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Abstract

Economic systems are often subject to structural variability. For the
achievement of correct structural specification in econometric modelling
it is then important to allow for parameters that are time-varying, and

to apply estimation techniques suitably designed for inference in such
models. One realistic model assumption for such parameter variability is
the Markovian model, and Kalman filtering is then assumed to be a conve-
nient estimator. In the thesis several aspects of using Kalman filtering
approaches to estimation in that framework are comsidered. The application
of the Kalman filter to estimation in econometric models is straightfor-
ward if a set of basic assumptions are satisfied, and if necessary initial
specifications can be accurately made. Typically, however, these require-
ments can generally not be perfectly met. It is therefore of great impor-
tance to know the consequences of deviations from the basic assumptions
and correct initial specifications for inference, in particular for the
small sample situations typical in econometrics. If the consequences are

severe it is essential to develop techniques to cope with such aspects.

For estimation in interdependent systems a two stage Kalman filter is pro-
posed and evaluated, theoretically, as well as by a small sample Monte
Carlo study, and empirically. The estimator is approximative, but with
promising small sample properties. Only if the transition matrix of the
parameter model and an initial parameter vector are misspecified, the per-
formance deteriorates. Furthermore, the approach provides useful infor-

mation about structural properties, and forms a basis for good short term

forecasting.

In a reduced form framework most of the basic assumptions of the traditio-
nal Kalman filter are relaxed, and the implications are studied. The case

of stochastic regressors is, under reasonable additional assumptions, shown
to result in an estimator structurally similar to that due to the basic as-
sumptions. The robustness properties are such that in particular the transi-
tion matrix and the initial parameter vector should be carefully estimated.
An estimator for the joint estimation of the transition matrix, the para-
meter vector and the model residual variance is suggested and utilized to
study the consequences of a misspecified parameter model. By estimating th

transitions the parameter estimates are seen to be robust in this respect.
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1. Introduction

The formation of economic policy is a complex process in which many
individuals are involved, and in which their intuitive and qualitative
information is mixed with results from applied quantitative analysis.
At many levels of decision making in society the usefulness of econo-
metric models is now fully recognized, and models form basic devices

in policy formation processes, e.g. Ball (1978).

The primary uses of the econometric models in such a process are three-
fold, e.g. Zackrisson (1977) and Intriligator (1978). Firstly, in es-
tablishing knowledge of the current and historical periods structural
analyses by econometric models play an important role. In this stage

the acquirement of knowledge of causes and effects, adjustment proces-
ses, etc. are key factors. Secondly, in the offensive stage of preparing
future economic policy, the assessment of likely future developments of
factors both within and outside the control of the decision makers is
important. The forecasting of outside factors largely affects the fore-
casting of the future activities to be planned and is hence very impor-
tant. Thirdly, in the choice between alternative policies and/or in their
preparation, poliey evaluation techniques based on econometric models

can be most rewarding.

Generally in econometric analysis the data used are time series, and the
statistical techniques employed to estimate the econometric model assume
that unknown parameters are constant over time. This assumption, like
some other assumptions underlying econometric model buildning must, how-
ever, be regarded as approximations to reality. In fact, numerous rea-
sons have been provided to demonstrate that the parameters of many
macroeconometric models should be regarded as time—varying, e.g. Cooley
(1971) and Rosenberg (1973a). The question then arises whether devia-
tions from the traditional constant parameter assumption severely affect
inferences to be drawn on the basis of the conventionally estimated mo-
del. It appears as if the consequences for inference may be severe (e.g.
Cooley, 1971 and Cargill and Meyer, 1978), and this has resulted in im-

portant research into estimation techniques for time—varying parameters.



Only recently, however, the first approaches to structural form esti-
mation of time-varying parameters have been presented, cf. Aagaard-

Svendsen (1979) and the reports underlying the thesis summary.

The major purposes of this summary are to indicate why the constant
parameter assumption is not always a reasonable one, and to summarize
the results of the underlying reports with respect to estimation in

econometric systems, when the parameters are time-varying.

The plan of the summary is as follows. Section 2 deals with time-vary-
ing parameters, giving reasons for that based on economic theory and

data, as well as indicating some of the consequences for empirical use.
Further, a brief survey of approaches to estimation of time-varying pa-
rameters is provided. In section 3 the reports of the thesis are summa-

rized. The merits and drawbacks of the developed approaches are indica-

ted. The final section points at areas where further research is needed,

with special stress given to the question of empirical applicability.

2. Time-varying parameters

2.1 Sources of parameter variation

A number of reasons has been given for the parameters of econometric
models to be time-varying rather than constant over time. The reasons
relate to the two basic components of the econometric problem, i.e. to

the theory and the data, and to their conciliation.

A complete review of the economic theoretical reasons is outside the
scope of this thesis, and only two reasons for time-varying parameters
will be mentioned. It has e.g. long been wellknown that the relation-
ship between quantity and price in a free market is a nonconstant one -

the relation switches between a demand and a supply regime. The further

development of this theme hds led into what is sometimes called disequi-

librium econometrics (e.g. Bowden, 1978). In the presence of rational

expectations it has been argued (Lucas, 1976) that policy making brings



about an altering structure of the econometric model. The variation in
parameters is then dependent on changes in the agents' behaviour. The
consequences for estimation have been thoroughly studied by e.g. Wallis
(1980) and Wall (1980).

As to reasons for time-varying parameters in data, distinction must be
made between reasons in the process of obtaining data from the real
world and the real world itself. The gathering of data is based on some
conception of the phenomena of interest. As knowledge changes by a
changing conception of the real world and/or as an implication of col-
lected data, altered demands may be placed on the data (Morgensterm,
1963 ch. 5). Examples of such alterations are changes in the timing and
coverage of variables. In the official production of economic statis-
tics such changes are usually clearly stated and the time series ad-
justed according to the new definitions or measurement procedures. In
cases where no such adjustments are performed ordwhere the quality of
adjustment is in doubt it is obvious that the relationship between va-
riables is a changing one. In time series covering longer periods of

time several redefinitions may have occurred.

In the real world such things as the composition of the population and
the institutional setup brings about structural changes. Time invariant
parameters, thus, can be regarded as as approximation which is better

the shorter is the studied period.

In the actual model specification, i.e. when theory and data are com—
bined, several new problems arise, which may imply time-variation in

parameters. A model is a simplified representation of reality and as

such all causes to a certain variable can not possibly be included. If
then an excluded variable behaves in a nonstationary manner the inter-
cept of the model will be time-varying. If further the excluded vari-
able is correlated with an independent variable the parameE;r of that

variable will be time-—varying as well.

Other sources to time-varying parameters are the exclusion of nonli-

near variables which are linearly included, or the replacement of



nonlinear variables by linear ones, Cooley (1971). Further, the use
of proxy variables in a constant parameter relationship implies time-
varying parameters when the correlation between the proxy and the true

variable is noncounstamt, Cooley (1971).

Usually, however, the modeller can never a priori be completely cer-
tain about the prevalance of time-variation in the parameters, or

structural changes. For this reason a number of tests for structural
change has been proposed. A complete description of these is outside
the scope of the thesis, and suffice it to mention only some of the

more important ones.

The Chow test (Chow, 1960) assumes a split of the sample into two parts
and tests for an abrupt change. A corresponding test has been suggested
by Quandt (1960). To test for gradual structural change Brown et al.
(1975) proposed several tests based on recursive residuals. An alter-
native to these tests with better power properties is suggested by
Garbade (1977). Applications of some of the tests are given in Hackl
and Katzenbeisser (1978).

2.2 Consequences of ignoring parameter variation

Once it has been established that there are reasons to suspect time-
variation in parameters in many econometric models, one naturally poses
the question of whether the conventional estimation techniques still

can be properly applied.

It should here be pointed out that genmeral statements of the conse-
quences of ignoring time-varying parameters naturally are highly de-
pendent on the type and the strength of parameter variation. In the
following, the shortcomings of conventional least squares methods are
briefly summarized for cases where in fact the parameters are contin-

ously time-varying.



Most of the works reported on this subject are concerned with single
equations or reduced forms, and only some limited experience for struc-
tural forms is available. Cooley (1971), in a single relation frame-
work, demonstrates that in general the'ordinarj;least squares (OLS) es-
timator is biased as is the residual variance estimator; see also Ro-
senberg (1973a). By relating the time-varying parameters to each other
through a Markovian model, Freebairn (1978) shows that a recursive OLS
estimator has the ability of tracking a varying parameter path but more
slowly than a time-varying parameter estimator. By utilizing the ap-
proach of Sant (1977), it is possible to show that OLS is an unbiased
and consistent estimator of the mean of the parameter process, and that
it is inefficient relative to an estimator taking the time-variation
into account. This statement is, however, only valid for the special

case when the Markovian model simplifies to a random walk model.

In considering the consequences for forecasting Cooley (1971) demon-
strates by Monte Carlo studies fhat time-varying parameter estimators
give better short term forecasts than OLS. The same conclusions for
empirical ﬁodels are noted by Cooley (1971, 1975), and McWhorter et
al. (1977).

As to structural form estimation only some limited experience is avai-
lable, and then maiﬂly from comparing single equation time-varying
parameter estimators with e.g. two stage least squares (2SLS). Brinnis
and Westlund (1980b) compare a two stage time-varying parameter esti-
mator analytically with 2SLS and versions of generalized least squares
(GLS). In a small sample Monte Carlo study it is observed that OLS and
2SLS perform slightly worse when the parameters obey a random walk mo-
del, and that OLS and 2SLS are more badly off when the transitions in
the parameter model are different from unity. In forecasting exercises
Cooley (1975) and Baudin and Westlund (1980) note improvements in short-
term forecasting accuracy over OLS and 2SLS, respectively, when using
single equation time-varying parameter estimators. The same is noted
in Bridnnds (1980b) in comparing 2SLS with both one and two stage Kal-
man estimators. In forecasting several steps ahead 2SLS is generally
better (Br3innids, 1980b and McWhorter et al., 1977).



2.3 A brief survey of approaches to estimation of time-varying

Earameters

Since the causes of parameter variations are of a number of different
types, it is not surprising to find that many approaches to modelling
and estimation have been proposed. A first and rather rough division
of approaches is into methods dealing with ohly a limited number of

changes in parameter values and methods allowing for many changes.

In the first group, which are natural correspondents to changes in va-
riable definitions, strikes, wars, etc., one finds some of the by now
most wellknown methods. An early approach is the use of dummy variables.
The effect of using such variables is that the intercept is allowed to
vary, and that the times of variation are assumed a priori known. This
approach is now standard in most econometric textbooks, in part because

OLS is still an appropriate estimator.

When the slope parameters are allowed to vary over time a small number
of times, there is a choice between switching regression and its comple-
ments, segmented and spline regressions. Quandt (1958) introduced switch-
ing regressions for the case of a deterministic switching point. A more
general approach, suggested by Goldfeld and Quandt (1972), is to allow
the switches to depend on other variables but still in a deterministic
fashion. Stochastic alternatives are discussed by e.g. Quandt (1972).
Usually the estimation is based on the likelihood function (cf. Goldfeld
and Quandt, 1973 and Bowden, 1978); for a Bayesian alternative, see
Ferreira (1975). The actual estimation in cases with unknown switching
points is computationally troublesome and to obtain well-behaved likeli-

hood functions, further information has usually to be incorporated.

Segmented and spline regressions can be regarded as special cases of
switching regression where various continuity restrictions are imposed
in the switching points. The switches are then continous and smooth.
The additional restrictions are often reasonable and they result in more
well-behaved likelihood functions. For a survey of these approaches and

some applications, see e.g. Poirier (1976).



In the second major group of time-varying parameter estimators the
parameters are typically assumed to take on an infinite number of va-
lues and in a random manner. A motivation behind this group is that
the modeller believes in a changing structure but does not know much
about turning points, nor the size and the type of change. The esti-
mators in this group can be distinquished by the amount of structure

that is imposed on the sequence of parameter values.

Models that are not assumed to have a dependent sequence of parameter
values are usually called random coefficient regressions. This is the
standérd setting for the regression problem as posed by the Bayesians,
e.g. Zellner (1971). In fact, much of the work in the area has Baye-
sian origihs, with the sampling theory results obtained as the special
case of diffuse prior densities. In recent years great influence ori-
ginates from the works of Swamy, e.g. Swamy (1971). For bibliographies,
see Johnson (1977, 1980), and for a survey Johnson (1978).

Presently, it seems that the most active area of research is into
models with parameters that are random and correlated over time. The
present thesis is an example of this. Most of the works has either
followed an orthodox approach of extending GLS (e.g. Cooley, 1971 and
Rosehberg, 1973b), or a filtering approach originating in Kalmans
work (Kalman, 1960) in engineering. Only recently, it was formally
shown that the two approaches coincide in certain instances, Sant
(1977).

Cooley (1971) introduced a model and an estimator that logically cor-
responds to the practice of adaptive forecasting. The parameter va-
riation is assumed to be governed by a permanent and a transitory com-

_ ponent, respectively, i.e.

™
[l

P
Bt + u,

P .
where Bt represents the permanent and u,_ the transitory component,

t



respectively. By substitution of the parameter model into the gene-
ral linear model it is found that the new residuals are heteroscedastic

and v,_. These are assumed

and dependent on unknown covariances for u, t

to be given by
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By forming the likelihood function, under normality assumptions, the
unknowns Y, 02 and Bt are estimated, with the elements of Zu and ZV
assumed a priori known. The approach has been analytically studied
by e.g. Cooley (1971) and Cooley and Prescott (1976) and its perfor-
mance in forecasting by e.g. Cooley (1971, 1975).

An alternative to the Cooley-approach is the varying parameter reg-
ression approach in which the parameters are assumed to follow the

first order system

tt- t

By =AB 1 *V
Combining this with the general linear model results in a system of
the same appearence as the system utilized by Kalman (1960) in deri-
ving filtering equations for Be+ A survey of the applicability of the
Kalman filter in econometrics is given in Athans (1974). The further
treatise of the Kalman filter is postponed to the next section, as it

forms the core of the thesis and requires special attention.

An alternative approach to the Kalman filter is the one which is based
on substitution of the parameter model into the structural relation.
Rosenberg (1973a,b) develops and evaluates estimators for this ap-
proach. By entering all the unknowns into the estimation problem the
approach, however, runs into severe numerical problems, that by the
corresponding filtering approach are significantly reduced; e.g. Brin-
nds (1980a).



3. The Kalman approach to estimation of stochastic and

time-varying parameters

3.1 General background

The Kalman filter (Kalman, 1960) was originally introduced as a com-
putationally attractive method for filtering problems related to
stochastic difference (and differential) equations. Such equations
can be written in the alternative represehtation of the state space
form through a realization; for economic expositions, see e.g. Pres-
ton and Wall (1973), and Aoki (1976).

The Markovian parameter model

(3.1 B =B BtV

in combination with the linear model

(3.2) Ve = %, Bt + e,

takes the form of a state space representation, and hence the Kalman
approach is readily applicable. In systems theory (3.1) is called the
system equation and (3.2) the measurement equation. Though (3.1) here
represents a model for parameter variation, the approach both can and
has been successfully used for other purposes in econometrics as well
(e.g. Chow, 1975 and Wall, 1980). In the case of stochastic and time-
varying parameters (3.1) is e.g. easily extended to incorporate ex-

planatory variables (e.g. Belsley, 1973 and Swamy and Tinsley, 1980).

The focus for the estimation is the parameter (state) vector Beo which
is stochastic and time-varying. In sampling theory vocubulary the prob-
lem would then be described as one of prediction. The concept filtering
is here used when,‘in the estimation of Bes there is information on y
and x up through time t. If the available information covers a shorter
period than t, it is a prediction problem, and if the amount of infor-

mation covers a period longer than t, a smoothing problem.



The Kalman approach is designed to operate on a model of the form
(3.1)-(3.2). 1If, however, the model is solved in terms of BN (or BO),
a model with serially correlated residuals is obtained (for details

see Sant, 1977 or Brdnnids, 1980a). In observation form this will be

(3.3) Y=XA BN +G-XBV

Sant (1977) showed forﬁally that the GLS estimator can be written in
a form equivalent to the Kalman filter, when the transition matrix At
equals I. The GLS (or the likelihood estimator) is the special case
of a Bayes estimator where the prior density is diffuse. The estima-
tion of 80 has been studied by Sarris (1973) in a Bayesian framework,

and by Cooper (1973) using the tools of mixed estimation.

Several alternative derivations of the Kalman filter have been pro-
vided. Kalman (1960) used the theory of orthogonal projections, while
other researchers have devised derivations based on likelihood, Baye-
sian, and least squares arguments; for a review, see e.g. Jazwinski
(1970). Disregarding which approach is chosen, the density of Bt is

estimated by its first and second order conditional moments

Bele = BGelyps-oesyy) and Ipj= BB -8, ) (BB, ) ypseensyy).

For the model (3.1), and under the assumptions given below, the fil-

tering equations are given as (e.g. Jazwinski, 1970)

(3.4) Bele-1 = Ac Bt-1|t-1

(3.3) Zt|t—1 = Atzt-llt-l AL+ Q

(3-6) Ky = Zyjpog ¥ Ixmp Zpppmg®e * R

G- T = e T K % Lt|e-1 \

(3.8) Bt|t - Bt|t—1 * Ky, - xtstlt-l)

10.
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Btlt is the estimate of Bt given information up through time t, and
zt|t is the corresponding covariance matrix. In deriving the equations

the following assumptions are essential;

(1) X, is a matrix of fixed exogenous variables

(ii) the residual vectors e, and Ve satisfy

= (¢ = (¢ ' = . e! = . ' =
Evt 0; Eet 0; Evtvs GtsQ, Eetes GtSR, EvteS 0

where Gts is the Kronecker delta. Q and R are assumed to

be a priori known
(iii) the transition matrices A_, t=1,2,...,N are a priori known
t ’ P

(iv) the initial parameter vector BOlO is a priori known, as is

the associated covariance matrix ZOlO'
Clearly, these assumptions make an application of the filtering equa-
tions primarily suitable for reduced forms (fixed xt), and further in
particular for situations where previous experience exists (known co-

variances, etc.).

At a theoretical level the present thesis can be regarded as a step
towards relaxing these assumptions in the case of reduced as well as
structural forms. The efforts put into the work originates from the
desire of making the filtering approach a realistic complement to the
standard econometric techniques, designed for time-varying parameter

problems.

In the case of reduced forms, assumption (i) is relaxed in Br#dnnis
(1978), and assumption (iii) and part of (ii) in Brinnd#s (1980a). For
interdependent models assumption (i) is clearly vidlated and the con-
sequences of this is studied in Br#nn#ds (1978), which is based on the
filtering approach suggested in Brdnnds and Westlund (1978). This esti-
mator is approximative with respect to assumption (i). The estimator

is evaluated in Bridnnids and Westlund (1979), where the sensitivity to
misspecification with respect to assumptions (ii), (iii) and (iv) are
considered both for the reduced and the structural form, see also Brin-

nds (1980b). The possible consequences of a misspecified parameter
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model studied in Br#nnds (1980a). The papers referred to in this para-
graph form the basis for the thesis and are summarized in more detail

in the next sections.

3.2 Reduced form estimation

The application of the Kalman filter to reduced forms is straightfor-
ward when assumptions (i)-(iv) above are satisfied. Under these and

a model of the form (3.1)-(3.2) the statistical properties of the Kal-
man filter are good.

It is possible to show that B is an unbiased and consistent esti-

mator of the mean of Bt (e.g.tézﬁnnﬁs and Westlund, 1980b). The filter
is best linear, and best under normality assumptions, in the sense of

minimum mean square error (e.g. Jazwinski, 1970). When, however, some

or all of the assumptions are violated the performance of the estima-

tor is deteriorated. Jazwinski (1970) gives analytical expressions for
the bias as a function of misspecifications of BOIO’ Q and R. The ex-

pressions are, however, too complex for making inferences of joint

effects.

As long as the transition matrices At are equal to the identity matrix.
OLS (and GLS) give unbiased and consistent estimates of the mean EB, .
This is easily demonstrated by using the reformulation of Sant (1977)
(Brdnnds and Westlund, 1980b).

3.2.1 Stochastic regressors

In many models of economic phenomena it is not reasonable to make an
explicit assumption of fixed regressors, though this for purely tech-
nical reasons may be convenient. Firstly, if lagged endogenous variab-
les are among the regressors assumption (i) is clearly violated. This
case has been studied by Astrém and Wittenmark (1971) and it results
in the usual Kalman filter. Secondly, by definition a variable is fixed
if it can be predicted without error. Variables satisfying this are
trend and intercept variables but most other economic variables must

be regarded as stochastic. The argument is further amplified by the
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common fact that an exogenous variable of one model well can serve as

a random and endogenous variable in another model.

In Brinnids (1978) assumption (i) is relaxed and it is shown that the

filtering equations are given as

(3.9) A B

Bele-1 = At Pe-1]e-1
(3.10) zt|t—1 = Atzt—llt-l AL+ Q
(3.11) k¢ = Lele-1 xélt—l[xtlt—lztlt-lxélt-l * Zs%t—l + R
(3.12) Iy ® Iijee T K e-1Be|e-1 * B
(3.13)  By| = Bt|t—1 + Ry - xtlt-lstlt—l)

The structure of these equations is the same as that of (3.4)-(3.8).

However, it is immediately clear that x_ is replaced by x and

t t]t-1

that a new covariance matrix BB has entered into K: in (3.11).

X
t]t-1

tlt a new covariance~matrix Ht has en-

tered, and the approximation depends on setting Z?Tt = ZETt-l' These

changes all originate in the form of the innovation sequence

In the covariance expression I

n_ = (yt_ytlt-l)’ which incorporates the information at time t not

previously known. In the fixed regressor case this takes the form

(3.18)  np = x (B, = Byjp_y) * e = XBele-1 ¥ Ce

.e. it is a function of the model residual e, and the prediction error

U e

t]e-1 in the parameter vector. If the regressors are stochastic the

innovation sequence is given as

* - B X = x 8 X
(3.15) T]t xtlt-lstlt-l + xtlt—lst + et xtBtIt-l + xtlt"lstlt-l + et

i.e. n: is a function of the model residual e, and the prediction error

- t

Btlt—l’ but now also a function of the prediction\;;t't_1 and the pre-
diction error xtlt—l'
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Since the Kalman gain K: and the covariance Etlt are functions of the
innovations the changes apparent in (3.9)-(3.13) follows. The effect
of the incorporation of ZETt-l in K¥ is that K} will become smaller
which in turn implies a slower correction of old estimates in Btlt'
Thus, it confirms the intuition in the sense that if uncertainty is
increased new information is to be used conservatively. From a prac-
tical point of view these filtering equations are not directly appli-
cable. The covariance matrices need further consideration and a con-
venient stratey for obtaining xtIt-l must be determined. Only after
this may it numerically be judged whether the modification with the

increased computational burden is worthwhile.

3.2.2 Sensitivity to misspecifications

In Brdnnds and Westlund (1979, 1980a) the robustness properties with
respect to assumptions (ii), (iii), and (iv) are considered as a by-
product to the evaluation of the two stage Kalman filter estimator

suggested in Bridnnds and Westlund (1978).

It is demonstrated by Monte Carlo simulations that the estimator of Bt
is remarkably robust with respect to the specification of Q and R (as-
sumption (ii)). The sensitivity to a misspecified BOIO (assumption (iv))
is greater and in particular the impact of an incorrect A (assumption
(iii)) is serious. These results are well in line with the results of
earlier corresponding studies (McWhorter et al., 1976), and hence fur-
ther underline the need for research related to the estimation of the

transition matrix At and the initial parameter vector BO]O‘

3.2.3 Joint estimation of a time invariant transition matrix and the

time-varying parameter vector

Motivated by the apparent sensitivity to misspecified transition matri-
ces Bridnnids (1980a) suggests and to some extent evaluates an estimator
for a time invariant transition matrix A, the parameter vector Bt’ and

the model residual covariance matrix R.
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This estimator belongs to the class of prediction error minimizing
techniques and is based on the likelihood of the prediction errdr se~
quence n_ = yt-ytlt-l’ where ytlt—l is obtained from a Kalman filter.
By basing the likelihood on this sequence, the likelihood function is
significantly simplified and the computational burden reduced. The
estimates of A are obtained by nonlinear maximization of the concen-
trated likelihood function. The obtained estimates of A and R are sub-
stituted into the filtering equations to yield the desired estimates

of Bt'

The identifiability questions for this estimation problem are discus-
sed in Tse and Weinert (1975) and in Pagan (1980). Some results on the
asymptotic properties are given in Ljung (1978), Ljung and Caines
(1979), and Pagan (1980).

In a small sample Monte Carlo study it is seen that the estimator per-
forms well in the sense of yielding small bias and mean square error.
It is further demonstrated that the specification of the covariance
matrix Q in this particular situation improves the bias properties,

if increased. When the true parameter model is different from the one
assumed, an increasing Q reduces the bias and improves the model fit.
Generally, the bias properties of Bt are promising and the technique

computationally convenient.
It is possible to obtain estimates of 60‘0 and Q by the same likeli-

hood function as long as the identifiability criteria of Pagan (1980)

are satisfied.

3.3 Structural form estimation

Structural form estimation is in the general case different from re-
duced form estimation with respect to the presence of right hand endo-
genous variables. By this, assumption (i) of section 3.1 is violated,
and further there exist nonzero correlations between these endogenous
variables and the residuals. In the case of constant parameters, this
implies that single equation estimators like OLS are biased even asymp-

totically, as would the Kalman filter be in the present framework.
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To the knowledge of the author, two approaches to structural form es-
timation, when the parameters are time-varying have been suggested.
Aagaard-Svendsen (1979) suggests that the estimation is to be per=-
formed over the linearized reduced form (with respect to structural
parameters). The approach is thus an application of the extended Kalman
filter (e.g. Jazwinski, 1970). Aagaard-Svendsen applies the estimator
to the estimation of constant parameters in a small model of the Damish

economy.

An alternative approach is suggested by Bridnnids and Westlund (1978).
This estimator is functionally parallel to two stage least squares,

in the sense that right hand endogenous variables are replaced by in-
strumental variables (variables that are uncorrelated with the resi-
duals but correlated with the variables that are replaced). In a second
stage the traditional Kalman filter is applied in the same manner as
OLS is applied in 2SLS. The instrumental variables are obtained by reg-

ressing each endogenous variable on the set of predetermined variables.

3.3.1 The estimator

The estimator suggested by Brdnnds and Westlund (1978) (see also Brinnis

and Westlund, 1979) is based on the linear structural form

(3.16) Ve = tht + xtBt + e = ztBt + €

t t

where the parameters are assumed to vary according to

(3.17) Bt = AtBt_1 + W .
In the first stage the reduced form corresponding to (3.16)-(3.17) is

utilized to obtain ytlt = , Where “tlt are the reduced form para-

|t
meter estimates. The estimation in stage one is suggested to be per-
formed by a Kalman filter, where the a priori quantities are obtained
from the structural form correspondents. In the second stage y;|t is
used instead of the right hand endogenous yz vector in (3.16) and the

Kalman filter applied a second time.
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The estimating equations are thus given as

(3.18)  Bpjp1 = A Bea1]e-1

G.19) Iy T AT efe TS

(3.200 X, = Ztlt:-1‘"‘t';|‘.~.[zt|tzt|t-1z£|1:'+ Rs 17!
(-2 Ty = Tefem1 T ReBe|ele et

(3.22)  Bije = Bele-1 * Ke O~ 2B |-t

where QS and RS are defined analogously to Q and R of section 3.1. The

. matrix z of explanatory variables is given as z

t|t = Ggler 2

t|t

3.3.2 An exact estimator

If the X, matrix contains fixed exogenous ‘variables the reduced form
estimator satisfies assumption (i) of section 3.1. On the other hand,

the instrumental variable part of z

is stochastic in "t|t and thus

t|t
assumption (i) is violated in the second stage.

Brdnnds (1978) recognizes this fact and studies the consequences of
relaxing the assumption. It is shown that the impact of random reg-
ressors in the present context is of the same kind as in the reduced
form case. The estimator (cf. Brdnnds and Westlund, 1978) is thus an
approximative one and is shown to have a larger Kalman gain. If Ve in
(3.16) is assumed to be generated through ytlt instead of Yes the esti-

mator of Bridnnids and Westlund (1978) would be an exact one.

It must be recognized, however, that the estimator of Brinnds and West-
lund (1978) is a computationally convenient estimator, whereas the es-
timator of Brdnnids (1978) is numerically complex and not of a fully

recursive nature.
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3.3.3 Sensitivity to misspecifications

The structural form estimator is for its use dependent on a priori spe-
cifications on model and parameter residual covariances, the initial
parameter vector and the transition matrix in a still more tricky way
than in the reduced form case. A natural approach to specifying these
is to initialize in terms of the structural form and then to transform

into reduced form quantities (cf. Brdnnids and Westlund, 1979).

In Brénnds and Westlund (1979, 1980a) the estimator is evaluated by
Monte Carlo experiments, both in cases where initial specifications
are correct and where misspecifications (in assumptions (ii)-(iv)) are
present. With respect to bias and mean square error (MSE) the estima-
tor does well in the correctly specified cases, but also when the co-
variances (QS and RS) are misspecified. The performance is deteriorated

when B is misspecified and more so when the transition matrix is

olo
incorrect.

The results are well in line with earlier results from studies on the

reduced form properties (e.g. McWhorter et al., 1976).

The estimator (2SKF) is compared with two stage least squares (2SLS)
and OLS by Bridnnds and Westlund (1980b). In a Monte Carlo study corre-
sponding to that of Bridnnds and Westlund (1979) it is noticed that the
bias of 2SLS is very close to that of 2SLS when the transition matrix
is equal to the identity matrix. When structure two (At==1.02°I) is
utilized the bias properties of 2SLS are worsening. The MSE is through-
out considerably higher in 2SLS than in ZSKF; The performance of OLS

is weaker than that of both 2SLS and 2SKF.

3.3.4 Empirical results

In an empirical application of both 2SKF and KF on the model of Brinnis
and Ek16f (1980), Bridnnds (1980b) analyses the robustness both with res-
péct to a priori specifications in the 'structural form and in the re-
duced form. It is observed that the terminal time estimates (N=52) are

rather insensitive to misspecifications. However, the impact on inter-
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mediate time estimates is such that inferences about structural pro-
perties are hard to make when the specification in particular of BO[O

is ertain.
and 20|0 uncertain

In a forecasting comparison KF and 2SKF are seen to outperform 2SLS,
while when forecasting over several steps ahead 2SLS, is in general
better (see also Cooley, 1975, McWhorter et al., 1977, and Baudin and
Westlund, 1980). The KF forecasts are slightly better than those of
2SKF. In a certainty equivalence control framework it is demonstrated
that the impact of changes in parameter estimates is stronger than
changes in the loss function, but less important than bad exogenous
forecasts. In an ex—ante comparison it is seen that more stress is to
be placed on the use of certain instrument variables than when using
2SLS. This matter is explained in terms of a more rapid adaption to

new parameter values of the KF and 2SKF estimators.

3.4 Summarizing comments

The results reported on the application of the Kalman filter in eco-
nometrics have focused at the estimation of time-varying parameters.
The filter in itself is, of course, more general and can as long as the
problem can be formulated in a form corresponding to (3.1)-(3.2) be
applied. Examples of other applications are the incorporation of extra
information in improving preliminary statistics (Conrad and Corrado,
1979), and the explicit treatment of measurement errors (e.g. Chow,

1975), and rational expectations (Wall, 1980).

In econometric applications the assumptions underlying the filtering
equations are only seldom fulfilled. The research reported in Br#nnis
(1978, 1980a,b), and Brinnds and Westlund (1979) aims at relaxing and
evaluating whether the assumptions are critical with respect to the
estimates. These considerations are all important steps in gaining ex-

perience and knowledge for the further development in the area.

The evaluations are all concerned with small sample situations, as these

are the important ones in most econometric applications. For such cases,
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the present results may be regarded as predecessors to exact theore-
tical results, that are the ultimate goals. The asymptotic properties

of the estimators are not explicitly dealt with.

As is quite evident from the results care should in particular be exer-
cised with respect to the initial parameter vector and its covariance
as well as to the transition matrix. In a reduced form framework the
technique utilized in Brdnnds (1980a) can cope with both of these prob-
lems. The empirical results of Brﬁnnﬁs (1980b) by and large support the
findings of earlier studies with respect to time-varying parameters and
their robustness. Further, the performance of 2SKF is seen to be close

to that of KF, both in forecasting and control.

4. Some notes of further research

In the reduced form framework several of the more urgent research prob-—
lems have been satisfactorily solved. By the identification criteria

of Pagan (1980) the elements of A, Bt’ Q and R may be uniquely estima-
ted. However, practical experience with the technique of Bridnnds (1980a)
and Pagan (1980) is still almost nonexistent, and the small sample pro-

perties only partly investigated (Brdnnds, 1980a).

For structural form models several problems still wait for their solu-
tions. In particular, the question of identifiability must be satis-
factorily solved. Progress in this respect is believed to be achievable
by the approach of Pagan (1980). As to the estimation of the necessary
supplement information no solution has, to the author's knowledge, so
far been offered. Quite evidently, however, the approach of extended
Kalman filtering seems a promising one, and the techniques of Brinnis

(1980a) and Pagan (1980) are believed to be applicable.
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