
S = 1 and at high magnetic fields (where the perturbation is smaller than the
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Zeeman interaction), can be written

1

T1,e
= (V

(2)
0 )2

4S(S + 1) − 3

5

(
J1,e(ωS) + 4J2,e(2ωS)

)
; (51)

1

T2,e
= (V

(2)
0 )2

4S(S + 1) − 3

10

(
3J0,e(0) + 5J1,e(ωS) + 2J2,e(2ωS)

)
, (52)

where V
(2)
0 is a ZFS coupling constant in the principal frame. The electron

spectral densities Jn,e for a single exponential correlation function can be written
analytical as

Jn,e(nωS) ≡ <e
{∫ ∞

0

1

5
e−t/τDe−intωSdt

}
=

τD

5(1 + (nωSτD)2)
, (53)

where τD is the distortion correlation time. This is the form most commonly used
for spectral densities. The equations (51) to (53) are referred to as Bloembergen
and Morgan theory and is used even for spin quantum numbers S > 1.

3.4 Paper I: A new electron spin relaxation approach by Åman
and Westlund

The Stochastic Liouville Equation (SLE) can be formulated in the Langevin
form (SLEL). This approach is based on the semi-classical approximation and
therefore the time evolution of the electron spin quantum system can be for-
mulated by equation (24), where L̂′

SB,semi(t) has stochastical time dependence.
In the paper we write that we need a relevant stochastic model in order to
generate L̂′

SB,semi(t). This makes the SLEL approach extremely suitable for
simulation methods. Methods that can generate the stochastical ’noise’ are for
example Brownian Dynamics (BD) or Molecular Dynamics (MD) simulations.
Usova et al. [22] performed the calculations of Electron Paramagnetic Reso-
nance3 (EPR) spectra for spin S = 1/2 coupled to S = 1, in the Liouville space
using BD simulations. The essential new with our approach is that we describe
how to use the SLEL method to generate the stochastical Liouville ZFS matrix
that is needed in the context of PRE problems. The developed SLEL approach
is valid for spin quantum number S ≥ 1, but in the paper we focus on the S = 1
case. In order to explicitly illustrate this new SLEL approach we perform a di-
rect simulation of paramagnetic spin relaxation in the S = 1 highly symmetric
octahedral Ni2+(H2O)6 complex. The SLEL approach accurately accounts for
the slow motional electron spin relaxation found in the Ni-aqua complex, thus
making the SLEL approach extremely suitable.

3EPR means the same as ESR
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Figure 1: The correlation function C0(t) ≡ 〈D(2)∗
00 (Ω(0))D

(2)
00 (Ω(t))〉 from BD

simulations in an isotropical diffusion model, with correlation times 1.8 and 8.3
ps. C0(t) is displayed using large time steps in order to visualise the decay. Also

single exponential decays of the correlation times are shown. The number of

simulation trajectories used is 2 · 105.

The Brownian dynamic computer simulations: The stochastical pro-
cesses are obtained from two independent BD computer simulations. In each
BD simulation an isotropical diffusion model is assumed. Then each BD simula-

tion is characterised by the correlation function 〈D(2)∗
n0 (Ω(0))D

(2)
n0 (Ω(t))〉, which

is a single exponential function independent of n. One of the BD simulations
describes the distortion of the first hydration sphere of the complex and is de-
fined by the distortion correlation time τD. The other BD simulation describes
the tumbling of the paramagnetic complex, where the reorientational correlation
time is denoted τR. In figure 1 in this thesis we display both the distortion and
reorientation correlation function, together with the single exponential functions
0.2e−t/τD and 0.2e−t/τR . The single exponential functions are shown to fit the
correlation functions extremely well when 2 · 105 trajectories are used.

The water proton T1 NMRD curve: In paper I we use the SLEL approach
to recalculate (see figure 1 in paper I) an earlier 1H NMRD (NMR Dispersion)
calculation by Kowalewski and coworkers [23]. The original calculation was
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done by the Stochastic Liouville Equation in its Fokker-Planck form (SLEFP)
using parameters extracted from an unconstrained fit to experimental data at
51 ◦C. In the Fokker-Planck approach the SLE equation is solved in a direct
product basis constructed by eigenfunctions of the classical bath operator and
eigenoperators of the the spin operator. Although the calculations are very fast
on modern computers the disadvantage lies primarily in the limiting number
of dynamic models available that have an eigenvalue function expansion. The
SLEL method is based on the semi-classical approximation where the spin-bath
Hamiltonian has explicit stochastic time dependence. This make the SLEL much
slower than the SLEFP approach, but the advantage lies in that the SLEL form
is totally flexible to different dynamics models and are closely related to com-
puter simulation techniques. The agreement between the SLEL and SLEFP
approaches is shown to be very good, but they both deviate considerably from
the results of the SBM theory. This is because the perturbation condition does
not prevail. Also the proton NMRD curve is calculated with and without the
decomposition (DC) approximation (cf. section 3.2) and the profiles show no
significant difference. When the reorientational and electron correlation func-
tions are not statistical independent and the correlation time τR is comparable
to the integral electron spin relaxation times T1,e and T2,e, the use of the DC
approximation is questionable.

The electron spin correlation functions: We also display the paramag-
netic electron spin correlation functions for the S = 1 case, which to my knowl-
edge, never have been presented before. Both the real and imaginary part of the
quantum mechanical spin-spin and spin-lattice electron correlation functions are
presented (displayed in figures 2 and 3 in paper I). The correlation functions
are shown for four different magnetic field strength (0.235, 2.35, 3.52 and 7.05
Tesla). From the correlation functions it can be concluded that the phenomeno-
logical Bloch relaxation times can not be fitted to the real part because they
are not single exponential functions. The only exception is the electron spin-
lattice relaxation time at magnetic fields above around 3 Tesla (cf. figure 2 in
this thesis). It can be pointed out, which was not done in the article, that the
imaginary part of the spin-spin correlation function at intermediate magnetic
fields (around 2 Tesla), can be shown to give a significant contribution to the
water 1H NMRD curve. This can be understood because the magnitude of the
imaginary part in this region is not neglectable compared to the real part.

The integral electron relaxation times: The integral electron relaxation
times are not shown in paper I, but are displayed here in figure 2 as spin-lattice
Γ1e and spin-spin Γ2e integral relaxation times, that are numerical integrated by
using the Simpson rule. Also the Bloch relaxation times T1e and T2e are shown,
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Figure 2: The electron relaxation times calculated for the 51 ◦C parameters in

paper I: τD = 1.8 ps and a transient ZFS interaction of 5.9 · 1011 s−1.

which are found from the Bloembergen-Morgan theory (equations (51)-(53)).
T1e,ExpF it in the figure is extracted from an one-exponential fit to the spin-
lattice correlation function. This could only be done at high magnetic fields.
In the figure we see that the SLEL results differ from the Bloembergen-Morgan
results at low magnetic fields. This is of course expected because the strong
narrowing condition is not fulfilled.

3.5 Paper II: A generalisation to Gd(III) complexes

This article is a generalisation of the PRE approach, using the stochastic Liou-
ville equation in its Langevin form, developed in paper I. Paper I gives a general
description for S ≥ 1, but only the ZFS Liouville matrix for the S = 1 case was
explicitly given. In this paper we write and describe the stochastic Liouville
ZFS matrix, expressed in an irreducible spherical tensor basis, for electron spin
quantum numbers 1, 3/2, 2, 5/2, 3 and 7/2. Another generalisation in relation
to paper I is that both a transient and a static ZFS coupling is used in order
to incorporate the description of both high as well as low symmetry paramag-
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netic molecules. The generalised ZFS matrix is then used in order to simulate
relaxation of S = 7/2 Gd(III) complexes. Gadolinium complexes are of general
interest because that they are used as contrast agents in MRI [21]. To simu-
late the water proton relaxation we used the same approach as in paper I by
using two independent BD simulations: One BD simulation describing the dis-
tortion of the water around the Gadolinium complex and the other describing
the reorientation of the Gadolinium complex.

The general ZFS Liouville matrix: A method to build up the ZFS Liouville
matrix by using submatrix building blocks is presented (Appendix A and figure
8 in paper II). This method is valid for integer and half-integer electron spin
quantum numbers between 1 and 7/2. Only the top half, L? top

ZFS (t), of the total
matrix L?

ZFS(t) is explicitly displayed because the total matrix is Hermitian.

The water proton T1 NMRD profiles: The water proton spin-lattice re-
laxation for Gd(III) complexes are shown in paper II (figure 1) as R1M NMRD
curves for three different static ZFS parameter ∆s values (0, 0.04 and 0.4 cm−1)
and two different reorientational correlation times τR = 100 and 1000 ps. Other
parameters that are used: A g-value of 2, transient ZFS parameter of 0.04 cm−1,
distortional correlation time of 10 ps and an electron-proton distance of 3.1 Å.
For the calculations in the Redfield regime our results agree very well with the
calculations by Zhou et al. [24] (cf. figure 3 in that article) where they used a
generalised SBM approach. Our results are shown both with and without the
decomposition approximation, labelled DC and NoDC, respectively (cf. section
3.2). From paper II we can see that the decomposition (DC) approximation can
give significant different results, as compared to the NoDC. The difference seems
to occur when the Zeeman interaction is smaller than the static ZFS interaction.

The EPR lineshapes and the electron spin-lattice correlation func-
tions: From the SLEL approach we can extract the spin-spin and spin-lattice
electron correlation functions. As far as I know, the first rigorous numeri-
cal method for calculating electron spin relaxation was done already 1967 by
Itzkowitz [25] using a Monte Carlo simulation. Quite recently, Fries et al. [26]
calculated the electron correlation functions for Gd(H2O)3+8 . They used a simi-
lar approach as Levine et al. [27], which is to do a direct simulation calculation
in the Hilbert space. The approach by Fries and coworkers should give the same
results as our calculations, presumed that the same dynamic model is used.

In paper II (cf. figures 2-4) the complex valued spin-spin electron corre-
lation functions are displayed in the form of EPR derivative lineshapes. EPR
linehapes are shown because they are of the experimental importance. The
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linewidths were derived as top-to-top values in the derivative spectra. Both a
transient ZFS interaction ∆t = 0.04 cm−1 and a static ZFS interaction ∆s are
used. The lineshapes are calculated for three different values of the static ZFS
interaction (0, 0.04 and 0.4 cm−1). For ∆s = 0.04 cm−1, the linewidths in the
X-band (B0 = 0.339 T) and the Q-band (B0 = 1.25 T) are seen to increase
when the reorientational correlation time τR is increased (cf. table 2 in paper
II). The linewidth is proportional to 1/T2,e, so an explanation can be found from
the Redfield expression in equation (52) together with equation (53). This is
because the X and Q-band lineshapes fulfills the non-extreme narrowing condi-
tion (ω0τR � 1), which imply that approximately only the spectral density J0,e

contribute to the linewidth. Thus increasing τR result in a broader linewidth.
In the S-band the EPR lineshapes are not Lorentzian and therefore no reliable
linewidths can be extracted. This occurs because in the S-band, the static ZFS
interaction (2πc0∆s = 0.75 · 109 s−1) is comparable to the Zeeman interaction
(ω0 = 2.1 · 1010 s−1).

We also illustrate the case when the static ZFS interaction is 0.4 cm−1 and
thus it is 10 times larger than the transient ZFS interaction. In the S and
X-band the static ZFS interaction is then larger than the Zeeman interaction.
This mean that the quantization of the energy levels of the electron spin system
is in the molecular frame rather than in the laboratory frame. Therefore those
EPR lineshapes are found at zero Larmor frequency. The linewidth has in
this case decreased, when τR is increased, but this case cannot be analysed by
using Redfield expressions because we are far into the slow motional regime.
We also display the spin-lattice correlation functions (figures 5-7 in paper II).
For a simulation where the ZFS interaction strength fulfills the strong narrowing
condition, a one-exponential function can be fitted and a phenomenological spin-
lattice relaxation time can be extracted.
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4 1H2O and 2H2O relaxation in a water/lipid-bilayer

interface

4.1 Introduction

All organisms and plants on our planet seem to have the cells as the basic units.
The two major classes of cells are the prokaryotes and the eukaryotes [28]. Multi-
cellular organisms consists of different eukaryotic (true-nucleus) cells that have
very specialised functions and show an impressive internal organisation. The
boundary of the cell is called the biological membrane (or the plasma mem-
brane). This membrane consists mainly of lipids and proteins, where the lipids
form bilayers with their hydrocarbon ’tails’ pointing at each other, thus giving
rise to a hydrophobic oil-like interior and hydrofilic membrane surfaces. A bio-
logical membrane consists of a wide variety of different lipids, where the major
lipids are phospholipids [29]. Some in-vivo functions for membranes are: Keep
the cell together and link it to other cells, regulate the passage of molecules,
detect chemical messengers and anchor a wide variety of proteins. In contrast
to the view of membrane as a rigid structure, Singer and Nicolson proposed in
1972 [30] a fluid mosaic model which stated that the lipids (and proteins) are
able to move (diffuse) in the two dimensional membrane leaflet.

Because water is the biological solvent, the self-assembly of lipids in aggre-
gates when mixed with water is a very important feature to investigate in order
to understand membranes. Such an aggregation minimise the free energy of
lipid self-assembly, due to inter- and intramolecular interactions and entropy, in
the water/lipid system. But, a rigorous description of the self-assembly is diffi-
cult to derive from thermodynamics and statistical mechanics [31]. Amphiphilic
molecules can aggregate into micelles or bilayers. The main types of lipid aggre-
gates are: Bilayers, spherical micelles and cylindrical micelles [32]. That lipids
in a cell membrane can spontaneously form a bilayer was suggested as early
as 1925 by Gorter and Grendel [33]. Bilayers are the most interesting in the
context to understand plasma membranes, and they can be of type: Vesicles,
stacked planar bilayers or cubic phases. Most of the cubic phases formed by
membrane lipids are found to be bicontinuous (i.e. continuous in both lipids
and water regions) [34].

Investigations of the dynamics and order of water outside a lipid bilayer
is an important piece to the puzzle to understand membrane structures and
self-assembly of lipids. In paper III the dynamics and order of water outside a
lamellar liquid crystalline bilayer are analysed by using an MD simulation. A
common way to investigate lipid bilayer is to use NMR spectroscopy, where one
option is to use 2H2O as the solvent and then run 2H-NMR experiments. In
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paper IV we show a new way to calculate deuterium lineshapes, without any
restriction to the dynamics of the system. An illustrative example is shown
by using BD simulations describing lateral 2H2O diffusion on a distorted cubic
gyroid minimal surface.

4.2 Paper III: Structure and dynamics of interfacial water

Paper III is based on a 100-ns-long Molecular Dynamics (MD) simulation of 64
lipids and 23 water molecules per lipid. The MD simulation was performed by
Lindahl and Edholm [35] at a constant pressure of 1 atm and at a temperature of
50◦ C. All analysis of the water in the article was performed by me in a creative
and continuous discussion with H̊akansson and Westlund about the system and
the results. The article reveals some aspects of a water/lipid-bilayer interface,
where the lipid-bilayer in the MD simulation was in the lamellar liquid crystalline
(Lα) phase. We, for example, display the quadrupole splitting, lineshape and
relaxation times (T1 and T2), which are important properties in the context of
2H2O NMR experiments.

Water penetration in a lipid bilayer: The amount of water penetration
in a water/lipid interface have been throughly investigated by several research
groups. To mention some studies, investigations have been performed by using
infrared (IR) spectroscopy [36], other MD simulations [37] [38] and Monte Carlo
simulations [39]. Our results (figure 2 of paper III) are consistent with the
results of these analyses. Note, that we also fit a sigmoidal function to the
water density profile in the interface, thus giving an approximative analytical
expression that describe the water penetration.

The analysis reveals two types of interfacial water: We define the rank

2 water order parameters SDp
n ≡ 〈D(2)

n0 (ΩDp)〉, for the O–H bond vector (defines
the principal (p) frame) relative to the simulation box z-axis (approximately
equal to the normal of the surface (Director (D) frame)). From the MD simu-
lation we found that the only non-zero SDp

n is when n = 0 and it is displayed
in figure 4 in paper III. The figure shows two distinct water regions: a posi-
tive valued order parameter region (around the flexible lipid headgroup) and an
approximative twice as wide negative region (when the water penetrates down
to and beyond the glycerol backbone of the lipids). This support an almost
thirty years old hypothesis that binding sites with different signs on the order
parameter are present, originally suggested by Lindblom et al. [40]. The posi-
tive region (denoted Bound plus (B+)) range from 21 Å to 28 Å from the center
of the bilayer, and has an average order parameter (SDp

0 ) value of 0.0120 and
the fraction of water is 0.487. For the negative region (denoted B−) the average
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order parameter is −0.0372, the fraction of water is 0.238 and the region range
between 8 Å and 21 Å from the center of the bilayer. Because the number of
water molecules below 8 Å (relative to the center) is neglectable, the remaining
water, with a fraction of 0.275 and zero order parameter is found above 28 Å.
This region is called the Free (F) region and range up to the simulation box
boundary. The quadrupolar splitting of a 2H2O-NMR is proportional to the
absolute value of the weighted sum of the average negative and positive valued
rank 2 order parameters. A small change in the fraction of water in the positive
or negative region can therefore result in a large change in the quadrupole split-
ting. Thus, in the new light of this MD simulation, Sparrman and Westlund
[41] used the old idea of different sign of the order parameter to explain the
increase in quadrupole splitting with increasing temperature, in the Lα phase of
a Dipalmitoylphosphatidylcholine (DPPC)/water system.

But the MD simulation actually gives an even more detailed picture. The
head group C → P vector, pointing from the middle carbon (C) of the glycerol
backbone to the phosphorus (P) atom is restricted to move in a cone around
the normal of the bilayer (cf. figure 10 in paper III). Figure 12 in paper III
displays the order parameter SDp

0 values, for water within a radius of 0.45 nm
from the phosphorus atom as a function of the angle between the simulation
box z-axis (D) and the phosphorus to nitrogen (P → N) vector. This analysis
imply that SDp

0 > 0 when the headgroup P → N vector lie rather flat in the

membrane plane and SDp
0 < 0 when the vector is more parallel the z-axis.

The interpretation of this is that the region in the membrane with positive
order parameter SDp

0 value originates from water in the first hydration sphere
around the phosphorus. This conclusion is strengthened by the fact that the
dipole (P → N vector) is very flexible, pointing in almost all directions in space
(cf. figure 10 in paper III). Hence the water around the nitrogen can not
make any substantial contribution to the positive order parameter. Because the
total order parameter is the sum of water from the negative and positive order
parameter regions, it seems to be very hard to interpretate dipole orientations
from quadrupole splittings of 2H2O NMR experiment.

A detail analysis of the water diffusion: The translational motion of the
water in the interface can be decomposed into an in-and-out and a lateral dif-
fusion component. For the in-and-out motion, a three site chemical exchange
model (equation (3) in paper III) is suggested based on the F, B+ and B−

regions, where all three sites exchange water molecules with each other. The
average residence time for the three regions F, B+ and B− were around 20, 30
and 60 ps, respectively. These values were calculated using a 2 Å thick buffer
zone at the boundaries between the regions, thus leaving out oscillatory water
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motions along the z-axis at the boundary. The analysis also reveal that the
most probable residence time for an arbitrary water molecule only is a few ps.
That the average residence time is found to be larger than this value, is due to
that there are a few water molecules that stay for long times in a region.

A well known picture is that water near a lipid bilayer displays a more re-
stricted lateral diffusion with respect to bulk water. This is because the diffusion
coefficient of lipids is much lower than for bulk water [42]. The water diffusion
in a bilayer/water interface is a very complicated phenomenon, because it de-
pends on temperature, water concentration and the water/bilayer composition
[42]. In figure 7A of paper III the mean square displacement of water for the
three regions (F, B+ and B−) are displayed and the water diffusion coefficients
display the values 6 · 10−9 m2s−1, 6 · 10−10 m2s−1 and 4 · 10−10 m2s−1, where
the diffusion coefficients are extracted from the linear part of the mean square
displacement plots. This mean that the water show restricted lateral diffusion
when penetrating down into the interfacial region. The values seem to be rea-
sonable compared to the quasi-elastic neutron scattering measurement by König
et al. [43] and are also comparable with other MD simulations [44]. Although,
the non-perturbed value of 6 ·10−9 m2s−1 seems to be a little bit too large when
compared to the bulk water value of 4 · 10−9 m2s−1 by Mills [45]. But the value
of 6 · 10−9 m2s−1 is extracted from the first 40 ps of the F-region mean square
displacement plot. This is because it is very hard to get good statistics of the
plot beyond 100 ps since there are very few water molecules that stay more
than 100 ps in the F-region. Therefore, for times up to several hundred ps we
do not know if the plot stabilise at a less steep and constant slope, i.e. it should
corresponds better to the value by Mills.

New insight to the water reorientational motion: The water reorienta-
tion correlation functions give an insight in the reorientational motion of water
molecules, and there are both fast and slow decaying components present. The
correlation functions are fitted by a sum of exponential terms. A sum of three
exponentials was sufficient to give a reasonable fit. Then it seems that the two
site (one slow and one fast decaying component) NMR model used in [46] is
not an unreasonable model to use. A comparison of these parameters with the
previous study [46] gave a rather good agreement.

The 2H2O lineshape and relaxation times: The spin-lattice and spin-
spin relaxation times are equal and large (0.35 s). This implies that extreme
narrowing condition prevails. The lineshape then displays a dip [47] and a
very small linebroadning. The relaxation times are too large compared to real
measurements in the Lα phase [41]. This means that the MD simulation lacks
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a slow water reorientation correlation time component. Such a component can
originate from the lateral diffusion in undulating or curved water/lipid-bilayer
interfaces.

4.3 Paper IV: 2H relaxation in a 2H2O/lipid interface, using the
SLEL

In this paper we apply the SLEL approach of paper I to describe deuterium relax-
ation in a 2H2O/lipid interface. The SLEL approach provide for a formulation of
the deuterium relaxation that is very flexible towards the local structure of the
lipid surface. Another advantage of the SLEL method is that it is not restricted
to the perturbative (Redfield) dynamical regime and therefore the strong nar-
rowing condition can be violated. These advantages are of essential importance
for the study in paper IV. In this paper we study heavy water lineshapes from
2H2O molecules moving in a lipid bilayer/water interface. The linehapes are
generated from the NMR spin-spin relaxation which is mainly caused by motion
of perturbed water molecules in the water/lipid interface, where the interface
is assumed to be rigid on the timescale of the diffusion (for example we do not
incorporate undulation motions of the surface). This water motion is divided
into a fast and a slow component. The fast component is due to anisotropic
reorientation of the water molecules resulting in a partial averaged (residual)
quadrupole interaction. The slower component is due to translational diffusion
of the water molecules along the lipid surface (in the interfacial region) and it
modulates the residual quadrupole splitting. To illustrate this method we use
a bicontinuous cubic surface as our model surface. This surface is a specific
periodic nodal surface (cf. Appendix A in paper IV) that is an approximation
of the gyroid triply periodic minimal surface [48] [49]. The developed method
in this paper is then actually a good synthesis between the SLEL approach in
paper I and the diffusion at curved surfaces developed by Persson et al. [50]
[51]. We think that this new method will generate valuable scientific results in
the field of phase transitions, because we display spectra for a phase transition
between a cubic and an almost lamellar phase. This is possible because our
Liouville equation approach is not restricted by the strong narrowing condition.

The influence of the lipid surface on the lineshapes: The quadrupole
interaction is averaged to a fixed value defined along the local surface normal
of the lipid surface. This residual quadrupole splitting is then modulated by
the reorientation of a translational diffusion vector, which is pointing along the
surface normal of the curved interface. In the perturbation approach, the strong
narrowing condition limits the analysis to cases where the translational diffusion
must be fast (i.e. a small surface reorientational correlational time τc). However,
the time scale of the residual quadrupole interaction depends on the curvature
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of the interface, where a flat surface is the limiting case for infinitely slow dy-
namics (τc = ∞). A very curved surface (small τc) then generates isotropic
signals (Lorentzian lineshapes), because of the fast averaging of the quadrupole
interaction. The flat surface gives no translational diffusional modulation of
the quadrupole interaction and this give spectra from a flat surface (lamellar
phase) where the linehape is determined entirely by the phenomenological fast

spin-spin relaxation rate Rfast
2 . In a phase transition, from for example a cubic

phase to a Lα phase, the lipids must regroup in some way. A model system for
such a phase transition that can be used for simulations is suggested in paper
IV by distorting the cubic phase in such a way that one Cartesian coordinate
axis is held fixed and the other two are enlarged. Then an almost flat surface for
the water to move on, is obtained when the two axis are substansially enlarged.
In the paper we display the change in lineshape when we distorted the cubic
surface in this way.

The influence of the phenomenological fast spin-spin relaxation rate
on the lineshapes: In paper IV we use a phenomenological spin-spin relax-
ation rate Rfast

2 for the fast water reorientation. The value we were using was 50
s−1. To fit a real 2H2O-NMR experiment this rate constant could be interpre-
tated as generated from a combined effect of translational and reorientational
water motion in an in-vitro lamellar (Lα) phase. This is because our direct sim-
ulated slow component (discussed above) only gives the additional relaxation
pathways due to lateral diffusion on a curved surface. Figure 3 in this thesis
shows a recalculation of figure 2 in paper IV, when we use a Rfast

2 value of
330 s−1 instead of the value 50 s−1 used in the paper. Such a high relaxation
rate corresponds approximately to the experimental values obtained from heavy
water T2 measurements in the Lα phase of the DPPC/water system [41]. We
can see in figure 3, when comparing it to figure 2 in paper IV, that a higher fast
relaxation rate makes all lineshapes broader.

The asymmetry of the lineshapes: When calculating with the full stochas-
tical Liouville quadrupole matrix, slightly asymmetric lineshapes were detected.
Asymmetrical spectra have been observed experimentally, even at high magnetic
fields [41]. But the asymmetry that we obtain from the quadrupole interaction
cannot describe the asymmetry seen at high magnetic fields. A recalculation of
the orientation dependent resonance frequencies calculated by Westlund [47], by
using a time independent perturbation to second order, show that the asymme-
try is only displayed at low fields. Thus the asymmetry found in paper IV should
be a second order effect of the quadrupole splitting. This can be confirmed by a
recalculation of an asymmetric lineshape, which then show that the asymmetry
is gradually disappearing when the magnetic field strength is increased.
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Figure 3: A recalculation of the 2H2O direct simulated lineshapes in figure 2 in

paper IV by using Rfast
2 = 330 s−1.
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5 Conclusions and future perspectives

With this thesis I hope to contribute with a more detailed picture of differ-
ent aspects concerning the very complicated translational and reorientational
motion of water in biophysical systems as well as water proton and deuterium
nuclear spin relaxation. The specific systems my coworkers and I have analysed
are water/lipid-bilayer interfaces and transition metal ion complexes in water
solutions. I also hope that the simulation methods we have developed will be
applied to new NMR experiments. The greatest advantage of the simulation
methods is that they are not restricted to a perturbation regime, which often
is a common restriction to analytical expressions. The approach to combine
MD or BD simulations and SLE is an important tool for analysing NMR ex-
periments where a perturbation approach breaks down. Another advantage is
that the range of validity and accuracy of a perturbation approach can be deter-
mined. The rapid development of computers will lift up computer simulations
to a more frequently used method in chemistry. Computer simulation methods
will therefore be a more and more important complement in the analysis and
understanding of experimental work.
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A More about the superoperator formalism

Assume that the orthonormal (ON) basis {|n〉} span the Hilbert space of the
system of interest. The density operator ρ can then be written as

ρ =
∑

m

∑

n

ρmn|m〉〈n|, (54)

where ρmn is the density matrix element [52]. From equation (54) we can see
that the density matrix element can be written ρkl = 〈k|ρ|l〉. The averaged
expectation value of an arbitrary observable is given by

〈A〉 = Tr(ρÂ) =
∑

n

∑

k

ρnkAkn, (55)

where Tr is a shorthand notice for Trace, which stand for the sum of diagonal
elements in the complete ON basis {|n〉} [52]. Linear operators Â in Hilbert
space are elements |Â) of the Liouville space. Then an arbitrary linear operator

can be written |m〉〈n| and the basis in the Liouville space will be
∣∣∣|m〉〈n|

)
. The

Liouiville superoperator can then be expanded into superoperator space as

L̂ =
∑

k

∑

l

∑

m

∑

n

Lklmn

∣∣∣|k〉〈l|
)(

|m〉〈n|
∣∣∣. (56)

The scalar product in Liouville space [7] is defined by means of the trace which
in the simplest physical interpretation will read

(
Â

∣∣∣B̂
)

= Tr(Â†B̂). (57)

The scalar product in Liouville space can be interpretated in various ways, de-
pending on the physical problem [7]. According to equation (57) the scalar prod-

uct of the linear operators |m〉〈n| in Liouville space is found to be
(
|m〉〈n|

∣∣∣|k〉〈l|
)

=

δmkδnl. This will give us that the Liouville superoperator element in equation
(56) can be written

Lklmn =
(
|k〉〈l|

∣∣∣L̂
∣∣∣|m〉〈n|

)
. (58)

Then by using the equation (58) above, equation (57) and the definition of
the Liouville superoperator given in equation (4), the Liouville superoperator
element can be written as

Lklmn = δnl〈k|Ĥ |m〉 − δkm〈n|Ĥ|l〉. (59)

From equation (59) we can see that the Liouvillian is hermitian because the
Hamiltonian is hermitian. If the components of the Liouvillian given by equation
(59) are real (they are in general complex) then the Liouvillian is symmetric.
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B Irreducible spherical tensor operators

The Cartesian spin operator vector is written Ĵ = [Ĵx, Ĵy, Ĵz ] and the raising
and lowering operators are defined as Ĵ± ≡ Ĵx ± iĴy. Remark, that the lowering
and raising operator are not hermitian. The common eigenstate to the operators
Ĵ and Ĵz can be written |j,m〉, often just written |m〉, where j is the quantum
spin number and m is the magnetic quantum number given from m = −j,−j +
1, .., j − 1, j. Then from a quantum mechanical textbook [2] we can write:

Ĵ2|m〉 = j(j + 1)|m〉,

Ĵz |m〉 = m|m〉,
Ĵ+|m〉 =

√
j(j + 1) − m(m + 1)|m + 1〉, (60)

Ĵ−|m〉 =
√

j(j + 1) − m(m − 1)|m − 1〉.
The rank 0, 1 and 2 Irreducible Spherical Tensor Operators (ISTOs) for spin
operators are given by [52]:

Ŝ
(0)
0 = 1̂,

Ŝ
(1)
0 = Ĵz,

Ŝ
(1)
±1 = ∓ 1√

2
Ĵ±,

Ŝ
(2)
0 =

1√
6

(
3Ĵ2

z − Ĵ2
)
,

Ŝ
(2)
±1 = ∓1

2

(
ĴzĴ± + Ĵ±Ĵz

)
,

Ŝ
(2)
±2 =

1

2

(
Ĵ±Ĵ±

)
. (61)

It is convenient to combine [52] the outer product Zeeman operators |j,m′〉〈j,m|
into ISTO Q̂

(k)
n by

Q̂(k)
n (j′, j) =

j∑

m=−j

(−1)j
′−m−n

√
2k + 1

(
j′ j k

m + n −m −n

)
|j′,m + n〉〈j,m|.

(62)
The matrix element is given by

〈j′,m′|Q̂(k)
n (j′, j)|j,m〉 = (−1)j

′−m′
√

2k + 1

(
j′ j k
m′ −m −n

)
. (63)
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Often we use ISTO basis Q̂
(k)
n (j, j) and denote it Q̂

(k)
n , where the spin quantum

number j is implicitly assumed.

Tensors can be extended directly to quantum mechanical tensor operators

[53]. An irreducible spherical tensor operator (ISTO) Ĝ
(h)
a of rank h consist of

2h+1 components and transform [11] according to the irreducible representation
of the rotation group

Ĝ
′(h)
n =

h∑

m=−h

Ĝ(h)
m D(h)

m,n(Ω(x,y,z)→(x′,y′,z′)). (64)

The D
(h)
m,n is the Wigner rotation matrix element and is defined [11] by

D(h)
m,n(Ω(x,y,z)→(x′,y′,z′)) ≡ e−imαd(h)

m,n(β)e−inγ , (65)

where Ω(x,y,z)→(x′,y′,z′) ≡ α, β, γ and α, β, γ are the Euler angles in y-convention
when rotating from the Cartesian coordinate system (x, y, z) to (x′, y′, z′). The

real rotation element d
(h)
m,n is given in table 1 in Brink and Satchler [11]. The

rank h spin ISTO is fulfilling the ISTO relation

Ĝ(h)†
a = (−1)aĜ

(h)
−a. (66)
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