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Abstract

This dissertation addresses the development and use of novel software tools and en-
vironments for the computation and visualization of canonical information as well as
stratification hierarchies for matrices and matrix pencils.

The simplest standard shape to which a matrix pencil with a given set of eigen-
values can be reduced is called the Kronecker canonical form (KCF). The KCF of a
matrix pencil is unique, and all pencils in the manifold of strictly equivalent pencils
– collectively termed the orbit – can be reduced to the same canonical form and so
have the same canonical structure. For a problem with fixed input size, all orbits are
related under small perturbations. These relationships can be represented in a closure
hierarchy with a corresponding graph depicting the stratification of these orbits. Since
degenerate canonical structures are common in many applications, software tools to
determine canonical information, especially under small perturbations, are central to
understanding the behavior of these problems.

The focus in this dissertation is the development of a software tool called Strati-
Graph. Its purpose is the computation and visualization of stratification graphs of
orbits and bundles (i.e., union of orbits in which the eigenvalues may change) for ma-
trices and matrix pencils. It also supports matrix pairs, which are common in control
systems. StratiGraph is extensible by design, and a well documented plug-in fea-
ture enables it, for example, to communicate with MatlabTM. The use and associated
benefits of StratiGraph are illustrated via numerous examples. Implementation con-
siderations such as flexible software design, suitable data representations, and good
and efficient graph layout algorithms are also discussed.

A way to estimate upper and lower bounds on the distance between an input S
and other orbits is presented. The lower bounds are of Eckhart-Young type, based
on the matrix representation of the associated tangent spaces. The upper bounds are
computed as the Frobenius norm F of a perturbation such that S+F is in the manifold
defining a specified orbit. Using associated plug-ins to StratiGraph this information
can be computed in Matlab, while visualization alongside other canonical information
remains within StratiGraph itself.
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Abstract

Also, a proposal of functionality and structure of a framework for computation of
matrix canonical structure is presented. Robust, well-known algorithms, as well algo-
rithms improved and developed in this work, are used. The framework is implemented
as a prototype MatlabTM toolbox. The intention is to collect software for computing
canonical structures as well as for computing bounds and to integrate it with the theory
of stratification into a powerful new environment called the MCS toolbox.

Finally, a set of utilities for generating web computing environments related to
mathematical and engineering library software is presented. The web interface can be
accessed from a standard web browser with no need for additional software installation
on the local machine. Integration with the control and systems library SLICOT further
demonstrates the efficacy of this approach.
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Preface

This Ph.D. Thesis consists of two parts with an opening introduction including a sum-
mary of the papers. The first part consists of seven papers and the second part of two
papers.

Part I – Software tools for matrix canonical computations

Paper I E. Elmroth, P. Johansson and B. Kågström. Computation and Presentation
of Graphs Displaying Closure Hierarchies of Jordan and Kronecker Struc-
tures1. Numerical Linear Algebra with Applications, Vol. 8, No. 6-7, pp.
381-399, 2001.

Paper II E. Elmroth, P. Johansson and B. Kågström. Bounds for the Distance Be-
tween Nearby Jordan and Kronecker Structures in a Closure Hierarchy2.
Journal of Mathematical Sciences, Vol 114, No. 6, pp. 1765-1779, 2003.

Paper III E. Elmroth, P. Johansson, S. Johansson, and B. Kågström. Orbit and
Bundle Stratification for Controllability and Observability Matrix Pairs
in StratiGraph3. Proceedings MTNS-2004, 2004.

Paper IV P. Johansson. StratiGraph Software Design and Algorithms. UMINF 06.16,
Department of Computing Science, Umeå University, Sweden, 2006.

Paper V P. Johansson. StratiGraph User’s Guide. UMINF 03.21, Department of
Computing Science, Umeå University, Sweden, 2003.

Paper VI P. Johansson. StratiGraph Developer’s Guide. UMINF 06.14, Depart-
ment of Computing Science, Umeå University, Sweden, 2006.

1 Reprinted by permission of John Wiley & Sons, Ltd.
2 Reprinted by permission of Springer Science and Business Media.
3 Reprinted by permission of Katholieke Universiteit Leuven.
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Paper VII P. Johansson. Matrix Canonical Structure Toolbox. UMINF 06.15, De-
partment of Computing Science, Umeå University, Sweden, 2006.

Part II – Web-based software library environments

Paper VIII E. Elmroth, P. Johansson, B. Kågström, and D. Kressner. A Web Comput-
ing Environment for the SLICOT Library. In P. Van Dooren and S. Van
Huffel, The Third NICONET Workshop on Numerical Control Software,
pp. 53-61, 2001. Also available as SLICOT Working Note 2001-02.

Paper IX Pedher Johansson and Daniel Kressner. Semi-Automatic Generation of
Web-Based Computing Environments for Software Libraries4. In P.M.A.
Sloot et al., editors, Computational Science – ICCS 2002, Lecture Notes
in Computer Science, Vol. 2329, pages 872-880. Springer-Verlag, 2002.

4 Reprinted by permission of Springer Science and Business Media.
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CHAPTER 1

Introduction

One important task of the academic world is to make its work accessible to the public,
to let the accomplishments come to use by others. The field of scientific numerical
computing is no exception. Much of the technological advances we have seen since
the dawn of computers could not have been made without the results from research
at universities and other scientific institutions on different aspects of computing. For
example, the successful solution of a numerical problem has many facets and con-
sequently involves different fields such as mathematical theory, numerical methods,
algorithms and their efficient implementation in high-quality library software. To-
day, software libraries and environments are necessary tools in most areas of Science
and Engineering. Indeed, the enormous computing power of today would practically
be useless without the accumulated knowledge of numerical and symbolical problem
solving.

The main topic of this PhD Thesis is about making rather complex theoretical
numerical knowledge accessible to a wider audience. One aim is to give software
support for a better understanding of this theory, which is about canonical forms of
matrices under perturbations and their fine structure elements. Another aim is to gain
new insight in using the theory for developing more robust and efficient numerical
methods for solving computational canonical structure problems that are useful in
computer-aided control system design (CACSD) and in its applications [6].

The thesis consists of two major parts. Part I, the main part of the thesis, presents
two software tools. A visualization tool called StratiGraph that computes and visual-
izes so called stratification graphs, providing qualitative information about canonical
structures, and a prototype toolbox for MatlabTMcalled the Matrix Canonical Struc-
ture Toolbox, MCS, that complement the theory with quantitative information. In Part
II, a web-computing interface and environment for SLICOT, a state-of-the-art numeri-
cal software library for CACSD, is presented together with some generic development
tools.
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Chapter 1

1.1 The canonical structure of matrices

In the introductory course to numerical linear algebra, we learn that rank deficient
or almost rank deficient problems are difficult to solve. Typically, such problems are
classified as ill-conditioned or ill-posed in the sense that small perturbations to the
input data may change the behavior of a solution to a general linear system Ax = b.
In order to cope with these problems we are advised to use a matrix factorization of A
like the rank-revealing QR factorization or the singular value decomposition (SVD),
which robustly can identify rank deficiencies and compute a meaningful result.

In this thesis, we consider different eigenvalue problems, where rank deficiencies
appear regularly and in more or less complicated forms. Let us illustrate with the stan-
dard eigenvalue problem Ax = λx. Given an eigenvalue µ of A, we get a corresponding
eigenvector x by solving (A−µI)x = 0, where A−µI is a singular, i.e., rank-deficient
matrix. If µ is a multiple eigenvalue, i.e., µ is a multiple root of the characteristic equa-
tion det(A−λI) ≡ 0, then a robust way of determining associated eigenvectors is to
use the SVD for computing a null-space of A−µI. We are set if nµ, the size of dimen-
sion of the nullspace is equal to mµ, the multiplicity of µ, and we say that µ has a full
setting of eigenvectors. If an n×n matrix A has n independent eigenvectors, nµ = mµ

for all eigenvalues µ of A and it is called diagonalizable. Otherwise, if nµ < mµ for at
least one µ, A is called non-diagonalizable. Then there exists at least one eigenvalue µ
which does not have a full setting of eigenvectors, and A and its powers Ak have more
complicated rank-deficiencies. Such situations appear in several CACSD applications,
e.g., in the analysis of multi-input and multi-output linear state-space systems. When
studying such problems a fundamental concept is the canonical form of a matrix.

Mathematically, a canonical form is the simplest or most symmetrical
form to which all objects of the same class (or set) can be reduced to.
Further, a canonical form has two essential properties; each object must
have a unique canonical form, and two objects with the same canonical
form must essentially be the same.

For a matrix with a given set of eigenvalues, the Jordan canonical form1, JCF, also
called the Jordan normal form, JNF, is a decomposition that reveals the simplest stan-
dard shape the matrix can be reduced to. The JCF of a square matrix, A, is a block
diagonal matrix, J, of so called Jordan blocks which is unique, except for the order-
ing of the square blocks (of order ≥ 1) along the diagonal, and hence satisfy the first
property of canonical forms.

1 Named in honor of the French mathematician Camille Jordan, 1838-1922.
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Further, all similar matrices X−1AX where X is nonsingular have the same set
of eigenvalues and the same canonical form, satisfying the second property above.
Similar matrices can be decomposed to the same canonical form and are said to have
the same canonical structure. A diagonalizable matrix has all Jordan blocks of size
1× 1, but a non-diagonalizable matrix has at least one Jordan block of size 2× 2 or
larger.

We also consider general matrix pencils A−λB where A and B are m×n matrices.
If m = n this leads to the generalized eigenvalue problem Ax = λBx, where both A
and B may be singular. If det(A−λB) = 0 only if λ is an eigenvalue, then A−λB is
called a regular matrix pencil. B = I corresponds to the standard eigenvalue problem.
Besides finite eigenvalues, a regular pencil with a singular B has infinite eigenvalues.
The canonical form of a regular pencil consists of Jordan blocks of finite eigenvalues
(J j(λi)) and infinite eigenvalues (J j(∞) = N j ).

If det(A−λB)≡ 0 for any λ or A and B are non-square, A−λB is a singular pencil.
Besides possible finite and infinite eigenvalues a singular pencil also have so called
singular blocks (Lk and LT

k ) in its canonical form. In summary, the simplest form a
general matrix pencil A−λB can be transformed to using equivalence transformations
X−1(A−λB)Y is called the Kronecker canonical form2, KCF.

For more complete definitions of the Jordan and Kronecker canonical forms intro-
duced above we refer to the papers of the thesis. Below we show the layout of the
four different canonical blocks since they appear in some coming examples of this
introductory part.

J j(λi) and J j(∞) of size j× j correspond to Jordan blocks of finite and infinite
eigenvalues:

J j(λi)≡


λi−λ 1

. . . . . .
. . . 1

λi−λ

 and J j(∞)≡


1 −λ

. . . . . .
. . . −λ

1

 .

Lk of size k× (k + 1) and LT
k of size (k + 1)× k correspond to the so called minimal

indices of a singular pencil:

Lk ≡


−λ 1

. . . . . .

−λ 1

 and LT
k ≡


−λ

1
. . .
. . . −λ

1

 .

2 Leopold Kronecker, 1823 - 1891.
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Chapter 1

It is well-known that computing the canonical form of a matrix (or matrix pencil)
in finite precision arithmetic is an ill-posed problem (e.g., see [7, 11]). Small pertur-
bations due to rounding errors may change the canonical structure completely. How-
ever, the problem can be made well-posed by a regularization technique leading to so
called staircase algorithms that perform rank and nullity decisions based on certain
tolerance parameters. Changing these parameters may change the canonical structure.
Two questions arise; which other canonical structures are near the computed structure
and what are the distance to those structures? This motivates our research for develop-
ing tools for studying both qualitative as well as quantitative information of nearness
for canonical structure problems.

1.2 Qualitative information in a stratification

Qualitative information regarding which other structures are near a specified canonical
structure can be answered with the theory of matrix stratification, briefly described
below.

Assume that we have a rank deficient matrix A, which means that 0 is an eigen-
value. By adding a small perturbation in the space orthogonal to its tangent space,
this perturbed matrix becomes more generic and thereby also has a different canonical
structure.

However, it has been shown that this change in canonical structure is well defined.
By considering the orbit of a matrix, i.e., the set of all similar matrices or the bundle,
i.e., the union of all orbits (meaning all matrices that have the same canonical structure
but different eigenvalues), we can, given a canonical structure, tell which other canon-
ical structures that are closest in the presence of small perturbations. This forms a
hierarchial closure relationship between matrix orbits (or bundles) known as a matrix
stratification.

These hierarchial relationships can be represented as stratification graphs where
nodes represent orbits (or bundles) of different canonical structures and edges between
pairs of nodes indicate that their canonical forms are closely related. An example of
such a stratification graph is displayed in Figure 1 showing the stratification of 3× 3
matrix bundles.

The most generic 3×3 matrix has three distinct eigenvalues. The Jordan canonical
form is a diagonal matrix with three 1× 1 Jordan blocks, each corresponding to one
of the three eigenvalues, µ1, µ2 and µ3. The canonical structure can be written as a
direct sum J1(µ1)⊕ J1(µ2)⊕ J1(µ3). This is the typical structure for a random matrix.
Less generic or equivalently more degenerate matrices will have multiple eigenvalues

6
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J1(μ1) 7 J1(μ2) 7 J1(μ3)

3J1(μ1)

J2(μ1) 7 J1(μ1)

J2(μ1) 7 J1(μ2)

2J1(μ1) 7 J1(μ2)

J3(μ1)

FIGURE 1: The stratification graph representing the hierarchial relationships of 3× 3 matrix
bundles. Edges between pairs of nodes indicate that their canonical forms are
closely related. The most generic structure is J1(µ1)⊕ J1(µ2)⊕ J1(µ3), and the
most degenerate structure is 3J(µ1).

and also so called defective eigenvalues, i.e., a multiple eigenvalue without a full set
of eigenvectors. The latter case will result in Jordan blocks of size 2×2 or larger.

When generating a stratification graph, we usually put the most generic structure at
the top, the closest less generic structures are then put below connected with edges and
so on. At the bottom we find the most degenerate structure, which in the case of 3×3
bundles is 3J1(µ1) (see Figure 1) . One of the matrices in the bundle corresponding to
the most degenerate structure has µ1 = 0, i.e., it is the zero-matrix.

1.3 Quantitative information as bounds

Given some input to which we have computed the canonical structure, the qualitative
information in the stratification gives us nearby structures, but how close are they? For

7



Chapter 1

this we also need some quantitative information including norm distances.
Computing a canonical structure is as mentioned an ill-posed problem. In infinite

arithmetic even an arbitrary small perturbation can change the zero matrix into a full
rank matrix with a complete set of distinct eigenvalues and eigenvectors. Determining
the canonical structure is therefore dependent on various rank decision parameters.
Finding the distance from one canonical structure to another means that ideally we
want to find the minimum distance from our matrix to another orbit or bundle, or
more specifically, the closest matrix in that orbit or bundle. Finding such a matrix
is still an open problem. Our approach is to compute and deliver lower and upper
bounds. Much of the work in the MCS toolbox has been on identifying problems and
provide tools for interfacing with StratiGraph and being able to compute such bounds.
This includes the implementation of several prototype algorithms. More on this in
Chapter 3.

1.4 The need for software tools and new contributions

In summary, to better understand the nature of canonical structure computations for
matrices and matrix pencils in finite precision arithmetic, we have identified the fol-
lowing need of software tools:

1. The computation of the canonical structure of given input data, e.g., a matrix or
matrix pencil, with respect to specified rank decision parameters.

2. The computation of qualitative information in terms of stratification graphs for
identifying nearby canonical structures of a specified canonical structure. Typi-
cally, the specified structure is a result of item 1.

3. The computation of quantitative information to find distance bounds to matrices
(or matrix pencils) belonging to other orbits (or bundles) in a stratification graph.
Such bounds can be useful for identifying the distance to more degenerate matrices
(or matrix pencils), which are important in CACSD.

Part I of the thesis focuses on items 2 and 3 above. For item 1, much progress has
been made over the years in developing robust and efficient algorithms and software
to calculate canonical structures of a variety of input problem types. Two major con-
tributions of the Umeå group and with international collaboration are the JNF [11,12]
and GUPTRI [3, 4] software for computing canonical structure information of ma-
trices and general singular pencils, respectively. For example, GUPTRI computes a
generalized upper triangular form of a singular A−λB using staircase-type algorithms.
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We refer to the review paper by Kågström [10], in the “Templates for the Solution of
Algebraic Eigenvalue Problems—A Practical Guide” [1], for more information and
references to interesting work in the area. In this context, we also mention the Matlab
template sg min [16] that given a specified staircase form is targeted to find a closest
matrix with the Jordan structure on that orbit (or bundle).

For item 2, the main software contribution of the thesis is StratiGraph that com-
putes and visualizes stratification graphs. A brief introduction to StratiGraph is pre-
sented in Chapter 2.

Finally, for item 3, the main contribution is the Matrix Canonical Structure Tool-
box, a prototype toolbox that interacts with StratiGraph and provides numerical quan-
titative information in Matlab. Chapter 3 gives a brief introduction to MCS.

In Part II of the thesis, the topic and contributions concern tools for semi-automatic
generation of web-based library software environments. The case-study is the SLI-
COT library [2, 18]. Several routines of SLICOT are handling the computation of
staircase forms of system pencils that appear in CACSD.

The contributed papers of Part I and Part II of the thesis are briefly summarized in
Chapter 4.

9
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CHAPTER 2

StratiGraph

StratiGraph1 is a visualization tool for stratification graphs written in JavaTM. Over
the years, it has grown to a highly flexible and extendable software with a broad range
of functionality that briefly is presented below.

2.1 Visualizing stratification graphs

In Figure 2, we see the user interface and an example of a stratification graph. This
graph is a representation of the same stratification as in Figure 1, showing the strat-
ification of 3× 3 matrix bundles. The nodes shaped as balls represent the canonical
structures and the edges that a pair of nodes are close in the presence of small pertur-
bations.

2.2 Working with StratiGraph

The normal way to use StratiGraph is via the built-in wizard for specifying the type
of input problem to be considered. This includes a choice between matrices, matrix
pencils or matrix pairs, a choice between the stratification for orbits or bundles, and
finally the starting canonical structure, which will be presented and appear as the start-
ing node in the stratification graph. The graph can later be expanded upwards and/or
downwards to show parts of, or the complete stratification. The canonical information
is displayed by right-clicking the nodes or in separate dialogs.

In addition, some dialog windows can be opened that show information on struc-
ture relations and a complete list of structures in the stratification. The canonical
information can also be shown in different notations and font sizes.

When the graph is expanded, StratiGraph tries to place the nodes to avoid crossing

1 StratiGraph is an acronym for Stratification Graph.
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FIGURE 2: The main user interface of StratiGraph. In the graph area the complete computed
stratification of a 3×3 matrix bundle is presented. The nodes shaped as balls rep-
resent the canonical structure (the canonical information is shown in pop-ups next
to them), and the edges that a pair of nodes are close in the presence of small per-
turbations.

12
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of edges and edges crossing nodes they are not connected to. However, an optimal
node placement regarding the least number of crossings is an NP-complete problem,
and we can not compute the complete stratification since the number of nodes grows
exponentially with the size of the input. Hence, the algorithm to place nodes is a
compromize of computations, optimal node placement, and trying to let already placed
nodes stay at a given position.

Still the algorithm does not always give a satisfactory result, or we wish to arrange
nodes in a different way. All nodes can therefore manually be moved.

2.3 Extendable software

The aim in developing StratiGraph has been to make the software flexible and easy
to modify as the continuing research give us more theoretical knowledge. There-
fore, StratiGraph’s backbone is its plug-in system. Even at runtime StratiGraph can
load additional plug-ins, hence providing new functionalities to the user. Two types
of plug-ins exist, problem setups and program extensions. The plug-in manager in
StratiGraph, illustrated in Figure 3, is used to load and unload different plug-ins.

2.4 Different input setups

Two types of input problems that can be handled are square matrices, A and matrix
pencils, A−λB. However, many special cases are used in different applications, e.g.,
in control system design and analysis. The system pencil for a generalized state-space
system (or descriptor system) looks as follows

S(λ) = [A−λB] =

[
A B
C D

]
−λ

[
E 0
0 0

]
,

denoted (A, B, C, D, E) for short. The complete stratification for the generalized
system-pencil is not known yet, but the stratification for two subsystems of the stan-
dard case (where E = I) are presented in [5, 9]. These are the controllability pair,
(A, B) and the observability pair, (A, C) corresponding to the pencils

SC(λ) =
[

A B
]
−λ

[
I 0

]
, and

SO(λ) =

[
A
C

]
−λ

[
I
0

]
.

Further research on subsystems such as the matrix triple (A, B, C) and the system

13



Chapter 2

FIGURE 3: The Plug-in manager where extensions can be loaded into StratiGraph. The name
of the extension is entered at the top. If the extension is found it is added to the list
of available plug-ins.

pencil (A, B, C, D) will hopefully result in complete knowledge about the stratifi-
cation of these systems as well. The goal is that StratiGraph should be able to adopt
this in an easy way without rewriting any existing code. This is why the input problem
setup plug-ins are handy. They formalize the necessary information StratiGraph needs
for different setups to handle both dialog boxes where new input problems are given,
as well as, the presentation and visualization of the stratification graphs and canonical
information.

2.5 Program extensions

A program extension plug-in is a fully integrated piece of software that adds function-
ality to StratiGraph. They can be loaded and unloaded at run-time and interacts fully
with the internal flow of events while loaded. Even parts of the GUI can be altered.

Two extensions are so forth being developed for StratiGraph. One is an extension

14
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that makes it possible to interact with MatlabTM, the other uses the first one to give
the user quantitative information about bounds between nearby canonical structures.
More about this in Chapter 3.
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CHAPTER 3

Matrix Canonical Structure
Toolbox

The Matrix Canonical Structure toolbox, MCS, is a prototype toolbox for MatlabTM.
The work has been focused on designing and implementing a structure for the toolbox,
and data structures useful for canonical structure information as well as identifying
existing algorithms and areas where more research needs to be done.

3.1 Framework for canonical structure information

As previously mentioned, working with canonical structures basically involve three
computational operations: (i) to compute a canonical structure for given input data, (ii)
from the qualitative information in the stratification theory determine nearby structures
(orbits and bundles), and finally, (iii) to compute quantitative information such as
numerical bounds on the distance to other structures in the stratification graph.

In Section 1.4, we briefly mentioned software such as GUPTRI for computing
canonical structures, and in Chapter 2, StratiGraph for visualizing and computation
of qualitative information in the matrix stratification was introduced. However, in the
development of software to compute quantitative information and numerical bounds,
little work has been done with the exception of sg min [16].

The idea behind the MCS toolbox is to build a framework for matrix canonical
structure information. To use existing algorithms and implement them in Matlab as
well as integrating existing software (e.g., StratiGraph) to provide a uniform environ-
ment with a common interface. In addition, new algorithms should be developed and
integrated to provide quantitative information, e.g., upper bounds on the distance to
other structures.

17



Chapter 3

3.2 A common interface for canonical structure information

Building an interface for canonical structure information involves finding the nec-
essary functionality of the toolbox as well as documenting and giving the different
functions names that easily identify them. A toolbox for canonical structure informa-
tion also needs a way to represent canonical blocks as well as canonical structures.
This work is summarized in Paper VII.

To get an idea of the content and intended functionality of the toolbox the sug-
gested structure with function names are presented in Figure 4. The main part of the
functions are applied to some input data, i.e., a matrix, matrix pencil or a system pen-
cil. The names of these functions consist of a prefix (one or two characters) which
show the input data type the function is handling:

m for matrices,
p for matrix pencils, and
s2 for matrix pairs.

For each type of input problem, there exist functions to create structure objects that
represent canonical structures and functions to create new, possibly random, example
data. Further, there exist functions for various types of operations on the data, e.g.,
to determine and impose canonical structures. The toolbox also has some general
functions for different settings, conversions and for interacting with StratiGraph.

3.3 Computing canonical structures

The implemented algorithms to compute canonical structures in the toolbox are based
on the GUPTRI software [3, 4] which uses a staircase algorithm [7, 15, 17]. A stair-
case algorithm does not compute the JCF or KCF but reduces the matrices to upper
triangular matrices. The name of the algorithm comes from the shape of the triangular
part that looks like an upside down staircase. The size of the stairs gives information
about the canonical structure (Jordan or Kronecker) of the input data. The big ad-
vantage with staircase algorithms is that they are based on orthogonal similarity (or
equivalence) transformations.

3.4 Imposing canonical structures

Given some input data, an upper bound to an orbit or bundle in the associated stratifi-
cation hierarchy can be computed by finding a nearby explicit matrix or pencil in that
orbit or bundle, i.e., to compute a matrix or pencil with a specific canonical structure.
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FIGURE 4: The functions in the MCS toolbox and how they are grouped.
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A big portion of the work in developing the MCS toolbox has been focused on finding
algorithms to impose a given canonical structure on some input and to identify where
more theoretical work is needed. Prototype algorithms have also been developed.

The algorithms for imposing a canonical structure are based on the same staircase
algorithms as when computing a canonical structure of a given input data (matrix,
matrix pencil or matrix pair). But instead of determining the rank of different sub-
spaces we try to change the matrices as little as possible such that the rank and nullity
conditions for the given canonical structure to be imposed are satisfied.

A brute force algorithm is straight forward. Since the canonical structure to im-
pose is given, in each step such an algorithm makes sure the properties of that step
are satisfied by changing the input, typically within some margin defined by tolerance
parameters. The latter to make sure the wanted canonical structure also is found when
applying the staircase algorithm on the result with the same tolerance parameters.
However, we do not only want to find a matrix or pencil with a specified canonical
structure, ideally, we want to find the closest possible matrix or pencil to some given
input. Such an algorithm has to deal with many more aspects in the process of impos-
ing a canonical structure.

One such aspect is detecting multiple eigenvalues. In finite precision we can at
best find an aproximation of an exact multiple eigenvalue as the avarage of a cluster
of nearby eigenvalues. For example, given an input data with a multiple eigenvalue
λi where the largest Jordan block of λi is of size s× s, then a worst-case perturbation
of order ε is such that the individual eigenvalues are spread out inside and on the
boundary of a circle with a radius of size O(ε1/s) and with its origin at λi. The mean
of the perturbed eigenvalues approximating λi are however only perturbed in the order
O(ε) [13, 14]. An algorithm that calculates the canonical structure of an input, must
use a clustering algorithm that considers this.

In an impose algorithm we have the sizes of eigenvalue clusters already given and
sometimes even the eigenvalues. This makes a clustering problem change into an
optimization problem, as we want a minimum change of the input.

For a matrix pencil A−λB this optimization problem gets even more complicated,
as the eigenvalues are mapped as

λ(〈α,β〉) =
α

β

to the extended complex plane C∪∞, where α corresponds to a diagonal element of
A and β to a diagonal element of B where (A,B) is in generalized Schur form. This
implies that to impose a given eigenvalue µ, the ratio αn/βn which is closest may not
necessarily correspond to the least perturbations of A and B in order to get µ as an
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eigenvalue of the pencil. Two extreme examples are, when the input has an infinite
eigenvalue, i.e., β is zero, or when a singularity exists where both α and β are zero.
This is especially a complication if we have multiple eigenvalues and a range of ratios
must be clustered into a given set of eigenvalues. Therefore, the problem of which
eigenvalues to cluster or split to force a specified set of eigenvalues on a matrix pencil
with a minimal perturbation is hard to solve. Indeed, the clustering problem is NP-
complete [8]. The best we can provide is upper and lower bounds on the imposed
perturbations.

3.5 Working with StratiGraph from the toolbox

As mentioned StratiGraph has a well developed plug-in system that together with
the built-in support for Java in Matlab makes the integration of the two both easy
and powerful. The qualitative information in StratiGraph can with special program
extensions be complemented with quantitative information from Matlab.

The Matlab extension provides a framework and an interface to Matlab for other
extensions to use. It handles the basic communication between StratiGraph and Mat-
lab, regarding tolerance parameters and exchange of canonical structure objects. To
illustrate the extension and the interaction with StratiGraph, we look at a small exam-
ple.

In Matlab, a square example matrix, A, with the canonical structure J4(2)⊕J1(2)⊕
J1(0) is created with the mshape function. To verify that A has the correct canonical
structure we let the mguptri compute the canonical structure and store this in the
variable mstr.

>> A = mshape({[4 1],[1]},[2 0]);

>> mstr = mguptri(A)

mstr =

J(2) = (4 1) (5x5)

J(0) = (1) (1x1)

Now assume that we are interested in other matrices with the same eigenvalues that
might be close to the input matrix. With the Matlab-extension we ask StratiGraph to
compute qualitative information on nearby orbits, presented as a stratification hierar-
chy graph. We use the sgsend function to send the canonical information in mstr (i.e.,
the canonical structure with corresponding eigenvalues, not the matrix data) over to
StratiGraph. We let Matlab do the numerical computations, and StratiGraph to do the
presentation and stratification computations. The ’orbit’ argument tells StratiGraph
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to compute the stratification for orbits.

>> sgsend(mstr,’orbit’);

In the figure on the right, we can see the input
structure as the topmost node in a graph that has
been expanded downwards to reveal close by or-
bits. To demonstrate how structures may be im-
posed to a matrix in the MCS toolbox, we mark
the node that represent the orbit with the canonical
structure 2J2(2)⊕ J1(2)⊕ J1(0). We now use the
sgget function to get the canonical information of
this orbit back to Matlab and store it in mstr2. This
canonical information is now used in migruptri

to impose that structure on A and store the new ma-
trix in Abar. To verify that Abar has the correct
imposed structure, mguptri is applied on Abar.

>> mstr2 = sgget;

>> Abar = miguptri(A, mstr2);

>> mguptri(Abar)

ans =

J(2) = (2 2 1) (5x5)

J(0) = (1) (1x1)

The Bounds extension in StratiGraph uses Matlab to calculate bounds on distances
between a given input data and matrices in nearby orbits and bundles. Providing a set
of data (e.g., a matrix pencil) the canonical structure is computed and set as starting
node in the graph in StratiGraph. As the graph is expanded, for each new node, Matlab
is called to impose the associated canonical structures onto the original data, creating
a new matrix pencil on the corresponding orbit or bundle. With the created data,
we can find an upper bound on the Frobenius norm distance as well as determining
eigenvalues, either specified in the canonical structure or computed.

An example can be seen in Figure 5 where the stratification of the orbit to a matrix
pencil of size 2×3 is shown. The starting structure is L2 and the graph has been ex-
panded downwards to show some of the closest more degenerate structures. By right
clicking on an node the computed information is shown. Besides the canonical struc-
ture, in this case L0⊕ J1(µ1)⊕ J1(µ2), the bounds to the starting node, and computed
eigenvalues are shown.

This was an example of stratification of orbits, and as previously mentioned, eigen-
values can not change in such stratifications. However, the starting pencil had a
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FIGURE 5: The canonical structure, L2, of a generic matrix pencil of size 2×3 is calculated in
Matlab and displayed in StratiGraph. The graph is expanded downwards, revealing
close by orbits with more degenerate structures. With the bounds extension, upper
and lower bounds are computed in Matlab and displayed in StratiGraph, in this case
the bounds on the distance between the input pencil to an orbit with the canonical
structure L0⊕ J1(1.645)⊕ J1(8.960e−1).

generic singular structure that in this example degenerated to a pencil with both a
singular structure (L0) and a regular structure (J1(µ1)⊕ J1(µ2)). Since the starting
structure did not have any eigenvalues, eigenvalues for the regular part of the new
pencil are computed to achieve as small bounds as possible.

For bundles the eigenvalues may change in the stratification. Hence, new eigenval-
ues are always computed to possibly find matrices, still within the bundle, but closer
to the given input data.
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Summary of papers

4.1 Part I – Software tools for matrix canonical computations

Part I of this thesis includes seven papers presenting theory and software tools for
matrix canonical structure computations. As the theoretical background in this area is
not commonly known and the papers included are intended to be published separately,
the theoretical background is repeated in several papers.

Paper I

This contribution gives an overview of the StratiGraph tool, presents its functionali-
ties, and illustrates its use by sample applications. StratiGraph is presented with the
theoretical results on stratifications of orbits and bundles of matrices and matrix pen-
cils. We explain the stratification and how it reveals the complete hierarchy of nearby
structures, information critical for explaining the qualitative behavior of linear systems
under perturbations. Further, we show how StratiGraph facilitates the application of
these theories and visualizes the resulting hierarchy as a graph. Nodes in the graph
represent orbits or bundles of matrices or matrix pencils. Edges represent covering
relations in the closure hierarchy. Given a Jordan or Kronecker structure, a user can
obtain the complete information of nearby structures simply by mouse clicks on nodes
of interest.

Paper II

Computing the fine-canonical-structure elements of matrices and matrix pencils is an
ill-posed problem. Therefore, besides knowing the canonical structure of a matrix or a
matrix pencil, it is equally important to know what are the nearby canonical structures
that explain the behavior under small perturbations. Qualitative strata information is
provided by our StratiGraph tool. Here, we present lower and upper bounds for the
distance between Jordan and Kronecker structures in a closure hierarchy of an orbit
or bundle stratification. This quantitative information is of importance in applications,
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e.g., distance to more degenerate systems (uncontrollability). Our upper bounds are
based on staircase regularizing perturbations. The lower bounds are of Eckart-Young
type and are derived from a matrix representation of the tangent space of the orbit of
a matrix or a matrix pencil. Computational results illustrate the use of the bounds.

Paper III

In this paper, the canonical structures of controllability and observability pairs
(A,B) and (A,C) associated with a state-space system are studied under small per-
turbations. We show how previous work for general matrix pencils can be applied to
the stratification of orbits and bundles of matrix pairs. A stratification provides qual-
itative information about the closure relation between canonical structures. We also
present how the new results are implemented and used in StratiGraph.

Paper IV

When developing StratiGraph several software design issues had to be solved. A
good representation and visualization of canonical information and the stratification
hierarchy was needed. Algorithms had also to be developed for the expansion process
which includes several NP-complete problems. The biggest challenge was however,
to find a good algorithm for the graph layout. This algorithm had to be fast and handle
the very dynamic process of expanding the graph in a good way. This contribution
discusses the overall design of StratiGraph and many aspects of representations and
algorithms included in the software. The paper includes a primer to the stratification
theory.

Paper V

This guide gives a detailed description on how to use the StratiGraph tool. As a
theoretical background, the theory of canonical structures and stratification on orbits
and bundles are presented. A detailed example also show how this can reveal the
complete hierarchy of all nearby canonical structures to a given input structure. The
features of StratiGraph are then shown in detail, beginning with how to enter a problem
setup, i.e., how to define the properties of the starting canonical structure represented
as a starting node. We then continue to explain how structure information are shown in
the interface and how the starting node can be expanded both upwards and downwards
to reveal the complete stratification as a connected graph. Also other features are
shown, such as how to print and save expanded graphs as well as how to view the
structure information in different notation and font sizes, and how to load plug-ins.
Included are also several examples, e.g., a nilpotent case and a control application.
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Paper VI

In the development of StratiGraph focus has been on a modular and event-driven de-
sign including a flexible plug-in system. This paper describes in details how to use
existing APIs in StratiGraph to develop the two types of plug-ins that StratiGraph can
handle, namely program extensions and problem setups. An extension can fully inte-
grate with the software to extend or even change its behavior while problem setups de-
scribe and integrate new canonical structure types. Among the explained techniques,
events are important which given their central role enable extensions for monitoring
as well as interacting with the software. Also the representation of and the interaction
possibilities with the canonical structures and how they work together with the graph
object to build the stratification hierarchy are discussed.

Paper VII

Degenerate canonical structures are common in many applications. Software tools
to determine canonical information are therefore important for understanding the be-
havior of these problems. Since computing the canonical structure is an ill-posed
problem, information such as the distance to nearby canonical structures are often
equally important. Work has started to develop a MatlabTM toolbox for matrix canon-
ical structures using both well-known robust algorithms as well as improved and new
algorithms. A framework with prototype implementations and new data types are im-
plemented and presented in this contribution together with a proposal of functionality
and structure of the toolbox. It also describes how StratiGraph can be integrated in
this toolbox so it can provide both qualitative and quantitative results.

4.2 Part II – Web-based library software environments

Part II presents a web-computing environment where a web interface is coupled to
software libraries, making the routines easy accessible to potential users. The environ-
ment is demonstrated by the integration of the control and systems library, SLICOT.
Two papers are included.

Paper VIII

In this contribution, a prototype web computing environment for computations related
to the design and analysis of control systems using the SLICOT software library is
presented. The web interface can be accessed from a standard WWW browser with
no need for additional software installations on the local machine. The environment
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provides userfriendly access to SLICOT routines where runtime options are specified
by mouse clicks on appropriate buttons. Input data can be entered directly into the
web interface by the user or uploaded from a local computer in a standard text format
or in Matlab binary format. Output data is presented in the web browser window and
possible to download in a number of different formats, including Matlab binary. The
environment is ideal for testing the SLICOT software before performing a software
installation or for performing a limited number of computations. It is also highly
recommended for education as it is easy to use, and basically selfexplanatory, with the
users’ guide integrated in the user interface.

Paper IX

The project we presented in Paper VIII was further developed into the Webcut envi-
ronment presented in this paper. We present here a set of utilities for generating web
computing environments related to mathematical and engineering library software.
The web interface can be accessed from a standard world wide web browser with
no need for additional software installations on the local machine. The environment
provides a user-friendly access to computational routines, workspace management,
reusable sessions and support of various data formats, including MATLAB binaries.
The creation of new interfaces is a straightforward process. All necessary web pages
are automatically generated from XML description files. The integration of the control
and systems library SLICOT demonstrates the efficacy of this approach.
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[10] B. Kågström. Singular matrix pencils. In Templates for the solutions of alge-
braic eigenvalue problems: a practical guide, Z. Bai, J. Demmel, J. Dongarra,
A. Ruhe, and H. van der Vorst (eds.), pp. 260–277. SIAM Publications, Philadel-
phia, 2000.
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[12] B. Kågström and A. Ruhe. An algorithm for the numerical computation of the
Jordan normal form of a complex matrix. ACM Trans. Math. Software, 6(3):389–
419, 1980.
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