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ABSTRACT 

Assessments of refractivity in a Fabry–Perot (FP) cavity by refractometry often encompass a step in which the penetration depth of the light 
into the mirrors is estimated to correct for the fraction of the cavity length into which no gas can penetrate. However, as it is currently 
carried out, this procedure is not always coherently performed. Here, we discuss a common pitfall that can be a reason for this and provide 
a recipe on how to perform FP-cavity-based refractometry without any influence of mirror penetration depth. 

© 2021 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http:// 
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1116/6.0001501 

I. INTRODUCTION 

Fabry–Perot (FP) based refractometry is a technique that can 
be used for assessment of gas refractivity, molar density, and pres-
sure. With the latest revision of the SI (International System of 
Units) system, it also provides an alternative path to realize the 
pascal.1,2 By measuring the refractivity and the temperature of a 
gas, it is possible to calculate its pressure by the use of the Lorentz– 
Lorenz equation and an equation of state. Such a realization of the 
pascal does not comprise any mechanical actuator but depends 
instead on gas parameters, which potentially can decrease uncer-
tainties and shorten calibration chains.3–12 

Assessments of refractivity in an FP cavity by refractometry 
often encompass a step in which the penetration depth of the light 
into the mirrors is estimated to correct for the fraction of the cavity 
length into which no gas can penetrate. This is of particular 
importance for systems that are to be used as primary standards. 
However, there is a general uncertainty about how this should be 
done. While some authors provide means of compensating for the 
penetration depth,4,12,13 others have not found it necessary to do 

11,14,15 so. Here, we discuss a common pitfall that can be a 
reason for this and provide a recipe on how to perform 
FP-cavity-based refractometry without any influence of mirror pen-
etration depth. 

II. CONVENTIONAL MEANS TO CORRECT FOR FINITE 
PENETRATION DEPTHS OF MIRRORS IN 
FP-CAVITY-BASED REFRACTOMETRY 

When FP-based refractometry is used to assess refractivity, gas 
molar density, or pressure, it uses a laser to assess the frequency 
shift of a cavity mode when gas is let in. By locking the frequency 
of a laser to that of a cavity mode, the shift in the frequency of a 
cavity mode is transferred to a shift of the frequency of the laser 
light, which, in turn, is measured. 

A. Refractivity assessed by FP cavities with mirrors 
with phenomenological introduced penetration depth 

In the presence of mirrors with a finite penetration depth, as, 
for example, is the case for mirrors with a coating comprising a dis-
tributed Bragg reflector (DBR), it is possible to express the fre-
quency of a laser that addresses an evacuated cavity, ν0, as  

q0c q0c ν0 ¼ � � ¼ , (1)
2L02 L0 þ 2L pd 0 

where q0 is the number of the mode to which the laser is locked, c 
is the speed of light in vacuum, L0 is the length of the cavity (the 
mirror-to-mirror distance in the center of the cavity), and, as is 
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shown in Fig. 1, L pd is the penetration depth of the light in the 
mirrors (or in their reflective coating).16–22 We have in the last step 
introduced the entity L0 0, which is the effective length of the cavity 
in vacuum, given by L0 þ 2L pd.

23 This implies that the free spectral 
range (FSR) of the cavity (likewise in vacuum), defined as the fre-
quency separation of two consecutive cavity modes, νFSR, is given 
by 

c 
νFSR ¼ : (2)

2L0 0 

When gas with an index of refraction of n is let into such a 
cavity, the frequency of the laser will change. If we allow for the 
possibility that the laser simultaneously makes a number of mode 
jumps, Δq, to closely lying modes, it is customary to assume that 
the frequency of the laser can be written as 

(q0 þ Δq)c 
νg ¼ , (3)

2(nL0 þ nδL þ 2Lpd) 

where δL represents the physical deformation of the cavity due to 
the presence of the gas (which is positive for elongation and nega-
tive for contraction and can include effects both from the altered 
length of the cavity spacer and the bending, distortion, and poten-
tial compression of the mirrors), and where we have acknowledged, 
as is shown in Fig. 1, that the gas fills the entire volume between 
the mirror surfaces, but does not penetrate into the mirror coatings, 

FIG. 1. Schematic illustration of a spacer with (a) an empty cavity and (b) a 
cavity containing gas. L0 is the length of the cavity (the mirror-to-mirror distance 
in the center of the cavity). Lpd is the penetration depth of the light in the 
mirrors. δL represents the physical deformation of the cavity due to the pres-
ence of the gas. 

and that the penetration depth is an inherent property of the 
mirrors (whereby it is not affected by the presence of the gas). 

Denoting the shift in frequency the laser light makes as a con-
sequence of the alteration of refractivity in the cavity by Δν,24 it 
can be shown that, from Eqs. (1) and (3), the refractivity of the gas 
let into the cavity can be expressed in either of several forms, e.g. 
(where the first line is exact, derived in Subsection 2 of the 
Appendix, while the others represent successively simpler, but less 
accurate forms),25 

(n 1) ¼ 
(1 

Δν þ Δq 

Δν)[1 þ ε þ ε(n 1)](1 2L pd ) 

Δν þ Δq � � 
1 þ 2Lpd

1 Δν þ ε 
Δν þ Δq � 

1 
1 Δν 

� 
ε þ 2L pd 

Δν þ Δq � � 
1 þ 2L pd δL, (4)

1 Δν 

where Δν represents the relative shift of the laser frequency, given 
by Δν=ν0; Δq is the relative number of modes the laser has jumped, 
given by Δq=q0 (or, alternatively, by ΔqνFSR=ν0); Lpd is the relative 
penetration depth of a mirror, given by L pd =L0 

0 ; δL is the relative 
alteration of the length of the cavity due to the presence of the gas, 
given by δL=L0 0; and ε is the refractivity normalized relative alter-
ation of the length of the cavity, given by δL=(n 1). 2Lpd thus 
represents the fraction of the cavity length into which no gas can 
penetrate. Expressions of this or similar type appear frequently in 
the literature, e.g., in the works of Egan and Stone4 and Zakrisson 
et al.13 

B. Estimate of the penetration depth 

It is common to express the influence of mirrors (with their 
stack of dielectric layers, henceforth referred to as a Bragg grating) 
on the propagation of the light in terms of a frequency-dependent 
optical phase shift at the surface of the mirror, f(ω). It has previ-
ously been shown that the mode spacing of longitudinal cavity 
modes (i.e., the FSR) of an FP-cavity in which there are sources of 

26–28such phase shifts can be expressed as 

c 
, (5)νFSR(ω) ¼ 

2fL0 þ c½�@f(ω)=@ω g 

where ω is the angular frequency of the light. 
It is customary to write f(ω) in terms of a Taylor series cen-

tered around the design frequency, ωdes, as  

f(ω) ¼ fdes þ Tg (ω ωdes) þ 
D2 (ω ωdes)

2, (6)
2 

where fdes ¼ f(ωdes) and Tg and D2 are the group delay29 and the 
group delay dispersion (GDD)30 of the mirror, respectively, which 
often are estimated either from measurements or calculated using 
Fresnel reflection transfer-matrix methods. 
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Inserting this expression into that for the free spectral range, 
i.e., Eq. (5), neglecting the influence from the GDD,31 and compar-
ing with Eq. (3), show that the penetration depth can be considered 
to be frequency independent, given by 

c 
L pd ¼ Tg : (7)

2 

This implies that it is customary to assess the refractivity of 
the gas from a measurement of Δν and Δq (and a previously 
assessed value for ε) by any of the expressions in Eq. (4) where 
2L pd is given by 2L pd =L0, where, in turn, L pd is given by Eq. (7). 

However, regarding calculations of optical phase shifts (and, 
therefore, penetration depths), which often is done by the use of 
Fresnel reflection transfer-matrix methods, Rourke recently stated 
that such an approach “relies on sufficient knowledge of the thick-
ness and refractive index of the thin-film mirror coating, including 
reference data for absolute refractive index (different in the thin-
film form than in the corresponding bulk material), temperature 
dependence of refractive index (thermo-optic coefficient), and tem-
perature dependence of thickness (thermal expansion coeffi-
cient).”32 This implies that it might not necessarily be trivial to 
perform such estimates with good accuracy. This has been verified 
by Ogin, who concluded that reliable reference data on thin-film 
properties remain lacking.33 Hence, such estimates can be associ-
ated with a significant amount of uncertainty. 

Despite this, and based on the fact that the penetration depth 
of high-reflection coated mirrors suitable for refractometry is a 
fraction of the Bragg length (which is the sum of a pair of layers of 
dielectric coatings, which, in turn, typically is half of the wavelength 
of the light), it is possible to estimate that typical penetration 
depths can be a few tenths of a μm.21 This implies that, for cavities 
with lengths of some tens of centimeter, 2L pd takes a value of a few 
(or some) ppm. 

However, although the above described procedure seems 
appropriate, use of it will, in many cases, introduce an error in the 
assessment of n 1 that is not only given by the uncertainty in the 
estimate of the penetration depth, but also, in fact, equal to its 
entire value, i.e., typically of a few ppm. The reason for this is that 
the aforementioned phenomenological view of the penetration 
depth neglects two important aspects: (i) the interaction between 
the electrical field in the cavity and that in the mirror, which makes 
it dependent on the index of refraction in the cavity, and (ii) the 
influence this has on the assessment of refractivity. 

III. APPROPRIATE MEANS TO TAKE FINITE 
PENETRATION DEPTHS OF MIRRORS INTO ACCOUNT 
IN FP-CAVITY-BASED REFRACTOMETRY 

A. Interaction between the electrical field in the cavity 
and that in the mirror—Two types of Bragg grating 

Although the penetration depth in a high-reflectivity 
quarter-wave-stack (QWS) dielectric mirror, comprising alternating 
layers of dielectric media with high and low indices of refraction, 
nH and nL, respectively, can be estimated from calculations or mea-
surements (e.g. provided by manufacturer)19 and opposed to what 
is tacitly assumed when expressing the frequency of the laser 

probing the cavity in the presence of gas as is done in Eq. (3), it is  
not generally known among practitioners of refractometry that the 
penetration depth depends on the index of refraction outside the 
stack (i.e., in the cavity). In fact, it has repeatedly been shown in 
the literature that it does so.16,17,21 This implies that Lpd in reality 
should be seen as L pd (n). It has also been shown that its depen-
dence on n depends on in which order the various dielectric layers 
are applied.16,17,21 

For the case when the outermost layer has an index of refrac-
tion that is higher than the subsequent layer, i.e., nH , nL, nH , nL, 
etc., referred to as type H in Fig. 2, the penetration depth, LHpd (n), is 
proportional to the index of refraction in the cavity17,21 and can be 
written as17 

LHpd (n) ¼ 
n B , (8)
4ΔnB 

while for the opposite case (i.e., nL, nH , nL, nH , etc., referred to as 
type L), the corresponding entity, LLpd(n), can be expressed as 

(n�B)
2 BLL : (9)pd (n) ¼ 

4nΔnB 

Here, n is the index of refraction “outside” the Bragg grating (thus 
the index of refraction of the gas in the cavity), while  B is the 
Bragg wavelength, defined as 2nBΛ. Moreover, nB is the average 
refractive index of the high-reflection coating, which for a well-
designed mirror (for which dHnH ¼ dLnL, where dH and dL are the 
thicknesses of the layers with high and low index of reflection, 
respectively) is 2nHnL=(nH þ nL). Λ is the grating period (or the 
physical length of the double layer), given by dH þ dL. ΔnB is the 

FIG. 2. Schematic illustration of two types of Bragg grating making up high-
reflectivity QWS dielectric mirrors. Type H: the case when the outermost layer 
has an index of refraction that is higher than the subsequent layer, i.e., when 
they come in order nH, nL, nH , nL, etc. Type L: the case when the outermost 
layer has an index of refraction that is lower than the following layer, i.e., for nL, 
nH , nL, nH , etc. In the illustration: the leftmost part represents the cavity (with an 
index of refraction of n ), while the rightmost part denotes the mirror substrate. 
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difference between the indices of refraction of the two layers, i.e., 
nH nL. 

B. Use of mirrors with Bragg grating of type H for 
FP-based refractometry—Means to perform Fabry– 
Perot cavity based refractometry without influence of 
mirror penetration depth 

Equation (8) shows that although there is no gas penetrating 
into the mirror coating, the penetration depth of a mirror of type 
H is still proportional to the index of refraction of the gas in the 
cavity. This implies that for this case, Eq. (3) should in reality be 
written as 

(q0 þ Δq)c (q0 þ Δq)c 
νg ¼ ¼ , (10)

2(nL0 þ nδL þ 2nLH,0) 2nL00  
pd 

LH,0 L00where is given by  B=(4ΔnB) and is given bypd 
L0 þ δL þ 2LH,0 

pd . This can be interpreted as if the system does not 
have any part of the cavity into which gas do not reach; in other 
words, the system behaves like an ideal system without penetration 
depth (with a length of L00 ).34 

This implies, in turn, that when mirrors with coatings of type H 
are used, various expressions for refractivity given above should be 
written with no explicit reference to the penetration depth, viz., as 

Δν þ Δq
(n 1) ¼ 

(1 Δν)[1 þ ε þ ε(n 1)] 

Δν þ Δq 

1 Δν þ ε 
Δν þ Δq ð1 εÞ 
1 Δν 
Δν þ Δq 

δL,  (11)  
1 Δν 

where, as is shown in Subsection 3 of the Appendix, the  first step  
follows from Eqs. (1) and (10) without approximations, while the fol-
lowing steps represent successively simpler, but less accurate, forms. 

This shows that the use of mirrors of type H provides a means 
to perform FP cavity based refractometry without any influence of 
mirror penetration depth. 

C. Use of mirrors with Bragg grating of type L for 
FP-based refractometry—Fabry–Perot cavity based 
refractometry with excessive influence of mirror 
penetration depth 

Conversely, if mirrors with coatings of type L would be used, 
the expressions for refractivity would explicitly comprise expres-
sions for the penetration depth. However, since the penetration 
depth now has an inverse dependence on the index of refraction, it 
will appear in the expressions for the refractivity with twice 
the amount assumed by the phenomenological index-
of-refraction-independent assumption given by Eq. (4), viz., as35 

Δν þ Δq
(n 1) ¼ 

4LL,0(1 Δν)[1 þ ε þ ε(n 1)](1 )pd 

� �Δν þ Δq 
1 þ 4LL,0 

1 Δν þ ε pd 

� �Δν þ Δq 
ε þ 4LL,01 pd1 Δν � �Δν þ Δq 

1 þ 4LL,0 δL, (12)pd1 Δν 

where LLpd 
,0 is given by (nB)

2 B=(4ΔnB). Moreover, it should be noticed 
that LL,0 is larger than LH,0 by an amount (nB)

2, which typically is >pd pd 
3. This implies that a mirror of type L would contribute to the assess-
ment of refractivity six times more than what a similar mirror of type 
H would do if it would be assessed by the (incorrect) equation (4).36 

IV. CONCLUSION 

This analysis indicates that when FP-based refractometry is 
used, it is advised to use mirrors with a reflection coating of Type 
H. For such mirrors, the assessment of refractivity is independent 
of the penetration depth of the mirrors. The assessment should, 
therefore, not make use of any expression for refractivity that has 
an explicit dependence on the penetration depth; the reactivity 
should instead be assessed by the use of any of the expressions in 
Eq. (11). The reason for this is that, although no gas is penetrating 
into the Bragg grating, the penetration depth in this case is propor-
tional to the index of refraction of the gas in the cavity, whereby it 
simply acts as a part of the cavity into which gas is penetrating.37 

Mirrors of type L should be avoided since they can give rise to sub-
stantial penetration depths that need to be corrected for when the 
measured refractivity should be assessed [by use of Eq. (12)]. 
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APPENDIX 

1. Derivation of the expressions for the empty cavity 
mode frequency in the main text, i.e., Eq. (1), from the 
phase description 

According to the phase description, the frequency of a laser 
that addresses a longitudinal mode in an evacuated cavity can be 
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assessed as4 

frt (ν)=2π]c[m0ν0 ¼ , (A1)
2L0 

where frt is the round trip phase. Neglecting the Gouy phase, frt 

can be written as 2f, where f is the phase shift of a mirror with its 
coating. Assuming that the latter can be written as given by Eq. (6) 
in the main text implies that Eq. (A1) here can be written as 

ν0 ¼ 
c[m0 2fdes =2π 

2L0 

2Tg (ν0 νdes)] 
: (A2) 

Solving Eq. (A2) for ν0 implies that it can be written as 

ν0 ¼ 
q0c � � 

2 L0 þ cTg 
¼ 

q0c � � ¼ 
2 L0 þ 2L pd 

q0c ,
2L0 0 

(A3) 

where we have introduced q0 as a short hand notation for m0 2fdes = 
2π þ 2Tg νdes and introduced L pd as a short hand notation for cTg =2. 
Since Eq. (A3) in this Appendix is identical to Eq. (1), using  Eq. (7) for 
the L pd , both in the main text, this supports those expressions. 

2. Derivation of Eq. (4) for assessment of refractivity by 
use of FP cavities with mirrors with phenomenological 
introduced penetration depth 

Starting from Eqs. (1) and (3) in the main text, i.e., 

q0c ν0 ¼ � � (A4)
2 L0 þ 2L pd 

and 

(q0 þ Δq)c 
νg ¼ , (A5)

2(nL0 þ nδL þ 2Lpd) 

implies that the frequency shift, Δν, defined as ν0 νg , is given by 

(q0 þ Δq)c 
Δν ¼ ν0 , (A6)

2(nL0 þ nδL þ 2L pd) 

which alternatively can be rewritten as 

(q0 þ Δq)c 
2(nL0 þ nδL þ 2L pd ) ¼ : (A7)

ν0 Δν 

By expressing δL as ε(n 1)L0 and n as 1 þ (n 1), this can, 
after some algebra, be written as 

(n 1)2L0[1 þ ε þ ε(n 1)] 

q0c 1 þ Δq¼ 2(L0 þ 2Lpd ) v0 1 Δν 
q0c Δν þ Δq¼ , (A8) 
v0 1 Δν 

where we in the last step have made use of Eq. (A4). 

Again, making use of Eq. (A4) implies that Eq. (A8) can be 
rewritten as 

Δν þ Δq
(n 1)[1 þ ε þ ε(n 1)](1 2L pd ) ¼ 

1 Δν 
, (A9) 

which finally yields 

(n 1) ¼ 
(1 

Δν þ Δq 

Δν)[1 þ ε þ ε(n 1)](1 
,

2L pd ) 
(A10) 

which, in turn, is the first line of Eq. (4) in the main text. 

3. Derivation of Eq. (11) for assessment of refractivity 
by use of FP cavities with mirrors with Bragg gratings 
of type H 

Again, starting from Eq. (1) in the main text but with the 
mode frequency given by Eq. (10), which is given by 

(q0 þ Δq)c 
νg ¼ , (A11)

2(nL0 þ nδL þ 2nLH,0)pd 

gives, for the frequency shift, Δν, 

(q0 þ Δq)c 
Δν ¼ ν0 : (A12)

2(nL0 þ nδL þ 2nLH,0)pd 

Performing the same type of algebra as for the case with a phenom-
enological introduced penetration depth yields, instead of Eq. (A7), 

2n(L0 þ δL þ 2LH,0) ¼ 
(q0 þ Δq)c 

: (A13)pd ν0 Δν 

Rewriting this in a similar fashion as above gives 

(n 1)2(L0 þ 2LH,0)[1 þ ε þ ε(n 1)]pd 

q0c Δν þ Δq¼ : (A14)
v0 1 Δν 

Since, in this case, the 2(L0 þ 2LH,0) term is canceled by thepd 
q0c=v0 term, this can then be succinctly rewritten as 

Δν þ Δq
(n 1)[1 þ ε þ ε(n 1)] ¼ , (A15)

1 Δν 

which finally yields 

Δν þ Δq
(n 1) ¼ , (A16)

(1 Δν)[1 þ ε þ ε(n 1)] 

which, in turn, is the first line of Eq. (11) in the main text. 
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