
1 Introduction

With growing demand of computers and other digital devices, the amount of the

available information has increased rapidly during last decades. This gives rise of

some vital problems in communication theory concerning digital representation

of a signal. One of the most important problems in information applications

nowadays is how to transform continuous real data information (e.g., remote

sensing images, sound tracks) into discrete information in an optimal way.

Analog signals correspond to data represented in continuously variable phys-

ical quantities in contrast to the digital representation of data in discrete units

(e.g., the binary digits 0 and 1). For processing (e.g., archiving, transmission,

enhancing, compressing), an analog signal is transformed into digital one. There-

fore, analog-to-digital conversion techniques play a crucial role in many fields of

information theory. Signal quantization (or discretization) is a part of digital

representation of an analog signal for various conversion techniques (e.g., source

coding, data compression, archiving, restoration).

Generally, a definition of quantization is division of a quantity into a discrete

number of small parts. There are many areas of knowledge where the term quan-

tization can be found. In image processing, quantization is a process of reducing

the number of colors used to store an image. And in physics, quantization is

selecting of discrete rather than continuous values for some physical quantities.

Some problems of scalar quantization in digital signal processing are considered

in this work.

The oldest example of quantization in statistics is rounding off. Sheppard

(1898) was the first who analyzed rounding off for estimating densities by his-

tograms. Any real number x can be rounded off (or quantized) to the nearest

integer, say q(x) = [x], with a resulting quantization error e(x) = x − q(x), for

example, q(3.14159) = 3. However, for the quantized value 3, any source input

from the interval [3, 4) is possible. It means that the restored signal may differ

from the original one and some information can be lost. A measure of this dif-

ference (or distortion) is one of the characteristics of quality of a quantizer. For

a random variable X and a quantizer q(X), the distortion can be defined by the

mean square error

D(X) = D(X, q(X)) := E(X − q(X))2 .
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For a random process X(t), t ∈ [0, T ], the quality of a quantizer q(X) can be

measured, for example, by the maximum mean square error

D(X) = D(X, q(X)) := max
t∈[0,T ]

||X(t) − q(X(t))||, (1)

where ‖Y ‖2 := E(Y 2) for a random variable Y . We consider asymptotic perfor-

mance of quantizers with respect to a given distortion.

The fundamental role of quantization in analog-to-digital conversion is recog-

nized in late 1940s (see, e.g., Bennett (1948)), when the first results on quantiza-

tion noise for Gaussian processes are obtained. The most comprehensive survey

of the theory of quantization, including its historical development, can be found

in Gray and Neuhoff (1998) (see also references therein). For the mathematical

aspects of quantization we refer to Graf and Luschgy (2000) and for more ap-

plied aspects, so-called informal approaches, in signal processing and information

theory see, for instance, Gersho and Gray (1992). We develop a rigorous mathe-

matical approach of average case analysis for quantization problems assuming a

probabilistic model for an original process.

In what follows, quantization is discretization in amplitude of a continuous-

in-value process. A quantizer is a function of values of an original process and

has discrete output values (or quantization levels). There are scalar and vec-

tor quantization. A scalar quantizer partitions the real line R into M disjoint

subsets R1, . . . ,RM , called quantization regions. We assume that each quantiza-

tion region is an interval. Each region Rj is represented by a quantization level

uj ∈ R, j = 1, . . . ,M . A scalar quantizer q = q(·) is defined as a map q : R → R,

such that q(x) = uj if x ∈ Rj, j = 1, . . . ,M . Particularly, for a continuous

random variable X, q(X) is a discrete random variable with values u1, . . . , uM .

In vector quantization there are l source variables. Similarly, a vector quantizer

qv can be defined as a map qv : R
l → R

l with corresponding quantization regions

and levels in R
l. In this thesis we study scalar quantizers.

If quantization levels are equally spaced, then a quantizer is called uniform,

and non-uniform otherwise. Quantization levels for uniform and non-uniform

quantizers are specified by a quantization step (or cellwidth) and a quantiza-

tion density function, respectively. We investigate behavior of uniform and non-

uniform quantization errors for a wide class of random variables and processes.
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There are several approaches for quantization of signals. In the conventional

digital quantization setting, for a fixed number of quantization levels, say N , we

first use discretization in time (or sampling) and then discretization in ampli-

tude (or quantizing) with respect to the values of the corresponding quantization

levels. Denote by R = log2 N the rate of the code for a fixed sample point.

For instance, if N = 2K , K = 1, 2, . . . , then the rate (or dimension) of code

is K, R = K, which is fixed and finite, and it needs K binary digits to rep-

resent a signal. For a given (or fixed) rate, this aims at reconstruction of an

original signal with minimal distortion. Due to many factors (e.g., measurement

errors, essential phenomenon randomness) processes are frequently random in

applications and communication theory and random process models arise. Un-

like the fixed rate code approach described above, we propose a variable rate

code method for uniform and non-uniform quantization of continuous in value

random processes. In this method, a random process X(t), t ∈ [0, T ], is coded

by a finite-dimensional vector ((t1, q(X(t1))), (t2, q(X(t2))), . . . , (tR, q(X(tR)))),

t1 < . . . < tR, where (ti, X(ti)), i = 1, . . . , R, are crossing points of a realization

of a process X(t), t ∈ [0, T ], with quantization levels. Here, the quantization rate

R is random and variable for a random process. Note that further treatment of

these data is needed (e.g., approximation of t1, . . . , tR by the sampling points) in

order to obtain quantization in a conventional (time/amplitude) sense.

In applications, analogue signals (or random processes) are quantized at sam-

pling points with further compression. For stationary random processes, we study

average case analysis for run-length encoding method applied to quantized sam-

ple sequences. In run-length encoding, a signal that consists of repeated symbols

is compressed by encoding each repetition as a pair (”symbol”, ”length of the

repetitions”), e.g., (1, 1, 1, 2, 2, 3, 3, 3, 3) can be presented in the compressed form

(1, 3), (2, 2), (3, 4). This compression method is used, for instance, in digital sig-

nal and image processing, where repetitions of pixel values are common (e.g.,

BMP and PCX compression formats). Some statistical problems for run-length

encoding memory capacity of quantized in time/value realizations of a random

process are considered. The main distinction from the conventional approach is

that we exploit the correlation structure of the random process to evaluate the

corresponding quantization rate in average.
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2 Quantization of random processes and storage

capacity problem

In Paper A we study some accuracy characteristics of uniform and non-uniform

quantization for a random process with continuous sample paths. In the conven-

tional quantization setting, the asymptotic behavior of the distortion is studied

when the number of quantization levels tends to infinity (high-resolution analy-

sis). We propose a different quantization coding (QC) approach for a wide class

of random processes. One of the goals of this method is to predict the storage

capacity needed in average for realizations of a random process with a given ac-

curacy of the reconstruction. As it is mentioned in Section 1, there are quantizers

with fixed and variable rate codes. For QC method, we study the asymptotic be-

havior of the random variable rate for both uniform and non-uniform quantizers

and compare these quantization methods with conventional piecewise constant

approximation.

Ignoring the quantization problem, in order to restore an original random

process with a given accuracy, various approximation methods can be applied

(algebraic or trigonometric polynomials, Seleznjev (1991); splines, Wahba (1990),

Seleznjev (2000), Hüsler at al. (2003)). The most frequently used approximation

methods are linear. Quantization, unlike approximation, is a non-linear opera-

tion. One of the first applied quantization approaches is introduced in Widrow

(1961). For statistical theory of quantization we refer to Elias (1970) (see also

Widrow at al. (1995)). Later references can be found, for example, in Marco and

Neuhoff (2005). General quantization problems for Gaussian processes in infinite-

dimensional functional spaces are considered in Luschgy and Pagès (2002). The

main distinction between these results and the approach presented in Paper A is

exploiting correlation properties of a random process for evaluation of the corre-

sponding mean quantization rate.

We study the uniform and non-uniform quantization with random rates for

the linear space Cm[0, T ] of random processes with continuous quadratic mean

derivatives up to order m ≥ 1. Let X(t), t ∈ [0, T ], be a random process with

covariance function K(t, s), t, s ∈ [0, T ], and continuous sample paths. For a

positive ε, we consider the uniform quantization of X(t), t ∈ [0, T ], with an

infinite levels’ grid u(ε) = {uk, k ∈ Z} := {kε, k ∈ Z} and an uniform quantizer
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Figure 1: The uniform quantizer qε(X) for the random process X(t), t ∈ [0, T ].

qε(X) = qε(X(t)) := ε[X(t)/ε], where [x] is the integer part of x. Figure 1

illustrates the definition of uniform quantizer qε(X(t)) for the random process

X(t), t ∈ [0, T ]. For many quantization levels’ optimization problems the non-

uniform quantization is used (see, e.g., Gray and Neuhoff (1998)). Following

Bennett’s notation (see Bennett (1948)), the non-uniform n-level companding

quantizer (or compander) qn, G(X) = qn, G(X(t)) of X(t), t ∈ [0, T ], is defined as

follows:

qn, G(X) := G−1(qn, U [G(X)]), (2)

where G : R → (0, 1) is onto and increasing, and qn, U is the n-level uniform

quantizer on (0, 1),

qn, U(y) =







k
n
− 1

2n
, if y ∈

(

k−1
n

, k
n

]

, k = 1, . . . , n − 1,

1 − 1
2n

, if y ∈
(

n−1
n

, 1
)

.

The inverse function S := G−1 provides a transformation from a uniform quan-

tization on (0, 1) to a non-uniform one. Thus, I1, n = (−∞, S( 1
n
)], Ik, n =

(S(k−1
n

), S( k
n
)], k = 2, . . . , n − 1, and In, n = (S(n−1

n
),∞) are the quantiza-

tion intervals of the companding quantizer qn, G with the corresponding quan-

tization levels’ grid, {uk = uk(n), k = 1, . . . , n} = {S( k
n
− 1

2n
), k = 1, . . . , n}.

Figure 2 illustrates the definition of the non-uniform quantizer qn, U(G(X)) for
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Figure 2: The non-uniform quantizer qn, G(X) for the random process X(t), t ∈
[0, T ].

the random process X(t), t ∈ [0, T ]. Further, using the standard notation for

crossings of a level by a continuous function f , f is said to have a crossing of

the level u at t0 if in each neighborhood of t0 there are points t1 and t2 such

that (f(t1) − u)(f(t2) − u) < 0 (cf., e.g., Cramér and Leadbetter (1967)). Let

Nu(f) := Nu(f, T ) denote the number of crossings of the level u by f in [0, T ].

For a realization of the random process X(t), t ∈ [0, T ], let rε(X) and rn, G(X)

denote the total number of quantization points in [0, T ] (or random quantization

rate) for uniform qε(X) and non-uniform qn, G(X) quantizers, respectively,

rε(X) :=
∑

k∈Z

Nuk
(X), rn, G(X) :=

n
∑

k=1

Nuk
(X).

If X(t), t ∈ [0, T ], is a Gaussian process with continuous sample paths, then the

corresponding quantization rates rε(X) and rn, G(X) are random variables (see

Cramér and Leadbetter (1967)). For the random process X(t), t ∈ [0, T ], define

also the mean (uniform and non-uniform) quantization rates Rε(X) := E(rε(X))

and Rn, G(X) := E(rn, G(X)), respectively. We investigate the asymptotic behav-

ior of rε(X) as ε → 0 in various convergence modes for a wide class of sufficiently

smooth random processes. Asymptotic properties of the mean quantization rates

Rε(X) as ε → 0 and Rn, G(X) as n → ∞ are studied. In order to demonstrate the

general approach, quantization of Gaussian processs are studied in more details.
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Moreover, the quantized processes qε(X(t)) and qn, G(X(t)), t ∈ [0, T ], can

be considered as a piecewise constant approximations of X(t), t ∈ [0, T ], with

random number of knots corresponding to crossings of quantization levels. For

Gaussian processes, we compare these methods with a conventional piecewise

constant approximation, Pm(t), t ∈ [0, T ], when discretization in time is used.

The sequence of sampling points (or designs) Tm(h) = {t0 < . . . < tm, ti ∈

[0, T ]}, t0 = 0, tm = T , is generated by a positive continuous density function

h(t), i/m = T−1
∫ ti

0
h(t)dt, i = 0, . . . ,m, and Pm(t) = Pm(X,Tm)(t) = X(ti), t ∈

[ti, ti+1), i = 0, . . . ,m−1. The approximation accuracy is measured by maximum

mean square error, (1). For certain classes of Gaussian processes and a given

accuracy, it is shown that the approximation by a quantized (uniformly or non-

uniformly) process requires less storage capacity for archiving digital information.

3 Stochastic structure of quantization errors

Quantization additive noise models are important for various restoration tech-

niques (e.g., dithered quantization, Gray and Stockham (1993)). In these models,

a value of a random process at a fixed time (or random variable) is represented as

a sum of its quantized value and quantization error. For non-uniform quantization

we consider some optimization problems similar to those for spline approxima-

tion. Some sampling problems for spline approximation are studied in Hüsler at

al. (2003) (see also Seleznjev (2000)).

Let X(t), t ∈ [0, T ], be a random process with continuous sample paths.

We consider scalar quantization of a random variable X, the value of a random

process X(t), t ∈ [0, T ], for a fixed t. Let X be a continuous random variable

with density function f(x). For a given cellwidth ε > 0, the uniform quantizer

qε(X) and the uniform quantization error zε(X) are defined as

qε(X) := ε[X/ε] and zε(X) = (X − qε(X))/ε = {X/ε},

respectively, here {x} denotes the fractional part of x, x = [x] + {x}. For a

random variable X with values in a finite interval, say, [0, 1], an n-level non-

uniform quantizer qn(X) and the corresponding non-uniform quantization error
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zn(X) are defined as

qn(X) = qn(X,Dn) = uk if uk ≤ X < uk+1 and zn(X) = n(X − qn(X)),

respectively, where 0 = u0 < u1 < . . . < un = 1 are the quantization levels and

[uk, uk+1), k = 0, . . . , n − 1, are the corresponding quantization intervals. These

quantization levels set up a design Dn.

We consider the sequence of regular designs Dn = Dn(g), n ≥ 1, generated by

a positive continuous quantization density function g(x), x ∈ R,

∫ uk(n)

−∞

g(x)dx = k/n, k = 0, 1, . . . , n, (3)

(cf. Sacks and Ylvisaker (1966)).

For a random process X(t), t ∈ [0, T ], and a fixed t, we study uniform and

non-uniform quantizaiton additive noise models,

X(t) = qε(X(t)) + εzε(X(t))

and

X(t) = qn(X(t)) + zn(X(t))/n

respectively.

Considering an additive noise model leads to the problem of the evaluation

of a quantization error. In Lee and Neuhoff (1996), an approximate formula

of the probability density of the asymptotic quantization error is obtained. In

Paper B we derive asymptotic stochastic structures of the normalized uniform

and non-uniform quantization errors

zε(X) = (X − qε(X))/ε as ε → 0

and

zn(X) = n(X − qn(X)) as n → ∞,

respectively. To the best of our knowledge, the only known results are those on

the distribution of a quantization error for uniform scalar quantizers (see, e.g.,

Srypad and Snyder (1977), Gray (1990)).
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In Paper C we generalize some results from Paper B for two types of un-

bounded quantizers. Let QN, G(x) be an N -level companding quantizer (or com-

pander), (2). Denote by S := G−1 the inverse function of G. Let the quanti-

zation intervals I1, N = (−∞, S( 1
N

)], In, N = (S(n−1
N

), S( n
N

)], n = 2, . . . , N − 1,

and IN, N = (S(N−1
N

),∞), and the corresponding quantization levels, un, N =

S( n
N

− 1
2N

), n = 1, . . . , N, set up a design DN = DN, G, N ≥ 1. We con-

sider also a quantizer QN, G with the same quantization intervals as for QN, G,

In, N , n = 1, . . . , N , but with quantization levels in the middle of the intervals,

except for the intervals I1,N and IN,N , where the levels do not change. A jus-

tification of the application of these quantizers can be found, for example, in

Linder (1991), where for a random variable X the asymptotic equivalence of the

quantizers QN, G(X) and QN, G(X) is demonstrated with respect to the rth-mean

error distortion measure D(QN, G) = E|X − QN, G(X)|r, r > 0, that is

lim
N→∞

N rD(QN, G) = lim
N→∞

N rD(QN, G) = Cr > 0, (4)

under some sufficient assumptions, (cf. (5)). For a random variable X, not neces-

sary with bounded support, the asymptotic stochastic structures of quantization

errors

ZN, G(X) = N(X − QN, G(X)) and ZN, G(X) = N(X − QN, G(X))

are derived in Paper C when the number of quantization levels N tends to infinity.

For uniform quantization we present a rigorous treatment of known results in

additive noise model while for non-uniform one, several new results are obtained.

Optimization of quantization designs for a given distortion measure is of in-

terest in quantization theory and applications. In general, a solution of the opti-

mization problem is not straightforward. Several authors consider optimal design

problems for a variety of quantizers. As in linear approximation with interpo-

lation designs (see Sacks and Ylvisaker (1966), Hüsler at al. (2003)) Cambanis

and Gerr (1983) develop an approach with asymptotically optimal sequences of

regular designs, (3), and consider a class of asymptotically optimal quantizers

with respect to the rth-mean error distortion measure. For a random variable X,

the sequence of quantization designs D∗
n, n ≥ 1, is called asymptotically optimal

for the class of designs Dn if

lim
n→∞

E(X − qn(X,D∗

n))2/ inf
D∈Dn

E(X − qn(X,D))2 = 1.
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Asymptotically optimal quantizers with respect to the rth-mean error distortion

measure D(QN, G) are studied in a number of applied and theoretical papers (see

Gray and Neuhoff (1998), Li at al. (1999), and references therein). For example,

Bennett (1948) shows that

lim
N→∞

N rD(QN, G(X)) =
1

(r + 1)2r

∫

R

f(x)

g(x)r
dx = Cr > 0 (5)

(cf. (4)), where, by Hölder’s inequality, the right-hand side is minimal if and only

if g(x) = f(x)1/(r+1)/
∫

R
f(z)1/(r+1)dz. For r = 2, the asymptotically optimal

quantization density function g(x) = f(x)1/3/
∫ 1

0
f(v)1/3dv in the class of regular

n-points designs Dn in appropriate conditions is found in Elias (1970) (see also

Zador (1982)). Optimal densities for general quantizers and its asymptotic per-

formance with respect to a wide class of error distortion measures are considered

in Na and Neuhoff (1995). Notice that (5) corresponds to the results on asymp-

totic stochastic structures of quantization errors obtained in Papers B and C.

4 Statistical inference for run-length encoding

quantization method

Quantization is a part of digital representation of an analog signal for various

conversion techniques such as data compression, source coding, restoration etc.

By data compression we mean reducing the amount of data required for represen-

tation of a given information quantity. The basis of this reduction is the removal

of redundant data. Later, the compressed signal is decompressed to reconstruct

the original signal. There are lossless and lossy data compression. In lossless data

compression, an original signal can be recovered exactly.

Nowadays the prediction of the memory capacity needed for a signal (or ran-

dom process) is an important task for various signal processing techniques due to

wide spread of various types of sensors and increased data compression require-

ments (see, e.g., Widrow at al. (1995)). The QC method developed in this thesis

(see Section 2 and Paper A) allows us by using the correlation structure of the

model random process, predict the necessary capacity of the memory needed for

quantized process realizations. We consider probabilistic models for run-length

encoding (RLE) method applied to quantized signal sequences. Some statistical
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problems for quantized data are studied, for instance, in Karlsson and Gustafsson

(2005).

In applications, realizations of random processes are quantized at sampling

points with further compression. For Gaussian processes, we consider average

case analysis for RLE method. In particular, we evaluate the memory capacity (or

RLE quantization rate) of a quantized sample of a stationary random process. Let

for a sampling step h > 0, Sn,h(X) denote a sample from a Gaussian stationary

process X(t), t ∈ [0, T ], with the mean µ, the variance σ2, and the correlation

function r(t), t ∈ [0, T ],

Sn,h(X) = Sn,h(X,T ) :=
{

X(kh), k = 0, 1, . . . , n
}

, n ≥ 1,

n = T/h is the number of sampling points. Then, for Sn,h(X) and the uniform

quantizer qε(x), we denote the RLE quantization rate by

lε, h(X) = lε, h(X,T ) :=
n−1
∑

j=0

I
(

qε(X(jh)) 6= qε(X((j + 1)h))
)

,

where I(·) is the indicator function. And, denote by

Lε, h(X) = Lε, h(X,T ) := E(lε, h(X))

the mean RLE quantization rate for Sn,h(X). For a stationary Gaussian process

X(t), t ∈ [0, T ], with known stochastic (correlation) structure, we predict (in av-

erage) the mean RLE quantization rate Lε, h(X), that is, the necessary memory

capacity needed for a quantized process realization, by using the correlation struc-

ture of the original process. Furthermore, the asymptotical behavior of Lε, h(X)

is investigated when the quantization cellwidth ε and the sampling step h = h(ε)

vary in an according way. Particularly, it is shown that the asymptotical behavior

of Lε, h(X) is totally determined by the (q.m.) smoothness of the process, i.e., for

a more smooth (in q.m.) process the mean RLE quantization rate asymptotically

decreases. Moreover, for a continuously differentiable (in q.m.) Gaussian station-

ary process RLE and QC give asymptotically equivalent results as compression

methods when ε/h is sufficiently large.

When a stochastic structure of an original process X(t), t ∈ [0, T ], is unknown,

the statistical problems of estimation of Lε, h(X) arise. Let, for a fixed sampling

step h > 0,

Dm,h(X) =
{

X(jh), j = 1, . . . ,m
}

, m ≥ 1,
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be an observed sample from a realization of a Gaussian stationary process X(t),

t ≥ 0. We study asymptotical properties (e.g., asymptotical normality) of two

estimators of the mean RLE quantization rate Lε, h(X) based on the sample

Dm,h(X) when a sample size m → ∞. In statistical literature, when estimating

a parameter, sample statistic is sometimes called an estimator and its observed

value – an estimate. From now on, in this thesis, we shall use the single term

estimate. We provide some numerical experiments, illustrating the rate of con-

vergence in the obtained results. An application example for real paper machine

data is considered.

5 Summary of the papers

This thesis consists of four papers dealing with problems of quantization of ran-

dom variables and processes. A quantization coding approach for uniform and

non-uniform quantization of random processes is developed in Paper A. Quanti-

zation errors and the corresponding additive noise quantization models for a wide

class of random variables and processes are studied in Papers B and C. In Paper D

we consider average case analysis and statistical inference for run-length encoding

method applied to quantized random sequences. Some examples and numerical

experiments on applications of the obtained results to synthetic and real data are

presented. These results can be used for various quantization applications.

5.1 Paper A: Uniform and non-uniform quantization of

Gaussian processes

In this paper we consider uniform and non-uniform quantization of a random

process. For uniform quantizer, the asymptotic behavior of a random quantization

rate is investigated in various convergence modes, specifically, a.s.-convergence

and convergence of the first and the second moments, when the quantization

cellwidth tends to zero. We study asymptotic behavior of average quantization

rates for uniform quantization, when the quantization cellwidth tends to zero,

and for non-uniform quantization, when the number of quantization levels tends

to infinity. Both (uniform and non-uniform) quantization are compared with
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a conventional piecewise constant approximation. The results presented in this

paper are valid for a wide class of smooth enough random processes but, in order

to demonstrate the general approach, Gaussian processes are studied in more

detail.

5.2 Paper B: Stochastic structure of asymptotic quanti-

zation errors

In this paper we study asymptotic properties of the corresponding additive noise

quantization models for a wide class of random processes for both uniform and

non-uniform quantizers. We derive the asymptotic stochastic structure of normal-

ized non-uniform quantization errors for random variables with values in a finite

interval when the number of quantization levels tends to infinity. Moreover, the

asymptotic stochastic structure and some asymptotic moment properties of uni-

form quantization errors are obtained for random variables when quantization

cellwidth tends to zero.

5.3 Paper C: Asymptotic quantization errors for

unbounded quantizers

In this paper we consider quantization of a random variable with values not

necessary in a finite interval. Stochastic structures of asymptotic normalized

quantization errors for non-uniform quantization of random variables are derived

for two types of general quantizers when the number of quantization levels tends

to infinity. In particular, some results for bounded random variables from Paper

B are generalized. Asymptotically optimal companding quantization is discussed.

5.4 Paper D: Quantization of stationary random sequences

and related statistical problems

In this paper we consider average case analysis for run-length encoding (RLE)

method and statistical inference for mean RLE quantization rate of quantized

realizations of a Gaussian stationary sequence. First, we study mean RLE quan-

tization rates for various probabilistic models. Further, for a time series with
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unknown stochastic structure, we investigate asymptotic properties (e.g., asymp-

totic normality) of two estimates for the mean RLE quantization rate based on an

observed sample when the sample size tends to infinity. A real data application

example is given.

6 Conclusions and open problems

Applying, the quantization coding method developed in Paper A, we predict

the storage capacity (or the quantization rate) needed in average for quantized

realizations of a random process in terms of its correlation structure. In order

to optimize this storage capacity, some optimal design problems for non-uniform

quantization levels can be considered.

Asymptotic stochastic structures for quantization errors are derived in Papers

B and C for certain bounded and unbounded scalar quantizers. Similar problems

arise for more general vector case with many important applications.

In applications (e.g., source coding, data compression, archiving, etc.), signals

(or data) are observed at sampling points with further compression. For uniform

quantization, several statistical problems are investigated in Paper D related to

run-length encoding quantization method for such quantized data. Considering

a standard time series model with increasing number of observations, we pro-

vide some estimates of memory capacity of a quantized-in-value sample from

a stationary Gaussian sequence. Similar problems arise for non-stationary and

non-Gaussian cases. Notice also that non-uniform quantization may be used with

further optimization problems. Numerical experiments for synthetic and real data

demonstrate applications of the obtained results and show that the proposed in

Paper D estimates are sufficiently accurate even for a small enough sample size.

Moreover, for further investigation of the accuracy properties of various estimates

of some compression efficiency characteristics, more extensive simulation studies

and real data applications can be of interest.
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