
o 
r n  

A  1 \ 

ASPECTS OF ANALYSIS OF 
SMALL SAMPLE RIGHT CENSORED DATA 

USING GENERALIZED WILCOXON RANK TESTS 

by 

Marie-Louise Öhman 

Statistical Studies No. 21 
Department of Statistics 

UNIVERSITY OF UMEÅ 
1994 





ASPECTS OF ANALYSIS OF 
SMALL SAMPLE RIGHT CENSORED DATA 

USING GENERALIZED WILCOXON RANK TESTS 

AKADEMISK AVHANDLING 

som med vederbörligt tillstånd 

av rektorsämbetet vid Umeå universitet 

för vinnande av filosofie doktorsexamen 

framlägges till offentlig granskning 

vid statistiska institutionen 

torsdagen den 22 december 1994, kl 10.00 

hörsal C, Samhällsvetarhuset 

av 

Marie-Louise Öhman 

fil.lic. 



Author and title: 
Marie-Louise Öhman, Aspects of Analysis of Small Sample Right Censored Data Using 
Generalized Wilcoxon Rank Tests 

Abstract: 

The estimated bias and variance of commonly applied and jackknife variance estimators and 
observed significance level and power of standardised generalized Wilcoxon linear rank sum 
test statistics and tests, respectively, of Gehan and Prentice are compared in a Monte Carlo 
simulation study. The variance estimators are the permutational-, the conditional 
permutational- and the jackknife variance estimators of the test statistic of Gehan, and the 
asymptotic- and the jackknife variance estimators of the test statistic of Prentice. In unbalanced 
small sample size problems with right censoring, the commonly applied variance estimators for 
the generalized Wilcoxon rank test statistics of Gehan and Prentice may be biased. In the 
simulation study it appears that variance properties and observed level and power may be 
improved by using the jackknife variance estimator. 

To establish the sensitivity to gross errors and misclassifications for standardised generalized 
Wilcoxon linear rank sum statistics in small samples with right censoring, the sensitivity curves 
of Tukey are used. For a certain combined sample, which might contain gross errors, a 
relatively simple method is needed to establish the applicability of the inference drawn from the 
selected rank test. One way is to use the change of decision point, which in this thesis is 
defined as the smallest proportion of altered positions resulting in an opposite decision. 

When little is known about the shape of a distribution function, non-parametric estimates for 
the location parameter are found by making use of censored one-sample- and two-sample rank 
statistics. Methods for constructing censored small sample confidence intervals and asymptotic 
confidence intervals for a location parameter are also considered. Generalisations of the 
solutions from uncensored one-sample and two-sample rank tests are utilised. A Monte-Carlo 
simulation study indicates that rank estimators may have smaller absolute estimated bias and 
smaller estimated mean squared error than a location estimator derived from the Product-Limit 
estimator of the survival distribution function. 

The ideas described and discussed are illustrated with data from a clinical trial of Head and 
Neck cancer. 

Key-words: Censored generalized Wilcoxon rank test statistics, Variance estimation, 
Jackknifing, Influence function, Gross error sensitivity, Break-Down point, Sensitivity curve, 
Location parameter estimation, Product-Limit estimator and Monte-Carlo Simulation. 

Department of Statistics, University of Umeå 
S - 901 87 Umeå, Sweden 

Statistical Studies No 21 
Umeå 1994 

ISSN: 1100-8989 
ISBN: 91-7174-983-7 



41 \ 

ASPECTS OF ANALYSIS OF 
SMALL SAMPLE RIGHT CENSORED DATA 

USING GENERALIZED WILCOXON RANK TESTS 

by 

Marie-Louise Öhman 

Statistical Studies No. 21 
Department of Statistics 

UNIVERSITY OF UMEÂ 
1994 



Copyright; 

Marie-Louise Öhman 

Department of Statistics 
University of Umeå 
S -901 87 

1994 

ISSN: 1100-8989 

ISBN: 91-7174-983-7 

TRYCKERIET i Roberîsfors 1994 



ABSTRACT 

The estimated bias and variance of commonly applied and jackknife variance estimators and 

observed significance level and power of standardised generalized Wilcoxon linear rank sum 

test statistics and tests, respectively, of Gehan and Prentice are compared in a Monte Carlo 

simulation study. The variance estimators are the permutational-, the conditional 

permutational- and the jackknife variance estimators of the test statistic of Gehan, and the 

asymptotic- and the jackknife variance estimators of the test statistic of Prentice. In unbalanced 

small sample size problems with right censoring, the commonly applied variance estimators for 

the generalized Wilcoxon rank test statistics of Gehan and Prentice may be biased. In the 

simulation study it appears that variance properties and observed level and power may be 

improved by using the jackknife variance estimator. 

To establish the sensitivity to gross errors and misclassifications for standardised generalized 

Wilcoxon linear rank sum statistics in small samples with right censoring, the sensitivity curves 

of Tukey are used. For a certain combined sample, which might contain gross errors, a 

relatively simple method is needed to establish the applicability of the inference drawn from the 

selected rank test. One way is to use the change of decision point, which in this thesis is 

defined as the smallest proportion of altered positions resulting in an opposite decision. 

When little is known about the shape of a distribution function, non-parametric estimates for 

the location parameter are found by making use of censored one-sample- and two-sample rank 

statistics. Methods for constructing censored small sample confidence intervals and asymptotic 

confidence intervals for a location parameter are also considered. Generalisations of the 

solutions from uncensored one-sample and two-sample rank tests are utilised. A Monte-Carlo 

simulation study indicates that rank estimators may have smaller absolute estimated bias and 

smaller estimated mean squared error than a location estimator derived from the Product-Limit 

estimator of the survival distribution function. 

The ideas described and discussed are illustrated with data from a clinical trial of Head and 

Neck cancer. 

Key-words: Censored generalized Wilcoxon rank test statistics, Variance estimation, 

Jackknifing, Influence function, Gross error sensitivity. Break-Down point, Sensitivity curve, 

Location parameter estimation, Product-Limit estimator and Monte-Carlo Simulation. 





ACKNOWLEDGEMENTS 

During a couple of years, this thesis has been a spare-time occupation of mine. The generosity 

of time and understanding from my children, Stefan, Adam and Eva, have been absolute 

essential for the fulfilment of my thesis. Every now and then 1 have forgotten important points 

and I have been hearing without listen, etc., etc. Luckily they have not lost their patience with 

me. 

Several other persons have also been important, some but not all are mentioned below. 1 am 

grateful to Dr. Lena Damber and Håkan Jonsson at the Oncologic Centre, University Hospital 

in Umeå, for important information of cancer studies and for letting me use data within a 

research of theirs. I am indebted to Docent Barbara Giles, Prof. Uno Zackrisson and Dr. 

Thomas Laitila for reading my manuscripts and giving constructive criticism. Invaluable help 

and laughs that relieve the tensions from Dr. Birgitta Törnkvist, Bengt Lundquist and my 

husband Stefan, are gratefully acknowledged. 

Finally, I would especially thank Prof. Hans Nyquist, my supervisor and "punching bag". 

During these years, I have benefited from his suggestions and encouragement and it was, in 

many ways, a process of growth, resulting in this thesis. 

Marie-Louise Öhman 

Umeå 

November 1994 





CONTENTS 

1. INTRODUCTION 1 

2. LINEAR RANK STATISTICS 5 

2.1. Model-, hypothesis- and parameter specification 5 

2.2. Linear rank statistic, uncensored observations 6 

2.3 Censoring 8 

2.4 Generalized linear rank statistic, censored observations 9 

2.5 Head and Neck cancer 15 

3. STANDARDISED VERSIONS OF 

CENSORED LINEAR RANK STATISTICS 17 

3.1 Variance estimators 18 

3.2 Methods of analysis and Sampling procedure in 

a Monte Carlo simulation study 20 

3.3 Results from a Monte-Carlo simulation study 23 

3.4 Larynx cancer; A numerical example 38 

4. GENERALIZED WILCOXON RANK TEST STATISTICS AND 

SENSITIVITY CURVES 41 

4.1. Influence function, Gross error sensitivity and Break down point 42 

4.2 Sensitivity curves and Change of decision point 44 

4.3 Design of sensitivity experiments. 

A Monte Carlo simulation study 46 

4.4 Results from a Monte Carlo simulation study 48 

4.5 Sensitivity analysis in Larynx cancer data. 

A numerical example 59 

5. ESTIMATING LOCATION PARAMETERS 

USING CENSORED RANK STATISTICS 65 

5.1 Uncesored R-estimators of a location parameter 66 

5.2 Censored R-estimators of location. 

One-sample rank test statistics 68 

5.3 Censored R-estimators of location. 

Two-sample rank test statistics 73 

5.4 Estimating central tendency in Larynx cancer. 



A numerical example 75 

5.5 Estimating central tendency. 

A Monte Carlo sampling procedure and results 77 

5.6 Comments 80 

5.6.1 Censored R-estimators of regression parameters 80 

5.62 A censored Hodges-Lehmann estimator 81 

6. SUMMARY AND REMARKS ON FURTHER RESEARCH 83 

REFERENCES 87 



Chapter 1 

Introduction 

In clinical trials, it is usually necessary to compare two treatments for their ability to prolong 

life or maintain a patient in a healthy state. In terms of the statistical analysis of these 

comparisions. problems with the estimation of various parameters, including the central 

tendency, called the location parameter are commonly encountered. An illustration used in this 

thesis is the comparison of two different types of treatments for Larynx cancer, induction 

chemotherapy plus radiotherapy versus radiotherapy, with respect to survival. The side effects 

of chemotherapy are generally considered to be unpleasant. Since Larynx cancer mostly arises 

in elderly people they might suffer too much from the side effects of chemotherapy. Patients 

enter the study serially in time and are allocated at random to one of the two treatments. In 

most survival data, there are some observations which are censored. A censored observation 

arises when the true lifetime of the patient is not observable. An observation may be censored 

for a number of different reasons. If the study runs for a specified, fixed, period, or terminates 

as soon as a certain fraction of the patients are dead, then any individual still alive at the end of 

the study is censored. Moving or death from causes other than the disease under study, also 

give rise to censored observations. Sometimes, due to the discomfort associated with the 

treatment, the treatment is not completed and the observation is censored. These types of 

censoring are examples of right censored data. 

Survivorship methods are used to model a dichotomous event occurring over time and have 

been applied to time to failure of machine parts, cancer remission, rejection of transplants, and 

occurrence of, and death from, a disease. Because the analysis of times to death is one of the 

most common applications of these methods, they are often called "survival" analysis methods, 

but they are by no means limited to the analysis of survival times. A wide variety of survival 

analysis methods have been reviewed in several books, e.g., Kalbfleisch and Prentice (1980). 

Often, classical statistical techniques are based on specific assumptions about the population 

sampled. It is not uncommon for the researcher to question the assumptions and wonder 

whether he or she is using a valid statistical procedure. It is then desirable and possible to use a 

statistic that is non-parametric distribution-free over a class F of distributions. Suppose that 

observations y= (yp...,yn) form a realisation of random variables Yj,...,Yn and that a family 

F of possible joint distributions is specified. A statistic is a function T= t(Yp...Yn). 

Corresponding to the random variable T, is an observed value t= t(y, ,...,yn). Note that the 



distinction between a statistic and an estimator is that the former is not necessarily calculated 

with the objective of being close to a parameter. A statistic, say T, (Randies and Wolfe, 1980) 

is said to be non-parametric distribution-free if the class F of joint distributions for which T has 

the same distribution includes more than one distributional form. The level of significance for a 

non-parametric distribution-free test, based on a non-parametric distribution-free statistic, is 

then constant over the class F of distributions and only requires the joint distribution to be in F 

when the null hypothesis is true. In the following the word distribution-free is dropped and the 

term non-parametric statistics is used instead. Principally, there are three basic methods for 

obtaining a non-parametric statistic, namely, counting, ranking, and a combination of these. 

Many rank statistics for comparing two populations in the shift of location case have been 

proposed. I consider a particular member of this class, called the linear rank sum statistic, first 

proposed and studied independently for uncensored data by Wilcoxon (1945) and Mann and 

Whitney (1947). The distribution-free nature of the Wilcoxon test, however, does not apply to 

power calculations. To find the power requires that the distribution function is completely 

known. Although rank tests are derived with particular alternative distributions in mind, for 

which optimum procedures exist, rank tests generally possess greater robustness for efficiency 

against other alternative distributions, than the corresponding parametric tests. In addition to 

testing the null hypothesis, rank tests involve only a small loss in efficiency compared to the 

parametric procedure when such a procedure is appropriate, (e.g. Lehman, 1975 and Hampel, 

Ronchetti, Rousseeuw and Stahel, 1986) 

For samples with right-censored observations, Gehan (1965). Peto and Peto (1972) and 

Prentice (1978) proposed two-sample generalizations of the Wilcoxon (1945) rank sum test 

statistic. Variance estimators based on assumed equal or unequal censoring distributions in the 

two samples (Gehan, 1965, Peto and Peto, 1972, Tarone and Ware, 1977 and Prentice and 

Marek, 1979), or based on the second derivative of the log-likelihood function derived from 

the marginal distribution of a rank vector (Prentice, 1978), were also proposed. 

The standardised versions of the test statistics are asymptotically normal under the null 

hypothesis of equal survival functions, or equal hazard functions, in the two samples. In small 

samples, it is difficult to judge the suitability of using the normal distribution as an 

approximation to the sampling distribution of the test statistics. However, such an 

approximation is often used in practice. It is therefore of interest to know how good the 

approximation is. This applies particularly to cases when the sizes in the two samples are not 

equal. In one-sided hypothesis testing, the tests may be non-conservative for higher event rates 

in the smaller sample. On the other hand, the tests are usually conservative for lower event 

rates in the smaller sample (e.g. Prentice and Marek, 1979, Latta, 1981 and Kellerer and 

Chmelevsky, 1983). This type of error is to be expected if the standardised normal 
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approximation is applied to cases where the exact distribution is skewed. These problems may 

be partially explained by the bias introduced by the variance estimator. The jackknife 

technique, introduced by Quenouille (1956) and Tukey (1958) provides a convenient and 

widely applicable method of establishing the variance of a statistic without the need for any 

specific parametric model. Up to now the jackknife technique has been a relatively unproved 

method for estimating the variance of censored rank sum test statistics. 

The first purpose of this thesis is therefore to demonstrate differences in the small-sample level 

and power properties of the standardised versions of the generalized Wilcoxon linear rank sum 

tests of Gehan (1965) and Prentice (1978) when using the jackknife variance estimator, instead 

of the frequently used variance estimators. I resort to a Monte Carlo simulation study (Öhman, 

1988 and 1990). 

When using statistical techniques for analysing data, the applicability of the results depend on 

the formulation of the hypothesis under consideration, assumptions made, tests used and the 

observed data. Thus, the applicability of statistical inferences depend, among other things, on 

the sensitivity of a test statistic to the quality of the data, i.e., the impact and character of the 

errors in the data. Sources of errors are, for example, gross errors such as measuring-, 

copying- or keypunch errors, misclassifications, e.g. a death replaced by a censored 

observation or vice versa, or the incorrect assignment of an observation in a sample. 

The second purpose of this thesis is to establish the sensitivity of the standardised versions of 

the generalized Wilcoxon linear rank sum tests to errors in the data. In a simulation study I use 

the sensitivity curves of Tukey (1970, 1971) and the change of decision point of Öhman 

(1991), i.e. the smallest proportion of altered positions in the data that will cause a changed 

decision. 

In addition to the problem of hypothesis testing in inductive statistical inference there is the 

problem of estimation. In some applications, an estimate of the true value of an unknown 

parameter of a distribution function, e.g. the location parameter is of interest.. When little is 

known about the shape of a distribution function, non-parametric estimates for the location 

parameter are easily found by making use of rank estimators when all observations are 

complete. Rank estimators, introduced by Hodges and Lehmann (1963), were originally 

derived from rank test statistics (e.g. Randies and Wolfe, 1980 and Hampel et al., 1986). 

The third purpose of this thesis is to obtain censored data rank location estimators by using 

censored one-sample signed rank test statistics and censored two-sample linear rank sum test 

statistics. Methods for constructing censored small sample confidence intervals and asymptotic 
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confidence intervals for the location parameter are also considered. Generalisations of the 

solutions from uncensored one-sample rank tests for the location parameter and two-sample 

rank tests for the shift of location parameter are utilised. To illustrate the application of the 

proposed estimation techniques, a comparative study, partly based on simulation results, is 

included. There I analyse whether estimates obtained by the proposed methods are equal to 

estimates obtained by other methods. 

The present work is divided into 5 Chapters. To avoid unnecessary repetition, the definitions 

and some properties for hypothesis testing and estimation, which are used throughout the text 

are introduced in Chapter 2. A brief introduction to a clinical trial of Head and Neck cancer is 

also given here. Some data from this trial are used for numerical examples in the following 

Chapters. 

In Chap te r  3 I discuss variance estimation and propose the use of the jackknife variance 

estimator instead of conventional variance estimators. This proposal is partly based on 

demonstrated differences in the estimated small-sample level and power properties of the 

standardised versions of the generalized Wilcoxon linear rank sum tests of Gehan (1965) and 

Prentice (1978). 

When selecting a technique for drawing a statistical inference, it is desirable to take into 

account the quality of the data and the impact and character of influential observations. In 

Chapter 4 I exemplify how the sensitivity curves of Tukey (1970, 1971) in Hampel et. al 

(1986) and the change of decision point of Öhman (1991) can be applied when working with 

the standardised versions of the generalized Wilcoxon rank test statistics using censored data in 

small samples and different variance estimators. Simulation results are used to interpret the 

sensitivity of the tests when considering actual level and power. 

In Chap te r  5  I estimate the central tendency of a population, i.e. the location parameter of a 

distribution function. I adopt a non-parametric model, which requires only very general 

assumption such as independence but does not lead to a particular family of distributions. Point 

estimates and confidence intervals for a location parameter are derived by using uncensored 

and censored rank statistics and rank tests of Wilcoxon, respectively. Partly based on 

simulation results I analyse whether estimates obtained by the proposed methods are equal to 

estimates derived with other methods. 

In the last Chap t e r , I summarise the results of Chapters 3, 4 and 5, and suggest areas for 

further research. 
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Chapter 2 

Linear Rank Statistics 

Inductive statistical inference has proved useful when generalizing the information from a 

sample to that of the whole population. There are two central problems of inductive statistical 

inference, namely, hypothesis testing and estimation. When dealing with these two problems in 

the present work, I will use censored rank tests and censored rank test statistics, respectively. 

In this Chapter, the hypothesis to be tested and the parameters to be estimated is therefore 

specified. The rank statistics and rank tests of interest and some of their properties are also 

presented. Finally, for illustrative purposes in the following Chapters, a brief introduction to a 

clinical trial of Head and Neck cancer is given. The specific cancer problem and the data used 

in the numerical examples is also defined. 

2.1 Model-, Hypothesis- and Parameter Specification 

Consider two populations. For each subject in a population a point event, called a failure, 

death, which occurres after a length of time, called the life time is defined. Failure, death, can 

only occur once at any subject. Let X Y  ,X 2 , . . . ,X  , sample 1, and Y {  , Y - ,  , - . - , Y  , sample 2, be 

two random samples from the unknown continuous distribution functions F ( x )  and G (y) ,  

respectively. Thus, the only underlying assumption in the model, is the very general assumption 

o f  i nde pend en ce .  Merge  t he  two  sam p le s  i n to  one  o f  s i z e  n  =  n 1 + n 2 ,  and  l e t  T^ ,T 2 , . . . ,T  

denote the combined random sample. 

Suppose it is desirable to test the null hypothesis H 0 : F ( t )  =  G( t )  for all t  >  0 against one of 

the following three non-parametric alternatives: The two one-sided alternatives 

H{\F (t) <G(t) or H2:F(t)>G(i) for all t >0 with strict inequality for some t, or the two-

s ided  a l t e r n a t iv e  H 3 :F ( t )  *  G ( t )  f o r  a t  l e a s t  one  t  when  t  >  0 .  I f  t h e  r andom var i a b l e s  X and  Y  

have distribution functions of the forms T7(jc — 0,) and G(y-Q2), respectively, then 0( and 02 

are termed location paramters. In the case of G(_y) = F (x — A), where À is the shift of location 

parameter, the null hypothesis of interest is H(): A = 0. If A > 0, the Y distribution is shifted to 

the right and in that case the Ys would tend to be larger than the Xs. Note that the 

s tocha s t i c a l l y  o rde r ed  a l t e rna t i ves  l e s s  r i g id ly  s p e c i fy  t he  r e l a t ions h ip  be tween  F( - )  an d  G(- )  

than the shift alternatives, and thus include these as special cases. It is desirable that two-
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sample tests for shift of location have a good power against such stochastically ordered 

alternatives. 

When dealing with the problem of estimation, the interest is here in the central tendency of a 

distribution function. It is desirable to estimate the location parameters 0, and 02 in the 

distribution functions Fix — Q^ and G(y-02), respectively. Various estimation techniques 

may result in different estimates of the unknown parameters. The proposed estimators in 

Chapter 5 are derived from rank test statistics described in Sections 2.2, 2.3 and 2.4. 

2.2 Linear Rank Statistic; 

Uncensored Observations 

Take the simplest case in which the set of observations is complete. Thus assuming no 

censoring, let X\, X",..., X^ and denote independent random samples from 

continuous distribution functions F ( x )  and G(y), respectively. Since F ( x )  and G( v) are 

assumed to be continuous, the probability that any two or more of these variables obtain equal 

magnitudes is zero. Although survival time may have a continuous distribution, in practice, 

data are always recorded in discrete units. Hence, ties will often occur in real data, a fact that is 

n o t  c o n s i d e r e d  i n  t h i s  t h e s i s .  L e t  u s  d e f i n e  T ' ' '  -  X \ \ i  =  1 a n d  T' t '  j  =  K " ,  /  =  1 , . . . a n d  

suppose T,': , i — 1is the ith smallest of these sample life times. T( i. , < Tt-,l <...< 7(/)i are the 

order statistics of the combined random sample. When the life time T" is replaced by its rank 

R , we have a rank-order statistic. Rank-order statistics ) are invariant under 

m o n o t o n e  transformations. Although the terminology may seem confusing, a function of the 

rank-order statistics is called a rank statistic (e.g. Gibbons, 1971). A statistic of the form 

.S', = ^(Jii R ) (2.2.1 ) 

is called a linear rank statistic. The constants c ( ] ) . . . . , c (n )  are called the scores, and 

a(]n) are termed the regression constants. The choice of regression constants for a 

linear rank statistic is usually dictated by the nature of the particular testing problem, while the 

scores are chosen so as to achieve desirable power properties. In expression (2.2.1), if 
rj(i) = 1, / = and a(i) - 0, / ~ n] + 1 + n,, and in addition, c(i) = i, / = 1,...,/;, then 
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S n  = IV  =  £  f l ;  (2.2.2) 

which is the linear rank sum statistic of Wilcoxon (1945). The Wilcoxon rank test (Wn) is not 

only the locally most powerful rank test for detecting a shift of location in a logistic 

distribution, or any monotonie transformation of that distribution, it is also asymptotically 

efficient among all a-level tests for this problem. For comparison with its parametric 

competitor, namely, the two-sample t-test (7), Hodges and Lehmann (1956) show that the 

asymptotic relative efficiency, Pitman efficiency, is ARE(W,T)> 0.864 under certain regularity 

conditions. The t-test is based on the assumption of normality. With a normal distribution 

ARE(W;T)= 0.95. Roughly speaking, to reach the same power, the t-test needs 95% of the 

sample size required for the Wilcoxon test. 

If c ( i )  = ^ _ +[_../" ' in expression (2.2.1), then the Savages (1956) test is obtained, which is 

asymptotically efficient and has greater local power than any other rank test for any particular 

finite sample size as long as the hazard functions are proportional, that is, as long as 

[ -d  l og  F  (  t )  /  d t ] / [ -d  l o g  G ( t )  /  d t \  =  cons t .  

In the one - samp le  case, let X°  be distributed according to F (x -B) ,  where 0 is termed a 

location parameter. Suppose we want to test //O:0 = 0O against a one-sided alternative 

Hj:0 > 0,, (or //1:0<0O) or a two-sided alternative //,:0^0(). Given our previous single 

assumption of independence, we can use the signed rank statistic 

for such a one-sample location testing problem. Here the s ign (u )  = 1,0 or -1 when 

u>,= or <0 and #,°(0) is the rank of |X(n-0|. The scores cn(-) for 5,1(0) usually satisfy 

cn(/) <cn(i + 1 ). If cn(/) = i, / = 1,...,n, then 

which is the signed rank statistic of Wilcoxon (1945). In contrast to the ordinary one-sample 

sign test statistic, the value of 5,1(0), is not only influenced by the number of positive 

^ ( 0 )  =  X ^ ( X ; , - 0 ) c „ ( 7 ? , n ( 0 ) )  (2.2.3) 

5,1(0) = W/' (0) ^si^KX- - 0)tf,°(0) (2.2.4) 
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differences (X(° -0), but also by their relative magnitudes. When a symmetry assumption for 

the parent population is justifiable, S,j(0) can be expected to provide a more efficient test of 

location (e.g. Lehmann, 1975). 

The rank statistics described assume uncensored observations. However, as previously 

mentioned censorings appear in most survival data and it is therefore important to incorporate 

also censored observations in the inference. In the next two Sections a brief outline of right 

censoring and a description of censored generalized rank statistics are presented. 

2.3 Censoring 

A censored observation arises when the true lifetime of a subject is not observable (e.g. 

Kalbfleisch and Prentice, 1980, Gill, 1980, and Miller, 1981). Terms synonymous to a 

"censored observation" are a "withdrawal", a "loss", or a "death due to a competing risk" 

while an "uncensored observation" might be a "failure", a "relapse", or a "death from the 

cause under study". Let X°,X°be i.i.d random variables, denoting failure, death, 

times. In interval censoring, we only see that the random variable of interest, X", falls in a 

time interval. Right and left censoring are special cases of interval censoring. In right 

censoring, we observe that X- }  falls in an interval [7^0,+co), while in left censoring, we 

ob se rv e  t ha t  X°  f a l l s  i n  t h e  i n t e rva l  (—°° ,  T/ '  ] .  

Examples of right censoring are type I censoring, type II censoring and random censoring. 

Failures which do not occur prior to the termination of a fixed period study are said to show 

type I or time censoring. This kind of censoring would occur when the censoring time of each 

patient is fixed in advance, or when the patients enter the study at random over time, and the 

analysis is carried out at some pre-specified time. Type II, or order statistic censoring, occurs 

when the study terminates as soon as a certain order statistic, e.g. the dth death, is observed. 

The observation times of all the surviving patients are then censored. In random independent 

censoring, it is assumed that the censoring time for the ith individual is a random variable 

and 7/,...,Tn" are stochastically independent of each other and of the failure times 

X,0, X'2,..., X^. The restriction to independence is necessary since it would be difficult to 

obtain meaningful survival data if, for example, patients are withdrawn from the study when 

they appear to be in imminent danger of death due, for example, to the chemotherapy 

treatment for cancer. On the other hand, we have independence when censoring occurs 

because a patient withdraws from the chemotherapy treatment due to its discomfort, since we 
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only observe x t  = mi n i x" ,f,°) of the random variable X i  = min ( X f  ,T -} )  for the \ t h  individual. 

Other examples are when a patient moves or is transferred to an institution not participating in 

the study. 

Right censored data are commonly found in longitudinal studies which end after a 

predetermined time. Double censoring can also arise in follow-up studies (Gehan, 1965, 

Mantel, 1967 and Peto, 1973). For example, if the event of interest is the development of a 

tumour, then those individuals who been have first diagnosed as having the tumour in an early 

stage would be treated as if time to tumour were known exactly. Those with a widely 

metastasised, older growth would contribute left censored data. The healthy individuals would 

contribute right censored data. There are widely accepted methods for survival analysis in the 

case for which incomplete data consist of exact times and right censored times (Kalbfleisch and 

Prentice, 1980). However, some of these methods are inappropriate for left censored data. As 

a result, left censored data are sometimes omitted or treated as exact, which can bias the 

results of analysis (Hoel and Wahlburg, 1972). When defined in terms of random variables, 

left-censoring is, of course, a concept symmetric to right-censoring, and the problem is solved 

by using standard methods for right-censored data. 

2.4 Generalized Linear Rank Statistic; 

Censored Observations 

When considering generalizations of rank statistics to censored data, it is necessary to 

generalize the rank vector R. Let us first treat the rank vector as the labels of the ordered 

sample of all uncensored and censored data points. The rank statistic is then maximally 

invariant under monotonically increasing transformations of the observed values. 

Unfortunately, if such statistics are used in tests, optimality properties depend in a complicated 

way on both the survival and censoring distribution, even if censoring distributions are equal 

for both samples (Crowley, 1974). Another possibility is to disregard the order of censored 

observations between any two failures, deaths. The rank vector is then only partially observed 

due to the censoring. In this Section, for the statistics which are invariant under monotonie 

transformations, the censored data rank vector is taken to be the whole set of possible 

underlying rank vectors given the data. 

In the t wo - sam p l e  case, let X,,X2,...,Xn|, sample 1, and Y l , Y 2 , . . . , Y  ,  sample 2, be two 

independent samples from the continuous distribution functions F(X) and G(J), respectively. 

Merge the two samples into one of size n = n{+n2. With right censorings, the order statistics 
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for distinct failure, death, times in the combined sample is denoted by T ( ] j  < T { 2 ,  < - <T ( k ) ,  

where k<n. Let Rk denote the rank vector of T{,...,T ,T h where the censored 

observations in the interval [7J;),7J;+1)) are assigned rank i .  A censored linear rank statistic for 

testing H0:F(x) = G(y) may be defined as 

n 

U n  = ^ a ( i ) c ( R *  , 0 ; )  (2.4.1) 
/ = ! 

Here, <5( =1 for a failure and S i  =0 for a censored observation. If a ( i )  =  1 for i  = 1 and 

a{i) — 0 for i = n} +1, +n2, then (2.4.1) is given by 

f,=iw,c,+v;) (2.4.2) 
r = l 

where di; is the number of failures in sample 1 at time T 0 ) .  Since f ( X )  and G(V) are assumed 

to be continuous, we have no ties and therefore either du = 1 or du =0. Further, eu is the 

number of censored observations in sample 1 in the interval [7^0,r(/+1)), with 

7^0) = 0 and T(k+]) - +°°. The scores for uncensored and censored data points are denoted by 

Cj and Cj, respectively. Note that equal scores are assigned to all censored data in the interval 

To obtain scores, Peto and Peto (1972) and Prentice (1978) suggested centralised scores of the 

form Cj = 1 - 2Ft and ci = 1 - Fi (or C; = 2Ft ~ 1 and c( = ^ -1), where F is an estimator of the 

survival distribution function F. A common non-parametric estimator of F is the Product-

limit or Kaplan-Meier estimator (Kaplan-Meier, 1958), 

/ FF d
' (2.4.3) 

./=i 

where F Q  —  1. Here n/ denotes the number of subjects, i.e. the risk group, shortly before T ( j ) .  

Moreover, dj —dXj +d2j, i.e. the number of failures, deaths, in both sample 1 and sample 2 at 

time T(j). Since we have no ties <iy =1. The properties of the Product-Limit estimator have 

been studied extensively. Large sample properties have been obtained by, for example, Efron 
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(1967) Breslow and Crowley (1974), Peterson (1977), Gill (1980) and Földes and Retjö 

(1981). Small-sample properties are discussed in e.g. Chen, Hollander and Langberg (1982), 

Geurts (1985) and Wellner (1985). Several estimators of the survival distribution function F 

have been proposed. For example Peto and Peto (1972) proposed 

F i  = {F i +F i _ x ) / 2  (2.4.4) 

while Prentice (1978) suggested 

' n , - < : / , + 1  '  n  
^ = n - — -— = n — —  ( 2 - 4 - 5 )  

y ( n J  +  1) ^(/i,. + l) 

It is obvious that scores derived from these two estimators will be close to each other. When 

Cj  =  n j  '  ~  1 and  c ,  =  ̂ n ]  ' ( o r  Q = 1 -  ̂ n j  '  a n d  c ,  — n i  '  )»  w e  have  

Mantel's (1966), Cox's (1972) and Peto and Peto's (1972) generalization of the Savage's 

(1956) test statistic. Peto and Peto named a statistic with these scores the log-rank test 

statistic. Finally, if Ct=i-n: and c,=z ( or Ct--(i-n.) and c, =-z), then (2.4.2) is 

equivalent to Gehan's (1965) generalized Wilcoxon linear rank sum test statistic. 

For the subsequent brief discussion of properties of different censored data scores, it is 

convenient to consider a representation of (2.4.2) in terms of observed and conditionally 

expected numbers of failures in sample 1 (Tarone and Ware, 1977),i.e., 

k  k  
U n  — ^  \ \ ' j  { du - C/,H1(/Î~ 1 ) = ^ vv , .  ( d u  -  nunj 1 ) (2.4.6) 

;=i i=i 

Here, vv( are called weighting scores and n u  is the risk group in sample 1 shortly before time 

T(i). Prentice and Marek (1979) show that a statistic with scores satisfying 

nlcj i=Cj+(nj—i)ci can be written in form (2.4.6). The Gehan scores correspond to 

vv, = ni or vv, = and the Prentice scores to vv,. = Ft or vv, = —Fi. When w, = 1 or vv, = - 1, 

we have the scores of the log-rank statistic. Note that the generalized Wilcoxon statistic of 

Peto and Peto (1972) in (2.4.4) cannot be written in the form (2.4.6) (e.g. Lan and Wittes, 

1985). In this thesis attention is restricted to statistics of the form (2.4.6). 

For the Gehan statistic let us define a proportional weighting score (Lan and Wittes, 1985) 
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n ,  n  n  — 1 n  —2 n i  
(n + 1) n  n -1 n t  +1 

where the factor ( n -k ) / ( n -k  +1) 

refers to the (£ + l)th ordered subject leaving as a failure or a censored observation. The 

heavier the censoring, the smaller vvf becomes, even if the censoring and the failure 

distribution are unrelated. Thus, the Gehan statistic assigns scores that depend on the estimated 

percentile of the distribution for failures and censorings combined. If all factors associated with 

n x  f h  n i  
_ ( « ,  +  ! )_  > ,  +  !) _  > ,  +  ! ) _  

censored observations are deleted from wf, we have vv/' = 

i.e., the Prentice estimator (2.4.5) of the survival distribution function F r  The weighting score 

w[ only depends on the estimated percentile of the survival time distribution and not on the 

censoring pattern. The Gehan statistic will provide a close approximation to the Prentice 

statistic if the censoring is slight. However, according to Peto and Peto (1972) and Prentice 

and Marek (1979), the Gehan statistic can be very misleading for cases with heavy censorship 

and therefore cannot be recommended for general use. On the other hand, Gehan (Peto and 

Peto, 1972) claimed and exemplified that it is sensible to have a scoring system that is 

dependent to some degree on the observed censoring system. Concerning the log-rank statistic, 

with w/' = 1, varying censoring patterns have no effect on the statistic (e.g. Miller, 1981). 

Rank tests are derived with certain distribution alternatives in mind so that desirable power 

properties are achieved (e.g. Randies and Wolfe, 1980, and Lehmann, 1975). For example, the 

Wilcoxon rank test is not only the locally most powerful rank test for detecting a shift in a 

logistic distribution, or any monotonie transformation of that distribution, it is also 

a sympto t i c a l l y  e f f i c i en t  among  a l l  a - l eve l  t e s t s  f o r  t h i s  p ro b l em .  Spe c i f i c a t i on  o f  F( - )  and  G(- )  

poses a dilemma. In the shift location model, the investigator may have chosen to use a non-

parametric statistic for testing H0:A = 0, because the shape of F(-) is unknown. If the 

investigator did know the shape of F(-), a parametric test with better properties than the 

Wilcoxon test could be derived. However, all rank tests are invariant under monotonie 

transformations of the data. Distributions then fall into disjoint "efficiency classes" within each 

of which the efficiency of any rank test is constant; e.g. the normal and the log-normal 

distributions are members of one class, the logistic and the log-logistic distributions are 

members of another class, while the extreme value, the Weibull and the exponential 

distributions are members of a third class. Note, the log-logistic distribution is very similar in 

shape to the log-normal distribution, but is often more suitable for use in the analysis of 

survival data. This is because of its greater mathematical tractability when dealing with 

censored observations (e.g. Bennett, 1983). Thus, it is important to consider the class of 

plausible sampling distributions when selecting a rank test. Note, that the logistic and the 
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extreme value distributions are derived from a more generalized distribution 

H(v) = l-{l + (l/<f;)exp(<pv + 0)} where 9 and (p> 0 are location and scale parameters, 

respectively, and v = log(f) for 0< t < °o. For Ç = 1 we have the logistic distribution, while as 

<; approaches infinity, the extreme value distribution is obtained. 

Survival can be described by any of three functions: the death density function, the survival 

distribution, or the hazard function. Since these functions are substantially interrelated, the 

specification of any one function implies the other two. However, it is often more informative 

to examine the hazard function, i.e.-d\og F(t) /dt = fiF(t), when time to response data are 

being analysed, especially when more complicated time-varying hazard forms are possible. For 

example, one can describe the risk of death in human populations. The hazard starts off high at 

birth and falls rapidly over the first year of life. In adolescence and early adulthood it remains 

nearly level, before beginning a steady rise with advancing age. Such statements, which can be 

rapidly made from inspection of the hazard function, are not so easily extracted from the 

survival or death density function themselves. It has been shown by Gill (1980) that the log-

rank statistic (Peto and Peto, 1972) and the generalized Wilcoxcon rank statistic (Prentice, 

1978) essentially estimate integrated weighted differences in hazard functions. Thus, tests 

based on these statistics are sensitive to stochastic ordered alternatives. The log-rank test, with 

weighting scores MA = 1, is not merely asymptotically efficient, it has also greater 

local power than any other rank test for any particular finite sample size and for any censoring 

pattern, as long as the censoring patterns are equal in both samples, and the hazard functions 

are proportional, i.e. fiF(t)/ fia(t) = const, Lehmann alternatives, e.g. Weibull and exponential 

distributions, with a shift in the scale parameter. If the hazard functions differ only during a 

part of the observation period, rank tests with varying scores, e.g. MA = Fi or MA = nt for 

i - 1 , i.e. generalized Wilcoxon tests of Prentice (1978) and Gehan (1965), can be more 

suitable. For example, the log-logistic distribution, non-monotonic hazard rates, provides a 

more useful alternative then the Weibull distribution, monotonie hazard rates, for the 

parametric modelling of survival data, e.g. breast cancer or larynx cancer, where the hazard 

rate is non-monotonic (e.g. Gore et al., 1984). Generalized Wilcoxon tests are expected to do 

better when the ratio, fir,{t) /ßa{t) tends to one as time increases, than with an increasing 

long-term difference. In many biological considerations the assumptions of proportionality of 

the hazard functions are required. When dealing with curable cancer it is unlikely that 

proportionality holds for very large t. However, the proportional hazard model cannot be used 

to model the following situations. Upon treatment in the typical animal experiment, mice 

receiving a moderately effective therapy should have a risk, relative to the controls, which is 

lower, not necessarily constant, at all points later in time (Carter et al., 1983). On the other 

hand, a very effective treatment may actually cause risk which exceeds that associated with the 

control at early time points and which would necessarily fall rapidly, eventually being lower 
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than the less effective treatment. Thus, no particular therapy is optimal in the sense that it 

maximises the probability of survival for every time point. The crossing of hazard functions will 

lead to different treatment strategies. Decisions about whether to use treatments which are 

desirable for short-term effects will have to be balanced against the usefulness of therapy which 

increases the chance for long-term cures at the expense of fewer short-term successes. (For a 

more comprehensive discussion of censored data scores, e.g. Peto, 1972, and Crowley, 1974). 

In the one - sa mp le  case with a random sample X ] , X 2 , . . . ,X n  and with right censoring, let 

Zt.  (  0 )  = J Xt. — 0| for i - 1,..., n and let Rk ( 0) denote the rank vector of Z, ( 0),..., Zn ( 0). Further 

let Z(l (0) <...<Z(k)(6) be the ordered Z,(0) among the uncensored observations and let 

^*(0) = ./ f°r Z,(0) be in the interval [Z(/)(0),Z(/+1)(0)). If "(/,($) is number of members in 

the risk group of Z;(0) shortly before Z ( j ) ( d ) ,  then a censored generalized linear rank sign 

statistic for testing the null hypothesis H0:Q= 00 is defined as 

UnW =!>g/I(Xf-e)Cn(R'(0),nk{0)],ôt) (2.4.7) 

where =1 for a failure and <5, = 0 for a censored observation. If m { n ( 6 )  is the number of 

censored observations Z(jr](0), where i = l,...,m(l)(6>), in the interval [Z(/)(0),Z(/+])(0)), and if 

n 0 ) ( 6 )  =  (k  — ( i  -  1)) + ^ m(/)(0)' then the linear rank sign statistic (2.4.7) is of the form 

* -t '«„>(0) 
ul(d) = y£lsign(x(i)-0)Cn(i,n{i)(d)) + ^cn(i,nl „(0)) ^sign(X(if) - 0) (2.4.8) 

(=1 ï=I f = I 

where C„(/,rc(O(0)) and c n  ( i , n { i ) ( 6 ) )  denote the scores for uncensored and censored data 

points, respectively. 

The censored generalized linear rank sign statistics (2.4.8) described here are applied in 

Chapter 5. There my purpose is to obtain estimates of the location parameter 0. In doing this, 

the scores for the statistics being considered will be defined. 
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2.5 Head and Neck Cancer 

To illustrate the ideas described and discussed in the following Chapters, data from a clinical 

trial of Head and Neck cancer will be used to provide numerical examples. The unpublished 

data is kindly supplied by the Oncologic Centre, University Hospital, S-901 85 Umeå, Sweden. 

Over the seven year period, between 1985 and 1992, patients in Denmark, Norway and 

Sweden with, for example, Larynx cancer, were randomly selected into two different cancer 

therapy treatments, i.e. chemotherapy plus radiotherapy versus radiotherapy. Lifetimes, in 

months, and a variety of characteristics of a patient and her, his, tumour disease were recorded. 

The tumour disease of a patient is TNM- and phase III and phase IV classified, according to 

the recommendations of the International Union Against Cancer, UICC. T, N and M concern 

the state of the primary tumour, the state of the metastasis of the lymph glands and the state of 

the distance metastasis, respectively. Phases III and IV are combinations of T, N and M 

classifications, where IV is the worst phase. 

The problem of comparing lifetime distributions often arises in cancer studies. It may be of 

interest, for example, to compare the ability of two therapy treatments to prolong life. Another 

strategy of interest may be to compare the survival of patients in phase III and phase IV. On 

the other hand, the interested may be in estimating the population median lifetime of patients 

with complete remission of the tumour. Since the primarily purpose of the numerical examples 

is to illustrate ideas in the following Chapters, the data is divided into twelve subsets according 

to different strategies. Naturally, these subsets overlap and if the results from different 

strategies are combined, problems of multiple significances may arise. 
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Chapter 3 

Standardised Versions of 

Censored Linear Rank Statistics 

In the previous Chapter, some censored two-sample rank statistics were described. The 

standardised versions of these statistics are asymptotically normal under the null hypothesis of 

equal survival functions or equal hazard functions, in the two populations. When standardising 

censored linear rank statistics, traditional variance estimators can be used. Unfortunately, in 

small samples with unequal sample sizes, these variance estimation methods may be biased. 

The search for an alternative method for improving variance estimation of censored linear rank 

statistics is needed. 

As mentioned in Section 2.4, a treatment will often decrease the hazard rate for some initial 

period, while later, its effect on the hazard rate becomes negligible. For another treatment, 

however, the hazard rate might be high initially and decrease after a period. Since these two 

situations could be confused with cases of crossing hazards, it is desirable to establish the 

performance of the generalized rank tests when the alternative hypothesis are crossing hazards. 

The problem of evaluating the relative merits of two or more comparable test statistics or tests 

is by no means solved by introducing the criteria of consistency and asymptotic relative 

efficiency. Both are large-sample properties and may not have much relevance for small- or 

even moderate sized samples. In this Chapter, I compare, the actual level and power of the 

standardised versions of the tests of Gehan (1965) and Prentice (1978), when there are 

different types of censoring in small samples and when the alternative hypothesis are crossing 

hazards. However, exact power calculations are "difficult" or even impossible to carry out. 

Even though Monte-Carlo simulation studies may be too specific, I resort to results from such 

a study performed (Öhman, 1988 and 1990). This Chapter proceeds by introducing the 

variance estimators in Section 3.1 and the design of the Monte Carlo study in Section 3.2. The 

results of the simulation study are then presented and discussed in Section 3.3. Finally, in 

Section 3.4, the methods are applied in a numerical illustration using Larynx cancer data. 
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3.1 Variance Estimators 

Consider the null hypothesis, H 0 : F ( t )  =  G( t )  from Section 2.1. The use of S l t  (2.2.1) in a 

significance test then involves calculations of probabilities over the permutation distribution. 

Thus ,  i f  S n  = S o h s  i s  o b se r ved ,  an  e xac t  co mpu ta t i on  w ou ld  i nv o lve  ev a lu a t i ng  P(S n  > S l l h x ) ,  

P (S n  <S ( l h s ) ,  or P ( \S n \  >  S o h x )  depending on whether the interest is in a one-sided or a two-

sided alternative. This calculation is laborious, except when the null distribution of Sn has been 

computed and tabulated. Fortunately, for linear rank statistics, if some conditions are fulfilled 
i 

(Hajek, 1961), the standardised test statistic (S1,, - £(5,„))/[V(5'n)]2 = Z n  has a limiting 

standard normal distribution function under H0, as «—><». Here E(Sn)-näc and 

V ( S n )  =  (n -  1)~ '(^"=|(c(/)-c)2)(^=|(a(£)-ö)2), where a  = n  1  a ( k )  and 

c =n_1^T c(i). An approximation is obtained by comparing Z n  for large n  with a standard 

no rma l  di s t r i b u t i on .  Fo r  t he  Wi l co xon  l i nea r  r a n k  sum s t a t i s t i c ,  we  have  E(S n  )  =  n^n  +  \  )  /  2  

and V ( S n )  =  /i,n2n~ \n -  1)~ '  C f  =  n x t i 2  ( n  +1) /12. For a discussion of the accuracy of 

such normal approximations in the case of a shift of location model, see e.g. Lehmann ( 1975). 

With r igh t - ce nsored  data, the variance of a linear rank statistic is estimated in different ways 

depending on whether equal or unequal censoring distributions are discussed when generating 

the two samples. If the censorings are assumed to be randomly distributed among the samples, 

i.e. equal censoring distributions, a permutation approach can still be used to calculate the 

variance of a linear rank statistic. The permutational variance estimator is (Gehan, 1965 and 

Mantel, 1967) 

k 

Vp M =  Ti \n 2 n~  '  ( n  -  1)~ +e j c f ) .  (3.1.1) 
7=0 

When censoring distributions are not equal, a permutational approach to variance estimation is 

invalid. Instead, the conditional permutational variance estimate of Prentice and Marek (1979) 

and Tarone and Ware (1977) can be calculated. The conditional permutational variance 

estimator is 



Here vv( are weighting scores and n i  — n u  +n2 i  denotes the number of subjects in sample 1 and 

sample 2, i.e. the risk group of sample 1 and sample 2, shortly before time T(j). Moreover, 

d j  =  d u  + d 2 i ,  i . e .  t h e  num ber  o f  f a i l u r es ,  d ea ths ,  i n  b o th  s amp le  1  and  s am p le  2  a t  t ime  T 0 ) .  

Recall from Section 2.4 that there are no ties and therefore dt = 1. 

Prentice (1978) derived estimators for the asymptotic variance, based on the "observed" Fisher 

information, i.e. the second derivative of the log-likelihood function based on the marginal 

distribution of the rank vector. For the Prentice generalized Wilcoxon test statistic, this 

estimator is, in general, different from the conditional permutational estimator, even when 

there are no ties. When there are no ties among the uncensored observations, this estimator is 

given by 

t r k  

The standardised versions of the test statistics are asymptotically normal under the null 

hypothesis of equal hazard functions in the two populations (Gehan, 1965, Tarone and Ware, 

1977 and Prentice, 1978). In small samples, it is difficult to judge the relevance of this 

approximation. There have been, in association with the assessments of the power, a number of 

investigations of the nominal and exact sizes of these tests (Lee, Desu and Gehan, 1975, Peace 

and Flora, 1978, Prentice and Marek, 1979, Latta, 1981 and Kellerer and Chmelevsky, 1983). 

In one-sided hypothesis testing, the tests may be non-conservative for higher event rates in the 

smaller sample in an unbalanced sample size problem. On the other hand, the tests are usually 

conservative for lower event rates in the smaller sample. This type of error is to be expectcd if 

the standardised normal approximation is applied to cases where the exact survival distribution 

function is skewed. These problems may be partially explained by the small sample bias 

introduced by the use of a variance estimator. 

A non-parametric variance estimator, derived by the j a ck kn i f e  te chn ique  of Quenouille (1956) 

and Tukey (1958) provides a convenient and widely applicable method of establishing the 

variance of a statistic. One exception is the case of estimating the variance of a specific order 

statistic, e.g., the sample median, where the jackknife is known to fail. Note, that the familiar 

Hodges-Lehmann R-estimator (1963), derived from Wilcoxon's signed rank test statistic 

(3.1.3) 
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(2.2.4), i.e., the sample median of all averages of observation times, behaves properly under 

jackknifing (Schuchany, 1989). Recent work on jackknifing includes Arvesen (1969), Miller 

(1974), Efron (1982), Parr (1985), Sen (1988) and on jackknifing in censored data in Miller 

(1981) and references therein. The jackknife procedure is based on sequentially removing 

observations and recomputing a statistic. Suppose the linear rank statistic Un in expression 

(2.4.2) is written as a function of data, u = u(tx,t2,...,tn). Removing observation r( from the 

data then yields Define u.= n• The jackknife variance 

estimator for the rank statistic is obtained as 

V, r  = n  — 1  
^ ( u i - u . y  (3.1.4) 

Jackknife variance estimators for the censored statistics of Gehan and Prentice are here 

denoted by V,KG and VJKP, respectively. 

Estimators are of little use unless one has an idea of their accuracy. The mean square error, 

MSE, is a common measure of the performance of an estimator. An estimator with non-zero 

bias and a small variance might then be preferable to one with a zero bias and large variance. 

However, when standardising a test statistic with a variance estimator that underestimates the 

true variance, a non-conservative test may result. On the other hand, a conservative test may 

be reached with an estimator with positive bias. The systematic- and random errors of variance 

estimators of rank statistics are considered in the simulation study in Section 3.2. 

3.2 Methods of Analysis and Sampling Procedure in 

a Monte Carlo Simulation Study 

A Monte-Carlo simulation study is conducted for demonstrating the différences in level and 

power, of the generalized Wilcoxon linear rank sum tests of Gehan (1965) and Prentice (1978) 

standardised with VPM,VCPM, and VJKG, and andVJKP, respectively. The estimated bias 

and the estimated variance of the above variance estimators are also compared. 

As a measure of the actual level and the power of the rank tests, the proportion of replicates 

where the null hypothesis is rejected, is used. The comparison of power of tests is an intricate 

problem when the levels of the tests differ as they do in my study. However, one way of 

solving the problem and to insure that each test has a nearly nominal size a = 0.05, is to use 
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the 95t h  percentile from the corresponding size experiment as critical value (e.g. Lininger et 

al., 1979). 

Considering the estimate of the bias of a variance estimator I proceed in the following way. For 

each rank statistic and each variance estimator the sample mean of the variance estimates and 

the sample variance of the rank statistic are computed. As a measure of the relative bias of a 

variance estimator the ratio of these two quantities is then used. Since both the sample mean 

and the sample variance are random variables, there is uncertainty in the values of this ratio. 

However, the sample standard deviation of the sample mean is believed to be small in the 

simulations performed. Accordingly, tests of equal bias of different variance estimators, are not 

performed. When using significance tests, problems with a large number of tests applied to the 

same data, or a large number of sets of data arise, i.e. the multiple significance problem. In the 

following methods of analysis there are the same problems. 

Considering the estimate of the random error of a variance estimator, the sample variance of 

the variance estimates is used. Thus, si , si and si are cmputed for the Gehan statistic 
PM CP M y JK G 1 

and Sy and Sy are computed for the Prentice statistic. However, for illustrations in the 

Figures, sv; / .v,2 and si / si , and si / si are used for the statistics of Gehan and 
^ V PM y CP M JKG CP M V JKP AST 

Prentice, respectively. 

Recall that crossing hazards are assumed as alternative hypothesis. For the true lifetime 

variates, simple early monotonie crossing hazard functions are derived by using the Weibull 

distribution and different values of the shape parameter. The two-parameter Weibull 

distribution has hazard function \(t) = Xp(fa)''~l for X,p> 0, where X is the scale parameter 

and p is the shape parameter. With p — 0.5, 1.0 and 1.5, the failure rate is high in the 

beginning of the observation period, and with an increasing value of /?, the hazard function 

changes from a decreasing via a constant to an increasing behaviour. For values of p in the 

neighbourhood of 3.6, the Weibull distribution is similar in shape to a normal distribution 

(Johnson and Kotz, 1970). The hazard function is increasing, as with the slightly negatively 
skewed distribution for p = 5.0. 

The censorings are generated according to an exponential or a uniform distribution. The 

exponential distribution generates censorings that are more likely to occur at an early stage of a 

study, e.g. due to the discomfort resultive from a cancer chemotherapy treatment. The uniform 

distribution generates censorings that occur randomly and uniformly during a study, e.g. due to 

moving or a death from causes other than those of interest. 
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Four independent sets of independent random variables -(X",, Xl'2,..., X" ), 

(X21,X22,...,X2n) and (7^,7^ ,...,7J° ),(T2L,T22,...,T2LLI )- were generated for each case 

studied. X° and X2L denote the true lifetime variates, while T® and T2I denote the censoring 

time variates for the two samples, respectively. Let XU. = min(X,<i), 7J") and 

XV = min(X2lT2I). If the observed xu = , the subject is a failure at time xu, while the 

subject is a censored value if xu = fj). An analogous procedure was used for x2i. The true 

lifetimes X° and X2I were generated according to Weibull distributions. In all reported cases 

the scale parameter X — 1. The shape parameter for sample 1, /?,, is set to 0.5, 1.0. 1.5, 3.6 and 

5.0. The shape parameter for sample 2, p2, is greater than or equal to p{ . The censor times 

T® a nd T2i were generated according to an exponential, p- 1.0 in the Weibull distribution, or 

to a uniform (0,4) distribution. Uniformly distributed random numbers were generated by a 

multiplicative congruential method and the failure and censor values were obtained by the 

inverse of corresponding distribution functions. Sample sizes of «,=16, «2=16; «,=8, 

iu - 24 ; «, = 24, n2 = 8, «, = 10, n2 = 10; «, = 5, «, = 15; «, = 15, «, - 5; «, = 5, n2 = 5 were 

used. 

These experiments with heavy censoring generated by particular censoring distributions, are 

supplemented by studies comparable to an example from OTSrian (Prentice and Marek, 1979), 

and the simulation scheme of Latta (1981), which is an example illustrating the effect of heavy 

early censoring. In this experimental set up, « subjects are followed until first failure time, and 

then («'- 1) randomly selected subjects are followed until failure. The remaining (n — rì) are 

censored at the first failure time, «' and n2 are the number of uncensored observations in 

samples 1 and 2, respectively. For this part of the study n, = 16, n2 = 16; n[ — 14, n'2 = 14; 

-«' = 12, «' = 12; «' = 8, «2=8; and «,=10, «2 = 10; n[ — 9, n2— 9; «' = 8, «'=8; and 

«' = 6, «2=6. The random variables XF' and X2/ are Weibull random variables, with two 

different values of the shape parameter, i.e., p] = p2 is set to 0.5 or 3.6. 

For each failure and censoring combination, 1000 replications were generated. The values of 

the statistics were calculated from the same simulated sample, and the proportion of censored 

values were calculated for both samples and for the combined sample. For each statistic, the 

number of replicates for which the square of the normalised form of the statistic exceeded 

^095(1) = 3.84 were also recorded. With p] = p2 equal to 0.5 or 3.6, and «, =5, lu = 15, or 

«, =15, «2=5, the number of replicates below z0025 =- 1.96 or exceeding = 1.96 were 

recorded. Furthermore, for each combination of the failure and censoring variates, the sample 

variance for the statistics and the sample means and variances for the various variance 

estimates were computed. 
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3.3 Results from a Monte-Carlo Simulation Study 

The distributions of the failure and censoring variates, the sample sizes and the interaction of 

these factors, all influence the results. The main conclusions drawn from the estimated bias of 

the variance estimators (Figures 3.1, 3.2 and 3.3), the estimated variance of the variance 

estimators (Figure 3.4), the observed level of two-sided tests (Tables 3.1 and 3.2), the 

observed level of one-sided tests (Table 3.3) and the observed power of two-sided tests 

(Figures 3.6-3.11) may be summarised from the experiments as follows. 

Es t im a ted  b ia s  o f  t he  var ia nce  e s t im a tors  

In most of the balanced uncensored cases, the estimators produce underestimates (Figures 3.1, 

3.2, 3.3). As the censoring rate increases, the ratio of the relative bias, the ratio of the sample 

mean of the variance estimates and the sample variance of the rank statistic, tends to increase 

for each estimator, and, in most of the cases with heavy censorings, the estimators give 

overestimates. Smaller sample sizes decrease the value of the ratio, and in some of the cases 

with small samples and heavy censorings, underestimates are obtained. On the whole, the 

traditional estimators seem to be slightly less biased than the jackknife estimators in balanced 

cases. In unbalanced cases, and when the smaller sample size is in the sample with the smaller 

value of the shape parameter, most estimators give underestimates. When the smaller sample 

size is in the sample with the larger value of the shape parameter, most estimators give 

overestimates. For the Gehan statistic, the jackknife variance estimator is less biased and the 

conditional permutational variance estimator has the largest bias. For the statistic of Prentice, 

the results with the jackknife estimator are only slightly influenced by the sample membership 

for the smaller sample size and is usually the better estimator. Thus, for both the statistics of 

Gehan and Prentice, the jackknife estimators are recommended in unbalanced sample size 

problems. A similar conclusion may be drawn in balanced cases with unequal censoring 

mechanisms in the two samples. 

Es t ima ted  var iance  o f  t h e  var iance  e s t im a tors  

In balanced cases, the sample variances of the traditional variance estimators arc close to each 

other for the statistic of Gehan (Figure 3.4). For both the Gehan and Prentice statistics, the 

variances of the estimators given by the jackknife and the traditional formulae differ most for 

uncensored data, where the jackknife estimator always has a larger variance. When the 

censorings increase, the differences decrease, and with heavy censorings in both samples, the 

variance of the jackknife estimator tends to be smaller than the variances of the traditional 

estimators. In unbalanced cases, the variances of the traditional variance estimators differ more 

than in balanced cases. In most of my simulations, the variance of the conditional permutational 
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Figures 3.1-3.3. 
Estimated relative bias 
of the variance estimators 
PM, CPM and GJK for 
the statistic of Gehan. 
AST and PJK for 
the statistic of Prentice. 
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estimator is larger than the variance of the permutational estimator. The variances of the 

jackknife estimators are larger or almost equal to the variances of the traditional estimators. 

Increasing numbers of censorings decrease this difference. 

Observed  l e ve l  o f  Two- s ided  t e s t s  

In balanced cases, the observed levels with the traditional variance estimators are close to each 

other. In unbalanced cases, tests using the asymptotic, VAST , and the conditional permutational, 

V C P M ,  e s t ima to r s  t e nd  t o  be  non -co nserva t i v e ,  wh i l e  t e s t s  u s ing  t he  pe r muta t i ona l ,  V P M ,  

estimator tend to be conservative (Tables 3.1, 3.2). In order to examine whether the tests are 

conservative or non-conservative, the null hypothesis of the true level being 0.05 is tested. For 

this purpose a two sided 5% significance test with assumed normality is applied. With critical 

values of 0.036 and 0.064 there are 30 out of 135 observed levels being significant (Table 3.1). 

With VPM, VCPM, and VAST, eight, one, and zero observed levels out of these 30 significant 

observed levels, respectively, are significant with excessively small values, i.e. less than 0.036. 

Moreover, one, eight and 12 observed levels out of these 30 significant observed levels, 

respectively, are significant with excessively large values, i.e. exceeding 0.064. In balanced and 

unbalanced cases, most of the observed levels are larger with the jackknife estimators than with 

the traditional estimators, and in most simulation cases, the tests using the jackknife estimators 

are non-conservative, i.e the observed levels mostly exceed 0.064. 

With censorings, the observed levels of all tests depend on when most of the censorings occur. 

For example, in balanced cases and uniformly distributed censorings in both samples, the 

observed level is smaller for all variance estimators compared with uncensored data. Heavy 

failure rate in the first part of the observation period tends to increase the observed level, while 

heavy censoring rate in the first part tend to decrease the observed level. In the latter case, 

tests in combinations with traditional variance estimators result in highly conservative tests. 

When using the jackknife estimators, the tests are mostly non-conservative, but heavy early 

censorings result in observed levels closer to the nominal value, than levels given by the 

traditional estimators. When using the jackknife estimators in unbalanced censored cases with 

heavy early failure rate, the Gehan test gives larger observed levels than the Prentice test. With 

heavy early censorings the observed levels are close to each other or the Gehan test gives 

smaller observed levels than the Prentice test. In some cases, the observed levels of the Gehan 

and Prentice tests are smaller than the nominal value. 

Obs er v e d  l e v e l  o f  One - s i ded  t e s t s  

In unbalanced cases and one-sided hypothesis testing, a normalised test statistic may give 

different observed levels, depending on which sample has the smaller sample size (Table 3.3). 

With the conditional permutational estimator, the differences are substantial. Generally, the 
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Table 3.1 Observed levels of Two-sided tests 
n=20, n,= size of sample 1, n2= size of sample 2, and T", T,0 are the censoring distributions in 
sample 1 and sample 2, respectively. The observed levels are one-thousandth of the column 
values. 

Shape Gehan Gehan Gehan Prentice Prentice 
rpo rpd parameter V V V V V 

_ J j  1 1 1  l l 2  y P M  y CPM y JK G Y  AST V JKP  

UNC UNC 5 15 

10 10 

UNI UNI 5 15 

10 10 

EXP EXP 5 15 

10 10 

EXP UNI 5 15 

10 10 

0.5 62 60 
1.0 57 67 
1.5 45 58 
3.6 46 58 
5.0 54 69 

0.5 59 59 
1.0 60 60 
1.5 63 63 
3.6 66 66 
5.0 59 59 

0.5 55 68 
1.0 46 55 
1.5 52 59 
3.6 55 67 
5.0 45 59 

0.5 55 55 
1.0 42 44 
1.5 44 50 
3.6 43 45 
5.0 52 61 

0.5 39 56 
1.0 40 47 
1.5 41 51 
3.6 33 64 
5.0 34 74 

0.5 64 65 
1.0 63 62 
1.5 56 63 
3.6 45 43 
5.0 31 47 

0.5 46 60 
1.0 35 52 
1.5 27 63 
3.6 20 78 
5.0 18 88 

0.5 43 47 
1.0 43 53 
1.5 54 54 
3.6 41 52 
5.0 34 52 

0.5 54 60 
1.0 35 39 
1.5 51 40 
3.6 63 35 
5.0 62 51 

101 69 91 
91 70 75 
94 58 62 
92 59 64 
84 63 74 

97 59 85 
94 60 92 
105 63 93 
95 66 93 
100 59 87 

112 57 100 
73 64 67 
83 67 75 
71 70 71 
80 67 80 

93 63 77 
89 52 76 
84 48 76 
92 49 82 
99 56 92 

98 51 78 
91 53 86 
70 59 73 
24 51 24 
31 74 47 

99 64 90 
103 61 95 
90 66 89 
55 47 90 
24 43 70 

110 62 91 
102 65 76 
100 81 74 
51 82 55 
49 87 51 

83 47 78 
92 53 78 
77 54 85 
72 63 91 
51 49 68 

100 60 82 
90 41 69 
65 39 53 
51 51 87 
40 48 69 
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Table 3.2. Observed levels of Two-sided tests 
Censored observations between first and second failure. 
n=total sample size, n'= total uncensored sample size. The observed levels are 
one-thousandth of the column values. 

Shape Gehan Gehan Gehan Prentice Prentice 
n n' parameter V 

PM 
V 

CPM 
v 

JKG 
V 
¥ AST 

v 
JKP 

32 32 0.5 48 48 65 48 65 
3.6 51 51 73 51 61 

32 28 0.5 34 35 63 34 63 
3.6 38 38 69 38 61 

32 24 0.5 29 29 54 29 63 
3.6 24 24 49 24 57 

32 16 0.5 26 26 53 26 62 
3.6 26 26 61 34 78 

20 20 0.5 59 59 97 59 85 
3.6 66 66 95 66 93 

20 18 0.5 38 38 93 45 79 
3.6 42 44 95 44 87 

20 16 0.5 44 44 55 45 56 
3.6 44 44 67 44 66 

20 12 0.5 28 28 57 34 57 
3.6 27 27 55 34 56 

Table 3.3. Observed levels of One-sided tests 
n=20, n, = size of sample 1, n2= size of sample 2, and T°, T" are the censoring distributions in 
sample 1 and sample 2, respectively. The observed levels are one-thousandth of the column 
values. In brackets, one-sided tests with critical points -1.96,+1.96. 

Shape Gehan Gehan Gehan Prentice Prentice 

T" T" n, n2 
parameter V 

PM 
V 

CPM 
V 

JKG 
V 
v AST Vjkp 

UNC UNC 5 15 0.5 62(28,34) 60(38,22) 101(47,54) 69(30,39) 91(41,50) 
3.6 46(25,21) 58(40,18) 92(52,40) 59(33,25) 64(36,28) 

UNI UNI 5 15 0.5 55(35,20) 68(52,16) 112(51,62) 57(35,22) 100(42,58) 
3.6 55(31,24) 67(49,18) 71(27,44) 70(39,31) 71(29,42) 

EXP EXP 5 15 0.5 39(24,15) 56(52, 4) 98(42,56) 51(28,23) 78(38,40) 
3.6 33(28,5) 42(32,10) 24(10,14) 51(35,16) 24(10,14) 

EXP UNI 5 15 0.5 46(26,20) 60(46,14) 110(47,63) 62(35,26) 91(40,51) 
3.6 20(16,4) 78(70, 8) 51(21,30) 82(54,28) 55(23,32) 

15 5 0.5 54(24,30) 60(18,42) 100(59,41) 60(28,32) 82(48,36) 
3.6 63(21,42) 35( 6,29) 51(29,22) 51(19,32) 87(44,43) 
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jackknife estimators give non-conservative one-sided tests, but the observed levels are close to 

each other, i.e. are less influenced by the sample membership with the smaller sample size. 

Observ ed  Power  o f  Two- s ided  t e s t s  

With early crossing hazards and uncensored data, none of the standardised tests are 

particularly powerful, and in some unbalanced sample size cases, the tests are biased, i.e. the 

observed power is smaller than the observed level. With censorings, the standardised tests 

become more powerful, especially when standardising the Gehan statistic with the jackknife 

estimator (Figures 3.6 - 3.11). When standardising with the jackknife estimators, the Gehan 

tests give equal or larger observed power than the Prentice tests in most of the simulated cases. 

In unbalanced censored cases, tests with the traditional estimators are more powerful when the 

smaller sample is in the sample with the smaller value of the shape parameter, larger event rate 

in the first part of the period. Tests with the jackknife estimator are more powerful, when the 

smaller sample is in the sample with the larger value of the shape parameter, smaller event rate 

in the first part of the period. Tests using the jackknife estimators appear to be less influenced 

by the membership in the sample with the smaller sample size, than tests using the traditional 

estimators. In some cases, tests using the traditional estimators are biased. 

We have to bear in mind that a normal distribution were applied to approximate the 

distributions of the standardised test statistics. It might be of interest that methods yielding 

accurate approximations even in the extreme tails and in small samples also are considered. 

However, in next Section, differences in standardised versions of rank statistics when applied 

to the Larynx cancer data are demonstrated. 
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3.4 Larynx Cancer; 

A Numerical Example 

Recall from Section 2.5 that the Larynx cancer data is divided into twelve overlapping subsets, 

depending on the strategy of interest. For example, it might be of interest to compare the 

ability of two therapy treatments to prolong life or to compare the survival of patients in phase 

III and phase IV. For illustrative purposes, subsets of different sizes and of different censoring 

patterns are used. Note that the subsets in Table 3.4 denoted with boldface are the actual 

observed subsets in the study of Larynx cancer. As a complement, the remaining subsets 

illustrate censoring patterns caused by, for example, errors in the data. 

Recall from Section 2.4, that rank tests are derived with certain hazard functions in mind to 

achieve desirable power properties. If hazard functions are suspected to only differ during a 

part of the observation period, rank tests with varying weighting scores in (2.4.6), e.g. the tests 

of Gehan and Prentice, might be suitable. On the other hand, if the hazard functions are 

suspected to be proportional, then it might be more suitable to use the log-rank test. Therefore, 

differences in the standardised versions of the Gehan, the Prentice and the log-rank statistics 

are demonstrated. When standardising, the variance estimators in Section 3.1 are used. Note, 

the standardised version of the log-rank statistic, is derived with VCPM in (3.1.2). 

In the following analyses there are six standardised rank test statistics to compare, denoted by 

ZpM, ZcGm, ZjKG, ZPAST, ZjKP and Z!CPM, respectively. A normal distribution is assumed to 

approximate the distribution of each standardised test statistic. Further, in a two-sided null 

hypothesis testing of equal hazard functions, critical values of ± 1.96, 5% significance level, 

are used. Notice that in one-sided hypothesis testing (Latta, 1981), a normalised log-rank test 

making use of VCPM may be non-conservative for higher event rates in the smaller sample. On 

the other hand, the test is usually conservative for lower event rates in the smaller sample. This 

pattern seems to be more pronounced with the normalised log-rank test than with the 

no rm a l i s ed  Gehan  t e s t  w hen  mak ing  u s e  o f  V C P M .  

Two immediate conclusions emerge from the simulation study, First, in most of the subsets, the 

traditional estimators seem to be slightly less biased than the jackknife estimators in balanced 

size subsets. Secondly, for both the statistics of Gehan and Prentice, the jackknife estimators 

are recommended in unbalanced size subsets. Some further comments are the following. 

The results displayed in Table 3.4, show that all test statistics have observed values close to 

each other in subsets 1,10 and 11, i.e., in two approximately balanced, subsets 1 and 10, and 

in one unbalanced, subset 11, sample size subsets. Thus, a high censoring rate, approximately 
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Table 3.4. Larynx cancer. The test statistics of Gehan, Log-rank and Prentice, 

standardised with VPM, VCPM and VJKG, and VCPM, and VAST and VJKP, respectively. 

n is total number of observations, n, and n2 are the sizes of sample 1 and of sample 2, 
respe ctively, F denotes the number of failures in the first half of the observation period, C is 
the total number of censored observations, and z denotes the value of the standardised test 
statistic. 

Gehan Gehan Gehan Log-rank Prentice Prentice 

F C  
V  Y PM V R CPM V V CPM v  R AST v R J KP 

No n n\ N2 F C  ZG „G 7° „P ^P 
PM ^CPM JKG CPM "AST * J KP 

1 32 18 14 16 14 -0.92 -0.91 -0.98 -0.82 -0.92 -0.95 
2 32 18 14 15 14 -1.47 -1.48 -1.65 -1.31 -1.46 -1.59 
3 32 18 14 15 14 -0.32 -0.31 -0.33 -0.24 -0.31 -0.32 

4 32 20 12 16 14 2.93 3.19 3.48 2.99 3.02 3.40 
5 32 20 12 14 14 2.28 2.53 2.46 1.96 2.31 2.24 
6 32 20 12 13 14 1.91 2.13 2.00 1.30 1.88 1.72 
7 32 20 12 12 14 1.51 1.70 1.60 0.94 1.45 1.15 

8 20 13 7 7 12 -0.86 -0.84 -1.00 -0.81 -0.89 -1.00 

9 12 5 7 6 2 -1.71 -1.81 -2.32 -1.88 -1.72 -2.15 

10 32 18 14 16 14 -1.24 -1.23 -1.34 -1.28 -1.28 -1.34 

11 32 23 9 16 14 -0.62 -0.61 -0.65 -0.67 -0.64 -0.65 
12 32 23 9 15 14 -0.18 -0.18 -0.19 -0.16 -0.19 -0.20 
13 32 23 9 15 14 -0.62 -0.61 -0.65 -0.65 -0.63 -0.64 
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40 %, but no censoring in the first half of the observation period indicates equality of the test 

statistics. On the other hand, in subset 4, also with unequal sample sizes, the jackknife variance 

estimates are smaller than the traditional variance estimates. However, all tests result in the 

same decision, viz. in a rejection of a null hypothesis. 

In subset 9, there are only two censored observations in the second half of the observation 

period. Here, both z%G and zPJKP result in a rejection of the null hypothesis. This stands in 

contrast to "no rejection" with the other tests. When using the jackknife estimators, the 

simulation study indicates, that the tests are mostly non-conservative. However, heavy early 

censorings result in observed levels closer to the nominal value, than levels given by the 

traditional variance estimators. According to this, both z%G and ZjPKP, are probably result from 

underestimated variances in subset 9. 

Further, if a censored observation, perhaps resulting from error in the data, is introduced in the 

first half of the observation period in balanced sample size subsets, subsets 2 and 3, then 

depending on the rank of this observation, the observed value of each test statistic varies 

notably. This could lead to problems with the applicability of the test result. 

Moreover, allow for an increasing number of censored observations in the first half of the 

observation period in an unbalanced sample size subset. With two censored observations, 

subset 5, all tests result in a rejection of the null hypothesis. On the other hand, with three 

censored observations, subset 6, both zGPM and z%G result in a decision opposite to the 

decision yielded by the other test statistics in a significance test. With four censored 

observations, subset 7, none of the tests reject the null hypothesis of equal hazard functions. 

Notice that zGPM is considerably lower than observed values of the other test statistics. As 

mentioned earlier (Latta, 1981), the comparison with z°CPM is of special interest. Further, when 

increasing the number of censorings, z%G and zPJKP change from being larger to being smaller 

than ZCPM and z.PAST , respectively. 

Depending on the standardised test statistic, the assumed approximate distribution and the 

significance level used, but also on the censoring pattern in the sample, a null hypothesis of 

equal hazard functions in two populations would be rejected or not rejected. Since the 

censoring pattern might be yielded by errors in the data, the applicability of a test result 

depends, among other things, on the sensitivity of a test statistic to the quality of the data. 

Chapter 4 is therefore devoted to establishing the sensitivity of standardised generalized 

Wilcoxon test statistics to gross errors and misclassifications in small samples. The Larynx 

cancer data is further explored in Section 4.5 
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Chapter 4 

Generalized Wilcoxon Rank Test Statistics and 

Sensitivity Curves 

An observation, i.e. a failure or a censored observation, in a sample, contaminated with error 

as described in Section 3.4, can lead to problems with the applicability of the result. More 

precisely, depending on the rank of the contaminated observation, the observed value of a rank 

test statistic may vary notably. It should be borne in mind that when using statistical techniques 

for analysing data, the applicability of the results depend on the formulation of the hypothesis 

under consideration, the assumptions made, the tests used and the observed data. Many 

commonly made assumptions are at most approximations to reality. One of the reasons for this 

is the occurrence of gross errors such as measuring-, copying- and keypunch errors. Other 

sources of errors are misclassifications, e.g. a failure, death, replaced by a censored 

observation or vice versa, and incorrect membership of an observation in a sample. Thus, it is 

desirable to take into account the quality of the data and the impact and character of influential 

observations when selecting a technique for the statistical inference. There is now an increasing 

amount of literature on various aspects of robustness of techniques used in uncensored cases. 

For example, in the robustness theory of Hampel (1974, 1986), there are three important 

concepts, i.e. the influence function, IF, the gross error sensitivity and the breakdown point. 

The definition of the influence function is entirely asymptotic, because it focuses on the 

asymptotic value of the statistic. Techniques used in censored small sample cases have not 

been evaluated to the same extent. 

The purpose of this Chapter is to exemplify how techniques based on a finite sample version of 

the influence function, and of the breakdown point for tests, can be applied when working with 

standardised versions of the generalized Wilcoxon test statistics using censored data in small 

samples with different variance estimators. The emphasis is on the possibility of detecting 

influential observations, and judging the importance of gross errors and misclassifications for a 

decision with a given test statistic and an observed sample. Finally, a hint is given about which 

test statistic to choose when there are some prejudices about the sample. Simulation results 

(Öhman, 1991) are used to interpret the sensitivity of the tests when considering actual level 

and power. First, in Section 4.1, three concepts are briefly introduced, i.e. the influence 

function, the gross error sensitivity and the breakdown point. In Section 4.2, the small sample 
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versions of these concepts to be used in the simulation study in Sections 4.3 and 4.4, are 

defined. Finally, in the last Section, the small sample versions of these concepts are applied in a 

numerical illustration using the Larynx cancer data. 

4.1 Influence Function, Gross Error Sensitivity and 

Break Down Point 

The assumption that two distribution functions, or hazard functions, are identical is rather 

strong and is violated by the slightest amount of contamination in the distribution functions. 

One way to investigate the robustness of a test against contamination in failure distributions is 

to study the stability of its level and power under small changes of the model distribution. 

Outliers, resulting from contaminated observations, may influence the probability that the test 

rejects the null hypothesis, since the true distribution can become part of the alternative instead 

of the null hypothesis. Three important concepts in the robustness theory of Hampel (1968, 

1974) are the influence function, IF, the gross error sensitivity and the breakdown point. 

Consider a statistic which is a functional S of the distribution function F, i.e. S = S(F) ,  or can 

be  r ep l a c ed  a sympto t i ca l l y  by  a  func t i ona l  S,  i . e .  S N{T^,T2 , . . . ,TN )  = S„(FN )  —> S(F) ,  where  F N  

is the empirical distribution function. The influence function of the functional S is then: 

where e is the size of contamination and <5, is the point mass 1 at time point t .  

The original use of the influence function and related notions exploited by von Mises (1947) 

was for determining the asymptotic properties of an estimator. Hampel (1974) and Andrews et 

al. (1972) use influence functions to compare estimators and to suggest robust modifications of 

existing estimation techniques. The ordinary IF is most useful in connection with Fisher 

consistent estimators. Rank statistics in two sample cases provide examples of statistics that 

fail to be Fisher consistent. Rousseeuw and Ronchetti (1981) modified the definition of the 

influence function so that it became more useful. For censored data, Reid (1981a) calculated 

the IF for the Product-Limit estimator of survival time and for estimators which are functions 

of the Product-Limit estimator. Reid and Crepeu (1985) presented influence functions for 

regression parameters in the proportional hazards model with censored data. They also 

(4.1.1) 
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suggested that empirical influence functions, computed for each observation and each 

covariate, could be useful in identifying influential observations. 

In the two sample uncensored case, a contamination may occur in sample 1, in sample 2 or in 

bo th samples. Thus, there are three different influence functions, IFlesn, IFtt/yll and IFtest. The 

influence functions of a test statistic, IFtesn,JFtest2 and IFtest, describes the effect on the test 

statistic of an infinitesimal contamination at one point in sample 1, sample 2 and in each 

sample, respectively, standardised by the mass of the contamination (Rousseeuw and 

Ronchetti, 1981). This means, it gives a picture of the infinitesimal behaviour of the asymptotic 

value of the test statistic, and measures the asymptotic bias caused by contamination in the 

population. Under the null hypothesis, the functional S treats both samples in the same way, 

since 

IF t a a  ( t x , t 2 ; S ,F )  =  lF , e m ( t t ; S ,F )  +  IF t e s t 2 ( t 2 ;S , F ) i.e. 

IF , e s l i ( t l  ;S , F )  =  - IF l e s f 2  (f, ; 5, F) and IF t c s l  (f,, ; S, F) = 0. (4.1.2) 

Rousseeuw and Ronchetti (1981) examined the influence of contamination on the level and 

p ower  o f  a  t es t .  By  means  o f  a symp to t i c  no r ma l i t y  t h ey  e va l ua t e d  t he  i n f l uence  func t i o ns  L IF  

(level influence function) and PIF (power influence function) and found that both were 

p ropo r t i o na l  t o  IF U . S [ .  

An important norm of the IF ,  introduced by Hampel (1974), is the supremum of the absolute 

value of the influence function over the sample, called "the gross error sensitivity". It is a local 

robustness measure, measuring the maximum bias caused by infinitesimal contamination. An 

undesirable property of a statistic is an unbounded influence function, in which case a small 

perturbation can produce an arbitrarily large relative change in the value of the statistic. The 

uncensorcd Wilcoxon test has a bounded influence function. 

The breakdown point, or the global robustness of a statistic, is another important measure. 

(Hampel, 1974; see also Hampel et al., 1986 for a finite sample break down point of an 

estimator). It is defined as the smallest percentage of contamination in the data that may cause 

the statistic to take on arbitrarily large values. The asymptotic breakdown point for an 

uncensored Wilcoxon test is 29.3 % (Huber, 1977). Statistics that treat observations equally 

have maximal break down point of 50 %, since for larger amounts of contamination, the 

statistic cannot distinguish between the "good" and the "bad" parts of the sample. 
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4.2 Sensitivity Curves and Change of Decision Point 

The definition of the influence function by Hampel (1974) and Rousseeuw and Ronchetti 

(1981) is entirely asymptotic, because it focuses on the asymptotic value of the statistic. 

Several finite sample versions of the influence function exist, one of which is the sensitivity 

curve, SCn, introduced by Tukey (1970, 1971). This curve shows the effect of adding, or 

replacing, a failure on a statistic, Sn. SCn describes the effect an additional failure may have in 

the combined uncensored sample, while the IFlesl extends this notion from sample to 

population. Rounding or grouping of a failure is conceptually the same as the removal of the 

failure followed by its reintroduction elsewhere. In the case of an additional failure at t, one 

starts with a sample (f, ,f2,...,fn_,) of « -1 failures and then defines the sensitivity curve as 

SC n ( t )  =  
S n ( t ] , t 2 , . " ,  t n _ x  , t )  S n _ l ( t l , t 2  )  

n [S n ( t ^ t 2 , . . . , t n _ x , t ) - S n _ x { t ^ t 2 , . . . , t n _ { ) ]  (4.2.1) 

Since the sample size is taken into account, comparisons among different sample sizes are 

possible. Rank test statistics have bounded sensitivity curves. When the statistic Sn can be 

written as a functional S(Fn) of the empirical distribution Fn, then 

SC n ( t )  =  
S ( ( l - - )F n _ ] +-8 l ) - S (F n _ l )  

n  n  (4.2.2) 

where F n _ x  is the empirical distribution of ( t i , t 2 , . . . , t n _ 1 )  and 8 t  is the point mass 1 at time t .  

This last expression is a special case of the definition of the IFlesl, with F„_, as an 

approximation for F and with contamination size equal to Mn. In many situations, SCn will 

therefore converge to IF(t,S,F) when n —» The SCn is a translated and rescaled version of 

the empirical influence function (Hampel et al., 1986). 

In the case with censored observations (2.4.2) with the test statistic Un, where the censored 

observations in the interval [r(I), ?([+]) ) are assigned rank i , an additional failure and an 
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additional censored observation are assigned rank i  +  \  and i  , respectively, where i  =0,1 

Figures 4.1a and 4.1b, show sensitivity curves for an uncensored balanced sample size case 

under H0, i.e. equal hazard functions. The additional observation is a failure in sample 1 and 

sample 2, respectively. The test statistics of Gehan and Prentice are normalised with the 

jackknife variance estimators. 

If the sample is subjected to a test of a hypothesis, one might ask whether the particular 

decision reached is made because of the "bad" rather than the "good" observations. For 

analysing these questions Ylvisaker (1977) defined the resistance of a test to acceptance, and 

its resistance to rejection. The resistance of a test is a finite sample version of a test break 

down point analogous to the Hampel's finite breakdown point of an estimator. See also Rieder 

(1982) for asymptotic breakdown points of test statistics, which coincide with the break down 

points of corresponding R-estimators, Hampel (1971). For testing a hypothesis, suppose a 

critical point pn is adopted and the following rule to reject or accept, not reject, a null 

hypothesis. If the observed value of the test statistic, Sn, is greater than pn, then the hypothesis 

is rejected, otherwise the hypothesis is accepted. The resistance to acceptance, rejection, of the 

t e s t ,  S n  ;  p n ,  i s  d e f i ned  t o  be  t he  sma l l e s t  p ropo r t i o n  I n  f o r  wh i ch ,  no  ma t t e r  w ha t  t  x  

a r e ,  S n  r ema in s  l e s s  t han  p n ,  g r ea t e r  t han  p n .  

For an uncensored rank test, the decision, i.e. rejecting or not rejecting the null hypothesis, is 

unchanged as long as the order of the observations remains the same between sample 1 and 

sample 2. With censored data, attention must also be paid to the order of the censored and the 

uncensored observations. When considering a given combined sample, a change of decision 

point, cdp, is defined in this thesis, as the smallest proportion of altered positions resulting in 

an opposite decision. The number of censored and uncensored observations are held fixed for 

sample 1 and sample 2 for any given combined sample, i.e. the impact of gross errors on the 

decision. 

To establish the sensitivity to gross errors and misclassifications for standardised versions of 

generalized Wilcoxon rank sum test statistics in small sample size problems with right 

censorings, the sensitivity curves of Tukey (1970, 1971) and Monte Carlo simulation studies 

are used. Further, for a certain combined sample, possibly contaminated with gross errors, the 

change of decision point serves as a relatively simple method to establish the applicability of 

the inference given by the selected rank test. This is further explored in Sections 4.3 and 4.4. 
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4.3 Design of Sensitivity Experiments 

a Monte Carlo Simulation Study 

The aim of this simulation study is determine four sensitivity curves for each test statistic in 

each case studied. There are four sensitivity curves according to whether the additional 

observation is a failure or a censored observation, in sample 1 or sample 2. This was carried 

out for a 1000 replicates. However, to reduce the work effort this study is conducted in two 

separate experiments. 

In the first experiment, the sampling procedure of Section 3.2 is used, although only one 

replicate is generated for each case studied. The sizes of sample 1 and sample 2 vary from 4 to 

75 observations. The sensitivity curves of the generalised Wilcoxon linear rank sum test 

statistics of Gehan (1965) and Prentice (1978), standardised with variance estimates derived 

from VPM, VCPM and VJKG and VAST and VMF respectively, are calculated. With a total sample 

size of a maximum of 20 objects, the change of decision point, cdp, is calculated for all 

uncensored cases, while in the censored cases, for practical reasons, they are only calculated 

for a few cases. Figures 4.1.a- 4.l.d show sensitivity curves for some of the cases. The 

sensitivity curves are bounded and increasing, an additional observation in sample 1, or 

decreasing, an additional observation in sample 2. An additional censored observation in 

sample 1 results in positive sensitivity values which have a maximum which is identical to the 

maximum when there is an additional failure in sample 1. For sample 2, an additional censored 

observation yields negative values, with a minimum identical to the minimum obtained with an 

additional failure. Thus, in a sensitivity analysis of gross errors and misclassifications, only the 

upper and lower bounds of an additional failure for each sample need to be calculated. The 

upper and lower bounds of an additional censored observation or a misclassification can then 

be derived easily from these values. 

In the second experiment, some of the results according to the standardised versions of the test 

statistics are supplemented by a simulation study. 10.000 replicates are generated for each of 
the cases resulting from the combinations of a total sample size of n = 20; n{ =5, n2 = 15; 

= 10, n 2  = 10; n, = 15, n 0  =5; and with censored observations between the first and second 

failure, n[ = n2 — 9; n[ = n'2 = 6. The shape parameter p] in sample 1 is set to 0.5 and 3.6 and 

the shape parameter p2 for sample 2, is set to be greater than or equal to p]. For each case 

studied the minimum, maximum and the quartiles of the sensitivity curves and of the range of 

the sensitivity curves are calculated when an additional failure is introduced in sample 1 or in 

sample 2 and when a failure in sample 1 is replaced by a failure in sample 2. 
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To interpret the sensitivity of the tests when considering the actual level and power for each 

tests, the number of replicates for which the standardised version of the statistic exceeded 

± 1.96, 5% significance level, assuming a normal distribution, are recorded. Observed levels 

and powers are computed when introducing an additional failure in sample 1 and sample 2. The 

additional failure is included so as to cause either zero sensitivity or a sensitivity at the upper or 

the lower bounds. Furthermore, the proportion of censored values are calculated for both 

samples and for the combined sample. 

4.4 Results from a Monte Carlo Simulation Study 

The results from the simulation study show that, relative to level and power at zero sensitivity, 

the sizes of the changes in observed level and power caused by an additional observation or a 

misclassification depend on the combination of the selected test statistic and observed data. 

Configurations of the sensitivity curves may then serve as a warning to caution when making a 

decision. Some of the results from the study are displayed in Tables 4.1-4.5 according to: 

-Sensitivity values (Table 4.1) 

-Ranges of upper and lower bounds of sensitivity values (Table 4.2) 

-Misclassifications (Table 4.3) 

-Observed level and power (Table 4.4) 

-Change of decision point (Table 4.5) 

For visual aid some examples are given in Figures 4.1-4.6. The main conclusions to draw from 

our study may be summarised as follows. 

Gross  e r r or  s ens i t i v i t y .  Ad d i n g  a  fa i l u re  

In balanced uncensored cases, a given test statistic treats both samples similarly, i.e. the 

absolute values of the four bounds are equal (Table 4.1, 4.2). With censorings, there seems to 

be a tendency towards larger absolute values, i.e. larger gross error sensitivity. In unbalanced 

cases, the larger gross error sensitivity is reached in the sample with the smaller sample size. 

With equal hazard functions and with uncensored data, \lower bound\ = \upper bound\ for each 

sample. When n2 = 3n} or /z, = 3n2, the relation between the ranges of the bounds for samples, 

smaller sample size to larger sample size, is approximately 3:1 (Figures 4.2a and 4.2b). 

When considering rank tests, the robustness of the power is the important aspect of robustness, 

since the significance levels of a rank test does not depend upon assumptions about the 

continuous hazard function, or survival function. For each normalised test statistic, there seems 

to be a tendency towards larger gross error sensitivity with unequal hazard functions than with 

equal hazard functions, and when the number of censorings are increasing (Figures 4.1a, 4.1b, 

48 



4.3 and 4.4). Relative to level and power at the zero value of a sensitivity curve, the level and 

power are found to decrease, increase, when a failure is added, so that the sensitivity values are 

positive, negative (Table 4.4). A small, large, range between the upper and lower bounds of a 

sensitivity curve results in small, large, differences in level and power (Figures 4.5a, 4.5b, 4.6a 

and 4.6b). Consider the following examples as illustrations. With equal hazard functions, the 

observed level may be altered from 0.109, lower bound of sensitivity= - 9, via 0.106, zero 

sensitivity, to 0.083, upper bound of sensitivity= 14, for the statistic of Gehan normalised with 

the jackknife variance estimator VJKG, or from 0.105, lower bound of sensitivity^ - 7, via 

0.049, zero sensitivity, to 0.035, upper bound of sensitivity= 16, for the statistic of Gehan 

normalised with the conditional permutational variance estimator VCPM. With unequal hazard 

functions and heavy censorings in an unbalanced case, the observed power may be altered from 

0.718, lower bound of sensitivity= - 8, via 0.558, zero sensitivity, to 0.002, upper bound of 

sensitivity= 37, for the statistic of Gehan normalised with the jackknife variance estimator 

VJKG, or from 0.712, lower bound of sensitivity= - 9, via 0.529, zero sensitivity, to 0.288, 

upper bound of sensitivity = 13, for the statistic of Gehan normalised with the conditional 

permutational variance estimator VCPM. Thus, the user should interpret the test result with 

caution when the sensitivity curve is displaced towards positive sensitivity values. A 

comparison of the normalised test statistics reveals that in most of the simulated cases, the 

Gehan test statistic normalised with the jackknife variance estimator has the largest gross error 

sensitivity. 

Misc la s s i f i ca t i o n  

Replacing a failure with a censored observation results in a maximum or a zero influence, 

depending on whether the observation has the smallest or the largest failure time (Table 4.3, 

4.4). Symmetrical or nearly symmetrical sensitivity curves are reached with uncensored data in 

balanced cases and in unbalanced cases with equal hazard functions. Replacing a failure in 

sample 1 with a failure in sample 2, then results in a maximum when the observation has either 

the smallest or the largest failure time. In the other cases, the sensitivity for a misclassification 

is larger with the smaller observation times. Changes in level and power caused by a 

misclassification depend on the displacement of the sensitivity curves, relative sample sizes and 

the relation of the ranges in the samples. Changes caused by a gross error, added failure, 

depend on the displacement of the upper and lower bound in relation to each other, but also on 

the ranges of the bounds. Large changes in power caused by a misclassification or a gross error 

is observed, for example in Figures 4.5a, 4.5b and Figures 4.6a, 4.6b, when standardising with 

VCFM and VJKG, respectively. In most of the cases simulated, a misclassification is more severe 

than a gross error since it gives rise to a somewhat larger influence than a gross error, added 

failure, does. When a failure in sample 1 is replaced by a failure in sample 2, some noticeable 

differences between the normalised tests are found with censored data and unequal hazard 
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Table 4.1. Sensitivity Values. The standardised test statistics of Gehan and Prentice 

Qj are the quartiles of 10.000 replicates in each case. 

Gehan Gehan 

V PM v V CPM 

Censoring Sample Shape Lower bound Upper bound Lower bound Upper bound 
di str. size parameter 
S 1 S 2 S 1 S 2 S 1 S 2 Q 1 Q3 Q l Q 3 Q l Q3 Q 1 Q3 

UNC UNC 10 10 0.5 0.5 S 1 -8 -6 6 8 -8 -6 7 8 
S 2 - 8 -6 6 8 -8 -7 6 8 

EXP EXP S 1 -10 -7 4 6 -10 -7 4 6 
S 2 -6 -4 7 10 - 6 -4 7 10 

UNC UNC 0.5 3.6 S 1 -7 -5 7 10 -8 -5 8 10 
S 2 -7 -5 7 10 -8 -5 8 10 

EXP EXP S 1 -6 -4 6 8 -6 -4 6 8 
S 2 -4 -3 14 16 -4 -3 14 16 

UNC UNC 5 15 0.5 0.5 S 1 -14 -11 11 14 -13 -12 10 15 
S 2 -5 -4 4 5 -5 -4 3 6 

EXP EXP S 1 -16 -12 7 9 -16 -13 6 10 
S 2 -3 -2 4 6 -3 -2 4 7 

UNC UNC 0.5 3.6 S 1 -13 -8 12 16 -13 -10 11 21 
S 2 -5 -2 4 6 -5 -4 4 9 

EXP EXP S 1 -14 -7 11 15 -15 -7 12 19 

S 2 -3 -1 10 15 -3 -2 11 18 

UNC UNC 15 5 0.5 0.5 S I -5 -4 4 5 -6 -3 4 5 
S 2 -14 -11 11 14 -15 -10 12 13 

EXP EXP S 1 -6 -4 2 3 -7 -4 2 3 
S 2 -9 -7 12 16 -10 -6 13 16 

UNC UNC 0.5 3.6 S 1 -4 -3 5 6 -4 -3 4 5 
S 2 -12 -10 13 15 -11 -9 13 14 

EXP EXP S 1 -3 -2 3 5 -3 -2 3 4 
S 2 -6 -5 18 20 -6 -5 17 19 
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Gehan Prentice Prentice 

V V V v I'M AST JKP 
Lower bound Upper bound Lower bound Upper bound Lower bound Upper bound 

Q 1 03 0 1 Q3 Q1 Q 3 Q i Q3 Q i Q3 Q i Q3 

-9 -7 7 9 -9 -6 6 8 -9 -7 7 8 
-9 -7 7 9 -9 -6 6 8 -9 -7 7 8 

-11 -8 4 6 -9 -7 5 7 -10 -8 5 7 
-6 -4 8 11 -7 -5 7 9 -7 -5 8 10 

-8 -7 7 10 -8 -5 8 10 -7 -6 7 10 
-8 -7 7 10 -8 -5 8 10 -7 -6 7 10 

-10 -9 7 13 -7 -4 8 11 -9 -8 8 16 
-4 -2 15 27 -6 -4 11 13 -7 -4 9 20 

-15 -11 11 15 -14 -11 11 14 -14 -11 u 14 
-5 -4 4 5 -5 -3 3 5 -5 -4 4 5 

-18 -12 7 10 -15 -12 8 11 -16 -11 8 11 
-4 -2 5 6 -4 -2 4 6 -4 -2 4 5 

-11 -9 10 15 -15 -9 14 20 -10 -9 9 14 
-4 -3 3 4 -6 -2 4 10 -3 -3 3 4 

-14 -11 8 12 -15 -8 14 22 -13 -10 10 21 
-2 -0 6 8 -4 -2 7 14 -3 -0 4 7 

-5 -4 4 5 -5 -3 3 5 -5 -4 4 5 
-15 -11 1 1 15 -14 -1 1 11 14 -14 -11 11 14 

-6 -5 2 4 -6 -4 2 4 -6 -4 2 4 
-10 -7 12 18 -11 -8 12 15 -11 -8 11 16 

-5 -4 6 7 -4 -3 4 6 -5 -4 5 7 
-14 -12 14 21 -12 -10 12 14 -13 -11 14 20 

-5 -3 4 6 -4 -3 4 7 -5 -3 4 7 
-8 -6 28 37 -9 -6 15 18 -11 -7 20 30 
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Table 4.2. Ranges of Upper and Lower Bounds of Sensitivity Values 
The standardised test statistics of Gehan and Prentice. 
Qi are the quartiles of 10.000 replicates in each case. 

Censoring Sample Shape Gehan Gehan Gehan Prentice Prentice 
distr. size parameter V 

PM 
v 
v CPM 

v 
JKG V, VST v v JKP 

SI S 2 S 1 S 2 S 1 S 2 Q i Q3 Q 1 Q 3 Q 1 Q3 Q l Q 3 Q i Q 3 

UNC UNC 10 10 0.5 0.5 S 1 15 15 15 15 15 17 15 15 15 17 
S 2 15 15 15 15 15 17 15 15 15 17 

EXP EXP S 1 12 15 12 15 14 16 13 15 13 16 
S 2 12 15 12 15 14 16 13 15 13 16 

UNC UNC 0.5 3.6 S 1 15 15 15 15 14 18 15 16 13 17 
S 2 15 15 15 15 14 18 15 16 13 17 

EXP EXP S 1 10 14 11 14 16 22 13 18 15 24 
S2 17 19 17 20 18 28 16 18 15 24 

UNC UNC 5 15 0.5 0.5 S 1 25 25 23 26 24 29 24 26 23 28 
S 2 9 9 8 10 9 10 8 9 8 10 

EXP EXP S 1 21 24 22 24 21 27 21 24 21 26 
S 2 7 9 6 10 8 9 7 9 7 9 

UNC UNC 0.5 3.6 S 1 25 25 25 32 19 25 28 32 18 24 
S 2 9 9 9 13 7 8 11 13 6 7 

EXP EXP S 1 21 27 25 30 20 26 27 32 21 30 
S 2 12 16 14 21 7 9 11 16 7 9 

UNC UNC 15 5 0.5 0.5 S 1 9 9 8 9 9 10 8 9 8 10 
S 2 25 25 23 26 24 29 24 26 23 28 

EXP EXP S 1 7 9 6 9 7 9 7 9 7 9 
S 2 21 23 22 24 21 27 21 25 21 26 

UNC UNC 0.5 3.6 S 1 9 9 8 8 n H 8 9 10 1 1 
S 2 25 25 23 24 28 33 24 24 27 31 

EXP EXP S 1 5 8 5 7 7 11 7 10 8 1 1 
S 2 24 26 22 25 35 44 22 25 28 39 
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Table 4.3 Misclassifications. A failure in sample 1 is replaced by a failure in sample 2 
The standardised test statistics of Gehan and Prentice. 
Qi are the quartiles of 10.000 replicates in each case. First, the smallest failure time, Last, the 
largest failure time. 

Censoring Sample Shape Gehan Gehan Gehan Prentice Prentice 
di str. size parameter V V V V V 

PM CPM JKG AST VJKP 
SI S 2 SI S 2 SI S 2 Ql Q3 Ql Q3 Ql Q3 Ql Q3 QI Q3 

UNC UNC 10 10 0.5 0.5 First -15 -15 -15 -15 -17 -15 -15 -15 -17 -15 
Last 15 15 15 15 15 17 15 15 15 17 

EXP EXP First -18 -16 -18 -17 -22 -18 -17 -16 -19 -16 
Last 9 15 9 11 9 11 10 13 10 14 

UNC UNC 0.5 3.6 First -15 -15 -15 -15 -18 -14 -16 -15 -17 -13 
Last 15 15 15 16 14 18 15 16 13 17 

EXP EXP First -21 18 -21 -18 -36 -25 -19 -17 -28 -18 
Last 9 11 10 12 10 15 13 16 13 21 

UNC UNC 5 15 0.5 0.5 First -17 -16 -17 -17 -20 -16 -17 -16 -19 -15 
Last 16 17 15 18 16 20 16 17 15 19 

EXP EXP First -20 -18 -21 -19 -24 -18 -20 -18 -21 -16 
Last 9 12 9 13 10 13 11 15 11 15 

UNC UNC 0.5 3.6 First -17 -15 -19 -18 -15 -13 -22 -19 -14 -12 
Last 16 19 16 25 13 17 20 23 12 17 

EXP EXP First -26 -20 -28 -24 -21 -18 -24 -21 -19 -15 
Last 14 16 15 22 9 14 18 24 13 21 

UNC UNC 15 5 0.5 0.5 First -17 -16 -17 -17 -20 -16 -18 -16 -19 -16 
Last 16 17 15 18 16 20 16 18 16 19 

EXP EXP First -21 -18 -21 -19 -24 -18 -20 -18 -21 -16 
Last 9 12 9 12 10 13 11 15 11 15 

UNC UNC 0.5 3.6 First -18 -17 -17 -16 -25 -20 -17 -16 -24 -19 
Last 15 16 14 16 18 20 16 16 17 19 

EXP EXP First -23 -21 -22 -19 -39 -33 -21 -19 -33 -25 
Last 8 10 8 10 11 14 11 15 12 17 
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functions. When the smaller sample size is in the sample with the larger event rates, the 

traditional variance estimators seem to give more sensitive tests than tests normalised with the 

jackknife technique. In the other cases the results are the very opposite. 

Change  o f  dec i s ion  po in t  ( cdp )  

Contamination in only one observation time may give rise to two altered positions, i.e. two 

observations from different samples, or an uncensored and a censored observation from the 

same sample are interchanged. With n = 20, equal hazard functions, uncensored data and two-

sided alternatives, the decision is changed when two or four positions are altered, depending 

on whether the jackknife or the traditional variance estimators are used (Table 4.5). With 

unequal hazard functions, censored or uncensored data, almost all normalised tests result in a 

changed decision when two positions are altered. For combined sample sizes of n = 30 or less, 

it should be enough to calculate "prob, values" when two observations from different samples 

are interchanged, i.e. at most 225 "prob, values". Therefore the cdp is a relatively simple 

method to establish the applicability of an inference. 

One conclusion from the analysis is that an apparent danger is obviously associated with the 

use of standardised rank statistics for analysing data, when there are gross errors and 

misclassifications. Methods for indicating and alleviating this danger are required. One 

possibility is to implement sensitivity analysis as a step that is routinely taken in empirical 

studies. The important characteristics of the sensitivity analysis as reported here, viz. the upper 

and lower bounds of the sensitivity curve and the change of decision point, are all 

computationally manageable with the aid of a personal computer. In next Section an illustration 

of sensitivity analysis applied to the Larynx cancer data is presented. 

57 



Table 4.5. Change of Decision Point. The normalised test statistics of Gehan and Prentice. 
Critical points of ± 1.96; values leading to changed decision are boldfaced. 
One replicate for each case. 

Censoring Sample Shape Number Gehan Gehan Gehan Prentice Prentice 
distr. size parameter of altered V V V V V 

PM CPM JKG AST VJKP 

SI S2 SI S2 SI S2 positions Min. Max. Min. Max. Min. Max. Min. Max. Min. Max. 

UNC UNC 10 10 0.5 0.5 0 0.49 0.49 0.49 0.49 0.49 0.49 0.49 0.49 0.46 0.46 
2 -0.73 1.92 0.73 1.94 -0.76 2.40 -0.73 1.93 -0.73 2.28 
4 -1.71 3.18 -1.75 3.38 -2.09 8.30 -1.71 3.37 -1.98 7.89 

UNC UNC 0.5 3.6 0 -1.96 -1.96 -2.05 -2.05 -2.17 -2.17 -2.08 -2.08 -2.06 -2.06 
2 -2.94 -0.57 -3.20 -0.58 -5.26 -0.54 -3.12 -0.59 -4.99 -0.52 
4 -3.59 -0.65 -4.11 0.65 -6.45 0.64 -3.99 0.67 -5.20 0.61 

EXP EXP 0 -2.42 -2.42 -2.61 -2.61 -3.06 -3.06 -2.67 -2.67 -3.23 -3.23 
2 -2.71 -0.75 -3.09 -0.76 -3.36 -0.74 -3.14 -0.79 -3.90 -0.66 
3 -2.75 -0.76 -3.16 -0.78 -3.40 -0.74 -3.16 -0.77 -4.07 -0.63 
4 -2.97 0.63 -3.64 0.63 -3.43 0.64 -3.41 0.64 -4.28 0.57 

UNC UNC 5 15 0.5 0.5 0 0.10 0.10 0.10 0.10 0.11 0.11 0.10 0.10 0.10 0.10 
2 -1.30 1.80 -1.46 1.63 -1.31 2.20 -1.36 1.81 -1.24 2.09 
4 -2.30 2.50 -3.05 2.26 -2.40 2.86 -2.64 2.82 -2.28 2.72 

UNC UNC 0.5 3.6 0 -2.40 -2.40 -3.20 -3.20 -2.76 -2.76 -2.65 -2.65 -2.62 -2.62 
2 -3.00 -0.60 -4.90 -0.64 -3.15 -0.53 -3.97 -0.65 -3.00 -0.51 
4 -2.90 0.90 -4.53 0.87 -3.12 0.80 -3.67 0.99 -2.97 0.76 

EXP EXP 0 -2.23 -2.23 -2.68 -2.68 -1.61 -1.61 -2.39 -2.39 -1.52 -1.52 
2 -2.42 0.09 -3.28 0.09 -1.71 0.07 -2.98 0.39 -1.65 0.24 
3 -2.46 0.09 -4.16 0.09 -1.72 0.07 -3.24 0.42 -1.70 0.27 
4 -2.51 1.71 -4.22 1.63 -1.72 1.98 -3.30 2.35 -1.70 2.13 

UNC UNC 15 5 0.5 0.5 0 0.50 0.50 0.50 0.50 0.64 0.64 0.46 0.46 0.61 0.61 
2 -1.00 1.80 -0.93 1.92 -1.15 2.17 -0.97 1.82 -1.09 2.06 
4 -2.10 2.60 -1.91 2.66 -2.39 2.94 -2.24 3.00 -2.28 2.79 

UNC UNC 0.5 3.6 0 -1.30 -1.30 -1.19 -1.19 -1.66 -1.66 -1.24 -1.24 -1.58 -1.58 
2 -2.10 0.10 -1.87 0.10 -2.49 0.10 -2.20 0.10 -2.36 0.10 
4 -2.60 1.30 -2.35 1.46 -2.94 1.31 -3.00 1.36 -2.79 1.24 

EXP EXP 0 -1.84 -1.84 -1.66 -1.66 -2.20 -2.20 -1.78 -1.78 -1.97 -1.97 
2 -2.13 -0.07 -1.94 -0.06 -2.53 -0.05 -2.38 -0.17 -2.75 -0.14 
3 -2.44 -0.07 -2.16 -0.06 -2.53 -0.05 -2.68 -0.10 -3.00 -0.09 
4 -2.45 1.38 -2.18 1.44 -2.53 1.05 -2.78 1.16 -3.13 0.87 
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4.5 Sensitivity Analysis in Larynx Cancer Data; 

A Numerical Example 

One conclusion in Section 3.4 was, that depending on the rank of an observation being 

contaminated with error, the observed value of a rank test statistic may vary notably. In this 

Section, a sensitivity analysis of subsets 1, 4, 8, 9, 10 and 11 in Table 3.4 is carried out. 

One way to measure the influence of an observation on a given result is to compare the result 

based on full data with the result based on the data without the observation. When using the 

sensitivity curves in (4.2.1), the total sample size of n observations in Table 3.4 is therefore 

increased by an additional observation. According to the first experiment in Section 4.3, the 

sensitivity curves are bounded and increasing, an additional observation in the sample denoted 

with IZ— 1, i.e. sample 1, or decreasing, an additional observation in the sample denoted with 

IZ- 0, i.e. sample 2. An additional censored observation, ID- 0, in sample 1, IZ - 1, results 

in positive sensitivity values which have a maximum identical to the maximum when there is an 

additional failure, ID- 1, in sample 1, 7Z= 1. For sample 2, 7Z = 0, an additional censored 

observation, ID = 0, gives negative values, with minimum identical to minimum obtained with 

an additional failure, ID= 1. Therefore, in Tables 4.6, 4.7 and 4.8, an additional failure, ID - 1, 

is included so as to have the smallest, FIRST, and the largest, LAST, observation time in the 

comb ine d  s am p le .  Th i s  i s  f o r  a  f a i l u r e ,  ZD= 1 ,  i n  s amp le  1 ,  IZ -  1 ,  and  s amp l e  2 ,  I Z -0 ,  

respectively. The upper and lower bounds of an additional censored observation or a 

misclassification can then be derived easily from these values. Further, when examining the 

impact of simultaneous errors in the data, the change of decision point in Section 4.2 is used. 

The results are displayed in Table 4.9. 

However, let us first analyse the influence of gross errors and misclassifications on the result 

for subset 1 when using the statistic of Gehan standardised with VPM (Table 4.6). When an 

additional failure, ID= 1, from sample 1, 7Z= 1, attains the smallest observation time, FIRST, 

the gross error sensitivity is |- 7.43|. If this observation is censored, ID - 0, the result is a zero 

sensitivity. For a censored observation, ID = 0, or a failure, ID—\, with the largest 

observation time, LAST, the gross error sensitivity is 5.54. 

When introducing an additional failure, ID= l ,  from sample 2, IZ -0 ,  with rank 1, FI RST ,  the 

largest gross error sensitivity, 12.86, is reached. Thus, this observation has the largest 

influence on the observed value of the test statistic. If the observation is censored, ID = 0, and 

attains the smallest, FIRST, and the largest, LAST, observation times, respectively, this results 

in zero sensitivity, and sensitivity of |- 5.64|, respectively. Introducing a failure, ID= 1, from 

sample 2, IZ-0, yields a sensitivity curve displaced towards positive sensitivity values. When 
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testing a null hypothesis of equal hazard functions, then a specific rejection region determines if 

this displacement is heavy or not. Note, positive sensitivity values give larger observed values 

of the test statistic, while negative sensitivity values give smaller observed values, compared to 

zero sensitivity. Note also, that the sensitivity values are proportional to the values of the test 

s t a t i s t i c  w i thou t  add ing  a  f ai l u r e ,  z 0 ,  a dd i ng  a  f a il u r e  w i t h  t he  s m a l l e s t  ob se r va t i o n  t im e ,  z F ,  

and adding a failure with the largest observation time, zL • When analysing the data in a special 

subset with a given standardised rank test statistic, the values z0, zF and zL in Tables 4.6, 4.7 

and 4.8. may be examined. 

According to the simulation study, a misclassification is usually more severe than a gross error. 

Replacing a failure, ID= 1, in sample 1, 7Z=1, with a failure, ID- 1, in sample 2, 7Z = 0, 

results in a maximum influence when the observation has the smallest observation time, i.e. 

|l2.86-(- 7.43)| = 20.29, MFIRST. On the other hand, changes caused by a gross error 

depend on the displacement of the upper and lower bounds in relation to each other, but also 

on the ranges of the bounds, RANGE. That is, for a failure in sample 1, IZ-\, and sample 2, 

IZ - 0, the ranges are 12.93 and 18.50, respectively. 

As mention earlier, the change of decision point is used to examine the impact of simultaneous 

errors in the data. The number of censored and uncensored observations are held fixed for 

sample 1, IZ = 1, and sample 2, IZ- 0, for any given combined sample. According to the 

simulation study, it should be enough to calculate "prob, values" when two observations from 

different samples are interchanged. In subset 1, (Table 4.9), standardising with VPM, results in a 

minimum value of -1.66, zMin, and a maximum value of -0.18, zMax, of the test statistic. In a 

two-sided null hypothesis testing of equal hazard functions and with critical values of ±1.96 

(5% significance level and a normal approximation), neither the gross error sensitivity nor the 

cdp indicate a changed decision, i.e., a rejection of the null hypothesis. The other subsets may 

be analysed similarly as the previous subset, and therefore the data displayed in Tables 4.6, 4.7, 

4.8 and 4.9 may be summarised as follows. 

In these six subsets with heavy failure rate in the first half of the observation period, the 

jackknife variance estimator gives standardised test statistics with the larger gross error 

sensitivity. The log-rank statistic standardised with VPM has the smallest gross error sensitivity 

in four out of six subsets. A misclassification is usually more severe than a gross error for the 

standardised versions of the test statistic of Wilcoxon. With the log-rank statistic the situation 

is reversed. Moreover, in subset 9 and critical values of ±1.96, all tests indicate a changed 

decision. This is also confirmed in Table 4.9 with the cdp. Note, in subset 8 and using jackknife 

variance estimates, the cdp indicates a reversed decision in contrary to the gross error analysis. 
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Table 4.6. Larynx cancer. Gross Error Sensitivity and Misclassification for the test statistic of 

Gehan standardised with V., i.e VPM, VCPM and VJKG. 
An additional failure (ID=1) in sample 1 (IZ=1) or in sample 2 (IZ=0), F denotes the number of 
failures in the first half of the observation period, C is the total number of censored observations 

and z0 denotes the value of the standardized test statistic without an additional failure.) 

Gross Error Sensitivity Misclassification 
No n n, n2 F C V, ID IZ First Last Range z0 zF zL zL —zF MFirst M Las t 

(MZF) (MZL) 

I 32 18 14 16 14 y 
V.PM 

v(TM 

vJKO 

4 32 20 12 16 14 v 
PM 

Vn>M 

VJKG 

8 20 13 7 7 12 y 
PM 

VfTM 

V;kg 

9 12 5 7 6 2 y 
PM 

VfPM 

vJK[i 

10 32 18 14 16 14 y 
PM 

VfTM 

VJKG 

II 32 23 9 9 14 y 
PM 

VrPM 

VJKG 

1 -7.43 5.54 12.93 -0.92 -1.15 -0.75 0.39 20.29 11.19 
0 12.86 -5.64 18.50 -0.92 -0.53 -1.09 -0.56 (0.61) (-0.34) 
1 -7.25 5.52 12.77 -0.91 -1.13 -0.75 0.38 19.92 11.21 
0 12.67 -5.69 18.36 -0.91 -0.52 -1.08 -0.56 (0.61) (-0.33) 
1 -8.64 6.01 14.66 -0.98 -1.24 -0.79 0.44 22.84 12.15 
0 14.20 -6.14 20.33 -0.98 -0.55 -1.16 -0.62 (0.69) (-0.37) 

1 -11.94 3.32 15.26 2.93 2.57 3.03 0.46 19.07 13.14 
0 7.13 -9.82 16.95 2.93 3.15 2.63 -0.51 (0.58) (-0.40) 
1 -14.39 4.40 18.79 3.19 2.76 3.33 0.57 22.02 17.13 
0 7.64 -12.73 20.37 3.19 3.42 2.81 -0.62 (0.67) (-0.52) 
1 -18.82 3.10 21.92 3.48 2.91 3.58 0.66 33.29 19.49 
0 14.47 -16.38 30.85 3.48 3.92 2.99 -0.94 (1.01) (-0.59) 

1 -4.74 2.65 7.40 -0.86 -1.09 -0.74 0.35 17.75 6.62 
0 13.01 -3.96 11.97 -0.86 -0.24 -1.05 -0.81 (0.85) (-0.32) 
1 -4.48 2.59 7.07 -0.84 -1.06 -0.72 0.34 17.09 6.55 
0 12.61 -3.97 16.58 -0.84 -0.24 -1.03 -0.79 (0.81) (-0.31) 
1 -6.36 3.19 9.56 -1.00 -1.30 -0.84 0.46 21.96 7.80 
0 15.59 -4.61 20.20 -1.00 -0.25 -1.21 -0.96 (1.05) (-0.37) 

1 -3.83 7.27 11.10 -1.71 -2.00 -1.15 0.85 10.79 9.94 
0 6.96 -2.67 9.63 -1.71 -1.17 -1.91 -0.74 (0.83) (-0.76) 
1 -3.86 8.33 12.19 -1.81 -2.10 -1.17 0.94 11.64 11.80 
0 7.77 -3.48 11.25 -1.81 -1.21 -2.08 -0.87 (0.90) (-0.91) 
1 -9.11 13.38 22.49 -2.32 -3.03 -1.30 1.73 21.37 18.34 
0 12.26 -4.96 17.22 -2.32 -1.38 -2.71 -1.32 (1.64) (-1.40) 

1 -6.95 5.28 12.23 -1.24 -1.45 -1.08 0.37 20.36 11.11 
0 13.41 -5.82 19.23 -1.24 -0.83 -1.42 -0.58 (0.62) (-0.34) 
1 -6.74 5.28 12.02 -1.23 -1.43 -1.07 0.36 19.92 11.18 
0 13.17 -5.91 19.08 -1.23 -0.83 -1.41 -0.58 (0.60) (-0.34) 
1 -8.61 6.02 14.63 -1.34 -1.60 -1.16 0.44 24.33 12.64 
0 15.71 -6.63 22.34 -1.34 -0.86 -1.54 -0.68 (0.74) (-0.38) 

1 -5.47 3.44 8.91 -0.62 -0.78 -0.51 0.27 22.48 11.80 
0 17.00 -8.35 25.36 -0.62 -0.10 -0.87 -0.77 (0.68) (-0.36) 
1 -5.19 3.34 8.53 -0.61 -0.76 -0.51 0.26 21.82 11.47 
0 16.63 -8.13 24.76 -0.61 -0.10 -0.85 -0.75 (0.66) (-0.35) 
1 -6.32 3.64 9.96 -0.65 -0.84 -0.51 0.34 24.42 12.63 
0 18.10 -9.00 27.09 -0.65 -0.10 -0.92 -0.82 (0.74) (-0.42) 
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Table 4.7. Larynx cancer. Gross Error Sensitivity and Misclassification for the test statistic of Prentice 

standardised with V., i.e VAST and VJKP. 
An additional failure (ID=1) in sample 1 (IZ=1) or in sample 2 (IZ=0), F denotes the number of 
failures in the first half of the observation period, C is the total number of censored observations 

and z0 denotes the value of the standardized test statistic without an additional failure. 

No n ni n2 F C V. ID IZ First Last 
Gross Error Sensitivity 

Range z0 zF z, zL ZF 
Misclassification 
MFirst MLast 
(\1ZF) (\1/, ) 

1 32 18 14 16 14 VMT 1 1 -7.28 5.66 12.95 -0.92 -1.14 -0.74 0.39 19.89 11.4' 
1 0 12.61 -5.75 18.36 -0.92 -0.53 -1.09 -0.57 (0.60) (-0.7 

vm, 1 1 -8.37 5.94 14.30 -0.95 -1.20 -0.77 0.43 22.02 1 
1 0 13.65 -6.06 19.71 -0.95 -0.53 -1.13 -0.60 (0.67) (-' 

4 32 20 12 16 14 VMT 1 1 -13.34 3.59 16.93 3.02 2.62 3.13 0.51 20.93 
1 0 7.59 -10.56 18.14 3.02 3.25 2.70 -0.55 (0.63) (-• 

VJK„ 1 1 -18.28 3.30 21.47 3.40 2.85 3.50 0.65 32.45 
1 0 14.17 -16.36 30.54 3.40 3.83 2.91 -0.93 (0.98) (-' 

8 20 13 7 7 12 VAST 1 1 -4.56 2.73 7.29 -0.89 -1.10 -0.76 0.35 17.19 
1 0 12.63 -4.02 16.65 -0.89 -0.29 -1.08 -0.79 (0.82) (-• 

V,KP 1 1 -6.04 3.11 9.16 -1.00 -1.28 -0.84 0.44 20.93 
1 0 14.89 -4.50 19.39 -1.00 -0.28 -1.20 -0.92 (1.00) (-

9 12 5 7 6 2 VAST 1 1 -4.05 7.34 11.39 -1.72 -2.03 -1.15 0.88 11.39 
1 0 7.34 -2.77 10.11 -1.72 -1.15 -1.93 -0.78 (0.88) (-• 

VJKI> 1 1 -8.63 12.26 20.89 -2.15 -2.81 -1.20 1.61 19.84 
1 0 11.22 -4.77 15.99 -2.15 -1.28 -2.51 -1.23 (1.53) (-

10 32 18 14 16 14 VAST 1 1 -6.79 5.42 12.20 -1.28 -1.48 -1.11 0.37 20.00 
1 0 13.21 -5.88 19.09 -1.28 -0.88 -1.45 -0.58 (0.61) (-' 

VlKP 1 1 -8.32 5.96 14.28 -1.34 -1.60 -1.16 0.43 23.58 
1 0 15.26 -6.56 21.82 -1.34 -0.88 -1.54 -0.66 (0.71) 

11 32 23 9 9 14 VAST 1 1 -5.28 3.54 8.82 -0.64 -0.80 -0.54 0.27 22.22 
1 0 16.94 -8.57 25.51 -0.64 -0.13 -0.90 -0.73 (0.67) (-

V JK]' 1 1 -6.07 3.55 9.62 -0.65 -0.84 -0.54 0.29 23.54 
1 0 17.47 -8.82 26.28 -0.65 -0.12 -0.92 -0.80 (0.71) (-
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Table 4.8. Larynx cancer. Gross Error Sensitivity and Misclassification for the Logrank test 

statistic standardised with VCPM. 
An additional failure (ID=1) in sample 1 (IZ=1) or in sample 2 (IZ=0), F denotes the number of 
failures in the first half of the observation period, C is the total number of censored observations 

and z0 denotes the value of the standardised test statistic without an additional failure. 

No n n ,  n2 F C ID IZ First Last 
Gross Error Sensitivity 

Range z0 zF zL ZL ZF 

Misclassification 
MFirst MLast 
(MZp) (MZL)  

1 32 18 14 16 14 1 1 
1 0 

-5.74 
9.00 

6.12 
-6.31 

11.86 
15.31 

-0.82 
-0.82 

-0.99 
-0.54 

-0.63 
1.01 

0.36 
-0.46 

14.74 
(0.45) 

12.43 
(-0.38) 

4 32 20 12 16 14 1 1 
1 0 

-9.62 
7.23 

5.01 
-14.55 

14.63 
21.78 

2.99 
2.99 

2.70 
3.21 

3.14 
2.55 

0.44 
-0.66 

16.84 
(0.51) 

19.57 
(-0.60) 

8 20 13 7 7 12 1 1 
1 0 

-3.89 
9.87 

2.73 
-4.19 

6.62 
14.06 

-0.81 
-0.81 

-1.00 
-0.34 

-0.68 
-1.01 

0.32 
-0.67 

13.75 
(0.65) 

6.92 
(-0.33) 

9 12 5 7 6 2 1 1 
1 0 

-3.39 
5.08 

12.18 
-3.89 

15.56 
8.97 

-1.88 
-1.88 

-2.14 
-1.49 

-0.94 
-2.18 

1.19 
-0.69 

8.47 
(0.65) 

16.07 
(-1.24) 

10 32 18 14 16 14 1 1 
1 0 

-5.33 
9.40 

6.00 
-6.36 

11.33 
15.76 

-1.28 
-1.28 

-1.44 
-1.00 

-1.10 
-1.48 

0.34 
-0.48 

14.74 
(0.45) 

12.36 
(-0.37) 

11 32 23 9 9 14 1 1 
1 0 

-3.98 
12.20 

3.74 
-8.77 

7.71 
20.97 

-0.67 
-0.67 

-0.79 
-0.30 

-0.56 
-0.94 

0.23 
-0.64 

16.17 
(0.49) 

12.51 
(-0.38) 
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Chapter 5 

Estimating Location Parameters 

Using Censored Rank Statistics 

In Chapters 3 and 4, the interest was in using standardised versions of rank statistics in 

hypothesis testing. As mention earlier, there are two central problems in inductive statistical 

inference. In addition to hypothesis testing, the interest is in estimating the value of a parameter 

of a distribution function. In this Chapter, the location parameter or the central tendency, of a 

distribution function will be estimated. A non-parametric model, which requires only very 

general assumptions such as independence but does not lead to any particular family of 

distributions is adopted. Several uncensored non-parametric procedures are available for point-

and interval estimations of a location parameter (e.g. Lehmann, 1975). Rank estimators, 

introduced by Hodges and Lehmann (1963), were originally derived from rank test statistics 

(e.g. Randies and Wolfe, 1980 and Hampel et al., 1986). With right censored data, generalized 

sign test statistics and sign tests have been used for constructing point estimators and 

confidence intervals, respectively, for the median survival time (e.g. Brookmeyer and Crowley, 

1982, Emerson, 1982, and Reid, 1981b). 

In this work, however, point estimators and confidence intervals for a location parameter are 

derived by using uncensored and censored rank test statistics and rank tests of Wilcoxon, 

respectively. Based partly on simulation results, I analyse whether estimators yielded by rank 

statistics agree with estimators derived by the Product-Limit estimator (2.4.3). In Section 5.1, 

uncensored R-estimators of the location parameter are introduced. In Sections 5.2 and 5.3 I 

define censored R-estimators of the location parameter, when using one-sample and two-

sample rank test statistics, respectively (Öhman, 1994). To illustrate the methods proposed, a 

numerical example making use of the Larynx cancer data is included in Section 5.4. The small 

sample behaviour of the estimators is investigated and compared by means of a Monte-Carlo 

study in Section 5.5. Finally, in Section 5.6, two examples (Wei, Ying and Lin, 1990, and 

Bassiakos, 1992) of alternative ways of estimating the shift of location parameter in the two-

sample model are reviewed. 
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5.1 Uncesored R-Estimators of a Location Parameter 

There are two main ways of estimating the location parameter 0, viz. by a one-sample rank 

test statistic and observations, jc;, i — and by a two-sample rank test statistic and 

observations, x t ,  i  — l,...,n, as sample 1 and a mirror image of sample 1 as a syntethic sample 

2 , i.e., V j  —  26 — X j , j  =  1 where 0 is the estimated location parameter. 

In the o ne - samp l e  c ase, let be a random sample from a continuous function 

F(x -d ) ,  where the location parameter 0 is unknown. Since X° , . . . , X"  is a random sample 

from a continuous function F(x -d ) ,  the random variables (x" - 0),...,(x° - 0)are 

independent with identical distributions with location parameters equal to zero. For an estimate 

0 of 0, the variables (x,° — ö), - è) ought to be, as close as possible, distributed about 

zero. When choosing 9  the procedure of Bauer (1972) can be used. As a first step the 

obse rva t i ons are ordered according to size, jt(]) < x(2) <...< x(n). The test statistic S 1(6) in 

(2.2.3) considered as a function of 6, is a step-function having jumps only at the set of 

averages of observations, d(i)(j) =(x{i)+ x(j))/2,i < j = \,...,n. Thus, the function 5,|(0) has a 

jump v(1)0) —2(cn(j-i)-cn(j-i + \)) at 9=d(i)U) for i< j = l,...,n where cn(0) is set equal 

to 0. For values of 9 between two successive averages, the sign of (x(0 - 0) and (x(j) - 9) and 

the rank of | x(i) - 9 | and | x(j) -9 | are unchanged for i < j = \,...,n. The R-estimate of 6, is 

the weighted sample median of the averages d { l ) ( j )  with weights p ( l ) U )  = For 

the Wilcoxon signed rank statistic, S l n { 9 )  with c n ( i )  — i ,  the jump of 5,1(0) at any d ( j ) [ J )  is -2, 

and all weights i ^ j — 1,are then equal. 

It is often desirable to find a confidence interval for the unknown parameter. The approach to 

be taken here, may be viewed as summarising inferences about which distributions in the given 

family are consistent with the data, as judged by significance tests (Noether, 1967 and 

Gibbons, 1971). In 5^(0), with sign(u)~ 1,0 or -1 when u>,= or <0, denote the sum of 

ranks with positiv sign as T+ and the sum of ranks with negativ sign as T~. If 0O is the true 

location parameter of a symmetric population, the expectation of TY equals the expectation of 

T~. Since the sum of all ranks is constant T+ +T~ =rc(rc + l)/2, test statistics based on e.g. 

T+, or T~ or T+ -T~ are linearly related and therefore equivalent criteria. Tables of left-hand 

critical values, kal2, are generally set up for the random variable T, which may denote T+ or 

T~. If ka/2 is a number such that P(T < kal2) = a/2, a rejection region for test of H0:9= 0() is 

T+ <ka/2 or T~ <ka/2 for HA:9* 0O. Thus a 100(1 -a)% confidence interval for 0 is yielded 
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by P{k a / 2  < 0  <  ( n ( n  +  Ì )  /  2 )  -  k a l 2 )  =  1 -a .  If ( o a / 2  is a number such that P(S l n  < 0) a / 2 )  -  a l l ,  

a rejection region for test of H0:6= 60 is Si < (oa/2. Since S\ - (+ l)r+ + (- 1 )T~ this yields 

1  f  n ( n  +1)  
all 2 "i 2 ^a l l }  (5.1.1) 

Notice, that k a l 2  = (O a / 1  if s ign (u ) -  +  1,0, (or - 1,0), according to u>,<  0 (or u< ,>  0) in 

equation (2.2.4). Thus, the 100(l-a)% confidence interval is bounded by the ka/2th smallest 

and the k a / 2 t h  largest values d t J ,  i  <  j  —  For large « a normal approximation can be used 

1 
(e.g. Lehmann, 1975). The standardised test statistic {S n -E {S n ) )  l \V  {S n ) ^  -  Z n  has a 

limiting standard normal distribution function under HQ, as n —> 0°. If zal2 is the corresponding 

percentile in a standard normal distribution, then 

= £(5;(e))-z„,2{y(^(e))}"2 (5.1.2) 

Here £^(0)) = ^^) and V ( S '„ m  =  " ( "  +  ^  " .  

In the t wo - sam p l e  case, let X 0 ,and Y / ' , . . . ,  denote independent random samples 

from continuous distribution functions F(x) and G(y) = F(x-A), where the shift of location 

parameter A is unknown. If if = 26— X\= 26— then an R-estimate of the location 

parameter 6  may be defined by a value 6  such that S N  -  E( S N )  =  0, where S N  = S  ^ in 

(2.2.2). Alternatively, an estimate of the shift parameter A is constructed as a weighted sample 

median of the differences (x- - y.) with weights w(jj, obtained from the jump in the two-sample 

test statistic at (x, ->';), where ^ J w i j  = l  for 1 = 1,...,«, and j  — l , . . . n 2  (e.g. Randies and 

Wolfe, 1980). 

However, for an estimate 6 , the rank vector of the differences - ( 2 6 - x f  )  =  

2{ ( xi + Xj  )  /  2  - ô) is equal to the rank vector of the tabulated averages dtj = (x, +x}) 12 where 

i , j  =  \ , . . . , n .  Further, there are tied averages, since ( x j - y j )  =  { x j - y i )  =  2[d i j - 6 )  for 

i ^ 7 = 1,...,«. An R-estimate 6 of the location parameter 6 is then derived as the weighted 
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sample median of the averages d t J  w ith weights w t /  obtained from the jump in the test statistic 

(SN -E(Sn)) at 0=^. and where w,y = 1 for i,j~ 1 

A confidence interval for the location parameter 6 is obtained by using a confidence interval for 

the shift of location parameter A For example, with sample sizes of n, = 7 and n2 = 7 in the 

two sample case, the upper, lower, bounds of a 95% confidence interval of the shift of location 

parameter based on (2.2.2) are given by the 9th largest, sfnallest, differences (*, - _y; ), where 

i ,  ; = 1,... ,7. With y  i  =2  9 - x - ,  the limits of the 95% confidence interval for the location Y  J  J  

parameter are obtained by adding the relative change (sum of weights) in the test statistic for 

the largest, smallest, averages until the value 0.5(ka/2 lnxn2) = 0.5(9/72) is obtained. 

Alternatively, we may proceed in the following way. When identifying the 9th largest, smallest, 

differences (jc; —^) every difference is counted twice. xi-(2Q-xj)-2{{xi + xj)l2-6) can 

then be used to identify the average (x, +XJ)/2 to be as the upper, lower, bound of a 95 % 

confidence interval for the location parameter 0. 

5.2 Censored R-Estimators of Location 

One-Sample Rank Test Statistics 

The censored data rank location point- and interval estimators considered in this Section are 

obtained by using censored one-sample sign rank statistics. Generalizations of the solutions 

from uncensored one-sample and two-sample rank tests are utilised. 

In the one - samp l e  case with a random sample, X n  i= \ , . . . , n ,  where X, -m in(  X" ,T °  )  and 

X° and T° denote the failure and censoring times, respectively, for the ith subject, then the 

censored signed-rank statistic U\(Q) in (2.4.8) as a function of 0, is a step-function having 

non-zero jumps only at points which are averages of pairs of observations 

d ( i ) ( i )  = (l/2)(x(i) +*(0) = x i \ i  =  l , . . . , k  

d ( i ) ( j )  =  ( } / 2 ) (x ( i )  + x U ) ) ; i  <  j  =  

— (1 /2)(x(i) + ),i < 7 1 , . . . , k  and i  -  1 , . . . ,m ( j )  and 

d(if)U) =(l/2)(xm +xu)^ < J = and i = l,...,m(/). 
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Thus, non-zero jumps appear at specific failure times or at the averages of two different 

failures, a failure and a censored observation occurring after the failure or at the average of a 

failure and a censored observation preceding the failure. Let Ô > 0 be a small value and define 

d()0 = d0() - Ö and d{)0 = d()() + Ô. The value of U\ (0) in (2.4.8) changes at the averages in the 

following way: 

1) As 0 moves from 6  =  d^ i ) ( i )  t o  Q  =  d{ i W ) ,  the sign of (jt(0 - 6 )  changes from + 1 to - 1, 

but |jt(i) — ôj has rank 1 in both cases. 

2) As 6  moves from 0  =  d^ ) ( j )  t o  9=d g ) U )  where i  <  j  -  the signs of (jc(i) - 6 )  and 

(x{j)-6) are unchanged, -1 and +1, respectively. Further, at 0=d~i)(j), the ranks of [jc(i) -6j 

and |jt(;) - 0| are j - i and j - i +1, respectively, while at 0 = d*i)(j) the ranks are interchanged. 

3) As 0 moves from 6  =  d^ i ) { j e )  t o  6 =  d^ i ) ( j f ) ,  the signs of ( x ( i ) -6 )  and ( x U f )  — 6 )  are 

unchanged and are - 1 and + 1, respectively. The ordering of the failure and the censored 

observation, i.e. |jc(i) — öj and |xoï)-ô|, is interchanged but the rank j-i+l of jx(i) — g| is 

unchanged. Since the risk group decreases with one observation, i.e. 

nu-i+1) (d(i)(jf) ) = "(7-/+1) (d(i)ue) ) -1, scores depending on this risk group have altered values. 

4) As 6  moves from 6  = d~ j t ) ( j )  to 0  = d^ ( ) ( j )  where i<  j ,  the signs of ( x i f  — f f )  and 

(x{j) - 0) are unchanged and are - 1 and + 1, respectively. The ordering of \x{U) - 0| and 

|jc(jF) — ö| is interchanged but the rank / - i of |x( /) - öj is unchanged. Since the risk group 

increases with one observation, i.e. nu_i)(d^e)u))—nu_j)(d^f)ij)) +1, scores depending on this 

risk group have altered values. 

At averages of two censored observations d ( U ) ( j m )  -  { \ /2 ) ( x { U )  +x ( j m ) ) ,  both the signs of 

( x ( i e )  -  6 )  and ( x ( j m )  -  6)  and the ranks j - i  of - ôj and |x(;m) - fl| are unchanged, since as 

6  moves from 0  =  d~ l f ) [ j m )  t o  6  -  d^ f ) ( j m )  only the successive - ô| and |x(/m) - ö| changes 

places, i.e. the jump vanishes. 

When estimating the location parameter, the censored signed rank statistic U\  in (2.4.8) is used 

and the observations, xi ,i = l,...,n. The scores are defined so that the observed values of the 

sign rank test statistic are identical to the observed values of a specific two-sample censored 
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test statistic. Thus, they are equal to the observed values of the two-sample test statistics of 

Gehan (1965) or Prentice (1978) derived from the observations, xni = l,...,n in sample 1, and 

yi=20—xi,i = \,...,n in sample 2. A Gehan censored one-sample signed rank statistic is 

therefore defined with scores, 

C„(0 = i — n(i) +n and c„(i) = i (5.2.1) 

and a Prentice censored one-sample signed rank statistic is defined with scores, 

c,(•) = &„,-4(0(2»- «0, + l)(2n -n,„ + 2)-1 ) and 
7=1 

cn{•) = (1/2) j&(/+1) - F{l)(Yl(2n-n(J) + l)(2n-nU) +2)" ')| (5.2.2) 

where F(i) = n  (nU))(nU} + 1)'1 with F(0) = 1, and 
7=1 

$Ì(i) = J~[(2n-n(/l_x) + l)(2n-n(k_x) +2)~ 1 with 9t(;+1) = 1 for 5 < 0. 
•v=0 

When using ranks and risk groups derived at 0 = d()(), the jump v( )( ) of the general test 

statistic in (2.4.8) and the jump of the signed rank Gehan test statistic (5.2.1) at 0 = d()() 

are given in Table 5.1. Note, /?, and R2 in Table 5.1 summarise changes in the test statistics for 

observations other than the actual ones. 

If v = ^v(iw)+^v(ioo.)+^v(i)a<) and pow = v(.)(0 / v, where i<j=l,...,k and 

l = then a censored generalized R-estimate of location is defined by the weighted 

sample median of the averages d( -M with weights /?( )( ). 

For the signed rank statistic of Gehan (Table 5.1) and at an average of two different failure 

times d(i)(j), the jump of the test statistic is -4. At a specific failure time d(i)(i), the jump is -2. 

At an average of a failure- and a censoring time, i.e. at d{i){ jl) or d(je)( j) where /?, =0 orft2 =0, 

the jump is -2. In some cases, e.g. with the signed rank statistic of Prentice where 

^ 0 and R2 ^ 0, it might be a bit more laborious to use the expressions in 1) to 4). 
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Alternatively, the value of the test statistic may be computed at 0- d( )( ) and at Q — d^)(). The 

difference between these two values, i.e. U]^+-Uyn~ is the jump, sum of jumps, at the 

particular, tied, average. As an illustration consider the following fictious survival data (Table 

5.2). The survival times are 1, 2*, 5, 6*, 7*, 11 and 13 years, respectively, where the sign * 

indicates a censored observation. Both the censored one-sample Gehan and Prentice statistics 

result in an estimated sample median survival time of 7 years. However, estimates of the 

location may depend on the magnitude and location of-the censored observations. This is 

further explored in the numerical example using Larynx cancer data in Section 5.4. 

In the uncensored case, the (l - ce) 100% confidence interval of the location parameter 6 is 

bounded by the kal2th (5.1.1) largest, smallest, value of the averages d(i)U), where 

i < j = With censored data, the upper, lower, bound of a confidence interval for the 

location parameter is obtained by cumulating the weights /7()() for the largest, smallest, 

averages d()() until the value ka/2[n(n +1) / 2] 1 is reached. For large n, a normal 

approximation in (5.1.2) can be used to locate the rank ka/2 and then identify the largest, 

smallest, average corresponding to the cumulated weights of ka/2[n(n +1) / 2] '. 

Recall that the observed values of the one-sample signed rank test statistics are defined to give 

identical values to two-sample rank statistics with observations xt,i = n and 

xt,i — \,...,n:yj -26— Xj, j =\,...,n, respectively. Recall that the change in the test statistic at 

a tied average is the sum of jumps at that average and that 

(A-, +Xj)/2 = (xj +xi)/2 for i,j — (Table 5.3). By the definitions of the one-sample test 

statistics of Gehan (5.2.1) and Prentice (5.2.2), then the upper, lower, bound derived from 

^«/2{l— 0.5^/z(/i(«-f-1)/2) 'j]=&a/2|"(rc + O ] is used instead of an upper, lower, bound 

derived from ka/2. Thus, the weights /?(.)(V) for the largest, smallest, averages c/(.)() are 

cumulated until the value ka/2^n(n + \) ì'^/[n(n + ì)/2] = 2ka/2(n + Y)~2 is reached. With the 

one-sample test statistic of Gehan and for i < j = half the magnitude of each jump and 

kal2 can be used. However, due to the definitions of the functions F( ) and 5R( ) in (5.2.2), this 

is not the case with the one-sample test statistic of Prentice. As an illustration, consider again 

the fictious survival data (Table 5.2). The survival times are 1, 2*, 5, 6*, 7*, 11 and 13 years, 

respectively, where the sign * indicates a censored observation. With n — 1 and k = 3, then the 

upper, lower, bound of a 92.2 % confidence interval is given by the largest, smallest, averages 

with cumulated weights 2ka/2(n + \)~2 =2-3(7 + l)~2 = 0.09. This results in the confidence 
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Table 5.1. Jumps at the averages d()(). 
General- and Gehans' censored one-sample signed rank statistics. 

R^and summarize changes in the test statistics for observations other than the actual ones. 

Observ. 
pair 

General one-sample 
statistic in (5.2.2) 

Gehan's one-sample 
statistic in (5.2.1) 

(i)(i) 
-2Cn (1; n(]) ) 

-2 

(i)(j) 2(Cn (j-i;n(H) -Cn (j-i + l;n(j_i+1)) 
-4 

am (- l)(Cn ( j - i +1; n(H+1) - 1) - Cn ( j - i + l;n(j_j+1) )) 

+(+ l)(cn (j i;n(j_i}) —cn(j — i + l;n(j_i+1))) + R, 

-2(R, = 0) 

am (+ l)(C„(j-i;n(H) +l)-Cn(j-i;n(H))) 

+(- l)(cn ( j - i;n(j_j) +l)-cn(j-i - l;n(j_i_1) )) + R2 

o
 II eT (N 

Table 5.2. Ordered averages (d), jumps (v) and relative changes (p) in censored one-
sample signed rank statistics of Gehan (GH) and Prentice (PR). 
*=one censored observation in the average, **= two censored observations in the average. 

d: 1 1.5 2** 3 (3.5*,3.5*) (4* 4**) 4.5** 5 5.5* (6,6*,6**) 
GH:v -2 -2 0 -4 (-2,-2) (-2,0) 0 -2 -2 (-4,-2,0) 

GH:p 0.036 0.036 0 0.07 0.07 0.036 0 0.036 0.036 0.1 I 

PR:p 0.04 0.02 0 0.084 0.045 0.024 0 0.044 0.024 0.129 

Cont. 
d: (6.5*,6.5**) (7,7**) 7.5* 8 8.5* (9,9*) 9.5* 10* 11 12 13 
GH:v (-2,0) (-4,0) -2 -4 -2 (-4,-2) -2 -2 -2 -4 -2 

GH:p 0.036 0.07 0.036 0.07 0.036 0.11 0.036 0.036 0.036 0.07 0.036 

PR:p 0.028 0.106 0.028 0.09 0.023 0.113 0.021 0.02 0.04 0.08 0.04 
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interval (3-11) years for both the Gehan and Prentice one sample sign rank test statistics. The 

same results are obtained with ka/2 derived with the normal approximation in (5.1.2) and 

a-0.05. 

X .  +  X  •  
Table 5.3. Jumps at averages d, = ———1 obtained from one- and two-sample rank 

statistics of Gehan. 

One-sample Two-sample 

Xj,i < j = 1,...,7 xi;i = l,...,7,j-l,...,7 

xi 
1 2* 5 6* 11 13 

xJ 
1 2* 5 6* J* 11 13 

1 -2 1 -2 -1 -2 -1 -1 -2 -2 
2* -2 0 2* -1 0 -1 0 0 -1 -1 
5 -4 -2 -2 5 -2 -1 -2 -1 -1 -2 -2 
6* -2 0 -2 0 6* -1 0 -1 0 0 -1 -1 
7* -2 0 -2 0 0 j* -1 0 -1 0 0 -1 -1 
11 -4 -2 -4 -2 -2 -2 11 -2 -1 -2 -1 -1 -2 -2 
13 -4 -2 -4 -2 -2 -4 -2 13 -2 -1 -2 -1 -1 -2 -2 

5.3 Censored R-Estimators of Location 

Two-Sample Rank Test Statistics 

R-estimates 0 for the location parameter 6 in the case of right censored observations can be 

constructed by using two-sample censored linear rank test statistics. Let Xl,...,Xn and 

YX=2Q-X\,...,Yn=2Q-Xn be sample 1 and sample 2, respectively. If ^^(Q + ci) in  

(2.4.2) then the expected value of Un =UN in (2.4.2) is zero under the null hypothesis 

H0:A = 0, where A is the shift of the location parameter. The R-estimate 0 of the location 

parameter 6 is defined either by adjusting 6 such that U N s 0 or by computing the sample 

median of the averages dtj — {xl + xj ) / 2 with weights wtJ, obtained from the jumps of the test 

statistic U N at 0 = dij and with - 1, for i,j -

A confidence interval for the location parameter 6 in the censored one-sample case, is obtained 

by using a confidence interval for the shift parameter A in the uncensored two-sample case. For 

example with uncensored sample sizes of n, = 7 and n2=l in the two-sample case, the upper, 

lower, bound of a 95% confidence interval for the shift of location parameter is given by the 
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9th largest, smallest, difference (x,-y;), where i,j = \,...,7. If yj-29-xj then the rank 

vector of the tabulated differences is equal to the rank vector of the tabulated averages 

for the location parameter based on Prentice's (1978) or Gehan's (1965) test statistics are 

obtained by adding the relative change, sum of weights, in the test statistics for the largest, 

1, 2*, 5, 6*, 7*, 11, 17*, where the sign * indicates a censored observation, this results in the 

95% confidence interval with bound 3-11 years for both the Prentice and Gehan statistics. 

For linear rank statistics SN in (2.2.1), the standardised test statistic 

{SN -£t(5'iV)}{V(5,a,)}~ 1/2 =ZW has a limiting standard normal distribution under H{), as 

N —> », under some regularity conditions (Hajek, 1961). For example, for the Wilcoxon linear 

rank sum statistic (e.g. Lehmann, 1975), E(WN) =nl(N + \)I2 and V(WN ) = n,w2(iV + 1) /12 

and the rank of the differences that constitute the limits of the uncensored confidence interval 

for the shift parameter is 

With right-censored data and the test statistic UN in (2.4.2), the variance in the standardised 

version is estimated in different ways depending on assumed equal or unequal censoring 

distributions in the two samples. Here, one sample is a mirror image of the other sample, the 

censoring distributions are equal and a permutation approach can be used to calculate the 

variance. The limits of a censored confidence interval for the location parameter, may be 

obtained by first locating the rank kal2 in (5.3.1) and then identifying the averages 

corresponding to the cumulated weights of 0.5{kan\n^n2) 1. With a confidence coefficient 

0.95, and the fictious survival times 1, 2*, 5, 6*, 7*, 11, 17* where as before * indicates a 

censored observation, and the statistics of Prentice and Gehan both result in confidence 

intervals with bounds 3 and 11 years for the location parameter 0. 

When estimating the variance of the test statistic U N in (2.4.2), one may also use the 

permutational variance estimator in (3.1.1). The standardised versions of the test statistics are 

asymptotically normal under the null hypothesis of H0.A- 0. However, simulation studies in 

Chapter 2 indicate that a heavy censoring rate in the last part of the observation period tends 

to increase the observed level, while a heavy censoring rate in the first part tends to decrease 

the observed level. Thus, tests in combinations with VPM in (3.1.1) result in non-conservative 

D Y  = ( J T ,  + X J ) / 2 ,  where i , j  -1,...,7. The upper, lower, limit of the 95% confidence interval 

smallest, averages until the value 0.5(9/72) = 0.09 is obtained. With fictious survival times of 

(5.3.1) 
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and conservative tests depending on whether a large portion of censorings appear in the first or 

the last part of the data. When constructing a confidence interval for the location parameter we 

may proceed in the following way. Let U be the observed value of the test statistic UN in 

(2.4.2) at the point estimate of the location, and V be the censored variance estimate derived 

from the permutational variance estimator VPM. The limits of a ( I - a)l 00% confidence 

interval are then obtained at the averages dtj = (x, + x] ) / 2 where the test statistic has the 

values U^2 = U ±za,2Vul. For the fictious survival times above, the Prentice and Gehan 

statistics yield 5.5 - 9 years and 1.5-12 years, respectively, as 95% confidence bounds for the 

location. Hence, depending on the variance estimator used and the censoring pattern, the 

length and location of a (l-a)l00% confidence interval for the unknown location parameter 

may differ. 

It is important to know whether the point- and interval procedures discussed are appropriate 

for practical use. To illustrate the methods proposed, a numerical example making use of the 

Larynx cancer data is included in next Section. In order to investigate bias and variability 

associated with the estimators, a small Monte-Carlo experiment is carried out in Section 5.5. 

5.4 Estimating Central Tendency in Larynx Cancer; 

A Numerical Example 

To illustrate the methods discussed in Sections 5.2 and 5.3, the population median survival 

time is estimated in eight subsets of the Larynx cancer data. The median survival times are 

estimated, point estimates, using the log-rank statistic of Section 2.4. Finally, the non-

parametric Product-Limit estimator in (2.4.3) is used to estimate the survival distribution 

function. As an estimate of the population median survival time, the 50th percentile, linearly 

smooth, of the estimated survival function is used. The results are presented in Table 5.4. 

Note, the rank vectors denoted with bold face are the actual observed rank vectors of failures, 

1, and censored observations, 0. The remaining rank vectors illustrate different censoring 

patterns or misclassified observations, e.g. a failure being classified as a censored observation 

or vice versa. 

An examination of the results in Table 5.4 reveals that with a large portion of censorings 

appearing in the last part of the study period the Prentice sample median is less than the Gehan 

sample median which, in turn, is less than the log-rank sample median. A large portion of 

censorings appearing in the first part of the study tend to result in a reversed order of the 
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Table 5.4. Estimates of population median survival time (months) 
Estimates derived with the location estimators of Gehan, Prentice and Logrank and when 
making use of the Product-Limit estimator. The upper- and lower bounds of 95% confidence 
intervals of the median survival time. In brackets, the ranked uncensored (1) and censored (0) 
observations in the sample. The actual observed sample is bold faced. 

Gehan Prentice Logrank Product-
Limit 

Sample Lower Upper Lower Upper 
size Bound Median Bound Bound Median Bound Median Median 

18 

1 4  

20 

( 1 1 1 1 1 1 1 1 1 1 0 0 1 0 0 0 0  0 )  C h e m o t h e r a p y  +  R a d i o t h e r a p y  
9.3 16.5 31.8 8.5 14.1 29.8 21.7 16.2 

( 1  1 1 1 1 1 0 1 0 0 0 0 0  0 )  R a d i o t h e r a p y  
12.4 25.6 38.3 12.4 24.7 39.1 32.7 38.8 

( 1  1 1 1 1 1 1 0 0 0 1 0 0 0 0 0 0 0 0  0 )  C o m p l e t e  r e m i s s i o n  o f  t h e  t u m o u r s  
15.7 25.5 37.0 15.2 24.6 38.6 35.4 undef. 
( 1  1  1 1 1 1 1 0 0 0 1 0 0 0 0 0 0 0 0  1 )  
16.8 31.3 39.8 15.8 31.7 40.9 38.0 40.8 
( 1  1  0 0 0 0 0  1  1  1 1 1 1 1  1  1 1 1 1 1 )  
32.6 42.1 53.5 33.0 42.6 55.6 39.4 51.2 
( 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 )  
25.5 39.1 49.3 25.5 39.1 49.3 39.3 31.6 
( 1  1  1  1 1 1 1 1 1 1  1  0 0 0 0 0 0 0 0 0 )  
19.9 30.5 39.5 17.4 24.5 39.3 35.3 31.6 
( 1  1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0  1 )  
20.5 31.5 41.5 19.9 30.6 41.0 38.0 31.6 

12 

18 

1 4  

( 1 1 1 1 1 1 1 1 1 1 0  0 )  N o t  c o m p l e t e  r e m i s s i o n  o f  t h e  t u m o u r s  
6.0 9.6 24.7 5.4 9.4 22.6 11.4 8.8 

( 1  1 1 1 1 1 1 1 1 1 0 1 1 0 0 0 0  0 )  N > 0  
9.4 19.0 33.7 9.0 15.6 31.6 23.6 15.2 

( 1  1 1 1 1 1 0 0 0 0 0 0 0  0 ) N = 0  
11.8 20.5 34.7 11.5 17.4 35.7 31.7 undef. 
( 1  1 1 1 1 1 0 0 0 0 0 0 0  1 )  
13.0 25.9 38.2 11.7 27.1 38.2 35.3 24.6 
( 1 1 1 1 1 1 1 1 1 1 1 1 1 1 )  
19.7 34.5 48.0 19.7 34.5 48.0 34.4 30.5 
( 1 0 0 0 0  1  1  1  1 1 1 1 1  1 )  
25.8 37.9 52.2 27.9 39.2 52.3 35.6 48.6 

23 ( 1  1 1 1 1 1 1 1 1 1 1 1 0 1 1 0 0 0 0 0 0 0  0 )  P h a s e  I I I  
10.9 21.3 32.2 10.2 17.8 

9 ( 1  1 1 1 0 0 0 0  0 )  P h a s e  I V  

31.4 

9.4 17.7 35.7 7.8 17.4 36.7 
( 1  1  1  1  0 0 0 0  1 )  
10.5 22.8 39.8 9.4 24.1 39.8 
( 1 1 1 1 1 1 1 1 1 )  
13.4 30.9 48 13.4 30.9 48 
( 1  0 0 0  1  1  1  1  1 )  
17.7 35.6 55.8 25.8 35.7 55.8 

27.9 

24.5 

32.7 

32.7 

35.6 

16.7 

undef. 

23.0 

23.9 

35.9 
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estimates, while no censorings in the data yield almost identical estimates. With censorings in 

the first half of the study, the Product-Limit estimates tend to be larger than the others, 

otherwise, the Product-Limit estimates tend to be smaller than the others. Note, for 

uncensored data the Product-Limit estimates are smaller than those yielded by the rank 

estimators. Since varying censoring patterns have almost no effect on the log-rank test statistic 

(e.g. Miller, 1981) it is not too surprising to find relatively small differences in the log-rank 

estimates. It also appears that the log-rank location estimator is fairly robust to 

misclassifications. In next Section, the bias and variability of the estimators in Section 5.2, are 

examined in a Monte-Carlo simulation study. 

5.5 Estimating Central Tendency 

a Monte Carlo Sampling Procedure and Results 

Sampling procedure 

As mention earlier, it is important to know whether the point- and interval procedures 

discussed in Sections 5.2 and 5.3 are appropriate for practical use. In Section 5.4, the Product-

Limit estimator in (2.4.3) tends to give smaller estimates with uncensored data than the rank 

estimators do. For example, in complete remission of the tumours, the estimated median 

survival times yielded by the Product-Limit estimator and the rank estimators are 31.6 and 39.1 

months, respectively. In order to investigate the bias and variability associated with the 

location estimators of Section 5.2, a small simulation study is carried out in this Section . When 

applying the Product-Limit estimator to compute the sample median and the confidence 

interval for the population median, a survival program in the SPSS-package (Norusis, 1993) is 

used. The estimated median survival time is the first observed time t(0^ at which the cumulative 

survival is 50 % or less. With no ties, the estimate of the asymptotic variance for the 

median estimator is derived by 

A VAR (9) = 
^(®É(n( o"«'-!)) 1  

i=l  

+ 0.5) - -0.5) 

(5.5.1) 
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Table 5.5. Estimated bias and mean squared error of 
the location estimators of Gehan, Prentice and Product-Limit. 
C% is the percent of censored observation in the first half of the study period, 
Conf. is the number of replicates enclosing the true median, 

|iand s are the sample mean and standardev. of the length of the conf. intervals. 

The Gehan one-sample signed rank location estimator 

Pf K Pc nc C% b(0) MSE(0) Conf ß s 

3.51 0.0285 0 0 0 5.65 956 9.85 1.67 
3.51 0.01 5 30 -0.13 6.19 948 9.95 1.73 
3.51 0.0285 5 50 -0.13 6.19 948 9.95 1.73 
1.5 0.04 5 73 -1.18 8.32 936 11.00 1.74 

1.5 0.0248 0 0 2.08 37.80 939 23.60 5.34 
3.51 0.01 5 5 8.15 111.00 825 30.68 5.59 
3.51 0.02 5 23 4.00 48.80 898 23.07 5.04 
1.5 0.0248 5 50 2.51 42.11 930 24.02 5.47 
1 0.03 5 60 1.82 40.93 937 24.69 5.74 

The Prentice one sample signed rank location estimator 

Pf Pc n c  
C % b(0) MSE(0) Conf 

A 
S  

3.51 0.0285 0 0 0 5.71 956 9.87 1.67 
3.51 0.01 5 30 -0.16 6.30 943 9.85 1.71 
3.51 0.0285 5 50 -0.15 6.30 944 9.85 1.70 
1.5 0.04 5 73 -1.06 8.08 938 10.80 1.80 

1.5 0.0248 - 0 0 2.09 38.16 939 23.60 5.35 
3.51 0.01 5 5 6.79 92.67 849 29.89 5.77 
3.51 0.02 5 23 4.02 48.90 898 23.21 5.20 
1.5 0.0248 5 50 2.63 43.58 924 23.90 5.55 
1 0.03 5 60 2.01 42.01 928 24.47 5.74 

The Product - Limit location estimator 

PF ^F Pc Xc nc c% b(0) MSE(9) Conf ß s 

3.51 0.0285 0 0 0 8.53 841 11.88 7.43 
3.51 0.01 5 30 2.62 16.86 799 13.03 7.30 
3.51 0.0285 5 50 2.62 16.88 800 13.03 7.30 
1.5 0.04 5 73 1.43 12.67 849 13.00 7.46 

1.5 0.0248 0 0 0 46.65 836 21 Al 16.30 
3.51 0.01 5 5 9.13 165.11 782 41.19 24.34 
3.51 0.02 5 23 8.86 154.73 761 35.61 18.94 
1.5 0.0248 5 50 6.95 117.71 819 32.82 18.82 
1 0.03 5 60 5.76 103.31 840 32.47 19.04 
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where n(j) is the riskgroup shortly before t(j). In this estimator, Greenwood's formula along 

with an estimate of the density function ~f(t) = dF / dt are used. Unfortunately, it is difficult 

to obtain reliable estimates of the density function (e.g Miller, 1981). Therefore confidence 

interval on formula (5.5.1) may be dubious. An alternative way of determining a confidence 

interval for the median, is to apply the idea of Brookmeyer and Crowley (1982). The 

advantage with this procedure is that no estimation of the density -f(t) is needed. In the 

SPSS-package only formula (5.5.1) is used. 

When estimating the true median survival time, the bias of the estimator and how it is spread 

around the true median survival time are of interest. The most common measure of this kind is 

the mean squared error. Let 6: be an estimate of the location parameter 0 in replicate i, 

/ = 1,...,L. As an estimate of the bias and the mean squared error I use 

b(0) = L~ 1 ^ ] ( 9i0) = 0 - 9 and MS E{9) — Ux ( 0! - 6)2, respectively. A good 

confidence interval is one that is as narrow as possible and has a large confidence coefficient, 

near 1. The narrower the interval, the more exactly is the true median located. The larger the 

confidence coefficient, the more confidence we have that a particular interval encloses the true 

median. In this study, the number of replicates where the 95% confidence intervals enclose the 

true median is recorded. One thousand replicates are used for this study. Hence the ideal 

number the intervals enclose the true value of the parameter is 950. 

The true life times and the censor times are both generated according to independent Weibull 

distributions, although they are generated as two separate samples for each replicate. The 

true median survival time is assumed to be 31.6 months and the number of censored 

observations are held fixed, /ic=0or5, in each case studied. A Weibull distribution 

approximately similar in shape to a normal distribution is yielded by shape parameter 

pF =2.51 and scale parameter XF = 0.0285 (Johnson and Kotz, 1970). Moreover, using the 

actual data, boldfaced, for complete remission of the tumour, a roughly estimate of the shape 

parameter is obtained in the following way. When plotting log(-logF(t )) versus logt, with 

Fit) defined in (2.4.3), the slope of the line provides a rough estimate of the shape parameter 

pF (Kalbfleisch and Prentice, 1980). This motivates using pF = 1.5 and XF =0.0248 as my 

second Weibull survival distribution function. The censored observations (Table 5.5) are 

generated as mainly being in the first half or mainly in the second half of the study period, 

respectively. In some cases equal distributions for the life- and the censoring times are also 

assumed. Finally, the sample size is n — 20 in all cases studied. 

Results 

Consider the estimated bias of the estimators shown in Table 5.5. For uncensored data and an 

assumed "symmetric" survival distribution function, all estimators appear to be unbiased. With 
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a majority of censored observations in the second half of the study period, the estimators have 

a positive estimated bias. On the other hand, when increasing the censorings in the first half of 

the study period, the rank estimators tend to be negatively biased. This is not the case with the 

Product-Limit estimator. 

Moreover, with shape parameter pF = 1.5, the rank estimators have a positive estimated bias in 

all cases studied. Except for being unbiased with uncensored data, this is also the case with the 

Product-Limit estimator. 

However, in the censored data cases, the rank estimators have the smallest absolute estimated 

bias. In all cases, the Product-Limit estimator has the largest estimated mean squared error. 

Next, consider the computed confidence intervals enclosing the true parameter value. In all 

cases studied, the methods in Section 5.2 yield the largest number of replicates enclosing the 

true value. The actual confidence coefficients which are smaller than 0.95, when using the 

method in the SPSS-program, depend mostly on the lower bounds exceeding the true value. In 

all cases, the mean values and the standard deviations of the length of the intervals are smaller 

with the methods of Section 5.2, than those with the method in the SPSS-program. 

5.6 Comments 

5.6.1 Censored R-Estimators of Regression Parameters 

One way of solving the problem of estimating the unknown location parameter is to use the 

fact that the censored forms of the Wilcoxon ( 1945) shift of location linear rank test statistic 

may be generated from the accelerated failure time model (Prentice, 1978). The accelerated 

failure time model specifies that a fixed covariate vector Z acts multiplicatively on the failure 

time T. One of the covariates may represent the identification of sample 1 and sample 2 from 

population 1 and population 2, respectively. With a log transformation, i.e. Y - logT the 

accelerated life model is equivalent to the shift of location model and with linear regression 

methods the estimation problem of the shift of location parameter can be solved (Cox and 

Oakes, 1984). Recently linear rank statistics with censored data have been used as the 

estimating functions for the regression parameters in the linear model with an unspecified error 

distribution (Wei, Ying and Lin, 1990). The resulting rank estimators are consistent and 

asymptotically normal. Wei et al. used the generalization of the censored linear rank statistics 

in (2.4.6) as the estimating function. At failure times, this representation is in terms of 
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observed and conditionally expected numbers of failures in one of the two samples. When 

estimating the survival function, Wei et al. used the Produc-Limit estimator in (2.4.3) instead 

of the Prentice estimator in (2.4.5). It is obvious that the estimated median survival time by 

Wei et al. is close to the estimates yielded by the estimators in Sections 5.2 and 5.3. 

5.6.2 A Censored Hodges-Lehmann Estimator 

Direct procedures for the two-sample shift of location problem often impose fewer 

assumptions than regression models. The Mann-Whitney (1947) form of the uncensored two-

sample Wilcoxon (1945) linear rank sum statistic can be considered as based on a simple 

distance measure. Let X and Y denote random variables from the two samples and A be the 

shift of location parameter. The shift of location hypothesis, i.e. H0:A = A0 is equivalent to 

P(X -Y > A0) - P(X -Y < Z\0) = 1/2, and the Hodges-Lehmann (1963) estimator of the shift 

parameter is the 50th percentile, i.e. the median of the differences (X; — F-). With censored 

data, Bassiakos (1992) proposed a generalized Hodges-Lehmann type estimator with no fixed 

known proportion, i.e. not necessarily the 50th percentile, of the differences (X, -Yj), but two 

unknown proportion-quantities which have to be estimated. When estimating the proportion-

quantities, the optimal choice of two preselected time constants (TuX and Tu2) for truncation, 

which result in the minimum asymptotic variance of the estimator is still an open problem. 

Notice that in contrast to the estimates obtained from the test statistics of Gehan (1965) and 

Prentice (1978), only differences (x,-- yj) of failures have non- zero weights. A confidence 

interval for the location parameter may be constructed by making use of the large sample 

theory according to Bassiakos (1992). 
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Chapter 6 

Summary and Remarks on Further Research 

Often, classical statistical techniques are based on specific assumptions about the population 

sampled. It is not uncommon for the researcher to question the assumptions and wonder 

whether he or she is using a valid statistical procedure. It is then desirable and possible to 

use a procedure that is non-parametric and requires only very general assumptions. In this 

thesis I have used methods, for estimation of a variance of a rank statistic and for estimation 

of a location parameter of a distribution function, that only require the general assumption 

of independence of the sampled population. Since the applicability of statistical inferences 

depend, among other things, on the sensitivity of a statistic to the quality of the data, 

methods for detecting influential observations, and judging the importance of gross errors 

and misclassifications for a decision with a given test statistic and an observed sample, are 

also used. In this Chapter the results in the previous Chapters are summarised and a few 

remarks on further research are given. 

In unbalanced small sample size problems with right censoring, the commonly applied 

variance estimators for the non parametric generalized Wilcoxon linear rank sum statistics 

of Geh an and Prentice are biased in some cases. In a Monte-Carlo simulation study it 

appears that variance properties and observed level and power of standardised tests of 

Gehan and Prentice may be improved by using the non parametric jackknife variance 

estimator. 

Non-parametric estimates for the location parameter of a distribution function are 

developed by making use of censored one-sample- and two-sample rank statistics. Further, 

methods for constructing censored small sample confidence intervals and asymptotic 

confidence intervals for a location parameter are considered. Generalisations of the 

solutions from uncensored one-sample and two-sample rank tests are utilised. A Monte-

Carlo simulation study indicates that rank estimators may have smaller absolute estimated 

bias and smaller estimated mean squared error than a location estimator derived from the 

Product-Limit estimator of the survival distribution function. 

It should be borne in mind that when using statistical techniques for analysing data, the 

applicability of the results depend on the formulation of the hypothesis under consideration, 

assumptions made, tests used and the observed data. Concerning the observed data, it is 

desirable to take into account the quality of the data and the impact and character of 
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influential observations when selecting a technique for the statistical inference. To establish 

the sensitivity to gross errors and misclassifications for standardised generalized Wilcoxon 

linear rank sum statistics in small samples with right censored data, the sensitivity curves of 

Tukey are used. For a certain combined sample, which might contain gross errors, a 

relatively simple diagnostic technique, the change of decision point, is defined to establish 

the applicability of inference drawn from the selected rank test. 

However, there are important problems that deserve further research. One such problem is 

how to compute reliable p-values in small sample situations. One possible solution is to 

improve the normal distribution suggested by asymptotic theory by using, e.g., the first few 

terms of an Edgeworth expansion (Bickel, 1974). In general, this expansion provides a good 

approximation in the centre of the density, but can be unreliable for calculating tail 

probabilities, the value of interest, when the sample size is small. Saddle point techniques 

(Daniels, 1954) and other "small sample asymptotic" techniques (Hampel et al., 1986), 

which are closely related to saddle point techniques, may yield accurate approximations 

even in the extreme tails and in small sample sizes. 

A second important subject that deserves further research is the construction of small 

sample asymptotic influence functions for rank tests. (Field and Ronchetti, 1985). 

A third area for further research is to improve the jackknife estimator. The poor robustness 

for properties of the classical jackknife estimator confirmed in this thesis may be improved 

by e.g. the two-step jackknifing suggested by Sen (1988) or by using other resampling 

techniques (Efron, 1982). 

A fourth suggestion is to construct tests which are not only sensitive to ordered hazards and 

crossing hazards, but also sensitive to the magnitude of the differences in survival. 

Since, all results are restricted to cases without concomitant variables, a fifth suggestion 

would be to consider a generalization to cases with concomitant variables. 

Finally, during the last few years, a rapidly growing interest has been shown for regression 

models with a binary response variable. For example, the contingent valuation method is a 

method for estimation of environmental benefits (e.g. Nyquist, 1992). A hypothetical 

market for trading environmental goods is created. Valuation questions are then put to 

individuals in order to reveal their preferences, e.g., whether an individual accepts or rejects 

the cost for receiving a particular benefit under study. Two examples of applications of the 

approach include analysis of the value of preserving wilderness in Colorado in California, 
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U.S.A. and the value of preserving virgin forests in Sweden. Estimation of the location 

parameter for the willingness to pay, e.g., the mean value of the willingness to pay is of 

interest. Usually, this is done by using a logistic regression model (or another regression 

model for binary response). One regrettable fact is that the estimator of the mean value is 

sensitive to extreme bias. A more robust alternative would be to use a version of a censored 

rank location estimator used in survival analysis, e.g. developments of those presented in 

Chapter 5. 
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