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In this paper we examine how much information is needed to represent the facial mimic,
based on Paul Ekman’s assumption that the facial mimic can be represented with a few
basic emotions. Principal component analysis is used to compact the important facial
expressions. Theoretical bounds for facial mimic representation are presented both for
using a certain number of principal components and a certain number of bits. When 10
principal components are used to reconstruct color image video at a resolution of 240x176
pixels the representation bound is on average 36.8 dB, measured in peak signal-to-noise
ratio. Practical confirmation of the theoretical bounds is demonstrated. Quantization of
projection coefficients affects the representation, but a quantization with approximately
7-8 bits is found to match an exact representation, measured in mean square error.

Keywords
Distortion bound; Rate-distortion bound; Facial mimic; Basic emotions; Principal
component analysis; PCA.
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1. Introduction

The human face is able to exhibit several facial expressions. All of the expressions
are often referred to as the facial mimic and the facial expressions. The facial expres-
sions can be represented in several ways, but how compact can this representation
be? This question has been addressed within the psychological community. Amer-
ican psychologist Paul Ekman has shown that the visual expressions in a human
face can be modeled in a compact way. According to Ekman all facial emotions
consist of blended versions of only six basic emotions.1,2 The basic emotions are
happiness, sadness, surprise, fear, anger and disgust (Fig. 1). By modeling these six
emotions it should be possible to model all possible facial emotions. It is however
not so straightforward as to say that six images of the basic expressions can be
used to model all images of the facial expressions. There is a difference between the
psychological representation of expressions and the representation in digital images.
We want to examine how much information is needed to represent Ek-
man’s basic expressions from digital images, i.e. from video sequences.
Providing information about the boundaries for facial mimic representation is the
main contribution of this work.

(a) happiness (b) sadness (c) surprise

(d) fear (e) anger (f) disgust

Fig. 1. The six basic emotions.

One way to achieve a compact model of human faces is to apply principal com-
ponent analysis (PCA) to a series of facial images.3 Kirby and Sirovich were the
first to introduce the use of PCA to create a compact model of human faces.4,5 They
used normalized facial images as input to a PCA and used the compact description
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Fig. 2. Neutral facial expressions.

to model the faces. The space that the input faces are distributed in can be seen as
very high-dimensional, with one dimension for each pixel in the image. After PCA
has been applied, the number of dimensions can be vastly reduced while the repre-
sentation quality is almost retained. Kirby and Sirovich found that fewer than 100
principal faces are needed to model male Caucasian faces.5 This can be considered
to be very compact; by using only 100 facial images you can model millions of faces.
Kirby and Sirovich’s idea of a compact representation for facial images has been
used extensively for facial recognition.6 Pentland and Turk are pioneers in this area
and have performed a substantial amount of research about using PCA for facial
recognition.7,8 The model used for facial recognition does however only cover facial
images in a neutral expression state (Fig. 2). All faces have the same expression so
the model contains no information about the facial mimic. Ekman’s claim that the
facial mimic for one person can be modeled with six basic emotions is not considered
for facial recognition of faces with neutral expressions but PCA can also be used
to extract principal information from sequences of images. The extracted principal
components become a model of facial mimic when the same person appears in all
images, if the person has different facial expressions in different frames. Modeling of
intra-personal facial expressions is discussed in detail in Section 3. Implementations
that make use of the personal face space to encode facial video have been proposed
by Torres et al. and Crowley et al..9,10,11,12 Both groups have aimed to encode facial
parts of video frames through PCA. We have presented an approach which aims to
encode entire video frames of facial video through the use of PCA.13,14

Our goal with this work is to evaluate exactly how compact represen-
tation of facial mimics that can be created with the aid of PCA. Previous
attempts of using PCA to encode images, both still images and video sequences,
show that images can be encoded at very low bitrates with high reconstruction
quality. This quality is measured in peak signal-to-noise ratio (PSNR) (Eq. (18)).
No one has calculated a bound for the efficiency of this kind of coding. Crowley et
al. show that they can produce a reconstruction quality of almost 35 dB (PSNR)
when they use 15 basis images for reconstruction.11 Torres et al. have an average
reconstruction quality of 29.6 dB when they use 16 basis images.9 We have shown
that when we use 10 basis images we have an average reconstruction quality above
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31 dB.13 There are many results presented, but what is the performance limit?
Our belief is that the facial mimic modeled from a video sequence is in fact

the facial mimic of the person in this video sequence. Hence, we want to calculate
theoretical bounds for modeling facial mimic through PCA. The task is however not
so straightforward. The representation bound is affected by multiple factors, e.g.,
the spatial resolution, the quality of the original video sequence and how expressive
the person’s facial mimic is. Therefore, we limit the task to the given circumstances:

• A spatial resolution of 240x176 pixels.
• A color depth of 24 bits for a video with RGB color space, 8 bits per pixel.

(3x8)
• RGB color space in the original video.
• Theoretical bounds is calculated individually for each person.
• The video sequences are recorded with hands-free equipment where the

global head motion, e.g., rotation and translation, is removed.
• The video is evenly illuminated.

The spatial resolution is equal to high resolution for mobile phones. The stan-
dard with the highest quality used today is called QVGA and has a total pixel
number of approximately 77000.15 A resolution of 240x176 pixels is equal to 42420
pixels.

Two different bounds can be calculated; a rate-distortion bound and a distortion
bound. Rate-distortion bound refers to the pair of minimum rate and minimum
distortion. For a given distortion, the source cannot be modeled correctly by a
rate lower than the rate described in the calculated function. The distortion bound
describes the minimum distortion that can be achieved for a specific source. We
will show how we calculate these bounds and present the resulting bounds for a
number of different person’s facial mimics.

The distortion that is measured in these bounds is measured in mean square er-
ror, where the pixel intensities are compared between the original and reconstructed
images. This measurement is calculated on signal level. Lower mean square error
does not guarantee that the reconstructed image has a higher visual quality. Sub-
jective evaluation gives a better measurement of the actual visual quality. Since
it is subjective it is impossible to calculate a theoretical bound for this kind of
measurement. Therefore we focus on objective quality measurement based on mean
square error.

The article is organized as follows. Section 2 reviews other low bitrate video
coding techniques. In Section 3 the concept of modeling the facial mimic in a high-
dimensional space is described. Section 4 and 5 calculates the theoretical bounds
of rate and distortion for modeling the facial mimic. Section 6 discusses the dif-
ference between rate measured in bits and rate measured in number of principal
components. Practical results for reconstruction of facial mimic video sequences
are presented in Section 7. Section 8 examines the distribution of the projection
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coefficients and the contribution of this paper is discussed in Section 9.

2. Related work: Low bitrate representation of faces

Several different methods and standards have been developed for very low bitrate
encoding and representation of facial video sequences. Video coding standards like
MPEG-4 and H.264 have been defined.16,17 Since both MPEG-4 and H.264 are
based on block-wise encoding through Discrete Cosine Transform (DCT) they can-
not reach reasonable quality at very low bitrates even if they work very well at
higher bitrates. Other techniques than video compression have been proposed to
reach very low bitrates. Model-based coding is a technique where a facial model is
used with texture mapping to create video-like animations at very low bitrates.18

Eisert and Girod used this technique and represent faces at very low bitrates with
high quality.19 Facial animation is similar to model based coding and enables vi-
sual communication at very low bitrates.20 Facial animation is part of the MPEG-4
standard. An animation of a human face is driven according to parameters ex-
tracted from a real video sequence and very high compression is achieved by only
sending the parameters. PCA can also be used in facial animation; it reduces the
number of parameters needed to represent a face and confines the facial motion to a
valid space; thereby preventing unnatural motions in facial animation.21 Matching
pursuit is another technique that reaches very low bitrates for encoding.22 Match-
ing Pursuit uses features from an alphabet to reconstruct video sequences. Only
information about which features that are used in a video frame and what values,
e.g. position, size and rotation, these features have has to be transmitted. Active
Appearance Model makes use of a statistical model of the shapes and gray-levels
of a face.23 Little information is needed to be transmitted for this technique so the
bitrate is very low.

All methods make use of different techniques to enable low bitrate representation
of the facial mimic. Block-based techniques make use of block-matching of areas in
the face. Changes in facial mimic are encoded through the changes in the movement
and intra-block changes of blocks. Model based coding and facial animation uses
facial changes to alter a wireframe model according to the changes in the face.
Matching pursuit make use of the different features available in the different facial
expressions to encode the facial mimic. PCA coding makes use of the principal
information in the facial mimic to represent it with only a few principal components.
Almost all methods can represent the facial mimic with little information but all
techniques except PCA coding have limitations in visual quality and/or framerate.
Pighin et al. provide a good explanation why high visual quality is important and
why video is superior to animations.24 The face simply exhibits so many tiny creases
and wrinkles that it is impossible to model with animations or low spatial resolution.
Therefore any technique based on animation or texture-mapping to a model is
not sufficient. Some approaches have focused on retaining the spatial quality of
the video frames at low bitrates at the expense of framerate. Wang and Cohen
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presented a solution where high quality images are used for teleconferencing over
low bandwidth networks with a framerate of one frame each 2-3 seconds.25 The
idea of using low framerate is however not acceptable since both high framerate
and high spatial resolution is important for many visual tasks. According to Lee
and Eleftheriadis different facial parts have different encoding needs.26 The sense of
having eye contact is sensitive to low resolution while lip synchronization is sensitive
to low framerate. Therefore it is not sufficient to provide either high framerate or
spatial resolution; both are important.

3. Personal mimic space

The idea of a face space has been widely used for facial recognition. An explana-
tion of the face space can be found in.27 Different faces can be distributed in a
high-dimensional space and the distribution of the faces is often used to separate
them in a recognition system. PCA can be used to reduce the dimensionality while
still retaining the difference between the faces that is needed for separation and
recognition.

PCA is a linear mapping from one high-dimensional space to another space with
the same dimensionality.

f(z) : ZN → Ẑ
N

(1)

where N is the number of dimensions in the space.
Since the dimensions are highly correlated PCA can compact the data so that

fewer dimensions (M < N) can be used to represent the source. This is equivalent
to a mapping to a space with lower dimensionality:

f(z) : ZN → Ẑ
M

(2)

The distribution of faces in the new space with lower dimension is then used to
separate them.

We want to find the minimum number of dimensions M that is needed to repre-
sent the facial mimic. The minimum number is however dependent on the distortion
so we have to consider the distortion as well.

Each face has a personal face space that models the distribution of the facial
mimic. This space is also high-dimensional and can be reduced in dimensional-
ity through PCA. Ohba et al. present a good introduction to the personal face
space.28,29 We call this space personal mimic space. The separation of the differ-
ent faces in the personal mimic space corresponds to the separation of the facial
expressions. The distributions in the first 3 dimensions for two facial mimic video
sequences are shown in Fig. 3. All of the facial mimic will be distributed in the
high-dimensional space but it is impossible to visualize more than three dimensions
so we only show the first three dimensions. The values on the axes correspond to
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Fig. 3. The first three dimension of the personal mimic space for two facial mimics. Every position
contained in this space and close to the points are faces.

the values of the projection coefficients αi (described in Section 4). This is the space
that contains the facial mimic; the space that we model in this work.
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4. Distortion bound

The result of the representation of the facial mimic is affected by the number of
dimensions that are used for the representation but it is also affected by the mean
value for each pixel position. Xk represents frame k where the size of each Xk is K,
the number of pixels in the frame. The mean value for each position is calculated
according to Eq. (3) and stored as an image; the mean image, X0.

X0 = 1
K

K∑

k=1

Xk (3)

where K is the number of frames in the video sequence.
The mean image is subtracted from all video frames before they are projected

on the principal components. The video frame X can be modeled without any
loss if all linearly independent basis functions φi and the mean values are used for
representation (Eq. (4)).

X = X0 +
N∑

i=1

αiφi = X0 + Φα (4)

where

Φ = [φ1...φN ] (5)

and

α = [α1...αN ]T (6)

The values in the vector α are called projection coefficients. They are calculated
according to:

αi = φT
i X (7)

where the residual X is defined as

X = X−X0 (8)

The columns of Φ span the N -dimensional space containing X and are called
basis vectors. The basis vectors form an orthonormal set so that,

φT
i φj = {1 for i = j

0 for i 6= j
(9)

If less features (M < N) are used, the signal can still be approximated but with
an error. By replacing the components αi that aren’t calculated with preselected
constants, βi, the following approximation can be done:
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X̂(M) = X0 +
M∑

i=1

αiφi +
N∑

i=M+1

βiφi (10)

No generality is lost by assuming that only the first M αi’s are calculated. The
resulting representation error is

4X(M) = X− X̂(M)

= X− (X0 +
M∑

i=1

αiφi +
n∑

i=M+1

βiφi)

= X−X0 −
M∑

i=1

αiφi −
N∑

i=M+1

βiφi

=
N∑

i=M+1

αiφi −
N∑

i=M+1

βiφi

=
N∑

i=M+1

(αi − βi)φi (11)

The mean square error of X̂(M) can be used as a measurement of the effective-
ness of the subset of M features.

mse(X̂(M)) =
1
N

E{‖4X(M)‖2}

=
1
N

E{
N∑

i=M+1

N∑

j=M+1

(αi − βi)(αj − βj)φT
i φj}

=
1
N

N∑

i=M+1

E{(αi − βi)2} (12)

For every choice of basis vectors and constant terms, we obtain a value for
the mean square error. The optimum choice for βi is obtained by minimizing
mse(X̂(M)) with respect to βi as follows:

∂

∂βi
E{(αi − βi)2} = −2[E{αi} − βi] = 0 (13)

Solving Eq. (13) for βi is done according to:

βi = E{αi} = φT
i E{X} (14)

The αi’s that aren’t used should be replaced by their expected values. The mean
square error can then be written as
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mse(X̂(M)) =
1
N

N∑

i=M+1

E[(αi − E{αi})2]

=
1
N

N∑

i=M+1

φT
i E[(X− E{X})(X− E{X})T ]φi

=
1
N

N∑

i=M+1

φT
i ξXφi (15)

where ξX is the covariance matrix of X. The optimal choice for φi’s is those
who satisfy

ξXφi = λiφi (16)

that is, the Eigenvectors of ξX . After inserting Eq. (16) into Eq. (15) the mean
square error becomes

mse(opt) =
1
N

N∑

i=M+1

λi (17)

The proof for Eq. (16) can be found in.30 Fukunaga explains how the mean
square error can be calculated for a high-dimensional source when the mean has
been subtracted. We have extended this calculation to include the mean image.

A mean square error bound for the number of Eigenvectors φi that are used for
reconstruction is calculated from Eq. (17) by varying the number M of projection
coefficients αi that are used for reconstruction. This is the distortion bound for
representing the signal with the selected number of Eigenvectors.

The distortion measurement in Eq. (17) is measured as mean square error.
From the mean square error we calculate the corresponding peak signal-to-noise
ratio (PSNR) according to Eq. (18). In all figures and tables in this article the
PSNR is an average of all video frames in a video sequence.

psnr = 20 log10(
255√
mse

) (18)

where 255 is the maximum pixel intensity value when a color depth of 24 bits is
used (8 bits per color channel).

Curves for two of the facial mimics are displayed in Fig. 4. Table 1 presents
the average PSNR for all 10 facial mimic video sequences when different number of
Eigenvectors φi are used for reconstruction.

When the visual results of the video sequences are examined it can be seen that
as few as approximately 10 Eigenvectors can model the facial mimic in an efficient
way. A detailed description of the video sequences is found in Section 7.1. The facial
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(a) Video sequence 1 (b) Video sequence 2

Fig. 4. PSNR for two facial mimic video sequences compared to the number of Eigenvectors used
for encoding and decoding.

Table 1. Average PSNR for the RD bound of facial mimic video sequences.

Number of Eigenvectors φi 5 10 15 20 25
PSNR [dB] 34.56 36.82 38.13 39.07 39.75

expressions are all modeled correctly and the visual quality of all video frames is
very good. Example frames from one video sequences are shown in Fig. 5.

5. Rate-Distortion bound

In the previous section we calculated the distortion bound for using a restricted
number of principal components to represent the facial mimic. The coefficients were
then represented with floating point values, i.e., it could be considered to be an exact
representation of the coefficients. In any real implementation, the coefficients will
be compressed through quantization to enable a more efficient transmission. In this
section we examine how optimal quantization of the coefficients can be used to
calculate a rate-distortion bound.

In most low bandwidth applications we are limited by the number of bits that
we can use for transmission, and not by the quality that can be reached. Often
the quality has to be maximized depending on a given bitrate. The limiting factor
is the available bits, not the quality. When quantization is used for representation
of any source the question is how to assign the bits to model the source in the
most efficient way. A theoretical bound for this assignment can be calculated with
a Rate-Distortion function. Rate-Distortion functions refer to the minimum rate
for representing a source at a given distortion, or the lowest possible distortion at
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(a) 1 Eigenimage (b) 5 Eigenimages (c) 10 Eigenimages

(d) 15 Eigenimages (e) 20 Eigenimages (f) 25 Eigenimages

Fig. 5. Example frames for reconstructed videos using a certain number of Eigenimages. [a] 1
Eigenimage [b] 5 Eigenimages [c] 10 Eigenimages [d] 15 Eigenimages [e] 20 Eigenimages [f] 25
Eigenimages.

a given rate.
Like explained in Section 3 a source is represented through PCA by independent

principal components. Such a source can be assumed to consist of several indepen-
dent Gaussian variables. The principal components are in fact only independent
if the distribution of them is Gaussian. For this kind of source the rate distor-
tion function can be calculated through reverse ”water-filling” where the rate and
distortion is controlled by a variable γ.31 The variable γ controls how many prin-
cipal components are used for representation of the source. An example of reverse
”water-filling” when six principal components are used is shown in Fig. 6. Only the
principal components that have a variance higher than γ are represented with bits.

The rate distortion function controlled by γ is given by

R(D) =
M∑

i=1

1
2

log10

σ2
i

Di
(19)

where

Di = { γ, if γ < σ2
i ,

σ2
i , if γ ≥ σ2

i ,
(20)



December 18, 2009 11:35 WSPC/INSTRUCTION FILE
Facial*mimic*bound*091218
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Fig. 6. Reverse water-filling for independent Gaussian principal components. Only the components
which have a variance larger then γ is allocated bits in the quantization process.

(a) Video sequence 1 (b) Video sequence 2

Fig. 7. Rate-distortion bound for two facial mimics.

where γ is chosen so that
M∑

i=1

Di = D

This distortion D is measured through mean square error. According to Eq. (18)
the PSNR can be calculated for each facial mimic video sequence.

In Fig. 7 the bounds for two facial mimic video sequences are shown. The mean
results for all videos are noted in Table 2 and shown in Fig. 8.
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Table 2. Average PSNR for the RD bound of facial mimic video
sequences.

Rate [Bits] 1.84 4.22 6.46 8.86 10.90
PSNR [dB] 32.39 34.60 35.79 36.90 37.53

Fig. 8. Mean Rate-distortion bound for all 10 video sequences of facial mimic.

6. Distortion measurement comparison

In Section 4 the rate was measured in number of Eigenvectors used for recon-
struction. This distortion calculation was the bound for using a selected number of
Eigenvectors for encoding and decoding. One projection coefficient for each Eigen-
vector was used for reconstruction and the number of bits for representing these
coefficients could be considered to be unlimited. In Section 5 the rate was mea-
sured in bits for a bound of a certain distortion. This is the bound for modeling
the source with as few bits as possible, where the coefficients are subjected to an
optimal assignment of bits.

The difference in distortion for using a selected number of Eigenvectors for the
two formulas is depending on bit allocation. In Section 4 the bits can be considered
to be unlimited and in Section 5 an optimal allocation of bits is used. The difference
in distortion is decided by the value γ used for rate and distortion calculation in
Eq. (20). The gap between the two distortion calculations is:

M × γ (21)

where M is the number of Eigenvectors used for reconstruction and γ is the level
from Eq. (20). The comparison of the two bounds for four videos are shown in Fig.
9. The bounds for the other videos are similar and therefore not shown.

If the number of bits that are used for quantization of the coefficients is increased
the gap between the two bounds is reduced. If almost unlimited number of bits are
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(a) Facial mimic 1 (b) Facial mimic 2

(c) Facial mimic 3 (d) Facial mimic 4

Fig. 9. R(D) from Eq. (19) compared to bound from Eq. (17) when 25 Eigenimages are used for
reconstruction. – Bound for optimal bit assignment - - Bound for unlimited bit usage

used for quantization, i.e., an exact representation of the coefficients is used, the
gap is eliminated. In Fig. 9 the bound from Eq. (17) (dotted line) is equal to
using 25 Eigenimages so the gap is only eliminated if an exact representation of 25
Eigenimages is used in Eq. (19).

7. Practical experiments

In this section we present practical results and compare them with the theoretical
bounds calculated in Section 4. In our previous articles we calculated the prac-
tical bounds by comparing the original RGB image with the reconstructed RGB
image.13,14 Here we compare compressed YUV images with reconstructed com-
pressed YUV images since this is what the Eigenspace models and encodes. An
explanation of YUV and RGB frames can be found in the next section.
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We also present distortion calculations for quantized projection coefficients. We
compare reconstructed video quality when quantized and not quantized projection
coefficients are used for reconstruction.

7.1. Practical implementation

We used 10 video sequences for the experiments. Each video sequence showed one
person when he/she was displaying the six basic emotions proposed by Ekman.2

Example frames are shown in Fig. 1 and 2. After each emotion the subject re-
turned to a neutral state. The video sequences were approximately 30 seconds long,
an emotion was displayed for 2-4 seconds and a new emotion was displayed approx-
imately every 5 seconds. The framerate for all the video sequences was 15 fps and
the resolution was 240x176 pixels. The color-depth of the original video was 24 bits;
8 bits per pixel.

YUV 4:1:1 compression of the original video was performed for all video se-
quences. Only every fourth color value is retained and the total size for a video
frame is reduced to half the original size, enabling faster computation. Each pixel is
stored with 1.5 Bytes instead of the 3 Bytes needed for storage with the RGB color
space. Only every fourth value of U and V is stored together with all Y values. The
pixel information that is retained is organized into a single frame. In this way we
perform PCA for YUV information together. Eigenvectors were extracted through
PCA for each video sequence. Each video sequence was then projected onto the
Eigenvectors, yielding projection coefficients. The projection coefficients and the
Eigenvectors were used to reconstruct the image.

The distortion measurement is done by comparing reconstructed YUV images
to original YUV images.

The mean square error for the experimental result is identical (up to four dec-
imals) with the theoretical bound calculated in Section 4. The result is the same
regardless of video sequence and the number of Eigenvectors that are used for en-
coding and decoding.

7.2. Quantization of projection coefficients

Each projection coefficient is represented by a single-precision floating point value,
i.e., it is represented by 32 bits. Compression is achieved by quantizing these values
since they must be transmitted between an encoder and a decoder. We used both
uniform quantization and probability distribution function (pdf) optimized quan-
tization (Lloyd-Max quantization).32 Pdf-optimized quantization quantizes the co-
efficients according to the pdf of the function so that the quantization step size is
smaller where there are more data points. The reconstruction levels and limits of
the quantizer follow the distribution of the data to create a more efficient quanti-
zation. The drawback is that more information about the quantization limits and
reconstruction levels needs to be transmitted.
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(a) Video sequence 1 (b) Video sequence 2

Fig. 10. PSNR of reconstructed videos when quantized coefficients are used. – Unquantized coef-
ficients - - Uniformly quantized coefficients -·- Pdf-optimized quantized coefficients

We only use the most important Eigenvectors which limits the number of co-
efficients that should be quantized to M × K. M is the number of Eigenvectors
and K is the number of frames in a video sequence. For each Eigenvector we can
extract 450 projection coefficients (one for each video frame). If 10 Eigenvectors are
used the resulting number of coefficients to quantize is 4500. The levels and limits
from uniform quantization are chosen as the initial estimate for the pdf-optimized
quantizer and the parameters are iteratively calculated.32 The threshold when the
iteration ends is set to 10−3.

The quantized coefficients are used to reconstruct the video frames and the
mean square error and PSNR for the reconstructed video frames are calculated.

PSNR for two reconstructed video frames corresponding to the number of bits
used for quantization is presented in Fig. 10. The results for all the other videos
are similar.

For all videos, the representation is equal to an exact representation when 7-8
bits are used for coefficient quantization. When approximately 6 bits are used for
quantization there is almost no difference between using uniform and pdf-optimized
quantization. Uniform quantization is used throughout this article since it is enough
to transfer the starting value and step size to use uniform quantization; two floating-
point values. The quality is equal to using pdf-optimized quantization so no im-
provement is gained from using pdf-optimized quantization. A fixed quantization
for all video sequences can be used and then there is no need to transfer any in-
formation about quantization levels and limits for each individual video. The two
floating-point values needed for uniform quantization is however so little amount of
data that is does not validate the use of a fixed quantization. Fixed quantization will
probably reduce the quality since the starting value and step size will differ slightly
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for Eigenspaces from different persons. This will be addressed by transmitting only
two floating-point values.

8. Distribution of projection coefficients

Kolmogorov-Smirnov (K-S) test is a test that compares a given set of data to the
standard Gaussian distribution, having mean zero and variance one.33 K-S test is
a hypothesis test and examines if we can reject the hypothesis that the given data
can have a Gaussian distribution, at a given significance level.

If Eq. (19) should provide correct rate, the projection coefficients should be
Gaussian distributed. With K-S test we examine if that is the case. If the video
sequence consists of 450 frames there are 450 principal components. We have pre-
viously shown that there is no need to use more than 25 of these to reconstruct
the video sequence with satisfactory result. 13,14 Therefore we only examine the
distribution of the projection coefficients along the 25 first Eigenvectors.

To use the K-S test we normalize the projection coefficients so they have mean
zero and variance one. We use a significance level of 5 % for the hypothesis test.

Most of the projection along the Eigenvectors is not Gaussian distributed, on
average only 10 out of 25 distributions follows a Gaussian distribution. The video
sequence with most Gaussian distributed data has 18 Gaussian distributions and
the video with fewest Gaussian distributions has only 3.

A Quantile-Quantile (Q-Q) plot is a probability plot that plots the quantiles of
two probability distributions against each other. 34 If the data sets agree the plot
will be on a straight line. When they differ the line will diverge, mostly at the edges
of the line. Fig. 11 shows a Q-Q plot of 4 coefficient distributions compared to a
Gaussian distribution for one video sequence. This comparison implies that many
of the distributions that are not considered as Gaussian in the K-S test are close to
a Gaussian distribution.

9. Discussion

Principal component analysis enables facial mimic to be modeled with a few prin-
cipal components. These principal components can be represented at very low bi-
trates. We have presented two theoretical representation bounds for human facial
mimic; one rate-distortion bound and one distortion bound. We have also presented
practical implementations that confirm the distortion bound. These bounds can be
useful in many fields that use facial modeling since they show how much information
that is, at least, needed to represent facial mimic.

We have shown that uniform quantization is as efficient as pdf-optimized quan-
tization when approximately 6 bits are used for quantization of the projection
coefficients. We have also shown that the distortion bound is achievable when 7 to
8 bits are used for quantization of the projection coefficients.

The Kolmogorov-Smirnov (K-S) tests show that most of the projection coeffi-
cients are not Gaussian distributed. There are few coefficients and the result from
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(a) Q-Q plot of coefficients along Eigenvector
25 (Gaussian distributed)

(b) Q-Q plot of coefficients along Eigenvector 7
(Gaussian distributed)

(c) Q-Q plot of coefficients along Eigenvector
24 (Not Gaussian distributed)

(d) Q-Q plot of coefficients along Eigenvector 6
(Not Gaussian distributed)

Fig. 11. Q-Q plots of coefficient distributions compared to a Gaussian distribution for one video
sequence. + Coefficient values -·- Least square fit of the coefficients

the K-S test is affected by this low number. With more coefficients the distribution
may follow a Gaussian distribution and the model assumption is correct. The Q-Q
plot indicates that non-Gaussian distributions are close to being Gaussian.

A Gaussian distribution is more random than any other kind of distribution. If a
mixture of Gaussians, or any other distribution, models the data more accurately it
is therefore probable that the rate-bound will be lowered compared to the one that
is calculated assuming that the data follows a Gaussian distribution. The bound
for a Gaussian distribution is higher than the bound for any other distribution; it
may be possible that lower bitrates can be reached.
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13. U. Söderström and H. Li. Full-frame video coding for facial video sequences based
on principal component analysis. In Proceedings of Irish Machine Vision and Image
Processing Conference (IMVIP), (Belfast, Northern Ireland, 2005), p. 25-32.
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