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Abstract

This thesis consists of a summary and four scienti�c articles. All four articles consider
various aspects of stochastic di¤erential equations and the purpose of the summary
is to provide an introduction to this subject and to supply the notions required in
order to fully understand the articles. The articles are:

I. Kaj Nyström & Thomas Önskog, The Skorohod oblique re�ection problem in
time-dependent domains. Submitted.

II. Kaj Nyström & Thomas Önskog, Pricing and hedging of �nancial derivatives
using a posteriori error estimates and adaptive methods for stochastic di¤eren-
tial equations. Submitted.

III. Kaj Nyström & Thomas Önskog, On Monte Carlo algorithms applied to Dirich-
let problems for parabolic operators in the setting of time-dependent domains.
Monte Carlo Methods and Applications, Vol. 15 No. 1 (2009), pp. 11-47.

IV. Kaj Nyström & Thomas Önskog, Weak approximation of obliquely re�ected
di¤usions in time-dependent domains. Submitted.

In the �rst article we conduct a thorough study of the multi-dimensional Sko-
rohod problem in time-dependent domains. In particular we prove the existence of
cádlág solutions to the Skorohod problem with oblique re�ection in time-independent
domains with corners. We use this existence result to construct weak solutions to
stochastic di¤erential equations with oblique re�ection in time-dependent domains.
In the process of obtaining these results we also establish convergence results for
sequences of solutions to the Skorohod problem and a number of estimates for solu-
tions, with bounded jumps, to the Skorohod problem.
The second article considers the problem of determining the sensitivities of a so-

lution to a second order parabolic partial di¤erential equation with respect to pertur-
bations of the parameters of the equation. We derive an approximate representation
of the sensitivities and an estimate of the discretization error arising in the sensitiv-
ity approximation. We apply these theoretical results to the problem of determining
the sensitivities of the price of European swaptions in a LIBOR market model with
respect to perturbations in the volatility structure (the so-called �Greeks�).
The third article treats stopped di¤usions in time-dependent graph domains with

low regularity. We compare, numerically, the performance of one adaptive and three
non-adaptive numerical methods with respect to order of convergence, e¢ ciency and
stability. In particular we investigate if the performance of the algorithms can be
improved by a transformation which increases the regularity of the domain but, at
the same time, reduces the regularity of the parameters of the di¤usion.
In the fourth article we use the existence results obtained in Article I to con-

struct a projected Euler scheme for weak approximation of stochastic di¤erential
equations with oblique re�ection in time-dependent domains. We prove theoretically
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that the order of convergence of the proposed algorithm is 1=2 and conduct numerical
simulations which support this claim.

2000 Mathematics Subject Classi�cation: Primary 65C; Secondary 35K20, 49Q12,
60J50, 62P05.

Keywords and phrases: Skorohod problem, weak approximation, time-dependent
domain, stochastic di¤erential equations, parabolic partial di¤erential equations,
oblique re�ection, stopped di¤usions, Euler scheme, adaptive methods, sensitivity
analysis, �nancial derivatives, �Greeks�.

Sammanfattning

Denna doktorsavhandling består av en sammanfattning och fyra vetenskapliga artik-
lar. Artiklarna behandlar olika frågeställningar inom teorin för stokastiska di¤eren-
tialekvationer och sammanfattningen är en introduktion till valda delar av denna
teori.
Den första artikeln utgör en utförlig utredning av det �erdimensionella Skorohod-

problemet på tidsberoende områden. Vi härleder villkor under vilka det går att visa
existens av lösningar till Skorohodproblemet. Med hjälp av detta resultat lyckas vi
därefter visa att det existerar svaga lösningar till stokastiska di¤erentialekvationer
med sned re�ektion på tidsberoende områden. Vi visar även konvergensresultat för
följder av lösningar till Skorohodproblemet och ett antal uppskattningar för lösningar,
med begränsade hopp, till Skorohodproblemet.
I den andra artikeln behandlar vi problemet att bestämma känsligheten hos lös-

ningar till andra ordningens paraboliska partiella di¤erentialekvationer med avseende
på störningar av ekvationens parametrar. Vi härleder en approximativ representa-
tionsformel för denna känslighet och även ett uttryck för det diskretiseringsfel som
uppkommer vid uppskattningen av känsligheten. Vi tillämpar dessa teoretiska resul-
tat på problemet att bestämma känsligheten hos priset på europeiska swaptioner i
en LIBOR-marknadsmodell med avseende på störningar i volatilitetsstrukturen.
I den tredje artikeln betraktar vi stoppad di¤usion på tidsberoende grafområden

med låg regularitet och jämför numeriskt en adaptiv och tre icke-adaptiva numeriska
lösningsmetoder för stokastiska di¤erentialekvationer med avseende på konvergens-
ordning, stabilitet och tidsåtgång. Vi undersöker i synnerhet om konvergensresul-
taten kan förbättras med hjälp av en avbildning som ökar regulariteten hos området
men som samtidigt minskar regulariteten hos di¤usionens parametrar.
I den fjärde artikeln använder vi existensresultaten från den första artikeln för

att konstruera en metod för svag approximation av stokastiska di¤erentialekvationer
med sned re�ektion på tidsberoende områden. Vi visar teoretiskt att den föreslagna
lösningsmetoden har konvergensordning 1=2 och utför numeriska simuleringar som
bekräftar detta resultat.
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1 Introduction

Di¤erential equations constitute an important tool in the mathematical modelling
of various phenomena in science and engineering. The in�uence of celebrated dif-
ferential equations such as Newton�s equations for classical mechanics, Maxwell�s
equations for electrodynamics and the Schrödinger equation of quantum mechanics
is immense and predictions based on these equations have proved to be very accurate.
Di¤erential equations are deterministic in the sense that, once the initial conditions
and parameters of the equation have been speci�ed, the predictions are always the
same. This deterministic property is often desirable but, as illustrated by the fol-
lowing example, there are situations where it makes models based on di¤erential
equations unsuitable.
Consider a rocket travelling through the terrestial atmosphere. Newton�s equa-

tions predict that the trajectory of the rocket is uniquely determined by the initial
velocity, the retarding force of air resistance and the accelerating force of gravity.
This classical model renders only a simpli�ed picture due to the fact that a dynam-
ical system, such as the �ight of the rocket, is always under the in�uence of two
di¤erent sources of uncertainty. First, it is impossible to exactly determine the ini-
tial conditions and parameters of the model. In the context of the rocket, this is
readily illustrated by the fact that inhomogeneites in the terrestial mass distribu-
tion makes the gravitational �eld non-uniform. Secondly, once the parameters of the
system have been �xed, the system does not always gives rise to the same outcome.
To exemplify this kind of uncertainty, note that the trajectory of the rocket will be
altered if the rocket traverses through a region of heavy air turbulence.
Now focusing on the uncertainty caused by air turbulence, we observe that al-

though the wind �eld at a given time instant cannot be known with perfect accuracy,
it is, nonetheless, possible to determine the statistical properties of the turbulent
wind �eld. Statistical information regarding the wind �eld can be used to model the
e¤ect of air turbulence on the trajectory of the rocket. This procedure results in a
stochastic di¤erential equation, i.e. a di¤erential equation with a noise term which is
known only in terms of its probability distribution. Accordingly, a model based on
stochastic di¤erential equations will take the e¤ect of air turbulence into account and
some of the �aws of the classical model for the �ight of the rocket can be remedied by
using stochastic di¤erential equations instead of ordinary, deterministic, di¤erential
equations.
In most applications the noise term in the stochastic di¤erential equation is con-

sidered to be generated by a Brownian motion, implying that it is normally distrib-
uted with mean zero and with a variance that increases linearly in time. Due to the
stochastic nature of the noise term, the solution to a stochastic di¤erential equation
is not a single function but rather an in�nite sample of trajectories. The trajecto-
ries have the property that, for any �nite set of times, the joint distribution of the
locations of a trajectory at these times is determined by the equation. Most stochas-
tic di¤erential equations cannot be solved explicitly and, hence, there is a need for
e¢ cient numerical approximations. As straightforward generalizations of numerical
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methods for ordinary di¤erential equations often perform poorly, the construction of
numerical approximations of stochastic di¤erential equations is clearly a non-trivial
task. One subtlety related to this problem is the fact that, in general, forward and
backward methods do not converge to the same solution.
It is customary to distinguish between strong and weak approximation of stochas-

tic di¤erential equations, where the �rst case aims at approximating the trajectories
of the solution and the second case at approximating the distributional properties
of the solution, such as expectations and moments. An important application of
weak approximation is supplied by the fact that the expectation of a function of the
solution to a stochastic di¤erential equation solves a second order parabolic partial
di¤erential equation. Consequently, stochastic di¤erential equations are useful not
only from a modelling perspective, but also as a tool for �nding solutions to already
existing models that are based on partial di¤erential equations.
One example of a second order parabolic partial di¤erential equation whose solu-

tion can be represented in terms of a stochastic di¤erential equation is the celebrated
Black-Scholes equation for the price of a European call option. Recall that this �-
nancial derivative gives the owner the right, without obligation, to buy one unit of
a certain underlying, typically a share or a bond, at a pre-speci�ed price at a given
future time. In this particular example, the corresponding stochastic di¤erential
equation models the evolution of the price of the underlying. The Black-Scholes
equation can be explicitly solved, but in general this does not hold for partial di¤er-
ential equations corresponding to more complex options. In these cases the option
price can be obtained either by solving the partial di¤erential equation directly, for
instance by �nite di¤erence methods, or by weak approximation of the correspond-
ing stochastic di¤erential equation. It should be noted that the latter approach is
particularly useful for high-dimensional problems as it does not su¤er from the so-
called �curse of dimensionality�, i.e. the computational complexity does not increase
exponentially with dimension.
Stochastic di¤erential equations restricted to �xed bounded domains arise in

many applications such as barrier options, near ground particle di¤usion with de-
position and optimal control problems with constraints. For this particular class of
stochastic di¤erential equations, boundary conditions must be speci�ed and two fre-
quent choices are absorbing and re�ecting boundary conditions, respectively. Using
absorbing boundary conditions the trajectories of the stochastic di¤erential equation
are stopped upon hitting the boundary, whereas using re�ecting boundary conditions
the trajectories are, upon hitting the boundary, pushed back into the domain again.
Re�ecting boundary conditions can be constructed, mathematically, by the addition
of a local time term to the stochastic di¤erential equation. The local time repre-
sents, in a sense, the time spent on the boundary by the solution to the stochastic
di¤erential equation and the existence of a local time can be veri�ed by solving the
deterministic Skorohod problem. Consequently, the Skorohod problem supplies a
means for proving the existence of solutions to stochastic di¤erential equations with
re�ecting boundary conditions. Note also that the second order parabolic partial dif-
ferential equation corresponding to a stochastic di¤erential equation on a bounded
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domain has Dirichlet boundary conditions if the boundary is absorbing and Neumann
boundary conditions if the boundary is re�ecting.
Naturally, both particle dispersion problems and singular stochastic control prob-

lems emerge also in time-dependent domains. Accordingly, with respect to applica-
tions as well as from a purely theoretical point of view, stochastic di¤erential equa-
tions in time-dependent domains is clearly of interest and this is, indeed, the unifying
theme of this thesis. In particular, in the setting of time-dependent domains, we de-
rive conditions for the existence of solutions to the Skorohod problem and, as a
consequence, for the existence of solutions to stochastic di¤erential equations with
re�ecting boundary conditions. Moreover, we investigate various aspects of weak
approximation of stochastic di¤erential equations in time-dependent domains. Note
that the original aim of this thesis was to derive a rigorous mathematical model for
particle di¤usion with deposition in terms of a stochastic di¤erential equation with
appropriate boundary conditions. This model was then to be used in the construc-
tion of a corresponding inverse model for particle di¤usion with deposition. However,
as the requested results were not obtained, the content of the thesis was gradually
altered to its present state.
The thesis is organized as follows. Section 2 gives an introduction to the theory

of stochastic di¤erential equations in general and to stochastic di¤erential equations
with re�ecting boundary conditions and the Skorohod problem in particular. More-
over the contributions in Article I are discussed in Section 2. Section 3 treats various
methods for weak approximation of stochastic di¤erential equations and, in particu-
lar, the contributions in Articles II, III and IV. Sections 2 and 3 are intended to be
accessible to readers equipped with an undergraduate degree in mathematics and in-
troductory graduate courses in integration theory, axiomatic probability theory and
stochastic processes.

2 Stochastic di¤erential equations

Let (
;F ; P ) be a probability space, where 
 is the space of outcomes, F is the �-
algebra of events in 
 and P : 
! [0; 1] is a probability measure. LetW : R+�
!
Rm be a m-dimensional Wiener process (Brownian motion) on (
;F ; P ) in the sense
that W (t) = fW1 (t) ; :::;Wm (t)g is a collection of m independent one-dimensional
Wiener processes. Recall that a one-dimensional Wiener process �W : R+ � 
 ! R
is a stochastic process which satis�es �W (0) = 0 almost surely and has independent
increments distributed according to

�W (t)� �W (s) 2 N (0; t� s) ; for 0 � s � t: (2.1)

Here N (�; �2) denotes the normal distribution with mean � and variance �2. Two
stochastic processes X and Y on (
;F ; P ) are said to be versions of each other if the
probability for the event X (t) = Y (t) is one for all t 2 R+. A simple application of
Kolmogorov�s continuity theorem (Theorem 1.8 in Chapter I of [26]) shows that the
Wiener process has a continuous version and we shall, in the following, identify W
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with this continuous version. Furthermore, recall that a �ltration is an increasing
family of �-algebras and let fFtgt�0 denote the natural �ltration generated by the
random variables fW (s) : 0 � s � tg. A stochastic process X is adapted to the
�ltration fFtgt�0 if X (t) is Ft-measurable for every t 2 R+. Intuitively, this means
that the value of X (t) can be determined from the information available in Ft.

De�nition 2.1 Let T > 0, let b : [0; T ] � Rd ! Rd and � : [0; T ] � Rd ! Rd�m
be functions and let Z : 
 ! Rd be a random variable. A solution to the stochastic
di¤erential equation with drift coe¢ cient b, di¤usion coe¢ cient � and initial value
Z is a t-continuous stochastic process X : [0; T ] � 
 ! Rd adapted to the �ltration�
FZ
t

	
t�0, generated by Z and fW (s) : 0 � s � tg, which satis�es X (0) = Z and

dXi (t) = bi (t;X (t)) dt+

mX
j=1

�ij (t;X (t)) dWj (t) ; (2.2)

whenever i 2 f1; :::; dg, t 2 [0; T ].

The trajectories of the Wiener process are almost surely nowhere di¤erentiable as
functions of time (see Section 1.8 in [15]) and, as a consequence, di¤erentials of the
Wiener process are unde�ned and the de�nition in (2.2) is merely formal. To �nd
an employable interpretation, we integrate both sides of (2.2) and obtain, whenever
i 2 f1; :::; dg, t 2 [0; T ],

Xi (t) =

Z t

0

bi (s;X (s)) ds+
mX
j=1

Z t

0

�ij (s;X (s)) dWj (s) : (2.3)

Now by the nowhere di¤erentiability of W , the rightmost integral in (2.3) can be
neither a Riemann integral nor a Lebesgue integral. As the trajectories of W have
in�nite total variation (cf. (2.19)) almost surely on any �nite time interval (Corollary
2.5 in Chapter I of [26]), this integral cannot even be interpreted as a Riemann-
Stieltjes integral. Nevertheless it makes sense as a stochastic integral, �rst introduced
by Itō in 1951 [13]. To explain the notion of a stochastic integral

R T
0
f (s; !) dW (s),

! 2 
, in the Itō sense, we introduce a partition �N of [0; T ] given as 0 = t0 < t1 <
::: < tN = T . For every ! 2 
, we construct a step function approximation fN of f
such that fN is constant on every subinterval of the partition and such that fN (t)
is Ft-measurable for all t 2 [0; T ]. We de�ne the Itō integral of fN asZ T

0

fN (s; !) dW (s; !) :=
N�1X
n=0

fN (tn ; !) (Wj (tn+1; !)�Wj (tn; !)) : (2.4)

Naturally, step function approximations fN of f with the properties described above
can be constructed for any partition �N of [0; T ]. We now consider �ner and �ner
partitions �N of [0; T ] and the corresponding step function approximations fN of
f . We identify the Itō integral of f with the limit of the Itō integrals of fN as the
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maximal size of the subintervals of �N tends to zero. It is natural to construct
the step function approximations fN by means of fN (tn; !) = f (t�n; !) for some
t�n 2 [tn; tn+1). In contrast to deterministic integrals, it turns out that the choice
of evaluation point t�n in the construction of the step function is crucial. The Itō
integral is obtained by setting t�n = tn (otherwise the measurability condition will
in general not be satis�ed). Any other choice of evaluation point will result in
a stochastic integral with di¤erent properties. For an introductory treatise of the
theory of stochastic integrals and stochastic di¤erential equations we refer to [25].
There are two concepts of a solution to a stochastic di¤erential equation referred

to as strong solutions and weak solutions. A strong solution is a stochastic process
X which solves (2.3) for a prescribed Wiener process on a prescribed probability
space and this is the case considered in De�nition 2.1. A weak solution consists of a
stochastic process X and a particular Wiener process W on a particular probability
space such that (2.3) is satis�ed. Hence, in the case of strong solutions, we still obtain
a solution if the probability space and/or theWiener process is exchanged. In the case
of a weak solution, on the other hand, we are, given the drift and di¤usion coe¢ cients,
free to select a convenient Wiener process and construct the stochastic process X
based on this particular choice of Wiener process. Obviously all strong solutions
are weak solutions, but there are examples of stochastic di¤erential equations for
which there exist weak solutions but no strong solutions. Regarding existence and
uniqueness of strong solutions to stochastic di¤erential equations, the following result
(Theorem 5.2.1 in [25]) can be proved by means of Picard iterations.

Theorem 2.2 Let T > 0 and let b and � be measurable functions satisfying

jb (t; y)j+ j� (t; y)j � C (1 + jyj) ; (2.5)

jb (t; y)� b (t; z)j+ j� (t; y)� � (t; z)j � C jy � zj ; (2.6)

whenever t 2 [0; T ], y; z 2 Rd, for some positive constant C. Let Z be a random
variable with �nite second moment which is independent of F1. Then the stochas-
tic di¤erential equation (2.3) with initial value Z has a unique strong solution X
satisfying

E

�Z T

0

jX (t)j2 dt
�
<1: (2.7)

The existence part of Theorem 2.2 holds under the mere assumption that b and
� are bounded and continuous. The linear growth condition (2.5) and �nite second
moment of Z are added to assert (2.7) and the Lipschitz condition (2.6) is added
to verify uniqueness. We refer to [12] for a thorough exposition of existence and
uniqueness results for stochastic di¤erential equations.
In most applications we are not interested in the position of the trajectories of

the stochastic di¤erential equation, but rather in the distributional properties of the
solution. Of particular interest is the expectation of a function f : Rd ! R of the
solution at time T conditioned on the fact that X (t) = z at some prior time t, i.e.

u (t; z) = E [f (X (T )) jX (t) = z] : (2.8)
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The Feynman-Kac formula (Theorem 4.2 in Chapter 4 of [14]) asserts that, under ap-
propriate regularity assumptions, the function u (t; z) in (2.8) is the unique bounded
C1;2-solution to the Cauchy-Dirichlet problem�

@tu (t; z) + Lu (t; z) = 0; whenever (t; z) 2 (0; T )� Rd;
u (T; z) = f(z); whenever z 2 Rd; (2.9)

for the second order parabolic operator

L =

dX
i=1

bi (t; z) @zi +
dX

i;k=1

[���]ik (t; z) @zizk . (2.10)

Here b and � are the drift and di¤usion coe¢ cients of X and �� is the transpose of
�. Many useful di¤erential equations such as the Black-Scholes equation for option
pricing and the Fokker-Planck equation for particle di¤usion can be written in the
form of (2.9)-(2.10). As (2.8) constitutes a representation in terms of stochastic
di¤erential equations of the solution to the Cauchy-Dirichlet problem (2.9)-(2.10), it
provides an alternative way of solving many important second order parabolic partial
di¤erential equations. The numerical approximation of (2.8) is referred to as weak
approximation and will be considered in more detail in Section 3.

2.1 Stochastic di¤erential equations on bounded domains

To de�ne stochastic di¤erential equations on bounded domains D we must, as men-
tioned in the introduction, specify the boundary conditions. Let us �rst consider the
case of absorbing boundary conditions, i.e. when the trajectories of the stochastic
di¤erential equation are stopped upon hitting the boundary. As the time of arrival
at the boundary di¤ers between di¤erent trajectories, we need the following notion.

De�nition 2.3 Let fNtgt�0 be a �ltration. A function � : 
 ! [0;1] is called a
stopping time with respect to fNtgt�0 if

f! 2 
 : � (!) � tg 2 Nt, for all t � 0 : (2.11)

If � is a stopping time with respect to fNtgt�0 it is possible, for all t � 0,
to determine, given the information in Nt, whether the event � (!) � t has oc-
curred or not. One important example of a stopping time is the �rst exit time
�D = inf ft > 0 : X (t) =2 Dg of the stochastic process X from the domain D. Pro-
vided with the notion of �rst exit times, we de�ne a solution to a stochastic di¤er-
ential equation on D with absorbing boundary conditions as a stochastic process X
satisfying (2.3) for all t 2 [0; �D].
Let @D and D denote the boundary and closure, respectively, of D and let

g : [0; T ] � D ! R be some function. Introduce the �nite stopping time � =
min (�D; T ) = inf ft > 0 : (t;X (t)) =2 (0; T )�Dg. Then, under appropriate regular-
ity assumptions (see Chapter 9 in [25] for details),

u (t; z) = E [g (�;X (�)) jX (t) = z] (2.12)
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solves the Dirichlet problem�
@tu (t; z) + Lu (t; z) = 0; whenever (t; z) 2 (0; T )�D;
u (t; z) = g(t; z); whenever (t; z) 2 @0PD:

(2.13)

Here L is as de�ned in (2.10) and @0PD = (fTg �D)[ ((0; T )� @D) is the parabolic
boundary of D. Hence (2.12) supplies a representation in terms of stochastic di¤er-
ential equations of the solution to the Dirichlet problem (2.13). As most solutions to
stochastic di¤erential equations are di¤usion processes (Theorem 4.6.1 in [15]), sto-
chastic di¤erential equations with absorbing boundary conditions are often referred
to as stopped di¤usions. In the special case of g (t; z) = 0, for (t; z) 2 (0; T ) � @D,
the stochastic di¤erential equation in (2.12) is known as a killed di¤usion.
We now turn to stochastic di¤erential equations with re�ecting boundary condi-

tions. The special case of a one-dimensional Wiener process restricted to the positive
real line with re�ection at zero is de�ned as jW j. Naturally we cannot, for general
multi-dimensional domains, de�ne re�ected stochastic processes by means of the ab-
solute value function as this will not guarantee that the stochastic process stays
within the domain in question. To solve this problem we use an alternative represen-
tation of the re�ected Wiener process, which can readily be extended to more general
domains and stochastic processes. Tanaka�s formula (Theorem 1.2 in Chapter VI of
[26]) applied to the Wiener process asserts the existence of an increasing continuous
stochastic process K : R+ � 
! R such that

jW (t)j =
Z t

0

sgn (W (s)) dW (s) +K (t) ; (2.14)

where sgn(z) = 1, for z � 0, and sgn(z) = �1 otherwise. The increasing stochastic
process K is referred to as the local time of W at zero due to the following property
connecting K to the time spent by the Wiener process at zero

K (t) = lim
"!0+

1

2"

Z t

0

1fjW (s)j<"g ds; (2.15)

(Corollary 1.9 in Chapter VI of [26]). The proof of Tanaka�s formula is not con-
structive and to analyze K in more detail we use the following, purely deterministic,
construction due to Skorohod [29]. The setup considered in Lemma 2.4 is known as
the Skorohod problem.

Lemma 2.4 Let w : R+ ! R be a continuous function such that w (0) � 0. Then
there exists a unique pair (x; �) of functions x; � : R+ ! R+ such that

i) x = w + �;
ii) � is an increasing, continuous function vanishing at zero and the corresponding

measure d� satis�es d� (fs : x (s) 6= 0g) = 0:
Moreover � is explicitly given by

� (t) = � inf
0�s�t

fmin (0; w (s))g ; (2.16)

and x by x = w + �, with � as in (2.16).
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Note that the statement of Lemma 2.4 requires that � only increases when x is
zero, that is when x is found at the boundary of the domain R+. It is easy to see that
the construction in (2.16) satis�es the criteria stated for (x; �) in Lemma 2.4 and the
uniqueness also follows readily. By the Lévy characterization of Wiener processes
(Theorem 8.6.1 in [25]), the term

R t
0
sgn(W (s)) dW (s) in (2.14) is a Wiener process.

Then, by Lemma 2.4,
jW (t)j = ~W (t) +K (t) ; (2.17)

where ~W is a Wiener process and K (t) = � inf0�s�t
n
min

�
0; ~W (s)

�o
. Accordingly

(2.17) supplies an alternative representation of the one-dimensional Wiener process
with re�ection at zero in terms of anotherWiener process and an increasing stochastic
process. Now, if we manage to generalize the Skorohod problem to a wider class of
domains, we can construct Wiener processes with re�ecting boundary conditions on
more general domains and, as a spin-o¤, solutions to stochastic di¤erential equations
with re�ecting boundary conditions.
Let N (z) denote the vector �eld of unit inward normal vectors of D at z 2 @D

and let � (z) denote a vector �eld of unit vectors at z 2 @D such that

h; ni � � > 0; for all  2 � (z) , n 2 N (z) , z 2 @D: (2.18)

By de�nition,  is non-tangential to the boundary. De�ne the total variation of a
function � : [0; T ]! Rd as

j�jV = sup
�N

N�1X
n=0

j� (tn+1)� � (tn)j ; (2.19)

where the supremum runs over the set of all partitions �N of the time interval
[0; T ]. Let BV

�
[0; T ] ;Rd

�
be the set of functions � : [0; T ]! Rd with bounded total

variation and let C
�
[0; T ] ;Rd

�
be the set of continuous functions x : [0; T ]! Rd.

De�nition 2.5 Let T > 0 and let D be a domain in Rd. Let b : [0; T ]�Rd ! Rd and
� : [0; T ]� Rd ! Rd�m be functions, let Z : 
! Rd be a random variable and let �
be as in (2.18). A weak solution to the stochastic di¤erential equation in D with drift
coe¢ cient b, di¤usion coe¢ cient �, initial condition Z and re�ection along � on @D
is a stochastic process (X;�) with paths in C

�
[0; T ] ;Rd

�
� BV

�
[0; T ] ;Rd

�
which is

de�ned on a �ltered probability space
�

;F ; fFtgt�0 ; P

�
and satis�es, almost surely,

Xi (t) = Zi +

Z t

0

bi (s;X (s)) ds+

mX
j=1

Z t

0

�ij (s;X (s)) dWj (s) + �i (t) ; (2.20)

�i (t) =

Z t

0

i d j�jV (s) , where  2 � (X (s)) d j�jV -almost everywhere, (2.21)

X (t) 2 D, d j�jV (ft 2 [0; T ] : X (t) 2 Dg) = 0; (2.22)

whenever i 2 f1; :::; dg, t 2 [0; T ]. Here W is an m-dimensional Wiener process on�

;F ; fFtgt�0 ; P

�
and (X;�) is

�
FZ
t

	
-adapted.
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It is clear from De�nition 2.5 that the stochastic process X is constrained to the
domain D and re�ected at the boundary along vectors belonging to the vector �eld
�. To clarify the usefulness of the Skorohod problem we state a general de�nition of
solutions to the multi-dimensional Skorohod problem.

De�nition 2.6 Let T > 0 and let D be a domain in Rd. Let � be a unit vector �eld
of directions of re�ection and let w : [0; T ]! Rd be a continuous function such that
w (0) 2 D. A solution to the Skorohod problem for (D;�; w) is a pair of functions
(x; �) 2 C

�
[0; T ] ;Rd

�
� BV

�
[0; T ] ;Rd

�
satisfying, whenever t 2 [0; T ],

x (t) = w (t) + � (t) ; (2.23)

� (t) =

Z t

0

 d j�jV (s) , where  2 � (x (s)) d j�jV -almost everywhere, (2.24)

x (t) 2 D; d j�jV (ft 2 [0; T ] : x (t) 2 Dg) = 0: (2.25)

Comparing the statements of De�nitions 2.5 and 2.6, we see that a trajectory of
a stochastic di¤erential equation with re�ecting boundary conditions can be viewed
as a trajectory of a solution to the Skorohod problem for some suitable path w.
Moreover, w is related to the unbounded stochastic di¤erential equation with drift
coe¢ cient b, di¤usion coe¢ cient � and initial condition Z. Hence, existence of
solutions to stochastic di¤erential equations with re�ecting boundary conditions can
be established by verifying the existence of a suitable path w and the existence of a
solution to the Skorohod problem. Regarding the �rst question we refer, for example,
to Section 5 in [27] and here we concentrate on existence and uniqueness of solutions
to the Skorohod problem. The study of the Skorohod problem in the form stated in
De�nition 2.6 goes back to Tanaka [32], who proved the following result.

Theorem 2.7 Let D be a convex domain in Rd. Then for every continuous function
w : [0; T ] ! Rd satisfying w (0) 2 D, there exists a unique solution to the Skorohod
problem for (D;N;w).

In order to �nd solutions to the Skorohod problem also for non-convex domains,
we must impose some regularity condition on the domain. One useful condition is
the uniform exterior sphere condition, which states that there exists some r0 > 0
such that

Br0 (z � r0v) � Dc, for all v 2 N (z) , z 2 @D. (2.26)

HereDc is the complement ofD and Br (z) =
�
y 2 Rd : jy � zj < r

	
is the Euclidean

ball with center z 2 Rd and radius r > 0. For points situated in Dc, but at most a
distance r0 away from D, the uniform exterior sphere condition asserts the existence
of a unique normal projection onto the boundary of D. Note also that a domain
satisfying D may have corners. Another useful condition states that there exist
constants � > 0 and � 2 [1;1) such that for any z 2 @D there exists a unit vector
az satisfying the property

haz; ni �
1

�
; for all n 2

[
y2B�(z)\@D

N (y) . (2.27)
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Let D and N satisfy (2.26)-(2.27), an additional regularity condition similar
to (2.26) and an admissibility condition stating that D can be approximated in
some sense by smooth domains. Under these assumptions, Lions and Sznitman [16]
proved the existence of a unique solution to the Skorohod problem for (D;N;w).
Saisho [27] later showed that this result holds assuming only conditions (2.26)-(2.27).
Regarding obliquely re�ecting boundary conditions, existence of a unique solution to
the Skorohod problem for (D;�; w), withD smooth, was proved in [16]. The problem
of obtaining uniqueness of solutions to the Skorohod problem for oblique re�ection in
more general situations has turned out to be very challenging. However, considering
only existence, much stronger results can be obtained. For example, Costantini [3]
proved the existence of solutions to the Skorohod problem for (D;�; w) with D being
a domain with corners and w being a cádlág function, i.e. a right continuous function
with left hand limits.
To give an example of the applicability of stochastic di¤erential equations with

re�ecting boundary condition, let L be as in (2.10), let rz be the gradient opera-
tor and let ', �, f , g and h be some functions. Then under appropriate regular-
ity assumptions (see Theorem 2.5.1 in [8] for details), the classical solution to the
terminal-boundary value problem8<:

@tu (t; z) + Lu (t; z)� ' (t; z)u (t; z) = h (t; z) ; whenever (t; z) 2 (0; T )�D;
hrzu (t; z) ; i � � (t; z)u (t; z) = g (t; z) ; whenever (t; z) 2 (0; T )� @D;
u (T; z) = f(z); whenever z 2 D;

(2.28)
can be represented in terms of stochastic di¤erential equations with re�ecting bound-
ary conditions. Indeed, let X and � be as in De�nition 2.5 with Z = z and de�ne

Y1 (s) = �
Z s

t

' (r;X (r)) dr; Y2 (s) = �
Z s

t

� (r;X (r)) d j�jV (r) : (2.29)

Then, the following representation of u holds

u (t; z) =E [f (X (t)) exp (Y1 (T ) + Y2 (T ))]

� E

�
�
Z T

t

g (s;X (s)) exp (Y1 (s) + Y2 (s)) d j�jV (s)
�

� E

�
�
Z T

t

h (s;X (s)) exp (Y1 (s) + Y2 (s)) ds

�
(2.30)

Although it is a non-trivial task to extend many of the results above to time-
dependent domains, stochastic di¤erential equations on bounded time-dependent
domains has, until recently, received a limited amount of attention. A �rst treatise
on this topic was written by Gobet, Costantini and El Karoui [4] who considered
time-dependent H2+�-domains. Recall that aH2+�-domain is a time-dependent C1;2-
domain with the additional property that the derivatives of the de�ning function
up to order one in time and up to order two in space are Hölder continuous with
exponent � in spatial and temporal variables. For such domains, it was shown in [4]
that the Skorohod problem for (D;N;w) and the corresponding stochastic di¤erential
equation with re�ecting boundary conditions have unique solutions.
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2.2 Article I. The Skorohod oblique re�ection problem in
time-dependent domains

In Article I [23] we conduct a thorough study of the multi-dimensional Skorohod
problem in time-dependent domains. To describe the results, we shall, given T > 0
and an open, connected set D0 � Rd+1, refer to D = D0 \ ([0; T ] � Rd) as a time-
dependent domain. Furthermore given D and t 2 [0; T ], we de�ne the time sections
of D as Dt = fz : (t; z) 2 Dg � Rd and assume that

Dt 6= ; and that Dt is bounded and connected for every t 2 [0; T ] : (2.31)

Let d (z; E) be the Euclidean distance between a point z 2 Rd and a set E � Rd.
Following [4] we let, for r > 0,

l (r) = sup
s;t2[0;T ]
js�tj�r

sup
z2Ds

d (z;Dt) ; (2.32)

be the modulus of continuity of the variation of D in time. The results derived in
Article I are obtained under the assumption that

lim
r!0+

l (r) = 0: (2.33)

Regarding �, note that this vector �eld will, in the time-dependent setting, depend
not only on z but also on t and we need to impose a regularity condition on the
time-dependence of �. To formulate this condition, we let

h(E;F ) = max(supfd(z; E) : z 2 Fg; supfd(z; F ) : z 2 Eg); (2.34)

denote the Hausdor¤ distance between the sets E;F � Rd. Moreover, let f(tn; zn)g
be a sequence of points in Rd+1, tn 2 [0; T ], zn 2 @Dtn, such that limn!1 tn = t 2
[0; T ] and limn!1 zn = z 2 @Dt. We assume that, for any such sequence of points
f(tn; zn)g,

lim
n!1

h(� (tn; zn) ;� (t; z)) = 0: (2.35)

We can now formulate the main result in Article I regarding the Skorohod problem
in time-dependent domains.

Theorem 2.8 Let T > 0 and let D � Rd+1 be a time-dependent domain satisfying
(2.31), (2.33) and a uniform exterior sphere condition with radius r0 for all t 2 [0; T ].
Let � = � (t; z) be a closed convex cone of vectors in Rd for every z 2 @Dt, t 2 [0; T ],
and assume that � satis�es (2.35) and two additional conditions adopted from [3]
(properties (1.3) and (1.4) in [23]). Assume that D satis�es two geometric conditions
limiting the variation of � in space-time neighbourhoods and a condition regarding
projections along � (see Theorem 1.2 in [23] for details). Then, for any cádlág
function w : [0; T ] ! Rd, with w0 2 D0 and jumps bounded by a suitable constant,
there exists a solution (x; �) to the Skorohod problem for (D;�; w). In addition the
jumps of x are bounded.
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As a corollary we show that under the same prerequisites as in Theorem 2.8
it holds that if w is continuous and (x; �) is a solution to the Skorohod problem
for (D;�; w), such that the jumps of x are bounded, then x and � are continuous.
From the statement of Theorem 2.8 it is not obvious which domains D and re�ecting
vector �elds � that satisfy the prerequisites. To clarify this matter, we prove the
result stated in Proposition 2.9. First recall that a H1+�-domain is a time-dependent
C0;1-domain with the additional property that the �rst order spatial derivatives of the
de�ning function  are Hölder continuous with exponent � in spatial and temporal
variables. Moreover,  is Hölder continuous in time with exponent (�+ 1) =2.

Proposition 2.9 Let T > 0 and let D � Rd+1 be a time-dependent H1+�-domain
for some � 2 (0; 1]. Assume that D satis�es (2.31) and a uniform exterior sphere
condition with radius r0 for all t 2 [0; T ]. Let � = �(t; z) =  (t; z) be a single valued
unit vector �eld which is uniformly continuous in both space and time and satis�es

� = inf
t2[0;T ]

inf
z2@Dt

h (t; z) ; n (t; z)i > 0; (2.36)

where n (t; z) is the inward unit normal vector of z 2 @Dt at t 2 [0; T ]. Then the
prerequisites of Theorem 2.8 hold.

In the process of proving existence of solutions to the Skorohod problem, we
establish a number of results which are of independent interest. For example, under
regularity assumptions similar to those in Theorem 2.8, we show that if (x; �) is a
solution to the Skorohod problem for (D;�; w) and if x has bounded jumps, then
there exist positive constants L1 (w; T ), L2 (w; T ), L3 (w; T ) and L4 (w; T ) such that,
whenever 0 � t1 � t2 � T , the following estimates hold

kxkt1;t2 � L1 (w; T ) kwkt1;t2 + L2 (w; T ) l (t2 � t1) ; (2.37)

j�jt2 � j�jt1 � L3 (w; T ) kwkt1;t2 + L4 (w; T ) l (t2 � t1) : (2.38)

Here kwkt1;t2 = supt1�r�s�t2 jws � wrj is the norm in the space of cádlág functions.
Furthermore, we prove a general convergence result regarding solutions to the Skoro-
hod problem. To state this result, we �rst introduce the Skorohod topology. Recall
that two functions y1; y2 : [0; T ] ! Rd are close to each other in the uniform topol-
ogy if the graph of y1 (t), for each �xed t 2 [0; T ], can be carried onto the graph of
y2 (t) by a uniformly small perturbation in the ordinate. In the Skorohod topology,
on the other hand, we allow for a uniformly small perturbation in time as well (for
more information about the Skorohod topology we refer to [1] and [7]). Now let
fwng be a sequence of cádlág functions, which is relatively compact in the Skoro-
hod topology and converges to some cádlág function w. Assume that f(xn; �n)g is
a sequence of solutions to the Skorohod problem for (Dn;�n; wn), where fDng and
f�ng are sequences converging to some D and � in an appropriate fashion. If xn

has uniformly bounded jumps, then f(xn; �n)g converges to a solution (x; �) to the
Skorohod problem for (D;�; w) and in addition x has bounded jumps.
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Finally, we use Theorem 2.8 to prove the following existence result for sto-
chastic di¤erential equations with obliquely re�ecting boundary conditions in time-
dependent domains.

Theorem 2.10 Let T > 0, D � Rd+1 and � = � (t; z) be as in the statement of
Theorem 2.8. Let b : [0; T ] � Rd ! Rd and � : [0; T ] � Rd ! Rd�m be bounded and
continuous functions on D and let ẑ 2 D0. Then there exists a weak solution to the
stochastic di¤erential equation in D with drift coe¢ cient b, di¤usion coe¢ cient �,
initial condition ẑ and re�ection along � (t; �) on @Dt, t 2 [0; T ].

3 Weak approximation of stochastic di¤erential
equations

This section is devoted to the problem of �nding e¢ cient numerical approximations
of the expectation of a function of the solution to a stochastic di¤erential equation.
Let T > 0 and t 2 [0; T ] be �xed. Let � be a partition of the time interval [t; T ],
t = t0 < t1 < ::: < tN = T , in the following referred to as a time discretization,
and let the size of the largest subinterval in � be denoted by �. By a time discrete
approximation we mean a cádlág stochastic process Y : [t; T ]�
! Rd which is based
on the time discretization � in the sense that Y (tn) is Ftn-measurable and Y (tn+1)
can be expressed as a function of Y (t0) ; Y (t1) ; :::; Y (tn), t0; t1; :::; tn; tn+1 and a �nite
number of Ftn+1-measurable random variables. Every time discrete approximation
corresponds to a scheme describing a recursive algorithm for the generation of values
at the discretization points and an interpolation method used to generate values at
intermediate points.
Let z 2 Rd and f : Rd ! R be given and let X be the solution to the stochastic

di¤erential equation (2.3). The purpose of weak approximation is to �nd a time
discrete approximation �X of X such that the error��E �f (X (T ))� f

�
�X (T )

�
jX (t) = �X (t) = z

��� ; (3.1)

is as small as possible for a reasonable computational e¤ort (cf. (2.8)). To simplify
the notation we, in the following, suppress the conditioning on X (t) = x in the
expectations.

De�nition 3.1 A time discrete approximation �X� of X with maximum step size �
is said to converge weakly to X at time T with respect to a class C of test functions
f : Rd ! R if, for all f 2 C,

lim
�!0

��E �f (X (T ))� f
�
�X� (T )

���� = 0: (3.2)

The customary choice for the space of test functions is ClP
�
Rd;R

�
, containing

all l times continuously di¤erentiable functions f : Rd ! R which, together with
their partial derivatives up to and including order l, have polynomial growth. Natu-
rally this space contains the space of all polynomials and will be su¢ cient for most
purposes. With C speci�ed as ClP

�
Rd;R

�
, we have the following de�nition.
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De�nition 3.2 A time discrete approximation �X� of X with maximum step size � is
said to converge weakly to X with order � at time T if there, for each f 2 ClP

�
Rd;R

�
,

exists a positive constant C, independent of �, and a �nite �0 > 0 such that��E �f (X (T ))� f
�
�X� (T )

���� � C��; (3.3)

for each � 2 (0; �0).
In the following we consider a Monte Carlo approach to the approximation of

E [f (X (T ))]. Let � be a time discretization and let
�
�X (�; !r)

	M
r=1

denote a sample
ofM independent, identically distributed trajectories �X (�; !r), !r 2 
, of a time dis-
crete approximation of X based on �. We approximate the expectation of f (X (T ))
by the sample average

1

M

MX
r=1

f
�
�X (T; !r)

�
: (3.4)

The error in this approximation naturally splits into two parts

E [f (X (T ))]� 1

M

MX
r=1

f
�
�X (T; !r)

�
=E

�
f (X (T ))� f

�
�X (T )

��| {z }
discretization error

+ E
�
f
�
�X (T )

��
� 1

M

MX
r=1

f
�
�X (T; !r)

�
| {z }

statistical error

: (3.5)

The discretization error is the error considered in De�nitions 3.1 and 3.2. The sta-
tistical error is, by the Central Limit Theorem, asymptotically normally distributed
and bounded from above by c0��=

p
M , where �� is the sample standard deviation of

f
�
�X (T )

�
and c0 is a constant corresponding to a certain con�dence interval. Thus,

the discretization error is mainly controlled by the choice of time discrete approxi-
mation and the statistical error mainly by the choice of sample size M .
The simplest non-trivial time discrete approximation �X of X is generated by the

Euler scheme, for which �X is determined by means of the recursive algorithm

�Xi (tn+1) = �Xi (tn) + bi
�
tn; �X (tn)

�
�tn +

mX
j=1

�ij
�
tn; �X (tn)

�
�Wj (tn) ; (3.6)

for i 2 f1; :::; dg, n 2 f0; :::; N � 1g with initial value �X (t0) = X (t0). Here �tn =
tn+1 � tn and �Wj (tn) = Wj (tn+1) � Wj (tn) denote the time steps and Wiener
process increments, respectively. It is well-known that a time discrete approximation
constructed using the Euler scheme converges weakly with order � = 1 (Theorem
14.1.5 in [15]). We say that the weak order of convergence of the Euler scheme is 1.
Over the last three decades considerable e¤ort has been invested into the search

for time discrete approximations whose weak order of convergence exceeds 1. In fact,
based on the Itō-Taylor expansion (Theorem 5.5.1 in [15]) which is a generalization
of the Taylor formula to the calculus of Itō integrals, time discrete approximations
with arbitrarily high weak order of convergence can be derived (see Theorems 14.5.1
and 14.5.2 in [15] for details).
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3.1 Adaptive weak approximation of stochastic di¤erential
equations

The time discrete approximations considered in the previous section are based on
a time discretization that is given in advance and chosen independently of the sto-
chastic di¤erential equation whose solution we wish to approximate. In contrast,
this section is devoted to the study of adaptive weak approximation, where adap-
tive means that the time discretization is no longer �xed but may change from
one problem to another or from one trajectory of the Wiener process to another.
Adaptive weak approximation of stochastic di¤erential equations was �rst studied
by Szepessy, Tempone and Zouraris in their pioneering work [30] and later extended
to more general situations in [6], [19] and [20]. We distinguish between adaptive
weak approximation with deterministic time steps and with stochastic time steps.
In the �rst case we choose, for a given stochastic di¤erential equation, a suitable
time discretization and use the same time discretization in the simulation of every
trajectory of the time discrete approximation. In the second case we determine a
new time discretization for every trajectory of the time discrete approximation, so
that the choice of time discretization depends not only on the stochastic di¤erential
equation but also on the trajectories of the Wiener process.
The idea of adaptive approximation is to iteratively re�ne the time steps where

the discretization error is large until the error is su¢ ciently small on all time steps.
Hence, in order to construct an adaptive approximation we must be able to determine
the error during each time step. A �rst result in this direction was provided by
Talay and Tubaro [31], who derived an a priori expansion of the discretization error
generated by the Euler scheme. However, as the terms of the expansion depend on the
true solution to the stochastic di¤erential equation, this expansion cannot be used in
the construction of an adaptive algorithm. More useful is the error expansion stated
in Theorem 2.2 of [30], where the �rst order terms are computable in a posteriori
form. In particular, under some regularity assumptions on b, � and f (see Theorem
2.2 of [30] for details), the discretization error of the Euler scheme can be expanded
as

E
�
f (X (T ))� f

�
�X (T )

��
=

N�1X
n=0

MX
r=1

dX
i=1

�
bi
�
tn+1; �X (tn+1; !r)

�
� bi

�
tn; �X (tn; !r)

��
'i (tn+1; !r)

�tn
2M

+

N�1X
n=0

MX
r=1

dX
i;k=1

�
dik
�
tn+1; �X (tn+1; !r)

�
� dik

�
tn; �X (tn; !r)

��
'0ik (tn+1; !m)

�tn
2M

+
N�1X
n=0

(�tn)
2

 
O (�tn) +

N�1X
h=n

O
�
(�th)

2�!+ Z T

0

(IM + IIM) dt; (3.7)

where IM and IIM represent the statistical error of the �rst two terms in (3.7),
respectively, and dik = [���]ik. The functions ' and '

0 appearing in (3.7) are certain
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dual functions de�ned as follows. For all tn, n 2 f0; :::; N � 1g, and z 2 Rd, we
introduce

ci (tn; z) = zi + bi (tn; z)�tn +
mX
j=1

�ij (tn; z)�Wj (tn) ; (3.8)

and note that ci
�
tn; �Xi (tn)

�
= �Xi (tn+1). The spatial derivatives of c quantify the

sensitivity of �X (tn+1) with respect to perturbations in �X (tn) and can, hence, be
used to measure the propagation of discretization error. The dual functions 'i,
i 2 f1; :::; dg, are recursively de�ned by means of the backwards problem

'i (T ; !m) = @zif
�
�X (T; !m)

�
; (3.9)

'i (tn ; !m) =

dX
l=1

@zicl
�
tn; �X (tn; !m)

�
'l (tn+1 ; !m) ; for tn < T . (3.10)

Similarly, the dual functions '0ik, i; k 2 f1; :::; dg, are recursively de�ned as

'0ik (T ; !m) =@zizkf
�
�X (T; !m)

�
; (3.11)

'0ik (tn ; !m) =
dX

l;p=1

@zicl
�
tn; �X (tn; !m)

�
@zkcp

�
tn; �X (tn; !m)

�
'0lp (tn+1 ; !m)

+
dX
l=1

@zizkcl
�
tn; �X (tn; !m)

�
'l (tn+1 ; !m) ; for tn < T . (3.12)

It is easily seen that the �rst two terms in (3.7) are solely responsible for the weak
order of convergence of the Euler scheme being equal to 1. Consequently these two
terms can be used to construct a re�nement criterion for the time discretization.
Note that the discretization error during each time step is estimated by a sample
average over a number of trajectories, implying that an algorithm for adaptive weak
approximation based on (3.7) will have deterministic time steps. For a thorough
description of such an algorithm we refer to Section 5.3 in [30].
In [30] it is also shown that Malliavin calculus can be used to derive an expansion

of the discretization error for a given trajectory at a given time step. Based on this
expansion an algorithm for adaptive weak approximation with stochastic time steps
can be constructed (see Section 5.4 in [30] for details).

3.2 Article II. Pricing and hedging of �nancial derivatives
using a posteriori error estimates and adaptive methods
for stochastic di¤erential equations

In Article II [22] we consider the problem of calculating sensitivities of the solu-
tion to a Cauchy-Dirichlet problem (cf. (2.9)) for a second order parabolic operator
with respect to perturbations of the coe¢ cients in the partial di¤erential equation.
Moreover, we apply these results to the problem of calculating the so-called �Greeks�,

16



i.e. sensitivities of the price of a �nancial derivative with respect to perturbations of
the parameters in the model of the underlying. In particular, let �b;~b : R+�Rd ! Rd
and ��; ~� : R+ � Rd ! Rd+d be functions and let �b; �� 2 R be constants satisfying
j�bj � � and j��j � � for some small � > 0. Assume that the drift and di¤usion
coe¢ cients of a stochastic di¤erential equation can be decomposed as

b (t; z) = b(t; z; �b) = �b (t; z) + �b~b (t; z) ;

� (t; z) = �(t; z; ��) = �� (t; z) + ��~� (t; z) ; (3.13)

so that ~b and ~� represent perturbations of �b and ��. Let � = (�b; ��) and de�ne

Xi(t) = Xi(t; �) = zi +

Z t

0

bi(s;X(s); �) ds+
mX
j=1

Z t

0

�ij(s;X(s); �) dWj(s): (3.14)

for i 2 f1; :::; dg. Assume that the stochastic di¤erential equation (3.14) has a unique
strong solution for all parameter values � = (�b; ��), such that j�bj � � and j��j � �.
Let T > 0, let f : Rd ! R be some function and let L be as in (2.10). Recall, from
the connection between (2.8) and (2.9), that

u (t; z) = u(t; z; �) = u(t; z; (�b; ��)) = E[f(X(T; �))jX(t; �) = z]: (3.15)

is the unique bounded C1;2-solution to the Cauchy-Dirichlet problem (2.9).
The objective of Article II is to use numerical algorithms for stochastic di¤erential

equations to calculate, simultaneously, the quantities

u(t; z; (0; 0)); (@�bu)(t; z; (0; 0)); (@��u)(t; z; (0; 0)); (3.16)

with control of the errors. The problem of calculating u(t; z; (0; 0)) with control of the
errors was settled by the error expansion (3.7) derived in [30] as discussed in Section
3.1. The main contribution of Article II is that we derive a method for calculating
the sensitivities (@�bu)(t; z; (0; 0)) and (@��u)(t; z; (0; 0)) with control of the error. To
shortly describe how this is accomplished, note that, by formally di¤erentiating (2.9),
it is clear that the sensitivities satisfy the terminal conditions

@�bu (T; z) = @��u (T; z) = 0; (3.17)

for z 2 Rd, and the partial di¤erential equations

@t(@�bu) (t; z) +
�L(@�bu) (t; z) = �

nX
i=1

~bi (t; z) @zi�u (t; z) ;

@t(@��u) (t; z) + �L(@��u) (t; z) = �
1

2

nX
i;k=1

[��~�� + ~����]ik (t; z) @zizk �u (t; z) ; (3.18)

for (t; z) 2 (0; T )�Rd. Here �L is obtained by setting � equal to zero in the de�nition of
L and �u is the solution to (2.9) corresponding to � = 0. Accordingly, the sensitivities
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solve an inhomogenous Cauchy-Dirichlet problem and can, by the Feynman-Kac
formula (Theorem 4.2 in Chapter 4 of [14]), be represented as

(@�bu)(t; z; (0; 0)) = E

� nX
i=1

Z T

t

~bi (t;X (s)) @zi�u (t;X (s)) ds

�
; (3.19)

(@��u)(t; z; (0; 0)) =
1

2
E

� nX
i;k=1

Z T

t

[��~�� + ~����]ik (t;X (s)) @zizk �u (t;X (s)) ds

�
;

conditioned on X(t) = z. Now, the Euler scheme can be used to construct a time
discrete approximation of X and the dual functions in (3.9)-(3.12) can be used
to approximate the derivatives of �u. Inserting these approximations into (3.19),
we obtain an approximate representation of the sensitivities (@�bu)(t; z; (0; 0)) and
(@��u)(t; z; (0; 0)). Furthermore, proceeding somewhat similarly to [30], we derive an
expansion of the error arising in the sensitivity approximation. This error expansion
enables us to control the errors in the calculation of the sensitivities.
Article II is concluded by two numerical examples illuminating the practical use

of the theoretical results above. In the �rst example the sensitivities can be explicitly
calculated and this benchmark example is suitable for evaluation of the accuracy of
the sensitivity approximation and the error estimates. In the second example we cal-
culate the sensitivities of the price of European swaptions in a LIBOR market model
with respect to perturbations of the volatility structure (the so-called �Greeks�).

3.3 Weak approximation of stochastic di¤erential equations
on bounded domains

An important issue that must be addressed in the study of weak approximation
of stochastic di¤erential equations on bounded domains is the problem of �nding
an e¢ cient way to handle the boundary conditions. Let us �rst consider the case
of absorbing boundary conditions and recall that the aim here is to approximate
(2.12). Let T > 0 and t 2 [0; T ] be given, let �N be a time discretization of
[t; T ], t = t0 < t1 < ::: < tN = T , and de�ne �(s) = supftn : tn � sg, whenever
s 2 [t; T ]. The Euler scheme, previously de�ned in (3.6), approximates the stochastic
di¤erential equation (2.3) by the following stochastic di¤erential equation with step
function coe¢ cients

�Xi(s) = �Xi(t0)+

Z s

t0

bi(�(r); �X(�(r))) dr+

mX
j=1

Z s

t0

�ij(�(r); �X(�(r))) dWj(r); (3.20)

for i 2 f1; :::; dg. In the case of absorbing boundary conditions it is, for every
trajectory, crucial to get a good estimate of the �rst exit time �D of the stochastic
process X from the domain D. Using the Euler scheme, we only keep track of
the values of �X at tn, n 2 f0; :::; Ng, and the best possible approximation of �D
is �ED := min

�
tn : �X(tn) =2 D

	
. However, there is a nonzero probability that the
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continuous trajectories of (3.20) exit the domain before �ED . Due to the di¢ culty of
accurately resolving the hitting of the boundary, the weak order of convergence of
the Euler scheme is reduced to 1=2 for absorbing boundary conditions (see [5]).
Nevertheless, applying re�ned estimates of exit probabilities, the weak order of

convergence can be increased considerably. In particular, let D be a half-space,
i.e. D =

�
z 2 Rd : hz � y; vi > 0

	
for some constant vectors y; v 2 Rd with jvj = 1.

Then the probability that �X exits the domain D during the time step (tn; tn+1) is

exp

 
�

2


�X (tn)� y; v

� 

�X (tn+1)� y; v

�Pd
i;k=1

Pm
j=1 vi�ij

�
tn; �X (tn)

�
�kj
�
tn; �X (tn)

�
vk

!
(3.21)

(see [17]). In the special case of killed di¤usions on a smooth domain, (3.21) was
used by Gobet [10] to derive an algorithm based on the Euler scheme which obtains
weak order of convergence equal to 1.
An alternative approach is the algorithm proposed by Dzougoutov, Moon, von

Schwerin, Szepessy and Tempone [6], where the computational error is reduced by
adaptively choosing the size of the time steps near the boundary. This approach has
the advantage that the exit probabilities do not have to be computed as accurately. In
particular, an estimate of the discretization error for a given trajectory at a given time
step is obtained by combining the exit probability in (3.21) and the error expansion
used in the adaptive algorithm with stochastic time steps in [30]. The article [6]
contains numerical justi�cation for the claim that the weak order of convergence of
the suggested adaptive algorithm is 1 also in the case of stopped di¤usions, but there
is no rigorous proof of this statement.
Let us next consider the case of re�ecting boundary conditions. Here the objective

is to approximate the expectation (2.30) and the crucial part is to �nd an accurate
approximation of the local time. One possible approach is to use the projected
Euler scheme of Costantini, Pacchiarotti and Sartoretto [5]. With this approach the
solution (X;�) to the stochastic di¤erential equation (2.20)-(2.22) is approximated
by
�
�X; ��

�
, de�ned as �X (t0) = Z,

������
V
(t0) = 0 and, moreover, as

�Yi (tn+1) = �Xi (tn) + bi
�
tn; �X (tn)

�
�tn +

mX
j=1

�ij
�
tn; �X (tn)

�
�Wj (tn) ;

�X (tn+1) = �D
�
�Y (tn+1)

�
;

������
V
(tn+1) =

������
V
(tn) + (F

)�
�
�Y (tn+1)

�
; (3.22)

for i 2 f1; :::; dg and n 2 f0; :::; N � 1g. Here �D (z) is a projection of z onto D along
the vector  and (F )� (z) is the distance between z and �D (z). If �Y (tn+1) is situated
too far away from D, the projection �D may not be well de�ned. Fortunately, this
situation occurs with a very low probability (see Lemma 4.1 in [9]) and if it occurs
the simulation can be redrawn without a¤ecting the accuracy of the algorithm. Note
that the approximation

�
�X; ��

�
is a step function solution to the Skorohod problem.

In [5] it is shown that for stochastic di¤erential equations with re�ecting boundary
conditions (with re�ection in the normal direction) the projected Euler scheme (3.22)
has weak order of convergence 1=2� ", for any " > 0.
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The low weak order of convergence of the projected Euler scheme is due to the
fact that if �Y (tn+1) 2 D then, by construction,

������
V
(tn+1) =

������
V
(tn). In reality,

there is always a nonzero probability that the local time increases during a time step
(tn; tn+1). This �aw can be remedied by means of the following approach. Lépingle
[17] used the Girsanov theorem (Theorem 3.5.1 in [14]) to generalize the representa-
tion (2.16) to multi-dimensional stochastic di¤erential equations with constant coef-
�cients and re�ecting boundary conditions on half spaces. To formulate this result,
let D be a half-space, i.e. D =

�
z 2 Rd : hz � y; ni > 0

	
for some constant vectors

y; n 2 Rd with jnj = 1. Moreover, let (X;�) be a solution to a stochastic di¤erential
equation on D with constant coe¢ cients and re�ecting boundary conditions. This
means that there exist constants b 2 Rd; � 2 Rd�m and  2 Rd such that (X;�)
satis�es

Xi (t) = zi + bit+
mX
j=1

�ijWj (t) + i j�jV (t) ; (3.23)

whenever i 2 f1; :::; dg. It is shown in [17] that j�jV (t) is explicitly given by

j�jV (t) =
1

h; ni max
�
0; sup
0�s�t

�hz + bs+ �W (s)� y; ni
�
: (3.24)

In addition (X (t) ; j�jV (t)) can be simultaneously simulated by means of the follow-
ing proposition (which is a version of Theorem 1 in [17]).

Proposition 3.3 Let a 2 Rm, c 2 R and let W be an m-dimensional Wiener
process. Let U = (U1; :::; Um) be a random variable such that Ui 2 N (0; t), for
i 2 f1; :::;mg, and such that the Ui:s are pairwise independent. Let V be a random
variable independent of U which is exponentially distributed with parameter 1. Then�

W (t) ; sup
0�s�t

(cs+ ha;W (s)i)
�
; (3.25)

has the same distribution as�
U;
1

2

�
ct+ ha; Ui+

q
(ct+ ha; Ui)2 + 2 jaj2 V t

��
: (3.26)

An algorithm for weak approximation of stochastic di¤erential equations with
re�ecting boundary condition similar to the projected Euler scheme, but for which
the increments of the local time during each time step are simulated with the aid of
(3.26), was presented by Gobet in [10]. Choosing, in (2.28), the functions ', � and h
to be identically zero and the functions b, � and g to be time-independent, it is veri�ed
in [10] that for re�ection in the conormal direction the weak order of convergence
of the proposed algorithm is 1. Furthermore, in [10] numerical justi�cation is given
for the claim that the order of convergence is close to 1 also for other directions
of re�ection. If, in addition, g is identically zero, the expectation (2.30) can be
determined without explicitly calculating the local time. For this special case Bossy,
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Gobet and Talay [2] derived a projected Euler scheme based on a symmetry procedure
and proved that the weak order of convergence is 1 for all directions of re�ection.
We also mention that two numerical algorithms for (2.28) with normal re�ection
were suggested by Mil�stein in [18]. Although the most e¢ cient of these algorithms
obtains weak order of convergence equal to 1, both algorithms have proved to be
di¢ cult to implement due to the fact that a change of coordinate system is required
at all time steps at which the approximate solution to the stochastic di¤erential
equation is close to the boundary. Finally we note that no adaptive algorithm has
yet been constructed for weak approximation of stochastic di¤erential equations with
re�ecting boundary conditions.

3.4 Article III. OnMonte Carlo algorithms applied to Dirich-
let problems for parabolic operators in the setting of
time-dependent domains

In Article III [21] we study, numerically, howMonte Carlo methods based on weak ap-
proximation of stochastic di¤erential equations perform when applied to the Dirichlet
problem for second order parabolic operators. In particular, we investigate how the
performance of di¤erent methods is altered as the smoothness of the operator, bound-
ary and Dirichlet data changes from smooth to non-smooth. Our analysis is set in
the setting of time-dependent graph domains


 = f(t; z) = (t; z0; zd) 2 R�Rd�1 � R : zd >  (t; z0)g; for d � 1, (3.27)

with compactly supported de�ning function  : Rd ! R. One way to handle a
complicated domain, which is locally given as a graph domain, is to transform the
problem to the upper half space by appropriate pull-backs. Under very general
regularity assumptions (see [11]) we can de�ne a �parabolic� lifting from Rd+1+ :=
R�Rd�1 � R+ onto 
 as

�(t; z0; zd) = (t; z
0; zd + Pzd (t; z

0)); �(t; z0; 0) = (t; z0;  (t; z0)); (1.12)

where P (�) 2 C10 (Rd) is a parabolic approximation of the identity,  is a small
parameter and Pzd (t; z

0) is de�ned as a convolution (see Section 2.1.2 in [21] for
details). Let u be a solution to the Dirichlet problem�

@tu (t; z) + �u (t; z) = 0; whenever (t; z) 2 
 ;
u (t; z) = g(t; z); whenever (t; z) 2 @0P
 ;

(3.28)

for the heat operator @t+� with @0P
 being the parabolic boundary of 
 . De�ne
the pull-back of u from 
 to Rd+1+ , denoted v(t; z) = v(t; z0; zd), as

v(t; z0; zd) = u(t; z0; zd + Pzd (t; z
0)): (1.14)

Then formally v satis�es (@t + L)v = 0 for some operator L which can be written
down explicitly in terms of derivatives of the pullback �. Using this approach we
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may transform a Dirichlet problem for the heat operator on a complicated domain
to a Dirichlet problem with a complicated operator on a very simple domain.
In the simulations carried out in Article III we have considered three situations:

smooth data g on a smooth domain 
 , non-smooth data g on a smooth domain 
 
and smooth data g on a non-smooth domain 
 . For each of these three cases we
have implemented the following four Monte Carlo algorithms: the Euler scheme, an
extension of the algorithm in [10] to stopped di¤usions in time-dependent domains,
the adaptive algorithm in [6] and a new extension of the algorithm in [10]. The
last algorithm takes into account the fact that for stochastic di¤erential equations
with constant coe¢ cients on half spaces the density of the �rst exit time �D is
explicitly known (see [28] for details). We have compared the four algorithms in
the three situations with respect to order of convergence, numerical stability and
computational cost and in particular we have investigated if the pull-back approach
described above improves the performance of the algorithms.
Asymptotically, the Euler scheme and the algorithm in [10] retain their theoret-

ical orders of convergence 1=2 and 1, respectively, also in the non-smooth settings
considered here. However, both algorithms are quite sensitive to where the time
discretization nodes are located and the asymptotic orders of convergence may not
be reached until the number of time steps is very large. In addition, the estimates of
the Euler scheme tend to oscillate around the correct value, giving rise to additional
instability. On the other hand, the computational costs of the Euler scheme and the
algorithm in [10] are low and, hence, these algorithms are the most e¢ cient ones if
the required precision is not very high. The new extension of the algorithm in [10] is
superior to the other non-adaptive algorithms in terms of both stability and order of
convergence, particularly for non-smooth boundary data g. However, the computa-
tional cost of this algorithm is considerable and this fact makes it the most e¢ cient
algorithm only when the required precision is very high. The adaptive algorithm
works well when the data is smooth and the convergence is astonishingly fast in the
case of smooth data on a smooth boundary, where its order of convergence is well
over 1. On the other hand, the adaptive algorithm is poor at capturing discontinu-
ities in the boundary data and is, in many cases, sensitive to the choice of initial
time discretization. Regarding the pull-back approach, transforming the problem to
a simpler domain does not, in general, increase the performance of the algorithms.
To conclude the results in Article III, we note that none of the algorithms is su-

perior in all possible cases and aspects, but the results of the article are, nonetheless,
useful as a guideline for choosing the appropriate Monte Carlo algorithm for a given
Dirichlet problem on a domain with low regularity.
Article III is reprinted with the kind permission of Walter de Gruyter.

3.5 Article IV. Weak approximation of obliquely re�ected
di¤usions in time-dependent domains

In Article IV [24] we consider weak approximation of stochastic di¤erential equations
with obliquely re�ecting boundary conditions in multi-dimensional time-dependent
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domains. For this problem, which to our knowledge has not been considered before
in the literature, we suggest a new projected Euler scheme. The proposed algorithm
is similar to scheme (2.28) appearing in [5] in the setting of time-independent do-
mains and normal re�ection. In Article I we proved the existence of solutions to the
Skorohod problem and to stochastic di¤erential equations with obliquely re�ecting
boundary conditions in multi-dimensional time-dependent domains. These results
are used in Article IV to prove that the weak order of convergence of the suggested
projected Euler scheme is equal to 1=2, as in the case of time-independent domains
and normal re�ection. Finally, we evaluate the suggested method empirically by
means of two numerical examples and �nd that the order of convergence of the
proposed algorithm is at least 1=2 in both examples.
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