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Abstract. This thesis consists of the four papers listed below and a summary. All
papers are concerned with producing Latin squares that are subject to some constraints.

Paper I Nicholas J. Cavenagh & Lars-Daniel Öhman, Partial Latin Squares are Avo-
idable, submitted for publication to Annals of Combinatorics.

Paper II Jonathan Cutler & Lars-Daniel Öhman, Latin Squares with Forbidden Ent-
ries, published in Electronic Journal of Combinatorics 13(1) (2006) R47.

Paper III Klas Markström & Lars-Daniel Öhman, Unavoidable Arrays, manuscript.

Paper IV Lars-Daniel Öhman, The Intricacy of Avoiding Arrays, published in part as
The intricacy of Avoiding Arrays is 2, Discrete Mathematics 306 (2006) 531–532.

The first paper confirms that for each partial Latin square P of order strictly greater
than 3, there exists a Latin square of the same order that does not coincide with P in
any cell. This settles a conjecture of Chetwynd & Rhodes (Discrete Math. 177 (1997),
pp. 17-32).
Paper II deals with the problem of producing a Latin square that for each cell c

avoids some set Mc of at most m forbidden symbols. In particular, it is shown that
there for each m ∈ N exists a constant k0 = k0(m) (which is roughly 8m

8) such that
if k ≥ k0 and n = 2mk, then if A is n × n array with at most m entries in each cell
and each symbol appears at most m times in each row and column, then there exists
an n× n Latin square L such that each entry in L is not present in the corresponding
cell of A.
In the third paper, the general structure of all unavoidable arrays is investigated. All

unavoidable (single entry) arrays of order up to 4 are classified, as well as all unavoidable
(single entry) arrays on exactly one or two distinct symbols. Surprisingly, it seems that
all unavoidable (single entry) arrays can be classfied completely as a number of families,
with the exception of a small number of sporadic arrays of very low order. Also, the
problem of unavoidable multiple entry arrays is treated briefly.
The fourth paper starts from the observation that there are unavoidable arrays, and

estimates how dire the situation is, that is, it examines the intricacy of the problem
of avoiding arrays with at most 1 ≤ m < n entries in each cell. When m = 1, the
question is answered in full, namely that the intricacy of avoiding (single entry) arrays
is 2. This resolves a conjecture of Chetwynd & Rhodes (Discrete Math. 177 (1997), pp.
17-32). Let I(m,n) be the intricacy of avoiding n× n arrays with at most m entries in
each cell. With this notation, it is shown that I(2, n) = 2, I(n − 1, n) = n, and that
⌈
n

n−m
⌉ ≤ I(m,n) ≤ 2⌈ n

n−m
⌉+ 3. It is conjectured that I(m,n) = ⌈ n

n−m
⌉.
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0.1 Introduction

Combinatorial problems have long been known to a general audience in the
form of recreational mathematics, e.g. Euler’s unsolvable problem of the bridges
of Königsberg (which is now solvable, owing to the construction of additional
bridges), or Kirkman’s schoolgirl problem. In recent days a combinatorial struc-
ture known as a Latin square has swept the world of recreational mathematics
under the guise of the Sudoku puzzle1. This structure has been known and stud-
ied since the 18:th century, starting with Euler, who baptized them ‘Latin’ since
he used Latin letters (as opposed to gothic script) as symbols.
On a more serious note, interest in Latin squares and other combinatorial

structures known as designs stems from applied problems in scheduling, experi-
ment planning and optimization. Suffice to say, Latin squares are important in
these applications.
Contemporary research on these issues focuses on solving scheduling and op-

timization problems under certain restrictions. The Sudoku puzzle is a good
illustration of this: The solver is to present a 9 by 9 square array with symbols
1 through 9, each used exactly once in each row and column and each 3 by 3
subsquare, with the restriction that certain symbols must be in certain positions.
These restrictions are given by the symbols already present at the beginning.
This thesis is about such problems.

0.1.1 Arrays and Latin squares

The term “array” is usually considered a primitive notion, in no need of a defin-
ition, but for clarity we shall make an attempt.

Definition 0.1. An r×s array A is an arrangement of objects into a rectangular
grid with r rows and s columns.

The objects in question may be just about anything, and the role of the array
is to keep track of what goes where. A specific position in A is called a cell
and will be referred to as aij with its row number i, and its column number j.
The object in a cell is called an entry. Usually, our entries will be symbols, for
example the symbols 1, 2, 3, 4, . . . , n. A multiple entry array (as opposed to a

1Since the standard symbol set in Sudoku puzzles is the integers 1 through 9, and since
numbers signal mathematical contents, which must be intimidating to most people, there seems
to be a need for the incessant claims that Sudoku has nothing to do with mathematics — it is
only logic. In other words, Sudoku seems like mathematics, because the symbols are numbers,
but it is not mathematics, since the numbers are not added together. The present author,
however, knows of no logician doing work on Latin squares.
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single entry array) has as its objects sets of symbols. The main object of study
in this thesis is a very special kind of array.

Definition 0.2. An n× n Latin square is a square array on n distinct symbols
that has each symbol exactly once in each row and column.

A good first reference for all things Latin is [7].
Latin squares of all orders exist trivially, and a construction of a Latin square

of any order should be clear from the examples below.

1 2
2 1

1 2 3
3 1 2
2 3 1

1 2 3 4
4 1 2 3
3 4 1 2
2 3 4 1

1 2 3 4 5
5 1 2 3 4
4 5 1 2 3
3 4 5 1 2
2 3 4 5 1

. . .

In fact, the number of non-isomorphic (that is, different from each other in
some essential way) n×n Latin squares grows exponentially2 with n. The above
definition is perhaps the most intuitively pleasing, but there are a number of
equivalent3 formulations of the concept of a Latin square. In the present work,
however, we shall mostly be content with Definition 0.2.

Definition 0.3. An n× n Latin square on symbols 1, . . . , n = [n] is a set of n3
triples (r, c, s) such that r, c, s ∈ [n], and no two triples coincide in exactly two
positions.

Definition 0.4. An n × n Latin square on symbols 1, . . . , n = [n] is a function
f : [n]2 → [n] such that f(i, j) = f(k, ℓ) implies either that (i, j) = (k, ℓ) or that
i 6= k and j 6= ℓ.
Definition 0.5. An n × n Latin square on symbols 1, . . . , n = [n] is a proper
edge coloring of the complete bipartite graph Kn,n.

Definition 0.6. An n × n Latin square on symbols 1, . . . , n = [n] is a 1-
factorization of the complete bipartite graph Kn,n.

Definition 0.7. An n × n Latin square on symbols 1, . . . , n = [n] is a triangle
decomposition of the complete tripartite graph Kn,n,n.

Definition 0.8. An n× n Latin square on symbols 1, . . . , n = [n] is an addition
table of a quasi-group with elements [n].

For a thorough treatment of the correspondence between Latin squares and
the graph theoretic formulations, see [1]. For the mathematical innocent we may
define a Latin square in terms of a practical scheduling problem.

2Both in the colloquial sense of growing ‘really fast’ and in the mathematical sense that if we
let L(n) be the number of non-isomorphic n×n Latin squares, then L(n) grows as ((1− ǫ)n2)n

for arbitrarily small ǫ.
3However, these definitions are not equivalent in the sense that the objects described are

equipped with the same set of isomorphisms.
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Definition 0.9. An n×n Latin square on symbols 1, . . . , n = [n] is an assignment
of n people to n jobs, with n time-slots, such that each worker does each job
exactly once, each worker is at work in each time slot, and each job gets done in
each time-slot.

When considering this “applied” definition, it seems natural to impose certain
restrictions. For example, individual i might not want to perform job j at time t.
Another reasonable restriction might be that some individuals request that they
be assigned certain jobs at certain times, akin to a sudoku puzzle.

0.1.2 Completing and avoiding; intricacy

A Latin square does not simply come into existence as a complete entity. Rather,
in applied as well as theoretical problems, the structure is produced piece by piece.
The following definition (which is slightly non-standard) is therefore very useful.

Definition 0.10. An n × n partial Latin square on symbols 1, . . . , n = [n] is a
n × n array on symbols [n] where each symbol occurs at most once in each row
and column.

Completing a partial Latin square means filling in the empty spaces with
symbols from [n], in such a way that no symbol is used more than once in any
row or column. As illustrated below, this may or may not be possible: The reader
is invited to try and complete the partial 3× 3 partial Latin squares below.

1 2 3
3 1
2 1

3 1
3

2 1

The problem of completing a partial Latin square P can be rephrased as
avoiding the array A which in cell aij corresponding to a non-empty cell pij in
P holds all symbols except for the one specified by P . In other words, instead
of saying “this symbol goes there”, we may say “no symbol except this symbol
may go there”. We see that the problem of avoiding (multiple entry) arrays
is more general than the problem of completing partial Latin squares. In fact,
when attempting to avoid an array, this may be thought of as being done in two
steps: First, one avoids the forbidden entries in the non-empty cells, and then one
completes the partial Latin square obtained. Completing partial Latin squares
is the most important special case of the problem of avoiding arrays.
Not all arrays are avoidable, for instance an array completely filled with one

and the same symbol is unavoidable, and it is not hard to think of other config-
urations of forbidden symbols that are unavoidable. Positive results are harder
to come by, and the first result in this genre was achieved by Häggkvist [8], who
showed that if the side of the array A is a power of 2, i.e. 2k, the last row is
empty, and no symbol is repeated in any one row, then A is avoidable. Papers
I through III present further results of this type: Under certain conditions on
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the distribution of the forbidden symbols, the array in question is avoidable, or
unavoidable.
Since there are unsolvable problems of this type, that is unavoidable arrays,

we might like to estimate just how unsolvable they are. One measure of this, in-
troduced by Daykin and Häggkvist in [6], is intricacy. Though a bit cumbersome
to define formally, it roughly states the least number of parts that always suffices
if you try to divide your problem into solvable parts. Thus, the statement that
“the intricacy of avoiding arrays is 2” means that any array can be taken apart
into at most two arrays, in such a way that each of them is avoidable. Likewise,
the statement that “the intricacy of completing partial Latin squares is at most
4” means that any partial Latin square can be partitioned into at most 4 parts,
each of which is completable. If the intricacy of a problem is 1, then we need not
partition the problem at all, which of course means that it is solvable as it stands.
Paper IV constitutes an investigation of the intricacy of avoiding (multiple entry)
arrays.

0.2 Summary of papers

The papers are not presented in chronological order of their concipation, but
hopefully in logical order. Papers III and IV are more open-ended, and it there-
fore seems fitting to place them last. All four papers concern themselves with
the problem of avoiding arrays.

0.2.1 Paper I — Partial Latin Squares are Avoidable

Paper I [3] confirms that for each n × n partial Latin square P , where n ≥ 4,
there exists a Latin square of the same size that does not coincide with P in any
cell. This settles a conjecture of Chetwynd and Rhodes [4].
Chetwynd and Rhodes proved that 2m× 2m partial Latin squares are avoid-

able when m ≥ 2 in [4], and Cavenagh [2] proved that, for m ≥ 2, (4m − 3) ×
(4m− 3) partial Latin squares are avoidable. The case (4m− 1)× (4m− 1), for
m ≥ 2 is dealt with in this paper. There exist unavoidable partial Latin squares
both of order 1, 2 and 3, so this result completes the investigation.
The proof of this result starts with adding an empty row and an empty column

to the partial Latin square P to be avoided, so that a 4m × 4m partial Latin
square P0 is produced. Next, a Latin square L0 on symbols [4m] that avoids P0
is constructed. L0 is constructed by partitioning P0 into 4 × 4 subsquares, and
dealing with each of these in turn. Special care is taken to ensure that L0 can
then be transformed to a (4m− 1)× (4m− 1) Latin square L that avoids P .
The proof is non-constructive as it stands, since it relies on the existence of

an ordered partition of the symbol set into parts, in such a way that certain parts
are not present in certain positions.
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0.2.2 Paper II — Latin Squares with Forbidden Entries

Paper II [5] deals with the problem of producing a Latin square that for each cell
c avoids some set Mc of at most m forbidden symbols. In particular, it is shown
that there for each m ∈ N exists a constant k0 = k0(m) (which is bounded from
above by roughly 8m8) such that if k ≥ k0 and n = 2mk, then, if A is n×n array
with at most m entries in each cell and each symbol appears at most m times in
each row and column, there exists an n× n Latin square L that avoids A.
Partitioning the array A to be avoided into 2×2 subsquares plays an important

role in the proof; hence the requirement that the order of A be even. Again, the
proof is non-constructive for much the same reason as in Paper I.

0.2.3 Paper III — Unavoidable Arrays

In Paper III [9], the general structure of all unavoidable arrays is investigated.
All unavoidable (single entry) arrays of order up to 4 are classified, as well as
all unavoidable (single entry) arrays on exactly one or two distinct symbols.
Surprisingly, it seems that all unavoidable (single entry) arrays can be classfied
completely as a number of families, with the exception of a small number of
sporadic arrays of order 2, 3 and 4. Admittedly, this evidence is rather thin.

The complete classification of unavoidable arrays of order up to 4 relies on a
computer generated list of all minimal unavoidable arrays of these orders. The
classification of all unavoidable (single entry) arrays on at most 2 distinct symbols
is done by means of a general theorem.

The question of unavoidable multiple entry arrays is investigated briefly, and
some conjectures on the linear relaxation of this inherently integer programming
problem are presented.

0.2.4 Paper IV — The Intricacy of Avoiding Arrays

Paper IV [11] starts from the observation that there are unavoidable arrays (for
example an array with a whole row with one and the same symbol), and examines
the intricacy of the problem of avoiding arrays with at most 1 ≤ m < n entries in
each cell. Whenm = 1, the question is answered in full, namely that the intricacy
of avoiding (single entry) arrays is 2. This resolves a conjecture of Chetwynd and
Rhodes [4], and is published separately as [10]. Let I(m,n) be the intricacy of
avoiding n×n arrays with at most m entries in each cell. With this notation, it is
shown that I(2, n) = 2, I(n−1, n) = n, and that ⌈ n

n−m
⌉ ≤ I(m,n) ≤ 2⌈ n

n−m
⌉+5

in general. We conjecture that I(m,n) = ⌈ n
n−m
⌉. Support for this conjecture is

also presented, for example that for m ≤ n+ 1−
√
n+ 1 it holds that I(m,n) ≤

⌈ n
n−m
⌉+ 3.
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0.3 Future research

Paper I has to be considered a closed chapter as far as avoiding partial Latin
squares goes, but it would certainly be nice to have an algorithmic way of pro-
ducing the partitions needed. However, it is very likely that this can be accom-
plished by simply studying the literature on the subject.
The direction of research that Paper II most obviously points out, is improving

upon the constant k0. In addition to this, and the partition problem common to
Paper I and II, a method capable of dealing with the case where n is odd should
be devised. Most probably, this can be done by methods similar to those used in
Paper I.
As for Paper III, it must be expected that the general problem of deciding

whether a given (multiple entry) array is avoidable is intractable, in the sense of
NP-completeness. For single entry arrays, however, the present author believes
there is hope of solving this problem. Another interesting undertaking might
be to produce an algorithm for deciding whether a given array is unavoidable,
making use of the partial characterization given in the paper.
The conjecture from Paper IV should not be impossible to approach. A more

detailed investigation of the intricacy might entail taking into account more of
the structure of the array, for instance adding the requirement that no symbol
occur more than k times in any row or column. If we write I(m, k, n) for the
intricacy of avoiding arrays with at most m symbols in each cell, and each symbol
at most k times in any row or column, then the main result from Paper II states
that if n is even, and n ≥ 8m8 (roughly), then I(m,m, n) = 1, and Paper I states
that I(1, 1, n) = 1 for all n ≥ 4.
On a more general note, the problem of avoiding specified symbols in more

general structures than arrays is certainly worth investigating further, both from
the applied and the theoretical perspective.

0.4 What is it good for?

Graph coloring4 can not help but be directly applicable. A great number of
optimisation problems arising from real-world applications can be restated as
graph coloring problems. In terms of Definition 0.9, some examples of the results
of this thesis can be stated as follows:

Problem. n workers are to be assigned to n jobs, each of which has to be done
each day, on a running schedule of n days. To avoid tedium and exhaustion,
each worker must circulate between all the jobs. In true democratic spirit, each
worker is allowed to specify, for each day, one job that he/she does not want to
perform that day, but each job only once.

4Using Definition 0.5, all results in this thesis may be translated into graph coloring results.
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Paper I proves that if there are at least 4 workers, and no two workers specify
the same job on the same day, then all their wishes can be fulfilled.
Paper IV proves that if there are no restrictions whatsoever to which days

and jobs the workers wish to avoid, a 2 period schedule, where each period is n
days long, can be created, such that each wish is fulfilled, in at least one of the
two periods. In fact, finding such a 2 period schedule is extremely simple: In
the first period, use any schedule. In the second period, take the schedule from
the first period, and change every position. This schedule will have the desired
properties, since the first period takes care of all demands made by the workers,
except for at most one demand per day. The schedule for the second period
makes sure that none of the demands that were not seen to in the first period
are now honored.
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