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Abstract

I
nteractions are what gives us the knowledge of the world around us. Interac-

tions on all levels may fundamentally be seen as an exchange of information

and a possible response of the same. Whether it is an electron in an electrical

field or a handsome dude in a bar responding to a flirtation—interactions make

things happen. In this sense we can see that objects without the capability of

interacting with each other also are invisible to each other. Chains of pairwise

interacting entities can serve as mediators of indirect interactions between ob-

jects. Nonetheless, in the limit of no interactions, we get into a philosophical

debate whether we actually may consider anything to exist since it can not be

detected in any way. Interactions between matter tend to be organized and

show a hierarchical structure in which smaller sub-systems can be seen as parts

of a bigger system, which in turn might be a smaller part of an even bigger sys-

tem. This is reflected by the fact that we have sciences that successfully study

specific interactions between objects or matter—physics, chemistry, biology,

ecology, sociology,. . . What happens in a situation where all length scales are

important? How does the structure of the underlying network of interactions

affect the dynamical properties of a system? What network structures do we

find and how are they created? This thesis is a physicist’s view of collective

dynamics, from superconductors to social systems and navigation in city street

networks.



Sammanfattning

I
nteraktioner är det som ger oss kunskapen om världen omkring oss. Inter-

aktioner på alla nivåer kan på ett grundläggande sätt ses på som ett utbyte

av information och en möjlig respons på densamma. Oavsett om det är en

elektron i ett elektriskt fält eller en cool snubbe’s respons på en flirt i en bar—

interaktioner får saker och ting att hända. I denna mening kan vi se att föremål

utan möjlighet att interagera med varandra också är osynliga för varandra. Ked-

jor av parvis interagerande enheter kan fungera som ett medium för indirekta

interaktioner mellan objekt. Icke desto mindre, i en situation där vi saknar

interaktioner, så hamnar vi i en filosofisk debatt om vi verkligen kan anse nå-

gonting existera om det inte kan detekteras på något sätt. Interaktioner mellan

materia tenderar att vara organiserad och visa en hierarkisk struktur i vilken

små delsystem kan ses som delar av ett större system, som i sin tur kan vara

en mindre del i ett ännu större system. Detta speglas av det faktum att vi har

vetenskaper som framgångsrikt studerar specifika interaktioner mellan objekt

eller materia—fysik, kemi, biologi, ekologi, sociologi,. . . Vad händer i situa-

tioner när alla längdskalor är relevanta? Hur påverkar strukturen i det under-

liggande nätverket av interaktioner de dynamiska egenskaperna hos systemet?

Vilka nätverksstrukturer ser vi och hur har de uppkommit? Denna avhandling

är en fysikers syn på kollektiva fenomen, från supraledare till sociala system och

navigering i gatunätverk.
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Preface

This thesis is organized in the following way. First, some example networks

and basic network theory are introduced just to get a feel of networks, and to

be able to quantify structures we can expect to find in the real world. Some

measures and concepts are presented in chapters dealing with specific applica-

tions, but could equally well have been fitted somewhere else. I have tried to

put ideas and concepts close to an immediate application. My idea with this

approach is to focus on intresting phenomena and give a ”the whole is more

than the sum of it’s parts” picture of nature instead of losing focus by giving

an extensive network theory section. The chapters after the introduction start

with networks in physics where critical phenomena and lattice models briefly

are presented. Here we start to see that, in some cases, much of the details

of the interacting units can be ignored whereas the actual underlying structure

where the interactions take place will affect the global dynamics. Successively,

interactions in larger and more complex systems are introduced and eventually

it ends with man-made networks.

I have tried to put different network models in the proximity of its poten-

tial application. The reason is that candidates for a growing process are more

likely to be found from the physics, biology or rationales of the agents in a so-

cial system—whatever might be the case of investigation. There are possibly an

infinite number of different dynamics leading to similar distributions and mea-

sures from a probabilistic viewpoint. Similar structures seen in networks from

very different areas can be explained in terms of functionality—non-successful

structures are being repressed in favor for more successful ones—and in com-

bination with some similar element in the growing mechanism. Important to

remember though, is that similar elements in the growing process not neces-

sarily means the same growing process. Other structures observed in networks

can on the other hand give information about the specific details of the dy-

namics leading to the network structure, and possibly rule out candidates for

the growth of some given network.
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I find networks very appealing, since it gives me the opportunity to work in

very different fields of science. The entangled patterns of interactions appear-

ing in nature ranges from a very small scale, where we might put interactions

between elementary particles, to more intricate systems on a larger scale like

social interactions. Nature is very much about how pieces are put together,

which is well demonstrated in the formation of life, as we know it. The same

entities that are fiddling around in the atmosphere are also constituents of the

major parts of life. Calculating the properties of the hydrogen atom (or any

other atom) doesn’t give us information enough of how the peptide chains of

aminoacids are folded into proteins. Neither does knowledge of elementary

particles explain how these proteins are used in organisms to build up struc-

tural tissue and internal transport system of energy and information. The exis-

tence of (intelligent) interactions between individuals, forming social systems,

and the creation infrastructure is even harder to realize just by observing the

properties of the dead form of the same matter that also is involved in the for-

mation of life. As we can see there are a hierarchical organization of matter

with interactions acting on different length scales and time scales. Biology is

sometimes called kBT physics since all processes are taking place at room tem-

perature. The organization of matter to living objects indeed is a remarkable

thing and fascinates me more than anything else. I wouldn’t be fascinated at all

if life weren’t a reality, but apart from that it is intresting to put numbers on bi-

ology and biological activities. Biological activities which can be predator-prey

relationships, social rules and etiquette’s giving non-trivial patterns of connec-

tions in social networks, identity seeking of youngsters, trades of gods or flow

of money in markets and many other things.
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chapter 1

Introduction

O
ur world consists of a finite set of buildingblocks. Nevertheless it

seems to be able to form a multitude of objects. Even if we look at

very small scales it becomes clear that the whole is much more than

the sum of its parts. Consider the two very different elements carbon and oxy-

gen, still only differing by two atom numbers. Furthermore, both elements are

crucial in the formation of life, an even higher organization of matter with en-

tangled subsystems each with specific functions and in all collectively working

as a whole. Life comes in a variety of forms and is evolving as a result of ran-

dom changes and a suppression of non-functional forms, still the basic building

blocks remain the same. Living objects are in its turn organizing into intricate

relationships between one another in the form of populations, social groups,

communities and eco systems. To ease life and promote social interactions

mankind has manufactured transportation infrastructure, invented money, or-

ganized government and many other things.

In many cases these interactions and infrastructure can be modelled as networks

or to take place on networks as we soon will see. The interacting units of the

system to be pictured as a network are in its abstraction represented by vertices,

or with another terminology frequently used—nodes, and correspondingly the

interactions or connections between pairs of vertices are represented by edges.

The ambivalence in the terminology continues; to describe the connections

in a network edges are not the only terminology used, links are equally com-

mon. The different terminology can be explained by the fact that networks

are used in a variety of scientific disciplines, and non-scientific contexts too for

that matter. I will stick to the ”network-vertex-edge” terminology. Just like the

interacting or connected units, the edges may correspond to something ”real”

and come with properties. Edges are thus not only an abstraction of pairwise
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Male

Female

Figure 1.1: A network of romances between actors and actresses constructed by

information from36

connected or interacting units. Possible realizations of edges might be exchange

particles, viruses, railroads, synaptic couplings, etc. . .

1.1 Network examples

The first one might think of are the networks one finds in any map, like trans-

portation networks from roads and railway systems. Other infra-structural net-

works includes distribution of electrical power, water and waste, which all are

intuitively represented by networks. We are also very aware of the effects of

breakdowns that sometimes occur in our infrastructural networks. In the south

of Sweden there are in the winters usually breakdowns in the electrical power,

caused by trees breaking from the heavy wet snow and falling on the electrical

lines. In September 2003 a major breakdown occurred and almost 4 million

people were out of electrical power in the south of Sweden and the capital of

Denmark, Copenhagen. In the north of Sweden it’s usually low temperatures

that causes breakdowns from overload due to high usage of electric power. In

US September 2003 there were a major breakdown in the northwest and parts

of Canada and almost 50 millions were out of electrical power. The same year

Italy faced the worst breakdown ever leaving most of the country without elec-
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Figure 1.2: Parts of the large network of flights connecting distant parts of our globe

trical power. The breakdown originated in Switzerland, Austria and France,

causing a series of failures on the power lines and in this case falling trees from

bad weather was reported as the cause. The breakdown induced malfunction-

ing in other infrastructural networks as well, which gives us a non-trivial pat-

tern of breakdowns spreading troughout the infrastructural systems. According

to CNN, ”Mobile phone links were badly hit and some newspapers were un-

able to publish. About 110 trains carrying more than 30,000 passengers were

stranded when the power went out. Trains were held at the Swiss border for

more than 3-1/2 hours before power returned”.

Lately a huge communication network has arisen, the internet. And with inter-

net also the birth of the World Wide Web (WWW). The impact of the internet

we now know, even though it by some in the early days were associated to as a

fad.

In molecular biology an explosion of new data is in process, much because

of the new technology available. One example is the information extracted

from biochemical processes and is related to how substances are produced and

consumed in the different processes occurring in the cell. From this data one

can do a projection onto a network where two substances are joined by an edge

if one is used in the process of producing of the other. As we can see in the

previous example there is a direction of the edges, pointing from one substance

to the other. There are data of which functional proteins that are interacting

with each other physically, that is binding to each other, within the cell. The

network of pairwise interactions has been pictured as networks.100

There are also information given by microarray experiments that give us the

possibility to point out which gene products, proteins or RNA, that are be-

ing produced in the cell in different situations. Which genes to be expressed



14 Andreas Grönlund Complex patterns

is an essential mechanism of how the cells are maintaining the right environ-

ment within the cells when being exposed to different external environments—

homeostasis. In order to maintain homeostasis and adjust energy consumption,

regulations are needed. Regulations are also needed for the differentiation of

cells.9, 65

Another network which is, in most cases, more present in our everyday life than

others—our brain—the neural network which we can find in all higher forms

of living organisms. Ecologists have mapped and identified networks of ”who

eats who”, food webs, in various ecological systems.29, 30, 47, 53, 67, 86 Food webs

are interesting, not only in themself, but also in the sense that they can give us

information of how disturbances in the population size of a single specie are

distributed throughout the eco system.

For many years sociologists have extracted and studied properties of social net-

work (for an introduction to social networks see90) where different aspects and

viewpoints are considered. An understanding of how social networks may look

like, and emerge, is of great interest if we want to understand spreading of

diseases and viruses. If we know the structure we are more likely to focus the

efforts more effectively. All kinds of diffusion processes are constantly taking

place in our communities, opinions are formed by influences from our neigh-

bors since we tend to use herding strategies when we form our opinion in

matters. As one can see networks are part of most sciences when one wants to

describe systems of interacting units, but in many respects the understanding

of them are limited.

1.2 Why network science by physicists?

The starting point of getting the physics community involved in network the-

ory were to a great extent due to the boost in the number of mapped real-world

networks and the results that were obtained. Many of the features observed

were not dealt with by classical random graph theory. The terminology that

became consensus were ”complex networks” since the networks that were ex-

plored appeared to be networks with both structure and randomness, in con-

trary to both regular networks and random networks. A striking feature that

these complex networks from a variety of origins seemed to show were a com-

pletely different degree distribution expected from the standard random graph

approach, namely a power-law degree distribution. That is, the degree of a ran-

domly picked vertex follows a probability distribution given by a power-law,

but more about this later. In the context of self organized criticallity (SOC)5, 6

the lack of scale in the size of events of various systems were in the focus of
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interest a few years earlier, and the birth of ”scale free networks” were a fact.

The terminology is a bit missleading since there might just as well be a scale in

other quantities in the network even if the degree lacks a scale. Nevertheless,

the lack of scale in the degree distribution made the happy marriage between

physicist and networks. The physics community have been involved in the net-

work science for some years now and a number of papers have been produced,

for a review see.28, 80, 96 The other answer to the attention is the history of lat-

tice systems studied in statistical physics, which in its extension of course raises

questions about the same systems put on other kinds of underlying structures.

In general, the physicist involved in network science have a background includ-

ing statistical physics and are now applying their knowledge to other systems

with many degrees of freedom.

1.3 Basic network terminology

In order to formalize things a bit, some basic notation is needed. As we already

have seen networks are built up by vertices and edges. A network is mathemati-

cally formulated as a graph with vertices, v1, v2, . . . , vN and edges e1, e2, . . . , eM .

An edge is formally defined as a pair of vertices, eg. (v3, v7). So a graph is there-

fore made of a set of vertices {V }, and a set of edges {E}, where N = |V | is

the number of vertices and M = |E| is the number of edges. In the introduc-

tion I mentioned the ambiguity in the terminology and I guess it is a matter of

taste. I will consequently use the word network instead of graph troughout the

text since network may equally well be used for the abstraction of a real-world

network as for the real-world network itself. In order to get into the theory

of networks a little more is needed. So from now on, all cases, I consider a

network to be G({V }, {E}) with {V } as the set of vertices and {E} as the set

of edges.

1.4 Random graph theory

In two papers32, 33 P. Erdös and A. Rényi studied the development of random

graphs. The model of creating a random graph, often named ER-model was the

first study of random graph creation. The model is simple and quite straight-

forward to implement. One starts with N number of vertices and then succes-

sively add M edges between the vertices. There are different ways of doing this,

but the result is the same. The degree distribution trivially becomes Poissonian
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and the diameter scales logarithmically as

l ∝ ln N

ln(2M/ (N − 1))
. (1.1)

Furthermore the ER-graph is also shown to form a giant component when

2M = N . However it is not realistic to believe that the ER-model is accounting

for the growth of many of the real-world networks, since real-world networks

are seldom created purely random. The ER approach might however be a null

model as a reference point of which other results might be compared with. The

deviations from the ER model have been observed in many of the mapped real-

world networks. An increasing amount of different data have become accessible

through internet and the birth of the WWW. Both from on-line databases with

public access but also from different network constructions by and from the

WWW.

1.5 Vertex and edge quantities

Locally, the network or processes acting on the network can appear somewhat

different from the view of two different vertices depending on where they are

situated in the network. One can formulate in terms of a different perspective

and originates from the differences in the local topology surrounding the spe-

cific vertex or edge. This perspective can be quantified by putting numbers on

the topology surrounding the vertices, in all giving a global topology. The mea-

sures can be reflections of the immediate neighborhood of a vertex or edge but

also more global structures. The latter may be a transportation network, where

the traffic over an edge or vertex highly depends on global properties of the net-

work. The different quantities can be used to put a vertex or edge in relation

to the rest of the network, and the corresponding distributions of a measure

gives answers of the homogeneity of the network. Here follows some vertex

and edge quantities that captures some of the differences that might occur.

1.5.1 Degree

If a graph is undirected, that is the edges are not ordered pairs (u, v) = (v, u),

the degree k of a vertex is the number of edges attached to it. If the graph is

directed, which can be visualized as the edges having a direction pointing from

one vertex to another, one also talks about in-degree and out degree.
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1.5.2 Eccentricity

The eccentricity of a vertex is a measure of how peripheral a vertex is, and is de-

fined as the largest distance from the vertex to any other vertex in the network,

e(v) = max{d (v, u) : u ∈ V } , (1.2)

where d (v, u) is the shortest distance from the vertex v to the vertex u. This is of

general importance but also in applications concerning diffusion on networks

and it tells us how far we need to go from the vertex to reach the rest of the

network. If a vertex is in the periphery it will be less frequently be reached of

eg. fads spreading in a network because of its finite life span.45, 51 Therefore if

you want to pick up the latest trends you should position yourself in the center

of the network, or if the case is to avoid the flu you should perhaps use the

opposite strategy.

1.5.3 Centrality

Instead of how far we need to go in order to cover all of the network we might

want to know the average distance from a vertex to the rest of the vertices, this

is captured in closeness centrality.89

CC (v) =

(

1

N − 1

∑

w∈V rv

d (v, w)

)−1

. (1.3)

The name closeness centrality suggests that it is a measure of how close to the

center of the network a vertex is. Being situated in the central parts of the

network also possibly implies being part of more activities that takes place on

the network. Activities taking place on the network naturally in the meaning

of interactions between connected pairs of vertices and indirectly via interme-

diate vertices. Since central vertices in general is in between many vertices, the

probability of being exposed to the activity is higher. Being central thus has

the effect of being ”in the line of fire”, in the sense that information, diseases,

etc... in general travels via the center of a network. How much in between oth-

ers a specific vertex is can, depending on the actual dynamics taking place on

the network, be measured by various betweenness measures,40 such as random

walk betweenness or flow betweenness.41 If we restrict ourselves to only com-

municate or travel using shortest paths, we can see how much traffic that goes

through a specific vertex by calculating the shortest path betweeness. Short-

est path betweenness is the measure normally associated with the concept of
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betweenness and gives us the fraction of shortest paths that v takes part of in

between every pair of vertices u and w in the network.

CB(v) =
∑

u→w

σuw(v)

σuw
, (1.4)

where σuw(v) is the number of shortest paths between u and w that v takes

part in and σuw is all shortest paths between u and w. Of course we can use

the same concept applied on the edges.

1.6 Network quantities

There are a large number of quantities to be measured, that may reveal the

characteristic features of a network. In many cases the topology in itself might

be of intrest, but even more importantly it will in many cases affect processes

taking place on networks. Therefor we might increase our knowledge in aspects

of processes usually not tackled by a network approach. More specifically, by

knowing the underlying network structure of social networks, deduced from

quantitative studies of social interactions we are more likely better prepared

and have the possibility to use, by network science, improved tools for reduc-

ing the effects of epidemics.

The possible patterns of interactions and ways of characterizing them are nu-

merous and only our imagination sets the limits. The simpler systems of inter-

actions, or systems represented by networks, are basically of two kinds; either

they have vertices embedded in a geometric structure with a regular number of

connections—that is a lattice structure, the other kind which is almost equally

trivial in the network sense are networks with purely random properties—

poissonian random graphs. Vertex properties in random graphs do not de-

viate much from the average properties and therefor the system may, just as

the regular networks, be characterized by its average properties. The case in

between regular and random networks with more heterogeneous structure are

were the fun is and the reason for the construction of, as we will see, a number

of network quantities.

1.6.1 Diameter

The radius r(G) is defined as the minimum eccentricity of the vertices and the

diameter d (G) to be the maximum eccentricity of the vertices. Thus, v, is a

central vertex if e(v) = r(G) and v is a peripheral vertex if e(v) = d (G), and

furthermore the center C (G) is the set of all central vertices and the periphery is
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the set of all peripheral vertices.

Diameter is also used for the average distance between pairs of vertices in a net-

work 〈l〉, and much of the terminology used, such as ”small world”, refers to

this usage of diameter. Many real-world networks are shown to obey the small

world property, which captures the observation that we can reach a given vertex

from the other vertices in average in a very small number of steps. This cor-

responds to the popular ”six degrees of separation” terminology used for social

networks. The phenomena can mathematically be formulated as a logarithmic

increase of the average distance l between vertices with the total number of

vertices N in a network,

〈l〉 ∝ log(N ) . (1.5)

1.6.2 Clustering

Many real networks have been showed to have a significant transitive pattern of

connections. This is the case of having more triangles in a network which can

be illustrated as having a high probability of my friends also being friends. In

network terminology we say that the network is clustered.77, 79, 107 Clustering,

C , is defined as the number of triangles in a network divided with the possible

total number of triangles in the same. Mathematically formulated as

C =
3#triangles

#connected triples of vertices
. (1.6)

Clustering is of importance when we consider epidemics in social networks,

and in general diffusion processes taking place on networks.

1.6.3 Degree distribution

In a network the degree k of a vertex tells us how many other vertices that

are connected to it. The probability of finding a vertex of a specific degree

is given by the degree distribution P(k), which gives us information of the

global topology of a network and possibly by which growth process a network

is made. A narrow distribution with a well defined mean and variance tells

us that all vertices are fundamentally similar, and we can describe vertices or

entities by the network’s average properties. This is just like saying that people

on average are just below 2m of height, based on measurements of a collection

of individuals. Furthermore, the average height is not dependent upon the size

of the collection, no matter if we ask 10 or 10000 the average will still be just

below 2m and we can deduce that this is the typical height.
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If we have a network consisting of an unknown number of vertices and edges

and simply measure the the degree from a set of randomly picked vertices, we

will pretty soon get an idea of the average degree in the network if the degree

of the vertices as in the previous example is normally distributed. We can say

that the degrees of the vertices has a typical scale in the network. Several real

networks were mapped in the end of 1990:s and it became apparent that not

only clustering differed from what one could expect by randomly creating a

network, but also the degree distribution were in many cases very different

than one could expect. In fact it often just showed a very convincing power

law behavior,

P(k) ∝ kγ , (1.7)

where the networks showed an exponent γ ∈ (2, 3). The power-law distribu-

tion thus imply that there is no characteristic scale of the degree of the vertices

and thus the expression scale-free networks. If we have a power-law degree dis-

tribution this will show when we measure the average degree. Depending upon

the number of vertices that we pick to measure the average degree, we will get

different answers.

In many real-world networks it is often hard to tell whether the degree distri-

bution is scale free or just widely distributed, still the conclusions one might

draw is fundamentally the same. One can also expect many of the real-world

networks, if widely distributed degrees, to have an exponential cutoff given by

some physical limitation. It is shown that some networks however have a very

distinct power-law degree distribution in many decades.

1.6.4 Assortative mixing

In terms of social networks one can formulate assortative mixing as a tendency

of people with many friends, in ”network language” a high degree, being con-

nected to others with also many friends. Disassortative mixing is the opposite,

namely people with many friends connected with people with a lesser number

of contacts. The assortativity can be mathematically formulated as

r =
M−1

∑

i jiki −
[
∑

i
1
2 (ji + ki)

]

M−1
∑

i
1
2 (j2

i + k2
i ) −

[

M−1
∑

i
1
2 (ji + ki)

] , (1.8)

where M is the number of edges, ji and ki the degree of the vertices at each end

of edge i respectively, i = 1. . M . See78 for more details.
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1.6.5 Degree degree correlations

In Ref. 68, 69 the degree-degree correlations of the internet and a protein-

protein interaction network of yeast were investigated. In contrast to the mea-

sure of assortativity, the degree-degree correlation profile gives a full picture of

the number of vertices with degree k1 connected to vertices of degree k2 in

the network. To deduce if the correlations observed in the networks differed

from what one could expect from a network of the same degree distribution the

correlations were compared with randomized networks with the same degree

distribution.

Comparing with a network of the same degree distribution is important since

the ways of putting a network together, if no double edges or loops are allowed,

depends upon the given degree distribution. If we have a scale-free network,

vertices of high degree will in absolute measures be connected to many vertices

of low degree. We can see how common connections between vertices of de-

gree k1 and k2 are in our network P(k1, k2), compared with what we can expect

Prandom(k1, k2) from our given degree distribution by measuring

R(k1, k2) =
P(k1, k2)

Prandom(k1, k2)
. (1.9)

Summary of paper I

It has been observed that protein-protein networks have quite different degree-

degree correlations than the Internet, although both molecular networks and

the Internet show scale-free features. In the paper we investigate versions of

preferential attachment both for on-growing and stationary networks, and ob-

serve the differences in the degree distribution and the degree-degree correla-

tions.

The findings are that preferential attachment,8 where both edges and vertices

are continuously inserted, the topology is rather robust with respect to a degree-

degree correlation in which high degree vertices are more frequently connected

to each other compared with the randomized networks. As a consequence of

this, real networks which do not have this type of degree-degree correlations

are unlikely to have evolved by a version of preferential attachment.

In a stationary process of addition and removal of vertices and edges corre-

sponding to a stationary process of the number of people in the “rich getting

richer” system, the scale invariant is broken in the case of a network. In the case

of preferential attachment the self organization to a scale-free degree distribu-

tion is reached through the feedback from the network to the new vertices to be
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added via the local (vertex) strategy of attaching to highly connected vertices.

1.6.6 Modularity

There are in networks sometimes formation of modules. Modules, groups

and communities as it also can be called can be viewed as subnetworks within

the network, where connections are more frequent between vertices within the

same subnetwork than between vertices of different subnetworks. The prob-

lem of how to detect and quantify community structure in networks has been

the topic of a number papers,42, 81, 87 whereas a few other have been models of

networks with community structure.56, 75, 92

To analyze the structure of cohesive subgroups one may use the community

detection scheme presented in Ref. 76 which is also giving a construction of

how we can view modules. This algorithm starts from one-vertex clusters and

(somewhat reminiscent of the algorithm in Ref. 11) iteratively merges clusters

to form clusters of increasing size with relatively few edges to the outside. The

crucial ingredient in the scheme is a quality function

Q ′ =
∑

s∈S

(ess − a2
s ) , (1.10)

where S is the set of subnetworks at a specific iteration of the algorithm and ess′

is the fraction of edges that goes between a vertex in s and a vertex in s′, and

as =
∑

s′ ess′ . The algorithm performs a steepest-accent in Q ′-space—at each

iteration the two clusters that leads to the largest increase (or smallest decrease)

in Q ′ are merged. The iteration having the highest Q ′ value—which defines

the modularity Q—gives the partition into subgroups.



chapter 2

Networks in Physics

A
ll matter we can observe in nature consists of only three different sub-

atomic particles; protons, neutrons and electrons. The different ele-

ments we have in the periodic table only differ by the number and com-

bination of these sub-atomic particles. Furthermore, the same atoms may col-

lectively differ greatly to the same collection when put together differently. The

process of putting atoms together differently can be accomplished by different

pressures, temperatures or with help from other elements. Since networks of-

ten merely is just a representation of the backbone on which interaction takes

place, the question whether the dynamics are formed by the network arises.

Reversely, the network might also be a product of the dynamical systems living

on the network.

Consider a gas of uncharged particles, in which the interactions can be ap-

proximated by a Lennard-Jones potential. This implies that the system can be

represented by a network where the vertices are representing the particles and

the interactions between pairs of particles are represented by edges. The net-

work will naturally be fully connected since everyone is interacting with every-

one else. But what can we say about the same gas if we lower the temperature?

Eventually the gas might condense to liquid and lowered even further we might

have a solid with possibly a different pattern of interaction than the system de-

scribes when the particles are free in space. Systems in which the entities only

interact with a finite fraction of the other entities tend to show more interest-

ing and non-trivial phenomena. Here the simplest case is a k-regular network

of interaction, in which everyone interacts with k other entities. The position

of each vertex is similar to every other vertex. The system of gas particles de-

scribed earlier can be represented by a lattice gas model, in which the system

is divided into small boxes either occupied or not occupied by a gas particle.
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Figure 2.1: The coexistence curve of eight different fluids plotted for the scaled

variables T/Tc and ρ/ρc using an exponent β = 1/3. Reprinted with permission

from ”The Principle of Corresponding States by E. A. Guggenheim, J. Chem.

Phys. 13, 253 (1945)”. Copyright 1945, American Institute of Physics

The particles is furthermore restricted to only interact with nearest neighbors

therefor having a k-regular underlying network of interactions.

2.1 Scaling

If a quantity is dimensionless, it is unchanged when we change the length scale.

All dimensional quantities are measured in terms of some unit of length and

changes when the unit is changed. A system can have more than one length

scale but in vicinity of a critical point, the scaling hypothesis tells us that the

correlation length, ξ, is the only characteristic length scale in terms of which all

dimensional quantities are to be measured. We also know that ξ is diverging at

the critical point indicating that the divergence of the correlation length should

be seen as responsible for the singularities observed in the thermodynamical

quantities. The assumption is that the singular part of the free energy f shows

the same form for the by L ≪ ξ rescaled system

f (x1, x2, . . . ) = L−d f (Ly1 x1, Ly2x2, . . . ) , (2.1)
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and since all thermodynamical quantities can be obtained from (2.1) we can get

a relationsship between the critical exponents of the thermodynamical quanti-

ties. As one example, for the specific heat, by differentiating (2.1) twice with

respect to the reduced temperature t = (T − Tc)/Tc, and setting the irrelevant

variable to zero we get

∂2
t f = L−d+2y1∂2

t f (Ly1 t, 0) (2.2)

Choosing Ly1 |t| = 1 we get

∂2
t f = |t|(d−2y1)/y1∂2

t f (±1, 0) . (2.3)

By inspection from the scaling relation of the zero-field specific heat with its

critical exponent

C ∼
(

∂2
t f
)

h=0
∼ |t|−α , (2.4)

we get that α = (2y1 − d )/y1. We can do the same thing with the rest of the

thermodynamical quantities and thereby, as claimed, obtain the relations be-

tween the exponents. As a consequence the critical exponents may be expressed

by a set of reduced number of exponents.

The first prediction we get from the scaling hypothesis is what we have seen

above, a set of scaling laws which we can use to get relations between different

critical exponents. This has also been well verified by a number of experimental

data on different systems. The second outcome of the scaling hypothesis is a

data collapse, which tells us that functional relationship of thermodynamical

quantities may be collapsed onto each other if plotted with the rescaled vari-

ables.

So why all the fuzz about scaling and critical exponents? When studying criti-

cal phenomena and phase transitions it has been revealed that while the actual

critical temperature for a phase transition is dependent upon the details of the

system, the critical exponents are to a large degree universal and only dependent

on a few fundamental parameters. One of this parameters is the dimensional-

ity of the system, in network language the number of nearest neighbors, and

another is the symmetry of the order parameter. In the figure (2.1) a collapse

is shown for the plot of T/Tc against ρ/ρc for eight different fluids using an

exponent β = 1/3. So we see that the actual underlying structure on which the

system is put might affect the system more than the actual parts that the system

is built of.

This leads us to the concept of universality. If we can show that a simple model
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has an order parameter with the same symmetry, and by embedding the system

in the dimension of interest, we can study the original systems by means of a

simpler model system. The aim is by the simplest means possible capturing

the relevant physics of the system for investigation, following the principle of

Occam’s razor. William of Ockham, a 14th-century English logician and Fran-

ciscan friar stated ”Pluralitas non est ponenda sine necessitate”, ”Given two

equally predictive theories, choose the simpler”. By showing that a system is

belonging to a universality class, we can choose a model system in the class

and from thereof deducing the properties of the actual system of interest. In

particular of interest is often the physics near a phase transition.

2.2 Lattice models of solids

A lattice is a regular network embedded in space. Regular has the meaning

that all vertices have a constant number of neighbors. The trivial case of a

regular network is when no one is interacting with no one else. The other

extreme is when everyone is interacting with everyone else, thus not forming

any non-trivial patterns of interaction. This is in physics known as a mean-

field property. The interaction can be represented as a field to which every

entity contributes to and also interacts with. There are a number of physical

systems that can be represented by nearest neighbor interactions on regular

lattices; paramagnetism - Ising model, ferromagnetism - Heisenberg model,

superconductivity - XY model, etc... The lattice gas model previously discussed

can be mapped to the Ising model by a change of varables.

2.2.1 The Ising model

The ising model is a spin-1/2 model with described by the Hamiltonian

H = −J
∑

〈ij〉

sisj − H
∑

i

si . (2.5)

with si = ±1 and the order parameter m = 〈si〉. For d = 1 one can solve

the model analytically and for d = 2 without external field Onsager calcu-

lated the partition function exact. In d > 1 without external field there are

at low temperatures T < Tc two states, of which one with all spins pointing

up and the other with all spins pointing down. This is the ordered phase. At

high temperatures, there is only one state with zero average spin. This is the

disordered phase. The phase transition between the two states are called the

order-disorder phase transition. With J = 0, that is no cooperation and hence
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no phase transition and H is the only source of ordering of the spins, it is a

model of paramagnetism which indeed do not have any phase transition.

We have already have been talking of the effects of the underlying structure,

here it shows as a change in the collective behavior by having different critical

exponents when embedded in different dimensions. In fact it is shown that

if the underlying network of interactions is non-planar the problem of com-

puting the partition function is NP-complete.55 The critical exponents for the

Ising model in different dimensions can be found in any textbook in the sub-

ject. We can thus conclude that the underlying network of interaction changes

the global behavior of the system. It is furthermore shown that in d > 4 the

Ising, Heisenberg and XY model the order parameter takes on the same scaling

behavior as of mean-field values.

2.2.2 The XY-model

The XY-model is a spin-model on a k-regular lattice, which is used to model

the behavior of superconductors. The model is shown to have an ordered and

unordered phase, separated by a phase transition.

A 2D superconductor or superfluid can be described by an order parameter

ψ(r) = |ψ(r)|eiθ(r), where |ψ(r)| is proportional to the superfluid density and

∇θ(r) is proportional to the superfluid velocity.72 The kinetic energy Ek of

the superfluid current can be expressed in terms of the order parameter and is

proportional to

Ek ∝
∫

d2r
(∇θ(r))2

2
. (2.6)

We can put this system on a lattice, then we have that ∇θ(r) = θi+1 − θi if the

lattice spacing is set to unity. To satisfy the continuum limit (2.6) and the fact

that the phase angle only is defined up to a multiple of 2π the Hamiltonian of

the system can be written in the form

H = −J
∑

〈i,j〉

cos(θi − θj) . (2.7)

For simplifications, the superfluid density |ψ(r)| is taken to to be constant.

An interesting feature of this model is the presence of thermally generated

topological defects. In two dimensions the topological defects take the form

of vortices (not to confuse with a vertex in a network), which give rise to the

Kosterlitz-Thouless transition.62 A vortex rotating around a point is associated
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with the topological excitation given by the line integral
∫

∇θ(r)d l = ±2π (2.8)

around an arbitrary small loop around the point is equal to 2π, and −2π for a

negative vortex.

Summary of Paper II

Since the paper is somewhat condensed and assumes some prior knowledge

I will give a smaller introduction of how the dynamical properties of the XY

model can be computed. It follows much of the introduction given in59 and

in some sense,60 but is mostly focused on the approach of using Monte-Carlo

(MC) dynamics.

To study dynamic behaviors there exist various possible choices for the XY

model, Langevin equations for the XY model with phase representation,60 and

the relaxational dynamics.60 It is also possible to use Monte Carlo simula-

tions.59

To perform simulations we need to infer some boundary conditions since we

are restricted to perform calculations on finite systems. The straightforward

choice is to use periodic boundary condition (PBC) for the phase angle θi. It is

however shown that PBC for the phase angle leads to non-periodic boundary

conditions for the vortices.82 Instead one should use fluctuating twist bound-

ary conditions (FTBC) for the phase angles by introducing a twist variable

∆ = (∆x ,∆y) to get PBC for the vortices,82 since we are investigating dynamics

of vortex fluctuations. Furthermore, the fluctuating linear resistance is easily

calculated when using FTBC.59, 60

The equations of motion for the phase variable and the twist can equally be

represented as a Fokker-Planck equation for the probability distribution. The

stationary solution (∂P/∂t = 0) is of the form P = e−H/T and put into the

Fokker-Planck equation we get the Hamiltonian59

H = −
∑

〈ij〉

cos(θi − θj − ∆ · rij) + L2J · ∆ , (2.9)

where the summation is performed for all the nearest-neighbors on the lattice.

Without external current [J = 0 in Eq. (2.9)] one can compute the fluctuating

linear resistance60

R =
1

2T

1

Θ
〈[L∆x(Θ) − L∆x(0)]2〉 , (2.10)
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which can be derived from the Nyquist formula

R =
1

2T

∫

dt〈V (t)V (0)〉 , (2.11)

which relates the resistance to the voltage fluctuations.

If we drive the system with an external current in the x direction, the twist

variable ∆x decreases each timestep in the Monte Carlo update to lower the

energy [see Eq. (2.9)], and we get a voltage drop across the sample with the

electric field

E = −〈∆̇x〉 . (2.12)

In the low-temperature phase, the dynamic scaling for the current-voltage char-

acteristics takes the form60

E/J = L−zf (JL) , (2.13)

where z and the scaling function f (x) depend on T . The procedure is then to

perform either simulation of the dynamics directly or by using Monte Carlo dy-

namics with (2.9) and compute the current-voltage characteristics (2.12) in the

low-temperature phase. If we do this for various sizes we can plot a data collapse

of eq. (2.13) using the value of z that gives the best collapse—corresponding

to the ”right” z-value. For more information of the technical details of imple-

menting the Monte Carlo dynamics see Ref. 59.

Our main result from the 2D XY model with resistively shunted Josephson

junction (RSJ) dynamics73 and MC dynamics is that the data collapse on a

scaling curve for a certain value of z. This value of z = 3.5 is in agreement

with the scaling prediction which connects the value of z to equilibrium quan-

tities.73

2.3 Percolation

Percolation is the process of pouring liquid on top of a porous material. The

question one trivially asks is if the liquid will find its way from the top to

the bottom of the porous material. The porous media can be modelled as a

network of passages, edges, where the liquid is restricted to follow, this is called

bond percolation.95 To find out how many edges that are needed on average to

be able to go from one side of the network to the other, one can start from N

number of vertices in a regular lattice, or any given network, and successively

put edges between vertices where the liquid is allowed to go trough. If we iterate
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trough all pairs of vertices where we a passage may be allowed, in a lattice it

would correspond to nearest neighbors, and with probability p form an edge

between the vertices, we can by repeated numerical calculations estimate the

value of p needed to go from one side to the other. As with the previously

described lattice systems we are interested in the results when N is large, in fact

when N → ∞. What we want to find is the value of p for which there exists

an infinite cluster, and we label this value as the critical value pc. If the value is

different than unity the results are interesting and non-trivial.

In a one dimensional chain the value is trivially pc = 1. In the case of a square

lattice in two dimensions the critical value pc can be calculated explicitly and is

equal to pc = 1/2.58 In 3D for a square lattice, pc is not known exactly, and this

is also the case for most structures. Numerical results for different structures

can be found in95 An open cluster is the largest collection of vertices in which

every member of the cluster can reach the rest of the vertices. For the square

lattice with p < pc, the probability that a specific vertex is contained in an open

cluster of size nc decays exponentially with nc.
95

There are in some cases more natural to open and close vertices instead of

edges. This is termed site percolation and gives different values of pc for the

same underlying network. Percolation can also be studied on more general

networks and in other contexts than percolation of liquid. One example is the

study of epidemics in populations.74
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Networks in biology

I
n nature there are 92 elements that occur naturally, but biological matter

consists to 98% of only six elements; C, H, N, O, P, S. In biology there are a

multitude of possible systems that can be represented by a network. There

are a number of regulations needed on various level in order to maintain home-

ostasis. Information and matter flows in a intricated manner and many of the

subsystem can not always be treated as separate systems because of the inher-

ently entangled nature of life.

3.1 Building blocks of life—polymers

Most macro molecules in biological matter are constructed as polymers. Each

of which with its own global structure. The polymers are the way in which

information is stored and also the way we build up macro molecules from

the stored information. Depending on the function of the molecule, it can

either fold into a more globular structure or remain with an elongated form

and collectively building up structures with other molecules. Much of the

mathematical theory of polymers were initiated by Debye, Kuhn, Kramer and

Flory. Many of the static properties of polymers are dealt with by Flory already

in.37 A single chain can with the simplest idealizations be treated as a random

walk24 with step lengths ai giving the end-to-end vector r = a1 + a2+. . . +aN .

The probability distribution of the end-to-end distance r for a large number of

random walks with equal step lengths are given by

PRW (r) ∼= rd−1

a2N 3/2
exp

( −3rd−1

2Nad − 1

)

. (3.1)
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The number of states Ω(r) for a polymer of the end to end distance r is pro-

portional to PRW (r) and we can thus calculate the entropy, S = kB lnΩ(r) of a

chain of a fixed elongation to be

S(r) = C + (d − 1) log r − 3kB

2Na2
· r2 , (3.2)

where C includes terms not dependent on r. The free energy is given by F (r) =

E − TS and with (3.2) inserted we get

F (r) = E − TkB(d − 1) log r +
3kBT

2Na2
· r2 . (3.3)

This gives an ”entropic spring force” for large r (ignoring the logarithmic term

and setting d = 3) as

f (r) = −dF

dr
= −3kBT

2Na2
· r . (3.4)

The spring constant can be identified as ks = 3T/2Na2 which as we can see

is dependent upon the temperature. Equation (3.4) is among other things the

explanation of rubber elasticity and elasticity in general of materials made up

by entangled polymers.

3.1.1 Flory scaling

More realistic models of polymers will give corrections to the above equations.

Since two segments of a polymer cannot occupy the same space one can use a

self-avoiding random walk (SAW). Another way is to look at the free energy.

The density of monomers in a confined volume of V = rd can be expressed as

ρ = N/rd . The energy associated with a single monomer interaction is ǫ and

the number of interactions gives the total energy

E =
N 2ǫ

2rd
. (3.5)

Inserted in (3.3) we get the free energy, in units of kBT and with ε = ǫ/kBT

F (r) =
εN 2

2rd
+

3r2

2Na2
− (d − 1) log r . (3.6)

With a repulsive force ǫ > 0, and in the large N limit we get by minimizing

(3.6) the condition

R ∝ N 3/ (d+2) . (3.7)

This is Flory’s scaling prediction and reproduces the exact results for d = 1, 2, 4

and is close to the estimates produced from simulations for d = 3.
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3.1.2 Nucleic acids

Deoxyribonucleic acid (DNA) is a polymer of nucleotides, often in the form

of two helical chains coiled around the same axis and to each other connected

by base pairs. The picture one can make is a twisted ladder where the steps are

symbolizing the base pairs. The nucleotides consists of a phosphate group, a

sugar molecule (deoxyribose) and a nitrogenous base, which is the steps in the

ladder picture of the DNA. There are four different nitrogenous bases in DNA;

adenine (A), thymine (T), guanine (G) and cytosine (C). Since two strands are

coiled and is forming a ladder, the two different strands are paired by hydrogen

bonds between each nucleotide. Adenine binds to thymine and cytosine with

guanosine and thus DNA has two complementary strands. Our genetic code

is stored in the form of a sequence of base pairs, eg. ATTCTTGCA... with the

other strand encoding for TAAGAACGT...

Since the discovery of the DNA molecule by Watts and Crick102, 103 the molec-

ular basis of our genetics has increased our understanding of how nature solves

inheritance and speciation. Darwin proposed the mechanism of how species

evolve and coined the famous ”survival of the fittest” expression,23 but not un-

til the molecular picture of the storing of the genetic code was unveiled one

could for real start to investigate the actual physical mechanisms of how life is

constantly evolving.

One human cell contains about 2 m of DNA, with a persistence length—

monomer length—of a = 50 nm, this gives us N = 4 · 108 number of

steps. The space expected by a random polymer to occupy would then be
√

〈r2〉 =
√

Na2 =
√

4 · 25 · 10(8−16)/2 ≈ 1 mm, and we can directly see that

there is something more to the story. The DNA is packed by histones into 46

chromosomes, all in a nucleus of 0.006 mm in diameter enclosed in a nuclear

envelope.

In the cells of prokaryotes with no nuclear envelope, the DNA is also very

confined—much more than expected from the random walk model of poly-

mers. In E. coli the DNA is about 1.3 mm of length and contained in a single

chromosome. This suggests that there are other processes involved, and it can

to some extent be explained as an volume exclusion process where the DNA is

occupying less space of other molecules when condensed. More space increases

the entropy for the molecules in the solution and analogous with the example

in the previous section this gives an effective entropic force packing the DNA

to a more confined space.93

There is another nucleic acid forming a strand of nucleotides, the ribonucleic

acid (RNA), with an extra oxygen atom in the sugar molecule (ribose) of the
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strand. RNA has the bases; adenine (A), uracil (U), guanine (G) and cytosine

(C). As we can see thymine is lacking in RNA and is replaced by uracil, which

just as thymine can bind to adenine. RNA is, among other things, used as a

messenger of the information from the DNA needed by the ribosomes when

synthesizing proteins. The ribosome is built by RNA-complexes and proteins.

3.1.3 Proteins

Apart from being muscles and structural objects like bones, tendons and liga-

ments, proteins are also responsible for much of the processes taking place in

our bodies. Proteins do most of the work in our bodies whether it is about

hemoglobin flowing around in our blood vessels carrying oxygen, or the anti-

bodies fighting against infections. Sex hormones like testosterone and estrogen

are proteins and insulin responsible for transporting glucose into the cells is a

protein, in fact most functional molecules are made of proteins or proteins in

compounds with other molecules. The reason of this can be explained from

the central dogma of molecular biology, namely the process of building pro-

teins from the genetic code stored in the DNA.

Proteins are what life has to play with when inventing new functional molecules

via mutations of the genetic code. Naturally the existing proteins are also in-

vented somewhere in time, giving an increasingly growing arsenal of functions

and more advanced solutions in order to confront the never stopping game of

life in which only the fittest survives. Not only new functions appear, but also

existing ones are altered trough mutations of the DNA.

Proteins are just as nucleic acids constructed as a polymers of hundreds to

thousands of monomers—amino acids. There are 20 different amino acids,

each with its own corresponding codes of triplets in the DNA. After the pro-

teins are manufactured in the ribosome they are also folded to molecule with a

specific 3-dimensional structure.

3.1.4 Fatty acids and lipids

In order for molecules to meet within finite time things need to be confined

and therefor life is cellular. We can for simplicity assume that the consumption

of substances, and production of waste, is proportional to the volume of the

cell. With similar arguments, the rate of which things can be transported in

and out of the cell proportional to the surface area. Since the volume to surface

area ratio scales as r there are limitations of the size of a cell. So the size of a

cell is of equal size in an elephant and in an ant, so in terms of number of cells,



Complex patterns Andreas Grönlund 35

five ants is not more than four elephants 1. The cell membrane is built up as

a bi-layer of phospholipids. Phospholipids are in its turn constructed by two

fatty acids connected in one end by an ester linkage to a alcohol. A phosphate

group is also connected to the alcohol. The fatty acids are constructed as poly-

mers and can be either saturated or unsaturated depending on the number of

double bonds in the carbon chain. The bi-layer are constructed with the fatty

acid tails, hydrophobic, towards each other. Depending on the temperature the

tail use more or less space making the membrane more or less elastic depending

on the temperature. It can also be altered by other molecules, like cholesterol.

The membrane is semipermeable, meaning that some molecules can pass the

membrane but not others. The membrane contains proteins to promote trans-

portation of specific molecules and also transmembrane receptors which play

an important role in cellular communication.

3.2 From DNA to proteins

The central dogma in molecular biology is the flow DNA → RNA → proteins.

DNA is the construction map of life and is inherited from parents to offspring.

The process of generating RNA of DNA is called transcription.

The DNA is used as a template of information and with RNA polymerase the

genes in the DNA are synthesized to RNA. The RNA fragments from the tran-

scribed genes are either used directly by building up macromolecules like the

ribosome and other molecules involved in synthesized proteins or transcribing

DNA, or eventually making contact with a ribosome where they are translated

into proteins. Each triplet of base pairs in the RNA corresponds to a triplet of

code in a RNA-transporter (tRNA) molecule on which a unique amino acid

are connected. A tRNA molecule with its amino acid first binds to the P-site

of the ribosome and the RNA attached to the ribosome. Then a second tRNA

with its amino acid binds to the A-site and eventually a peptide bond forms

between the two amino acids. This process continues and each amino acid

elongates the peptide chain and is after the peptide bond formation detached

from the transporter molecule. A peptide chain is forming and when all triplets

are decoded and translated the full peptide chain is finished and the protein can

be folded to its native form with a 3D structure.
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Figure 3.1: Parts of the transcriptional regulatory network of E. coli.

3.2.1 Genetic regulations

There are regulations on many levels in the cell, both transcriptionally by at-

tachment of enhancers and repressors regulating the level of transcription of

specific genes, and post-transcriptionally eg. in the process of translation.

The reasons for regulation are many of which one example is energy saving in

poor nutritional environment since synthesis of RNA and proteins both are

energy expensive processes. Which genes to be expressed or not are determined

via transcriptional regulations. The transcriptional regulations can be pictured

as a directed network, where each directed edge points from a regulatory pro-

tein to the gene encoding the second protein to be regulated.64 In higher

eukaryote organisms this regulation is far more advanced than in prokaryotes

since the DNA is packed and coiled with the help of histones.

1As claimed by a popular TV show in Sweden, see http://www.svt.se/femmyror/
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Summary of paper III

In the transcriptional regulatory networks, the vertices represents proteins and

the edges are representing one proteins transcriptional regulation (positive and/or

negative) of another protein. The cause of regulation is the attachment of a

regulator protein to an operator position located on the DNA upstream of the

gene coding for the regulated protein or if more than one protein, operon.

The attachment responses ei-
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Figure 3.2: The update rules for the protein

regulation networks. The positively regulating

proteins, activator proteins, are treated with

a majority rule illustrated in a) and b) and

is override by a negative regulation, repressor,

which is illustrated in c) and d).

ther in an up-regulation or down-

regulation of the transcription

rate by RNAp of the specific gene

and thus the production of the

protein. In nature there are many

things found or believed to be

modular, where the separate mod-

ules are responsible for different

functions and together serve as

a unit in a larger system. The

modularity of the transcriptional

network of S. cerevisiae has also

been studied in Ref. 54, and also

the robustness of regulatory net-

works in Ref. 15. Some mod-

ules are more important than oth-

ers, and by removing a unit more

or less of the function of the to-

tal system is removed. Since the

transcriptional networks serves

as a regulating system of the production of various proteins with different tasks

it would benefit from be constructed to remain most of the function even if

subjected to random removal or random changes of proteins which are natu-

rally present via mutations in the DNA.

In this paper we first conclude that little of processing are done in the regula-

tory network given by the fact that few vertices are in between other vertices.

This is measured as the fraction of vertices with both incoming and outgoing

edges. As a comparison we measure the same quantity for the neural network

of C. elegans where we see that the network are dominated by vertices with

both incoming and outgoing edges. The fraction of sensory neurons, that is

vertices of only outgoing edges, not receiving its inputs from other neurons are
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relatively few compared with internal vertices where the inputs are processed to

eventually produce a response.

Influence, given by the fraction of vertices in the network situated downstream

of the vertex are investigated and the transcriptional networks shows a distri-

bution in which most regulators are on top of relatively few other regulators.

There are however a number of global regulators on top of many others. This

gives a situation where a random removal affects on average a limited part of

the rest of the network but occasionally there might be dramatic effects if a

global regulator are perturbed or removed.

To investigate the relevance of influence to the overall robustness of the sys-

tem, a model (see figure 3.2) of the genetic regulations are used to simulate the

regulations. Since the nature of positive regulations and negative regulations

are somewhat different it might give non-trivial results when perturbing the

system by removing vertices. The simulations however show a linear response

of the fraction of non-functional vertices as a result of removing a vertex of a

given influence. There are deviations from this relationships, but they are not

further investigated.

3.2.2 Gene copying model of network growth

So how are these genetic regulatory networks grown? The general consensus of

how new genes are developed are by gene copying,39 possibly more than once,

and by mutation of one (or more) of a copy while still remaining the original

function from the redundancy of having at least one working copy. The evolv-

ing of a copy to form a new gene is likely done by successive mutations which

in rare cases gives an increased fitness. This evolution then increases the num-

ber of genes with time and more functions, as the new proteins perform new

tasks, and thus species of higher order evolves. This process is then naturally as-

sumed to be the origin of the network of transcriptional regulations since both

the proteins that binds to the DNA to enhance or repress transcription might

be copied. There is also the possibility of copying segments of DNA where the

binding sites for enhancers and repressors are situated on the DNA and thus

copying in-edges in the regulatory network.38 This produces an asymmetry of

the inheritance of in-edges and out-edges in the network, which is also seen in

real transcriptional regulatory networks.



Complex patterns Andreas Grönlund 39

Pajek

Figure 3.3: The neural network of C. elegans excluding the pharyngeal system. All

edges in the leftmost picture and excluding edges below a synaptic coupling strength

θC , increasing from left to right.

3.3 Neural networks

Another network frequently studied in different contexts are neural networks.

They are bot studied physiologically where the actual couplings and neurons

are identified, modelled mathematically by analyzing properties of both real

networks and more generally by implementing the dynamics of the neural sig-

nalling.49 Artificial neural networks may as an adaptive system be used as a

tool for reducing data in systems of a rich parameter space, by mapping input

data to a predicted out-data. This can be accomplished by a learning process

in which historical input-data is given to the system to adapt to reproduce the

known historical out-data, with the hope that the system will serve as a predic-

tive tool of future in-data.10, 22, 35

Caenorhabditis elegans (C. elegans) is a 1. 5mm small worm living in the soil and

used as a model organism 2. C. elegans is transparent which makes it easy to

study under the microscope and can to some extent explain why it became a

model organism in the first place. In C. elegans the full cell lineage97, 98 has

been determined and it consists of 959 somatic cells including, neurons (302

cells), muscles (111 cells), intestine (34 cells) and epidermis (213 cells). The

genome sequence is also determined.31 The map of the synaptic connectivity

building up a neural network is pictured.3, 108 Only 0.2% of the worms are

male, while the rest are hemaphrodites.

An on-line database of the synaptic connectivity is present and can be used to

analyze its structure quantitatively. Since the number of neurons one are 302

2Used as a model to study biological phenomena. It should be suitable for quantitative

experiments and also representative, among other things
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it sets limitations on the quantitative analysis that can be performed and what

conclusions one can make. Even though the neural network of C. elegans con-

sists of significantly less neurons than the brain of a human, it still has some

effective processing of the inputs given to the network. Most of the functions

and processing can be expected to be the basic tools giving responses from sens-

ing food and pressure. Without jumping to conclusions, I think one can safely

say that not much of thinking is going on in C. elegans. In the figure (3.3)

the neural network of C. elegans is illustrated. We observe in Ref. 44 however

differences between the neural network of C. elegans with the gene regulatory

networks described earlier, suggesting that the different networks are possibly

grown different but more importantly also functionally different which might

be reflected in the structure. In C. elegans a strongly connected component28 is

observed where in terms of influence, most neurons can reached from a given

neuron by directed paths. This is partly a consequence of the high number

of edges, but also a reflection of the organization in the connectivity of the

neurons. The connections are organized to distribute the inputs given to the

network to many inter neurons before producing a response in the motor neu-

rons. The full network are thus involved in most tasks and nothing is computed

in the periphery by loosely connected modules. There are in most neural net-

works a very high density of edges, and as an example the human brain has

about 1011 neurons and 1014 connections, giving an average connectivity of

k = 2 · 1014/1011 = 2000.



chapter 4

Social networks

L
ife tend to organize into social systems. In many cases the social interac-

tions can be modelled as networks. Social networks can appear in very

different contexts and have different structures depending on how we re-

gard social contacts to be made. In many cases social networks are built as

a projection of a bipartite network1, where one example might be students

and classes forming the bipartite network. The projected network is then con-

structed by putting edges between students that have attained the same class.84

One can map social networks from data of interactions between individuals in

an internet dating sites.50

Another recent network is the Kevin Bacon network, in which actors appear-

ing in the same movie are connected by an edge. As we see this network also

is a projection of a bipartite network. For some reason the network is centered

around Kevin Bacon and each actor has his or her number according to the

number of steps in the network from Kevin Bacon. If appeared in the same

movie as Kevin Bacon one then naturally receives a Bacon number of 1, and so

forth. There is a similar network where Paul Erdös is the focus of the attention.

If two researchers have published a paper together they are joined by an edge,

and as with the Bacon network one measures the distance, in this case, from

Erdös. As an example I have an Erdös number of five, not very exciting when

cast in the light of six degree’s of separation.

1A network which can be subdivided into two groups and where edges only exists between

vertices in different groups
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4.1 It’s a Small World

In 1967 Steve Milgram published a paper71 with the title The small world prob-

lem. The results of the paper was based on an experiment made by himself.

He sent 60 letters to people in Wichita, Kansas and they were asked to for-

ward the received letter to a specified target, a person living in Cambridge,

Massachusetts. The rule were that the participants only could pass the letters

to personal acquaintances who they thought might be closer to the target via

chains of personal acquaintances.

Hi sent 60 letters to people and he got response from fifty people, but even-

tually only three letters reached the destination. Milgram tried to increase the

success ratio, and by motivating the people to actually pass on the letters, the

success rates rose to 35%. This has in later years been increased but the results

even from the early experiment are striking. The letters that arrived traveled in

average via chains of six intermediaries and thus the expression “six degrees of

separation”.

In addition, Milgram identified an interesting effect whereby most of the for-

warding was done by a very small number of people with possibly higher con-

nectivity than the rest of the community. Even in the first study where only 5%

of the letters reached the target, Milgram noted that two of the three completed

chains went through the same people—hubs in the social network.

4.1.1 Watts and Strogatz model

While small world is already captured by a random graph approach, clustering

is not. Social networks often show a high tendency of being transitive, that is

two people being friends show a high probability of having one or more friends

in common, see (1.6).

In 1998, Duncan J. Watts and Steven H. Strogatz proposed a mechanism for

generating small world networks with high clustering.107 The method is nowa-

days often called the WS-model. The idea is to rewire a regular 2 graph G(V, E)

via a parameter p, where p is the probability of re-wiring an edge. By iterating

through all edges in the graph they introduce random re-wirings.

The parameter p gives the control of interpolation—tuning—between a regu-

lar and a disordered graph. This allowed them to investigate the intermediate

region when going from a regular graph to a random graph.

The main result from the model is that a very low value of p dramatically

reduces the diameter of the graph via created shortcuts from the random re-

2eg a lattice, or chain with periodic boundary conditions
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wirings. The implications of dynamical systems “living” on small-world net-

works were also investigated in the paper, and as a test case they chose the

spread of disease. The conclusion obtained were that the epidemic diseases

spread more effectively and quickly in a small-world network than a regular

network.

4.2 Communites in social networks

Social networks show “community structure”—actors (vertices) with the same

interests, profession, age (and so on), organize into tightly connected subnet-

works, or communities.42, 43, 46 Subnetworks are connected into larger con-

glomerates into a hierarchical structure of larger and more loosely connected

structures. Over the last few years the issue of communities in social net-

works has ventured beyond sociology into the area of physicists’ network stud-

ies.2, 28, 80

Communities in a social network may be of different origins, either simply

from geographical reasons but also from social activities and preferences. One

can also imagine two constructions of a social network giving different com-

munity structure, since the two constructions may define social contacts differ-

ently.

Summary of paper IV

The paper presents a network version of an agent based model3 of group

formation—the “seceder model”.27, 94 The idea behind the seceder model is

that people wants to be different than the average, but not to the price of being

completely different (and regarded as eccentric by others57). What we have

in mind is the search for an identity among adolescents and its relation to the

formation of communities. To investigate the community structure we use the

algorithm of Ref. 76, see also (1.10), and we find that the networked seceder

model indeed produces networks with a very pronounced community struc-

ture. An example of a network generated with the seceder algorithm is shown

in the figure 4.2.

Another system where the networked seceder model can serve as a model—or

at least a direction for extension of present models (see Ref. 70)—is networks

where the vertices are companies and the edges indicate a similar niche. (Such

3I.e., a model with many entities (so called agents) that individually respond to events in the

environment. Two (of many) readable references are 61 and 85.
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Figure 4.1: Illustration of the net-

worked seceder model. (a) Three ver-

tices, i1, i2 and i3, are chosen at ran-

dom. (b) The least central of the three

vertices is relabeled to î. A vertex j is

selected at random and (c) the edges of

j are rewired to î and îs neighborhood

(and to a set of random other vertices

if necessary). Note that, in (c), j is

moved to the cluster it is rewired to.

Finally, j’s edges are rewired with a

probability p. The shaded areas rep-

resent tightly connected subgraphs.
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edges can be defined indirectly using stock-price correlations14). The establish-

ment of new companies are naturally more frequent in new markets. Assuming

new markets are remote to more traditional markets, the networked seceder

model makes a good model of a such company networks

4.3 Information, subcultures and fads

There are in social networks constantly a flow of information. We tend to ob-

serve our friends to make opinions in a matter but also to keep up with the lat-

est trends and gossip about the rest of the community. Unfortunately not only

information is spreading troughout social networks, but also epidemics and

viruses. As I have stressed previously, and something of a theme in this thesis,

the structure of the underlying network will to a great extent influence the dy-

namics living on top of it. This is also shown in the way of how these different

diffusion processes are observed to behave on different networks.21, 45, 51, 107

Summary of paper V

Often one can distinguish youth from adults, not only by their faces, but also

by their jargon, clothing, gait and posture. Youth have a different set of social
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Figure 4.2: A modular network generated with the seceder algorithm

norms and thus it has probably been since the dawn of human civilization.17

The prosperity of Western societies during the 20th century has postponed the

entry of adulthood. This has increased the importance of youth culture in the

search of identity. It has also diversified youth culture so that one (in academia

since Ref. 48) speaks of subcultures rather than one youth culture.

Our goal were to observe the skewed distribution of sizes of the subcultures—

like Thornton’s example about the club subcultures of late-eighties Britain:

“Hundreds of dance genres are coined every year. While most fail, acid house

prospered.” (Ref. 99, p. 156.) “Genre” refers to a division of an art form, in

this case club music.

One characteristic our model shares with real world observations is that, for

certain parameter values, a few subcultures have a much larger staying-power

than the average, whereas most subcultures die out very soon. The punk music

scene of the 1970’s48 is an example of a long-lived and large subculture. The

other end, that of short-lived and small subcultures, is less well-defined: one

can imagine peculiar habits of a circle of friends, maybe even one person, to

define a subculture. Such short-lived fads can be great in number and still re-

main largely unheard of just because the total number of practitioners is small.

We find that the maximal size of the networks is strongly correlated with the

degree of the first adopter. Another outcome of our model is that fringe groups

change identity more frequently than central and well-connected vertices.

Summary of paper VI

Society and markets are non-equilibrium systems—if you see a twenty year

old picture of a downtown street scene, you would recognize that it is not

contemporary; if someone told you a ten year old mobile phone was brand

new, you would not be fooled. This direction of time in society and markets



46 Andreas Grönlund Complex patterns

is manifested through new things (commodity, music, hobbies, beliefs, etc.)

replacing old. In many cases a person get her, or his, motivation to change

an old item to a new one by friends, colleagues or other people in her, or his,

social surrounding. If many neighbors in a person’s social network are doing,

or owning, something new, then that person is likely to follow the neighbors’

behavior. But there is also a resistance to change that slows down the spreading

of such habits. Another factor in this type of spreading is that new things are

more attractive than old, if this would not be the case the above mentioned

direction of time (manifested by new inventions replacing old) would simply

not exist. In summary, the three main principles of the spread of fads are:

1. If the fraction of neighbors in the social network of a person currently

adopting a certain fad is big enough, then that person will adopt that fad

too.

2. The attractiveness of a fad decreases with its age.

3. There is a certain resistance to adopting a fad.

To combine points 1 and 2 we assign, for each individual i, a score sc(t, i) for

every fad c. The score is intended to represent the attractiveness of the fad to

the individual. If the score exceeds the threshold T , then the individual adopts

that fad. The score function we use is:

sc(t, i) =
k

ki
ni(c)

t(c) − t(ci)

t − t(ci)
(4.1)

where k = 2M/N is the average degree, ni(c) is the number of i’s neighbors

adopting fad c, ki is i’s degree and t(c) is the introduction time of fad c and ci

is i’s fad at time t. The factor k/ki rescales the score with respect to the degree

of the vertex. This enables us to use the same threshold for every vertex while

still fulfilling point 1. The factor [t(c) − t(ci)]/ [t − t(ci)] should be interpreted

as the attractiveness of a c being proportional to the age difference between c

and the vertex’ current fad ci and inversely proportional to the age of c.

What we find is that for small threshold values, the life-length of a fad is rather

sharply distributed whereas the maximal size can take a broad range of values.

For high thresholds, the probability distribution of the life-time of a fad de-

creases slowly (i.e. some fads live a very long time, but most fads die as soon as

they appear), and the distribution of maximal sizes is decaying rather fast. In

the intermediate regime there are fads of all kinds of sizes and life lengths.

Our model captures some known features of fad-sensitive social and economic
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systems, like a wide-distribution of fad sizes and duration times;51, 105 and other

features that seem very plausible, like that the largest fads typically start at so-

cially well-connected and central persons.



chapter 5

Man-made networks

A
ll social systems depend upon various kinds of infrastructural networks

in order to communicate, transport energy, get rid of waste, etc... Most

of the man-made networks are also inter-connected. If we have a failure

in the electrical power grid, we might get a failure in the internet or web servers,

which can cause web pages in the world wide web (WWW) to be down during

the failure.

As we know we obtain a lot of information from the WWW, since most news-

papers nowadays publish, at least partly, their news on-line. The failure in the

power grid might, besides of the loss of information in the WWW also cause

error in radio and television broadcasts, and collectively this might hinder the

information of the failure in the electrical power grid to reach the people that

is affected by the failure.

Scenarios like this are of course known to happen, and probably also in the

hands of both civil and military intelligence. There are also scientific studies of

different network structures in the context of robustness and fragility1, 21

5.1 Power grids

Transportation of energy usually is in the form of electric power, where an elec-

trical power grid is the backbone for distribution of the electricity. The pow-

ergrid is hierarchical in the sense that larger systems carry the electricity over

long distances where the voltage (usually) is high and then, via transformation

stations where the electrical power are transformed, successively distributed to

smaller units where a lower voltage are used. The structure of power grids are

studied in Refs. 4, 104, 106.
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5.2 Internet

The global network of connections between computers are probably as you

read this text being studied or monitored by someone. The structure of the

internet is however constantly evolving since new connections and computers

enters the network and old are removed from the network. The vast amount of

computers imply that the structure of the network usually is examined at larger

level, either the level of routers, or autonomous systems. Just as the power grid,

the internet has an hierarchical organization—autonomous system ⊃ router ⊃
individual computers—where the traffic within a level is managed by a unit

one level up in the hierarchy.

Mappings of the network are made from repeated point-to-point data routes,

thereby successively building up the connections. Different sampling mech-

anisms will inevitably give different statistics and with a trace-route sampling

there will be deviations from the whole network,63 but in the large limit we

will get a fairly representative picture of the total network. Studies of Internet

structure have been carried out in Refs.20, 34, 66 and among other things it is

shown that the Internet has a scale-free degree distribution, see eq. (1.7).

5.3 WWW

From the World Wide Web (WWW), one can use a web browser to retrieve

information. Information on the WWW is in the form of web pages and other

data files. These files are physically located on web servers and can be located

by their specific network addresses. With a web browser we can visit the ad-

dress and display its content. A web page typically also contains hyperlinks,

which is an address where a mouse-click is directing the web browser to the

specific address. The network of webpages and hyperlinks then builds a huge

information network on which we may walk around by successively following

hyperlinks. This process of following hyperlinks is usually called "browsing" or

"surfing" the web.

The popular web pages on the web receives millions of hits—visits—by peo-

ple browsing web pages from their computer. It is naturally very hard to ex-

plore the full network just by browsing, and therefor there are search engines

that will help you finding information on the internet. The eigenvector cen-

trality12, 13, 90, 101 measure is the measured used by search engines18, 83 to rank

pages in search queries. The vertices v ∈ V are given positive weights wv which
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is proportional to the sum of weights of the in-neighborhood

wv = λ−1
∑

u∈Γin
v

wu, or in matrix form Aw = λw , (5.1)

where A is the adjacency matrix of the network, λ is the largest eigenvalue and

w is the eigenvector.

A web page with a large number of hyperlinks is possibly a good source of

information since other people already have given a reference to it. Repeating

the argument, that its neighborhood also in turn need to be referenced, the

eigenvector centrality is an estimate of the overall importance of the page. As

with the internet, the WWW is showing a scale-free degree distribution.7, 16, 19

5.3.1 Preferential attachment

In8 Lazlo Barabasi and Reka Albert proposed a mechanism for generating scale

free networks by a method called preferential attachment. The idea is to grow

the network with a mechanism in which every new vertex added to the network

connects itself to the existing vertices with a probability given by their degree.

This model was already invented in 1976 in Ref. 26 to explain the scale-free

degree distribution observed in networks of scientific papers,25 and is a very

plausible explanation for the scale-free topology of the WWW. If a web page

is popular and is pointed to by a number of hyper links, it is more likely that

people will find it and thus also link to it.

This process generates the scale free degree distribution formulated in 1.6.3. In

fact it is possible to analytically calculate the exponent γ. In the model origi-

nally put forward by Barabasi and Albert, the exponent is exactly γ = 3. There

are variants of the original model of preferential attachment giving among other

things different exponents and clustering.52 Preferential attachment was origi-

nally proposed in a non-network context by H.A. Simon to give an explanation

for an observed skewed, or scale free, distribution of wealth in a population.91
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5.4 Searchability of networks

Infrastructural networks as airplane networks, railroad networks and street net-

works are networks on which people need to find their way from a source to

a target. The same process can also take place in social networks. If person A

want to find the way to some other person B it might be a process of searching

his or her way through the social network by successively going trough personal

acquaintances.

Summary of paper VII

The purpose of this paper is

log2 3

log2 2

log2 3

s

t
log2 2

S(s → t) = log2 36 bits

(b)(a)

(d)(c)

?

Figure 5.1: a) A pedestrian’s view of a city. b)-

c) An abstraction of the process of finding the

way from s to t

to investigate the interplay be-

tween searchability of a network

and the network structure. With

searchability or navigability we

mean the difficulty to send a sig-

nal between two vertices in a net-

work without disturbing the re-

maining network. This is im-

plemented by allowing shortest

path walks in the network. We

use a city-street-network to il-

lustrate the concept of naviga-

bility in networks.88 As in Fig.

5.1(c) the streets are identified

as vertices and intersections be-

tween the streets as edges between

the vertices. From this point of

view, the above statement reads:

A pedestrian or driver on a street in a city, can by multiple choices reach any

other street in the city via the intersections. However, not all streets are as easy

to find, and the difficulty of finding a street may vary from city to city.

We find that scale-free networks are relatively difficult to search, and thus that

the abundance of scale-free networks in nature and society may reflect an at-

tempt to protect local areas in a highly interconnected network from non re-

lated communication. In fact, starting from a random node, real-world net-

works with higher order organization like modular or hierarchical structure are

even more difficult to navigate than random scale-free networks.
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