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Principles for Planning and Analyzing Motions of Underactuated
Mechanical Systems and Redundant Manipulators

Uwe Mettin
Department of Applied Physics and Electronics, Umeå University

ABSTRACT

Motion planning and control synthesis are challenging problems for underactuated me-
chanical systems due to the presence of passive (non-actuated) degrees of freedom. For
those systems that are additionally not feedback linearizable and with unstable internal
dynamics there are no generic methods for planning trajectories and their feedback sta-
bilization. For fully actuated mechanical systems, on the other hand, there are standard
tools that provide a tractable solution. Still, the problemof generating efficient and op-
timal trajectories is nontrivial due to actuator limitations and motion-dependent velocity
and acceleration constraints that are typically present. It is especially challenging for
manipulators with kinematic redundancy.

A generic approach for solving the above-mentioned problems is described in this
work. We explicitly use the geometry of the state space of themechanical system so that
a synchronization of the generalized coordinates can be found in terms of geometric rela-
tions along the target motion with respect to a path coordinate. Hence, the time evolution
of the state variables that corresponds to the target motionis determined by the system
dynamics constrained to these geometrical relations, known as virtual holonomic con-
straints. Following such a reduction for underactuated mechanical systems, we arrive at
integrable second-order dynamics associated with the passive degrees of freedom. Solu-
tions of this reduced dynamics, together with the geometricrelations, can be interpreted as
a motion generator for the full system. For fully actuated mechanical systems the virtually
constrained dynamics provides a tractable way of shaping admissible trajectories.

Once a feasible target motion is found and the correspondingvirtual holonomic con-
straints are known, we can describe dynamics transversal tothe orbit in the state space
and analytically compute a transverse linearization. Thisresults in a linear time-varying
control system that allows us to use linear control theory for achieving orbital stabilization
of the nonlinear mechanical system as well as to conduct system analysis in the vicinity
of the motion. The approach is applicable to continuous-time and impulsive mechanical
systems irrespective of the degree of underactuation. The main contributions of this thesis
are analysis of human movement regarding a nominal behaviorfor repetitive tasks, gait
synthesis and stabilization for dynamic walking robots, and description of a numerical
procedure for generating and stabilizing efficient trajectories for kinematically redundant
manipulators.

Keywords: Motion Planning, Underactuated Mechanical Systems, Redundant Manipu-
lators, Virtual Holonomic Constraints, Orbital Stabilization, Human Movement, Walking
Robots, Hydraulic Manipulators
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SAMMANFATTNING

Rörelseplanering och reglersyntes är en utmaning för underaktuerade mekaniska system
på grund av de passiva (oreglerade) frihetsgraderna. För system som dessutom inte är
linjäriserbara under återkoppling och har en instabil s.k.noll-dynamik finns det inte nå-
gra vedertagna metoder för planering av rörelsebanor ellernågra garantier för att system
kan stabiliseras kring dessa. För system med lika många oberoende styrsignaler som fri-
hetsgrader, dvs för system utan passiva frihetsgrader, finns å andra sidan standardverktyg
för banplanering. Dock är generering av effektiva och optimala rörelsebanor ett icke-
trivialt problem på grund av styrsignalbegränsningar samtvanligt förekommande rörelse-
beroende hastighets- och accelerationsbegränsningar. I synnerhet är det en utmaning för
manipulatorer med kinematisk redundans.

I avhandlingen presenteras en övergripande metod för att lösa ovanstående problem.
Vi använder oss explicit av geometrin hos det mekaniska systemets tillståndsrymd så att en
synkronisering av de generaliserade koordinaterna kan uttryckas som geometriska sam-
band med avseende på en viss bankoordinat längs den önskade rörelsebanan. Därmed
kan förändringen hos tillstånden längs målbanan bestämmasav systemets dynamik med
de geometriska sambanden som ’virtuella holonoma bivillkor’ (Eng. ’virtual holonomic
constraints’). Holonoma bivillkor reducerar ordningen pådynamiken i systemet och
en sådan reduktion för underaktuerade mekaniska system resulterar i en integrerbar an-
dra ordningens dynamik som är kopplad till de passiva frihetsgraderna. Lösningar till
denna förenklade dynamik kan tillsammans med de geometriska sambanden tolkas som
en rörelsegenerator för det kompletta systemet. För mekaniska system utan passiva fri-
hetsgrader erbjuder metoden med den ’virtuellt reducerade’ dynamiken ett sätt att forma
möjliga rörelsebanor.

Då en möjlig målbana identifierats och motsvarande ’virtuella holonoma bivillkor’ är
kända kan man beskriva dynamiken vinkelrätt mot rörelsebanan och analytiskt beräkna
en ’transversal linjärisering’ (Eng. ’transverse linearization’). Detta resulterar i ett linjärt
tidsvariabelt reglersystem som tillåter oss att använda linjär reglerteori för att åstadkomma
stabilisering av det icke-linjära mekaniska systemet runtden identifierade banan, samt att
analysera systemet för små avvikelser i närheten av målbanan. Den beskrivna metoden är
användbar för tidskontinuerliga mekaniska system oberoende av antalet passiva frihets-
grader. Huvudresultaten i denna avhandling innefattar analys av mänskliga rörelsemön-
ster med avseende på ett nominellt beteende för cykliska förlopp, analys av gångrörelse,
stabilisering av dynamik för gående robotar samt beskrivning av en numerisk metod för att
generera och stabilisera effektiva rörelsebanor för kinematiskt redundanta manipulatorer.
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1 Introduction

1.1 Background and Motivation

Robotics is an interdisciplinary research field that is mainly driven by control engineer-
ing, mechanical engineering and computer science. Numerous application branches have
emerged over the last decades besides the well-establishedindustrial robots: teleoper-
ated machines, space explorers, unmanned vehicles, humanoids, rehabilitation devices,
robotic surgery, and automated cranes are just a few examples. Today’s robots have found
their way from factory automation to field and service applications, providing assistance
in human-operated tasks and improving quality of life.

From the control engineering perspective there are still many practical as well as the-
oretical problems to solve. The main reason for this lies in the fact that typical robots
are electro-mechanical devices of certain complexity whose dynamics are highly nonlin-
ear. Finding feasible control inputs for desired movementsand compensating for external
disturbances and model uncertainties are still challenging tasks for some classes of me-
chanical systems.

The control of linear systems, on the other hand, is extensively studied and standard
tools for feedback design are available. That is why a linearization of the nonlinear system
dynamics makes sense for transforming the problem into a tractable linear form. In the
simplest case one can compute a linear approximation aroundan operating point such
that local stabilization can be achieved. However, for effective trajectory tracking or
high-speed applications the nonlinearities have considerable effect and should be taken
into account. A popular approach is feedback linearization, which can transform special
classes of nonlinear systems into an exact linear form. The modeled nonlinearities are
then compensated by the control action, which allows for employing a linear feedback
controller for stabilization and tracking. Such a strategyis also known as computed-
torque control in robotics and is typically applied to serial-link manipulators.

Robots with passive (non-actuated) degrees of freedom constitute one important class
of nonlinear mechanical systems, some of which are not feedback linearizable due to an
insufficient number of control inputs, i.e. there are fewer independent control inputs than
degrees of freedom. Even though the system dynamics can be partly linearized from input
to output, the resulting internal dynamics would remain unaffected by feedback control
action. Moreover, at the presence of passive joints, the internal dynamics is likely to be
unstable (non-minimum phase) resulting in unbounded solutions.

1



2 1. Introduction

In this thesis we are concerned with the challenging problems of motion planning,
analysis and control of underactuated mechanical systems and kinematically redundant
manipulators. The principles presented here are based on the virtual holonomic con-
straints approach, which recently appeared in the context of orbital stabilization in non-
linear feedback control. In other words, the aim is to enforce a convergence to a particular
geometric curve in the state space by means of control action. The conceptual idea is to
exploit the geometry of the state space of the mechanical system in order to parameterize
a synchronization of the generalized coordinates as geometric relations along the target
motion with respect to a path coordinate. Hence, the time evolution of the state variables
that corresponds to the target motion is determined by the system dynamics constrained
to these geometrical relations, known as virtual holonomicconstraints.

For motion planning we assume invariance of such virtual holonomic constraints so
that a target motion belongs to a two-dimensional submanifold of the state space on which
the system dynamics is projected. The time evolution on thissubmanifold can be shaped
freely in the case of fully actuated systems as long as no actuator limitations or motion-
dependent velocity and acceleration constraints are violated. For underactuated systems,
however, feasible trajectories are restricted to being solutions of integrable reduced dy-
namics associated with the passive degrees of freedom.

Once a feasible target motion is found, we can locally rewrite the system dynamics
in new generalized coordinates that vanish on its orbit. It turns out that this dynami-
cal system possesses a natural choice of transverse coordinates for which a transverse
linearization can be computed analytically. This results in a linear time-varying control
system that allows us to use linear control theory for achieving orbital stabilization of the
nonlinear mechanical system as well as to conduct system analysis in the vicinity of the
motion. The approach is applicable to continuous-time and impulsive mechanical systems
irrespective of the degree of underactuation.

1.2 Outline and Summary of Contributions

The contributions of this thesis relate to planning, analyzing and controlling of robot mo-
tion via the virtual holonomic constraints approach. Generic design principles are illus-
trated for various examples of underactuated mechanical systems as well as kinematically
redundant manipulators. A general problem formulation formotion planning and control
of mechanical systems is given in Chapter 2 together with thestate of the art in some of
the relevant areas such as the analysis of human movement, dynamic walking of underac-
tuated and passive robots, and trajectory planning for manipulators. An introduction to the
virtual holonomic constraints approach is given in Chapter3 detailed for continuous-time
and impulsive mechanical systems with one or several passive degrees of freedom. The
contributions of this thesis are presented in Chapter 4 based on the journal and conference
papers that are appended to the main part and summarized next. Concluding remarks are
given in Chapter 5.
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Paper I

An analysis of human movement kinematics regarding consistent motor control patterns
is presented in:

U. Mettin, P. La Hera, L. Freidovich, A. Shiriaev, and J. Helbo. Motion planning
for humanoid robots based on virtual constraints extractedfrom recorded hu-
man movements. Journal of Intelligent Service Robotics, 1(4):289–301, 2008.

Contributions During repetitive human movement, such as walking, running, sitting
down, athletics, etc., there exist consistent geometric relations among the generalized co-
ordinates that characterize a synchronization of individual body segments. Even though
the level of actuation is very high, humans make use of passive dynamics during dynamic
motion. A collapse of dimension naturally appears for the individual motor control pat-
terns being formulated in terms of virtual holonomic constraints and a particular solution
of reduced order system dynamics. Hence, we can study a nominal human movement
based on system dynamics rather than from pure recordings over time. Within such a
framework it is also possible to plan human-like motions forrobot analogs.

Related publications by the author are [38,88,89].

Papers II and III

The following two papers describe cases of dynamic walking of a 2-degrees-of-freedom
biped robot when there is actuation only at the hip or no actuation at all:

I. Manchester, U. Mettin, F. Iida, and R. Tedrake.Stable dynamic walking over
rough terrain: Theory and experiment. In Proc. 14th International Symposium
on Robotics Research, pp. 1–16, Lucerne, Switzerland, Aug. 2009.

L. Freidovich, U. Mettin, A. Shiriaev, and M. Spong.A passive 2DOF walker:
Hunting for gaits using virtual holonomic constraints. IEEE Transactions on
Robotics, 25(5):1202–1208, 2009.

Contributions Arguments for the existence of periodic motions of underactuated walk-
ing robots can be formulated in terms of virtual holonomic constraints and reduced system
dynamics together with its explicit integral along a particular solution. In the case of pas-
sive walking we can find stable as well as unstable hybrid limit cycles without integrating
the full set of differential equations. A procedure is suggested that converts the problem
into finding appropriate initial conditions of a differential equation for the virtual holo-
nomic constraint irrespective of time. This approach is useful for the analysis of passive
gaits as well as for the design of regulators that require minimum control efforts. In the
case of dynamic walking over rough terrain we cannot achieveperiodic gaits, i.e. the
trajectories of the underactuated robot are non-periodic.The proposed technique is to
repeatedly compute a transverse linearization about the desired motion over a finite time
horizon and to apply a receding-horizon control strategy.

Related publications by the author are [35,79].



4 1. Introduction

Paper IV

Parallel elastic actuation as a control tool for underactuated mechanical systems is pre-
sented in:

U. Mettin, P. La Hera, A. Shiriaev, and L. Freidovich.Parallel elastic actuators
as a control tool for preplanned trajectories of underactuated mechanical sys-
tems. The International Journal of Robotics Research (in press),
doi: 10.1177/0278364909344002:1–13, 2009.

Contributions Installing passive elastic mechanisms in parallel with theoriginal actua-
tors is one of a few alternatives that allows for large modifications of the range of external
forces or torques that can be applied to a mechanical system.The intuitive idea of par-
allel elastic actuation is that spring-like elements generate most of the nominal force or
torque required along a desired trajectory, so the control efforts of the original actuators
can mainly be spent on stabilizing the motion. The suggestedcontrol approach combines
mechanical feedback through spring mechanisms with orbitally stabilizing feedback con-
trol provided by an electric motor, whereas the passive joint remains unchanged.

Related publication by the author is [90].

Papers V and VI

The problems of human-like ball pitching and ball dribblingare studied in the following
two papers:

U. Mettin, A. Shiriaev, L. Freidovich, and M. Sampei.Optimal ball pitching
with an underactuated human-like arm. Submitted:2010 IEEE International
Conference on Robotics and Automation, pp. 1–7, Anchorage, USA, May 2010.

U. Mettin, A. Shiriaev, G. Bätz, and D. Wollherr.Ball dribbling with an under-
actuated continuous-time control phase. Submitted:2010 IEEE International
Conference on Robotics and Automation, pp. 1–7, Anchorage, USA, May 2010.

Contributions Even though both problems are concerned with an underactuated robot
that handles a ball, motion planning is treated very differently in these two studies. For
optimal ball pitching a procedure is suggested that leads toanalytical expressions for the
coefficients of a nonlinear differential equation that governs the geometric relation be-
tween the links along an optimal trajectory. The motion planning task is reformulated
to a finite-dimensional search for the corresponding initial conditions such that the ball
velocity is maximum at a predefined release point. Ball dribbling, on the other hand, is
challenging because the ball can be only controlled during ball-manipulator contact and
moves freely otherwise. If the manipulator is equipped witha spring that gets compressed
when the ball bounces against it, then we have continuous-time control over this under-
actuated Ball-Spring-Manipulator system until the springreleases its accumulated energy
back to the ball. A procedure for constructing a ball-dribbling cycle with such an under-
actutated continuous-time control phase is suggested. An orbital stabilizing controller can
be designed based on a transverse linearization along a desired periodic motion.
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Papers VII and VIII

A way how to plan efficient trajectories for kinematically redundant manipulators is pre-
sented in the following two papers:

U. Mettin, S. Westerberg, A. Shiriaev, and P. La Hera.Analysis of human-
operated motions and trajectory replanning for kinematically redundant ma-
nipulators. In Proc. 2009 IEEE/RSJ International Conference on Intelligent
Robots and Systems, pp. 795–800, St. Louis, USA, Oct. 2009.

U. Mettin, P. La Hera, D. Ortíz Morales, A. Shiriaev, L. Freidovich, and S. Wester-
berg.Trajectory planning and time-independent motion control for a kinemat-
ically redundant hydraulic manipulator . In Proc. 14th International Conference
on Advanced Robotics, pp. 1–6, Munich, Germany, June 2009.

Contributions The analysis of recorded data from human-operated forestrymachines
reveals that a driver does not use the full potential of the redundant manipulator due to the
complexity of joint coordination. An optimization procedure is proposed that takes ad-
vantage of the kinematic redundancy so that efficient joint and velocity profiles along the
path can be obtained. Velocity and acceleration constraints, imposed by the manipulator
dynamics, are accounted for by employing a phase-plane technique for admissible path
timings. The goal is to achieve semi-autonomous schemes that can provide assistance
to the operator for executing global motions. Once a desiredpath is specified in the 3D
world frame, a trajectory can be planned and executed such that all joints are synchro-
nized and constrained to the Cartesian path. It is possible to employ a time-independent
control scheme for the planned trajectory that is built uponthe standard reference tracking
controllers. Moreover, we can study parameter sensitivities along target motions based on
a transverse linearization. This might be useful for implementing robust motions in an
open-loop fashion.

Related publications by the author are [77,78,131].
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2 Problem Formulation and
State of the Art

2.1 General Problem Statement

The mechanical structure of typical robots as well as the morphology of the human body
constitute systems with multiple degrees of freedom and highly nonlinear dynamics.
Mathematical models are therefore relevant for dynamic motion planning, analysis and
control. A mathematical foundation of modeling robot kinematics and dynamics is well
established and can be found in numerous text books such as [31,115,120].

Dynamic properties of a mechanical system must be modeled inorder to predict the
time evolution of the state variables which are to be controlled. The equations of motion
can be systematically derived based on Lagrangian mechanics making use of forward
kinematics and Jacobian. Thus, we consider the controlled Euler–Lagrange system

d

dt

[
∂L(q, q̇)

∂q̇

]

− ∂L(q, q̇)

∂q
= B(q)u (2.1)

with the Lagrangian given byL(q, q̇) = 1
2 q̇

TM(q)q̇ − V (q). Hereq ∈ Rn and q̇ ∈ Rn

are vectors of generalized coordinates and velocities,u ∈ Rm is a vector of independent
control inputs,M(q) ∈ Rn×n is a positive-definite matrix of inertia,V (q) ∈ R repre-
sents potential energy of the system, andB(q) ∈ Rn×m is a full rank input matrix. The
degree of actuation is determined by the number of control inputsm and the number of
mechanical degrees of freedomn. A mechanical system is called underactuated when it
has passive degrees of freedom, i.e.(n−m) ≥ 1; it is called fully actuated whenm = n.

The Euler–Lagrange equations (2.1) can be also expressed ina more convenient form
(see e.g. [120])

M(q) q̈ + C(q, q̇) q̇ +G(q) = B(q)u (2.2)

with corresponding matrix functionsC(q, q̇) ∈ Rn×n accounting for Coriolis and cen-

trifugal forces, andG(q) =
[

∂V (q)
∂q1

, . . . , ∂V (q)
∂qn

]T

being gradient of the potential energy.

A state space model of a mechanical system withn degrees of freedom is generally
formed by a2n-dimensional state vectorx = [q; q̇] containing the generalized coordi-
nates and their time derivatives. The system dynamics are then expressed by a differential

9
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state equation and an output equation in the following format

ẋ = f(x) + g(x)u
y = h(x) ,

(2.3)

wherey is the measured output.
The motion planning and control problem for a mechanical system introduced above

can be generally divided into three tasks:

• Geometric path planning from initial to goal configuration within the attainable
workspace avoiding possible obstacles.

• Trajectory generation subject to differential constraints related to the system dy-
namics (motion-dependent velocity and acceleration constraints).

• Robust feedback stabilization or possibly trajectory tracking in the presence of dis-
turbances and model uncertainties.

This thesis provides challenging examples of robot applications for which the above-
mentioned tasks are nontrivial. In particular, we considerthe class of underactuated me-
chanical systems and kinematically redundant manipulators, which belong to the class of
fully actuated mechanical systems. Robots with passive (non-actuated) degrees of free-
dom are restricted in feasible motions and their dynamics isoften not feedback lineariz-
able. Robots with kinematic redundancy, on the other hand, are rich in feasible trajectories
for specified tasks, but the choice for efficient or optimal ones is hard. There is clearly a
need for analytical tools that simplify motion planning andquantify dynamical properties
along motions for the mentioned systems.

We will study the following problems in detail:

• Analysis of human movement in order to find consistent motor control patterns for
repetitive tasks.

• Planning and controlling periodic gaits for underactuatedwalking robots and search-
ing for periodic gaits of passive ones.

• Using parallel elastic actuators as a control tool for underactued mechanical sys-
tems.

• Finding optimal motions for an underactuated ball-pitching robot.

• Planning and controlling periodic motions for an underactuated ball-dribbling robot.

• Trajectory planning and control design for kinematically redundant manipulators.

Some of the topics are discussed next in oder to facilitate a comprehensive insight into
the state of the art.
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2.2 Analysis of Human Movement

Humans have the amazing capability of performing a variety of movements with perfected
motor control of their limbs. At the same time it is somewhat hidden how this “control
system” really works. Technically speaking, one has to planparticular motions for the
dynamical system, employ low level controllers for the individual actuators, synchronize
them with respect to time, reject disturbances, etc. All this happens intuitively in the
human body even though extensive coordination patterns arerequired to handle the large
degree of actuation.

For humanoid robots that resemble the morphology of the human body it is very much
desired to reproduce ordinary motions human alike. For thisreason the analysis of hu-
man movement itself is essential in order to find a description of targeted motion patterns
even though we expect a significant difference between the rather elementary robot ma-
chinery and the complexity and sophistication of humans. The strong interconnection of
motion planning and mechanical design requires mathematical modeling already in the
early stage of development. Achievable movements heavily depend on the obtained robot
dynamics.

For analyzing human movement it is important to realize thatthe body possesses a
very complex structure with many degrees of freedom in the skeleton and an enormous
degree of actuation. For instance about 30 different muscles are mainly working in just
one leg during walking movement [128]. The actuation itselfis described by the biophys-
ical characteristics of muscle mechanics, which is a research field in biomechanics and
kinesiology [136]. An electromyogram (EMG) gives measurements of associated mus-
cle contraction. Eventually, an investigation of human movement requires the following
considerations:

• Kinematics:A quantitative description of human movement is based on themea-
surement of kinematic variables. Forces, which cause the movement, are not con-
sidered. The measurements are usually obtained by a well-calibrated camera sys-
tem capturing anatomical landmarks of a human test person.

• Anthropometry: The physical parameters of human body dynamics are roughly
given by the lengths of interconnected multiple body segments between each joint
and the corresponding mass distribution together with the moment of inertia. An-
thropometric data gives such parameters by describing the human physical varia-
tion.

• Dynamics (Kinetics): Using the kinematic description of the movement, together
with accurate anthropometric data, allows for computationof joint reaction forces
and muscle moments, provided that the acting external forces are given. This pro-
cedure is called link-segment modeling and represents an inverse solution since the
really exerted muscle forces are not measured but indirectly estimated.

A detailed discussion on human kinematics, anthropometry,and corresponding dynamics
can be found in [136]. Energy flows that cause the movement arealso presented there
in terms of mechanical work, energy and power. Estimation formulas to compute the
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parameters of the link-segment model can be found in [128] including a description of
how to measure required anthropometric parameters of a testperson. Fig. 2.1 shows how
human motion captures are typically visualized by particular software programs.

(a) Ellipsoid-segmented test person from the
EYES JAPAN Web3D Project [33] viewed with
MotView [99].

(b) Joint trajectories of a test person from the
AAU-BOT1 project of Aalborg University [1]
viewed with Qualisys Track Manager [98].

Fig. 2.1: Typical human motion captures, here for walking.

While many motions are performed on finite time intervals, human locomotion is
characterized by the periodicity of gait. There are two elementary requisites defined [128]:

• periodic movement of each foot from one position of support1 to the next, and

• sufficient ground reaction forces to support the body applied through the feet.

A surprising fact is thathumans experience some underactuationduring motions involv-
ing single support such as walking, running, or dancing, etc. Technically speaking, the
number of actuators is less than the number of generalized coordinates even though the
overall level of actuation is very high. This effect shows upnaturally due to plantarflexion
at the ankle, which enables foot rotation. Moreover, it is important to note that humans
exhibit energy efficient locomotion mostly due to passive limb dynamics [74], i.e. not
using active joint control. There are also several other motions where the whole body
constitution dynamically balances about a rather weakly actuated joint. For instance the

1There are two main support phases during a gait cycle, namely single-support phase (one foot on the ground)
and double support phase (both feet have ground contact).
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wrists cannot contribute much stabilizing torque to perform a hand stand, the same with
the ankles while sitting down or rising from a chair, a ballerina can perform a pirouette
on her toes, gymnasts demonstrate impressive coordinationpatterns, etc.

Obviously, there must be a certain synchronization of the body segments that renders
human movement. The question now is how such motor control patterns are generated.
Even though the neuromechanical framework of human movement appears to be very
complex, there is reason to believe that simple mechanical models can recover basic be-
havior.

2.3 Underactuated and Passive Walking Robots

Legged robot locomotion is undoubtedly a very challenging problem in motion planning
and control. The actuators are mainly limiting the performance of the robot, i.e. cer-
tain constraints, such as available motor power, smoothness of the acceleration profile,
energy efficiency, etc., have to be taken into account. We cannot expect to successfully
replay some motor control patterns that were found from a test person (or animal) in a
robot analog; the difference in dynamical properties is substantial and must be taken into
account.

The mathematical model we consider is that of a controlled Euler–Lagrange sys-
tem (2.1) with impulse effects (instantaneous impacts). The hybrid dynamics of an im-
pulsive mechanical system [9,45,107,133] is given by

M(q) q̈ + C(q, q̇) q̇ +G(q) = B(q)u for q /∈ Γ
(i)
−

F (i) : Γ
(i)
− → Γ

(i)
+ for q ∈ Γ

(i)
− , i = 1, . . . , Nd

(2.4)

and we are looking for solutions that represent biped locomotion. Any nontrivial solution
therefore consists of continuous-time parts and a numberNd of discrete-time jumps due
to instantaneous updates of the states. When the continuous-time solution hits a switch-
ing surfaceΓ(i)

− , then the corresponding update law maps the states from one of such
hypersurfaces in the state space to another. For walking robots these switching surfaces
are naturally defined by the states at which the foot of the swing leg hits the ground, just
before the double support phase, and when the next step in single support begins. A time-
periodic solution of (2.4) represents a particular gait with a series of either symmetric or
asymmetric consecutive steps.

The most intuitive interpretation of stable locomotion maybe understood as “to avoid
falling” [54]. According to stability conditions discussed in [133], a gait is called

• statically stableif the normal projection of the robot’s center of mass does not leave
the support polygon2,

2A support polygon is given by the convex hull that is formed by all of the contact points with the
ground [133].
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• quasi-statically stableif the center of pressure3 of the stance foot remains strictly
within the support polygon, and

• dynamically stableif the center of pressure of the stance foot is on the boundaryof
the support polygon for at least part of the cycle and yet the biped does not overturn.

In theory it must be checked whether solutions of the dynamical system, initiated close
enough, converge to the desired trajectory. For motions defined on finite time intervals,
however, asymptotic stability is not defined. In this case one has to ensure the system
to be contractive, i.e. solutions initiated close enough tothe desired trajectories remain
being close enough. In a true sense, stability for biped robots can be only defined for
motions that show some steady-state behavior such as a periodic gait. Orbital stability
describes then the convergence of solutions of the dynamical system to a closed curve in
the state space[q; q̇] ∈ R2n (known as closed or periodic orbit) characterizing a hybrid
limit cycle.

The classical design criteria for gait synthesis of well-known robots, such as the
Honda ASIMO [58] (see Fig. 2.2(a)) and the Kawada HRP-2 [69],is the so-called zero-
moment point (ZMP) principle4 [130]. This method yields only quasi-statically stable
gaits since the stance foot functions as a base maintaining full actuation over all dynam-
ical degrees of freedom; it is therefore not allowed to rotate during single support. Gait
trajectories are usually found based on a simple inverted pendulum approach augmented
with the ZMP criterion and additional experimental (ad hoc)tuning (see e.g. [65,72,93]).
However, the restriction to flat-footed locomotion makes such motions highly conserva-
tive, inefficient and unnatural looking.

Dynamic walking is achieved if the feet are allowed to rotateduring single support,
which causes the robot to be underactuated at the ankle—this happens naturally for hu-
mans due to plantarflexion. Introducing point-feet in the mechanical design of the robot
is one way to consider the challenging control problem of stabilizing gait cycles human
alike. The 5-degrees-of-freedom planar biped robot RABBIT[21] from the Laboratoire
d’Automatique de Grenoble (LAG) in France was one of the firstrobot testbeds for study-
ing dynamic walking with advanced control theory (see Fig. 2.2(b)).

Since the human gait is mostly driven by passive limb dynamics [74], the study of
passive-dynamic walking is dedicated to the analysis of naturally stable walking cycles at
low energy cost. Such robots may be completely passive (see Fig. 2.2(c)) or partially ac-
tuated. They utilize mainly the natural limb dynamics for locomotion powered by gravity
on inclined floors [29,30,87], by ankle push-offs [28], by muscle-like hip actuation [137],
or by series-elastic actuators in various joints [53]. Moreover, energy losses during im-
pacts can be reduced using semi-circular feet as discussed in [87], which generate the
desired roll-off effect about the ankle.

Motion planning or gait synthesis for underactuated and passive-dynamic walking
robots is undoubtedly a challenging task. The complexity grows with the number of
mechanical degrees of freedom. Numerical simulation of thesystem dynamics (2.4) and

3The center of pressure is defined as the point on the ground where the resultant of the ground reaction forces
acts [133].

4ZMP is basically a renaming of the center of pressure [133].
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(a) ASIMO, courtesy Honda Mo-
tor Co. [58].

(b) RABBIT, courtesy Lab-
oratoire d’Automatique de
Grenoble [80].

(c) Cornell passive biped, cour-
tesy S. Collins and H. Mor-
gan [27].

Fig. 2.2: Some well-known biped robots.

parametric optimization is the typical approach to find periodic orbits [22]. Since the
switching surfaces{Γ(i)

+ ,Γ
(i)
− } are defined in the state space by the configuration variables

at which an impact occurs, one may employ a numerical search for those initial velocities
and required control signals that yield closed trajectories. However, there is presently a
lack of tools for systematic control design and system analysis.

The standard tool for assessing stability of nontrivial periodic orbits is the analysis of
a Poincaré first return map[6]. Most approaches for control of underactuated walking
bipeds are based on such an analysis (see e.g. [22, 44, 45, 54,60, 133]). The initial step is
to construct aPoincaré section, which is a(2n − 1)-dimensional surfaceS, transversal
to the flow of a periodic orbit in the state space[q; q̇] ∈ R2n of the impulsive mechanical
system (2.4). Typically, one of the switching surfaces{Γ(i)

+ ,Γ
(i)
− } is chosen as a Poincaré

section since it is naturally defined in the state space. The behavior of the system is then
studied in a small regionS0 ⊂ S that must contain the intersection with the periodic orbit.
Looking only at times at which this surface is trespassed results in a(2n−1)-dimensional
discrete-time system

x⊥[k + 1] = P
(
x⊥[k]

)
, x⊥ ∈ R2n−1 , (2.5)

known as thePoincaré mapP : S0 → S. It has a fixed pointP (x∗⊥) = x∗⊥ defined by
the periodic orbit. An isolated periodic orbit is called limit cycle of the nonlinear system
because its neighboring trajectories are either attractedor repelled. The linearization of
the Poincaré map (2.5)

δx⊥[k + 1] =
dP

dx⊥

∣
∣
∣
∣
x⊥=x∗

⊥

· δx⊥[k] , δx⊥ = x⊥ − x∗⊥ (2.6)
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can be used to verify exponential orbital stability. It actson the planeTS tangent to the
sectionS at the fixed point, i.e.dP : TS → TS. A limit cycle is locally stable when the
eigenvalues ofdP are strictly inside of the unit circle. The rate of convergence is defined
by the absolute value of the eigenvalue ofdP closest to the unit circle [6].

An analytic calculation ofdP is said to be generally impossible [22] considering also
that the state space of (2.4) is high-dimensional. That is why stability tests are typically
carried out in a numerical fashion for a large number of initial conditions, which is of
course not satisfying due to the sensitivity to numerical errors. Reducing the dimension
of the Poincaré map to be studied is therefore extremely useful. In [133] it is discussed
how to reduce the stability analysis to that of a one-dimensional Poincaré map, provided
a particular structure of the feedback control law is chosen.

We can conclude that motion planning and control of underactuated walking robots
is hugely driven by numerical search and iterative simulations. The control design ex-
ploiting Poincaré maps is computationally expensive and does not give insight into the
system’s transient response. That is why a continuous representation of the system dy-
namics transversal to the target orbit would be preferable in analytical form.

2.4 Trajectory Planning for Manipulators

Task descriptions for industrial manipulators are specified by teaching (teach pendant)
and offline programming. Nowadays, it is common practice to generate robot programs
with the help of computer-aided design (CAD) software packages [50]. Geometric data
in CAD files can be modeled into a 3D virtual environment for interactive specification
and simulation of the manipulation task. When all objects aredepicted in the virtual
workspace, the user can specify path points and the planningtool would warn about po-
tential collisions. The current development aims for an increased level of abstraction for
specifying the manipulation task. Rather than explicitly programming every move of the
robot, only desired subgoals of the task may then be commanded and a task-level pro-
gramming system must automatically solve the motion planning problem.

For path planning it is assumed that the initial and final configuration of the robot,
the so-called query(q0, qT ), is specified. The goal is to connect these points by a smooth
curve in the free configuration spaceCfree since the joint variables are to be controlled.
Spatial constraints on the path (and often temporal attributes) can be imposed by speci-
fying additional via points—either in the free configurationspaceCfree or typically in the
free workspaceWfree of the robot—as a set of intermediate positions and orientations that
the end-effector must pass through (at certain time instants). This is particularly desired
when there are forbidden regions in the workspace such as obstacles. Inverse kinematics
is used to convert these additional points from Cartesian task space into the configuration
space. For such kind of point specifications there are generally two ways of shaping a
path in space with respect to time, where the task duration istypically a parameter to be
specified at implementation [31]:

• Joint-space schemes compute smooth functions of joint angles in the configuration
spaceC with respect to time. Splines are mostly used as parameterization functions
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in order to obtain continuous velocities and accelerationsfor the trajectory. Real-
time implementation of joint-space schemes is straightforward. For point-to-point
motions the trajectories are often specified by trapezoidalvelocity profiles.

• Cartesian-space schemes compute a continuous function of Cartesian position and
orientation in the workspaceW with respect to time. They are task oriented and
for that reason user-friendly. However, real-time implementation relies on inverse
kinematics, which implicates geometric problems.

In general we cannot assume that additional via points (spatial constraints) are speci-
fied so that a curve in the free configuration spaceCfree is automatically shaped. Hence,
generic path planning must be realized for the query(q0, qT ) with an embedded collision
avoidance algorithm. In practice, sampling-based probabilistic methods have been shown
to be successful and efficient even for systems with a high-dimensional configuration
space [68, 115]: the connectivity of the collision-free configuration space is adequately
represented by a finite set of iteratively sampled configurations and their connection to a
roadmap. Probabilistic Roadmaps (PRM) and Rapidly-exploring Random Trees (RRT)
are the main approaches for dealing with multi-query and on-the-fly single-query prob-
lems, respectively.

However, shaping the path with respect to time requires a good understanding of the
robot dynamics involved. The total duration of the task cannot be set arbitrary short due
to motion-dependent velocity and acceleration constraints of the mechanism. Commonly,
a conservative measure of lower and upper bounds for joint velocities and accelerations
is assumed such that a minimum required task execution time is obtained. Due to the
fact that most actuators are characterized by a torque-speed curve and the differential
constraints being motion-dependent,kinematic motion planningschemes do not exploit
the full potential of the manipulator, neither they provideguarantees for feasibility of a
motion. That is why the full dynamics of the manipulator mustbe taken into account
during the motion planning step for achieving fast and efficient trajectories.

A principle classification of robot motion planning techniques is shown in Fig. 2.3.
One way of doingdynamic motion planningis the so-calleddirect approach[24, 81]
giving rise for large nonlinear optimization problems and dynamic programming in order

Robot Motion Planning

Kinematic Dynamic

Direct Approach Decoupled Approach

Fig. 2.3: Principle classification of robot motion planning subject to differential constraints.
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to obtain a sequence of control inputsu that generate a somehow optimal time evolution
of the system’s full state vectorx = [q; q̇]. These methods might be computationally
impractical for a high-dimensional state space.

Another way to involve the robot dynamics is to plan a spatialpath at first and then
compute a timing function along the path subject to differential constraints. This is known
asdecoupled approach[24, 81], typically aiming at path tracking in a time-optimal fash-
ion. Here the fundamental step is to introduce a geometric path coordinates that mono-
tonically increases along a specified path. It is commonly measured as the arc length
along the path in the workspaceW. In that way the motion can be parameterized by the
geometric path constraint

q = F (s) , q ∈ Rn, s ∈ R (2.7)

with a timing that depends on the time evolution along the path, i.e.

q̇ = F ′(s)ṡ , q̇ ∈ Rn . (2.8)

By substituting (2.7) and (2.8) into the system dynamics (2.1) we obtainn scalar second
order differential equations of the form

αi(s)s̈+ βi(s)ṡ+ γi(s) = τi , i = 1, . . . , n (2.9)

corresponding to the individual degrees of freedom, whereτi are controlled joint torques.
A numerical search for anadmissible timing functions(t) in the path-constrained phase
plane [s; ṡ] becomes a tractable problem once actuator limitations are specified. Any
admissible timing functions(t) automatically determines the nominal trajectory in the
entire state space (2.7), (2.8) and the nominal torques associated with it through (2.9).

The first methods of such a phase-plane technique discussed above were already in-
troduced in the 1980s. A dynamic time-scaling method was proposed in [55] allowing
to change the timing functions of given trajectories (referred to as time warp) such that
actuator torque limitations are satisfied. The magnitudes of nominal torques can be pro-
portionally scaled by simply using a linear function of times(t) = ct along the path with
c > 0. Furthermore, algorithms for computing time-optimal timing functions were sug-
gested in [13, 104] as solutions for an optimal control problem. State-dependent torque
constraints of the formτi,min(q, q̇) ≤ τi ≤ τi,max(q, q̇) can be used to determine ad-
missible path accelerations̈s. The timing function is then constructed in the phase plane
[s; ṡ] by employing a numerical search for optimal switching points between dynamics of
maximum acceleration and maximum deceleration in a bang-bang fashion.



3 The Virtual Holonomic
Constraints Approach

3.1 Overview

The virtual holonomic constraints approach is a powerful tool for motion planning, anal-
ysis and control of mechanical systems. It is based on the same idea as discussed in
Section 2.4, where geometric path constraints were used to reduce the motion planning
problem to a search for an admissible timing function in the phase plane of the geometric
path coordinate. However, industrial manipulators are fully actuated and any timing along
the path can be achieved as long as differential constraintsrelated to the system dynamics
(velocities and accelerations) are not violated. This is not true for mechanical systems
with passive degrees of freedom since there are fewer independent control inputs than
generalized coordinates.

The notion of virtual constraints appeared recently in the field of nonlinear feedback
control, in particular, in the context oforbital stabilizationof underactuated mechanical
systems [20,112]. The aim is to enforce a convergence to a particular geometric curve in
the state space by means of control action. It has its roots inanalytical mechanics, where it
can be shown that the number of differential equations of an Euler–Lagrange system gets
reduced by introducing a holonomic constraint, which is a geometric restriction of the
generalized coordinates to a particular curve in the configuration space. Enforcing a set
of geometric relations among the generalized coordinates by means of feedback control
action and invariance of such virtual holonomic constraints restricts all solutions of the
system dynamics to evolve on a two-dimensional submanifoldof the state space.

Since our goal is to enforce a constrained robot motion by feedback control action,
it is meaningful to consider a feedback linearization of thenonlinear state equation (2.3)
so that we can design a stabilizing controller based on an equivalent linear system. An
input–output linearization is a straightforward tool for solving the control problem of
trajectory tracking. It generally requires a change of coordinates and a suitable control
transformation. Hence, we take the time derivatives of the outputy in (2.3) as many times

19
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as the input explicitly appears [71]:

ẏ = d
dt
h(x) = ∂h

∂x
ẋ = ∂h

∂x
[f(x) + g(x)u] = Lfh(x) + Lgh(x)

︸ ︷︷ ︸

=0 if d>1

u

...

y(d) =
∂
(

L
(d−1)
f

h
)

∂x
[f(x) + g(x)u] = L

(d)
f h(x) + LgL

(d−1)
f h(x)u ,

whereLfh(x) = ∂h
∂x
f(x) is called Lie Derivative ofh with respect tof . The relative

degreed characterizes the complexity of the control problem. An important issue with
input–output linearization is that some states of the system dynamics might be unobserv-
able or uncontrollable, which causes ill-behaved trajectories whenever these modes are
unstable or unbounded. A system representation with new state variables

{

ξ1 = h(x), ξ2 = Lfh(x), . . . , ξd = L
(d−1)
f h(x)

}

takes the normal form







ξ̇1
...

ξ̇d−1

ξ̇d








=








ξ2
...
ξd

L
(d)
f h(ξ, ζ) + LgL

(d−1)
f h(ξ, ζ)u








ζ̇ = f0(ξ, ζ)
y = ξ1 ,

whereζ̇ = f0(ξ, ζ) with ζ ∈ R2n−d defines internal system dynamics that is not directly
affected by the linearizing controlu = [LgL

(d−1)
f h(ξ, ζ)]−1[v − L

(d)
f h(ξ, ζ)] from the

input to thed-th derivative of the output with the auxiliary control variablev. If we try to
keep the output identically zero, then we obtainzero dynamics[19] given byζ̇ = f0(0, ζ).
A system is callednon-minimum phasewhen the zero dynamics is unstable.

The tracking control problem for fully actuated mechanicalsystems is solvable in
a straightforward way by means of inverse dynamics along a target trajectory that can-
cels out the nonlinear coupling between all joints [25]. Mechanical systems with passive
joints, on the other hand, are often not feedback linearizable and have unstable internal
(non-minimum phase) dynamics, which is characterized by unbounded solutions.

In the context of dynamic walking robots, which are impulsive mechanical systems
with underactuation during locomotion, the virtual holonomic constraints approach has
been already proved useful for orbital stabilization of periodic gait trajectories. One of
the first experimental testbeds was the planar underactuated robot RABBIT with 5-degree-
of-freedom [21]. The proposed control approach is zeroing acertain class of virtual holo-
nomic constraints in the configuration-dependent outputy = h(q) that creates an at-
tracting invariant set—a two-dimensional zero dynamics submanifold—of the full hybrid
closed-loop system consisting of continuous-time dynamics with impulse effects [134].
It is important to note that in this case the virtual holonomic constraint is designed such
that the hybrid zero dynamics is indeed invariant for the closed-loop system and admits
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a one-dimensional Poincaré map for assessing exponential orbital stability of the gait cy-
cle for the full model. A detailed systematic presentation of this procedure can be found
in [133]. However, the control design based on this approachonly forces invariance of
the zero dynamics, but it does not affect the internal states. Furthermore, a control design
based on Poincaré map analysis focuses only at one point on the periodic orbit, which
does not provide a continuous representation of the system dynamics.

A general approach for orbital stabilization of continuous-time as well as impulsive
mechanical systems with one or several passive joints is proposed in the series of publi-
cations [107–109, 112, 113]. Here the use of virtual holonomic constraints also provides
a simplified search for nontrivial periodic solutions of thesystem dynamics. Once a fea-
sible target trajectory is found, we can locally rewrite thesystem dynamics in new gener-
alized coordinates that vanish along its orbit. It turns outthat these coordinates provide
a natural choice of transverse coordinates in a vicinity of the specified orbit for which a
transverse linearization can be computed analytically. A transverse linearization allows
us to introduce a moving Poincaré section that provides a continuous-time representa-
tion of the current system dynamics at each point of the orbit. Hence, we obtain alinear
time-varying control systemthat is used for system analysis and orbital stabilization of the
nonlinear mechanical system. Controllers based on the concept of transverse linearization
have been successfully implemented in real-time to stabilize various preplanned periodic
orbits for experimental testbeds of underactuated mechanical systems such as the Furuta
Pendulum [76, 111], the Pendubot [36] and the Inertial Wheel Pendulum [34]. The fol-
lowing theory and notation on the virtual holonomic constraints approach and transverse
linearization is in line with the latest work [107,108].

3.2 Concept of Virtual Holonomic Constraints

A desired nontrivial motion of a controlled Euler–Lagrangesystem withn degrees of
freedom

M(q) q̈ + C(q, q̇) q̇ +G(q) = B(q)u (3.1)

defined by (2.1) can be described by the time evolution of its generalized coordinates
{

q1 = q1⋆(t), q2 = q2⋆(t), . . . , qn = qn⋆(t)
}

, t ∈ [0, T ] (3.2)

and their time derivatives, which form the generalized velocities. It means that it is enough
to know (3.2) for constructing the2n-dimensional solution of the differential state equa-
tion in (2.3).

We can further represent the desired motion as a point movingalong a curve in the
state space[q; q̇] ∈ R2n of the system dynamics [6]. Solving a differential equationis
therefore equivalent to the geometric problem of finding integral curves1 defined by a
phase velocity vector field. For dynamical systems such integral curves are known as
orbits. The particular orbit of the trajectory corresponding to (3.2) is given by

O⋆ =
{

[q; q̇] ∈ R2n : q = q⋆(τ), q̇ = q̇⋆(τ), τ ∈ [0, T ]
}

, (3.3)

1An integral curve is tangent to the phase velocity vector field at each point [6].
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where the explicit reference to time disappears.
Let us introduce a set of geometric relations among the generalized coordinates alter-

natively to (3.2) such that the same motion is now given by
{

q1 = φ1(θ), q2 = φ2(θ), . . . , qn = φn(θ)
}

, θ = θ⋆(t), t ∈ [0, T ] (3.4)

with a scalar path coordinateθ ∈ [θb, θe] that can be interpreted as a trajectory generator
for parameterizing the time evolution. There are many possibilities for the choice ofθ,
for instance the arc length along the orbit, a scalar function of coordinates or one of the
coordinates itself. Geometric functions among the generalized coordinates as introduced
by (3.4) are known asvirtual holonomic constraints[112,133] since they show up during
a feasible motion rather then having a physical nature. The next definition clarifies the
notion of virtual holonomic constraints.

Definition 3.1 (Virtual Holonomic Constraints [106])
A motion of the controlled Euler–Lagrange system (3.1) can be represented by (3.4) as a
vector function

q = Φ(θ) (3.5)

and a scalar time-parameterizing variableθ. The equationq = Φ(θ) is called

• holonomic (geometric) constraint if it represents a restriction on generalized coor-
dinates physically imposed on the system;

• virtual holonomic (geometric) constraint if the relation is preserved by some control
action along solutions of the closed-loop system, providedthat initial conditions are
chosen to satisfy the constraint:q(0) = Φ

(
θ(0)

)
and q̇(0) = Φ′

(
θ(0)

)
θ̇(0).

Holonomic constraints represent a restriction in the configuration space of the mechanical
system to one specific curve.

Assuming invariance of the virtual holonomic constraintsq = Φ(θ) for the general-
ized coordinates implies the relationq̇ = Φ′(θ)θ̇ for the generalized velocities. Conse-
quently, a target motion (3.2) of the controlled Euler–Lagrange system (3.1) belongs to a
two-dimensional submanifold of the2n-dimensional state space

Z =
{

[q; q̇] ∈ R2n : q = Φ(θ), q̇ = Φ′(θ)θ̇, θ = θ(t) ∈ R
}

, (3.6)

which is created by virtual holonomic constraints valid along the orbit (3.3). While
the time evolution on that submanifold can be shaped freely—not violating any veloc-
ity and acceleration constraints of the system dynamics—forfully actuated systems, it
is restricted for underactuated systems by solutions of reduced dynamics formulated in
Lemma 3.1 below. Hence, the motion planning problem for underactuated mechanical
systems is much more complicated compared to fully actuatedsystems. However, for a
system with underactuation degree(n−m) ≥ 1 the complexity of searching through the
full state space[q; q̇] ∈ R2n gets reduced as follows:



3.2. Concept of Virtual Holonomic Constraints 23

• Find or specify a virtual holonomic constraintq = Φ(θ) that defines a path through
the configuration spaceq ∈ Rn representing a synchronization of generalized co-
ordinates along the orbit.

• Find dynamics of the parameterizing variable in the phase plane[θ; θ̇] ∈ R2 that
satisfies reduced dynamics given by(n−m) second-order differential equations of
the form (3.8), which are integrable according to Lemma 3.2 below.

Having a target motion specified in terms of (3.4) valid alongthe orbit (3.3) allows us to
compute the nominal input for the mechanical system (3.1) asfollows:

B(q)u⋆ = M(q) q̈ + C(q, q̇) q̇ +G(q)|q=Φ(θ⋆)

q̇=Φ′(θ⋆)θ̇⋆

q̈=Φ′′(θ⋆)(θ̇⋆)
2
+Φ′(θ⋆)θ̈⋆ .

(3.7)

Lemma 3.1 (Reduced Dynamics [108,112])
Consider the controlled Euler–Lagrange system (3.1) for the case when it has passive
(non-actuated) degrees of freedom. That is, there aren generalized coordinates andm
independent control inputs, but the system is underactuated by degree(n −m) ≥ 1. Let
the virtual holonomic constraintq = Φ(θ) withC2-functionsΦ(θ) be kept invariant along
the motion (3.2) by some feedback control lawu. Then, the time evolution of the scalar
parameterizing variableθ in (3.4) cannot be arbitrary, but is a solution of the(n −m)
second-order differential equations

αi(θ) θ̈ + βi(θ) θ̇
2 + γi(θ) = 0 , i = 1, . . . , n−m. (3.8)

This is a virtually constrained system of reduced order thatrepresents the overall closed-
loop dynamics. Solutions of (3.8) define feasible motions ofthe mechanical system—
including the particular motion (3.4)—with precise synchronization of the generalized
coordinates given by the virtual holonomic constraint. Thecoefficient vectors of (3.8) are
computed as follows:

[α1(θ), α2(θ), . . . , αn−m(θ)]
T

= B⊥
(
Φ(θ)

)
M
(
Φ(θ)

)
Φ′(θ)

[β1(θ), β2(θ), . . . , βn−m(θ)]
T

= B⊥
(
Φ(θ)

) [
M
(
Φ(θ)

)
Φ′′(θ)

+ C
(
Φ(θ),Φ′(θ)

)
Φ′(θ)

]

[γ1(θ), γ2(θ), . . . , γn−m(θ)]
T

= B⊥
(
Φ(θ)

)
G
(
Φ(θ)

)
,

whereB⊥(q) ∈ R(n−m)×n is a full rank matrix defining the non-actuated coordinates;it
is an annihilator of the input matrixB(q) ∈ Rn×m such thatB⊥(q)B(q) = 0.

Lemma 3.2 (Integral of Reduced Dynamics [113])
The solution of a scalar second-order differential equation of the form (3.8) can be found
analytically providedαi(θ) 6= 0, i.e. the reduced dynamics is always integrable (see
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Appendix A.1). Specifically, the integral function

I(i)(θ0, θ̇0, θ, θ̇) = θ̇2 − exp

{

−2

∫ θ

θ0

βi(τ)

αi(τ)
dτ

}

θ̇20

+

∫ θ

θ0

exp

{

−2

∫ θ

s

βi(τ)

αi(τ)
dτ

}

2 γi(s)

αi(s)
ds

= θ̇2 − Ψ
(i)
h (θ0, θ) θ̇

2
0 + Ψ

(i)
p (θ0, θ)

(3.9)

preserves its zero value along a solutionθ(t), initiated at(θ0, θ̇0) =
(
θ(0), θ̇(0)

)
. For the

case whenαi(θ) = 0, then we can easily obtain other quantities of zero value, which θ(t)
must satisfy.

Furthermore, Lemmas 3.1 and 3.2 provide a way to introduce new coordinates for (3.1)
in the vicinity of the orbit (3.3) describing a target motion. There are2n quantities (posi-
tions and velocities)

y = q − Φ(θ) and ẏ = q̇ − Φ′(θ)θ̇ (3.10)

that represent the synchronization error to the specified virtual holonomic constraint in the
state space, and at least(n−m) quantities given in Lemma 3.2 that represent the distance
to a desired trajectory in the phase plane[θ; θ̇]. We will see next how to introduce(2n−1)
coordinates transversal to the orbit, which can be used to analyze dynamical properties in
the vicinity of a target motion.

The remainder of this chapter is tailored for underactuatedmechanical systems, pro-
viding analytical tools for orbital stabilization.

3.3 Transverse Linearization

3.3.1 Dynamics Along the Target Orbit and Transverse Coordinates

Given a motion (3.2) of the mechanical system (3.1) in the format of (3.4), then we can
introduce new coordinates and velocities (3.10) in the vicinity of the orbit (3.3) based on
virtual holonomic constraints. In particular, we get(n+ 1) excessive coordinates

y1 = q1 − φ1(θ) , . . . , yn = qn − φn(θ) and θ ,

which means that one of them can be at least locally expressedas a smooth scalar function
of the other onesρ(y, θ) [112]. Without loss of generality, let us assume that this isthe
case foryn such that the original coordinates

q1 = φ1(θ) + y1 , . . . , qn−1 = φn−1(θ) + yn−1 , qn = φn(θ) + ρ(y, θ) (3.11)

are now related ton new generalized coordinates2 given by

y = [y1, . . . , yn−1]
T ∈ Rn−1 and θ . (3.12)

2It is convenient to take one of the original coordinates as parameterizing variableθ, since the new general-
ized coordinates (3.12) will show up immediately and the Jacobian (3.13) gets simplified.
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The generalized velocities of (3.11) and (3.12) are relatedby the following Jacobian ma-
trix3:

q̇ = L(θ, y)

[
ẏ

θ̇

]

(3.13)

L(θ, y) =





I(n−1) 0(n−1)×1

∂ρ

∂y

∂ρ

∂θ



+




 0n×(n−1)

φ′1(θ)
...

φ′n(θ)




 .

Having new generalized coordinates defined by (3.12), we need to express their asso-
ciated dynamics with respect to the original one. The dynamics ofy-variables, which is
representing the synchronization error to the specified virtual holonomic constraints, can
be computed from the system dynamics, given in the format of (2.2), by substituting (3.11)
and (3.13):

ÿ = R(θ, θ̇, y, ẏ) +N(θ, y)u , (3.14)

where

N(θ, y) =
[
I(n−1), 0(n−1)×1

]
L−1(θ, y)

[
M−1(q)B(q)

]

R(θ, y) =
[
I(n−1), 0(n−1)×1

]
L−1(θ, y)

×
([

M−1(q)
(
−C(q, q̇)q̇ −G(q)

)]

− L̇(θ, y)

[
ẏ

θ̇

])

.

It is convenient to introduce an auxiliary control signalv by the control transforma-
tion4 [108]

u = U(θ, θ̇, y, ẏ) + v (3.15)

along the orbit (3.3), whereU(·) is a smooth function that coincides with the nominal
inputu⋆(t) from (3.7), i.e.∀ t ∈ [0, T ]

u⋆(t) = U
(

θ⋆(t), θ̇⋆(t),0(n−1)×1,0(n−1)×1

)

.

Consequently, we can rewrite they-dynamics (3.14) as

ÿ = H(θ, θ̇, y, ẏ) +N(θ, y) v

H(θ, θ̇, y, ẏ) = R(θ, θ̇, y, ẏ) +N(θ, y)U(θ, θ̇, y, ẏ) ,
(3.16)

where by construction∀ t ∈ [0, T ]

H
(

θ⋆(t), θ̇⋆(t),0(n−1)×1,0(n−1)×1

)

≡ 0(n−1)×1 .

3The block elementI represents the identity matrix of indicated dimension; the block element0 is a matrix
of indicated row and column dimension filled with zeros.

4A possible way to derive such a transformation for the case of underactuation degree one is partial feedback
linearization [116] such that (3.14) becomesÿ = R(θ, θ̇, y, ẏ)+N(θ, y)u = v, providedN(θ, y) is invertible.
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As last step for deriving the complete dynamics of the mechanical system (3.1) in the
new generalized coordinates (3.12), valid in the vicinity of the orbit (3.3), we need to
incorporate the dynamics for theθ-variable. One way to obtain such an equation is to use
any of the scalar second order differential equations (3.8)for which the coefficient with
θ̈ is separated from zero on the orbit, i.e.αi(θ⋆(t)) 6= 0, ∀ t. Indeed, in this case the
dynamics ofθ can be rewritten as

αi(θ) θ̈ + βi(θ) θ̇
2 + γi(θ) = gi(θ, θ̇, θ̈, y, ẏ, v), (3.17)

where ÿ is eliminated using (3.16). The smooth functiongi(·) equals to zero on the
orbit. Eventually, we can represent our target motion (3.2)in the new generalized coordi-
nates (3.12) by

y1⋆(t) ≡ 0, . . . , y(n−1)⋆(t) ≡ 0, θ = θ⋆(t) . (3.18)

The following theorem summarizes the arguments above and states the system dy-
namics in new coordinates that vanish on the target orbit. Eventually, a natural choice for
coordinates transversal to the orbit is introduced in Lemma3.3 below.

Theorem 3.1 (Dynamics in the Vicinity of the Orbit [108])
Let q = q⋆(t) be a solution of (3.1) withu = u⋆(t) both defined andC1-smooth on
[0, T ]. Supposeφ1(·), . . . , φn(·) are C2-smooth functions representing an alternative
parameterization (3.4) of this motion such that the smoothn × n matrix functionL(·)
with coefficients defined by (3.13) is invertible in the vicinity of the orbit (3.3). Then, the
quantities[θ, y1, . . . , yn−1] defined by (3.11) and (3.12) are generalized coordinates for
the mechanical system (3.1). Moreover, the dynamics (3.1) can be locally rewritten in
equivalent form:

αi(θ)θ̈ + βi(θ)θ̇
2 + γi(θ) = g

(i)
I (θ, θ̇, θ̈, y, ẏ) I(i) + g

(i)
y (θ, θ̇, θ̈, y, ẏ) y

+ g
(i)
ẏ (θ, θ̇, θ̈, y, ẏ) ẏ + g

(i)
v (θ, θ̇, y, ẏ) v

ÿ = H(θ, θ̇, y, ẏ) +N(θ, y) v .

(3.19)

Here the functionsH(·) andN(·) are from (3.14) and (3.16); the triple{αi(·), βi(·), γi(·)}
are coefficients of any of the equations (3.8) for whichαi(·) is separated from zero.

Lemma 3.3 (Coordinates Transversal to the Orbit [108])
The dynamical system (3.19) possesses a natural choice of(2n − 1)-transverse coordi-
nates

x
(i)
⊥ =

[

I(i)
(

θ⋆(0), θ̇⋆(0), θ, θ̇
)

; y ; ẏ
]

(3.20)

that can be introduced in the vicinity of the solution (3.18)in order to describe the dynam-
ics away from the orbit (3.3). Here the scalar functionI(i)(·) is defined by (3.9) associated
with any of the equations (3.8) for whichαi(·) is separated from zero. The integral func-
tion qualifies as transverse coordinate since it, first, preserves zero value along solutions
of (3.8) and, second, quantifies the distance—in its first approximation—orthogonal to
the vector field along the orbit from any point in its vicinity.
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3.3.2 Transverse Linearization of Continuous-Time Dynamics

The new description of the system dynamics (3.19) along the target orbit (3.3) stated in
Theorem 3.1 allows us to analytically compute a linear time-varying system that describes
the dynamics away from the orbit based on the transverse coordinates (3.20). In that way
we automatically generate amoving Poincaré section{S(t)}t∈[0,T ], i.e. a continuous
family of (2n − 1)-dimensional surfaces transversal to the target orbit withone member
of the family present at every point [109]. This is a major difference to the classical
concept of a discrete Poincaré map discussed in Section 2.3.A visualization of Poincaré
surfaces associated with a periodic orbit is shown in Fig. 3.1.

S(0) TS(0)

S(t)

TS(t)

Fig. 3.1: Visualization of Poincaré surfaces and transverse linearization of a periodic orbit (gray)
and a trajectory converging to it (black).c© 2008 Elsevier. Reproduced, with permission, from An-
nual Reviews in Control, vol. 32, no. 2, A. Shiriaev, L. Freidovich, andI. Manchester, “Can we make
a robot ballerina perform a pirouette? Orbital stabilization of periodic motionsof underactuated
mechanical systems,” pp. 200–211, 2008.

Clearly, the analytical computation of a moving Poincaré section requires the change
of variables[θ; θ̇; y; ẏ] of (3.19) into [ψ(i); I(i); y; ẏ] containing the transverse coordi-
nates (3.20). The scalarψ(i) = ψ(i)(θ, θ̇) must be introduced such that any point in the
vicinity of the target orbit (3.3) is uniquely mapped onto it. Thus, the target trajectory is

defined by
{

ψ(i) = ψ
(i)
⋆ (t), I(i) = 0, y = 0, ẏ = 0

}

associated with the Poincaré section

S(i)(t) :=
{

[θ, θ̇, y; ẏ] ∈ R2n : ψ(i)(θ, θ̇) = ψ
(i)
⋆ (t)

}

, t ∈ [0, T ] , (3.21)

whereψ(i)
⋆ (t) := ψ(i)(θ⋆(t), θ̇⋆(t)) monotonically changes with time5. For computing

the transformationψ(i)(θ, θ̇) we can make use of the family of tangential planes along the

5Here the assumptioṅq2⋆(t) + q̈2⋆(t) > 0 for t ∈ [0, T ] is used. The indexi refers to the corresponding
dynamics in (3.8)
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vector field of the target orbit

TS(i)(t) :=

{

[q; q̇] ∈ R2n :

[
q − q⋆(t)
q̇ − q̇⋆(t)

]T [
q̇⋆(t)
q̈⋆(t)

]

= 0

}

, t ∈ [0, T ] . (3.22)

Eventually, the transverse linearization of the dynamics (3.19) along the orbit de-
scribes the system behavior on each of the tangential planesof the family{TS(t)}t∈[0,T ]

(see Fig. 3.1). Its analytical computation is given in the following theorem for the general
case of mechanical systems with several passive degrees of freedom.

Theorem 3.2 (Transverse Linearization of Dynamics Along the Orbit [108])
Consider the nonlinear dynamical system (3.19) and its solution (3.18) withv⋆(t) ≡ 0
defined fort ∈ [0, T ]. Then, the linearization of the dynamics of the transverse coordi-
nates (3.20) along (3.18) is given by the following time-varying equations:

1. The linearized dynamics for the scalarI(i)(·) is (see also Appendix A.2)

d

dτ
I
(i)
• = a

(i)
11 (τ)I

(i)
• + a

(i)
12 (τ)Y1• + a

(i)
13 (τ)Y2• + b

(i)
1 (τ)V• , (3.23)

where the coefficient functions are defined as follows6

a
(i)
11 (τ) =

2θ̇⋆(τ)

αi

(
θ⋆(τ)

)

(

g
(i)
I

(
θ⋆(τ), θ̇⋆(τ), θ̈⋆(τ), 0, 0

)
− βi

(
θ⋆(τ)

))

a
(i)
12 (τ) =

2θ̇⋆(τ)

αi

(
θ⋆(τ)

)g(i)
y

(
θ⋆(τ), θ̇⋆(τ), θ̈⋆(τ), 0, 0

)

a
(i)
13 (τ) =

2θ̇⋆(τ)

αi

(
θ⋆(τ)

)g
(i)
ẏ

(
θ⋆(τ), θ̇⋆(τ), θ̈⋆(τ), 0, 0

)

b
(i)
1 (τ) =

2θ̇⋆(τ)

αi

(
θ⋆(τ)

)g(i)
v

(
θ⋆(τ), θ̇⋆(τ), 0, 0

)
.

2. The linearized dynamics for[y; ẏ]-variables is

d

dτ

[
Y1•

Y2•

]

=

[

0(n−1)×1 0(n−1)×(n−1) I(n−1)×(n−1)

A21(τ) A22(τ) A23(τ)

]



I
(i)
•

Y1•

Y2•





+

[
0(n−1)×m

B2(τ)

]

V• , (3.24)

6Note that it is sufficient to derive the first-order terms in theTaylor multi-series expansion forgi(·) in (3.8)
so that

[

g
(i)
I , g

(i)
y , g

(i)
ẏ , g

(i)
v

]

=




θ̇ ∂gi

∂θ̇
− θ̈ ∂gi

∂θ

2(θ̇2 + θ̈2)
,
∂gi

∂y
,
∂gi

∂ẏ
,
∂gi

∂v




θ=θ⋆(τ)

θ̇=θ̇⋆(τ)

θ̈=θ̈⋆(τ)
y=ẏ=0

.
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where the matrix functions are defined as follows7

A21(τ) =
θ̇ ∂H

∂θ̇
− θ̈ ∂H

∂θ

2(θ̇2 + θ̈2)

∣
∣
∣
∣
∣
θ=θ⋆(τ)

θ̇=θ̇⋆(τ)

θ̈=θ̈⋆(τ)
y=ẏ=0

, A22(τ) =
∂H

∂y

∣
∣
∣
∣θ=θ⋆(τ)

θ̇=θ̇⋆(τ)
y=ẏ=0

A23(τ) =
∂H

∂ẏ

∣
∣
∣
∣θ=θ⋆(τ)

θ̇=θ̇⋆(τ)
y=ẏ=0

, B2(τ) = N(θ⋆(τ), 0) .

The linear time-varying system (3.23), (3.24) is compactlywritten as

d

dτ
z = A(τ) z + B(τ)V• , z = [I

(i)
• ;Y1•;Y2•] . (3.25)

The next theorem states how orbital stabilization of a periodic target motion (3.18) for
the dynamical system (3.19) can be achieved based on a modified version of the controller
that stabilizes the corresponding transverse linearization (3.25). Moreover, all possible
linear systems generated by linearizing the dynamics of different transverse coordinates
(3.20) are equivalent: stabilization of one implies stabilization of any other [108].

Theorem 3.3 (Orbital Stabilization of a Periodic Target Motion [108])
Consider a nontrivialT -periodic target motion

q = q⋆(t) = q⋆(t+ T ) , ∀ t , T > 0 (3.26)

of the controlled mechanical system (3.1) and its dynamics along the orbit stated in The-
orem 3.1 together with its corresponding transverse linearization stated in Theorem 3.2.
The following two statements are equivalent.

1. There is aC1-smoothT -periodic matrix gainK(τ) such that the feedback control
law

V• = K(τ)
[

I
(i)
• ; Y1•; Y2•

]

, K(τ) = K(τ + T ) (3.27)

stabilizes the origin of the linearT -periodic system (3.25).

2. There exists aC1-smooth time-independent feedback control law of the form (3.15)
with

v = f(θ, θ̇, y, ẏ) (3.28)

that makes theT -periodic solution (3.26) of (3.1) exponentially orbitally stable.

Furthermore, the matrix functionsK(·) andf(·) can be constructed as follows:

7In the case of underactuation degree one we may linearize they-dynamics (3.14) töy = R(θ, θ̇, y, ẏ) +
N(θ, y)u = v resulting inA21 = 0(n−1)×1,A22 = A23 = 0(n−1)×(n−1) andB2 = I(n−1).
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a) Given (3.27), a possible choice for (3.28) is8

v(t) = K (τ) x
(i)
⊥ (t)

τ =
{
s : [q(t); q̇(t)] ∈ S(i)(s) ∩ Oε(q⋆)

}
,

(3.29)

wherex(i)
⊥ (t) is the vector of transverse coordinates defined by (3.20) andτ =

ψ(i)(θ, θ̇) is an index parameterizing the particular leaf of the movingPoincaré

section{S(t)}t∈[0,T ] from (3.21) to which the vectorx(i)
⊥ (·) belongs at the time

momentst. The tubular neighborhood of the target orbit (3.3)

Oε(q⋆) =

{

[q; q̇] : min
τ∈[0,T ]

∥
∥[q − q⋆(τ); q̇ − q̇⋆(τ)]

∥
∥ ≤ ε

}

(3.30)

is the set of all points on a distance not larger than some small ε > 0 forming a
tube around the orbit.

b) Given (3.28), a possible choice for (3.27) is

V•=

(

θ̇ ∂f

∂θ̇
− θ̈ ∂f

∂θ

2(θ̇2 + θ̈2)
I
(i)
• +

∂f

∂y
Y1• +

∂f

∂ẏ
Y2•

)∣
∣
∣
∣
∣
y=ẏ=0
θ=θ⋆(τ)

θ̇=θ̇⋆(τ)

θ̈=θ̈⋆(τ) .

(3.31)

3.3.3 Transverse Linearization of Hybrid Dynamics

If the mechanical system (3.1) is subject to impulse effects, then we obtain hybrid dynam-
ics of the form

M(q) q̈ + C(q, q̇) q̇ +G(q) = B(q)u for q /∈ Γ
(i)
−

F (i) : Γ
(i)
− → Γ

(i)
+ for q ∈ Γ

(i)
− , i = 1, . . . , Nd

(3.32)

defined by (2.4). A nontrivial solution therefore consists of a sequence of continuous-
time parts and discrete-time jumps. In order to obtain a transverse linearization along a
particular target orbit with jumps, we have to linearize theupdate laws and merge them
with transverse linearizations of the continuous parts. A constructive procedure for doing
so is shown in [107] considering a class of impulsive mechanical systems with one passive
link that has a periodic solution

q = q⋆(t) = q⋆(t+ T ), ∀t, T > 0 (3.33)

8It might be difficult to implement the control law (3.29) due to the nonlinear optimization problem of finding
{
s : [q(t); q̇(t)] ∈ S(i)(s) ∩ Oε(q⋆)

}
. Alternatively, the bundle of hyperplanes (3.22) can be used such that

the computation ofτ =
{
s : [q(t); q̇(t)] ∈ TS(i)(s) ∩ Oε(q⋆)

}
becomes tractable. Moreover, ifθ = θ⋆(t)

is a monotonic function, then the index of a particular leafτ = ψ(i)(θ, θ̇) of the moving Poincaré section (3.21)
is defined as the inverse forθ⋆(t): θ = θ⋆(t) ⇐⇒ t = ψ(i)(θ) so thatψ(i)(θ⋆(t)) = t .
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with one jump, meaning that[q⋆(0+); q̇⋆(0+)] ∈ Γ+, [q⋆(T−); q̇⋆(T−)] ∈ Γ−, and
F ([q⋆(T−); q̇⋆(T−)]) = [q⋆(0+); q̇⋆(0+)]. The procedure is described below and can be
extended to numerous jumps in a straightforward way.

Procedure 3.1 (Computing a Transverse Linearization of Hybrid Dynamics with
One Jump [107])

1. Linearize the discrete-time dynamicsF : Γ− → Γ+ by computing the Jacobian of
the update lawF (q, q̇) at [q⋆(T−); q̇⋆(T−)] ∈ Γ−:

dF :=
∂F

∂[q; q̇]

∣
∣
∣
∣q=q⋆(T−)
q̇=q̇⋆(T−)

: TΓ−|q=q⋆(T−)
q̇=q̇⋆(T−)

→ TΓ+|q=q⋆(0+)
q̇=q̇⋆(0+)

. (3.34)

Fig. 3.2(a) illustrates the tangent planesTΓ− andTΓ+ to the switching surfaces
Γ− andΓ+ at the points of intersection with the periodic orbit[q⋆; q̇⋆].

2. Linearize the transverse dynamics along the continuous-time part based on The-
orems 3.1 and 3.2 such that the linear time-varying system (3.25) is obtained.
Fig. 3.2(b) illustrates a moving Poincaré section and tangential planes on which
the transverse linearization is defined.

3. Combine the two parts of linearized dynamics in such a way that the linearization of
the update law (3.34) acts from the tangential planeTS(T ) ontoTS(0) associated
with the moving Poincaré section{S(t)}t∈[0,T ]. A transformation of the update law
by the linear operator

F :=
[

P+
~n(0)

]

dF
[

P−
~n(T )

]

(3.35)

is necessary in the common case when the Poincaré surfacesS(0) andS(T ) do
not coincide with the switching surfacesΓ− andΓ+ (see Fig. 3.2). The projection
operatorsP+

~n(0) : TΓ+ → TS(0) along~n(0) andP−
~n(T ) : TS(T ) → TΓ− along

~n(T ) are explicitly derived in [37].

Orbital stabilization of a periodic solution (3.33) with one jump is formulated in the
following theorem based on the transverse linearization obtained via Procedure 3.1.

Theorem 3.4 (Orbital Stabilization of a Periodic Solution with One Jump [107])
The impulsive mechanical system (3.32) and itsT -periodic solution (3.33) with one jump
is given. Consider the impulsive linear control system, a solution of whichz = z(τ) ∈
R2n−1 is defined by the next inductive rule:

• On the time intervals
(
(k − 1)T, k T

)
, k ∈ N the solution is defined by the linear

control system
d

dτ
z = A(τ modT ) z + B(τ modT )V• , (3.36)

given by (3.25).
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(a) Tangent planesTΓ− andTΓ+ to the switching surfacesΓ− andΓ+ at the points of
intersection with the periodic orbit[q⋆; q̇⋆]. The linearization ofF (q, q̇) in the vicinity
of the hybrid cycle is the linear mappingdF : TΓ− → TΓ+. Vectors normal toTΓ−

andTΓ+ are denoted by~m− and~m+, respectively.

n(0)

n(T)

S(0)

TS(0)

TS(t)

S(t)

TS(T)

n(t)

S(T)

(b) Moving Poincaré section{S(t)}t∈[0,T ] transversal to the continuous-time part of
the periodic orbit[q⋆, q̇⋆]. A linearization of the transverse dynamics is defined on the
tangent planesTS(t) to S(t). Vectors normal toTS(t) are denoted by~n(t) and they
are proportional to the vector field of the system dynamics at the corresponding points:

~n(t) = [q̇⋆; q̈⋆]/
√

|q̇⋆|
2 + |q̈⋆|

2.

Fig. 3.2: Illustration for transverse linearization of hybrid dynamics. Note that the Poincaré sur-
facesS(0) andS(T ) might not coincide with the switching surfacesΓ− andΓ+. c© 2009 IEEE.
Reproduced, with permission, from IEEE Transactions on Automatic Control, vol. 54, no. 12,
A. Shiriaev and L. Freidovich, “Transverse linearization for impulsive mechanical systems with one
passive link,” 2009 (in press).
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• At each of the time momentsτk = k T , k ∈ N the statez(τk) of the linear sys-
tem (3.36) is instantaneously changed to the new vector, defined by the linear trans-
formation

z(τk−) 7−→ z(τk+) := F z(τk−) , (3.37)

where the matrixF is from (3.35). After the update the solution is again defined
by (3.36) until the next instantaneous update (3.37) occursat τ = τk + T and so
on.

The originz = 0 of the linear system (3.36), (3.37) is exponentially stabilized by

V• = K(τ modT ) z, K(·) ∈ C1[0, T ], (3.38)

if and only if the feedback controller (3.15) with

v(t) = K(τ)x
(i)
⊥ (t), (3.39)

andτ defined at everyt by one of the following two relations

{
[q(t); q̇(t)] ∈ TS(τ) ∩ Oε(q⋆)

}
or
{
[q(t); q̇(t)] ∈ S(τ) ∩ Oε(q⋆)

}
(3.40)

makes the hybrid periodic motion of the impulsive mechanical system (3.32) orbitally ex-
ponentially stable. Here,x⊥(·) andOε(q⋆) are defined in (3.20) and (3.30), respectively,
for smallε > 0.

3.4 Summary

In this chapter we discussed the main question of how to use the representation of a
particular motion in the form of

{

q1 = φ1

(
θ(t)

)
, q2 = φ2

(
θ(t)

)
, . . . , qn = φn

(
θ(t)

)}

for robot motion planning, system analysis and control synthesis. Enforcing geometric re-
lations among the generalized coordinates by feedback control action is known as virtual
holonomic constraints approach. Based on a transverse linearization along the parame-
terized target motion, we can achieve orbital stabilization even for continuous-time and
impulsive mechanical systems that are not fully feedback linearizable and with unstable
internal dynamics. The key features of the approach can be listed as follows:

• The complexity of motion planning is reduced by exploiting the geometry of the
state space[q; q̇] ∈ R2n of the mechanical system:

– find virtual holonomic constraintsq = Φ(θ) ∈ Rn representing a synchro-
nization of the generalized coordinates along the target orbit;
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– find admissible solutions of the parameterizing variable inthe phase plane
[θ; θ̇] ∈ R2. Avoid violating any actuator limitations or motion-dependent
velocity and acceleration constraints in the case of fully actuated systems; for
underactuated systems we obtain integrable reduced order dynamics deter-
mining all feasible robot motions.

• The system dynamics in the vicinity of the target orbit is expressed in new general-
ized coordinates that vanish on it.

• There is a natural choice of transverse coordinates that allows for introducing a
moving Poincaré section.

• A transverse linearization can be analytically computed resulting in a linear time-
varying system describing transverse dynamics associatedwith the target motion.

• Results of linear control theory can be used for designing orbitally stabilizing feed-
back controllers as well as conducting system analysis in the vicinity of the motion.



4 Contributions

4.1 Analysis of Human Motor Control Patterns (Paper I)

4.1.1 Collapse of Dimension

Obviously, there must be a certain synchronization of the body segments that renders
a typical human movement. The question now is how such motor control patterns are
generated. In [56] one can find a thorough discussion on dynamics of legged animal
locomotion that suggests the following neuromechanical framework of control loops:

• Preflexes (bottom layer):Mechanical feedback in form of neural clock-excited and
tuned muscle activation through chosen skeletal postures.The muscle-limb sys-
tem has nonlinear passive visco-elastic properties that can be “programmed” for
sensorless self-stabilization of some motions.

• Central Pattern Generator CPG (middle layer):Neural circuit for generating a
locomotion pattern that creates feedforward muscle activation.

• Reflexes (top layer):Sensory-driven feedback that adjusts CPG and motoneuron
outputs (preflexes) to further increase stability and dexterity.

There are naturally complex interactions among the neural,sensory, and motor systems,
the muscle-body dynamics, and the environment. It is therefore helpful to develop math-
ematically tractable models that uncover the basic principles. However, it is important
to keep in mind that complexity of the models does not necessarily imply complexity
of a solution required to recover locomotion. In fact, experimental studies of vertebrate
and invertebrate coordination patterns give evidence for adynamicalcollapse of dimen-
sion formulated in terms of the so-called posture principle [56], i.e. any somewhat co-
ordinated motion is restricted to a low-dimensional subspace within a high-dimensional
configuration space of any advanced complex model. This observation supports the use
of simple mechanical models that can be exploited for analysis and synthesis of typical
motor control patterns.

Hypothesis 4.1 (Mechanical Model for Human Movement)
There exists a natural number of joint anglesq = [q1, q2, . . . , qn]T ∈ Rn that sufficiently

35
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describes the configuration of the human body segments during a particular motion. Ad-
ditionally, the observed time evolutionq = q⋆(t) obeys the dynamics of a controlled
Euler–Lagrange system

M(q) q̈ + C(q, q̇) q̇ +G(q) = B(q)u (4.1)

defined by (2.1). There also exists a set of somehow assigned inputsu that create a
particular motor control pattern for the joint angles. Suchkind of coordinated motions
are represented by the geometric relations
{

q1 = φ1(θ), q2 = φ2(θ), . . . , qn = φn(θ)
}

, θ = θ⋆(t), t ∈ [0, T ] (4.2)

and a time-parameterizing variableθ.

Note that some other control inputs and various disturbances are dropped and assumed to
cancel each other.

Hypothesis 4.2 (Passive Dynamics in Human Movement)
The human walking gait is characterized by underactuation during single support phase,
which is related to foot rotation. There also exist several other typical human motor con-
trol patterns that exploit passive limb dynamics for a dynamical movement of the body’s
center of mass. Often, the whole body constitution dynamically balances about a passive
or at most weakly actuated joint. We therefore consider a mechanical system (4.1) that
has a passive (non-actuated) degree of freedom, i.e. the number of independent control
inputs is one less than the number of generalized coordinates: u ∈ Rn−1.

Let the virtual holonomic constraintq = Φ(θ) be kept invariant along a particular
motionq⋆(t) by some feedback control lawu∗. Then, the time evolution of the scalar
parameterizing variableθ⋆(t) in (4.2) cannot be arbitrary, but is a solution of the second-
order differential equation

α(θ) θ̈ + β(θ) θ̇2 + γ(θ) = 0 (4.3)

defined by (3.8).

Note that even though the passive joint associated with (4.3) might be weakly actuated,
its torque is considered insignificant for generating a particular motor control pattern.

The findings ofPaper I give evidence for a dynamical collapse of dimension formu-
lated in terms of Hypotheses 4.1 and 4.2. An analysis of kinematic data from recorded
human movements was performed for sitting down, chair-rise, and the single support
phase of walking. The relevant degrees of freedom and certain anthropometric data were
used for modeling the dynamics. A passive ankle joint was taken into account in order
to represent passive dynamics during human movement. An important result of the paper
is the existence of consistent geometric relations among the generalized coordinates that
characterize the synchronization of individual body segments. It basically means that typ-
ical movements, which get repeated many times, follow particular motor control patterns
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that are found as nearly invariant functions of the joint coordinates. Hence, the collapse of
dimension naturally appears as alternative representation of a motion in terms of virtual
holonomic constraints (4.2) and the time evolution of a pathcoordinate, which is a solu-
tion of reduced dynamics of the form (4.3) and at the same timedetermines the trajectory
in the state space of the full dynamical system. It is remarkable that, despite various mod-
eling assumptions, the simulations of the virtually constrained motions closely reproduce
the recorded human movements.

4.1.2 Concept of a Nominal Motion

One of the main questions about a typical human movement is whether there exists a
nominal behavior that is actually targeted by the human control system when repeating
a specific task many times. We must therefore consider a sequence ofk trials reproduc-
ing the same motion and compute for each of them a geometric vector function of the
generalized coordinates

q(k) = Φ(k)(θ) , k = 1, . . . , N (4.4)

and a time evolution of the scalar parameterization variable

θ = θ(k)(t) , t ∈ [0, T (k)] , θ(k) ∈ [θ
(k)
b , θ(k)

e ] (4.5)

valid along the corresponding section of the orbit. Even though the time period of a
particular motor control pattern to be analyzed might be larger than the time intervals
for which Hypotheses 4.1 and 4.2 are postulated, each realization of a specific repetitive
motion should evolve in the vicinity of the considered section of the orbit. Recall also
that (4.5) must be a solution of the reduced dynamics (4.3) with coefficientsα(k)(θ),
β(k)(θ) andγ(k)(θ) that depend on the parameters of (4.1) and the choice for (4.4).

The question now is how to use the data of the trials in order tomake some con-
clusions about the quality of the human control system generating the particular motion.
Clearly, each motion trial for the considered repetitive pattern is initiated from a slightly
different point in the state space of (4.1), but it makes sense to assume that the control in-
putu is generated such that a particular motor control pattern and a particular initial point
is targeted. Hence, each trial represents a realization of the motion about its nominal
description.

Hypothesis 4.3 (Nominal Motion)
There exists a nominal motion for the human control system modeled as (4.1) that is
characterized by a particular geometric vector function ofthe generalized coordinates

q = Φ(θ) (4.6)

and a scalar time-parameterizing variable

θ = θ⋆(t) , t ∈ [0, T ] , θ ∈ [θb, θe] (4.7)
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valid along a section of the nominal orbit. Thus, the corresponding nominal input can be
computed from (4.1) to satisfy

B(q)u⋆ = M(q) q̈ + C(q, q̇) q̇ +G(q)|q=Φ(θ⋆)

q̇=Φ′(θ⋆)θ̇⋆

q̈=Φ′′(θ⋆)(θ̇⋆)
2
+Φ′(θ⋆)θ̈⋆

(4.8)

whereas the real input for each trialk = 1, . . . , N can be represented as

u(k)(τ) = u⋆(τ) + ∆u(k) (4.9)

with ∆u(k) being small: it vanishes simultaneously with the distance to the nominal tra-
jectory. The explicit dependence on time is removed by introducing a function

τ = ψ(θ) (4.10)

that associates any point in the vicinity of the target orbitwith a time moment on it and
is defined as the inverse forθ⋆(t): θ = θ⋆(t) ⇐⇒ t = ψ(θ) so thatψ

(
θ⋆(t)

)
= t. For

simplicity θ⋆(t) is assumed as a monotonic function of the generalized coordinates. If
required, the orbit can always be partitioned in sections for whichθ is monotonic.

Note that the nominal input (4.8) is uniquely defined sinceθ = θ⋆(t) from (4.7) is a
solution of the differential equation (4.3).

4.1.3 Finding a Nominal Motion

The description of a nominal motion as formulated in Hypothesis 4.3 is useful for quan-
tifying the input torques that drive the time evolution of the states as well as for system
analysis of nearby trajectories. Assuming that a nominal behavior exists for typical repet-
itive motions, such as observed in walking, running, sitting down, athletics, etc., it seems
natural trying to find it.

The procedure depicted in Fig. 4.1 is suggested for analysisof recorded kinematic
data regarding a nominal motion with the following three computational algorithms:

I. Averaging geometric relations and averaging time evolution
Compute an average

q̄ = Φ̄(θ) =
1

N

N∑

k=1

Φ(k)(θ), θ ∈ [max(θ
(k)
b ),min(θ(k)

e )]

of the geometric relations (4.4) found for each trial. Compute also an averaged
time evolution of the parameterization variable (4.5) in the form θ̄(t), ¯̇

θ(t) and
¯̈
θ(t). Note that only the functionsθ(k)(t) are recorded but noṫθ(k)(t) andθ̈(k)(t).
Hence, some data smoothing (using e.g. splines) and numerical differentiations are
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averaging time evolution

Algorithm II:
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solution of reduced dynamics

Algorithm III:

Averaging inputs obtained 

from solutions of reduced 

dynamics for each trial

Finding

nominal

motion

Fig. 4.1: Procedure for finding a nominal motion from recorded trials.
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necessary, which generally make the computations unreliable. Finally, we should
compute the nominal inputu⋆(τ) from the relation

B(q)u⋆(τ) = M(q) q̈ + C(q, q̇) q̇ +G(q)|q=Φ̄(θ)

q̇=Φ̄′(θ)
¯̇
θ(τ)

q̈=Φ̄′′(θ)
(

¯̇
θ(τ)

)2
+Φ̄′(θ)

¯̈
θ(τ)

by substituting the averaged virtual holonomic constraintand the averaged time
evolution from the recordings w.r.t.θ instead of time applying (4.10). Here we may
arrive at an inconsistent relation, i.e. the state-dependent control inputu⋆(τ) might
not create the specified solutionq⋆(t) = Φ̄(θ̄(t)) for the dynamical system (4.1).

II. Averaging geometric relations and finding a solution of reduced dynamics
Compute an average of the geometric relations in the same wayas in Algorithm I.
Find a solutionθ⋆(t) of the single reduced dynamics (4.3) assuming that the aver-
aged virtual holonomic constraint̄Φ(θ) is imposed on the system dynamics (4.1).
Here the time period of the solutionθ⋆(t) is chosen the same as observed from the
human trials for the valid interval of time. Finally, compute the nominal input from

B(q)u⋆(τ) = M(q) q̈ + C(q, q̇) q̇ +G(q)|q=Φ̄(θ)

q̇=Φ̄′(θ) θ̇⋆(τ)

q̈=Φ̄′′(θ) (θ̇⋆(τ))
2
+Φ̄′(θ) θ̈⋆(τ)

by substituting the averaged virtual holonomic constraintand the time evolution
obtained from reduced system dynamics w.r.t.θ instead of time applying (4.10).
The possible consistency problem is that this nominal inputmight not create the
specified solutionq⋆(t) = Φ̄(θ⋆(t)) for the dynamical system (4.1).

III. Averaging inputs obtained from solutions of reduced dynamics for each trial
Find a solutionθ(k)

⋆ (t) of the reduced dynamics (4.3) for each trial assuming that
the corresponding virtual holonomic constraintΦ(k)(θ) is imposed on the system
dynamics. Here the time period of each solutionθ(k)

⋆ (t) is chosen the same as
observed for the corresponding human trial. Define the common range ofθ in
the same way as in Algorithm I:θ ∈ [max(θ

(k)
b ),min(θ

(k)
e )]. Compute next the

nominal input for each trial from

B(q)u
(k)
⋆ (τ) = M(q) q̈ + C(q, q̇) q̇ +G(q)|

q=Φ(k)(θ)

q̇=Φ′(k)(θ) θ̇(k)
⋆ (τ)

q̈=Φ′′(k)(θ) (θ̇(k)
⋆ (τ))

2
+Φ′(k)(θ) θ̈(k)

⋆ (τ)

by substituting the virtual holonomic constraint and the time evolution obtained
from reduced system dynamics w.r.t.θ instead of time applying (4.10). Finally,
the nominal input is found as an average of the inputs of the individual trials:

u⋆(τ) = u
(k)
⋆ (τ) and the nominal constraintΦ(θ) is found from the numerical

solution of (4.1) with this input. The possible consistencyproblem here is that
the nominal input might not create the specified solutionq⋆(t) = Φ(θ⋆(t)) for the
dynamical system (4.1).



4.1. Analysis of Human Motor Control Patterns (Paper I) 41

The consistency problems should be checked when applying the algorithms for finding
a nominal motion as output of a particular model (4.1). If thecomputed nominal input
creates a solution that is different from the specified recorded motion, then we have to try
another algorithm or reiterate the modeling process by changing the number of degrees of
freedom and adjusting the physical parameters.

A computation via Algorithm III actually complies with the arguments for a nominal
motion in Hypothesis 4.3. It is expected to be most reliable whenever the number of trials
is sufficiently large. Also from the system analysis perspective it is more reasonable to
average the generalized inputs to a dynamical system than averaging over the outputs (po-
sition variables) from different trials, which are typically created through very nonlinear
and coupled relations.

4.1.4 Deviations from a Nominal Motion

Once a nominal trajectoryq⋆(t) = Φ(θ⋆(t)) is specified, we can locally define the dis-
tance to a point(q, q̇) in the state space of the dynamical system (4.1). Its first-order
approximation is characterized by the family of vectors

e(t) =




I
(
θ⋆(0), θ̇⋆(0), θ, θ̇

)
; q(t) − Φ

(
θ(t)

)

︸ ︷︷ ︸

y(t)

; q̇(t) − Φ′
(
θ(t)

)
θ̇(t)

︸ ︷︷ ︸

ẏ(t)




 (4.11)

formed by the coordinates transversal to the orbit as definedby (3.20). This kind of
measure is useful for evaluating the control system over many realizations of one target
motion.

With a recorded sequence of one type of motion that gets repeated many times in
identical conditions, such as the kinematic data for the single support phase of several
consecutive walking steps, further diagnostic analysis ispossible. In particular, it would
be possible to calculate meaningful dynamics of the deviations defined in (4.11). By
indexing the errors along the recorded portion of the motionas

e(k)
(
ψ(θ)

)
, θ ∈ [max(θ

(k)
b ),min(θ(k)

e )]

applying (4.10) and selecting a common point

θm ∈
⋂

[max(θ
(k)
b ),min(θ(k)

e )]

that allows us to compute
ek = e(k)

(
ψ(θm)

)
,

we obtain a discrete-time dynamical system

e1 → . . . → ek → ek+1 → . . .

that can be modeled as
ek+1 = Aek +B . (4.12)
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In that way we look at a particular hyperplane in the state space of (4.1) that is orthogonal
to the nominal orbit and gets trespassed by all neighboring trajectories from consecutive
realizations of the target motion. A least-squares fit couldbe used for a sufficiently large
data set in order to identify the closed-loop transition matrix A and the constant biasB.
Having the eigenvalues ofA inside the unite circle andB = 0 implies exponential van-
ishing of the deviations from the nominal trajectory. Eigenvalues of the matrixA with
large absolute values might be an indication of either a faulty locomotion control system
or a wrong choice for the number of degrees of freedom in the model (4.1).

4.1.5 Numerical Results

This section provides some numerical results of the above-mentioned procedure for find-
ing a nominal motion (see Fig. 4.1). In particular, the single-support phase of the human
walking gait shall be analyzed, which is characterized by underactuation due to plan-
tarflexion at the ankle. At this point only the kinematic datathat were used inPaper I are
available containing 20 independent trials of a test persons relaxed walking gait.

Modeling

As first step one has to model the dynamics of the mechanical system in the form of (4.1)
such that it is representative for the motion trials to be analyzed. Important is the choice
of generalized coordinates and physical parameters. Here we study the model candidates
given in Appendix A.3 with3, 5, and7 degrees of freedom, which all have a passive joint
at the ankle of the stance leg. Note that the used mass distribution is only estimated and
not actually related to the test person.

Extracting Time Evolution of Generalized Coordinates

When the kinematics of the model is defined, then we can extractthe time evolution
of the corresponding degrees of freedom from the recorded data. It is important to de-
tect those time intervals that are relevant for the motion tobe analyzed. Note, however,
that the quantitative description of human movement is based on nontrivial measurement
techniques along with some processing of raw data. The data captures are sampled with
a frequency of 240 Hz, which gives a good resolution of measurement points along the
motion.

Representing Motion Trials

Each of the individual motion trials of the mechanical system can be represented by a geo-
metric vector function of the generalized coordinates (4.4). Here the time-parameterizing
variable (4.5) is chosen as projection of the hip joint to theground, whereas the stance
ankle indicates zero position. In other words, we have chosen (see Appendix A.3)

• 3-DOF model: θ = l1R cos(q1R)

• 5-DOF model: θ = l1R cos(q1R) + l2R cos(q1R + q2R)
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• 7-DOF model: θ = l1R cos(q1R) + l2R cos(q1R + q2R).

The time evolution ofθ(k)(t) and the geometric relations (4.4) are formed by smooth
spline interpolation, which allows for taking first and second derivatives such that we also

getΦ
′(k)(θ) = dΦ(k)(θ)

dθ
andΦ

′′(k)(θ) = d2Φ(k)(θ)
dθ2 .

Nominal Motion

Three computational algorithms are suggested for finding a nominal motion. As ex-
pected, Algorithm III, which is averaging over the simulated input from each trial, is
the most reliable one. Algorithm I and II, which are averaging over the recorded po-
sition variables, are clearly troubled by consistency problems. A nominal motion̂q⋆(t)
that is found from the individual Algorithms as output of a particular model (4.1) can be
compared with the recorded motions parameterized in three different ways asq⋆(t) =
{
Φ̄(θ̄(t)), Φ̄(θ⋆(t)), Φ(θ⋆(t))

}
. The percentage of the output variation that is explained

by the model, averaged over all degrees of freedom, is represented by [84]

η =
1

n

n∑

i=1

100

(

1 − |q̂i⋆(t) − qi⋆(t)|
|qi⋆(t) − qi⋆(t)|

)

.

The consistency of the specified recorded motions with the nominal motion obtained by
the Algorithms is depicted in Fig. 4.2. Algorithm III is morethan 97% reliable in this
study irrespective of the model complexity. The minor loss of consistency is also due to
numerical issues.
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Fig. 4.2: Consistency of the specified recorded motions with the nominal motion obtained by the
individual Algorithms for the three models. Algorithm III, which is averagingover the simulated
input from each trial, is the most reliable one.

Let us look at the nominal motion obtained from Algorithm IIIfor the7-DOF model
(see Appendix A.3). The averaged input forms the vector of generalized torques as fol-
lows

[τ1R, τ2R, τ2L, τ1L, τ3, τ4R, τ4L]T⋆ =

[
01×6

I6

]

u
(k)
⋆

(
ψ(θ)

)
,
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which is shown in Fig. 4.3(a) together with the generalized torques from each trial. Here
the torque at the ankle is zero due to the modeling assumptionof having a passive joint.
The state-dependent input creates the nominal motionq̂⋆(t) (see Fig. 4.3(b)), provided
that the dynamical system (4.1) is initiated atq(0) = Φ(θb) andq̇(0) = Φ′(θb)θ̇⋆(0). The
individual trials closely match the nominal motion.
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Fig. 4.3: Nominal motion obtained from Algorithm III using a7-DOF model. The individual trials
closely match the nominal motion.
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Dynamics of the Deviations

By representing the system dynamics in the coordinates (4.11) transversal to the nominal
orbit, it can be seen that the nominal motion lies within a tube of neighboring trajectories
from the individual trials. However, meaningful dynamics of the deviations (4.12) from
the orbit must be constructed by consecutive realizations of one target motion. Even
though the used data set of 20 independent trials is not suitable, the deviationek for
each trial is illustrated in Fig. 4.4 at a common pointψ(θm) in the middle of the orbit.
Conclusions about orbital stability of the locomotion control system cannot be made in
this case.
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Fig. 4.4: Computed deviationsek from the nominal orbit at a common point for 20 independent
trials. There are2n− 1 = 13 transverse coordinates for the7-DOF model depicted here.

4.1.6 Framework of Motor Pattern Control

Essentially, the investigation presented inPaper I and the concept of a nominal motion
described above supports a wider and rigorous use of virtualholonomic constraints for
analyzing, planning and reproducing human-like motions based on mathematical tools
previously utilized for very particular control problems.In fact, we can introduce a frame-
work of motor pattern control for

• describing human movement observed from a person and

• generating human-like movement for robot analogs

similar to the neuromechanical version of legged animal locomotion.
Such a framework as illustrated in Fig. 4.5 is especially useful for generating human-

like motions for underactuated robots. Here the central pattern generator (CPG) is a data
base of motor patterns reparameterized in terms of virtual holonomic constraints and so-
lutions of reduced dynamics defined by (3.8). A particular pattern would be selected and
possibly tuned for a targeted robot motion according to the current states of the mechan-
ical system—it happens as a kind of reflex to the currently performed motion when for
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Fig. 4.5: A framework of human-like motor pattern control based on the concept of virtual holo-
nomic constraints. It is similar to the neuromechanical framework of legged animal locomotion
with interactions between preflexes, central pattern generator (CPG) and reflexes.

instance the terrain changes. The CPG commands a feedforward torque to the actuators
associated with the particular motor pattern that is chosen. This generates a nominal mo-
tion of the mechanical system in open loop. However, a stabilizing controller must be
applied to achieve robust performance or stability in the presence of uncertainties—it is
similar to preflexes. The parameters of the feedback controllaw are determined by the
chosen motor pattern and possibly some tuning caused by reflexes.

4.1.7 Summary

We can utilize the virtual holonomic constraints approach for analyzing recorded human
movement of repetitive tasks regarding a nominal behavior.Consequently, a motor con-
trol pattern is found as a particular solution of the modeledsystem dynamics rather than
from pure recordings over time. The collapse of dimension results from a consistent joint
synchronization during motion and can be exploited for proper system analysis and quan-
tification of various properties such as time evolution of states, torques and mechanical
power.
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This approach is useful, for instance, when analyzing the motor control pattern of a
person (e.g. an athlete or a patient) that is walking on a treadmill. After some transition in
the beginning the person presumably exhibits a particular periodic motion. The behavior
could be compared with a certain motion from a data base to show improvement. One
could see when the person starts getting tired by observing the dynamics of deviations
from a nominal orbit, also identifying which coordinates are responsible for drifting away.

4.2 Underactuated and Passive Biped Walking Robots
(Papers II and III)

4.2.1 Gait Synthesis for Biped Walking Robots with One Passive Joint

An elementary feature of human-like robots is biped locomotion. As discussed in Sec-
tion 2.3 we can only achieve natural-looking and efficient walking gaits for robots that
enable foot rotation during single support, i.e. the ankle is a passive joint or at most
weakly actuated. Hence, we are looking for periodic solutions of a mechanical system
with instantaneous updates

M(q) q̈ + C(q, q̇) q̇ +G(q) = B(q)u for q /∈ Γ
(i)
−

F (i) : Γ
(i)
− → Γ

(i)
+ for q ∈ Γ

(i)
− , i = 1, . . . , Nd

(4.13)

defined by (2.4) having one less control input than the numberof degrees of freedom in
this case:u ∈ Rn−1.

A periodic solutionq = q(t) = q⋆(t+ T ) characterizes the periodicity of a particular
walking gait with a certain time periodT . However, a hybrid orbit in the state space
of (4.13) cannot be chosen arbitrary due to the presence of passive dynamics. For the sake
of simplicity let us consider symmetric gaits with an instantaneous double-support phase.
That is, the gaits of interest are characterized by a periodic sequence of two identical
steps of the respective legs with a time period ofTh = T/2 each. Even though there are
physically two ground impacts of the respective swing leg during one periodT , we can
break down the analysis of a hybrid limit cycle to aTh-periodic solution with one jump
only, provided that the states are relabeled at impact such that the swing leg becomes the
stance leg for the next step and vice versa.

The following statement gives necessary conditions for theexistence of a hybrid limit
cycle with one jump based on the concept of virtual holonomicconstraints. An extension
of the arguments to multiple jumps, as observed for asymmetric gaits, is straightforward.
The number of necessary conditions increases with the number of jumps.

Theorem 4.1 (Existence of a Hybrid Limit Cycle with One Jump)
Consider the controlled impulsive mechanical system (4.13) with underactuation degree
one, i.e.u ∈ Rn−1. Suppose that some control signalu = u⋆(t) = u⋆(t + Th) creates
the nontrivial periodic solution

q = q(t) = q⋆(t+ Th), ∀t, Th > 0 (4.14)
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with only one jump, meaning that the discrete part of the dynamics satisfies

F
(
[q⋆(Th−); q̇⋆(Th−)]

)
= [q⋆(0+); q̇⋆(0+)] ,

which is mapping the point where the switching surface gets hit [q⋆(Th−); q̇⋆(Th−)] ∈ Γ−

back onto its origin[q⋆(0+); q̇⋆(0+)] ∈ Γ+. Suppose the continuous-time part of (4.14)
admits a reparameterization in terms of virtual holonomic constraints
{

q1 = φ1(θ), q2 = φ2(θ), . . . , qn = φn(θ)
}

, θ = θ⋆(t), t ∈ [0, Th] (4.15)

kept invariant along the orbit, then the closed-loop systemdynamics of (4.13) gets reduced
to a scalar second-order differential equation defined by (3.8)

α(θ)θ̈ + β(θ)θ̇2 + γ(θ) = 0 (4.16)

with θ = θ⋆(t) being a solution. Hence, the following algebraic equationsmust hold by
necessity:

I
(

θ⋆(0), θ̇⋆(0), θ⋆(Th), θ̇⋆(Th)
)

= 0

F

([
q−
q̇−

])∣
∣
∣
∣q−=Φ(θ⋆(Th))

q̇−=Φ′(θ⋆(Th)) θ̇⋆(Th)

=

[
q+
q̇+

]∣
∣
∣
∣q+=Φ(θ⋆(0))

q̇+=Φ′(θ⋆(0)) θ̇⋆(0)

,
(4.17)

whereI(·) is an integral defined by (3.9) taken along the solutionθ⋆(t) of (4.16).

Proof: With the functionθ⋆(t) constructed to satisfy the reduced dynamics (4.16), the
corresponding integral functionI

(
θ⋆(0), θ̇⋆(0), θ⋆(Th), θ̇⋆(Th)

)
keeps its zero value (see

Appendix A.1). The update lawF (·) on the cycle is rewritten in terms of the particular
reparameterization by virtual holonomic constraints (4.15).

Based on Theorem 4.1 it is possible to formulate the next procedure for tractable
motion planning of symmetric walking gaits that exploits a parameterization of the gen-
eralized coordinates with a finite number of coefficients. Anextension to asymmetric
walking gaits is straightforward, but requires an individual parameterization in the form
of (4.18) for each continuous-time phase between multiple jumps.

Procedure 4.1 (Motion Planning of Symmetric Walking Gaits)

1. Introduce aC2-smooth vector function

q = Φ(θ, p), θ ∈ [θb, θe] (4.18)

for the continuous-time part of the mechanical system (4.13). It parameterizes a
synchronization of the generalized coordinates along the target motion with respect
to a time-parameterizing configuration variableθ and a parameter vectorp, e.g.
polynomial coefficients, for shaping a coordination pattern of the joints.
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2. Suppose thatq = Φ(θ, p) is kept invariant along solutions of the continuous-time
part of the mechanical system (4.13), then we get a family of reduced dynamics

α(θ, p)θ̈ + β(θ, p)θ̇2 + γ(θ, p) = 0 (4.19)

whose phase curves evolve on a two-dimensional submanifoldZ(p) of the state
space[q; q̇] created by[Φ(θ, p); Φ′(θ, p)θ̇]. The integral functionI(·), which is
defined by (3.9), keeps its zero value along solutionsθ(t, p) of (4.19).

3. The curves on which the 2D-submanifoldZ(p) intersects with the switching sur-
faces are given by

γ+ = Γ+ ∩ Z(p) and γ− = Γ− ∩ Z(p)

such that the update law can be written as

FZ : γ− → Γ+ , FZ

(

[θe; θ̇e]
)∣
∣
∣
[θe;θ̇e]∈γ−

= F ([q−; q̇−])|q−=Φ(θe,p)

q̇−=Φ′(θe,p) θ̇e

.

(4.20)

4. Find a set of parametersp = p⋆ for (4.18) such that the following algebraic condi-
tions hold:

I
(

θb, θ̇b, θe, θ̇e

)

= 0 , FZ

(

[θe; θ̇e]
)

=
[

θb; θ̇b

]

[

θb; θ̇b

]

∈ γ+,
[

θe; θ̇e

]

∈ γ− .
(4.21)

A successful motion planning procedure yields a hybrid limit cycle for the impulsive me-
chanical system (4.13) defined by

[q; q̇] =
[

Φ
(
θ⋆(t, p⋆), p⋆

)
; Φ′

(
θ⋆(t, p⋆), p⋆

)
θ̇⋆(t, p⋆)

]

, t ∈ [0, Th] ,

where[θ⋆(t, p⋆); θ̇⋆(t, p⋆)] is a solution of (4.19) initiated at[θb; θ̇b].

Note that there might be no finite-dimensional parameterization (4.18) for which the con-
ditions (4.21) hold. Observe also that it is not necessary torestrict the choice ofp so
that a mappingFZ(γ−) ⊂ γ+ is guaranteed in (4.20), i.e. hybrid invariance of the 2D-
submanifoldZ(p) is not required. A more restrictive procedure is proposed in[133] for
a class of planar biped robots, where motion planning complies with restrictions of the
control strategy based on the concept of hybrid zero dynamics.

A numerical search for the parameter vectorp in the virtual holonomic constraint (4.18)
allows for optimization of a target gait with respect to various cost functions. An impor-
tant issue is usually the mechanical energy that is spent to generate robot motion. The
performance index [22]

J1 =
1

Ls

∫ Th

0

n∑

i=1

|τi(t)q̇i(t)| dt (4.22)
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can be used to minimize the energetic cost of transport by integrating over the absolute
mechanical power of each jointi, where the vector of generalized torques and forces is
defined byτ = B(q)u from (4.13). Here the step lengthLs is the distance between both
feet on the ground at the end of the swing phase. The speed of a symmetric walking gait
can be computed as the distance traveled by the whole body over one step asV = Ls/Th.
Another commonly-used criterion is the integral of quadratic actuating torques per unit of
distance traveled [22]

J2 =
1

Ls

∫ Th

0

τ(t)TWτ(t)dt ,

whereW is a diagonal weighting matrix.
A parametric function that provides proper control over itscoefficients is a Bézier

polynomial [133]

φi(θ) =

M∑

k=0

pi,k

M !

k!(M − k)!
sk(1 − s)M−k, s =

θ − θb

θe − θb

(4.23)

of certain degreeM . The curveφi(θ) is completely contained in the convex hull of its
control pointspi,k, whereφi(θb) = pi,0 andφi(θe) = pi,M . Such a smooth parameter-
izing function is favorable for the choice of the geometric vector function of generalized
coordinates (4.18) in Procedure 4.1.

Let us finally consider a numerical example of a 5-degrees-of-freedom planar biped
robot that has a torso and walks on telescopic legs with pointfeet. The used model is
provided in Appendix A.4. The joint variableq5 represents the unactuated ankle angle
of the stance leg and shall be taken as independent configuration variableθ. Hence, the
virtual holonomic constraint (4.18) takes the form

q = Φ(θ, p) =









φ1(θ, p1)
φ2(θ, p2)
φ3(θ, p3)
φ4(θ, p4)

θ









, p = [p1, p2, p3, p4] ∈ R4(M+1), θ ∈ [θb, θe] (4.24)

using the Bézier parameterization (4.23) withM = 4 chosen in this case. Suppose that a
walking speed ofV = Ls/Th = 0.8 m/s is requested and we want to find an energetically
efficient gait such that the performance index (4.22) is minimal. One way to perform Pro-
cedure 4.1 is to define a grid of robot configurations at impact, which lie on the switching
curveγ−. The update law automatically determines the configurationvariables on the
switching surfaceΓ+. Hence there are4(M − 1) free parameters left in (4.24) that can
be shaped to satisfy the conditions (4.21) at each point of the grid.

An interesting study is to compare the difference of the following two gaits:

• GaitA: the most efficient gait that is found requiring the parameter vectorp in Pro-
cedure 4.1 to satisfyFZ(γ−) ⊂ γ+ so that there are only4(M −2) free parameters
in (4.24) at each point of the grid.
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(b) GaitB.

Fig. 4.6: Animation over one step at equal time instants of the two symmetric walking gaitsthat
were obtained from optimization. GaitB requires only57% of the energetic cost of GaitA.
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Fig. 4.7: Parameterization and nominal actuation over one step associated with the twosymmetric
walking gaitsA (solid) andB (dashed) that were found from optimization. It might be advised to
lock the telescopic joint of the stance legq3 during stance phase such that power gets saved.
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• GaitB: a reiteration of GaitA that has the same initial and final robot configuration
as well as walking speed, but uses the relaxed conditionFZ(γ−) * γ+.

In Fig. 4.6(a) we see the result of a search for GaitA that was conducted for a rough grid
of about 800 candidate configurations at impact from which about 200 gave true gaits sat-
isfying the conditions (4.21). Here constrained optimization fmincon from MATLAB
was used guaranteeing feasible robot configurations. The energetic cost of transport for
GaitA is JA

1 = 86.4 Ws/m, which is the most optimal from the 200 gaits. Its time period
is Th = 1.265 s at a step length ofLs = 1.01 m so that the desired walking speed of
V = 0.8 m/s is achieved. After reiteration we obtain GaitB illustrated in Fig. 4.6(b).
Although both animations look similar, GaitB requires only57% (JB

1 = 49.5 Ws/m)
of the energetic cost of GaitA. A comparison of the individual parameterization of the
virtual holonomic constraint (4.24) is depicted in Fig. 4.7(a). Especially the joint profiles
for the telescopic legsφ3(θ) andφ4(θ) are significantly different for GaitA andB. The
difference of the time evolution of the generalized torquesand forces associated with the
two gaits is shown in Fig. 4.7(b), where GaitB has slightly smaller levels. An impor-
tant observation is that about50% of the overall energetic cost in both Gaits is caused by
changing the length of the telescopic stance legq3 requiring large actuation force. Hence,
it is reasonable to consider locking that degree of freedom during stance phase such that
power gets saved.

4.2.2 Gait Stabilization for Biped Walking Robots with One Passive
Joint

Periodic Gaits

Suppose that a dynamic walking gait has been planned based onthe arguments presented
in the previous section. For simplicity consider again a symmetric gait of identical steps
that is characterized by a nontrivial periodic solutionq⋆(t + Th) such that the necessary
conditions for a hybrid limit cycle in Theorem 4.1 hold. Then, we can use Procedure 3.1
(Section 3.3.3) for constructing a transverse linearization of the hybrid dynamical sys-
tem (4.13) along the target motion (4.14)

d
dτ
z = A(τ modTh) z + B(τ modTh)V•

z(τk+) = F z(τk−) , τk = k Th, k ∈ N .
(4.25)

with time-varying coefficients. According to Theorem 3.4 (Section 3.3.3), stabilization of
the originz = 0 of the linear hybrid control system with

V• = K(τ modTh) z, K(·) ∈ C1[0, Th] (4.26)

is equivalent to local orbital stabilization of the target motion for the nonlinear control
system with

v(t) = K(τ)x⊥(t), x⊥ =
[

I
(

θ⋆(0), θ̇⋆(0), θ, θ̇
)

; y ; ẏ
]

. (4.27)
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If θ = θ⋆(t) is a monotonic function, then the index of a particular leafτ = ψ(θ, θ̇)
of the moving Poincaré section (3.21) is conveniently defined as the inverse forθ⋆(t):
θ = θ⋆(t) ⇐⇒ t = ψ(θ) so thatψ(θ⋆(t)) = t. The auxiliary control signalv in (4.27) is
introduced by partial feedback linearization [116] makingthey-dynamics (3.14) linear

ÿ = R(θ, θ̇, y, ẏ) +N(θ, y)u = v

in the considered case of underactuation degree one.
One way to find a gainK(τ) for the control laws (4.26) and (4.27) is by analyzing a

Poincaré first return map, i.e. we are looking only at times atwhich a particular surface
transversal to the target orbit is trespassed. A linearizedversiondP of such a mapping
is defined on any of the hyperplanesTS(τ) of the transverse linearization (4.25), which
are of course tangential planes to the moving Poincaré section (3.21) associated with the
periodic target motionq⋆(t + Th). Let us consider a particular choicedP : TS(τk+) →
TS(τk+) for the linearized first return map. It can be shown [108] thatthis mapping
is defined by the transition matrixX(τ) ∈ R(2n−1)×(2n−1) of the hybrid linear control
system (4.25)–(4.26) initiated as the identityX(0+) = I(2n−1) and evaluated over one
period including the jump. Hence, we can try to express a parameterized version of the
transition matrix

X(Th+, c) = F X(Th−, c) ,
dX

dτ
=
[
A(τ) + B(τ)K(τ, c)

]
X , 0 < τ < Th

(4.28)
and search for coefficientsc of the feedback gainK(τ, c) such that the eigenvalues of
X(Th+, c) are strictly inside the unit circle, which indicates convergence to the origin
of (4.25) and orbital stability for (4.13) in the vicinity ofthe target motion.

The control laws (4.26) and (4.27) can be often taken with a constant feedback gain
K provided that the rate of convergence to the orbit is acceptable. However, it might as
well be that the only way to stabilize the system dynamics is to use a state-dependent
feedback gainK(τ). Alternatively to the search for control parameters in the transition
matrix (4.28) we can try to solve a linear-quadratic-regulator (LQR) problem for the linear
time-periodic system (4.25). However, finding a stabilizing solution of the underlying
differential matrix Riccati equation with periodic coefficients is a numerically challenging
task [126,127].

Let us finally look at the two types of Gaits exemplified in the previous section. GaitA
was planned requiring that the update law (4.20) satisfiesFZ(γ−) ⊂ γ+ and GaitB was
reiterated with a relaxed conditionFZ(γ−) * γ+. It is important to note that the advan-
tage of constructing the hybrid limit cycle in a way that makes the 2D-submanifoldZ(p)
invariant for the hybrid dynamics allows us to use a simpler control strategy than dis-
cussed above. In the case of stable hybrid zero dynamics we can provide orbital stability
for Gait A using the control design proposed in [133] that stabilizes only the manifold of
the hybrid zero dynamics with constant (high) feedback gains for the positionsy and the
velocitiesẏ in the control law (4.27). Such kind of controller has certain practical advan-
tageous, namely an easy implementation and a reduced numberof required measurements
and estimates of states. However, the dynamics on the 2D-submanifoldZ(p) can be only
influenced if a full state feedback is realized, which is of course preferred. The feedback
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on variableI
(
θ⋆(0), θ̇⋆(0), θ, θ̇

)
is used to make the distance to the target orbit equal to

zero onZ(p). Hence, the only way to stabilize GaitB is full state feedback in the control
law (4.27), which might be chosen with constant gains also.

Non-Periodic Gaits

Dynamic walking over rough terrain requires a variation of footstep locations such that
the robot’s joint trajectories result to being non-periodic. A stability analysis based on a
Poincaré first return map, as being discussed above, is unsuitable in this case and cannot
be used for control design. One way to achieve stable non-periodic gaits for an under-
actuated walking robot, an impulsive mechanical system of the form (4.13), is proposed
in Paper II . The idea is to use a somehow perceived terrain map, the current robot state
and a model of the robot’s dynamics to repeatedly plan a feasible finite-horizon sequence
of walking steps ahead. Once again a parameterization of motion in terms of virtual holo-
nomic constraints is essential for planning the joint trajectories and for constructing a
transverse linearization along the target orbit. The strategy is to apply a receding-horizon
control law in the beginning of each walking step that is designed based on the resulting
impulsive linear system in order to achieve contraction to the target motion.

Let us consider the linear-quadratic regulator (LQR) problem of minimizing the quad-
ratic performance index

J =

∫ tf

t0

{

z(t)TQz(t) + V•(t)
TRV•(t)

}

dt+ z(tf )TQfz(tf ) (4.29)

subject to the state equation defined by the transverse linerarization (3.25)

d

dt
z(t) = A(t) z(t) + B(t)V•(t) , z = [I•;Y1•;Y2•] , z(t0) = z0 (4.30)

over a finite time horizont ∈ [t0, tf ], whereQf > 0, Q > 0 andR > 0 are appropri-
ately chosen weighting matrices. For simplicity we do not consider jumps in the system
dynamics at this point. From optimal control theory (see e.g. [16,41]) it is known that the
feedback control law

V•(t) = −R−1B(t)TP (t) z(t) (4.31)

solves the LQR problem (4.29) provided thatP (t) is the positive definite solution of the
continuous time-varying differential Riccati equation

A(t)TP (t) + P (t)A(t) +Q− P (t)B(t)R−1B(t)TP (t) = −Ṗ (t) , (4.32)

satisfying the final conditionP (tf ) = Qf = QT

f > 0. Such a solution can be found
by numerical integration backward in time. If the closed-loop system is initialized in a
sufficiently small vicinity of the desired trajectory, thenits solution evolves within an in-
variant tubular neighborhood as being discussed in Appendix A.5. In Paper II the finite
time horizon consists of a fixed number of walking steps with impulses in the evolution
of the system states at certain moments of time. That is, the differential Riccati equa-
tion (4.32) is appropriately modified to have instantaneousupdates.
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4.2.3 Finding Gaits for a Passive 2-DOF Biped Walking Robot

The study of passive walking devices attracted attention ofresearchers in the robotics
and control communities after McGeer’s publication in 1990[87] presenting “a class of
two-legged machines for which walking is a natural dynamic mode”. A planar compass-
like biped on a shallow slope is one of the simplest models of apassive walker. It is a
2-degrees-of-freedom impulsive mechanical system known topossess periodic solutions
reminiscent to human walking. The main contribution ofPaper III is a new approach
of searching for hybrid limit cycles of passive walking robots. The virtual holonomic
constraints approach serves as analytical and constructive tool that allows to

• reduce the number of parameters to be found in the search for suitable initial con-
ditions;

• reduce the number of differential equations to be solved during the numerical pro-
cedure.

The demonstration is carried out for the passive2-DOF compass-gait walker as a standard
benchmark example. A general discussion is given next.

Key element of the procedure is to reparameterize the continuous-time dynamics be-
tween impacts by a solution of reduced dynamics, i.e. find virtual holonomic constraints
that satisfy the properties (4.21) of a walking cycle in the particular continuous-time in-
terval. The states right before and right after impacts determine eventually whether there
is a cycle or not: they are parameters of the search procedure, where some of them can be
already expressed as algebraic equations that result from renaming and reset rules associ-
ated with an impact. By defining a virtual holonomic constraint








q1
q2
...
qn








= Φ(θ) =








θ
φ1(θ)

...
φn−1(θ)








(4.33)

for n generalized coordinatesq, we obtain a system of differential equations of the form
(3.8) for the passive walking robot:

α1(θ)
d2

dt2
θ + β1(θ)

[
d
dt
θ
]2

+ γ1(θ) = 0

α2(θ)
d2

dt2
θ + β2(θ)

[
d
dt
θ
]2

+ γ2(θ) = 0
...

αn(θ) d2

dt2
θ + βn(θ)

[
d
dt
θ
]2

+ γn(θ) = 0 ,

(4.34)

where the degree of underactuation is dimq − dimu = n, i.e. there is no actuation at all.
Each of the second-order nonlinear differential equations(4.34) with respect to time, can
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be rewritten as a first-order linear differential equation with θ as an independent variable

1
2α1(θ)

d
dθ

([
d
dt
θ
]2
)

+ β1(θ)
[

d
dt
θ
]2

+ γ1(θ) = 0

1
2α2(θ)

d
dθ

([
d
dt
θ
]2
)

+ β2(θ)
[

d
dt
θ
]2

+ γ2(θ) = 0

...
1
2αn(θ) d

dθ

([
d
dt
θ
]2
)

+ βn(θ)
[

d
dt
θ
]2

+ γn(θ) = 0

(4.35)

and can be integrated [113] toI1, I2, ...,In, irrespective of the form of the smooth scalar
functionsαi(θ), βi(θ), andγi(θ), wherei = 1, . . . , n (see also Appendix A.1).

It is worth to observe that not only the equations (4.34) are of the form (3.8), but any
linear combination withθ-dependent weightsµ1(θ), µ2(θ), ...,µn(θ) has again the form
of (3.8) with the coefficients





α(θ)
β(θ)
γ(θ)



 =





α1(θ) α2(θ) · · · αn(θ)
β1(θ) β2(θ) · · · βn(θ)
γ1(θ) γ2(θ) · · · γn(θ)












µ1(θ)
µ2(θ)

...
µn(θ)







, (4.36)

where the resulting integralI is not the sum of integralsI1, I2, ...,In from (4.35). Eventu-
ally, we can get an infinite number of integral functions by choosing the weights in (4.36).

All these integrals are conserved quantities along a solution of (4.34) [113]. They
depend on the initial conditions

(
θ(0), θ̇(0)

)
and the virtual holonomic constraintΦ(θ)

with its component-wise derivatives with respect toθ (see Appendix A.1). Equalizing
some of the possible integrals allows us to eliminateθ̇ from the expressions. As a result
we obtain a system of algebraic equations forΦ(4)(θ) as functions ofΦ(3)(θ), Φ′′(θ),
Φ′(θ) andΦ(θ), whereθ is an independent variable. It is possible to reduce the order of
the differential equation forΦ(θ) by further manipulation on the expressions.

An interesting question is also how to choose the weights in (4.36) to get conve-
nient or simple integral expressions. In the example of the passive planar 2-DOF biped
walker that was studied inPaper III the weights are chosen together with a particu-
lar virtual holonomic constraint in order to recover the total energy of the system (see
also Appendix A.6). The energy of the passive walker is clearly conserved during the
continuous-time swing phase, which makes it possible to equalize its expressions for the
initial and final state of the continuous-time interval. As aresult we obtain one algebraic
equation that relates unknown parameters of the search for gait cycles. Furthermore, the
energy expression is used to derive a differential equationfor the constraint functionφ(θ)
that is of second order and hasθ as the independent variable. It means that the numerical
search for gait cycles can be based on solving a reduced number of differential equations
compared with the original4th-order dynamics. However, the energy function is only
sufficient in the particular example with two degrees of freedom, where the virtual holo-
nomic constraint is chosen asΦ(θ) = [θ, φ(θ)]T . For higher degrees of freedom one
would need additional conserved quantities to further reduce the order of the differential
equation forΦ(θ).
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The analysis presented inPaper III reveals also important properties of hybrid pe-
riodic solutions of the walker dynamics. It is shown that thetwo-dimensional manifold
associated with a natural stable cycle is in general not invariant for the hybrid dynamics
of the compass-gait walker. In Fig. 4.8 it is illustrated that the motions of the two-link
walker initialized at points on the curveγ+ other than[q⋆; q̇⋆] do not end up on the curve
γ− upon the intersecting switching surfaceΓ−. This observation, made for a natural cy-
cle of a passive mechanical system, is important for analysis, synthesis, and stabilization
of “natural gaits” for controlled walking robots. Enforcing the invariance of hybrid zero
dynamics by feedback control action, as being proposed in [133], might result in a larger
region of attraction, which however does not generally contain the original region of the
passive system. Alternatively, we could also use a control law in the form of (4.27),
which is based on a transverse linearization along the target orbit, in order to stabilize
such a natural gait.
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Fig. 4.8: Desired trajectory (solid) in the subspace{q1, q̇1, q̇2} with continuous-time dynamics
evolving between the hypersurfacesΓ+ andΓ−. The discrete mapping is invariant, i.e.F (γ−) ⊂

γ+. However, trajectories starting onγ+ other than[q⋆; q̇⋆] do not end up inγ− (see dashed and
dashed-dotted trajectories), i.e. the hybrid zero dynamics, defined bythe trajectory of the cycle,
is not invariant. c© 2008 IEEE. Reproduced, with permission, from Proceedings of the 47thIEEE
Conference on Decision and Control, L. Freidovich, U. Mettin, A. Shiriaev, and M. Spong, “A
passive 2DOF walker: Finding gait cycles using virtual holonomic constraints,” pp. 5214–5219,
2008.
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4.2.4 Summary

The arguments of the virtual holonomic constraints approach can be advantageously used
in the context of dynamic walking so that the gait synthesis for underactuated robots
becomes simplified. For robots with one passive (or weakly actuated) joint there is a
tractable motion planning procedure that exploits an optimization over a simple param-
eterization of the generalized coordinates along the continuous parts of the target orbit.
Preplanned periodic or non-periodic gaits can be locally stabilized in a constructive fash-
ion based on a transverse linearization. We do not require hybrid zero dynamics to achieve
orbital stabilization.

For robots with several passive joints, however, a synchronization of generalized coor-
dinates that corresponds to a gait pattern is not found by a simple parameterizing function
along the orbit, but as a solution of a differential equationwith respect to the virtual
holonomic constraint. Conserved quantities along the continuous-time motion allow us
to eliminate the time-dependence from the constrained system dynamics as well as to re-
duce its order. A numerical search for a gait is then reduced to finding appropriate initial
conditions for the corresponding geometric differential equation such that the properties
for existence of a hybrid cycle are satisfied.

4.3 Parallel Elastic Actuators as a Control Tool for Pre-
planned Motions (Paper IV)

The achievable performance of feedback controlled robots depends to a large extent on
the power of available actuators, which are normally chosenaccording to design con-
straints of the construction such as limited space, minimalmass, power consumption,
transmission lines, system stiffness, etc. Model-based approaches for motion planning
and synthesis of feedback controllers become indispensable tools for predicting feasible
and realizable behavior. However, the constraints on achievable robot motions are even
more challenging to treat whenever the robot has passive degrees of freedom.

Instead of redesigning the whole robot or replanning trajectories,Paper IV investi-
gates a conceptional procedure to make use of spring-like elements in parallel with actua-
tors so that additional mechanical power is provided along the target motion. The potential
use of such parallel elastic actuators is illustrated for a dynamic walking robot and exper-
imentally studied for an underactuated planar two-link pendulum, known as Pendubot.
The suggested control approach combines mechanical feedback through spring mecha-
nisms with orbitally stabilizing feedback control provided by an electric motor, whereas
the passive joint remains unchanged. Such a scheme is particularly interesting for robots
with target motions that are not feasible due to limitationsof actuators or when gear boxes
are to be avoided. However, it should be also noted that it is not possible to find spring
configurations that give arbitrary qualitative and quantitative torque functions.

The generic procedure of parameterizing a particular motion of an underactuated me-
chanical system, subsequent selection of parallel-elastic elements and control design is
the following:
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1. Find a virtual holonomic constraint for synchronizationamong the generalized co-
ordinates (analytically, numerically or by observation).

2. Choose a desired trajectory of the reduced order closed-loop dynamics.

3. Compute the required nominal torque associated with the desired trajectory.

4. Select or design a spring mechanism, if technically feasible, that contributes to the
nominal actuation torque.

5. Design a controller that stabilizes the desired motion and additionally compensates
for the mismatch between nominal torque and the contributive spring torque.

Eventually, we expect a significant reduction of mechanicalpower to be delivered by the
motor when the actuation is complemented by parallel elastic elements that are adjusted
to the target motion.

4.4 Ball Pitching and Ball Dribbling Robots
(Papers V and VI)

4.4.1 Optimal Ball Pitching with an Underactuated Arm

Swinging an arm in order to throw a ball in a particular way is amovement defined
on a finite time interval: the ball at the end effector must be accelerated from an initial
configuration at rest to some final configuration at the release point. If the objective is to
throw the ball such that its final velocity at the release point is maximum along a certain
elevation angle, then we arrive at an optimal control problem. That is, find a control input
that generates an evolution of system states such that an optimality criterion is satisfied.

The problem of optimal ball pitching is considered inPaper V for a simplified model
of a human arm: a planar two-link pendulum, which is actuatedat the shoulder and has
a passive spring-like element in the elbow representing a well-tuned open-loop control.
Solving the problem of finding an optimal motion is a challenging task due to the fact
that the mechanical system is underactuated and its states are coupled in a nonlinear way.
The suggested procedure makes use of a parameterization of the robot motion in terms of
virtual holonomic constraints so that we end up with a searchof a finite vector of initial
conditions for a nonlinear differential equation defining the geometric synchronization of
joints, solutions of which corresponds to an optimal pitching motion by necessity.

The key element is that the reduced system dynamics defined by(3.8), which arises for
enforced virtual holonomic constraintsq = Φ(θ), is integrable in closed form as defined
by (3.9). With zero velocitẏθ0 = 0 in the beginning of the motion att = 0 we obtain the
following expression for the velocity at the end witht = T

θ̇2T =

∫ θT

θ0

− exp

{

2

∫ s

θT

β
(
τ,Φ(τ),Φ′(τ),Φ′′(τ)

)

α
(
τ,Φ(τ),Φ′(τ)

) dτ

}

2γ
(
s,Φ(s)

)

α
(
s,Φ(s),Φ′(s)

)ds ,
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which should be maximized in this problem. Of course the pathcoordinateθ must be cho-
sen appropriately, e.g. along a certain elevation angle forreleasing the ball. InPaper V it
is shown that this time-independent equation can be rewritten as the functional

θ̇2T = J(Φ(s)) =

∫ θT

θ0

Ψ
(
s,Φ(s),Φ′(s)

)
ds ,

whose extremal must be a curveΦ(s) that, by necessity [5], satisfies the Euler–Lagrange
equation

d

ds

[
∂

∂Φ′
Ψ

]

− ∂

∂Φ
Ψ = 0 . (4.37)

Its solution depends on the choice of initial conditions, which are partly given by the
initial robot configuration. Hence, we can carry out a numerical search over a finite
number of free initial conditions that give a particular virtual holonomic constraintΦ⋆(θ)
corresponding to the maximum velocityθ̇T⋆ at the end of the motion. A nontrivial task
in this procedure is to choose the path coordinateθ in such a way that the differential
equation (4.37) is singularity-free.

4.4.2 Ball Dribbling with an Underactuated Continuous-TimeCon-
trol Phase

The objective of ball dribbling is to achieve a periodic ballmovement by control with
an end effector of a manipulator arm at certain times. Typically, an intermittent contact
between manipulator and ball is considered with an impulsive control of the ball velocity
that compensates for energy losses at ground impact and during bouncing in the gravita-
tional field. However, the timing of such kind of control strategy is hard to realize and the
interaction with the ball is unnatural-looking. Also a human basketball player keeps the
ball on his hand for a relatively long time in order to controlthe dribbling task.

The novelty ofPaper VI is the control of a ball-dribbling cycle human alike with a
continuous-time phase of manipulator-ball contact. This is realized by adding a spring
to the end effector so that an impact is avoided when the ball bounces against it. During
a significant time interval, when the kinetic energy of the ball is converted into poten-
tial energy of the spring and its accumulated energy is eventually released back to the
ball, a controller can take stabilizing action. We therefore consider periodic motion plan-
ning and control combined of two systems: the freely moving ball and the Ball-Spring-
Manipulator system. Hence, the system dynamics are of hybrid (continuous-discrete)
nature with switching between the equations of motion at time instants when the ball is
caught and released. The virtual holonomic constraints approach and the construction of
a transverse linearization are instrumental for dealing with the underactuated Ball-Spring-
Manipulator system. It turns out that we actually have to switch between two different
virtual holonomic constraints during the continuous-timecontrol phase in order to obtain
a periodic ball motion. Numerical simulations show suitable performance of the proposed
control system in preparation to experimental studies.
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4.5 Kinematically Redundant Manipulators
(Papers VII and VIII)

4.5.1 Planning Efficient Trajectories

Kinematically redundant manipulators possess more jointsthan those required for a par-
ticular task, which clearly provides dexterity in the execution of motions enhancing real-
world applications. On the other hand, the path planning problem results to be more
complex since the mapping between a curve in the task (operational) space and a rep-
resentation in the configuration space is non-unique, whichallows for optimization of
suitable performance indices. Another difference to the mechanical systems discussed in
the previous sections is that the redundant manipulator considered here is fully actuated,
i.e. joint trajectories can be freely shaped as long as the motion-dependent velocity and
acceleration constraints related to the system dynamics are not violated.

The typical approach for motion planning and control is to apply redundancy resolu-
tion techniques based on the manipulator Jacobian, which relates the joint velocities with
the linear and angular velocities of the end-effector frame[23,96,115]. Inverse kinematics
from given end-effector velocities is then realized by minimizing a suitable quadratic cost
functional of the joint velocities. Such kind of scheme provides straightforward imple-
mentation to real-time trajectory tracking with locally minimal joint velocities. However,
it is not guaranteed that the individual joint velocity constraints are not violated, which
could for instance happen when the Jacobian undergoes singularities at certain points or
when the commanded task-space trajectory is too fast.

An alternative approach for trajectory generation of kinematically redundant manipu-
lators is illustrated inPaper VII andPaper VIII following the spirit of the phase-plane
techniques pioneered by [13, 55, 104], briefly discussed in Section 2.4. Here a desired
collision-free path for the end-effector is given in the task space and the objective is to
exploit kinematic redundancy of the manipulator. That is, optimize the joint coordination
along the path such that efficient trajectories can be obtained with respect to execution
time, energy consumption or other performance indices. A general procedure is given
next.

Procedure 4.2 (Computation of Efficient End-Effector Trajectories for a Given Path
in Task Space by Exploiting Redundancy in Joint Coordination)

1. Define a new variableθ ∈ [θb, θe] that parameterizes the path in task-space as a
monotonic function of the generalized coordinates. If required, partition the path
in sections for whichθ is monotonic and treat them one after another under certain
conditions for each transition.

2. Select a redundant joint variableqr from the configuration space and introduce a
smooth parameterization functionqr = φr(θ, p) with free coefficientsp.

3. Apply inverse kinematics for a choice ofp to compute the geometric joint coordina-
tion (joint profiles)

q = Φ(θ, p) (4.38)
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along the given path. The non-uniqueness issue related to multiple solution branches
must be resolved such that the joint coordinates are continuous functions. Only the
end effector traverses collision-free along the path, which means that joint config-
urations with possible collisions must be detected and discarded.

4. Assume enforced virtual holonomic constraints (4.38) and consider the resulting
closed-loop dynamics obtained for the mechanical system (2.2)

αi(θ, p)θ̈ + βi(θ, p)θ̇ + γi(θ, p) = τi(θ) , i = 1, . . . , n (4.39)

by substitutingq = Φ(θ, p), q̇ = Φ′(θ, p)θ̇, andq̈ = Φ′′(θ, p)θ̇2 + Φ′(θ, p)θ̈, where
τi(θ) represent the nominal joint torques along a solutionθ = θ(t).

5. Construct a curve (velocity profile)

d

dt
θ = hv(θ) , θ ∈ [θb, θe] (4.40)

in the phase plane[θ; θ̇] of (4.39) such that the state-dependent torque limitations
are not violated,τi,min

(
Φ(θ, p),Φ′(θ, p)θ̇

)
≤ τi(θ) ≤ τi,max

(
Φ(θ, p),Φ′(θ, p)θ̇

)
.

That is, the dynamically admissible acceleration along thepath is given by

θ̈ ≥ max
{

1
αi(θ,p)

[

τi,min

(
Φ(θ, p),Φ′(θ, p)θ̇

)
− βi(θ, p)θ̇ − γi(θ, p)

]}

θ̈ ≤ min
{

1
αi(θ,p)

[

τi,max

(
Φ(θ, p),Φ′(θ, p)θ̇

)
− βi(θ, p)θ̇ − γi(θ, p)

]}

,

whereαi(θ, p) must not cross zero for maintaining the vector field well-defined.

6. Optimize a suitable performance index for the parameter vector p going through
steps 3 to 5. One might choose the following cost functions among others

– the time traversing the path:T =
∫ θe

θb

1
hv(θ)dθ

– the total mechanical work:Wabs =
∫ te

tb

∑n
i=1

∣
∣
∣τi(t)Φ′

(
θ(t), p

)
θ̇(t)

∣
∣
∣ dt .

Note that in case we want to implement a tracking scheme for a time-optimal trajectory,
then there is no control authority left for compensation of model uncertainties and distur-
bances because at least one of the actuators is saturated at all times.

A modified version of Procedure 4.2 is applied inPaper VII andPaper VIII based
on kinematic constraints due to the fact that the manipulator dynamics is partly unknown
and therefore assumed as uncertain, which means that (4.39)is not explicitly given. In
particular, we consider a type of heavy-duty forestry cranes that is hydraulically powered
and human-operated. The dynamics of the hydraulic components require complex mod-
els whose parameters are not easy to obtain without extensive experiments for system
identification. Conservative joint velocity constraints,on the other hand, are found from
straightforward motion tests. They are related to the maximum volumetric flow of hy-
draulic oil and therefore much more restrictive as comparedwith standard limitations for



4.5. Kinematically Redundant Manipulators (Papers VII andVIII) 63

manipulators driven by electric motors. Accounting for joint acceleration constraints is
not so simple due to the dependence on the maximum differential of pressure at each of the
actuators provided by one pump only. However, velocity constraints are found dominant
over acceleration constraints in the considered application. For a time-efficient motion we
only have to shape a smooth velocity profile (4.40) without violating the individual joint
velocity constraints projected along the path and without violating a reasonable value of
maximum acceleration along the path.

An interesting result ofPaper VII is that intelligent trajectory planning as discussed
above has the potential to improve the time efficiency of major parts of the overall process
by a factor of at least1.5. The following semi-autonomous scenario seems realizablein
the near future: fill the workspace of the manipulator with numerous paths to different
targets required for the process and have a driver select thetarget point. An offline/online
motion planning strategy together with a controller allowsfor moving the end effector in
an optimal way. Near the target point the driver can take overfor the local grasping task.

4.5.2 Orbital Stabilization

Intelligent motion planning represents an essential part of an automatic control strategy.
In fact, the motion control system utilized inPaper VIII is rather simple: it consists of
independent PID controllers on joint level with additionalcompensation of identified non-
linearities. A general block diagram for automatic controlof the kinematically redundant
manipulator is illustrated in Fig. 4.9. When the operator commands a desired target point
in the workspace of the manipulator, an efficient motion mustbe planned from the current
state and the controllers could be employed for standard trajectory tracking.
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Rotator

Gripper

...
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System

Motion
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input
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Fig. 4.9: General block diagram for automatic control of the hydraulically-actuatedredundant
manipulator. The operator can command either global motions to be planned for large distances in
the workspace or override the motion planner for performing local tasks inanother control mode.
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Instead of trajectory tracking with respect to a time reference, a time-independent
control strategy is suggested inPaper VIII that achieves convergence to the preplanned
orbit in the state space of the mechanical system. The path coordinateθ is computed from
the measured joint configurationq(t) defined in step 1 of Procedure 4.2, where the desired
time evolutionθ = θ⋆(t) is monotonic. Here orbital stabilization means that the virtual
holonomic constraint (4.38) must be satisfied such that the vectorial error signal

y(t) = Φ
(
θ(t), p

)
− q(t) (4.41)

goes to zero. Additionally, the path coordinateθ must evolve over time as being shaped
by the velocity profile (4.40), i.e. we need

|θ(t) − θ⋆(t)| → 0 as t→ ∞ .

Alternatively to a time referenceq⋆(t) = Φ (θ⋆(t)) in a standard tracking scheme, the
equation to generate a configuration-dependent referenceθ⋆(t + ∆s) for the next time-
sampling step is derived from the desired velocity profile (4.40) along the path:

∫ θ⋆(t+∆s)

θ(t−∆d)

1

hv(θ)
dθ =

∫ ∆s

−∆d

dt = ∆s + ∆d ,

whereθ(t−∆d) is the measurement delayed by∆d. If sampling time and delay are small,
then we can assume reconstruction of the above integral applying zero-oder hold to the
functionhv(θ), which yields

θ⋆(t+ ∆s) = hv

(
θ(t− ∆d)

)
(∆d + ∆s) + θ(t− ∆d) .

The reference signal for the evolution along the path is therefore not explicitly depending
on time, however, it can be used with a standard tracking controller.

Another way of achieving orbital stabilization is a controldesign based on the system
dynamics rewritten in new coordinates that vanish on the target orbit. A desired motion
of the mechanical system defined by (2.2), which in this case has kinematic redundancy,
is planned in Procedure 4.2 in terms of the virtual holonomicconstraint (4.38) and the
velocity profile of the path coordinate (4.40) defining the particular time evolutionθ⋆(t).
Using the synchronization error (4.41) along the motion allows us to introducen new
generalized coordinates

y = [y1, . . . , yn−1]
T ∈ Rn−1 and θ

defined by (3.12) for which the dynamics in the vicinity of thetarget orbit takes the form

α(θ) θ̈ + β(θ) θ̇2 + γ(θ) = g(θ, θ̇, θ̈, y, ẏ, v)

ÿ = H(θ, θ̇, y, ẏ) +N(θ, y) v
(4.42)

as being stated in Theorem 3.1 (Section 3.3). Here the control transformation

u = U(θ, θ̇, y, ẏ) + v
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is introduced withU(·) satisfying the interpolation condition

u⋆(t) = U
(
θ⋆(t), θ̇⋆(t),0(n−1)×1,0(n−1)×1

)

for the nominal control input such that the auxiliary control signalv is zero on the target
orbit. One choice for the state-dependent control input is

U(θ) = B−1(q)
[
M(q) q̈ + C(q, q̇) q̇ +G(q)

]∣
∣
q=Φ(θ)
q̇=Φ′(θ) hv(θ)

q̈=Φ′′(θ)(hv(θ))2+Φ′(θ) h′
v(θ)hv(θ) ,

where the monotonicity of the functionθ = θ⋆(t) is exploited andθ̇ = hv(θ) is defined
by (4.40). Here the input matrixB(q) ∈ Rn×n is of full rank and square. Moreover,
the coefficients of theθ-dynamics in (4.42) on the orbit, i.e.θ = θ⋆(t), θ̇ = θ̇⋆(t),
y ≡ 0(n−1)×1 andẏ ≡ 0(n−1)×1, is given by

θ̈ = h′v(θ)hv(θ) so that α(θ) = 1 , β(θ) = 0 , γ(θ) = −h′v(θ)hv(θ) .

From the system dynamics (4.42), defined in the vicinity of the target orbit, we can
analytically compute a transverse linearization according to Theorem 3.2 (Section 3.3).
The result is a linear time-varying control system

d

dτ
z = A(τ) z + B(τ)V• , z = [I•;Y1•;Y2•] . (4.43)

that describes the dynamics transversal to the orbit in its first approximation. It can be
used to carry out further system analysis in the vicinity of the target motion. Removing
the identity d

dτ
Y1• = Y2• from (4.43) yields a reduced system of differential equations as

follows:
d

dτ

[
I•
Y2•

]

= A1r(τ)

[
I•
Y2•

]

+ A2r(τ)Y1• + Br(τ)V• ,

whereBr(τ) is invertible. One may proceed from here by introducing the control trans-
formation

V• = B−1
r (τ)

[

w −A1r(τ)

[
I•
Y2•

]

−A2r(τ)Y1•

]

such that the dynamics of the individual states is decoupledand standard tools from linear
control theory are applicable for shaping the transient response.
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5 Concluding Remarks

We studied motions of underactuated mechanical systems andkinematically redundant
manipulators. Problems in motion planning and control synthesis arise particularly for
those systems that are not fully feedback linearizable and with unstable internal dynamics,
which is often the case in the presence of passive (non-actuated) degrees of freedom. For
fully actuated mechanical systems with kinematic redundancy, on the other hand, the
challenge is to plan efficient and optimal motions so that dexterity in the task execution
is exploited in order to provide the best performance. Aftersuccessful motion planning,
it is necessary to design a controller that is robust enough to stabilize the target motion
in the presence of disturbances and model uncertainties. Anintroduction and a general
formulation of the problem were given in Chapters 1 and 2 together with the state of the
art in some of the areas relevant here.

Generic principles for solving the above-mentioned problems have been suggested in
this work. The core of analysis is a parameterization of motions by exploiting geomet-
ric properties of the state space of the mechanical system. We thoroughly examine the
mechanical structure of the system based on reliable models. First, a synchronization of
the generalized coordinates is found in terms of geometric relations along the target mo-
tion with respect to a path coordinate. Second, the time evolution of the state variables
that corresponds to the target motion is determined by the system dynamics constrained
to these geometrical relations, known as virtual holonomicconstraints. The concept of
virtual holonomic constraints appeared recently in the context of orbital stabilization in
nonlinear feedback control. In other words, the aim is to enforce a convergence to a partic-
ular geometric curve in the state space by means of control action. It turns out that we can
analytically compute a transverse linearization, a lineartime-varying system, describing
transverse dynamics associated with the target motion. Hence, linear control theory can
be applied to achieve orbital stabilization of the nonlinear mechanical system. The under-
lying theory of the approach was presented in Chapter 3 detailed for continuous-time and
impulsive mechanical systems with one or several passive degrees of freedom.

Motion planning, analysis and control synthesis in different applications were dis-
cussed in Chapter 4 based on the contributions of the journaland conference papers in-
cluded in this thesis. The analysis of human movement regarding a nominal behavior
for repetitive tasks, dynamic walking of biped robots, ballpitching and ball dribbling are
examples from the class of underactuated mechanical systems. Kinematically redundant
manipulators belong to the class of fully actuated mechanical systems. The arguments of

67
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the suggested approach are generic so the range of possible applications is wide.

At the motion planning step we assume invariance of the virtual holonomic constraints
so that a target motion of the mechanical system belongs to a two-dimensional subman-
ifold of the state space on which the system dynamics is projected. The time evolution
on this submanifold can be shaped freely in the case of fully actuated systems as long
as no actuator limitations or motion-dependent velocity and acceleration constraints are
violated. An optimization procedure for admissible solutions in the phase plane of the
path coordinate was presented in Section 4.5 for kinematically redundant manipulators.
Performance indices such as minimal execution time and energetic cost are used to re-
solve the complexity of joint coordination along a given path in the workspace. Finally, a
target motion is given in terms of optimized virtual holonomic constraints (joint profiles)
and a velocity profile constructed along the path.

For underactuated mechanical systems the trajectories on this two-dimensional sub-
manifold are restricted to being solutions of reduced dynamics associated with the passive
degrees of freedom. The particular second-order structureof the reduced dynamics allows
us to obtain an integral for its solution in closed form for each ordinary differential equa-
tion in the set. In the case of underactuation degree one there is exactly one integral that
determines the motion of the virtually constrained mechanical system in the phase plane
of the path coordinate. Consequently, we can employ a tractable procedure of shaping
the virtual holonomic constraints such that certain conditions on the integral expression
are met. In this way we found feasible periodic and non-periodic motions for dynamic
walking robots in Section 4.2 and periodic ball dribbling cycles for an underactuated bas-
ketball robot in Section 4.4, all of which are problems of hybrid dynamical nature with
jumps in the time evolution of the system’s state variables.For the Pendubot setup, which
is used in the validation experiments of passive elastic actuation discussed in Section 4.3,
we shaped amplitude and frequency of enforced continuous-time oscillations.

A different way of using the solution integral of the reduceddynamics was suggested
in Section 4.4 for optimal motion planning of ball pitching with an underactuated arm.
The problem was to find a finite-time trajectory that maximizes the ball velocity at the
final release point. Initialization at zero velocity simplifies the integral expression and
allows us to rewrite it as a cost functional in the standard form for calculus of variation
with respect to the virtual holonomic constraint for which the Euler–Lagrange equation
yields an optimal solution. Hence, we can carry out a numerical search over a finite
number of free initial conditions that give the optimal virtual holonomic constraint.

In the case of underactuation degree higher than one we arrive at several solution
integrals for the second-order reduced dynamics associated with each passive joint. Since
these integrals determine a solution on the two-dimensional submanifold of the virtually
constrained mechanical system, there should be a particular solution in the phase plane
of the path coordinate that is shared among them in order to describe a feasible target
motion of the full system. We can often formulate certain conditions for existence of
a solution, such as in the case of periodic walking cycles in Section 4.2, but the virtual
holonomic constraint must be shaped appropriately. In fact, the existence of a common
solution for the system of ordinary differential equationsimplies that the function for the
virtual holonomic constraint satisfies an ordinary differential equation as well. This was
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also discussed in the context of passive walking in Section 4.2.
The analysis of human movement in Section 4.1 is an interesting example of parame-

terizing motions in a system that is assumed to obey laws frommechanics. In fact, with
a reasonable choice of generalized coordinates it can be shown that there exist consistent
geometric relations characterizing a synchronization of individual body segments during
repetitive motions such as walking, running, sitting down,athletics, etc. A collapse of
dimension naturally appears for the individual motor control patterns being formulated in
terms of virtual holonomic constraints and a particular solution of reduced order system
dynamics. Introducing the concept of a nominal motion allows us to assess a particular
motor control pattern of a person by quantifying the evolution of the system states, joint
torques, mechanical power, etc. We could for instance traina person to recover or improve
particular movements by observing the dynamics of deviations from a given nominal orbit
in the state space.
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A Appendix

A.1 Integral Function of Reduced Dynamics

The scalar reduced dynamics

α(θ) θ̈ + β(θ) θ̇2 + γ(θ) = 0

can be rewritten as

θ̈ +
β(θ)

α(θ)
θ̇2 +

γ(θ)

α(θ)
= 0 (A.1)

provided thatα(θ) 6= 0. The change of variable

Y = θ̇2 (A.2)

with

2θ̇θ̈ =
d

dt

(

θ̇2
)

=
dY

dt
=
dY

dθ

dθ

dt
=
dY

dθ
θ̇

gives

θ̈ =
1

2

dY

dθ
. (A.3)

Substituting (A.2) and (A.3) into (A.1) yields a nonhomogeneous ordinary differential
equation of first order forY

d

dθ
Y + p(θ)Y = q(θ) , (A.4)

where

p(θ) = 2
β(θ)

α(θ)
and q(θ) = −2

γ(θ)

α(θ)
.

The homogeneous solutionYh of (A.4) is found by separation of variables and integration
betweenθ0 andθ:

Y ′
h

Yh

= −p(θ)

ln |Yh| − ln |Y0| = −
∫ θ

θ0

p(τ)dτ

Yh = exp

{

−
∫ θ

θ0

p(τ)dτ

}

Y0 .

(A.5)
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The particular solutionYp of (A.4) can be derived by variation of the constantY0 as
follows:

Yp = exp

{

−
∫ θ

θ0

p(τ)dτ

}

z(θ)

d

dθ
Yp = −p(θ) exp

{

−
∫ θ

θ0

p(τ)dτ

}

z(θ) + exp

{

−
∫ θ

θ0

p(τ)dτ

}

d

dθ
z(θ) ,

(A.6)
substituting (A.6) into (A.4) and integrating betweenθ0 andθ

d

dθ
z(θ) = exp

{
∫ θ

θ0

p(τ)dτ

}

q(θ)

z(θ) =

∫ θ

θ0

exp

{∫ s

θ0

p(τ)dτ

}

q(s)ds ,

(A.7)

and substituting the last expression of (A.7) into the first expression of (A.6)

Yp = exp

{

−
∫ θ

θ0

p(τ)dτ

}
∫ θ

θ0

exp

{∫ s

θ0

p(τ)dτ

}

q(s)ds

Yp =

∫ θ

θ0

exp

{

−
∫ θ

s

p(τ)dτ

}

q(s)ds .

(A.8)

Finally, the general solution of (A.4) is given by the sum of the homogeneous and partic-
ular solution from (A.5) and (A.8)

Y = Yh + Yp

Y = exp

{

−
∫ θ

θ0

p(τ)dτ

}

Y0 +

∫ θ

θ0

exp

{

−
∫ θ

s

p(τ)dτ

}

q(s)ds

Y = exp

{

−2

∫ θ

θ0

β(τ)

α(τ)
)dτ

}

Y0 −
∫ θ

θ0

exp

{

−2

∫ θ

s

β(τ)

α(τ)
dτ

}

2γ(s)

α(s)
ds

Y = Ψh(θ0, θ)Y0 − Ψp(θ0, θ) .

(A.9)

Thus, we can formulate the integral function of the reduced dynamics by substituting
(A.2) into (A.9), which yields

I(θ0, θ̇0, θ, θ̇) = θ̇2 − exp

{

−2

∫ θ

θ0

β(τ)

α(τ)
dτ

}

θ̇20

+

∫ θ

θ0

exp

{

−2

∫ θ

s

β(τ)

α(τ)
dτ

}

2 γ(s)

α(s)
ds .

(A.10)
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A.2 Time Derivative of the Integral Function

The time derivative of the integral function

I = I(θ0, θ̇0, θ, θ̇) = θ̇2 − Ψh(θ0, θ)θ̇
2
0 + Ψp(θ0, θ)

Ψh(θ0, θ) = exp

{

−2

∫ θ

θ0

β(τ)

α(τ)
)dτ

}

Ψp(θ0, θ) =

∫ θ

θ0

Ψh(s, θ)
2γ(s)

α(s)
ds

from (3.9) along a solution of one1 of the dynamical systems (3.17) takes the form

d

dt
I =

∂I

∂θ
θ̇ +

∂I

∂θ̇
θ̈ , (A.11)

where the partial derivatives are computed as follows:

∂I

∂θ̇
= 2θ̇

∂I

∂θ
= −∂Ψh(θ0, θ)

∂θ
θ̇20 +

∂Ψp(θ0, θ)

∂θ
∂Ψh(θ0, θ)

∂θ
= −2β(θ)

α(θ)
Ψh(θ0, θ)

∂Ψp(θ0, θ)

∂θ
= −2β(θ)

α(θ)

∫ θ

θ0

Ψh(s, θ)
2γ(s)

α(s)
ds+

2γ(θ)

α(θ)
.

Substitutingθ̈ defined in (3.17) into (A.11) results in

d

dt
I =

[
2β(θ)

α(θ)

(

θ̇2 − I
)

+
2γ(θ)

α(θ)

]

θ̇ + 2θ̇

[

g(θ, θ̇, θ̈, y, ẏ, v) − β(θ)θ̇2 − γ(θ)

α(θ)

]

=
2θ̇

α(θ)

[
g(θ, θ̇, θ̈, y, ẏ, v) − β(θ)I

]
.

(A.12)

A.3 Model Candidates for Analyzing the Single-Support
Phase of the Human Walking Gait

In order to analysis the single-support phase of the human walking gait, we study the
model candidates shown in Fig. A.1, which all have a passive degree of freedom at the
ankle of the stance leg. For forward locomotion it makes sense to consider the involved
dynamics only on the sagittal plane2. That is why planar biped models of different com-
plexity are chosen:3, 5, and7 degrees of freedom3. The physical model parameters (see

1The indexi is omitted here.
2The sagittal plane is an imaginary vertical plane that divides the body in left and right portions.
3For the3-DOF model it is assumed that the swing leg can trespass the walking surface until heel strike

occurs.
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(c) 7-DOF model.

Fig. A.1: Schematic of planar biped models for the single-support phase of the human walking gait.

Tables A.1–A.3) are originally taken from anthropometric data of a person that is not re-
lated to the recorded trials, but appropriately scaled according to the kinematics of the
real test person with unknown mass distribution. It is generally not easy to obtain exact
mass and inertia measures, which makes them a source of uncertainty.
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Table A.1: Parameters of the3-DOF biped model (see Fig. A.1(a)) based on anthropometric data.

Parameter Legs Torso
Length(m) l1R = l1L = 0.855 l3 = 0.542
Mass(kg) m1R = 10.49,m1L = 11.49 m3 = 55.16
Distance to CoM(m) r1R = 0.479, r1L = 0.431 r3 = 0.386
Inertia about CoM(kg m2) Jc1R = 0.741,Jc1L = 0.708 Jc3 = 2.813
Gravitational constant g = 9.81 m/s2

Table A.2: Parameters of the5-DOF biped model (see Fig. A.1(b)) based on anthropometric data.

Parameter Lower Legs Torso
Length(m) l1R = l1L = 0.434 l3 = 0.542
Mass(kg) m1R = 3.62,m1L = 4.62 m3 = 55.16
Distance to CoM(m) r1R = 0.254, r1L = 0.235 r3 = 0.386
Inertia about CoM(kg m2) Jc1R = 0.052,Jc1L = 0.099 Jc3 = 2.813
Parameter Upper Legs
Length(m) l2R = l2L = 0.438
Mass(kg) m2R = m2L = 6.87
Distance to CoM(m) r2R = 0.232, r2L = 0.206
Inertia about CoM(kg m2) Jc2R = Jc2L = 0.086
Gravitational constant g = 9.81 m/s2

Table A.3: Parameters of the7-DOF biped model (see Fig. A.1(c)) based on anthropometric data.

Parameter Lower Legs Torso
Length(m) l1R = l1L = 0.434 l3 = 0.542
Mass(kg) m1R = 3.62,m1L = 4.62 m3 = 43.4
Distance to CoM(m) r1R = 0.254, r1L = 0.235 r3 = 0.386
Inertia about CoM(kg m2) Jc1R = 0.052,Jc1L = 0.099 Jc3 = 2.813
Parameter Upper Legs Arms
Length(m) l2R = l2L = 0.438 l4R = l4L = 0.59
Mass(kg) m2R = m2L = 6.87 m4R = m4L = 5.88
Distance to CoM(m) r2R = 0.232, r2L = 0.206 r4R = r4L = 0.274
Inertia about CoM(kg m2) Jc2R = Jc2L = 0.086 Jc4R = Jc4L = 0.174
Gravitational constant g = 9.81 m/s2

A.4 Planar 5-DOF Walking Robot with Telescopic Legs
and Point Feet

The schematic of a planar 5-degrees-of-freedom biped robotthat has a torso and walks on
telescopic legs with point feet is depicted in Fig. A.2. The joint variableq5 represents the
unactuated ankle angle of the stance leg, whereasq1 is the inter-leg angle. The mathemat-
ical model we consider is that of a nonlinear mechanical system subject to instantaneous
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Fig. A.2: Schematic of a 5-degrees-of-freedom planar biped robot, which has a torso and walks
on telescopic legs with point feet.c© 2008 IEEE. Reproduced, with permission, from Proceedings
of the 8th IEEE-RAS International Conference on Humanoid Robots, M. Scheint, M. Sobotka, and
M. Buss, “Compliance in gait synthesis: Effects on energy and gait,” pp.259–264, 2008.

Table A.4: Parameters of the planar 5-DOF biped robot with telescopic legs, taken from [102].

Foot mass m1 = m3 1 kg
Leg mass m2 = m4 4 kg
Hip mass m5 15 kg
Torso mass m6 10 kg
Leg length l0 1 m
Torso length r 0.5 m
Leg spring (not used) kl 0
Gravitational constant g = 9.81 m/s2

impacts defined by (2.4) with parameters given in Table A.4. Lagrangian mechanics al-
lows us to obtain equations of motion for the swing phase of a walking gait. The impact
model is derived under the assumption of having an instantaneous and inelastic collision
of the swing leg with the ground and no occurrence of slip or rebound. Consideration
of the unpinned robot is required, i.e. no link is in contact with the environment, for as-
sessment of the reaction forces at the leg ends. Hence, the generalized coordinatesq are
extended by the Cartesian coordinatespe = [xe; ye] referring to a fixed point on the robot
in thex-y-plane so thatqe = [q; pe]. From conservation of angular momentum about the
end of the swing leg during the impact we obtain [59,133]

[
Me(qe−) −Jsw(qe−)T

Jsw(qe−) 02×2

] [
q̇e+
Fsw

]

=

[
Me(qe−)q̇e−

02×1

]

,
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where[qe−; q̇e−] are the extended states just before and[qe+; q̇e+] just after an impact;

Me =

[
M(q) Me,12(qe)

MT

e,12(qe) Me,22(qe)

]

is the extended inertia matrix with the upper left block being the inertia matrix of the
robot,Fsw is the reaction force at the contact point, andJsw = ∂

∂qe
[xsw(qe); ysw(qe)] is

the Jacobian matrix for the position of the swing foot. This equation can be solved for the
following relation between the generalized velocities:

[
M −Me,12Jsw − JT

sw

(
MT

e,12 −Me,22Jsw

)]
q̇+ =

[
M − JT

swM
T

e,12

]
q̇− .

Finally, the impact map is written as[q+; q̇+] = F ([q−; q̇−]).

A.5 Invariant Tubular Neighborhood of a Target Motion
with Finite Time Horizon

We consider the linear closed-loop system (4.30) with the feedback control law (4.31),
whereP (t) is a positive definite solution of the continuous time-varying differential Ric-
cati equation (4.32). Let us take the following Lyapunov function candidate:

V (t) = z(t)TP (t)z(t) . (A.13)

Its time derivative

V̇ (t) = ż(t)TP (t)z(t) + z(t)TP (t)ż(t) + z(t)T Ṗ (t)z(t) (A.14)

along the system’s trajectories should be made negative in order to create a contractive
neighborhood of the origin. Substituting the state equation (4.30) andṖ (t) from the
differential Riccati equation (4.32) into (A.14) yields

V̇ (t) = z(t)T
[
A(t)T − P (t)B(t)(R−1)TB(t)T

]
P (t)z(t)

+z(t)TP (t)
[
A(t) − B(t)R−1B(t)TP (t)

]
z(t)

+z(t)T
[
P (t)B(t)R−1B(t)TP (t) −A(t)TP (t) − P (t)A(t) −Q

]
z(t)

= z(t)T
[
−P (t)B(t)(R−1)TB(t)TP (t) −Q

]
z(t) .

It can be shown thatP (t)B(t)(R−1)TB(t)TP (t) ≥ 0. Hence, the inequality

V̇ (t) ≤ −z(t)TQz(t) ≤ −δ |z(t)|2 (A.15)

with someδ > 0 holds. It means that the solution of (4.30)–(4.31) satisfiesthe inequality

z(t)TP (t)z(t) ≤ c = z(0)TP (0)z(0) .
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for somec > 0. This implies that the trajectories of the nonlinear closed-loop system,
which is defined by (3.19) withv(t) = −R−1B(τ)TP (τ)x⊥(t), are kept inside the tubu-
lar neighborhood of the desired trajectory:

[q(t); q̇(t)] : x⊥(t)TP (τ)x⊥(t) ≤ c0 , 0 < c0 < c ,

x⊥ =





I
y
ẏ



 =





I
(
θ⋆(0), θ̇⋆(0), θ, θ̇

)

q − Φ(θ)

q̇ − Φ′(θ)θ̇



 ,

τ = ψ(θ) with θ = θ⋆(t) ⇐⇒ t = ψ(θ) ,

where for simplicityθ⋆(t) is assumed as a monotonic function of the generalized coordi-
nates so thatψ

(
θ⋆(t)

)
= t.

A.6 Energy-Like Function of Reduced Dynamics

Multiplying the scalar reduced dynamics

α(θ) θ̈ + β(θ) θ̇2 + γ(θ) = 0

by the scalar integrating factorµ(θ) yields

µ(θ)α(θ) θ̈ + µ(θ)β(θ) θ̇2 + µ(θ)γ(θ) = 0 . (A.16)

Let us rewrite (A.16) in the form of Lagrangian dynamics as

d

dt

[

∂L(θ, θ̇)

∂θ̇

]

− ∂L(θ, θ̇)

∂θ
= 0 (A.17)

with the Lagrangian given by

L(θ, θ̇) =
1

2
M(θ) θ̇2 − V (θ)

and the total energy being

Ex(θ, θ̇) =
1

2
M(θ) θ̇2 + V (θ) , (A.18)

where now
M(θ) = µ(θ)α(θ)

V (θ) =

∫ θ

x

µ(τ)γ(τ) dτ .

It follows from (A.17)

d
dt

(

µ(θ)α(θ)θ̇
)

+ µ(θ)γ(θ) = 0

µ(θ)α(θ)θ̈ + (µ(θ)α′(θ) + µ′(θ)α(θ)) θ̇2 + µ(θ)γ(θ) = 0 ,
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which defines the equation for the coefficient

µ(θ)β(θ) = µ(θ)α′(θ) + µ′(θ)α(θ) .

After separating the variables

µ′(θ)

µ(θ)
=
β(θ)

α(θ)
− α′(θ)

α(θ)

and integrating betweenx andθ we get

µ(θ) =
α(x)µ(x)

α(θ)
exp

{
∫ θ

x

β(τ)

α(τ)
dτ

}

. (A.19)

Substituting (A.19) into the energy expression (A.18) withµ(x)α(x) = 1 yields finally

Ex(θ, θ̇) =
1

2
exp

{
∫ θ

x

β(τ)

α(τ)
dτ

}

θ̇2 +

∫ θ

x

γ(τ)

α(τ)
exp

{∫ τ

x

β(s)

α(s)
ds

}

dτ . (A.20)
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Motion Planning for Humanoid Robots Based on Virtual Constraints Extracted
from Recorded Human Movements

Abstract — In the field of robotics there is a great interest in developing strategies and
algorithms to reproduce human-like behaviors. In this paper, we consider motion plan-
ning for humanoid robots based on the concept of virtual holonomic constraints. At first,
recorded kinematic data of particular human motions are analyzed in order to extract con-
sistent geometric relations among various joint angles defining the instantaneous postures.
Second, a simplified human body representation leads to dynamics of an underactuated
mechanical system with parameters based on anthropometricdata. Motion planning for
humanoid robots of similar structure can be carried out by considering solutions of re-
duced dynamics obtained by imposing the virtual holonomic constraints that are found in
human movements. The relevance of such a reduced mathematical model in accordance
with the real human motions under study is shown. Since the virtual constraints must be
imposed on the robot dynamics by feedback control, the design procedure for a suitable
controller is briefly discussed.

Keywords — Motion Planning, Humanoid Robots, Virtual Holonomic Constraints,
Underactuated Mechanical Systems

I.1 Introduction

Humanoid robots are electro-mechanical systems resembling the morphology of the hu-
man body. Consequently, it is very much desired to reproduceordinary motions like
humans. Great efforts have been made already to construct especially walking robots to
study bipedal locomotion. For instance “ASIMO” from Honda [58], “JOHNNIE” from
the Technical University of Munich [121], and “RABBIT” fromthe French National Cen-
ter for Scientific Research [80] are very well known among several others. However,
humanoid robots shall not be restricted to follow only cyclic movement patterns such as
walking or running; we might expect that they are capable of performing other motions as
well. For example, they could sit down on a chair, pick up a book from the floor and put
it on the shelf, handle some tools, etc. In addition to autonomous humanoid robots which
are mainly targeted at service robotics, there is also an interest in generating human-like
motions for intelligent rehabilitation devices and prostheses. For example, a patient could
train affected muscles by utilizing some kind of electro-mechanical attachment as well as
an artificial leg with certain actuation.

The literature is rich in reports about walking-pattern generation to enable versatile
bipedal robot locomotion. Planning of such gait trajectories is usually done according to
certain equilibrium criteria for the robot dynamics in order to maintain balancing during
motion. The most popular criterion is the so-called zero moment point (ZMP) which is
basically a renaming of the center of pressure (CoP) defined as the point on the ground,
where the resultant of the ground reaction forces acts—see [133,139] for the state-of-the-
art in bipedal robot locomotion. Quasi-statically stable motion can be achieved if the CoP
is always contained in the robot’s support polygon [133], i.e., the stance foot functions as
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a base and is therefore not allowed to rotate during single support. Commonly, the mo-
tion planning of gait trajectories is then carried out basedon a simple inverted pendulum
approach augmented with the ZMP criterion and additional experimental (ad hoc) tuning
(see [65, 72, 93]). The main shortcomings of this approach are the following: first, the
limitation to rather unnatural looking motions with the stance foot flat on the ground; sec-
ond, sensitivity to parameters of the system and of the environment, and, third, the need
of time-dependent controllers, which become challenging for synchronizing the links of
the robot.

Truly human-like gaits can be only achieved if the feet are allowed to rotate dur-
ing single support—this happens naturally for humans due to plantarflexion at the ankle.
However, it is important to note that such roll-off effect causes the robot to be underactu-
ated, i.e., the number of independent control inputs is lessthan the number of generalized
coordinates. A surprising fact is thathumans experience some underactuationduring mo-
tions involving single support, even though the overall level of actuation is very high.
The reason for that lies mainly in the energy-efficient locomotion due to passive limb
dynamics. In fact, (passive) dynamic walking robots, whichutilize the leg dynamics for
locomotion, exhibit stable gait trajectories requiring minimal or mostly no position con-
trol [74]. This minimizes the energetic cost of transport dramatically compared to ZMP
driven robots. Moreover, energy losses during impacts can be reduced using semi-circular
feet [87] that generate the desired roll-off effect.

The main problem now is to find a constructive procedure for motion planning and
control of dynamically stable human-like motions given therobot dynamics subject to
underactuation. In nonlinear control theory the idea of imposingvirtual holonomic con-
straintson the system dynamics by feedback control appears promising to address the
challenges in bipedal locomotion. A scalar function of coordinates (for instance path
length) or possibly one coordinate itself has to be chosen asan independent variable that
parameterizes the motion with respect to time. Finally, alldegrees of freedom will be
geometrically related to it. The whole motion is then represented by the evolution of
the chosen configuration variable which allows time-invariant synchronization of the in-
dividual body segments. This approach has been already proven successful in rendering
asymptotically orbitally stable periodic gait trajectories with the planar underactuated 5
degree-of-freedom robot “RABBIT” [21].

The control action in [21] is zeroing a certain set of outputs, defined by a class of
virtual constraints, creating an attracting invariant set—a 2D zero dynamics sub manifold
of the full hybrid closed-loop system consisting of continuous-time dynamics and impulse
(impact) effects [134]. It is worth emphasizing that the virtual holonomic constraints in
[21] are parameters of design and they must be found such thatthe hybrid zero dynamics
are indeed invariant for the closed-loop system and admit a scalar linear time-invariant
Poincaré return map for assessing exponential orbital stability of the gait cycle for the full
model. A detailed systematic presentation of this procedure can be found in [133].

In this paper, we extend the approach of using virtual constraints discussed in [109,
112, 113, 133, 134] with the objective to represent any kind of natural human motion.
The last means that we would like to identify, if possible, somewhat consistent patterns
for periodic gaits as well as for motions defined just on finite-time intervals. Assuming
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that the human body consists of rigid multiple chain segments allows to introduce a suit-
able Euler–Lagrange system with parameters approximated to anthropometric data as a
starting point as a mathematically tractable model. Recordings ofreal human movements
are used to obtain associated geometric relations between the generalized coordinates for
various motions instead of searching such functions to satisfy certain restrictions and de-
sign criteria as previously applied in control literature [133]. The investigation below is
aimed to validate and support wider and systematic use of virtual holonomic constraints
for analyzing, planning, and reproducing human-like motions.

I.2 Problem Formulation

At first, we would like to show that there exist consistent geometric relations among the
individual body segments of humans during ordinary motions. Presumably, such geomet-
ric relations describe the evolution of involved joint angles characterizing a certain limb
synchronization. A brief qualitative analysis of recordedkinematic data demonstrates
this fact in Section I.3. Given a robot with similar kinematics and mass distribution, such
relations can be used for human-like motion planning and control as to be demonstrated.

It has been worked out that underactuation plays an important role in the human gait.
Consequently, the human body and thus the humanoid robot must be modeled as an un-
deractuated mechanical system. The virtual holonomic constraints approach allows to
deal with motion planning and control of such class of systems. Making a geometric re-
lation invariant by feedback action yields reduced-order dynamics—a scalar differential
equation of second order—representative for the overall closed-loop system, which can be
considered as a central pattern generator [56]. The solutions of the virtually constrained
system define achievable motions with given precise synchronization. Note that the ap-
propriate constraints may be found either analytically or by observation. Suppose now
that such virtual constraints extracted from human movements are perfectly imposed on
the feedback-controlled system. Then, the following questions arise:

• Does the approach based on the reduced-order dynamics, obtained for the approx-
imated dynamical humanoid model, allow to reproduce the original human motion
with respect to the evolution of the chosen configuration variable?

• How to design a controller that keeps the desired virtual constraints invariant and
diminishes effects of disturbances, uncertainties in modeling, errors in parameter
estimates, etc.?

One of the contributions of this paper is to provide the positive answer to the first
question. Two types of motions are studied here:

(a) sitting down motion and chair-rise, which are defined just on finite time intervals,
and

(b) single support phase of a cyclic walking gait.
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For simplicity and also due to the nature of these motions, the analysis will be restricted
to the sagittal body plane, i.e., a moving 2D frame that separates the body in left and
right. An extension to the 3D case (for instance, the kinematic description of a ballerina
performing a pirouette would also require the transversal and possibly the frontal body
plane) is more or less straightforward, but it involves moredegrees of freedom. Note
however, that only the model description in Euler–Lagrangeform is essential.

According to the human kinematic data and with the help of anthropometry, we will
derive two simplified human body representations in SectionI.4 for the studied motions
(a) and (b). As a result, one obtains a set of differential equations for dynamics of the
corresponding underactuated humanoid robots.

Achievable motions of the particular humanoid robot are defined by solutions of the
reduced system dynamics obtained by imposing the virtual constraints extracted from
human movements. An assessment of qualitative and quantitative properties is given in
Section I.5. We demonstrate there that the obtained virtually constrained motion is indeed
consistent with the studied human motions.

We shall remark that the whole motion-planning procedure isbased on the assumption
that virtual constraints can be imposed on the system dynamics by a feedback control
action. However, it is not an objective here to show a technical derivation of the control
law, but rather to emphasize that there is a constructive procedure available which allows
to implement the preplanned motion – see [109, 112, 113] for orbital stabilization based
on transverse linearization along a desired trajectory of the reduced dynamics, [37] for an
extension to hybrid limit cycles, and [88] for a modificationto finite time motions. Only
a short discussion on the controller design and some simulation results of the feedback-
controlled robot are presented in Section I.6.

I.3 Invariant Geometric Relations in Human Motions

Let us briefly present some results of studying various motions performed by human ac-
tors. A large library of kinematic motion data is kindly provided by the EYES JAPAN
Web3D Project [33].

The walking pattern of a test person is shown in Fig. I.1 by theevolution of particular
joint angles. One can observe that the angular position of the left leg and the right arm
oscillate in common phase and different amplitude; the samehappens comparing the right
leg and the left arm. Intuitively, it is clear that swinging the arms is part of the natural
look of the human gait, although it is not really required forbipedal locomotion. However,
human walking is heavily driven by passive limb dynamics, which certainly requires some
synchronization of the individual body segments.

Another interesting motion pattern that will be further discussed in this paper, is sitting
down to a chair and rising from it. Here, one can expect a consistent relation between
angular positions at the joints of the hips, the knees, and ofcourse the waist since the
upper body is supposed to balance the center of mass. Indeed,Fig. I.2 reveals that the
chest moves forward during the sitting down and rising process. Naturally, the angle
about the lateral axis of the knee plays the counterpart compared to the hip angle.
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Fig. I.1: Angular positions about lateral joint axes of left hip and right shoulder (top graph) and
right hip and left shoulder (bottom graph) for a walking human; the personturns around at approx-
imately 3.5, 7.5 and 11.5 s and proceeds walking.
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Fig. I.2: Angular positions about lateral joint axes of waist, hip and knee for a human who is sitting
down to a chair and rising from it. The real motion is actually performed in the timeintervals [0, 4],
[7, 10] and [12.5, 15] s with small resting pauses on the chair.
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There are many ordinary and quite special human motions in the data base mentioned
above. It is evident that certain geometric relations describe the evolution of involved joint
angles, observable for instance in walking, sitting down, chair-rise, jumping, throwing,
karate, gestures, etc. The existence of such geometric relations among the human body
joints during motion and, moreover, the fact that they are consistent for multiple trials
motivates the application of the virtual constraints approach, provided that one has an
appropriate mechanical model. So, in the following section, we propose a simplified
human body representation, first, for sitting down and rising motion and, second, for
walking in single support. The corresponding dynamics of anunderactuated humanoid
robot represents the mathematical starting point for the motion-planning procedure.

I.4 Human Body Representation—Modeling the
Humanoid Robot

I.4.1 Sitting Down and Rising From a Chair

For motions like sitting down and rising from a chair, the very complex structure of the
human body can be reasonably simplified to just three links. Assuming that the feet are
fixed parallel to the ground, we can take the first link to be thecombined calfs (lower legs),
the second link to be the combined thighs (upper legs) and thethird link to represent the
upper body including arms and head.

Of course, we know that humans are fully actuated during the considered motions
since the feet act as basis flat on the ground. However, it is reasonable to believe that,
although the whole body constitution balances about the ankles, stabilization is mostly
done without using torques of the ankle joints, but via synchronization of the other joints
[21]. Let us consider the ankle being weakly actuated with nonrelevant contribution to
the motion patterns. Hence, an underactuated planar three-link (3DOF) robot will be
modeled, where the combined ankles are chosen as a passive joint (see Fig. I.3). Sitting
down and rising motions are mainly defined in the sagittal body plane which allows a
simplification to this 2D frame. The resulting dynamics is described by the following
controlled underactuated Euler–Lagrange system:
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τa2



 = M3(q)





q̈p
q̈a1
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+ C3(q, q̇)





q̇p
q̇a1

q̇a2



+G3(q) (I.1)

whereq = [qp, qa1, qa2]
T is the vector of generalized coordinates withqa1, qa2 andqp

denoting two active and one passive coordinate;τa1 andτa2 are controlled torques that
can be applied to the second and the third link, respectively. M3(q) is the inertia ma-
trix, the matrixC3(q, q̇) corresponds to Coriolis and centrifugal forces, andG3(q) is the
gravitational torque vector.

The physical parameters of the system (I.1) are approximated according to generalized
anthropometric data2 reported in [94]. An evaluation of the kinematic data of the actor

2Straightforward computations of anthropometric data can be also found in [136] based on height and overall
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(b) Planar 7DOF robot.

Fig. I.3: Schematics of human-like robots for considering (a) sitting down and chair-rise motion,
and (b) single-support phase of walking.

Table I.1: Parameters of the planar 3DOF robot (see Fig. I.3(a)) based on anthropometric data.

Parameter Lower Leg Upper Leg Upper Body
Length(m) l1 = 0.456 l2 = 0.469 l3 = 0.623
Mass(kg) m1 = 6.2 m2 = 15.4 m3 = 40.2
Distance to CoM(m) r1 = 0.273 r2 = 0.261 r3 = 0.217
Inertia about CoM(kg m2) Jc1 = 0.559 Jc2 = 1.344 Jc3 = 3.061
Gravitational constant g = 9.81 m/s2

“Azumi” from the human motion data base provided by [33] yields the parameter values
given in Table I.1. Here, the mass distribution of a “small sized man” has been scaled in
order to match the dimensions of “Azumi”. Masses of the lowerlegs and the upper legs
are combined, respectively, tom1 andm2. All masses of the upper body parts including
arms and head are added up tom3, where the combined center of mass is calculated by a
weighted sum of the corresponding distances to the hip joint. The lengths of the links are
labeled byl1, l2, andl3, the distances to the particular center of masses byr1, r2, andr3.

mass of a person.
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The inertiasJc1, Jc2, andJc3 are computed about the center of mass for cylindric joints
with certain radius corresponding to the anthropometric data.

Consequently, this simplified human body representation can be used in order to de-
scribe the motion-planning problem for the underactuated planar three-link robot. The
generalized coordinates of the Euler–Lagrange model (I.1)have to be obtained as func-
tions of time from the corresponding recorded human motion in order to find geometric
relations among them. Since the third link represents several joints in one, the angleqa2

can be approximated by coordinate transformation according to its combined center of
mass.

I.4.2 Single Support Phase of the Walking Gait

For dynamic walking we have to look at a model that allows bipedal locomotion and it
should be complex enough to take into account the body segments that are mainly in-
volved in the motion. As already mentioned, underactuationin the feet shows up during
single support. By introducing point feet with perfect ground contact, instead, simplifies
the considerations a little without losing the general characteristics of the gait pattern—of
course one can also introduce actuated feet or simply semi-arc feet, but this is not impor-
tant for our demonstration here. A reasonable human body representation for human-like
walking must further contain two legs with knee joints, a torso with a hip joint as well
as shoulder joints, and two arms. Once again, just the sagittal plane shall be considered
since the human gait is mainly defined there; in the 3D case onehas to take care of the hip
movement defined in the transversal body plane. The previousassumptions add up to an
underactuated planar seven-link (7DOF) robot as depicted in Fig. I.3. Similar to the 3DOF
robot (I.1), the resulting dynamics is described by the following controlled underactuated
Euler–Lagrange system:
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where the stance leg, indicated by the coordinateq1R, is not actuated. The physical model
parameters (see Table I.2) are originally taken fromanthropometric dataof the test person
“Allan” within the Danish “AAU-BOT1” project from Aalborg University [1], and appro-
priately scaled according to more purposeful multi-trial motion recordings of another test
person with unknown mass distribution.
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Table I.2: Parameters of the planar 7DOF robot (see Fig. I.3(b)) based on anthropometric data.

Parameter Lower Legs Torso
Length(m) l1R = l1L = 0.434 l3 = 0.542
Mass(kg) m1R = m1L = 3.62 m3 = 43.4
Distance to CoM(m) r1R = 0.254, r1L = 0.18 r3 = 0.386
Inertia about CoM(kg m2) Jc1R = Jc1L = 0.052 Jc3 = 2.812
Parameter Upper Legs Arms
Length(m) l2R = l2L = 0.438 l4R = l4L = 0.59
Mass(kg) m2R = m2L = 6.87 m4R = m4L = 5.88
Distance to CoM(m) r2R = 0.232, r2L = 0.206 r4R = r4L = 0.274
Inertia about CoM(kg m2) Jc2R = Jc2L = 0.086 Jc4R = Jc4L = 0.174
Gravitational constant g = 9.81 m/s2

I.5 Motion Planning Based on Virtual Constraints

I.5.1 Virtual Holonomic Constraints From Human Movement Anal-
ysis

In the previous section we have introduced two dynamical models for possible humanoid
robots that can be used to plan particular human-like motions. At first, one has to find
virtual holonomic constraints from the kinematic data of human movements with respect
to the generalized coordinates given in the model description (I.1) and (I.2), respectively.

Let us start with the sitting down and chair-rise motion thatwas already shown in
Fig. I.2. Looking at the pure motion of interest, indicated by the intervals, strong geomet-
rical relations between the generalized coordinatesqa1 (relative angle of upper legs) and
qa2 (relative angle of upper body) can be found as functions ofqp (angle of lower legs).
Recall that the chosen independent variable, in this caseqp, must be monotonic in time in
order to uniquely define the relating functions. For thesitting down motionthe following
third-order polynomials

qa1,S = −868.4 q3p + 3457.5 q2p − 4593 qp + 2036.7
qa2,S = 269.9 q3p − 1077.1 q2p + 1438.7 qp − 644.2

(I.3)

describe very well the relations that were found for the studied human. For therising
motion, the following can be obtained:

qa1,R = −479.4 q3p + 1852 q2p − 2388.3 qp + 1029.2
qa2,R = 595.3 q3p − 2283.9 q2p + 2924.1 qp − 1250.7 .

(I.4)

The holonomic constraints (I.3) and (I.4) are shown in Fig. I.4, where the fitting to the
investigated human joint relations is revealed, although the rather small sampling rate of
30 Hz gives only a few points for the rather small time intervals in the human kinematic
data. It should be noted that from the robustness point of view, the chosen constraints
may not be optimal, because small changes in the values ofqp will result in comparably
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big changes in the other angles. Possibly, one could improvethe robustness property by
using another choice of the independent variable. However,we keep these relations since
having the passive angle independent is more natural from the mechanical point of view
and simplifies the calculations to be done.
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Fig. I.4: Geometric relations of the joint anglesqa1 and qa2 as functions ofqp for sitting down
motion (solid curve) and rising motion (dashed curve) superimposed onthe investigated human
joint relations (dots, respectively circles).

It is obvious that the geometric relations for sitting down and rising are different al-
though one could expect the motions being just the reverse ofeach other. The rising
motion covers also a wider range of the ankle jointqp, which is due to the fact that at
some point close to the chair, the person sitting down does not balance anymore and just
let the body fall. Geometric relations at the end of the sitting down motion are, therefore,
not covered by the considered human body dynamics. It is alsonot quite clear from the
recorded human data up to what extent the arms have been supportively used during the
rising as well as during the sitting down motion.

Let us now look at thesingle support phase of walking. Here, we will use kinematic
data of 20 independent trials of a test persons normal walking gait provided by Aalborg
University. In that way, it is possible to check whether the geometric relations are some-
what consistent for a particular motion—the data in Fig. I.1 is not very well suited for this
purpose. The Aalborg data has the additional advantage of a eight-times-higher sampling
frequency, namely 240 Hz, which gives much better resolution. One could also take es-
timates for velocities and possibly accelerations into account for the regression. Indeed,
Fig. I.5 shows very consistent geometric functions of the generalized coordinates with
respect to the chosen independent variableq3 defining the relative angle between torso
and stance leg. The following fifth-order polynomials are obtained from one of the trials
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Fig. I.5: Geometric relations of the individual joint angles as functions of the torso angle q3 for
the single support phase of walking (solid curve) superimposed on the investigated human joint
relations for 20 trials (dots).
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(solid curve) that is selected representative for the othertrials:
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with the coefficient matrix

PW =











−10.9 −11.12 −6.42 −2.28 −0.65 1.25
14.97 15.22 7.45 2.22 −0.39 0.21
81.2 82.82 18.81 −3.88 0.68 3.74

−105.31 −117.11 −39.09 3.52 3.85 −0.65
3.46 0.75 −2.72 −1.70 0.38 3.39
−5.68 −3.65 0.55 1.52 −0.47 2.83











.

We have found now virtual holonomic constraints by analyzing particular human
movement kinematics. The next step is to come to the motion-planning stage for the
corresponding humanoid robot. That is why, the properties of reduced order dynamics for
invariant virtual constraints will be overviewed next.

I.5.2 Reduced Dynamics

Consider the underactuated controlled Euler–Lagrange system

d

dt

[
∂L(q, q̇)

∂q̇

]

− ∂L(q, q̇)

∂q
= B(q)u (I.6)

with the Lagrangian given by

L(q, q̇) =
1

2
q̇TM(q)q̇ − V (q)

subject to underactuation degree one, i.e.,

dimq − dimu = 1 . (I.7)

Above,M(q) is a positive definite matrix of inertia,V (q) represents potential energy of
the system, andB(q) is a full rank input matrix. We haveM(q) = M3(q) and ∂V (q)

∂q
=

G3(q) for the 3DOF robot (I.1), whileM(q) = M7(q) and ∂V (q)
∂q

= G7(q) for the 7DOF
robot (I.2).

Suppose there exists a control lawu∗ that imposes the virtual holonomic constraint

{q1 = φ1(θ), q2 = φ2(θ), . . . , qn = φn(θ)} (I.8)



96 I. Analysis of Human Motor Control Patterns

with n = dimq, then the resulting closed-loop dynamics can be represented by the fol-
lowing scalar second order differential equation[113]

α(θ) θ̈ + β(θ) θ̇2 + γ(θ) = 0 (I.9)

describing the evolution of the new independent variableθ(t). All degrees of freedom will
be geometrically related to it, i.e., the whole motion is parameterized by the chosen con-
figuration variable according to (I.8). This reduced order dynamics is always integrable,
providedα(θ) 6= 0. Specifically, the integral function

I(θ, θ̇, θ0, θ̇0) = θ̇2 − exp

{

−2

∫ θ

θ0

β(τ)

α(τ)
dτ

}

θ̇20

+

θ∫

θ0

exp

{

−2

∫ θ

s

β(τ)

α(τ)
dτ

}

2 γ(s)

α(s)
ds

(I.10)

preserves its zero value along a solutionθ(t) of (I.9), initiated at(θ(0), θ̇(0)) = (θ0, θ̇0)
[113]. Note that (I.10) can serve as a measure of distance to adesired trajectory for the
reduced system [109].

Onceθ is defined and the virtual holonomic constraint
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(I.11)

together with their component-wise derivativesΦ′(θ) andΦ′′(θ) with respect toθ are
found, the smooth scalar functionsα(θ), β(θ), andγ(θ) of the reduced dynamics (I.9)
can be computed as follows [112, Prop. 2]:

α(θ) = B⊥M (Φ(θ)) Φ′(θ) ,

β(θ) = B⊥
[

C (Φ(θ),Φ′(θ)) Φ′(θ) +M (Φ(θ)) Φ′′(θ)
]

,

γ(θ) = B⊥G (Φ (θ)) ,

whereB⊥ is a row vector defining the nonactuated coordinate, e.g.B⊥ = [1, 0, 0] for
system (I.1) andB⊥ = [1, 0, 0, 0, 0, 0, 0] for system (I.2).

Eventually, the motion-planning problem for the introduced robots (I.1) and (I.2) can
be defined in terms of desired solutionsθ∗(t) of the reduced dynamics (I.9) obtained by
imposing the virtual holonomic constraint (I.11). Let us take now the particular virtual
constraints (I.3)–(I.5) extracted from human movement analysis and use them for motion
planning.

I.5.3 Solutions of the Reduced Dynamics for the Sitting DownMo-
tion

Achievable motion patterns for sitting down of the controlled underactutated 3DOF robot
(I.1) can be studied via the reduced system dynamics (I.9), with the independent variable
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chosen asθ := qp, obtained by the virtual holonomic constraint (I.3) that isassumed to
be perfectly imposed by feedback control.

An important range of trajectories is shown in the phase portrait in Fig. I.6—the rel-
evant interval forθ is basically given in Fig. I.4. It is clearly seen that there exist trajec-
tories which form closed orbits in the vicinity of the equilibrium point at (1.2, 0), i.e.,
corresponding solutions of the differential equation are periodic. The region of interest
for solutions representing the sitting down motion is highlighted. Here, the trajectories
will have solutions forθ which correspond to the range for the real human motion, but
with different velocity profile each. The desired trajectory for the sitting down motion
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Fig. I.6: Phase portrait with various trajectories for the reduced dynamics of the sitting down
motion and the chosen trajectory (dashed line) as part of a closed orbit.

(dashed curve in Fig. I.6) is taken as a part of a closed trajectory. The corresponding
solution of (I.9)

θ∗,S(t) ∈ [1.26, 1.355] rad,
for t ∈ [0, TS ] with TS = 0.367 s, and
(θ∗,S(0), θ̇∗,S(0)) = (1.355 rad, − 0.10 rad/s)

(I.12)

satisfies the performed human motion with respect to the timeTS needed to move. This
is visualized in Fig. I.7, where the virtually constrained motion (solid curve) is superim-
posed on the real human motion (dots) valued at the ankle joint qp as function of time.
The actual quality of the obtained motion is shown more descriptively in Fig. I.8 using
stick figures in a flip-book animation, where the virtually constrained motion (solid line)
is superimposed on the real human motion (dashed line). It can be seen that the planned
motion based on the virtual constraints approach is remarkably close to the real human
behavior. What also becomes obvious in Fig. I.7 is that the velocity profile of the com-
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Fig. I.7: Sitting down motion (solid curve) and rising motion (dashed curve) obtainedby the virtual
constraints approach versus the recorded human motion (dots, circles) valued at the ankle jointqp

as function of time.

t=0.00s t=0.07s t=0.13s t=0.20s

t=0.27s t=0.33s t=0.37s

Fig. I.8: Flip-book animation of the virtually constrained sitting down motion (solid curve) super-
imposed on the recorded human motion (dashed line).

pared motions slightly differs. Most likely, this is due to the fact that humans induce small
torques by using their ankles during the motion, i.e., the feet are not truly passive—unlike
our modeling assumption—and help a little to balance the body.
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I.5.4 Solutions of the Reduced Dynamics for the Rising Motion

Applying the same procedure to the rising motion results again in particular reduced sys-
tem dynamics, but now obtained by imposing the virtual holonomic constraint (I.4). Its
solutions are depicted in the phase portrait in Fig. I.9. Here, there are no closed orbits
around any of the equilibrium points in the shown interval, i.e., corresponding solutions
are unbounded. However, the interesting trajectories for reproducing the considered mo-
tion are similarly shaped compared to the sitting down dynamics, but now in the upper
phase plane. The following solution (dashed line in Fig. I.9) of the reduced dynamics
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Fig. I.9: Phase portrait with various trajectories for the reduced dynamics of the rising motion and
the chosen trajectory (dashed line).

approximately matches the recorded human motion with respect to the timeTR needed to
move:

θ∗,R(t) ∈ [1.217, 1.343] rad,
for t ∈ [0, TR] with TR = 0.433 s, and
(θ∗,R(0), θ̇∗,R(0)) = (1.217 rad, 0.248 rad/s) .

(I.13)

This is visualized as well in Fig. I.7, where the virtually constrained motion (dashed
curve) is superimposed on the recorded human motion (circles) valued at the ankle joint
qp as function of time. A qualitative comparison is given againin the form of a flip-book
animation in Fig. I.10. A little mismatch can be noticed comparing the postures of the
human and the virtual motion at several time instants. As expected from Fig. I.7, they
should at least coincide in the starting and the end point; but especially those points are
not very well covered by the holonomic constraints (I.4). Infact, with the poor resolution
of the kinematic recordings within the interesting time intervals, one cannot improve the
constraint functions with respect to reasonable estimatesfor velocity as part of the regres-
sion. It is also not quite clear from the recorded human data up to what extent the arms
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have been supportively used during the rising as well as during the sitting down motion.
However, the rising motion as obtained by the virtual constraints approach is still very
much human-like. If the robot’s ankle joint would be chosen to be actuated, one had the
additional freedom to compensate for the posture mismatch by another controller.

t=0.00s t=0.07s t=0.13s t=0.20s

t=0.26s t=0.33s t=0.40s t=0.43s

Fig. I.10: Flip-book animation of the virtually constrained rising motion (solid curve) superim-
posed on the recorded human motion (dashed line).

I.5.5 Solutions of the Reduced Dynamics for the Single Support Phase
of the Walking Gait

Achievable motion patterns for walking in single support ofthe controlled underactuated
7DOF robot (I.2) can be also studied via the reduced system dynamics (I.9), now with the
independent variable chosen asθ := q3, obtained by virtual holonomic constraint (I.5)
that is assumed to be perfectly imposed by feedback control.

Corresponding trajectories are depicted in Fig. I.11 in a relevant interval forθ (cf.
Fig. I.5). Here, all solutions are unbounded, but some of them are reasonably defined in
the region where our studied motion lives in (highlighted).The desired solution (dashed
line), that satisfies the recorded human motion with respectto the timeTW needed to
move, is found by

θ∗,W (t) ∈ [−0.577, 0.133] rad,
for t ∈ [0, TW ] with TW = 0.475 s, and
(θ∗,W (0), θ̇∗,W (0)) = (−0.577 rad, 0.945 rad/s) .

(I.14)

Other solutions that are defined in the region of interest give a different velocity profile
for the evolution of the configuration variableθ(t). In Fig. I.12 we can see the obtained
virtually constrained motion (solid curve) superimposed on the recorded human motion
(dots) valued at the angleq3 as function of time. A qualitative assessment of the robot
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Fig. I.11: Phase portrait with various trajectories for the reduced dynamics of the walking motion
in single support phase and the chosen trajectory (dashed line).
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Fig. I.12: Walking motion in single support phase (solid curve) obtained by the virtualconstraints
approach versus the recorded human motion (dots) valued at the joint angleq3 as function of time.

configuration with respect to time can be done with the help ofa flip-book animation
in Fig. I.13. The virtually constrained motion is obviouslyin close accordance with the
desired human motion, although a slight mismatch indicatesthe importance of the foot
rotation which is not modeled here.

Of course, the single support phase of walking is just one part of the full hybrid cycle
that additionally requires an update map for feet impacts toreset and rename states [133].
It is, however, not our intention to discuss this further, but rather to demonstrate that
the reduced dynamics recover the continuous-time motion ofthe human test person with
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consistent constraints for many trials.

t=0.00s t=0.07s t=0.14s t=0.20s

t=0.27s t=0.34s t=0.41s t=0.47s

Fig. I.13: Flip-book animation of the virtually constrained walking motion in single support phase
(solid curve) superimposed on the recorded human motion (dashed line).

I.6 Feedback-Controlled Robot

I.6.1 Controller Design

The design step following the motion planning is the synthesis of a feedback controller
with the objective to keep solutions of the closed loop system as close as possible to
the preplanned motion and to diminish effects of disturbances on the system behavior,
uncertainties in modeling, errors in parameter estimates,etc.

Taking a look now at our preplanned motions from Section I.5,it is important to
observe that sitting and rising, as well as the single support phase of walking, are defined
onfinite time intervals.

A proper initialization of motions defined on finite time intervals is a challenging
task since initial velocities are usually non-zero. However, for most of the human finite-
time movements one can think of the following separation regarding modeling, motion
planning, and control:

• There exists an initial and possibly final phase where the humanoid model is under-
stood as fully actuated. This, indeed, happens right beforesitting down when the
person stands still and small ankle torques from the feet basis maintain the balance;
a chair-rise is usually initiated with the help of arm forcesexerted on the chair; etc.

• There exists a finite time interval determined by a particular motion pattern where
the humanoid model undergoes underactuation or weak actuation in some joints.
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A certain synchronization of body segments is observed during the motion in this
phase. It can be used for controller synthesis.

For the first case of full actuation there are a number of ways to bring the robot in the
vicinity of initial states required for the proper initialization. A solution would be, for in-
stance, to extend the planned trajectory by a transition phase in which another controller
is employed. One could design some trajectory that starts ata static robot configuration
with zero initial velocities and passes into the desired initial states. Standard interpola-
tion tools such as splines allow to obtain smooth continuousfunctions of positions and
velocities. Note further that the single support phase of the walking gait is part of a hy-
brid cycle where impulse effects on the system dynamics attribute ground impacts. In this
case, it is certainly reasonable to have non-zero velocities at the start and at the end of the
continuous-time motion.

The actual motion patterns that we are interested in are covered by the latter case,
where motion planning and control design are left as nontrivial tasks due to underactuation
and the requested synchronization of joints in motion. The aim of this paper was to
suggest appropriate analyzing and design procedures for this case.

Among a few methods that can be used for synthesis of a feedback controller to
achieve contraction to the preplanned motion in finite time,we suggest to utilize the pro-
cedure proposed in [109, 112, 113]. It exploits transverse linearization of the system dy-
namics along a desired motion that can be found analytically. It is worth mentioning that
such feedback controllers have been already successfully implemented in several experi-
mental setups, in particular, to stabilize preplanned orbits for the Furuta Pendulum [111]
and the Pendubot [36].

To provide some insights into controller synthesis based ontransverse linearization,
let us introduce the following vector of new generalized coordinates for the underactuated
controlled Euler–Lagrange system (I.6),(I.7)

Y = q − Φ(θ) . (I.15)

It is clear that the vectorY is zero along the target motion. Then degrees of freedom in
q are now described by(n + 1) excessive coordinates inY andθ. Hence, one of these
coordinates can be always locally expressed as a function ofthe others—let us assume
this is the case foryn—which yields the new independent coordinates [112]

y = (y1, y2, . . . , yn−1)
T and θ , (I.16)

and the ‘old’ generalized coordinatesq in the form

q = Φ(θ) +

[
y

h(y, θ)

]

. (I.17)

Taking time derivatives ofy, one obtains the relations





ÿ1
...

ÿn−1




 =






q̈1
...

q̈n−1




−






d2

dt2
φ1(θ)
...

d2

dt2
φn−1(θ)




 =






v1
...

vn−1




 (I.18)
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that define the feedback transformation from the controlledinputsu to the new control
inputsv. As shown in [109, 112], in the new coordinates the dynamics of the system
(I.6),(I.7) is given in partly linear form:

α(θ)θ̈ + β(θ)θ̇2 + γ(θ) = gy(θ, θ̇, θ̈, y, ẏ)y

+gẏ(θ, θ̇, θ̈, y, ẏ)ẏ + gv(θ, θ̇, y, ẏ)v

ÿ = v ,

(I.19)

where the left-hand side of the upper equation corresponds to the one for the virtually
constrained system (I.9), while the right-hand side is rewritten in the new coordinates
(I.17) and is equal to zero along the target motion.

Computing the variation of the integral function (I.10) along the motion of (I.19),
one obtains dynamics transversal to a trajectory defined by asolutionθ(t) of the reduced
dynamics (I.9) and the desired synchronization [109]

d
dt
I(·) = 2θ̇

α(θ) [gy(·)y + gẏ(·)ẏ + gv(·)v − β(θ)I(·)]
ÿ = v .

(I.20)

Eventually, the controller design for (I.19) can be based ona linearization of the transverse
dynamics (I.20) along a desired solutionθ∗(t)—the linear time-varying system commonly
known as transverse linearization [109].

The technical derivation of the controller shall not be further discussed here. Note,
however, that the feedback transformation (I.18) containsthe control actionv that has
to be defined to achieve contraction to the preplanned motion, while the required torque
for perfectly imposed virtual holonomic constraints (i.e.v = 0) can be found from the
relationsτ = B(q)u, θ = θ∗(t), and

τ = [M(q)q̈ + C(q, q̇)q̇ +G(q)]|q=Φ(θ)

q̇=Φ′(θ)θ̇

q̈=Φ′′(θ)θ̇2+Φ′(θ)θ̈ .

(I.21)

I.6.2 Simulation of Sitting Down and Rising

Let us look now at some simulation results for sitting down and rising motion to show that
one can really reproduce the studied motion patterns with a feedback-controlled robot.
From the motion-planning procedure in Section I.5 we found the desired trajectories (I.12)
and (I.13) for the corresponding reduced dynamics obtainedby the respective constraints
from human movements. Recall that the passive ankle jointqp was chosen as independent
variable that configures the whole robot posture. A comparison of the planned motions to
the feedback-controlled 3DOF robot is depicted in Fig. I.14valued at the ankle jointqp.
Obviously, the quality of the virtually constrained motionis highly dependent on the ac-
curacy of the initial position, which is naturally the case since there is just a limited region
of attraction. However, it is clear that the closer the initial condition lies to the desired
trajectory, the less the error in the qualitative and quantitative closed-loop performance.
The influence of additive measurement noise has been simulated as well, but turned out
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Fig. I.15: Applied input torques to the active joints while sitting down assuming perfectly invariant
constraints.

to be insignificant for the controller performance as long asthe noise level is kept in a
realistic range for ordinary sensors.

It is worth looking at the applied input which is generating the desired motion. Just for
the case of sitting down, the torquesτa1 andτa2 to the active joints are shown in Fig. I.15
assuming perfectly invariant constraints (I.3). The torques appear to be quite large for
short time intervals, but this seems to be still in a reasonable range for this particular
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human movement where big forces occur (cf. [26, 62])—not shown here: for the rising
motion the curves look similar and for walking, as expected,the required torques are
much smaller. In the beginning, the motion is basically influenced by impulse-like peaks
of the torques, afterwards they are almost constant. Intuitively, it is reasonable that the
torques should be immediately applied at time zero in order to maintain balancing.

The simulation results are meant to demonstrate that virtual constraints extracted from
human movement can be imposed on the robot dynamics by feedback control. For mo-
tions defined on finite time intervals, proper initiation is challenging. A possible approach
for implementation is discussed in the previous section. Note however, that proper design
for the transformed control inputv, based on transverse linearization, allows to relax re-
quirements for the precision.

I.7 Conclusions

A new method to generate human-like motion patterns for humanoid robots has been
introduced. Recorded kinematic data of human movements were analyzed in order to
find geometrical relations among various joint angles characterizing the instantaneous
postures. The existence of such consistent holonomic constraints for various, even not
periodic, motions of humans is an interesting result of our investigation.

The extracted relations can be used to plan human-like motions for humanoid robots.
The motion planning and the subsequent feedback controllerdesign are based on an ap-
propriate modification of the virtual holonomic constraints approach, recently developed
to control mechanical systems with underactuation one. Making the virtual constraints
invariant by feedback yields reduced order dynamics—a scalar differential equation of
second order—representative of the overall closed-loop system. Hence, the motion plan-
ning problem is divided into, first, finding appropriate virtual holonomic constraints for
synchronization among the generalized coordinates, and second, choosing motions con-
sistent with those and defined by the reduced dynamics.

A conclusion from presented analysis is that one can reproduce original human mo-
tions exploiting reduced order dynamics. The virtual holonomic constraints were ex-
tracted from recorded human movements and were imposed on approximated humanoid
dynamics. Two types of motions were studied in the analysis,first, sitting down mo-
tion and chair-rise, which are defined just on finite time intervals, and second, the single
support phase of a cyclic walking gait. It is remarkable that, despite various assump-
tions in the humanoid modeling, the obtained virtually constrained motions are consistent
with the studied human movements. Not demonstrated here, but worth noting, is that the
reduced dynamics is not particularly sensitive to parameter uncertainties which is advan-
tageous for robots with similar kinematics but different mass distribution compared to the
studied human. Finally, a short discussion on the controller design and some simulation
results of a feedback-controlled robot demonstrated the feasibility of imposing the virtual
holonomic constraints that were found.



II

Stable Dynamic Walking over Rough Terrain:
Theory and Experiment

Ian R. Manchester(a), Uwe Mettin(a), Fumiya Iida(b), and Russ Tedrake(b)

(a) Department of Applied Physics and Electronics
Umeå University, SE-901 87 Umeå, Sweden

(b) Computer Science and Artificial Intelligence Lab

Massachusetts Institute of Technology, Cambridge MA, 02139, USA

Published online inProceedings of the 14th International Symposium on Robotics Re-

search, http://www.isrr2009.ethz.ch, pp. 1–16, Lucerne, Switzerland, Aug.

2009. The proceedings will appear in print as a Springer STARseries book and the article

is therefore subject toc© 2009 Springer-Verlag.

107



108 II. Stable Dynamic Walking over Rough Terrain

Stable Dynamic Walking over Rough Terrain: Theory and Experiment

Abstract — We propose a constructive control design for stabilization of non-periodic
trajectories of underactuated mechanical systems. An important example of such a system
is an underactuated “dynamic walking” biped robot walking over rough terrain. The
proposed technique is to compute a transverse linearization about the desired motion:
a linear impulsive system which locally represents dynamics about a target trajectory.
This system is then exponentially stabilized using a modified receding-horizon control
design. The proposed method is experimentally verified using a compass-gait walker: a
two-degree-of-freedom biped with hip actuation but pointed stilt-like feet. The technique
is, however, very general and can be applied to higher degree-of-freedom robots over
arbitrary terrain and other impulsive mechanical systems.

Keywords — Dynamic Walking, Underactuated Mechanical Systems, Predictive Con-
trol, Virtual Holonomic Constraints

II.1 Introduction

It has long been a goal of roboticists to build a realistic humanoid robot. Clearly, one of
the most fundamental abilities such a robot must have is to walk around its environment
in a stable, efficient, and naturalistic manner.

When one examines the current state of the art, it seems that one can have either
stability and versatilityor efficiency and naturalism, but not all four. This paper reports
some recent efforts to bridge this gap.

We propose a general method of exponentially stabilizing arbitrary motions of un-
deractuated mechanical systems. In particular, we developa provably-stable feedback
control strategy for efficient “dynamic walking” bipeds over uneven terrain, and demon-
strate experimentally that the method is feasible and effective.

II.1.1 Bipedal Walking Robots

The world of bipedal walking robots can be divided into two broad classes. The first,
including well-known robots such as the Honda ASIMO and the HRP-2, are based on the
“zero moment point” (ZMP) principle (see, e.g., [130] and references therein). The main
principle of stability and control is that the center of pressure always remains within the
polygon of the stance foot, and so the foot always remains firmly planted on the ground.
Satisfaction of this principle ensures that all dynamical degrees of freedom remain fully
actuated at all times, and thus control design can be performed systematically using stan-
dard tools in robotics. However, the motions which are achievable are highly conservative,
inefficient, and unnatural looking.

The second broad class consists of passive-dynamic walkersand limit-cycle walkers.
Inspired by the completely passive walkers of McGeer [87], these robots forgo full ac-
tuation and allow gravity and the natural dynamics to play a large part in the generation
of motion. They may be completely passive, or partially actuated. Even with partial
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actuation, the motions generated can be life-like and highly efficient energetically [29].
However, there is presently a lack of tools for systematic control design and systems
analysis.

Comparatively little work has been done as yet on walking over rough terrain, espe-
cially for underactuated dynamic walkers. The problem of footstep planning has been ap-
proached using computational optimal control [18] and experimental studies have shown
that a minimalistic open-loop control can achieve stability for the compass-gait walker
[64]. Recently, more complete planning and control systemshave been developed for
quadruped walkers: see, e.g., [17].

To give the present paper context, in Fig. II.1 we depict a possible organizational
structure for the perception and control of a dynamic walkeron rough terrain. The main
components are:

1. Terrain Perception: fusion of sensors such as vision, radar, and laser, perhaps
combined with pre-defined maps, generating a model of the terrain ahead.

2. Motion Planning: uses the terrain map, current robot state, and a model of the
robot’s dynamics to plan a finite-horizon feasible sequenceof footstep locations
and joint trajectories. Slow time-scale: motion plan mightbe updated once per
footstep.

3. Motion Control: feedback control to stabilize the planned motion in the faceof
inaccurate modelling, disturbances, time delays, etc. Fast time-scale: typically of
the order of milliseconds.

4. Robot State Sensing:optical encoders, accelerometers, gyros, foot pressure sen-
sors, and so on. Provides local information about the physical state of the robot to
all other modules.

Motion

Planning

Terrain

Perception

Motion

Control

Robot State Sensing

Fig. II.1: Possible organization of perception and control of a walking robot.

A complete humanoid robot would have all these components, and many others. In
this paper, we focus our attention on component 3: motion control. That is, we assume
that the terrain has been sensed and a motion plan generated,and the task remaining is to
compute a stabilizing feedback controller which achieves this motion.
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II.1.2 Motion Control for Walking Robots

The problem of motion control of a compass-gait walker has been approached via energy-
shaping and passivity-based control techniques (see, e.g., [8,43,119]). However, it is not
clear how such methods can be extended to robots with more degrees of freedom, or to
walking on uneven terrain.

Most tools for underactuated walking make use of Poincaré-map analysis (see, e.g.,
[45, 54, 60, 133, 134, 138] and many others). For a mechanicalsystem of state dimension
2n, one constructs aPoincaré section: a (2n − 1)-dimensional surface transverse to the
orbit under study (e.g.S(0) in Fig. II.2). By studying the behaviour of the system only at
times at which it passes through this surface, one obtains a(2n− 1)-dimensional discrete
time system, thePoincaré map:

x⊥(k + 1) = P[x⊥(k)], x⊥(·) ∈ R2n−1

which has a fixed point at the periodic orbit:P[x⋆
⊥] = x⋆

⊥. Stability or instability of
this reduced system corresponds to orbital stability and orbital instability, respectively, of
the periodic orbit. Exponential orbital stability corresponds to all the eigenvalues of the
linearization ofP being inside the unit circle.

One disadvantage of the Poincaré map is that it does not give acontinuous represen-
tation of the dynamics of the system transverse to the targetorbit, but focuses only atone
point on the orbit. This means it has limited use for constructive control design.

However, the biggest problem for the present study is that the method of Poincaré
sections is only defined for periodic orbits. It can be used tostudy biped walking on flat
ground or constant slopes, but on uneven ground where we haveno reasonable expectation
of periodic orbits it is not applicable.

S(0) TS(0)

S(t)

TS(t)

Fig. II.2: A visualization of Poincaré surfaces and transverse linearization of a periodic orbit (grey)
and a trajectory converging to it (black).

With this as motivation, in this work we use instead thetransverse linearizationof the
target trajectory, which has previously been used for analysis and stabilization ofperiodic
motions of nonlinear systems including walking robots [10,37,48,109,110].
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This can be visualized via the related concept of amoving Poincaré section, intro-
duced in [82]. This is a continuous family of(2n − 1)-dimensional surfaces transverse
to the desired trajectory, with one member of the family present ateverypoint along the
cycle (S(t) for all t in Fig. II.2).

In contrast to the classical Poincaré map, a transverse linearization (or moving Poincaré
section) provides a continuous representation of the relationship between controls and
transverse coordinates, and can be extended to the study of non-periodic motions.

Stabilizing only the transverse dynamics — as opposed to, e.g., a full-order linear
time-varying (LTV) approximation [86] — is particularly useful for underactuated sys-
tems, which are often weakly controllable in the direction along the trajectory.

In this paper, we make use of this, and propose a computationally feasible feedback
control strategy for the time-varying impulsive linear system that results. Successful ex-
periments demonstrate the feasibility of our approach.

II.2 Impulsive Mechanical Systems

The mathematical model we consider is that of a nonlinear mechanical system subject to
instantaneous impacts. Letq be a vector of generalized coordinates, andu be a vector of
forces and torques which can be assigned, then the dynamics of the system can be written
like so [59,120,133]:

M(q) q̈ + C(q, q̇) q̇ +G(q) = B(q)u for q 6∈ Q

q+ = ∆q q
−

q̇+ = ∆q̇(q
−) q̇−

}

whenever q− ∈ Q ,
(II.1)

whereM(q) is the inertia matrix,C(q, q̇) is the matrix of Coriolis and centrifugal terms,
G(q) is the gradient of the potential energy field, andB(q) describes the effects of actu-
ators on the generalized coordinates. The setQ represents switching surfaces, e.g. for a
walking robot, states at which the foot of the swing-leg hitsthe ground, and a new step
begins.

II.2.1 Representation of a Planned Motion

Consider ann-degree-of-freedom impulsive mechanical system for whichsome desired
and feasible trajectory has been specified:

q(t) = q⋆(t) ∈ Rn, t ∈ [0,∞).

Let tj , j = 1, 2, ... be the time moments at which an impact occurs, and letIj :=
[tj , tj+1), j = 1, 2, ... be the time intervals of smooth behaviour in between impulses,
and letI0 := [0, t1).

Assumption II.1 There existsτ1 > τ2 > 0 such thatτ1 ≥ tj+1 − tj ≥ τ2 for all j.

That is, the footsteps do not get infinitely long or infinitelyshort.
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Assumption II.2 For all tj , the vector[q̇⋆(t)T q̈⋆(t)T ]T is linearly independent of the
2n− 1 vectors spanning the tangent plane of the switching surfaceat q⋆(t).

That is, all impacts are “real” impacts, not grazing touchesof the switching surface.
For each intervalIj , j = 0, 1, 2, ..., choose one generalized coordinate or some scalar

function of the generalized coordinatesθ := Θj(q) which evolves monotonically along a
desired trajectory.

Remark II.1 In the case of the compass-gait walker, which we will consider in Sections
II.5 and II.6 we will takeθ to be the “ankle angle”. It is a reasonable assumption that
for any useful walking motion, this angle evolves monotonically over any given step. This
representation is common in walking robot control [133].
�

Since it evolves monotonicallyθ can then be considered as a reparametrization of
time, and hence the nominal trajectories of all other coordinates over each intervalIj can
be given as well-defined functions ofθ:

q⋆
1(t) = φj

1(θ(t)),

...

q⋆
n(t) = φj

n(θ(t)) ∀ t ∈ Ij .

Having thus defined the functionsφj
1, ..., φ

j
n, one can define variables representing devia-

tions from the nominal trajectory:

y1(t) := q1(t) − φj
1(θ(t)),

...

yn(t) := qn(t) − φj
n(θ(t)) ∀ t ∈ Ij ,

whereym(t) = 0 for all m implies the system is on the nominal trajectory.
Consider now the quantitiesθ, y1, ..., yn. Thesen + 1 quantities are excessive coor-

dinates for the system, and hence one can be dropped. Withoutloss of generality, let us
assume we dropyn, and our new coordinates arey = [y1, ...., yn−1]

T andθ.

Remark II.2 When the conditionsym = 0 for all m are enforced via feedback action,
the functionsφj

1, .., φ
j
n are often referred to asvirtual holonomic constraints[45, 133,

134]. Our control strategy does not require that these constraint be strictly enforced to
guarantee stability, they are simply used as a set of coordinates. However, we retain the
terminology “virtual constraints”.
�

II.3 Construction of the Transverse Linearization

A mechanical system’s dynamics along a target motion can be decomposed into two com-
ponents: a scalar variableθ representing the positionalongthe target motion, and a vector
x⊥ of dimension2n− 1 representing the dynamicstransverseto the target motion.
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A transverse linearization is a time-varying linear systemrepresenting the dynamics
of x⊥ close to the target motion. The stabilization of the transverse linearization im-
plies local exponential orbital stabilization of the original nonlinear system to the target
motion [48]. The construction of a transverse linearization for an impulsive mechanical
system such as a walking robot can be broken down into two parts: the continuous phases
and the impacts maps.

II.3.1 Construction of the Continuous Part of the Transverse Lin-
earization

A method for analytical construction of a transverse linearization for continuous mechan-
ical systems was proposed in [109,112]. We will use this construction for the continuous
phases of the desired walking motion.

The representation of trajectories introduced in the previous section allows us to ana-
lytically construct, at anyθ, a set of transversal coordinates without solving the nonlinear
differential equations of the system. The first2n− 2 coordinates are given by the coordi-
natesy given in (II.2), and their derivatives:

ẏi = q̇i −
dφj

i (θ)

dθ
θ̇, i = 1, ..., n− 1

defined in each continuous intervalIj . For a full set of transverse coordinates, one more
independent coordinate is required.

For the continuous phase of an underactuated mechanical system, if the relationsy =
0 are maintained then the dynamics of the coordinateθ take the following form:

α(θ)θ̈ + β(θ)θ̇2 + γ(θ) = 0 (II.2)

whereα(·), β(·), γ(·) are straightforward to compute. An important fact is that a partial
closed-form solution of the system (II.2) can be computed:

θ̇2 = ψp(θ, θ0)θ̇
2
0 + Γ(θ, θ0)

where(θ0, θ̇0) is any point on the desired trajectory of the reduced system (II.2). That is,
θ̇2 can be computed as a function ofθ, analytically.

The variable
I = θ̇2 − ψp(θ, θ0)θ̇

2
0 − Γ(θ, θ0)

is then a clear candidate for the final transverse coordinate: it is independent ofy andẏ
and is zero when the system is on the target motion.

Our complete set of transverse coordinates are then:x⊥ :=
[

I, yT , ẏT

]T

.

Now, for systems of underactuation degree one, there existsa partial feedback-linearizing
transformation of the form [116]:

u = N(y, θ)−1[v −W (y, θ, ẏ, θ̇)]

creating the dynamics̈y = v, İ = f(θ, θ̇, y, ẏ, v) wheref can be calculated analytically.
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From this we construct the continuous part of the transverselinearization, withz
representing the state of the linearization of the dynamicsof x⊥:

ż(t) = A(t)z(t) +B(t)v(t) (II.3)

whereA(t) andB(t) are

A(t) =





a11(t) a12(t) a13(t)
0(n−1) 0(n−1)2 I(n−1)

0(n−1) 0(n−1)2 0(n−1)2



 , B =





b1(t)
0(n−1)2

I(n−1)



 (II.4)

whereI(n−1) is the(n−1)-dimensional identity matrix,0(n−1) is an(n−1)-dimensional
column of zeros, and0(n−1)2 is an(n − 1) × (n − 1) matrix of zeros. The functions
N(y, θ), R(y, θ, ẏ, θ̇), a11(t), a12(t), a13(t), andb1(t) can be computed analytically, see
[109,112].

II.3.2 Transverse Linearization of Impacts

Certain care is required in linearizing the impact map. The transversal surfaces are or-
thogonal in phase space to the target motion, but the switching surfaces will not be in
general. Therefore, we must also introduce two projection operators.

Supposed∆j is the linearization of the impact map at timetj about the nominal
trajectory, then

z(t+) = Fjz(t) for t = tj , j = 1, 2, ... (II.5)

where Fj = P+
j d∆jP

−
j

The construction ofP+
j andP−

j is given in [110].
The complete hybrid transverse linearization system is given by (II.3), (II.4), and

(II.5).

Assumption II.3 The hybrid transverse linearization system is uniformly completely con-
trollable.

This assumption essentially states that there is sufficientdynamical coupling between
the unactuated and actuated links of the system. It is alwayssatisfied with reasonable
walking robot designs.

II.4 Receding-Horizon Control Design

Exponential stabilization of time-varying systems, even linear systems, is a non-trivial
problem. For time-invariant or periodic linear systems onecan compute constant or pe-
riodic gain matrices, respectively, which exponentially stabilize the system. This is not
true in general for time-varying systems. A common technique which is computation-
ally feasible is receding-horizon control, also known as model predictive control (see,
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e.g., [75,86] and many others). In this section we describe aslightly modified version of
receding-horizon control suitable for impulsive linear systems.

The basic strategy is to repeatedly solve a constrained-final-time linear quadratic op-
timal control problem for the system (II.3), (II.4), (II.5). That is, minimize the following
cost function:

J(x, u) =

∫ tf

ti

[z(t)TQ(t)z(t) + v(t)TR(t)v(t)]dt+

Nj∑

j=1

z(tj)
TQjz(tj)

subject to the constraintz(tf ) = 0.

Assumption II.4 There existsαi > 0, i = 0, .., 4, such thatα0I ≤ Q(t) ≤ α1I, α2I ≤
R(t) ≤ α3I, and0 ≤ Qj ≤ α4I for all t andj.

The traditional approach is to set a constant time horizon, but in this work we choose
to look a fixednumber of footstepsahead1. Thus, every time the robot takes a footstep, a
new optimization is computed.

We propose the following receding-horizon strategy, looking h footsteps ahead, be-
ginning withi = 0:

1. Consider the union of intervalsIi,h := Ii ∪ Ii+1 ∪ ...∪ Ii+h. Let ti andtf denote
the beginning and end times ofIi,h.

2. Compute this footstep’s optimal control by solving following jump-Riccati equa-
tion backwards in time fromtf to ti with a final conditionZ(tf ) = 0(n−1)2

−Ż = −ZAT −AZ +BR−1BT − ZQZ

Z(tj) =
{
F T

j Z(t+j )−1Fj +Qj

}−1
for t ∈ Tj (II.6)

3. Over the intervalIi, apply the following state-feedback controller:

u(y, θ, ẏ, θ̇) = N(y, θ)−1[K(θ)x⊥(y, θ, ẏ, θ̇) −W (y, θ, ẏ, θ̇)],

K(θ) = −R−1(s)B(s)TZ(s)−1, s = Θ−1(θ) (II.7)

whereΘ−1 : [θ+, θ−] → [ti, ti+1) is a projection operator, which is straightforward
to construct sinceθ is monotonic over each step.

4. for the next footstep, seti = i+ 1 and return to stage 1.

Theorem II.1 If Assumptions II.1, II.2, II.3, and II.4 are satisfied, thenthe controller
(II.6), (II.7) locally exponentially orbitally stabilizes the planned motion of the original
nonlinear system.

The proof is given in Appendix A.

1Or, more generally, a fixed number of impulses ahead.
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II.5 Experimental Setup

We have constructed a two-degree-of-freedom planar biped robot with point feet, a pho-
tograph and schematic of which are shown in Fig. II.3. The robot is mounted on a boom
arm with a counterweight, and thus walks in a circular path. The dynamical effect of
the boom is approximated by having different values of hip mass for inertial (mH ) and
gravitational (mHg) terms in the model. The robot is fitted with retractable feetto avoid
toe-scuffing, however we do not consider the feet as additional degrees of freedom since
their masses are negligible.

m,Ic

q2

mH

q1

c

Fig. II.3: Schematic and photograph of the experimental setup

The robot is modelled in the form of an impulsive mechanical system (II.1), the pa-
rameters of which were estimated via nonlinear system identification. The full equations
for the model are given in Appendix B. Good fitting required the addition of a friction
model for the hip joint consisting of Coulomb and viscous parts:

τF = FC sign(q̇1) + FV q̇1.

The parameters of the model are given in Table II.1.
The robot is fitted with optical encoders measuring the anglebetween the legs and the

absolute angle of the inner leg. From these measurementsq1 andq2 can be calculated.
The control law relies on velocities as well, and these are estimated with an observer.
The observer structure we choose is one which has previouslybeen used successfully
in walking robot control, consisting of a copy of the nonlinear dynamics and a linear
correction term [46]. Let̂q andˆ̇q be the estimates of the configuration states and velocities,
then the observer is given by:

d

dt

[
q̂
ˆ̇q

]

=

[
ˆ̇q

M(q̂)−1(−C(q̂, ˆ̇q)ˆ̇q −G(q̂) +B(q̂)u)

]

+ L(y − q̂),

q̂+ = ∆q q̂, ˆ̇q+ = ∆q̇(q̂)ˆ̇q,

wherey is the measurement ofq. The gainL can be chosen asL = [1/ǫ 2/ǫ2] placing
the eigenvalues of the linearized error system at−1/ǫ. In our experiments we found
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that ǫ = 0.02 gave a reasonable compromise between speed of convergence and noise
rejection.

Table II.1: Parameters of the compass-gait biped.

Parameters Values
Masses [kg] m = 1.3,mH = 2.2,mHg = −1.2
Inertia [kg m2] Ic = 0.0168
Lengths [m] l = 0.32, lc = l − 0.0596
Gravitational constant [m/s2] g = 9.81
Ratio current/input [A] kI = 1.1
Motor torque constant [Nm/A] kτ = 0.0671
Coulomb friction [Nm] FC = 0.02
Viscous friction [Nm s] FV = 0.01

II.5.1 Polynomial Representation of Desired Motion

For the compass biped we takeθ = q2, the “ankle” angle of the stance leg relative to
horizontal. Then to specify the path through configuration space for each stepj, we need
to specify only the inter-leg angleq1 as a function of the ankle angle:q⋆

1 = φj(θ). We
chose to construct theφj functions as fourth-order Bézier polynomials, which can repre-
sent a wide range of useful motions with quite a low number of parameters, and further-
more admit simple representations of the constraints in theprevious section. For details,
see [133, Ch. 6], in which Bézier polynomials were used to design periodic trajectories.
It is straightforward to extended this method to non-periodic trajectories and because of
space restrictions we omit the details.

II.6 Experimental Results

To test the controller experimentally, a relatively simpletask was chosen: the robot should
walk flat for two steps, then down two “stairs”, and then continue along the flat. A video
of a successful experiment has been placed online athttp://groups.csail.mit.
edu/locomotion/movies/cgexperiment20081222_4.mov.

The control design was implemented as in Section II.4 with constant weighting ma-
tricesQ(t) = Qj = I3 andR(t) = 1 for all t andj. The look-ahead horizon was chosen
as three footsteps ahead.

For each step, the solution of the jump-Riccati equation took approximately half a
second to compute using theode45 solver in MATLAB running on a Pentium III desktop
computer. This is roughly the time it takes for the robot to complete a step, and it is
reasonable to expect that highly optimised C code could perform this task much more
quickly. Hence, one can say that the control law could be feasibly computed in real-time,
as a part of a dynamic motion-planning and control system.
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Figure II.4 depicts the results of one experiment. Figure II.4(A) is a cartoon of the
biped’s motion generated from real data, showing the state every 0.3 seconds, with the
current stance leg always indicated in red.
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Fig. II.4: Results from a successful experiment walking on uneven terrain. See Section II.6 for
discussion.

In Fig. II.4(B) the evolution of the “ankle angle”q2 is plotted vs time for one exper-
iment. During the continuous phases,q2 serves as our reparametrization of timeθ. We
note here that, particularly on the second and fourth steps,there is some jitter in the curve.

In Fig. II.4(C) the inter-leg angleq1 is plotted vs time in blue, along with the “nomi-
nal” value ofq1 plotted in red. Note that, since the nominal value ofq1 is not a function
of time but a function ofq2, defined by the virtual constraint, the jitters in theq2 measure-
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ment lead to jitters in the nominal value ofq1. Nevertheless, tracking is quite good, and
sufficient for the robot to maintain a stable walking trajectory.

Figures II.4(D) and (E) depict the joint velocitiesq̇1 andq̇2, obtained from the same
observer used in the control system, along with their nominal values as functions of the
current value ofq2. Again, the jitter inq2 leads to large noise in the velocity estimates.
Despite this, good tracking is maintained through all the planned steps. Repeated exper-
iments were performed with similar results each time, indicating good robustness of the
control strategy.

II.7 Conclusions

In this paper we have described a novel method for stabilization of trajectories of impul-
sive mechanical systems. The method guarantees local exponential stability to a target
orbit under reasonable assumptions. The method is quite general, but a clear target ap-
plication is motions of underactuated walking robots on rough and uneven terrain. To
the authors’ knowledge, this is the first systematic controlmethod which can provably
stabilize such motions.

The proposed technique was experimentally verified using a compass-gait biped walker.
It was seen that, despite measurement errors and inevitableuncertainties in modelling, the
controller reliably stabilized the target motions. The method of transverse linearization
can be applied to any “dynamic walking” robot to design stabilizing controllers, or to give
certificates of stability and assist choice of gains for existing control laws.

Future work will include application to robots with more degrees of freedom on more
challenging terrain, and computation of basins of attraction. Furthermore, the theoretical
tools developed in this work also have application to problems of motion planning, which
will be explored.

Appendix A: Proof of Local Stability

Some details are omitted to save space. We consider the Lyapunov function candidate

V(x(t), t,K) = x(t)TP (t)x(t)

whereP (t) = X(t)−1, the solution of the finite-time jump-Riccati equation. i.e. the total
“cost-to-go” from a statex(t) with a feedback strategyK definingu(t) = −K(t)x(t)

We state the following three facts about this Lyapunov function candidate:

1. It follows from Assumptions II.1, II.3, and II.4 and standard arguments from opti-
mal control [66] that there existsβ1 > β0 > 0 such that

β0I ≤ P (t) ≤ β1I. (II.8)

2. Throughout the continuous phase fromti to ti+1,

d

dt
V(x(t), t,Ki) = −x(t)T [Q(t) +K(t)TB(t)TR(t)B(t)K(t)]x(t) < 0.
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Therefore, it follows from the bounds onQ(t) in Assumption II.4 that

d

dt
V(x(t), t,Ki) ≤ α0‖x(t)‖ (II.9)

for all t.

3. LetKi refer to the strategy of using finite-time controller calculated at the beginning
of stepi. Under this strategy,x(ti+h) = 0 and remains zero for allt > ti+h. After
stepi, the state isx(ti+1). A feasible strategy from here would be to continue with
control strategyKi. However, a new optimization is performed at stepi + 1 over
a new horizoni + 1 + h. Since continuing withKi is a feasible strategy, the new
optimal strategyKi+1 must have a cost to go

V(x(ti+1), ti+1,Ki+1) ≤ V(x(ti+1), ti+1,Ki). (II.10)

i.e. the Lyapunov function is non-increasing when an impulse occurs.

From the facts (II.8), (II.9), and (II.10) it follows that the time-varying impulsive linear
comparison system (II.3), (II.4), (II.5) is exponentiallystable, using a generalization of
Lyapunov’s second method [9, Ch. 13].

Using Assumptions II.1, II.2, and II.3 arguments similar tothose of [109, 110, 112]
prove that exponential stability of the transverse linearization implies local orbital expo-
nential stability of the original nonlinear system to the target trajectory.

Appendix B: Compass Biped Model

The model of the experimental setup is given by (II.1) where

M(q) =

[
p1 −p1 + cos(q1)p2

−p1 + cos(q1)p2 p3 + 2p1 − 2 cos(q1)p2

]

,

C(q, q̇) =

[
0 −q̇2 sin(q1)p2

− sin(q1)(q̇1 − q̇2)p2 sin(q1)q̇1p2

]

, B=

[
kIkτ

0

]

,

G(q) =
[

sin(−q2 + q1)p4, − sin(−q2 + q1)p4 − sin(q2)p5 − sin(q2)p4

]T

.

The coefficients are defined by the physical parameters of therobot like so:

p1 = (l − lc)
2m+ Ic , p2 = ml(l − lc) , p3 = mH l

2 + 2mllc
p4 = mg(l − lc) , p5 = g(mHgl + 2mlc) .

The impact model in (II.1) is derived under the assumption ofhaving an instantaneous
and inelastic collision of the swing leg with the ground and no occurrence of slip or
rebound [59]:

∆q =

[
−1 0
−1 1

]

, ∆q̇(q
−) = ∆q

[
H+(q−)

]−1
H−(q−),
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where

H+
1,1(q

−) = p1 − 2p6l + l2p7,

H+
1,2(q

−) = H+
2,1(q

−) = (l2p7 + (−p8 − 2p6)l + p2) cos(q1) − l2p7 + 2p6l − p1,

H+
2,2(q

−) = (−2l2p7 + (2p8 + 4p6)l − 2p2) cos(q1) + 2l2p7 + (−4p6 − 2p8)l + p3

+2p1,

H−
1,1(q

−) = p1 − p6l, H−
1,2(q

−) = ((−p6 − p8)l + p2) cos(q1) − p1 + p6l,

H−
2,1(q

−) = (p2 − p6l) cos(q1) − p1 + p6l,

H−
2,2(q

−) = ((2p6 + p8)l − 2p2) cos(q1) + (−p8 − 2p6)l + p3 + 2p1

p6 = m(l − lc) p7 = mH + 2m, p8 = lcp7 +mH(l − lc).
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A Passive 2DOF Walker: Hunting for Gaits Using Virtual Holonomic Constraints

Abstract — A planar compass-like biped on a shallow slope is one of the simplest
models of a passive walker. It is a two-degrees-of-freedom impulsive mechanical system
known to possess periodic solutions reminiscent to human walking. Finding such solu-
tions is a challenging computational task that has attracted many researchers motivated
by various aspects of passive and active dynamic walking. Wepropose a new approach
to find stable as well as unstable hybrid limit cycles withoutintegrating the full set of
differential equations and, at the same time, without approximating the dynamics. The
procedure exploits a time independent representation of a possible periodic solution via
a virtual holonomic constraint. The description of the limit cycle obtained in this way is
useful for analysis and characterization of passive gaits as well as for design of regula-
tors for achieving gaits with the smallest required controlefforts. Some insights into the
notion of hybrid zero-dynamics, related to such a description, are presented as well.

Keywords — Walking Robots, Underactuated Mechanical Systems, LimitCycles, Vir-
tual Holonomic Constraints

III.1 Introduction

The study of passive walking devices is a fascinating field. It especially attracted at-
tention of researchers in the robotics and control communities after McGeer’s semi-
nal paper [87], published in 1990. After that, there was a series of publications, see
e.g. [29, 43, 44, 52, 73, 74, 118], proposing and reporting how to find and analyze passive
gaits for various walking devices. The main difficulty in searching for stable limit cy-
cles is that they usually have comparably small regions of attraction in the state space.
Commonly, the search for initial conditions that yield cycles is carried out by numerical
computation routines, sometimes using approximations of the dynamics in order to obtain
good initial guesses.

The main contribution of this paper is a new approach for finding and characterizing
hybrid limit cycles, which results in a numerical procedureallowing reduction of the
computational burden without involving any approximationof the dynamical model. Our
arguments can be equally applied for finding both stable and unstable cycles.

The key idea of the paper is exploring a special but generic change of coordinates
that can always be used for parameterizing any nontrivial hybrid periodic solution of the
walker dynamics. We avoid looking for explicit dependence on time but instead search
for relations between the generalized coordinates [3, 45] that should be valid along a
cycle. Such relations are called virtual holonomic constraints [112, 133] and are rapidly
becoming more and more broadly used for periodic motion planning and orbital feedback
stabilization for mechanical systems with and without impacts, see e.g. [109, 133] and
references therein.

In this paper, we demonstrate usefulness of the concept on a standard benchmark
example: a planar two-link walker that is commonly known as acompass-gait biped.
Finding stable gaits for this particular system has attracted many researchers motivated by
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various aspects of passive and active dynamic walking, see e.g. [39,40,47,54,83,100] and
references therein. Here, we show how to use virtual holonomic constraints for analysis
of a passive system with multiple degrees of freedom (DOF).

III.2 Problem Formulation

A search for a stable walking gait consists of, first, finding initial conditions in the state
space that yield hybrid limit cycles for the hybrid and non-linear dynamics of the walking
robot for a given slope of the ground surface and, second, verifying its stability. Both tasks
are nontrivial and are related to the more or less classical problem of analytical mechanics:
how to integrate nonlinear dynamical equations. A typical approach for solving both
problems is proceeding with heavy numerical simulations ofthe system dynamics rather
than attempting analytical arguments. In support of this opinion more than a decade
ago Dr. Goswami and co-authors wrote in their seminal paper [44]: “[...] the analytical
demonstration of the existence of a limit cycle, its local orbital stability, and the analytical
procedure to find it still remains a challenge.”Since then, there is a little progress in
deriving such analytical arguments, if any.

In this paper, we suggest analytical and constructive stepsallowing to reduce the num-
ber of parameters to be found in the search for suitable initial conditions and the number
of differential equations that must be integrated numerically. However, the main contri-
bution is not the reduction of the computational burden but in a new way of characterizing
limit cycles. The core of the paper is an almost trivial observation that a periodic gait of
a walking machine, if exists, can be characterized by a certain synchronization between
its generalized coordinates. Basically, we suggest to search for such relations rather than
to attempt identifying a periodic trajectory directly. It is worth noting that finding such a
relation among the generalized coordinates for a numerically computed cycle is a highly
nontrivial task [133, Chapter 6] and that knowledge of such afunction allows not only
to verify stability of the cycle analytically but to obtain an analytical expression for the
Poincaré first-return map [37].

Such arguments, elaborated for computing hybrid limit cycles of the planar compass-
gait biped, are presented below. For simplicity, we search only for symmetric walking
gaits, i.e. the gaits of interest are characterized by a periodic sequence of two identical
steps of the respective legs. Given a walking gait, ifTi is the time interval between two
consecutive impacts with indexesi and(i+ 1) andTp is the period of the gait cycle, then
for a symmetric gait cycle2 Tp = Ti + Ti+1 with Ti = Ti+1 = Tp/2.

2If a walking gait is not symmetric and shaped byk consecutive intervals of continuous dynamics (i.e. of
periodicityk), then the period of the gait isTp = Ti + Ti+1 + · · · + Ti+k. It turns out that for the proposed
method, searching for walking gaits of periodicityk ≥ 2 and for symmetric gaits are problems of the same
complexity that can be solved by similar arguments.
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III.3 Hybrid Dynamics of the Compass-Gait Biped

Let us consider a two-link passive compass-gait biped robot, schematically shown in
Fig. III.1.
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Fig. III.1: Schematic of the compass-gait biped on a shallow slopeψ. Here,q1 andq2 describe the
absolute angular positions of the stance leg and of the swing leg respectively. On the right, physical
parameters of the compass-gait robot are listed.

Under certain conditions [44], the dynamics of the robot canbe described [44,52,119]
by the following system of Euler–Lagrange equations with impulse effects [9,45,133]

p1q̈1 − p2 cos(q1−q2)q̈2 − p2 sin(q1−q2)q̇22 − p4 sin q1 = 0

p3q̈2 − p2 cos(q1−q2)q̈1 + p2 sin(q1−q2)q̇21 + p5 sin q2 = 0

}

as long as q 6∈ S

q+1 = q−2 , q
+
2 = q−1 and q̇+ = Pq(q

−) q̇− whenever q− ∈ S
(III.1)

whereq = [q1, q2]
T is the vector of generalized coordinates. Here the coefficients are

defined by the physical parameters of the robot as followsp1 = (mH + m)l2 + ma2,
p2 = mlb, p3 = mb2, p4 = (mH l +mb+ml)g, p5 = mbg; while for the slopeψ of the
walking surface the impact surface is

S =
{
q ∈ R2 : H(q) = cos(q1 + ψ) − cos(q2 + ψ) = 0

}
. (III.2)

The impulse-effects3 are described by the reset map

Pq =

[
p1 − p2c

−
12 p3 − p2c

−
12

−p2c
−
12 p3

]−1 [
p7c

−
12 − p6 −p6

−p6 0

]

(III.3)

with p6 = mab, p7 = mH l
2 + 2mal, andc−12 = cos(q−1 − q−2 ), that attributes the jump

in velocities due to impact [45,59,119]; here and above the abbreviations

q− = lim
τ→t−

q(τ) and q+ = lim
τ→t+

q(τ)

3Note that the swing leg of a rigid two-link walker trespassesthis surface during one complete step. For our
considerations the compass-gait robot (III.1) shall only experience impact when a heel strike occurs.
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are used for the states right before and right after the impact time t.
Our goal is to find symmetric walking gaits of the hybrid system (III.1) with (III.2)

and (III.3).

III.4 Finding Hybrid Limit Cycles

Below we introduce some notation and formulate the common procedure for finding limit
cycles and present an alternative approach. The latter is the main contribution of the paper
and will be discussed later on.

III.4.1 Notation for the parameters of a cycle

Given a shallow slopeψ, a nontrivial symmetric periodic solution of (III.1) is uniquely
defined by the vector of parameters4 p⋆ = [a, b, c, d, e, f, g, h, T ] ∈ R9 consisting
of the half-periodT = Tp/2 > 0 and the following8 constants, denoting the initial and
final states,

q⋆(0+) =
[
q1⋆(0+), q2⋆(0+)

]T

=
[
a, e

]T

q̇⋆(0+) =
[
q̇1⋆(0+), q̇2⋆(0+)

]T

=
[
b, f

]T

q⋆(T−) =
[
q1⋆(T−), q2⋆(T−)

]T

=
[
c, g
]T

q̇⋆(T−) =
[
q̇1⋆(T−), q̇2⋆(T−)

]T

=
[
d, h

]T

.

(III.4)

Five algebraic relations among these eigth parameters can be obtained using the fact
that the jump of the states due to impact is described by algebraic relations (III.2) and
(III.3); the derivations are shown in Appendix A.

III.4.2 Procedures for finding hybrid limit cycles

Solving the continuous-time dynamics described by the differential equations in (III.1),
i.e. the four first-order differential equations, on the time interval0 ≤ t ≤ T one can
obtain the four missing relations for defining the parameters a, b, d, andT of the cycle.
The periodT can be also identified during the numerical integration by the first time a
solution hits the surfaceS given in (III.2). So, the search for a hybrid cycle is converted
into finding a solution (the vector of parameterp∗) for the following problem that can be
treated as a standard optimization routine.

Problem III.1 Find a, b, d, T such thatq̄1(T ) = c, q̄2(T ) = g, ˙̄q1(T ) = d, ˙̄q2(T ) = h,
with algebraic relations (III.13) from Appendix A satisfiedand q̄(t) being the solution
of the differential equations in (III.1) initiated at̄q1(0) = a, q̄2(0) = e, ˙̄q1(0) = b,
˙̄q2(0) = f .

4The parametersa, b, andg here are not related to the notation for the physical lengthsand the gravitational
constant given in Fig. III.1. The physical parameters are notto be used anywhere in the rest of the paper.
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Standard optimization Problem III.1 is typically solved through numerical integration
of the system dynamics.

The following observations allow to proceed in a different way. The continuous sub-
arc of a nontrivial periodic trajectoryq⋆(t) for (III.1), if exists, is a solution of the dif-
ferential equations in (III.1) defined on a finite interval oftime. Therefore, the repetitive
evolution of the generalized coordinates along the cycle can be specified not only as peri-
odic functions of timeq⋆(t) = q⋆(t+Tp) = [q1⋆(t), q2⋆(t)]

T
, ∀ t, but also as functions

of a scalar variable that uniquely defines a particular pointon the continuous sub-arc of
the cycle q1⋆(t) = ϕ1 (θ⋆(t)) , q2⋆(t) = ϕ2 (θ⋆(t)) , for 0 < t < T = Tp/2. The
shape of functionsϕ1(·), ϕ2(·) depends on the way we parameterize points on the trajec-
tory of the cycle in the state space of the walker, but these functions are clearly unique for
each parametrization.

If we assume that the new variableθ⋆ is one of the generalized coordinates, say the
coordinate of stance leg, then the reparameterization results in a new representation

q1⋆(t) = θ⋆(t), q2⋆(t) = ϕ (θ⋆(t)) , for 0 < t < T (III.5)

of the continuous sub-arc of the cycle between two consecutive impacts. The scalar func-
tionsθ⋆(·) andϕ(·) are unknown. To derive equations with respect to these variables, we
can use the dynamics of the robot, i.e. substitute

q1 = θ, q2 = ϕ (θ) (III.6)

into the Euler–Lagrange equations in (III.1) and collect similar terms. The next two sec-
ond order differential equations for the variableθ are obtained from straightforward com-
putations

α1(θ)
d2

dt2
θ + β1(θ)

[
d
dt
θ
]2

+ γ1(θ) = 0 (III.7)

α2(θ)
d2

dt2
θ + β2(θ)

[
d
dt
θ
]2

+ γ2(θ) = 0 (III.8)

where

α1(θ) = −p2 cos(θ − ϕ(θ))ϕ′(θ) + p1

β1(θ) = −p2 sin(θ − ϕ(θ))(ϕ′(θ))2 − p2 cos(θ − ϕ(θ))ϕ′′(θ)
γ1(θ) = −p4 sin(θ)
α2(θ) = −p2 cos(θ − ϕ(θ)) + p3ϕ

′(θ)
β2(θ) = p2 sin(θ − ϕ(θ)) + p3ϕ

′′(θ)
γ2(θ) = p5 sin(ϕ(θ)) .

In a similar way, for a system withn ≥ 2 DOF and0 ≤ m ≤ n − 2 control inputs,
modeling continuous-in-time dynamics of an underactuatedwalker, one would obtain
exactly(n−m) second-order differential equations with the same structure, coefficients
of which would depend on(n − 1) unknown functions and their two derivatives. These
functions describe synchronization among the generalizedcoordinates along a periodic
trajectory and are known as virtual holonomic constraint, see e.g. [109, 133]. The fact
that each of these second-order differential equations is integrable [113] and that they
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possess a common solution allows to obtain a set of new differential equations for the
unknown functions. This is exactly what is done in Appendix Bfor the 2-degrees-of-
freedom system with0 control inputs at hand.

Searching for a limit cycle in terms ofθ⋆(t) andϕ(θ⋆) instead ofq1⋆(t) andq2⋆(t)
results in some numerical simplifications and in the following alternative procedure, de-
veloped in Appendix B.

Problem III.2 Find a, b such thatϕ̄(c) = g and ϕ̄′(c) = h/d with algebraic relations
(III.13) and (III.18) from Appendix A satisfied and̄ϕ(θ) being the solution of the differen-
tial equation

ϕ′′(θ⋆) = f0
(
a, b, θ⋆, ϕ(θ⋆), ϕ

′(θ⋆)
)

(III.9)

initiated at ϕ̄(a) = e and ϕ̄′(a) = f/b, where the expression for the right-hand side is
given in Appendix D.

Solving Problem III.2 is computationally simpler than solving Problem III.1 since the
number of differential equations is reduced as well as the number of free parameters.

Proposition III.1 The set of solutions for Problem III.2 contains all the solutions of Prob-
lem III.1.

Theproofof sufficiency of solving Problem III.2 trivially follows from inspecting the
derivations in Appendix B. The lack of necessity is, roughlyspeaking, due to the fact
that synchronization relations do not take into account thefact that the negative velocities
imply decreasing positions. In fact, half of the solutions for Problem III.2 have been found
extraneous in our numerical search, results of which are reported below.

III.5 Discussion on virtual holonomic constraints

Prior to presenting a description of the numerical results,let us give a few comments.
It is seen that passing from Problem III.1 to Problem III.2, we have achieved reduction

of computational burden in half for our model of the compass-gait walker. What is the
trick? Eliminating one differential equation and one parameter is the result of searching
for a solution in the form without explicit dependence on time. Additionally, it allows to
exploit the fact that the total energy (cf. the conserved quantity (III.16)) depends on the
synchronization functionϕ(θ) and its two derivatives point-wise, and not in a functional
way through integration. Both the number of parameters and the order of the system
of the differential equations needed to be solved are further reduced by one. Note that
reduction of the order for a mechanical system using a conserved quantity is in general
an unsolved problem. The difficulty here is the fact that if one wants to use the energy
as one of the states for a mechanical system, a nontrivial computation of the appropriate
complete coordinate transformation is needed.

However, the main contribution is not simplifying the search procedure but obtain-
ing a useful characterization of the limit cycle. It is important to keep in mind that, for
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instance, gait stability can be analytically verified usingthe knowledge of the computed
virtual holonomic constraint. Namely, knowledge of the functionϕ(θ⋆) allows to analyt-
ically derive coefficients of a linear time-periodic impulsive system, known as transverse
linearization, asymptotic stability of which implies exponential orbital stability of the
limit cycle, see [37] for details.

Note that finding such a constraint using polynomial approximations from a numeri-
cally computed limit cycle is a nontrivial challenge [133, Chapter 6]. Here, for the first
time, such a function is computed as a solution of a differential equation and so it can be
easily and accurately calculated.

Other approaches for analysis of gait stability for the compass-gait biped with and
without actuation has been suggested by many researchers, see e.g. [7,51,133].

It seems that the most promising application of virtual holonomic constraints approach
is using them for stabilization and planning of periodic trajectories by shaping control in-
puts. Typically, the passive gaits have very small regions of attraction5 but clearly require
no control efforts following the trajectory. Hence, it is anattractive and natural idea to
use feedback control for stabilizing a passive unstable gait or for enlarging the region
of attraction for a stable one. A recent breakthrough strategy in walking robot control,
summarized and detailed in [133], uses virtual holonomic constraints together with the
notion of invariant hybrid zero dynamics, introduced in [134]. Invariance of hybrid zero
dynamics allows significant simplification in computation of the Poincaré map that can
be used to verify stability. We show below that in the absenceof shaping control signals,
such a simplification of stability assessment is impossible.

The hybrid zero dynamicsZ associated with the synchronization functionsϕ⋆(θ),
induced by a periodic solution, is defined as the following subset of the state space of the
walker dynamics

Z =
{

[q1, q2, q̇1, q̇2] : q2 = ϕ⋆(q1), q̇2 =
[

d
dq1
ϕ⋆(q1)

]

q̇1

}

(III.10)

and in the vicinity of the cycle it is a two-dimensional smooth sub-manifold of the state
space.

Lemma III.1 For any non-trivial symmetric gait of the compass gait walker (III.1) the
associated hybrid zero dynamics is invariant with respect to the update law due to an
impact.

Theproof is straightforward and uses the following two facts: the switching surface is
invariant with respect to the generalized velocities and the update law is linear in them. It
can be readily generalized to the case with arbitrary numberof DOF. Such a generalization
of this lemma has been implicitly used in [133], where the property is called impact
invariance. The following statement shows that the whole hybrid zero dynamics for a
passive gait cycle is generically not invariant.

5For the example at hand, it can be deduced from the simulation results of Section III.6 observing the
closeness of the stable and unstable limit cycles.
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Proposition III.2 For any non-trivial symmetric gait of the compass-gait walker (III.1),
the associated zero dynamics (III.10) is not invariant withrespect to the vector field of the
continuous-time dynamics of the walker.

The proof is not tightened to the low-dimension dynamics at hand. The statement
immediately follows from the definition of generalized coordinates, since invariance of
a reduced-order manifold implies reduction of the number ofDOF. Hence, the property
called forward invariance in [133, Chapter 6] is generically violated for passive walking
gaits.

The conclusion is that stability of a passive limit cycle cannot be verified using the
technique introduced in [134]. It is remarkable to note thateven one control input allows
to make the passive hybrid zero dynamics invariant, as demonstrated in [135], [133, Chap-
ter 6]. Interestingly enough, forcing the invariance results in a large region of attraction
for the example considered here, which however does not cover the original one. This
leads us to the conjecture that feedback control laws for passive gaits that keep a hybrid
zero dynamics invariant may at some systems fail to enlarging the region of attraction.

III.6 Numerical results of solving Problem III.2

Here we demonstrate the results of solving Problem III.2 forfinding gaits of the pas-
sive walker for the case of the parameters listed in Fig. III.1. The shallow slope for the
compass-gait biped is chosen in the range ofψ ∈ (0, 6] deg which is about the same
interval as discussed in [44]. The initial conditionsq⋆(0+) and q̇⋆(0+), as well as the
half-periodT and the total energyE0 of the found symmetric gaits for this range of the
slope angle are shown in Fig. III.2 and Fig. III.3 as functions ofψ. As seen, two hybrid
limit cycles are found following the proposed arguments. Itturns out that these cycles
can be distinguished by two different solutions ford, which we expected according to the
new procedure developed in Appendix B. For simplicity, the cycles corresponding to the
first solution ford will be denoted as cycle #1, the other ones corresponding to the second
solutiond will be denoted as cycle #2.

Further numerical studies revealed that the limit cycles #2, represented by the dashed
line in Fig. III.2, are always unstable6. The limit cycles #1, represented by the solid line
in Fig. III.2, are exponentially orbitally stable within the intervalψ ∈ (0, ∼ 4.4) deg
and unstable otherwise. For slopesψ ≥∼ 4.4 deg one can notice a change in the stability
properties caused by bifurcation, which makes the limit cycle unstable. This phenomenon
has been already reported in [44] for the compass-gait bipedrobot. As a result of the
bifurcation, the robot exhibits asymmetric gait cycles with i = 2n steps wheren =
{1, 2, 3, ...} grows with increasingψ, ψ ≥∼ 4.4 deg. Note that the initial conditions for
the two obtained cycles are comparably close to each other which indicates a small region
of attraction for stable limit cycles. Fig. III.4 shows somerepresentative simulation results
for the following gait cycles:

6To the best of our knowledge, we are the first to find the second set of limit cycles. We have failed finding
them using the standard procedure.
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(d) Initial velocity q̇⋆,2(0+) for the swing leg.

Fig. III.2: Initial conditions for the two symmetric gait cycles obtained from analysis. Thecy-
cle #2 represented by the dashed line is unstable while the cycle #1 represented by the solid line is
exponentially orbitally stable within the intervalψ ∈ (0, ∼ 4.4) deg and unstable otherwise.

(a) Convergence7 to a stable limit cycle #1 with (this is the same cycle as studied
in [119]):

ψ = 2.87 deg
q(0+) = q⋆(0+) + [0.01, 0.01]T rad≈ [0.22689, −0.30708]T rad
q̇(0+) = q̇⋆(0+) + [0.01, 0.01]T rad/s≈ [−1.07428, −0.38728]T rad/s
Ti = 0.73249 s for i ∈ N after 19 steps.

7Of course, by “convergence” here we mean that the simulated trajectory becomes close to the cycle with a
certain accuracy.
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(b) Divergence from an unstable limit cycle #2 with:

ψ = 2.87 deg
q(0+) = q⋆(0+) ≈ [0.20318, −0.30336]T rad
q̇(0+) = q̇⋆(0+) ≈ [−1.19656, −0.72051]T rad/s
T = 0.58373 s

and convergence to the stable cycle #1 from (a) after 24 steps.
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Fig. III.3: Half-period and total energy of the two symmetric gait cycles obtained from analysis.
The cycle #2 represented by the dashed line is unstable while the cycle #1 represented by the solid
line is exponentially orbitally stable within the intervalψ ∈ (0, ∼ 4.4) deg and unstable otherwise.
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Fig. III.4: Simulation results for particular hybrid limit cycles.
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III.7 Conclusion

We have studied the problem of finding hybrid periodic trajectories for a model of the
compass-gait biped robot, consisting of a 2-DOF continuous-time Euler–Lagrange dy-
namics and an impact modeled by an instantaneous reset map.

Our approach exploits existence of a geometric relation between the two generalized
coordinates along the continuous-time sub-arc of any periodic trajectory. Our compu-
tations lead to a minimization problem, which requires finding two parameters and is
based on solving the found second-order differential equation for computation of the tar-
get functional. Since there are four first-order differential equations in the description of
the dynamics, the burden of numerical computations is reduced by half.

However, the main contribution is the obtained differential equation for the virtual
holonomic constraint. Motivated by recent advances in exploiting such constraints for
feedback control design, we have also studied applicability of the concept of invari-
ant hybrid zero dynamics. It has been verified that, in general, the corresponding two-
dimensional manifold induced by the periodic trajectory isnot invariant.

Finally, we have verified that the proposed computational procedure does work and
allows finding stable as well as unstable limit cycles for a reasonable range of the slopes
of the walking surfaces. Some numerical results have been presented.

Appendix A: Relations among the parameters of a cycle

After each step the robot experiences an impact if it hits theground, i.e. the condition
(III.2) is satisfied. It follows fromq⋆(T−) ∈ S that

cos(c+ ψ) − cos(g + ψ) = 0 (III.11)

Lemma III.2 (Feasible solutions for the impact surface)The impact surface (III.2) de-
fines the condition for impulse effects on the hybrid dynamics of the passive compass-like
biped robot (III.1). The parameterized condition (III.11)gives the following solutions for
the parameterc as function ofg andψ whereq⋆(T−) = [c, g]T :

(a) The solutionc = g is extraneous since in this case withψ = 0, firstly, the relation
c = −g must hold and, secondly, the configuration of the robot wouldbe static
anyway.

(b) Multiple solutions exist in the formc = −g − 2ψ + 2kπ, k ∈ Z where for
the range of the slopesψ ∈ (0, π

2 ), we have feasible configuration angles only
in the case whenc ∈ (−π, 0) for k = 0. and unfeasible ones otherwise, i.e.
c /∈ (−π, 0) for k 6= 0 .

Note that the swing leg of a rigid two-link walker trespassesthe impact surface (III.2)
during one complete step. We assume for our considerations that the compass-gait robot
experiences an impact only when a heel strike occurs.
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The impulse effect (instantaneous change of the states), described by the second equa-
tion in (III.1) together with (III.3), gives the following expressions for the reset states after
impact

[
a
e

]

︸ ︷︷ ︸

q⋆(0+)

=

[
0 1
1 0

] [
c
g

]

︸ ︷︷ ︸

q⋆(T−)

=

[
g
c

]

and

[
b
f

]

︸ ︷︷ ︸

q̇⋆(0+)

= Pq

([
c
g

]

︸ ︷︷ ︸

q⋆(T−)

) [
d
h

]

︸ ︷︷ ︸

q̇⋆(T−)

. (III.12)

Solving the system of five algebraic equations (III.11) and (III.12) in terms ofa, b, d, one
obtains

g = a , c = e = −a− 2ψ, f =
b cos (2a+2ψ) p2−p6d

p3
,

h =
d(p3p7−p6p2)−b(p3p1−p2

2 cos(2a+2ψ))

p3p6
cos(2a+2ψ).

(III.13)

Appendix B: Hunting for cycles using virtual holonomic
constraints

A useful observation is that the second-order nonlinear differential equations (III.7) and
(III.8) can be integrated independent on the from of the coefficient functions as long as
α(θ) 6= 0.

Lemma III.3 (Reduced energy) Along any solutionθ(t) of the nonlinear system

α(θ) θ̈ + β(θ) θ̇2 + γ(θ) = 0 (III.14)

the energy function, if well-defined for some constantx,

Ex(θ, θ̇) =
1

2
exp







θ∫

x

β(τ)

α(τ)
dτ







︸ ︷︷ ︸

Ψx(θ)

θ̇2 +

θ∫

x

γ(τ)

α(τ)
Ψx(τ)dτ

︸ ︷︷ ︸

Πx(θ)

(III.15)

preserves its valueEx

(

θ(t), θ̇(t)
)

≡ Ex

(

θ(0), θ̇(0)
)

. In particular, we have

Ex

(

θ(0+), θ̇(0+)
)

= Ex

(

θ(T−), θ̇(T−)
)

for the the time moments right after an impact and right before the next impact.

See Appendix C for derivation of (III.15).
Both equations (III.7), (III.8) are in the form (III.14); therefore, they have two ener-

gies (III.15) irrespective of the particular form of the unknown functionϕ(·). Having in
mind that dynamics of the walker is not completely integrable, presence of two conserved
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quantities for (III.7), (III.8) is indeed surprising. The explanation for this apparent con-
tradiction is that the conserved quantities are not true first integrals of the system and are
solution dependent.

It is worth to observe that any linear combination of the equations (III.7), (III.8) with
θ-dependent weightsµ1(θ), µ2(θ) has the form of (III.14):

(

µ1(θ)α1(θ) + µ2(θ)α2(θ)
)

θ̈ +
(

µ1(θ)β1(θ) + µ2(θ)β2(θ)
)

θ̇2

+
(

µ1(θ)γ1(θ) + µ2(θ)γ2(θ)
)

= 0

and is integrable, while the integral of the last equation isnot the sum of integrals of
the summands (III.7) and (III.8). For instance, with the weights µ1(θ) = θ, µ2(θ) =
φ(θ) one restores the true energy of the Euler–Lagrange system (III.1), E(q, q̇), when the
generalized coordinates satisfy the relations (III.6), i.e.

E(q, q̇)
∣
∣{

q1=θ, q2=φ(θ), q̇1=θ̇, q̇2=φ′(θ)θ̇
} = E0(θ, θ̇) (III.16)

=
(p1

2
− p2 cos(θ − ϕ(θ))ϕ′(θ) +

p3

2
(ϕ′(θ))2

)

θ̇2

+p4

[
cos(θ) − 1

]
+ p5

[
1 − cos(ϕ(θ))

]

Here the functionE0(·) isEx(·) from (III.15) with x = 0.
If the velocities before and after each impact are non-zero,such thatb 6= 0 andd 6= 0,

then the boundary conditions (III.4) can be rewritten in terms of the virtual holonomic
constraint (III.5) as follows

θ⋆(0) = a, θ̇⋆(0) = b, θ⋆(T ) = c, θ̇⋆(T ) = d
ϕ(a) = e, ϕ′(a) = f/b, ϕ(c) = g, ϕ′(c) = h/d

(III.17)

As Ex(·) keeps its value, see Lemma III.3, one can substitute the relations (III.17)
into the function (III.16) in order to obtain another identity among the parameters of the
cycle (III.4)

E0(c, d) = E0(a, b)
(III.13)

=
p1b

2

2
− p2 cos(a− e)fb+

p3f
2

2
+p4(cos(a) − 1) + p5(1 − cos(e))

(III.18)

As seen, it is a quadratic equation with respect tod; at best it has two real solutions for
given values ofa andb.

Reducing the number of parameters to search for in (III.1) isnot the only benefit of
using virtual constraints. Let us now reduce the number of differential equations needed
to be solved during the search: One can look at the system of differential equations (III.7)
and (III.8) as a system of algebraic equations for the two unknown functions of timėθ2⋆(t)
and θ̈⋆(t). To derive a differential equation for the functionϕ(·) used for reparameteri-
zation of the desired evolution of generalized coordinatesq⋆(t) along the cycle, consider
two cases:
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Case 1: The functionD(θ) := β1(θ)α2(θ)−β2(θ)α1(θ) is separated from zero on
a sub-arc of the cycle, i.e.D(θ⋆(t)) 6= 0 for 0 ≤ t0 ≤ t ≤ t1 ≤ T . For this time interval
[t0, t1] the differential equations (III.7) and (III.8) can be solved as algebraic ones8 w.r.t.
θ̇⋆(t) andθ̇⋆(t) as follows

θ̇2⋆ =
α2(θ⋆)γ1(θ⋆) − α1(θ⋆)γ2(θ⋆)

α1(θ⋆)β2(θ⋆) − α2(θ⋆)β1(θ⋆)
(III.19)

θ̈⋆ =
β1(θ⋆)γ2(θ⋆) − β2(θ⋆)γ1(θ⋆)

α1(θ⋆)β2(θ⋆) − α2(θ⋆)β1(θ⋆)
(III.20)

The equation (III.19) in conjunction with the relation on the energy (III.18) rewritten
as

θ̇2 =
E0(a, b) − p4(cos(θ) − 1) − p5(1 − cos(ϕ(θ)))

p1

2 − p2 cos(θ − ϕ(θ))ϕ′(θ) + p3

2 (ϕ′(θ))2
(III.21)

results in the second order equation for unknown functionϕ(·) given by (III.9).
Case 2: The functionD(θ) := β1(θ)α2(θ) − β2(θ)α1(θ) is zero on a sub-arc of

the cycle, i.e.D(θ⋆(t)) ≡ 0 for 0 ≤ t0 ≤ t ≤ t1 ≤ T . For this time interval the identity
D(θ⋆(t)) ≡ 0 can be used and rewritten as the next differential equation forϕ

ϕ′′(θ) = −p2 sin(θ − ϕ(θ))
(ϕ′)3 p3 − p2 (ϕ′)2 cos(θ − ϕ) − p2 cos(θ − ϕ)ϕ′ + p1

p3 p1 − p2
2 cos2(θ − ϕ)

.

(III.22)
Moreover, multiplying (III.7) byβ2(θ) and subtracting (III.8) multiplied byβ1(θ), one
can observe that for this particular interval[t0, t1] the further identityβ1(θ⋆(t))γ2(θ⋆(t))−
β2(θ⋆(t))γ1(θ⋆(t)) = 0 should hold. It gives the following differential equation forϕ

ϕ′′(θ) = −p2 sin(θ − ϕ(θ))
p5 sin(ϕ(θ)) (ϕ′(θ))2 − p4 sin(θ)

p5 sin(ϕ(θ)) p2 cos(θ − ϕ(θ)) − p4 sin(θ) p3
. (III.23)

Similarly, the identityα1(θ⋆(t))γ2(θ⋆(t)) − α2(θ⋆(t))γ1(θ⋆(t)) = 0 is valid for t ∈
[t0, t1], which gives the first order equation

ϕ′(θ) =
p5 sin(ϕ(θ)) p1 − p4 sin(θ) p2 cos(θ − ϕ(θ))

p5 sin(ϕ(θ)) p2 cos(θ − ϕ(θ)) − p4 sin(θ) p3
. (III.24)

It can be also deduced directly combining (III.22) and (III.23).
It is to verify that under the assumption thatψ and the initial conditions for the limit

cycle are sufficiently small, the right-hand side of (III.24) is positive, and this is in con-
tradiction with the obvious from the physical intuition fact thatϕ′ should be negative at
the time of impact. Hence,Case 2is impossible for our system and will be dropped from
the consideration.

The arguments above can be summarized as a new procedure to find limit cycles for
symmetric gaits of the passive compass-gait biped as described in Problem III.2 above.

8Multiply (III.7) by α2(θ) and subtract (III.8) multiplied byα1(θ) to obtain (III.19); for (III.20), multiply
(III.7) by β2(θ) and subtract (III.8) multiplied byβ1(θ).
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Appendix C: Energy-like function

Multiplying (III.14) by the scalar integrating factorµ(θ) yields

µ(θ)α(θ) θ̈ + µ(θ)β(θ) θ̇2 + µ(θ)γ(θ) = 0 .

Let us rewrite it in the form of Lagrangian dynamics asd
dt

[
∂L(θ,θ̇)

∂θ̇

]

− ∂L(θ,θ̇)
∂θ

= 0

with the Lagrangian given byL(θ, θ̇) = 1
2 M(θ) θ̇2 − V (θ) and the total energy being

Ex(θ, θ̇) = 1
2 M(θ) θ̇2+V (θ) where nowM(θ) = µ(θ)α(θ) andV (θ) =

∫ θ

x
µ(τ)γ(τ) dτ .

It follows that

d
dt

(

µ(θ)α(θ)θ̇
)

+ µ(θ)γ(θ) = 0

µ(θ)α(θ)θ̈ + (µ(θ)α′(θ) + µ′(θ)α(θ)) θ̇2 + µ(θ)γ(θ) = 0 ,

which defines the equation for the coefficientµ(θ)β(θ) = µ(θ)α′(θ) + µ′(θ)α(θ). After

separating the variablesµ
′(θ)

µ(θ) = β(θ)
α(θ) −

α′(θ)
α(θ) and integrating overθ, we get

µ(θ) =
α(x)µ(x)

α(θ)
exp

{
∫ θ

x

β(τ)

α(τ)
dτ

}

.

Substitutingµ(θ) (with µ(x)α(x) = 1) into the energy expression yields (III.15).

Appendix D: Right-hand-side for the main procedure

f0(a, b, θ, ϕ(θ), ϕ′(θ)) =
(

−2(−p2(ϕ
′(θ))(ϕ′(θ)+1) cos(θ−ϕ(θ))+p1+p3(ϕ

′(θ))3)
(
p4+

E0 − p5 + p5 cos(ϕ(θ)) − p4 cos(θ)
)
p2 sin(θ − ϕ(θ)) − (−p2(p5 sin(ϕ(θ))ϕ′(θ) +

p4 sin(θ)) cos(θ−ϕ(θ))+p5 sin(ϕ(θ))p1+p3p4(ϕ
′(θ)) sin(θ))(p1−2p2 cos(θ−ϕ(θ))ϕ′(θ)+

p3(ϕ
′(θ))2)

)

/
(

2(p3p1−p2
2(cos(θ−ϕ(θ)))2)(p4+E0−p5+p5 cos(ϕ(θ))−p4 cos(θ))

)

,

with E0 = E0(a, b) given in (III.18).
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Parallel Elastic Actuators as a Control Tool for PreplannedTrajectories of Under-
actuated Mechanical Systems

Abstract — A lack of sufficient actuation power as well as the presence of passive
degrees of freedom are often serious constraints for feasible motions of a robot. Installing
passive elastic mechanisms in parallel with the original actuators is one of a few alterna-
tives that allows for large modifications of the range of external forces or torques that can
be applied to the mechanical system. If some motions are planned that require a nominal
control input above the actuator limitations, then we can search for auxiliary spring-like
mechanisms complementing the control scheme in order to overcome the constraints. The
intuitive idea of parallel elastic actuation is that spring-like elements generate most of the
nominal torque required along a desired trajectory, so the control efforts of the original
actuators can be mainly spent in stabilizing the motion. Such attractive arguments are,
however, challenging for robots with non-feedback linearizable non-minimum phase dy-
namics that have one or several passive degrees of freedom. We suggest an approach to
resolve the apparent difficulties and illustrate the methodwith an example of an under-
actuated planar double pendulum. The results are tested both in simulations and through
experimental studies.

Keywords — Compliant Actuators, Underactuated Mechanical Systems,Motion Plan-
ning, Walking Robots, Virtual Holonomic Constraints

IV.1 Introduction

In robotics applications there is typically a tradeoff between the desire for high perfor-
mance robots and constraints of the construction such as limited space, expected mass
distribution, power consumption, transmission lines, system stiffness, etc. [101]. Model-
based approaches for motion planning and synthesis of feedback controllers become in-
dispensable tools for predicting feasible and realizable behaviors. Apart from limitations
due to design of the robot, the set of achievable trajectories is always restricted by the
available power of the chosen actuators. The constraints are even more challenging to
treat whenever the robot has passive degrees of freedom.

What options do we have if we need a robot to follow some trajectories that require
more mechanical power than available? Instead of redesigning the whole robot or replan-
ning trajectories, it makes sense to investigate the possibility of installing some passive
elastic elements (mechanical compliance) in parallel with the actuators such that addi-
tional mechanical power is provided along the target motion. Mechanical springs are
fairly cheap and light-weighted devices that exert well-defined forces during operation
whenever kept within the deformation limits [103]. They offer great functionality at low
cost, which makes them attractive for robotics applications.

An important application field of elastic elements are statically balanced mechanisms
that aim for gravity compensation so that the potential energy is constant in any configu-
ration of the robot. The 3-degree-of-freedom (DOF) articulated four-bar link manipulator
of [70] is an example for a mechanical design without counterweights or springs, whereas
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the 4-DOF anthropomorphic robot arm of [122] is an example composed of two springs
for gravity equilibration and pneumatic artificial musclesfor shaping the potential energy
field by adjustment of joint stiffness. A thorough treatmentof spring balancers is pro-
vided by [49] and a brief overview of relevant methods can be found in [4]. Once the
influence of gravity on the system dynamics is removed, statically balanced robots have
an advantage working with much lower levels of torques for controlling motions.

However, since gravitational forces can be naturally used for accelerating the links, it
might be unwise to have the robot statically balanced for certain trajectories. Dynamic
balancing goes one step further than static balancing requiring the total angular momen-
tum of the moving links to be conserved with respect to the base [42]. It helps to eliminate
vibrations, which is typically approached by using counter-masses and counter-rotations
at the price of adding mass and inertia to the system [123].

Spring mechanisms are also considered very useful within the legged locomotion re-
search community, whereas the robot design usually aims forperiodic gaits at low energy
cost. The function of springs in legged robots is inspired bythe natural locomotion of
animals, where the principal springs are elastic fibers, theso-called tendons, connected
mostly in series with muscles. Interesting analogies between the locomotion of animals
and conceptional robots are presented by [2]. Running animals and robots can save energy
by bouncing along on springs that temporarily store the total energy at ground contact, just
like a pogo stick. The use of return springs saves energy and maintains the swinging of
the legs back and forth. Among others the nextcompliant actuatorshave been developed
for a cost efficient motion control that maintains some levelof robot versatility:

• Series Elastic Actuators (SEA) with fixed stiffness providing low impedance, high
force-fidelity, low friction, and good bandwidth [97], e.g.used in the biped “Flame”
from Delft University of Technology [53];

• Biologically inspired antagonistic setups with adjustable joint stiffness, e.g. the Ac-
tuator with Mechanically Adjustable Series Compliance (AMASC) [61] and McK-
ibben type or Pleated Pneumatic Artificial Muscles (PPAM) [129];

• Actuators that can adjust the structure of the effective spring, e.g., the Mechanical
Impedance Adjuster [92];

• Actuators with mechanically adjustable stiffness, e.g. the Mechanically Adjustable
Compliance and Controllable Equilibrium Position Actuator (MACCEPA) [124].

In this paper we present a new approach for utilizing joint compliance in parallel with
actuators. It is done under the assumptions that the target motion of the robot is already
specified or preplanned prior to the installation of such auxiliary compliant devices and
that the robot has some passive degrees of freedom. The objective of this development is
to characterize robot motions and suggest a subsequent procedure for designing auxiliary
parallel compliances that reduce the control efforts of themain actuators along a prede-
fined trajectory. Different arguments can be used for designing and optimizing these de-
vices. Here we follow the intuitive idea of having spring-like elements generating most of
the nominal torque of the target motion, while the control efforts of the original actuators
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are spent mainly in achieving feedback stabilization and uncertainty compensation. This
allows theparallel elastic actuatorto be configured for specific sets of trajectories. As a
result, it is expected that the energetic cost for performing especially periodic motions can
be significantly reduced. Clearly, a robot with such actuator modifications might suffer
from reduced versatility, but it can be restored by activelyadjusting the joint compliance
using setups such as AMASC, PPAM, or MACCEPA listed above. However, the use of
a fixed stiffness is advised for certain trajectories, sincethe energetic cost for changing it
might be too high during the motion [125].

Spring mechanisms have been also used for controlling underactuated robots. For
instance, the recent underactuated biped “ERNIE” from OhioState University is equipped
with a parallel knee compliance in order to reduce the energetic cost of walking [140].
However, the spring constant and equilibrium position of this mechanism are parameters
of the gait synthesis, which, in turn, is subject to design specifications imposed by the
control strategy. It should be clearly understood that in our approach the target motion is
already given or preplanned and we want to employ a spring mechanism, if technically
feasible, in such a way that it contributes to the reduction of the required nominal torque
from the original actuator. Loosely speaking, we interpretspring-like elements working
as part of the control law that can be considered as an additional mechanical feedback
complementing the actuation.

The rest of the paper is organized as follows. In Sec. IV.2 we discuss the role of
parallel joint compliance for a human-like walking robot that is supposed to reproduce
a particular trajectory from recorded human motions. In order to demonstrate the use
of a parallel elastic actuator we consider an underactuatedplanar two-link robot, the so-
called Pendubot, in our main study. The system dynamics of the Pendubot as well as
properties of the applied spring mechanism are described inSec. IV.3. The virtual holo-
nomic constraints approach, recently developed in [109, 112], is used in Sec. IV.4 and
Sec. IV.5 as analytical tool to parameterize, plan, and orbitally stabilize a periodic tar-
get motion. Mechanical springs are chosen according to the preplanned motion such that
the control efforts on the actuator get reduced when installed in parallel. The controller
design steps are just briefly commented on since the underlying theory has been already
applied in [36]. Experimental results for the forced periodic trajectory are finally shown
in Sec. IV.6. The paper ends with a discussion and concludingremarks.

IV.2 Motivation

Let us examine the potential use of parallel elastic actuators by an example of a biped
robot supposed to reproduce a human walking gait. Here, the recording of a real gait
trajectory of a test person is given and we want the robot to perform this motion as-
suming similar dimensions and mass distribution2. A 7-DOF model (see Fig. IV.1(a))
approximates the major dynamics during the single support phase of human walking in
the sagittal plane. It should be noted that motion planning and control techniques are

2One can also think of a related tasks such as controlled rehabilitation device attached to the human body or
controlled prosthetic limbs that allows human-like walking.
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(a) Schematic of a planar 7DOF humanoid robot.
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(b) Typical torque profiles w.r.t. the joint angles.
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(c) Reduced torque using a linear spring at the knee
joint q2R of the stance leg.
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(d) Reduced torque using a linear spring at the hip
joint q3 between stance leg and upper body.

Fig. IV.1: A planar walking robot during single support phase and typical torque profiles along
the motion. Introducing torsional springs in parallel to some joints can reduce the control efforts
significantly.
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challenging tasks due to the underactuated nature of the system3.
In order to explore the possibility of using spring mechanisms in parallel with the

actuators, we must look at the nominal torques required along a preplanned motion with
respect to the corresponding joint variables. Typical torque profiles for the single sup-
port phase of walking are depicted in Fig. IV.1(b) based on the gait analysis of a test
person [91]. By comparing the torque profile of a simple torsional spring with the plots
in Fig. IV.1(b), it seems qualitatively meaningful to complement the actuation of some
joints by spring mechanisms. Indeed, one can already achieve a significant reduction of
controlled torques for the knee jointq2R of the stance leg and the hip jointq3 between
stance leg and upper body by using linear springs. The springcoefficients can be chosen
such that the nominal torques get minimized. This is illustrated in Fig. IV.1(c) and (d),
where the achievable reduction in the two cases is as follows:

• For the knee jointq2R: 3 times in the maximum torque (roughly from 120 Nm to
40 Nm) and about 1.8 times in torque range (roughly from 140 Nmto 80 Nm).

• For the hip jointq3: 2 times in the maximum torque (roughly from 40 Nm to 20 Nm)
and 2 times in torque range (roughly from 60 Nm to 30 Nm).

Clearly, the reduction of control torques is significant andsaves a certain portion of me-
chanical power at the corresponding motors.

In the next sections we further elaborate on the idea of usingmechanical springs
complementing the actuation. The investigation and experimental studies are carried out
for a planar two-link robot with actuation only at the first joint.

IV.3 Pendubot Setup

IV.3.1 Pendubot Dynamics

The underactuated planar two-link robot, the so-called Pendubot, and the additional spring
mechanism are depicted in Fig. IV.2. The system dynamics without springs is given by
the following Euler–Lagrange equation [117]

M(q)

[
q̈1
q̈2

]

+ C(q, q̇)

[
q̇1
q̇2

]

+G(q) =

[
τ
0

]

(IV.1)

with the inertia matrix

M(q) =

[
p1 + p2 + 2p3 cos(q2) p2 + p3 cos(q2)

p2 + p3 cos(q2) p2

]

,

the matrix corresponding to Coriolis and centrifugal forces

C(q, q̇) =

[
−p3 sin(q2)q̇2 −p3 sin(q2)(q̇1 + q̇2)
p3 sin(q2)q̇1 0

]

,

3A procedure that describes and plans human-like motions is suggested in [91] based on invariant geometric
relations among the generalized coordinates, known as virtual holonomic constraints, extracted from recordings
of a human movement.
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Fig. IV.2: Pendubot and spring mechanism in parallel with the actuator designed by A. Sandberg
and S. Elmå from Umeå University.

and the gravitational torque vector

G(q) =

[
p4 cos(q1) + p5 cos(q1 + q2)

p5 cos(q1 + q2)

]

.

Here, q represents the joint variables andτ is the controlled input torque for the first
link, whereas the second link is not actuated. The physical model parameters (given in
Table IV.1) are combined to

p1 = m1r
2
1 +m2l

2
1 + Jc1 = 0.0319 kg m2

p2 = m2r
2
2 + Jc2 = 0.0092 kg m2

p3 = m2l1r2 = 0.01 kg m2

p4 = (m1r1 +m2l1)g = 1.2954 Nm
p5 = m2r2g = 0.3915 Nm .

Lengths, masses, and distances to the respective centers ofmass are measured, whereas
corresponding inertias are identified experimentally.

With a maximum torque ofτmax = 0.22 Nm the actuator in our setup is weak com-
pared with the rather large masses to be accelerated. We clearly face problems of imple-
menting some desired motions. Therefore, a spring assemblyis installed in parallel with
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Table IV.1: Physical Parameters of the Setup.

Parameter First Link Second Link
Length l1 = 0.25 m l2 = 0.25 m
Mass m1 = 0.374 kg m2 = 0.232 kg
Distance to CoM r1 = 0.198 m r2 = 0.172 m
Inertia about CoM Jc1 = 0.0027 kg m2 Jc2 = 0.0023 kg m2

Gravitational constant g = 9.81 m/s2

Spring assembly r1 = r4 = 0.045 m , r2 = r3 = 0.03 m
L0 = 0.055 m

the motor to enhance the overall actuation. We show below howthe spring configuration
can be tuned for a particular motion.

IV.3.2 Spring Mechanism in Parallel with the Actuator

Various compression springs can be installed in the spring assembly as shown in Fig. IV.3(a).
The torque about the first joint that is delivered by installing individual springs on the bot-
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(a) Schematic (front view).
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(b) Generated torque of two standard springs with a
constant of471 N/m when symmetrically installed on
the inner or outer lever.

Fig. IV.3: Configurable spring mechanism in parallel with the actuator.

tom{c1B , c2B , c3B , c4B} and on the top{c1T , c2T , c3T , c4T } is computed as follows

τc(ϕ) =







τc1T
(ϕ) + τc2T

(ϕ)
+τc3B

(ϕ) + τc4B
(ϕ)

}

for ϕ < 0

−τc1B
(ϕ) − τc2B

(ϕ)
−τc3T

(ϕ) − τc4T
(ϕ)

}

for ϕ > 0 ,
(IV.2)
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where fori = 1..4

τci{B,T}
(ϕ)=Fi{B,T} cos

(

|ϕ| + arccos
(

L0−sin(|ϕ|)ri

si{B,T}

))

ri

Fi{B,T}(ϕ) = ci{B,T}(L0 − si{B,T})

siB(ϕ) =
√

(L0 − sin(|ϕ|)ri)2 + (ri(1 − cos(ϕ)))2

{s1T = s4B , s2T = s3B , s3T = s2B , s4T = s1B} .

In the coordinate system of the Pendubot, the joint angleϕ is given by

ϕ = π/2 + q1 . (IV.3)

The generated torque with respect to the joint angleϕ is shown in Fig. IV.3(b) exemplified
for a configuration of some available standard springs, namely c1B = c4B = 471 N/m
andc2B = c3B = 471 N/m, respectively. Note that installing the same springs atthe top
of the spring assembly instead of the bottom results in the same torque function.

It is clear that the dynamics of our original system (IV.1) changes by installing some
springs acting on the first link. Basically, an additional potential torque (IV.2)–(IV.3)
is introduced to the system dynamics such that the gravitational torque vector changes
accordingly to

Gc(q) = G(q) −
[
τc(q1)

0

]

. (IV.4)

Since the new term can be seen as part of the control input, it does not influence mo-
tion planning for our original mechanical system, which is presented in the next section.
However, it necessarily plays some role in the feedback control action when the spring
mechanism is engaged.

IV.4 Motion Planning

IV.4.1 Virtual Holonomic Constraints

The virtual holonomic constraints approach is a generic tool for motion planning and
control, especially for underactuated systems. The main idea is to specify any somewhat
coordinated motion as a geometric function of the generalized coordinates [3]. If this
function is preserved by some control action along solutions of the closed-loop system,
it is called avirtual holonomic (geometric) constraint[112, 133]. Let us choose a scalar
function of coordinates or possibly one of the coordinates itself as an independent variable
θ that parameterizes the motion. In case of the Pendubot the virtual holonomic constraint
takes the form [

q1
q2

]

:= Φ(θ) =

[
φ1(θ)
φ2(θ)

]

. (IV.5)

Note that the function (IV.5) can be derived either by observation of a real motion, by
analytical design procedures, or by numerical search.

Suppose that there exists a control lawτ∗ for the controlled input torqueτ of the under-
actuated Euler–Lagrange system (IV.1) that makes the virtual holonomic constraint (IV.5)



148 IV. Parallel Elastic Actuators as a Control Tool

invariant, then the overall closed-loop system can be represented by reduced order dy-
namics of the form

α(θ) θ̈ + β(θ) θ̇2 + γ(θ) = 0 . (IV.6)

The solutions of this virtually constrained system define achievable motions of the robot
with precise synchronization given by (IV.5). It means thatthe whole motion is param-
eterized by the evolution of the chosen configuration variable θ. The smooth functions
α(θ), β(θ) andγ(θ) of the reduced dynamics (IV.6) can be computed as follows [112]:

α(θ) = B⊥M (Φ(θ)) Φ′(θ)

β(θ) = B⊥
[

C (Φ(θ),Φ′(θ)) Φ′(θ) +M (Φ(θ)) Φ′′(θ)
]

γ(θ) = B⊥G (Φ (θ)) ,

whereB⊥ is associated with the non-actuated coordinate of the givensystem; in the case
of the PendubotB⊥ = [0, 1]. Note that the reduced order dynamics (IV.6) is always inte-
grable, providedα(θ) 6= 0, which is a useful property for motion planning and feedback
control design [109].

Eventually, one can also compute the nominal control inputτ∗ required to generate
a desired motion of the robot by substituting a solutionθ = θ∗(t) of (IV.6) into the
relations (IV.5) and the system dynamics (IV.1):

τ =

[
1
0

]T [

M(q)q̈ + C(q, q̇)q̇ +G(q)
]∣
∣
∣ q = Φ(θ)

q̇ = Φ′(θ)θ̇

q̈ = Φ′′(θ)θ̇2+Φ′(θ)θ̈ .

(IV.7)

IV.4.2 Periodic Motions of the Pendubot

A procedure for finding periodic motions of the Pendubot is described next. The first
step is to define a virtual holonomic constraint (IV.5). We are choosing a linear relation
between the coordinatesq1 andq2 with q2 := θ as independent parameterization variable:

[
q1
q2

]

:= Φ(θ) =

[
q10 + k(θ − q20)

θ

]

. (IV.8)

For such a choice, existence of periodic orbits of (IV.6) around a chosen equilibrium
(q10, q20) can be proved as discussed in [36].

Let us focus on periodic motions about thedownward-downward equilibriumof the
Pendubot, i.e. (

q10 = −π
2
, q20 = 0

)

. (IV.9)

With a choice of
k = 0.4 (IV.10)

in the linear relation of the virtual holonomic constraint (IV.8), we obtain closed tra-
jectories for the reduced dynamics (IV.6) around the equilibrium (IV.9) as shown in
Fig. IV.4(a). The resulting oscillation has an apparent resemblance to a swing leg mo-
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Fig. IV.4: Virtually constrained periodic motions of the Pendubot about the downward-downward
equilibrium with(q10 = −π

2
, q20 = 0) andk = 0.4. The bold line represents the desired motion.

tion during human walking gaits; as an abstraction of the swinging leg, one can view the
upper leg being actuated at the hip joint while the lower leg is not or at most weakly actu-
ated by the knee. All these periodic orbits represent achievable motions of the Pendubot
with certain amplitude and period. Not all of those, however, could be easily realized by
the present actuator. The torque required for any desired motion is computed by (IV.7).
The torque profiles associated with the solutions of the reduced dynamics are shown in
Fig. IV.4(b) with respect to the actuated joint angleq1; this representation can be advan-
tageously used to shape the stiffness of the spring mechanism at the joint.

Considering the nominal open-loop torques associated withachievable motions also
requires a closer look at the available actuation power. In our setup there is a saturation
level of τmax = 0.22 Nm for the maximum torque of the motor, i.e. not all motions
depicted in Fig. IV.4 are feasible. Let us choose the following time periodic solution
of (IV.6) with virtual holonomic constraints (IV.8)–(IV.10):

θ∗(t) = θ∗(t+ T ) :

{

(θ∗(0), θ̇∗(0)) = (0.65 rad, 0 rad/s)
T = 1.1336 s.

(IV.11)

that can be still performed within the available actuation power (see bold line in Fig. IV.4).
Note that the planned trajectory is not a motion of the natural open-loop system and thus
must be enforced with considerable control effort, which serves our study in this paper.

The main task now is to tune the passive elements of the springassembly (see Sec. IV.3.2)
for the particular trajectory defined by (IV.11). We are aiming for reduction in the control
effort on the original actuator by contributive spring torques.

IV.4.3 Contribution of Springs to the Required Torque

A qualitative plot of torques generated by standard compression springs is shown in
Fig. IV.3(b). There are various configurations for the spring assembly and we have to
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select one that gives a suitable curve close to the nominal torqueτ∗ associated with the
desired periodic motion (IV.11) in Fig. IV.4(b). An ideal choice for a simple torsional
spring would be the linear approximation of the nominal torque which, in this case, yields
a spring constant of 0.75 Nm/rad. In our setup we use linear springs acting on a lever; we
pick an available standard type with

c1B = c4B = 471 N/m , (IV.12)

giving a satisfying functionτc in the interval ofq1 relevant for the motion. Note that one
can also use the derivative of the nominal torque with respect to the joint angle in order to
find the optimal spring rate along the motion.

The torque from the springs becomes part of the control inputto the first link such
that the nominal torque required from the motor will be reduced to

τred = τ∗ − τc . (IV.13)

In Fig. IV.5(a) it can be seen that the reduced motor torque ismuch less than the nominal
torque required for the motion by introducing the springs inparallel. Looking at the
absolute mechanical power (see Fig. IV.5(b)) that was used over one period, indicates that
there has been a remarkable reduction of energy expenditureto

PN
red,T =

∫ T

t=0
|τred q̇1∗| dt

∫ T

t=0
|τ∗ q̇1∗| dt

= 26% .
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Fig. IV.5: Reduction of torque and mechanical power for the desired motion by introducing addi-
tional spring actuators.

At this point we should also look at the equation of motion of the first link (first row
of (IV.1)) when the springs (IV.12) are installed, which changes the gravitational term
according to (IV.4). In Fig. IV.6 the reduced torqueτred is depicted for the target motion
together with the terms it is composed of. We clearly see thatthe gravitational torque
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is useful to compensate for the inertial torque of our system. Otherwise the actuator
would have to provide substantial torque to realize the desired motion. Hence, a gravity
compensation scheme, such as static balancing, is not helpful at all in this case.
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Fig. IV.6: Reduced torqueτred w.r.t. joint angleq1 together with inertial, centrifugal, and gravita-
tional terms when springs are installed. For this motion the gravitational torque is clearly useful to
compensate for the inertial torque.

IV.4.4 Generic Motion Planning Procedure with Subsequent Spring
Selection

Let us summarize the procedure of parameterizing a particular motion and the subsequent
selection of springs by the following steps:

1. Find a virtual holonomic constraint (IV.5) for synchronization among the general-
ized coordinates (analytically, numerically, or by observation).

2. Choose a desired trajectory of the reduced order closed-loop dynamics (IV.6).

3. Compute the nominal torque associated with the desired trajectory (IV.7).

4. Select or design a spring mechanism, if technically feasible, that contributes to the
nominal actuation torque.

The whole motion-planning procedure is based on the assumption that virtual con-
straints can be imposed on the system dynamics by a feedback control action. This will
be briefly discussed next.

IV.5 Control Concept with Springs

The design step after successful motion planning is the synthesis of a feedback controller
with the objective to achieve contraction to the desired trajectory and to diminish effects
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of disturbances, uncertainties in modeling, errors in parameter estimates, etc. In our study
a state-feedback controller is designed based on computinga transverse linearization of
the robot dynamics along the desired trajectory (see details in [109]). For the sake of con-
venience we will not discuss the derivation of the feedback control law within the context
of this paper. However, the necessary feedback transformation that partly linearizes the
system dynamics (IV.1) is given in the Appendix. The controlled input torque is then
computed as a function of the states and the virtual control signalv:

τu = f(q, q̇, v) . (IV.14)

We havev = 0 for perfectly invariant constraintsq = Φ(θ⋆) andq̇ = Φ′(θ⋆)θ̇⋆ such that
the feedback transformation (IV.14) is equal to the nominaltorque (IV.7) in that case.

Recall that the nominal torque associated with our preplanned motion (IV.11) is re-
duced toτred by employing the springs (IV.12) in parallel with the actuator. The dynamics
of the Pendubot (IV.1) is reshaped in terms of (IV.4). In fact, the torqueτc that is generated
by the springs can be interpreted as mechanical feedback additionally to the stabilizing
torque from the motorτu. It means that the controlled torqueτ of the original dynamics
is now composed of

τ = τu + τc . (IV.15)

A general schematic of the control concept with parallel elastic actuation is depicted in
Fig. IV.7. Eventually, we expect a significant reduction of mechanical power to be deliv-
ered by the motor when the actuation is complemented by a suitable spring mechanism.
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Fig. IV.7: Schematic of the control concept with mechanical feedback from springs.

IV.6 Experimental Results

IV.6.1 Setting for Experimental Tests

The experimental tests are carried out on the real-time platform dSPACE 1104 at a sam-
pling time of 0.001 s. The angular positionsq1 and q2 of the two links are measured
by encoders with resolutions of 4096 and 3600 pulses per revolution, respectively. The
angular velocities are estimated asˆ̇q1 and ˆ̇q2 based on second-order linear high-gain ob-
servers [71]. The employed feedback control law achieves stabilization of the transverse
dynamics of the robot along the desired trajectory (IV.11) (see details in [109]).
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Since there are frictional torques present in the real setup, one has to apply a friction
feed-forward compensation scheme together with the stabilizing controller. While there
is significant friction in the first joint, mostly induced by the motor, the friction in the
second joint is negligible. In our case we use a static map with estimated Coulomb and
viscous properties:

τF = FC(ˆ̇q1) + FV
ˆ̇q1 ,

where the levels of Coulomb friction are slightly differentfor positive and negative veloc-
ities

FC(ˆ̇q1) =

{
FCp for ˆ̇q1 > 0

−FCn for ˆ̇q1 < 0 .

The following values were identified in experiments:

FCp = 0.021 Nm , FCn = 0.014 Nm , FV = 0.002 Nm s.

IV.6.2 Experimental Results without Springs
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Fig. IV.8: Experimental results of virtually constrained oscillations without using springs.
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Let us first look at experimental results of performing the preplanned motion (IV.11)
without any contribution from springs (see Fig. IV.8). It isclearly seen that the motor op-
erates close to its saturation limits (Fig. IV.8(d)). As expected, the applied motor torque
shows a hysteresis behavior around the nominal torque whichis due to the presence of
friction, model uncertainties, delays, etc. We can also observe a mismatch between the
desired periodic motion and the one from experiment. In particular, the achieved ampli-
tudes of the angular positions are about 15% less for the actuated jointq1 and about 3%
less for the passive jointq2 (Fig. IV.8(c)).

IV.6.3 Experimental Results with the Passive Elastic Actuator
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Fig. IV.9: Experimental results of virtually constrained oscillations using the parallel elastic actu-
ator (spring configuration:c1B = c4B = 471 N/m).

In Fig. IV.9 the experimental results are shown for performing the preplanned mo-
tion (IV.11) with contributive spring torques generated by(IV.12). The controller was
able to stabilize the desired motion with less control effort compared with the experiment
without springs (Fig. IV.9(d)). It is clearly seen that the springs reduce the motor torque
significantly which saves some mechanical power at the motor. Note that the real motion
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is also much closer to the preplanned one in terms of period and amplitude of the oscilla-
tions. In particular, the mismatch in amplitudes for the angular positions is substantially
smaller (5% forq1 and 1% forq2) compared with the experiment without springs. The
motion satisfies well the desired virtual holonomic constraint (Fig. IV.9(c)). The overall
performance clearly improved in the experiment with the parallel elastic actuator.

IV.7 Discussion and Conclusions

In this paper we have demonstrated a conceptional procedureto make use of passive
spring-like elements in parallel with actuators for underactuated systems. An example of
a walking robot supposed to reproduce a human gait illustrates the potential use of such
parallel elastic actuators. It turns out that the energeticcost along a preplanned motion
can be significantly reduced when employing spring mechanisms with appropriate torque
profiles at the actuated joints. The reason lies within the fact that the potential energy of
the system along the motion can be directly reshaped. The numerical study and successful
experimental tests have been performed for an underactutated planar two-link pendulum:
the so-called Pendubot. We have suggested a control approach that combines mechanical
feedback through spring mechanisms with orbitally stabilizing feedback control provided
by an electric motor, whereas the passive joint remains unchanged. Such scheme is par-
ticularly interesting for robots with target motions that are not feasible due to limitations
of actuators or when gear boxes are to be avoided.

It should be noted that it is not possible to find spring configurations that give arbitrary
qualitative and quantitative torque functions, which means that spring mechanisms are not
always an option for complementary actuation. The problem of constructing mechanically
intelligent devices that allow us to shape desired torque functions shall be addressed to the
applied mechanics community. Moreover, mechanisms with position dependent clutch
function are desired, for instance, in case of the illustrated walking robot, since the spring
device in the knee joint would be only needed for the stance leg but not when it becomes
the swing leg.

It is clear that spring mechanisms will be configured for specific sets of trajectories.
They are particularly useful for repetitive or cyclic robotmotions. Versatility of the robot
can be obtained by actively adjusting the joint compliance using setups such as AM-
ASC or MACCEPA. However, the main point of this investigation is to show that, even
for underactuated systems, the energetic cost for performing preplanned motions can be
significantly reduced when suitable spring mechanisms are used in parallel with the actu-
ators.

Appendix: Feedback Transformation

The key procedure for deriving a stabilizing controller is based on computing a transverse
linearization of the robot dynamics along the desired trajectory (see details in [109]).
Here, we only show the formulas describing the necessary feedback transformation.
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Let us introduce new independent coordinates for the Pendubot (IV.1):

y = q1 − φ1(θ) and θ ,

wherey gives the synchronization error for the virtual holonomic constraints defined
by (IV.8). The first and second time derivatives ofy and θ are related to the original
coordinatesq and their time derivatives as follows

q̇ = L(y, θ)

[
ẏ

θ̇

]

, q̈ = L(y, θ)

[
ÿ

θ̈

]

+ L̇(y, θ)

[
ẏ

θ̇

]

,

where L(y, θ) =

[
1 φ′1(θ)
0 1

]

.

With the change of generalized coordinates the dynamics ofy takes the form

ÿ = R(y, θ, ẏ, θ̇) +N(y, θ) τ = v ,

where
R = [1, 0] L−1(y, θ)

(

M−1(q) [−C(q, q̇)q̇ −G(q)]

−L̇(y, θ)

[
ẏ

θ̇

])
∣
∣
∣
∣ q = Φ(θ) +

[
y

0

]

q̇ = L(y, θ)

[
ẏ

θ̇

]

N = [1, 0] L−1(y, θ)

[

M−1(q)

[
1
0

]]∣
∣
∣
∣

q = Φ(θ) +

[
y

0

]

.

Hence, the virtual control signalv can be used for stabilization of a preplanned trajectory.
The feedback transformation4

τ = N−1(y, θ)
[

v −R(y, θ, ẏ, θ̇)
]

associatesv with the corresponding input torqueτ .
The remaining steps of the constructive control design procedure are discussed in

[109] for a class of underactuated mechanical systems and in[36] for the Pendubot.

4For simplicity we assume here that the matrixN is non-singular in a vicinity of the desired trajectory so
that the feedback transformation is well-defined.
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Optimal Ball Pitching with an Underactuated Human-Like Arm

Abstract — A new approach for solving an optimal motion planning problem for a
simplified 2-degrees-of-freedom model of a human arm is proposed. The motion of inter-
est resembles ball pitching. The model of a planar two-link robot is used with actuation
only at the shoulder joint and a passive spring at the elbow joint representing the stiff-
ness of the arm. The goal is formulated as finding a trajectoryand the associated torque
of the active joint that maximizes the velocity of the end effector in horizontal direction
at the moment of crossing a vertical ball-release line. The basic idea is to search for an
optimal motion parametrized by the horizontal displacement of the end-effector from the
start point to the release point. The suggested procedure leads to analytical expressions
for the coefficients of a nonlinear differential equation that governs the geometric relation
between the links along an optimal motion. The motion planning task is reformulated to
a finite-dimensional search for the corresponding initial conditions.

Keywords — Underactuated Mechanical Systems, Optimal Control, Motion Planning

V.1 Introduction

How do humans pitch a ball? What is the motor control pattern associated with the mo-
tion? How to train an athlete in order to optimize the trajectory? These are questions
that can be of interest in research fields ranging from medical science to engineering in
robotics and control.

In order to approach these questions we suggest an analyzingprocedure for a simple
but still representative model that describes the dynamical interaction of the main parts
of the human body involved in the movement. For the pitching motion we will use the
model of a two-link pendulum with an actuation at the shoulder and a spring-loaded elbow
joint accounting for the arm stiffness. For this model we search a motion for which the
ball attached to the end effector reaches the maximal forward velocity at crossing of a
predefined release line when started from a resting position. Although we do not constrain
the magnitude of the controlled torque at the shoulder, the lack of direct actuation at the
second joint2 limits reachable ball velocities at the release line.

The main contribution of this paper is a new characterization of a trajectory corre-
sponding to an optimal pitching motion that leads to a new procedure for finding it. If
it exists, then by necessity there is a geometric function among the degrees of freedom
of the system along this motion. We show that this function can be found as a solution
of a particular nonlinear differential equation with coefficients determined by physical
parameters of the robot. If this equation is solvable for certain initial conditions, which
are partly given by the initial configuration and an initial control torque at the first joint,
then it is possible to reconstruct an (at least locally) optimal pitching trajectory from this
geometric function among the generalize coordinates.

2A linear spring added at the second joint can generate only certain torque profiles and is considered as a
part of the dynamical model rather than an actuator.
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The interest in human-like ball pitching robots reaches back to a patent [141] in the
1960’s. Nowadays there is a large number of experimental setups for studying human-like
ball-pitching motions and numerous videos and news can be easily found in the internet.
For a 2-degrees-of-freedom model, such as introduced above, we can find some control
strategies reported in [63, 67, 114]. Detailed analysis of the throwing system, physical
characteristics, and performance of a control strategy in experiments are presented in [67],
where a model with constraints instead of a spring is analyzed as well. A deceleration
control strategy is proposed in [114] based on analysis of zero dynamics.

In this paper we concentrate on an optimal motion planning procedure for ball pitch-
ing. The problem statement and some preliminaries are discussed in Section V.2. In Sec-
tion V.3 we present the main result: a necessary condition valid along an optimal pitching
motion. It is written in the form of an (integral)-differential dynamical system, which is
satisfied by a function describing a geometric representation of an optimal motion, pro-
vided it exists. A numerical study of this dynamical system is presented in Section V.4. A
discussion of the results together with some concluding remarks are given in Section V.5.

V.2 Preliminaries and Problem Formulation

V.2.1 Modeling the Arm Dynamics

Approximating the dynamics of a human arm by the dynamics of atwo-link planar pen-
dulum clearly oversimplifies the description of the system.Indeed, several degrees of
freedom together with the 3D nature of the trajectory are neglected, spin effects through
fingers and wrist as well as internal dynamics in muscles/tendons/sensory and feedback
mechanisms in manipulating and grasping are dropped. Meanwhile, it is apparent that
for fast motions such as pitching, the dynamics of a two-linkplanar pendulum are rel-
evant and capture the main parts of the dynamical behavior ofthe arm responsible for
accelerating a ball in the hand.

The equations of motion of the two-link planar pendulum witha shoulder and elbow
joint (see Fig. V.1) are compactly written as

d

dt

[
∂L
∂q̇1

]

− ∂L
∂q1

= τq1
,

d

dt

[
∂L
∂q̇2

]

− ∂L
∂q2

= τq2
, (V.1)

whereL = (K1 +K2 +Kb)− (Π1 + Π2 + Πb) is the Lagrangian formed by the kinetic
and potential energies of the 1st and 2nd links, and the ball,respectively3; the signalτq1

is the generalized torque at the shoulder and should be presumably of large amplitude for
moving the whole arm, while the signalτq2

is the generalized torque at the elbow and
expected to be smaller.

Bio-mechanical mechanisms for generating the torqueτq2
in an elbow of a human

arm as well as ways for approximating it are important pointsfor discussion. There are
no doubts that an elbow is actively controlled during a humanpitching motion. However,

3The explicit expressions for these functions in terms of physical parameters of the model are given in
Appendix V.5.
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there are several reasons to postulate that for the model (V.1) the signalτq2
is mainly

generated by an elastic element (see also [2]):

• The elbow moves during short time with high amplitude, whichcan be interpreted
as well-tuned open loop control strategy that can be realized by a spring-like actu-
ator.

• Passive or semi-passive actuation at the elbow joint does not necessarily restrict
possible motions, but rather allows to have reasonable and human-like proportions
of mass distribution, torque levels, and response time.

• If the second link would be directly actuated, then the search for an optimal pitch-
ing trajectory should take into account the limits ofτq2

. Otherwise an optimal
motion does not exist, since the arm could move as fast as possible even within an
arbitrary short interval of time. Assuming that the second link is not actuated but
spring-loaded, we can remove such limitation and search fora motion that utilizes
dynamical properties of the mechanical structure as much aspossible.

From now it will be assumed that the torqueτq2
is generated by a linear spring4

τq2
= −K (q2 − q1 − qoff) , (V.2)

where the spring coefficientK and the offsetqoff are constants. Combining the second
equation of (V.1) with (V.2), we obtain the equation of motion for the second link as

d

dt

[
∂L
∂q̇2

]

− ∂L
∂q2

+K (q2 − q1 − qoff) = 0 . (V.3)

It has no control input such that the mechanical system (V.1)is underactuated with one
passive link; this type of two-link pendulum is also known asPendubot [117], but here
equipped with a spring about the elbow joint.

V.2.2 Problem Formulation

An initial configuration of the two-link pendulum (V.1)–(V.2) at t = 0 is given (see
Fig. V.1(a)). Let the vertical line defined by an abscissax = Xb(R) be the pitching line at
which the ball shall be released (see Fig. V.1(b)). The problem is todetermine the optimal
trajectory of the ball, i.e.

• time evolution of the generalized coordinatesq1(t) andq2(t),

• time evolution of the external (control) torqueτq1
(t),

• the duration of the motionTR > 0,

such that the final velocityVbx(TR) of the ball is maximized in its horizontal component
Vbx(TR) at the the release linex = Xb(R) starting from rest atx = Xb(B). We will
restrict the considerations to smooth pitching motions only.

4All arguments below can be repeated in the same way if the springhas a non-linear characteristic. The
linear case is simpler and more transparent in computations.
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Fig. V.1: The problem is to determine the trajectory of the ball and the correspondingbehavior of
both links starting at rest at the initial configuration and ending at the release point with maximum
ball velocity in the horizontal direction.

V.3 Main Result: Characterization of Optimal Pitching
for the System (V.1)–(V.2)

Let us assume that the optimal pitching trajectory

q1 = q1⋆(t), q2 = q2⋆(t), t ∈ [0, TR] (V.4)

from a given configuration[q1⋆(0), q2⋆(0)] indeed exists.
Below we suggest a series of steps to convert the stated problem into a problem of

finding initial conditions for a nonlinear differential equation.

Step 1

Let us note that for an optimal trajectory (V.4) we must have an optimal evolution of the
abscissa of the ball coordinates in the inertia frame definedas (see Fig. V.1):

Xb⋆(t) = l1 cos(q1⋆(t)) + l2 cos(q2⋆(t))

evolving fromXb⋆(0) = Xb(B) toXb⋆(TR) = Xb(R).
Since the optimization problem is formulated in terms of theabscissa of the ball co-

ordinates, it makes sense to reformulate our dynamics accordingly. Suppose that the
implicit parameterization of the optimal motion by a scalarvariablet is resolved on some
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sub-interval5 of the interval[0, TR] and the geometric functionφ⋆(Xb) is such that

q1⋆(t) = φ⋆ (Xb⋆(t)) , (V.5)

then we must have

q2⋆(t) = arccos

(
Xb⋆(t) − l1 cos(φ⋆ (Xb⋆(t)))

l2

)

. (V.6)

The task of findingq1⋆(t) andq2⋆(t) can be reformulated as the problem of finding
Xb⋆(t) andφ⋆(Xb) by introducing the change of coordinates

q1 = φ (Xb) , q2 = arccos

(
Xb − l1 cos(φ (Xb))

l2

)

. (V.7)

Step 2

Rewriting the underactuated equation (V.3) in the new coordinates (V.7) gives the follow-
ing scalar2nd-order differential equation

α (Xb, φ, φ
′) Ẍb(t) + β (Xb, φ, φ

′, φ′′) Ẋ2
b (t) + γ (Xb, φ) = 0 , (V.8)

which describes the time evolution of the independent configuration variableXb, given a
C2–smooth functionφ(Xb). Explicit expression of the scalar coefficient functionsα(·),
β(·), andγ(·) can be found in Appendix V.5.

Note also that solutions of (V.8) together with the new coordinates (V.7) can be used
to compute the control torqueτq1 in the first equation of the system dynamics (V.1) along
a particular trajectory.

Step 3

The equation (V.8) is integrable in closed form [113]. Straightforward calculations show
that the value of the function

I
(

Xb(t), Ẋb(t),Xb(0), Ẋb(0)
)

=

= Ẋ2
b (t) − exp

{

−2
Xb(t)∫

Xb(0)

β
(

τ,φ(τ),φ′(τ),φ′′(τ)
)

α
(

τ,φ(τ),φ′(τ)
) dτ

}

Ẋ2
b (0)

+
Xb(t)∫

Xb(0)

exp

{

2
s∫

Xb(t)

β
(

τ,φ(τ),φ′(τ),φ′′(τ)
)

α
(

τ,φ(τ),φ′(τ)
) dτ

}

2γ
(

s,φ(s)
)

α
(

s,φ(s),φ′(s)
) ds

(V.9)

is keptzerofor all t ≥ 0 along any well-defined solution of the system (V.8).
By assumption the two-link pendulum (V.1) is at rest in the beginning of the motion.

Therefore, the desired ball velocity iṡXb⋆(0) = 0 even though the acceleration̈Xb⋆(0)

5Actually, one needs to partition the time interval[0, TR] into singularity-free sub-intervals. The arguments
below should be applied to each sub-interval of such a partition. However, below we will show the result for
only one of them.
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might be different from zero due to external torques. With such initial conditions we can
exploit the conserved quantity (V.9) as determining equation for the velocity at the end of
the pitching motion, i.e. fort = TR it follows:

Ẋ2
b (TR) =

Xb(R)∫

Xb(0)

−exp

{

2
s∫

Xb(R)

β
(

τ,φ(τ),φ′(τ),φ′′(τ)
)

α
(

τ,φ(τ),φ′(τ)
) dτ

}

2γ
(

s,φ(s)
)

α
(

s,φ(s),φ′(s)
) ds (V.10)

For the optimal motion (V.5) the value oḟXb(t) at t = TR is maximal. Therefore, the
functionφ⋆(·) defined by (V.5) is not arbitrary, but the maximizer for the performance
index

J =
Xb(R)∫

Xb(0)

−exp

{

2
s∫

Xb(R)

β
(

τ,φ(τ),φ′(τ),φ′′(τ)
)

α
(

τ,φ(τ),φ′(τ)
) dτ

}

2γ
(

s,φ(s)
)

α
(

s,φ(s),φ′(s)
) ds→ max . (V.11)

Step 4

The functionsα(·) andβ(·) in the performance index (V.11) have the following structure

α
(
τ, φ, φ′

)
= ρ1

(
τ, φ
)
· φ′ + ρ2

(
τ, φ
)

β
(
τ, φ, φ′, φ′′

)
= ρ1

(
τ, φ
)
· φ′′ + ρ3

(
τ, φ, φ′

)
,

(V.12)

whereρ1(·), ρ2(·), ρ3(·) can be obtained from the expressions ofα(·) andβ(·) used in
(V.8). We can exploit this structure for rewriting the first factor in (V.11) independent of
φ′′(·) such that the optimization task takes the standard form6

Xb(R)∫

Xb(0)

Ψ
(
s, φ(s), φ′(s)

)
ds→ max (V.13)

with

Ψ = −exp

{

2
s∫

Xb(R)

ρ3(τ,φ,φ′)−ρ′
1

(

τ,φ
)

φ′−ρ′
2(τ,φ)

ρ1(τ,φ)φ′+ρ2(τ,φ) dτ

}
[

ρ1(s,φ)·φ′+ρ2(s,φ)
ρ1(Xb(0),φ)·φ′+ρ2(Xb(0),φ)

]2
2γ(s,φ)

α(s,φ,φ′)

(V.14)
As well-known [5], if a maximizerφ(·) of (V.13) is C2–smooth, then by necessity it
should satisfy the Euler–Lagrange equation

d

ds

[
∂

∂φ′
Ψ

]

− ∂

∂φ
Ψ = 0 . (V.15)

This is not a differential equation with respect to time, it is written in terms of a variable
that parameterizes a position on the trajectory of an optimal motion. In fact, it is an
integral-differential equation that can be equivalently rewritten7 as a4th order nonlinear
differential equation with the geometric functionφ(s) as solution.

6Detailed steps can be found in Appendix V.5.
7Provided that the solutions are smooth enough.
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Summary

To summarize the above arguments we formulate the next statement.

Theorem V.1 Consider the planar two-link pendulum (V.1) such that the external torque
at the elbow joint is generated by a spring (V.2), whereas thetorque at the shoulder joint
is a variable that can be chosen arbitrary. Suppose that there exists aC2–smooth optimal
pitching motion for a given starting configuration of the robot (V.1), which is the solution
of the problem stated in Section V.2. Then, by necessity, there exists the functionφ(s)
defined by (V.5), which will be the solution of the equation (V.15).

V.4 Numerical Solution

In this section we present two out of many solutions of equation (V.15) computed numer-
ically. The corresponding pitching trajectory of the robot(V.1)–(V.2) is finally obtained
by solving the reduced dynamics (V.8). The physical model parameters of the two-link
pendulum (V.1)–(V.2) used for the numerical study are givenin Appendix V.5.

Considering onlyC4–smooth solutions of the integral-differential equation (V.15) al-
lows to rewrite it as the following4th-order differential equation

φ(4)(Xb) = f
(

Xb, φ(Xb), φ
′(Xb), φ

′′(Xb), φ
(3)(Xb)

)

(V.16)

with respect to the independent variableXb. Numerical integration of (V.16) requires the
initial conditions

[

x0 = Xb(0), φ(x0), φ
′(x0), φ

′′(x0), φ
(3)(x0)

]

. (V.17)

The values forx0 andφ(x0) are given by the initial configuration of the robot

x0 =
[
Xb(t) = l1 cos q1(t) + l2 cos q2(t)

] ∣
∣
t=0

φ(x0) =
[
φ(Xb(t)) = q1(t)

] ∣
∣
t=0

.

Providing a value for the initial control torqueτq1
(t = 0) allows additionally to determine

the value forφ′(x0)

φ′(x0) = h
(
x0, φ(x0), τq1

(0)
)

using the second derivatives̈q(0) from (V.1)–(V.2) andẌb(0) from (V.8). Note that the
velocitiesq̇(0) andẊb(0) are all equal to zero given the fact that the motion starts from
a resting position. The other initial conditionsφ′′(x0) andφ(3)(x0) can be obtained pro-
viding the values foṙτq1

(0) andτ̈q1
(0), which to some extent are free values to choose.

Let us consider the following initial configuration of the robot:

q1(0) = π/2 − 0.15 rad
q2(0) = q1(0) − 0.5 rad

}

⇒
{
x0 = 0.35 m
φ(x0) = 1.421 rad,
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such that we can solve the differential equation (V.16) on the intervalXb ∈ [−0.35, 0.35]
without occurence of singularities8, where the inital ball postion isXb(0) = 0.35 m and
Xb(TR) = −0.35 m is the ball positon at the release line. Further, we choose an initial
control torqueτq1

(0) = 2 Nm determiningφ′(x0) as depicted in Fig. V.2(a). The effect of
varying the initial conditionsφ′′(x0) andφ(3)(x0) on the solution9 of (V.16) is visualized
in Fig. V.2(b) in terms of the final ball velocitẏXb(TR) at the release line10, which can be
computed solving (V.9). Singularities occur forφ′′(x0) > 0, which is the reason why the
grid in Fig. V.2(b) ends there; varyingφ(3)(x0) is obviously insignificant to the solution.
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(a) Initial torqueτq1 (0) determiningφ′(x0).
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(b) Final ball velocityẊb(TR) at the release line with
respect to initial conditionsφ′′(x0) andφ(3)(x0). The
final ball velocity is negative.

Fig. V.2: Choice for initial conditions of (V.16).

Here, we illustrate two cases of possible initial conditions (V.17) illustrated in Fig. V.2:

(A) The magnitude of the final ball velocity is small,Ẋb(TR) = −1.67 m/s:
[
0.35, 1.421, −1.716, −9, −200

]
.

(B) The magnitude of the final ball velocity is about maximum,Ẋb(TR) = −3.61 m/s:
[
0.35, 1.421, −1.716, 0, 0

]
.

The functionφ(·) that defines the geometric relation (V.5), obtained as solution of (V.16),
is shown in Fig. V.3 for initial conditions (A) and (B). Both curves have the same value for
Xb(0) but diverge significantly within the interval, which is a result of mainly varying the
initial conditionφ′′(x0). The corresponding pitching motion of the robot is schematically
shown in Fig. V.4. We can see that in case (B) the magnitude of the final velocity is
much bigger compared with (A). The coordination pattern of the links looks also different,
which is expected from Fig. V.3.

8Recall that the change of generalized coordinates (V.7) is local along the optimal motion (V.4) such that
singularities are likely to occur for (V.16).

9The solution is the functionφ(·) that defines the geometric relation (V.5).
10Note that the ball is accelerated against the direction of the x–coordinate, i.e. the final ball velocity is

negative.
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Fig. V.3: Virtual holonomic constraint as solution of the differential equation (V.16)for initial
conditions (A) and (B).
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Fig. V.4: Time instants of the robot configuration along the motion. The tangential velocity at the
end of the second link is illustrated as arrow.

The state space ofXb–dynamics (V.8) is depicted in Fig. V.5(a) for the virtual holo-
nomic constraint found for cases (A) and (B), initialized at [Xb(0), 0]. Thus, the time
evolution ofXb is automatically given, which, in fact, generates the motion of the robot
through (V.5)–(V.6) within the intervalXb ∈ [Xb(0), Xb(TR)]. Here we see that velocity
profiles for the ball are different for different configuration patterns. In Fig. V.5(b) we fi-
nally depict the nominal torque profilesτq1(q1) of the actuated joint11, which are required
to generate the individual pitching motions (A) and (B). In this representation, one can

11Revisit Step 2 in Section V.3 for details about computation ofthe control torque.
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see, for instance, that the torque profile of case (A) could be approximated by a linear
spring.
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(a) Phase portrait of reduced dynamics (V.8). The fi-
nal ball velocity is negative.
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(b) Torque profileτq1 of the actuated joint w.r.t.q1
computed along the motion.

Fig. V.5: Reduced dynamics and torque profile of the actuated joint found for the virtual holonomic
constraint of the cases (A) and (B).

V.5 Discussion and Concluding Remarks

Let us comment the problem formulation and the content of Theorem V.1:

1) It might be unusual that instead of requesting to maximizethe amplitude of the ball
velocity at the release point along a particular direction,we search for the maximal pro-
jection of the velocity vector to a particular line. The reason for this is that the double
pendulum can be always equipped with a wrist which will allowto pitch a ball (or throw
a javelin) along the prescribed direction such as athletes do. Solving both problems of
maximizing the velocity and controlling the direction of the pitch is a too demanding task
for an underactuated robot and we are not aware of an approachthat does so.

2) Searching an optimal pitching motion for the system (V.1)–(V.2) as formulated in Sec-
tion V.2 is a problem that requires a procedure for identifying a function of time: an
external (control) torqueτq1(t) defined for finite but unknown time interval. This func-
tion must generate the optimal pitching from a given configuration of the robot.

Theorem V.1 states another characterization of the optimalpitching motion that converts
the search of such a motion from computation of an external (control) signalτq1

(t) into
the search of a finite vector of initial conditions (V.17) forthe dynamical system (V.15)
or (V.16), a solution of which by necessity defines the optimal pitching motion. As seen
from the numerical study, at most two parameters are free forsolving the problem: the
first and second time derivatives of the external (control) torque att = 0.

However, due to possible singularities related to reparameterization of the optimal tra-
jectory, it might be needed to partition the motion into sub-intervals. We have obtained
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an optimal solution for one of such intervals.

3) The suggested approach is not limited to using a linear spring at the elbow joint. All the
derivation steps would be almost identical for the case of a spring with a known nonlinear
characteristic.

4) Solving numerically the nonlinear equations (V.15) or (V.16) is a challenging task. The
symbolic expressions, however, result from straightforward computations using standard
software.

5) The problem of maximizing the projection of the final velocity of the ball onto an-
other than horizontal line can be solved similarly. For example, if we are interested to
pitch a ball (or throw a javelin) on the longest distance, then we should maximize the
projection of the velocity on the line having a certain elevation angle. The only difference
in the derivations would be in parameterizing the motion in terms of this newly defined
projection.

Appendix A: Lagrangian and Equation of Motion

The LagrangianL = (K1 +K2 +Kb)− (Π1 +Π2 +Πb) of (V.1) is formed by the kinetic
and potential energies of 1st link, 2nd link, and ball, respectively. Thus, the equation of
motion for the planar two-link pendulum can be written as [117]:

M(q)

[
q̈1
q̈2

]

+ C(q, q̇)

[
q̇1
q̇2

]

+G(q) =

[
τq1

τq2

]

,

whereG(q) =
[
p4 cos(q1), p5 cos(q2)

]T

,

M(q)=

[
p1 p3 cos(q1−q2)

p3 cos(q1−q2) p2

]

,

C(q, q̇)=

[
0 p3 sin(q1−q2)q̇2

−p3 sin(q1−q2)q̇1 0

]

.

The physical parameters which have been used for the numerical study (see Table V.1)

Table V.1: Physical parameters of the Pendubot with spring articulated elbow joint.

Parameter First Link Second Link Ball
Length(m) l1 = 0.4 l2 = 0.48 —
Mass(kg) m1 = 2 m2 = 1.8 mb = 0.1
Distance to CoM(m) l1c = 0.2 l2c = 0.24 —
Inertia about CoM(kg m2) I1 = m1l

2
1/12 I2 = m2l

2
2/12 —

Gravitational constant g = 9.81 m/s2

Spring constant K = 6 Nm/rad
Spring offset qoff = 0
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are combined to
p1 = l21m2 + l21mb + l21cm1 + I1
p2 = m2l

2
2c +mbl

2
2 + I2

p3 = m2l1l2c +mbl1l2
p4 = m1gl1c +m2gl1 +mbgl1
p5 = m2gl2c +mbgl2 .

Appendix B: Coefficients of the Reduced Dynamics

The scalar coefficient functions of (V.8) are listed in TableV.2.

Table V.2: Scalar coefficient functions of (V.8).

α =

{

p3 cos
(

φ (Xb)−arccos
(

Xb−l1 cos(φ(Xb))
l2

))

− p2 l1 sin(φ(Xb))√
l22−[Xb−l1 cos(φ(Xb))]

2

}

φ′ (Xb) − p2√
l22−[Xb−l1 cos(φ(Xb))]

2

β =

{

p3 cos
(

φ (Xb)−arccos
(

Xb−l1 cos(φ(Xb))
l2

))

− p2 l1 sin(φ(Xb))√
l22−[Xb−l1 cos(φ(Xb))]

2

}
[
φ′′ (Xb)

]

−







p2

(

l1 cos (φ (Xb)) +
[Xb − l1 cos (φ (xb))] l

2
1 sin2 (φ (Xb))

l22 − [Xb − l1 cos (φ (Xb))]
2

)

√
l22−[Xb−l1 cos(φ(Xb))]

2

+ p3 sin
(

φ (Xb) − arccos
(

Xb−l1 cos(φ(Xb))
L2

))







[
φ′ (xb)

]2

− 2 p2[Xb−l1 cos(φ(xb))]l1 sin(φ(xb))
3
√

l22−[Xb−l1 cos(φ(Xb))]
2

[
φ′ (Xb)

]
− p2[Xb−l1 cos(φ(xb))]

3
√

l22−[Xb−l1 cos(φ(Xb))]
2

γ = p5
Xb−l1 cos(φ(Xb))

l2
+K

(

arccos
(

Xb−l1 cos(φ(Xb))
l2

)

− φ (Xb) − qoff

)

Appendix C: Rewriting the Performance Index Indepen-
dent of φ′′(·)
We can rewrite the first factor of the performance index (V.11) independent ofφ′′(·) as
shown in Table V.3.
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Table V.3: Rewriting the performance index (V.11) independent ofφ′′(·).

exp







2

s∫

Xb(R)

β
(
τ, φ(τ), φ′(τ), φ′′(τ)

)

α
(
τ, φ(τ), φ′(τ)

) dτ







=

= exp

{

2
s∫

Xb(R)

ρ1(τ,φ(τ))·φ′′(τ)+ρ3(τ,φ(τ),φ′(τ))
ρ1(τ,φ(τ))·φ′(τ)+ρ2(τ,φ(τ)) dτ

}

= exp

{

2
s∫

Xb(R)

[

ρ1(τ,φ(τ))φ′(τ)+ρ2(τ,φ(τ))
]′
−ρ′

1(·)φ
′(τ)−ρ′

2(·)+ρ3(·)

ρ1(τ,φ(τ))φ′(τ)+ρ2(τ,φ(τ)) dτ

}

= exp

{

2
s∫

Xb(R)

ρ3(τ,φ(τ),φ′(τ))−ρ′
1(τ,φ(τ))φ′(τ)−ρ′

2(τ,φ(τ))

ρ1(τ,φ(τ))φ′(τ)+ρ2(τ,φ(τ)) dτ

}

×
[

ρ1

(

s,φ(s)
)

·φ′(s)+ρ2

(

s,φ(s)
)

ρ1

(

Xb(0),φ(Xb(0))
)

·φ′(Xb(0))+ρ2

(

Xb(0),φ(Xb(0))
)

]2
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Ball Dribbling with an Underactuated Continuous-Time Control Phase

Abstract — Ball dribbling is a central element of basketball. One mainchallenge
for realizing basketball robots is to stabilize periodic motions of the ball. This task is
nontrivial due to the hybrid (discrete-continuous) natureof the corresponding dynamics.
The ball can be only controlled during ball-manipulator contact and moves freely other-
wise. We propose a manipulator equipped with a spring that gets compressed when the
ball bounces against it. Hence, we can have continuous-timecontrol over this underac-
tuated Ball-Spring-Manipulator system until the spring releases its accumulated energy
back to the ball. This paper illustrates the motion-planning procedure for a ball-dribbling
cycle with such an underactutated continuous-time controlphase. An orbital stabilizing
controller is designed based on a transverse linearizationalong a desired periodic mo-
tion. Numerical simulations show the performance of the control system in preparation to
experimental studies.

Keywords — Underactuated Mechanical Systems, Motion Planning, Orbital Stabi-
lization, Virtual Holonomic Constraints

VI.1 Introduction

The control of rhythmic tasks has been an active research area over the last decades. The
classical example is the so-calledjuggling that requires interaction with an object or mul-
tiple objects that would otherwise fall freely in the earthsgravitational field [14]. For
juggling tasks the continuous motion of the manipulator is used to control the continu-
ous motion of the ball through an intermittent contact. Open-loop control of a vertically
bouncing ball with repeated impacts was already studied in [57]. Orbital stabilization of
juggling trajectories is discussed in [15,85].

Thedribbling task is, to some extent, comparable to the extensively studied juggling
task. An example of robot dribbling was presented in [105] for experimental evaluation
of a high-speed vision system. A comparison between juggling and dribbling is discussed
in [11] with respect to local stability and parameter sensitivity. Further, experimental
tests were shown with and industrial robot dribbling a basketball for multiple periods of
a desired cycle.

The novelty of this paper is the control of a ball-dribbling cycle with a continuous-
time phase rather than an intermittent contact between manipulator and ball. For this to
happen we need to add a spring to the manipulator so that an impact is avoided when
the ball bounces against it. During a significant time interval, when the kinetic energy
of the ball is converted into potential energy of the spring and its accumulated energy
is eventually released back to the ball, a controller can take stabilizing action. Such an
approach is clearly advantageous compared with a control law that is only applied at the
time instant of ball-manipulator impact. Also a human basketball player keeps the ball on
his hand for a relatively long time in order to controll the dribbling task.

The paper is organized as follows. A hybrid (discrete-continuous) model describ-
ing the ball-dribbling cycle is developed in Section VI.2. During the controlled phase
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we have dynamics of anunderactuated Ball-Spring-Manipulator system, which makes
motion planning and control a challenging task. Thevirtual holonomic constraints ap-
proach[108, 110] is used as generic tool for shaping a desired ball-dribbling orbit (Sec-
tion VI.3) and its feedback stabilization (Section VI.4). Numerical simulations in Sec-
tion VI.5 demonstrate that the structure and performance ofthe control system are suited
for experimental tests. The paper ends with concluding remarks.

VI.2 Modeling

In this section we develop a hybrid dynamical model that describes periodic motions of
a robotic ball-dribbling system. It consists of a bouncing ball and a manipulator that is
acting on the ball via a spring. The following assumptions are made:

A1 The ball and the manipulator are modeled as single-degree-of-freedom (DOF) sys-
tems such that only motion along the vertical line is taken into account.

A2 The deformation of the ball at contact with the ground and with the manipulator is
neglible.

A3 The ground impact of the ball is an instantaneous inelastic collision described by
the coefficient of restitution [32].

A4 Air resistance and rotational ball velocity are negligible.

VI.2.1 Coupled Ball-Spring-Manipulator Dynamics

The ball-dribbling system presented in [11] is controlled by intermittent contact of the
manipulator with the ball. We want to modify it by adding a compression spring to the
manipulator as illustrated in Fig. VI.1. Thus, the ball actson the spring and does not
rebound. During a significant time interval the kinetic energy of the ball is converted into
potential energy of the spring and eventually returned backto the ball. Consequently, we
introduced a continuous-time control phase instead of instantaneous impact. This kind of
modification resembles the actuation on the ball that humansperform by using a rather
flexible “arm-hand manipulator”.

In the real installation the manipulator is composed of a serial link structure that allows
for controlling the position and velocity of the end-effector [xM , ẋM ]. The schematic in
Fig. VI.1 represents an abstraction to a 2-DOF Ball-Spring-Manipulator system that is
only actuated at the massmM , which is installed at the wrist of the end effector. When
the ball acts on the the platemP , the spring gets compressed and we temporarily have
system dynamics of the form

mM ẍM = u− c(xM − xB − dPB − lc,0) −mMg
m̃BẍB = c(xM − xB − dPB − lc,0) − m̃Bg ,

(VI.1)

wherem̃B = mB + mP is the merged mass of ball and plate,g is the acceleration due
to gravity, and the relationxP = xB + dPB holds. The spring with the coefficientc is
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mM
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mP

xB

xP
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c

g

dPB
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dB

Fig. VI.1: Schematic of the underactuated Ball-Spring-Manipulator system. The position of the
massmM is physically controlled by a manipulating robot arm with several joints.

restricted in its working rangelc = xM − xB − dPB , lc ∈ [lc,min, lc,0] for experimental
reasons to a minimum lengthlc,min and the equilibrium lengthlc,0. In that way the spring
deflection is less or equal to zero,lc − lc,0 ≤ 0.

A state-space representation corresponding to (VI.1) is formulated as

ẋ = f(x(t), u(t)) , x = [xM , xB , ẋM , ẋB ]T . (VI.2)

Required model parameters are given in Table VI.1.

Table VI.1: Physical parameters of the Ball-Spring-Manipulator system.

Parameters
Manipulator mM = 2 kg , mP = 1 kg
Ball mB = 0.62 kg

dB = 0.242 m , dPB = 0.171 m
Spring c = 500 N/m

lc,0 = 0.15 m , lc,min = 0.05 m
Gravitational constant g = 9.81 m/s2

VI.2.2 Decoupled Dynamics

The continuous-time dynamics of only the ball when it is freely moving in the gravita-
tional field is governed by

mBẍB = −mBg , (VI.3)
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which is written in state space form as

[ẋB , ẍB ]T = fB(xB(t), ẋB(t)) . (VI.4)

The continuous-time dynamics of the manipulator together with the spring and the
connected plate are given by

mM ẍM = u− c(xM − xP − lc,0) −mMg
mP ẍP = c(xM − xP − lc,0) −mP g .

However, here we assume that the dynamics of the plate is disabled during the time when
the ball is not in contact. Requestinglc − lc,0 = 0 yields collapsed dynamics to a single
degree of freedom

m̃M ẍM = u− m̃Mg (VI.5)

with the merged mass̃mM = mM +mP . The corresponding state space representation
is written as

[ẋM , ẍM ]T = fM (xM (t), ẋM (t), u(t)) . (VI.6)

During the time when the ball is freely moving the dynamics (VI.6) must be controlled
such that a desired state is reached for catching the ball again.

VI.2.3 Hybrid Dynamics

The dynamical system that describes the cyclic ball dribbling task is of hybrid nature
consisting of continuous-time dynamics and jumps due to instantaneous updates of the
states. The evolution chart of the state variables, introduced by (VI.2), (VI.4), (VI.6)
subject to discrete-time events, is depicted in Fig. VI.2. Instantaneous jumps along the
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Fig. VI.2: Evolution chart for the hybrid dynamical system describing a full ball-dribbling cycle.

periodic solution are defined by the state update law

F (i) : Γ
(i)
− → Γ

(i)
+ , i = 1, . . . , 4 (VI.7)
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as mappings between pairs of hyper-surfaces in the state space of the system. In particular,
we have the following events:

• At “ball catch” (time t(0)) the controlled phase of the ball-dribbling cycle starts.
The ball contacts the manipulator after bouncing from the ground so that a switch
from decoupled dynamics to coupled Ball-Spring-Manipulator dynamics occurs

Γ
(4)
− =

{
x ∈ R4 : xM − xB = dPB + lc,0

}

Γ
(4)
+ = Γ

(4)
− , F (4) = I4 .

The switching surfaceΓ(4)
− is reached when the distance between ball and manip-

ulator position reduces to the constantdPB + lc,0 (zero spring deflection). If a
desired ball catching heightxB = hc is specified, the manipulator must be moved
such that the contact point is met at a certain timet

(0)
− = t(4).

• A “switch from ball catching phase to pushing phase” is required (at timet(1)) in
order to change the control law foru. This is done when the ball velocity has been
reduced to zero, i.e. at this point the ball has no kinetic energy left:

Γ
(1)
− = Γ

(1)
+ =

{
x ∈ R4 : ẋB = 0

}
, F (1) = I4 .

• At “ball release” (timet(2)) the ball starts falling to the ground and the controlled
phase of the ball-dribbling cycle ends. A switch to decoupled dynamics occurs

Γ
(2)
− =

{
x ∈ R4 : xM − xB = dPB + lc,0

}

Γ
(2)
+ = Γ

(2)
− , F (2) = I4 .

The manipulator position must be controlled such that the spring is at equilibrium
when a desired release heightxB = hr is reached. After that the manipulator is
moved back to the catching point while the ball falls to the ground and bounces
back.

• The “ground impact of ball” happens atxB = dB/2 (at timet(3))

Γ
(3)
B− = Γ

(3)
B+ = {[xB , ẋB ] : xB = dB/2}

F
(3)
B =

[
1 0
0 −µr

]

.

The instantaneous rebound and the loss of kinetic energy is described by the coef-
ficient of restitutionµr.

Since the ball dynamics between “ball release” and “ball catch” is not directly con-
trolled, we can derive algebraic relations for the state of the ball by integrating (VI.4).



VI.2. Modeling 177

From the evolution chart in Fig. VI.2 we determine the state of the ball just before “ground
impact”

x
(3)
B− = dB/2

t(3) − t(2) =
ẋ
(2)
B−

g
+

√
(

ẋ
(2)
B−

g

)2

− 2
x
(3)
B−−x

(2)
B−

g

ẋ
(3)
B− = −g

(
t(3) − t(2)

)
+ ẋ

(2)
B−

(VI.8)

and just after “ball catch”

[

x
(3)
B+

ẋ
(3)
B+

]

= F
(3)
B

[

x
(3)
B−

ẋ
(3)
B−

]

x
(4)
B+ = hc

t(4) − t(3) =
ẋ
(3)
B+

g
−
√
(

ẋ
(3)
B+

g

)2

− 2
x
(4)
B+−x

(3)
B+

g

ẋ
(4)
B+ = −g

(
t(4) − t(3)

)
+ ẋ

(3)
B+ .

(VI.9)

Furthermore, we can assume that the manipulator dynamics (VI.6) is fast enough to reach
a desired state at “ball catch” starting from “ball release”during the time that the ball falls
to the ground and bounces back.

From the system analysis perspective it makes sense to consider the ball-dribbling cy-
cle only for the controlled phase involving the dynamics of the underactuated Ball-Spring-
Manipulator system (VI.2). Hence, the evolution chart can be modified as illustrated in
Fig. VI.3 by incorporating (VI.8), (VI.9) into a new mapping̃F (2) : Γ

(2)
− → Γ

(4)
+ from

“release” to “catch”.
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Fig. VI.3: Modified evolution chart for the hybrid dynamical system describing a ball-dribbling
cycle only during the controlled phase of the Ball-Spring-Manipulator system.
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VI.3 Motion Planning

VI.3.1 Virtual Holonomic Constraints

During the ball-dribbling cycle (see Fig. VI.3) there are two continuous-time phases that
provide control over the ball, namely “ball catching” and “ball pushing”. These motions
must be carefully planned.

A desired continuous-time motion of the Ball-Spring-Manipulator system (VI.2) can
be described by the time evolution of its generalized coordinates

{

xM = xM⋆(t), xB = xB⋆(t)
}

, t ∈ [tb, te], tb < te (VI.10)

and their time derivatives, which form the generalized velocities. It means that it is enough
to know (VI.10) for constructing the4-dimensional solution of the differential state equa-
tion in (VI.2). However, the fact that our dynamical system is underactuated makes the
planning of desired motions nontrivial.

Let us introduce a set of geometric relations among the generalized coordinates alter-
natively to (VI.10) such that the same motion is now given by

{

xM = φ1(θ), xB = φ2(θ)
}

, θ = θ⋆(t), t ∈ [tb, te] (VI.11)

with a scalar variableθ ∈ [θb, θe] that is used as trajectory generator for parameterizing
the time evolution. Geometric functions among the generalized coordinates as introduced
by (VI.11) are known asvirtual holonomic constraints[108, 133], since they show up
during a feasible motion rather then having a physical nature.

A convenient choice for the independent parameterization variable of the underactu-
ated Ball-Spring-Manipulator system (VI.2) is the ball position xB := θ. Thus, the virtual
holonomic constraint takes the form

[
xM

xB

]

:= Φ(θ) =

[
φ(θ)
θ

]

. (VI.12)

Suppose that there exists a control lawu⋆ for the input forceu that makes the vir-
tual holonomic constraint (VI.12) invariant, then the overall closed-loop system can be
generally represented by reduced order dynamics of the form[108]

α(θ) θ̈ + β(θ) θ̇2 + γ(θ) = 0 . (VI.13)

The solutions of this virtually constrained system define achievable motions with precise
synchronization given by (VI.12). It means that the whole motion is parameterized by
the evolution of the chosen configuration variableθ. The smooth functionsα(θ), β(θ)
andγ(θ) of the reduced dynamics (VI.13) can be easily derived from the system dynam-
ics (VI.1) substituting (VI.12):

α(θ) = m̃B

β(θ) = 0
γ(θ) = −c(φ(θ) − θ − dPB − lc,0) + m̃Bg .

(VI.14)
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Reduced order dynamics of the form (VI.13) is always integrable, which is a useful prop-
erty for motion planning and feedback control design. Specifically, the integral func-
tion1 [108]

I(θ, θ̇, θb, θ̇b) = θ̇2 − θ̇2b +

∫ θ

θb

2 γ(s)

α(s)
ds (VI.15)

preserves its zero value along the solution of (VI.13), initiated at(θ(tb), θ̇(tb)) = (θb, θ̇b).
With the above arguments we can now convert the motion planning problem from a

search of feasible orbits in the state space of (VI.2) into a search for a parameterizing
functionφ(θ) in (VI.12) such that a desired solution of the reduced dynamics (VI.13) is
found. Here we use a Bézier polynomial [133]

φ(θ) =

M∑

k=0

ak

M !

k!(M − k)!
sk(1 − s)M−k, s =

θ − θb

θe − θb

(VI.16)

of degreeM = 3 as geometric relation between the generalized coordinates. Conse-
quently, we need to find the coefficientsa = [a0, a1, a2, a3] that yield a desired time
evolutionθ⋆(t) between the specified initial and final conditions[θe, θ̇e, θb, θ̇b].

VI.3.2 Planning Ball-Catching and Ball-Pushing Motions

For planning the ball-catching and ball-pushing motion we look at a particular ball-
dribbling cycle experimentally studied in [11]: the ball-manipulator contact is instanta-
neous at a desired dribbling height. Instead of having a ball-manipulator impact, the cycle
shall be modified to have the continuous-time control phasesof “catching” and “pushing”
embedded. This is clearly advantageous because one can perform stabilizing control ac-
tion during a significantly large time interval. The modifiedcycle is shown as state-space
plot for the ball in Fig. VI.4 and as time evolution of the ballposition in Fig. VI.5.

Planning a ball-catching motion is done as follows:

1. Specify initial and final conditions for the reduced dynamics (VI.13) based on a
desired orbit of the ball dynamics2:

[θb, θ̇b]
(1) = [0.8, 1.721], [θe, θ̇e]

(1) = [0.9, 0] (VI.17)

2. Solve an optimization problem for the coefficientsa(1) of the parameterizing func-
tion (VI.16) such that

min
a(1)

(

I(θe, θ̇e, θb, θ̇b)
)2

from (VI.15) becomes zero subject to the following constraints:

lc,min ≤ φ(θ) − θ − dPB ≤ lc,0

max (|ẍM |) = max
(∣
∣
∣φ′′(θ)θ̇2 + φ′(θ)θ̈

∣
∣
∣

)

< 3g .

1Notice that this function is greatly simplified in the case ofβ(θ) = 0. In general we haveI(θ, θ̇, θb, θ̇b) =

θ̇2 − exp
{

−2
∫ θ

θb

β(τ)
α(τ)

dτ
}

θ̇2b +
∫ θ

θb
exp

{

−2
∫ θ

s

β(τ)
α(τ)

dτ
}

2 γ(s)
α(s)

ds.
2Here we use a particular state of thedashed-dotcurve in Fig. VI.4 as initial conditions; units are omitted.
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Fig. VI.4: Ball-dribbling cycle in the state space of the ball with a continuous-time controlphase
at manipulator contact. The dashed-dot curve represents the cycle of[11] with ball-manipulator
impact at a dribbling height ofhd = 0.9 m, where[xB , ẋB ](hd−) = [0.9 m, 1 m/s].
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Fig. VI.5: Ball-dribbling cycle as time evolution of the ball position with a continuous-time control
phase at manipulator contact.

For the numerical search we usefmincon from MATLAB. The parametera(1)
0 is

taken as the initial position of the manipulator such thatφ(θb) − θb − dPB = lc,0

is satisfied, meaning that the spring is at equilibrium length in the beginning.

As result we obtain the coefficients

a(1) = [1.1210, 1.1338, 1.1655, 1.1989] . (VI.18)

Planning a ball-pushing motion subsequent to the ball-catching motion is done in a
similar way:
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1. Specify initial and final conditions for the reduced dynamics (VI.13) based on the
orbit for the ball dynamics that are related to (VI.17):

[θb, θ̇b]
(2) = [0.9, 0], [θe, θ̇e]

(2) = [0.5, −4.3965] (VI.19)

2. Solve an optimization problem, the same as for the catching-ball motion, but now
for the coefficientsa(2). The parametera(2)

0 is already defined by the end config-

uration of the catching motion, whereas the parametera
(2)
3 must satisfyφ(θe) −

θe − dPB = lc,0, meaning that the spring is at equilibrium length at the end of the
pushing motion.

The resulting coefficients are

a(2) = [1.1989, 0.9826, 0.8955, 0.8210] . (VI.20)

The two virtual holonomic constraints that have been found are shown in Fig. VI.6.
The functions are very smooth due to the low order of the polynomial and the acceleration
constraints of the manipulator used in the search. The spring deflection from equilibrium
lc − lc,0 along the two motions is shown in Fig. VI.7 as a function of time. Clearly, the
spring reduces the energy from the incoming ball during the catching phase such that
the desired dribbling height is met at zero velocity. After the switch the ball is pushed
down with maximum manipulator acceleration such that the desired state of the ball can
be reached at the release height, also returning the potential energy from the spring.
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Fig. VI.6: Virtual holonomic constraints that have been found for the ball-catching andball-
pushing motions.

A combined state-space plot of the planned orbit is shown in Fig. VI.8. It can be
seen that the trajectory of the manipulator starts from non-zero velocity at “ball catch”.
From a practical point of view it would be desired to have the manipulator at rest just
before the ball contact, but in that case the required manipulator acceleration violates the
physical constraints. The next step is to design a controller that stabilizes the Ball-Spring-
Manipulator dynamics in a vicinity of the desired trajectory.
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VI.4 Control Design

VI.4.1 Transverse Linearization

Given a continuous-time motion (VI.10) for our Ball-Spring-Manipulator system (VI.2) in
the format of (VI.11) allows for introducing new coordinates and velocities in the vicinity
of the target orbit, which is depicted in Fig. VI.8:

xM = φ(θ) + y , xB = θ

ẋM = φ′(θ)θ̇ + ẏ , ẋB = θ̇ .
(VI.21)

The dynamics ofy, which is representing the synchronization error to the specified
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virtual holonomic constraint, can be computed from the system dynamics (VI.2) by sub-
stituting (VI.21):

ÿ = r(θ, θ̇, y, ẏ) +mMu = v . (VI.22)

An auxiliary control signalv is introduced by a control transformation via partial feedback
linearization [116].

The dynamics ofθ is described by the scalar second order differential equation (VI.13),
(VI.14) substituting (VI.21):

m̃B θ̈ − c(φ(θ) − θ − dPB − lc,0) + m̃Bg = −cy , (VI.23)

where the right-hand side equals to zero on the desired orbit. Eventually, we can represent
our target motion (VI.10) in the new generalized coordinates by

y⋆(t) ≡ 0, θ = θ⋆(t), t ∈ [tb, te] . (VI.24)

The dynamical system (VI.22), (VI.23) has a natural choice of transverse coordinates
x⊥ = [I(θ, θ̇, θb⋆, θ̇b⋆); y ; ẏ] that describe the system’s behavior away from a specified
orbit [108]. We can analytically compute a transverse linearization along a continuous-
time target motion (VI.24) to be used for system analysis andcontrol design:

d

dτ





I•
Y1•

Y2•



 =





0 − 2θ̇⋆(τ)
m̃B

c 0

0 0 1
0 0 0





︸ ︷︷ ︸

A(τ)





I•
Y1•

Y2•





︸ ︷︷ ︸

z

+





0
0
1





︸ ︷︷ ︸

B

V• . (VI.25)

The linearized hybrid dynamics transverse to the entire orbit (see Fig. VI.8) consists
of two continuous-time phases and two discrete jumps. A cyclic solutionz = z(τ) =
z(τ + T ) with time periodT = t(2) − t(0) and a switch atTs = t(1) − t(0) is defined by:

d
dτ
z = A(s)z +BV• , s = τ modT

A(s) =

{
A(1)(s), s ∈ (0, Ts]
A(2)(s), s ∈ (Ts, T )

z(τk+) = F z(τk−) , τk = k T, k ∈ N .

(VI.26)

The linear operatorF is a mapping from “ball release” to “ball catch” at the end of
the controlled phase applying a linearized version of the update lawF̃ (2) and certain
projections from the tangential planes on the switching surfaces to corresponding planes
transverse to the vector field of the target motion [110].

VI.4.2 Closed-Loop System

Consider the control law

V• = K(s)z , K(s) =

{
K(1)(s), s ∈ (0, Ts]
K(2)(s), s ∈ (Ts, T )

(VI.27)
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for the hybrid linear system (VI.26). It can be shown that asymptotic stability of the
origin for the linear impulsive system is equivalent to exponential orbital stability of the
periodic motion for the nonlinear one [110] using the control transformation (VI.22) with
v(t) = K(s)x⊥(t), wheres = ψ(θ) associates any point in the vicinity of the target orbit
with a time moment on it:θ = θ⋆(t) ⇐⇒ t = ψ(θ) so thatψ

(
θ⋆(t)

)
= t.

Three independent sets of initial conditionsX(0) can be used to construct a transi-
tion matrix from the linear closed-loop system (VI.26), (VI.27) as approximation for the
Poincaré first return map. Here we compute the feedback gainsin (VI.27) via numerical
search usingfminsearch from MATLAB such that the eigenvalues of the transition
matrix get minimized strictly inside the unit circle. For reasons of implementation only a
constant feedback of the synchronization errory = xM −φ(xB) shall be used since these
measurements are available. The following feedback gains have been obtained:

K(1) = [0, 764, 0] , K(2) = [0, 89, 0] . (VI.28)

Note that one also has to apply another control lawu(3) for moving the manipulator
from the “ball release” point to the desired manipulator state at “ball catch”. The time
at which the ball bounces to the desired catching height can be computed from (VI.8),
(VI.9). There are many ways to plan a trajectory for the manipulator, preferably online
with an update of the estimated catching time.

VI.5 Numerical Simulation

In this section we show two numerical simulation results of the controlled nonlinear ball-
dribbling system (see Fig. VI.3) with the nominal trajectory depicted in Fig. VI.8. The
following initial conditions are used:

1. Catching the ball too high with low velocity

[xM (0), xB(0)] =
[

x
(0)
M⋆ + 0.04, x

(0)
B⋆ + 0.04

]

[ẋM (0), ẋB(0)] =
[

ẋ
(0)
M⋆, 0.75 · x(0)

B⋆

]

;

2. Catching the ball too low with high velocity

[xM (0), xB(0)] =
[

x
(0)
M⋆ − 0.01, x

(0)
B⋆ − 0.01

]

[ẋM (0), ẋB(0)] =
[

ẋ
(0)
M⋆, 1.25 · x(0)

B⋆

]

.

In Fig. VI.9 and Fig. VI.10 we see that the desired orbit is reached in both cases after a
short time using the constant feedback gains (VI.28). This is indicated by the transverse
coordinates converging to zero. Catching the ball higher than in Simulation 1 or lower
than in Simulation 2 results in a violation of the minimum working length of the spring.
The variation of initial velocities for the ball and the manipulator in a reasonable range of
more than 25% can be compensated by the controller. An improvement of robustness and
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rate of convergence is expected when using a full state-feedback controller with possibly
state-dependent coefficients. Moreover, a modification of the switching surface for the
event “ball catch” might enlarge the region of attraction tothe cycle: manipulator and ball
velocities could be incorporated into the update law, whichis however not very practical.
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Fig. VI.9: Simulation of catching the ball too high with low velocity.

VI.6 Conclusions

We presented a novel approach for orbital stabilization of aperiodic ball-dribbling motion.
Adding a spring to the manipulator allows us to control the ball in a continuous-time phase
instead of having intermittent impact. During the controlled phase, in which the kinetic
energy of the ball is converted into potential energy of the spring and its accumulated
energy is eventually released back to the ball, we have dynamics of an underactuated
Ball-Spring-Manipulator system.
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Fig. VI.10: Simulation of catching the ball too low with high velocity.

We applied the virtual holonomic constraints approach for analytical motion planning
of a “controlled catching” and a “controlled pushing” phasesuch that a desired ball-
dribbling orbit is shaped. The time interval of the entire control phase is about half the
dribbling period, which permits effective stabilizing control action.

An orbitally stabilizing feedback controller is designed for the underactuated Ball-
Spring-Manipulator system based on a transverse linearization along the desired motion.
We chose a setting with constant feedback gain on the synchronization error between the
ball and the manipulator since it can be implemented in a straightforward way. Numeri-
cal simulations demonstrate that the structure and performance of the control system are
suited for experimental tests, which are currently in preparation.
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Analysis of Human-Operated Motions and Trajectory Replanning for Kinematically
Redundant Manipulators

Abstract — We consider trajectory planning for kinematically redundant manipula-
tors used on forestry machines. The analysis of recorded data from human operation
reveals that the driver does not use the full potential of themachine due to the complexity
of the manipulation task. We suggest an optimization procedure that takes advantage of
the kinematic redundancy so that time-efficient joint and velocity profiles along the path
can be obtained. Differential constraints imposed by the manipulator dynamics are ac-
counted for by employing a phase-plane technique for admissible path timings. Velocity
constraints of the individual joints are particularly restrictive in hydraulic manipulators.
Our study aims for semi-autonomous schemes that can provideassistance to the operator
for executing global motions.

Keywords — Motion Planning, Kinematically Redundant Manipulators,Robotics in
Agriculture and Forestry

VII.1 Introduction

Nowadays most of the harvesting and logging in forestry is performed by human-operated
machines. There is a clear trend towards autonomous processes due to the overall ben-
efits from robotics applications in industry [12]. Full automation of forestry machines,
however, can be considered as a long-term goal, since serious challenges are addressed
regarding motion planning and control of the manipulation tasks, maneuvering through
the forest environment, machine perception, localizationand mapping. Semi-autonomous
schemes, on the other hand, are to be expected in the near future, involving still a human
operator but with less complex tasks. For instance, automated motions from start to target
points can provide great assistance and stress relaxation to the driver.

We consider the problem of trajectory planning along given Cartesian paths for a
hydraulic forwarder crane used to collect logs (see Fig. VII.1). The human-operated crane
is a kinematically redundant manipulator whose end-effector position is controlled in a 4D
joint space; its orientation is not controlled. Thus, the movement of the end effector from
a start point to an end point is described in a 3D Cartesian space, but its coordination is
subject to a higher dimensional configuration space.

Our hypothesis is that the human operator is not able to use the full potential of the
machine—even after years of training—due to the complexity ofthe manipulation task.
This investigation is therefore concerned with a smart motion planning strategy for gen-
erating efficient end-effector trajectories from given start to end point. The idea is that
the driver will still perform local grasping tasks, but getsassistance for executing global
motions by automatic control.

Once a desired path is specified in the 3D-world frame, a motion can be planned
and executed such that all joints are synchronized and constrained to the Cartesian path.
We suggest an optimization procedure that takes advantage of the redundancy from task
space to configuration space. Those joint profiles that yieldthe maximum speed perfor-
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q1

q2

q3

q4

Fig. VII.1: A Valmet Forwarder 830 manufactured by Komatsu Forest AB. The jointcoordinates of
the redundant serial link manipulator are indicated.

mance along the path are found by employing a phase-plane technique for admissible
path timings subject to certain constraints of the mechanical construction and dynamics.
Eventually, a time-efficient trajectory along a specified Cartesian path is obtained.

Planning a path at first and then computing a timing function along the path subject to
differential constraints is known asdecoupled approach[81]. We should note that such
methods were already introduced in the 1980’s by [13, 55, 104] proposing a time scaling
of trajectories in order to accommodate actuator torque limitations. The resulting trajecto-
ries are time-optimal and require a bang-bang control for switching between accelerating
and decelerating at full speed. For hydraulic actuators, however, the apparent velocity
constraints are dominant and will therefore be treated carefully in our study.

The rest of the paper is organized as follows. A kinematic model of the crane together
with constraints in configuration and velocities is introduced in Section VII.2. For the
analysis of human-operated motions we recorded the processof loading logs and pro-
cessed this data. Relevant motions for this study are selected in Section VII.3 according
to the absolute end-effector velocity. In Section VII.4 we analyze a particular human-
operated motion in order to illustrate its parameterization without explicit dependence
on time. How to replan the trajectory of the operator in orderto speed up the motion is
shown in Section VII.5 as optimization of the velocity profile along the same path, and
in Section VII.6 as optimization for finding a time-efficientpath. The paper ends with
concluding remarks.

VII.2 Modeling the Manipulator

The manipulator used for our study is a typical forwarder crane that is hydraulically pow-
ered and consists of a series of links. We are concerned with the manipulation task of
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moving the end effector from a start point to an end point in the world frame, i.e. local
grasping tasks are not considered here. Thus, the robot geometry to be described is an
open kinematic chain of four links from the base to the joint where the end effector is
attached. The joints are structured as follows:

(0) Base of the robot manipulator.

(1) Revolute joint forslewing, associated withq1.

(2) Revolute joint for theinner boom, associated withq2.

(3) Revolute joint for theouter boom, associated withq3.

(4) Prismatic joint fortelescopic extension of the outer boom, associated withq4.

(5) Joint where end effector is attached (boom tip).

The joint variables form the vector of generalized coordinatesq = [q1, q2, q3, q4]
T for this

4 degree-of-freedom system.
The forward kinematics can be conveniently expressed usingthe Denavit-Hartenberg

(DH) convention [120], where each link configuration is represented by the homogeneous
transformation

Ai = Rotz,θi
Transz,di

Transx,ai
Rotx,αi

, (VII.1)

parameterized by joint angleθi, link offset di, link lengthai, and link twistαi. In Ta-
ble VII.1 the parameters are provided that describe the configuration of the forwarder
crane as depicted in Fig. VII.2.

Table VII.1: DH parameters of the 4-link manipulator

Link i θi [rad] di [m] ai [m] αi [rad]
1 q1(t) 3.24 0.02 π/2
2 q2(t) + θ2,0 0 3.40 0
3 π/2 + q3(t) − θ2,0 0 0.21 π/2
4 0 d4,0 + q4(t) 0 −π/2

Constants: θ2,0 = 0.0496 rad , d4,0 = 2.42 m

Eventually, the Cartesian position of the boom tip with respect to the base frame of
the robot is defined by

p0 =





x
y
z



 =
[
I3×3 03×1

]
T 0

4

[
03×1

1

]

,

where T 0
4 = A1(q1)A2(q2)A3(q3)A4(q4) .

(VII.2)

Inverse kinematics from a configuration of the boom tip to thejoint variables can be
found as a solution of a set of nonlinear trigonometric equations given byT 0

4 in (VII.2).
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Fig. VII.2: Configuration of the crane described by the Denavit-Hartenberg convention with pa-
rameters given in Table VII.1.

In our case only the boom-tip position shall be specified along some motion such that
corresponding joint variables are computed in closed form by a function

q = F (p0, q4) , (VII.3)

whereq4 is the chosen redundant joint variable.
The configuration space of the manipulator is spanned by the joint variables and it

is restricted by the mechanical construction of the robot. Differential constraints, on the
other hand, are imposed by the system dynamics, which can be described by the following
Euler-Lagrange equation [120]

d

dt

[
∂L(q, q̇)

∂q̇

]

− ∂L(q, q̇)

∂q
= B(q)u (VII.4)

with the Lagrangian given byL(q, q̇) = K(q, q̇) − V (q), whereK(q, q̇) represents the
kinetic energy of the system,V (q) is the potential energy, andB(q)u forms the vector
of external and controlled forces and torques. For a hydraulically powered crane, ve-
locity constraints show up naturally due to a maximum flow rate through the hydraulic
system, whereas acceleration constraints are given through maximum producible forces
and torques of the hydraulic actuators. Differential constraints are typically configuration
dependent.

In this study we will only use configuration and velocity constraints as given in Ta-
ble VII.2. Procedures for computing reliable estimates of dynamical parameters as well
as obtaining accurate quantitative description of external forces in (VII.4) are currently
under study. The range of allowable velocities is taken as anaverage of frequently en-
countered minimum and maximum velocities along numerous human-operated motions.
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Table VII.2: Position and velocity constraints of the 4-link manipulator

Link i qi,min qi,max q̇i,min q̇i,max

1 −3 rad 3 rad −0.8 rad/s 0.8 rad/s
2 −0.4 rad 1.5 rad −0.5 rad/s 0.5 rad/s
3 −3 rad −0.15 rad −0.8 rad/s 0.8 rad/s
4 0 3.5 m −1.2 m/s 1.2 m/s

Even though the operator was a very experienced professional, this measure does not re-
flect the full potential of the machine and should be therefore understood as a conservative
figure.

VII.3 Recording the Human-Operated Process

Forwarder cranes are used to collect logs from the ground to the tray for transportation out
of the harvesting area. In order to take measurements of the real process, various sensors
are installed at the crane, wired to a processing unit. We used a dSPACE 1401 real-time
prototyping platform for data streaming to a connected laptop capturing the joint variables
q from high-resolution encoders manufactured by Heidenhain. The sampling time was
0.01 s. Velocity estimates are obtained by applying a simple discrete-time differentiater
to the position signals after noise was removed by zero-phase digital filtering.
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Fig. VII.3: Absolute boom-tip velocity during a time interval containing two types of motions: (1)
motion from the tray towards logs, and (2) motion with logs in the end effector back to the tray.

In order to select relevant motions of the process we looked at the absolute boom-tip
velocity

v0(t) =

∥
∥
∥
∥

d

dt
p0(t)

∥
∥
∥
∥

(VII.5)

subject to a threshold value of0.1 m/s. Motions below this value and, additionally, shorter
than3 s are considered as local grasping tasks of no relevance to this study. In Fig. VII.3
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the absolute boom-tip velocity (VII.5) is shown for a short time interval of the recorded
data containing two types of motions. During theoutward motion, the crane arm is moved
away from the tray towards a pile of logs that will be shortly collected. This motion is
performed with an empty gripper. The second type of motion, the inward motion, is
performed after the logs are grasped, when the crane moves the logs back to the tray.
Since the inward motions are executed with unknown payload (the weight of the logs),
they are harder to analyze if we consider constraints on accelerations imposed by (VII.4).
We, therefore, restrict our analysis to the outward motions.

Approximately 15 minutes of continuous normal operation was recorded for the load-
ing process of picking up logs to the tray. During this time, 46 motions are performed,
i.e. 23 outward motions that can be analyzed. In Fig. VII.4 wesee the end points for a
number of typical motions in a virtual environment developed in [131]. Additionally, the
path of the boom tip is shown for one outward motion and its subsequent inward motion.

Fig. VII.4: The forwarder crane and target postions in a virtual environment developed in [131].
Two types of motions are depicted: (1) motion from the tray towards logs along pathAB, and (2)
motion with logs in the end effector back to the tray along pathBC.

VII.4 Analysis of a Human-Operated Motion

In this section we analyze a particular human-operated motion in order to illustrate its
parameterization without explicit dependence on time. Letus consider the motion from
pointA toB in Fig. VII.4. All configuration variables are recorded withrespect to time.
Thus, the Cartesian position of the boom tip can be found and computed by using the
forward kinematics (VII.2).
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Procedure VII.1 (Representation of Motions)

1. Define a new variable that describes the path as a function of the generalized co-
ordinates. For instance, the arc length along the path wouldbe one choice that
naturally yields a monotonic time evolution:

θ(t) =

∫ T

t=0

∥
∥
∥
∥

d

dt
p0(t)

∥
∥
∥
∥
dt . (VII.6)

2. All joint variables must be parameterized as function of the new variableθ instead
of time:







q1
q2
q3
q4







:= Φ(θ) =







φ1(θ)
φ2(θ)
φ3(θ)
φ4(θ)






. (VII.7)

It can be understood as synchronization of all joints along the path clocked to the
independent configuration variableθ.

With such a representation the explicit dependence on time of the generalized coordinates
is removed, whereas the path coordinateθ(t) can be viewed as a motion generator for
the specified path. Once a velocity profile forθ is chosen—it might be assigned different
from the recorded one—all joint velocities are directly assigned by

q̇ = Φ′(θ)θ̇ , (VII.8)

meaning that the nominal evolution of the full state space vector [q, q̇]T is parameterized
along the path without the need of the system dynamics (VII.4). This approach is known
aspath-constrained trajectory planning[81], which is however subject to velocity and
acceleration constraints. In the context of control theory, the geometric function (VII.7) is
called avirtual holonomic constraint[112] if it is preserved by some control action along
solutions of the closed-loop system.

In the case of the human-operated motion no differential constraints have to be consid-
ered, since the motion was recorded to be feasible. Therefore, we take the time derivative
of (VII.6) and map it ontoθ. It means that we can directly shape a curve in the(θ, θ̇)-
phase plane that assigns velocity profiles along a specified path. However, the differential
equation relatingθ andθ̇ is subject to the individual joint velocity and acceleration con-
straints. The time evolution ofθ along the path is derived by integrating this differential
equation, which defines the time evolution of all joint coordinates in (VII.7). As a result,
the whole motion of the manipulator along a specified path canbe generated following
the simple numerical steps introduced above.

Shaping curves in the(θ, θ̇)-phase plane can be instrumental for assignments of dif-
ferent velocity profiles along the same path, such that the human-operated trajectory can
be replanned based on optimization for time or other performance measures.
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VII.5 Replanning for Path-Constrained Time-Efficient
Trajectories

Keeping the joint profiles (VII.7) of the human-operated motion does not allow us to
assign much higher velocity profiles compared with the driver due to velocity constraints.
However, we can replan the trajectory along the same Cartesian path using different joint
profiles since the manipulator is kinematically redundant.The following optimization
procedure for trajectories with small execution time is suggested:

Procedure VII.2 (Planning Path-Constrained Time-Efficient Trajectories)

1. Parameterize the redundant joint variableq4 := φ4(θ) by some function, chosen to
be a Bézier polynomial [133] of degreeM = 10, i.e.φ4(θ) = bq4

(s):

bq4
(s) =

∑M
k=0 aq4,k

M !
k!(M−k)!s

k(1 − s)M−k

where s = θ/θend .
(VII.9)

2. Apply inverse kinematics (VII.3) to compute the full vector functionΦ(θ) along the
given path.

3. The optimal joint profile (VII.9) is found for the polynomial coefficientsxpar =
{aq4,1, . . . , aq4,M} that maximize the area under the envelope function formed by
the individual joint velocity constraints along the path using (VII.8). For the numer-
ical search we usefmincon from MATLAB such that the inverse kinematics (VII.3)
is feasible. The parameteraq4,0 is taken as the initial extension of the telescope.
A time-efficient trajectory is finally obtained by constructing a smooth curve in the
(θ, θ̇)-phase plane close enough to the velocity constraints without violating them.

Fig. VII.5 shows the path-constrained optimal trajectory superimposed with velocity con-
straints projected along the path. The resulting joint trajectories from this optimized solu-
tion are shown in Fig. VII.6. The execution times for a numberof such optimized motions
are stated in Table VII.3 along with a comparison to the corresponding human-operated
motions. In average over ten motions, the speed along the driver’s path of the boom tip
can be improved by a factor of1.49 by replanning the trajectories.

We should make clear that Procedure VII.2 for finding efficient trajectories guarantees
that the individual joint velocity constraints are not violated, which is a major advantage
compared with methods involving a pseudo-inverse of the end-effector Jacobian com-
monly used for redundant manipulators (see e.g. [23, 96]). In step 2 the non-uniqueness
issue is resolved such that the joint coordinates are continuous functions along the target
path.
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curve from Procedure VII.2 yields a faster motion compared with the driver. Velocity constraints
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velocity profile obtained from Procedure VII.2 is clearly faster than the oneof the driver.
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Table VII.3: Execution time for human operator and optimized trajectory together with speed
improvement for different motions

Motion T Topt Improvement
1 6.54 3.95 1.65
2 7.68 4.94 1.55
3 7.19 6.81 1.05
4 3.94 2.71 1.44
5 5.62 4.28 1.31
6 5.38 3.58 1.49
7 5.12 3.21 1.59
8 6.02 3.90 1.54
9 5.44 4.07 1.33
10 5.12 3.21 1.59

Average 5.81 4.07 1.49

VII.6 Trajectory Replanning for Time-Efficient Path and
Velocity Profile

The proposed approach can be generalized if we consider the problems of searching a
time-efficient Cartesian path and a time-efficient velocityprofile for a given start and end
point of the boom tip simultaneously. The optimization procedure is similar to the one
described above, but now we also have to parameterize the Cartesian boom-tip position
p0 by some function, which in turn generates a different path compared to the human-
operated motion when getting optimized.

Procedure VII.3 (Planning Trajectories with Time-Efficient Path and Velocity
Profile)

1. We take again a parameterization as Bézier polynomials (VII.9) of degreeM = 10
for the Cartesian positionsx, y, z and the redundant joint variableq4:

p0(t) := [bx(s), by(s), bz(s)]
T

q4(t) := bq4
(s)

where s = t/1 ,
(VII.10)

but now with respect to a virtual timet ∈ [0, 1].

2. Apply the numerical steps of Procedure VII.1 for removingthe explicit time depen-
dence such that the independent variableθ works like a motion generator through
the virtual holonomic constraint.

3. Apply inverse kinematics (VII.3) using (VII.10) to compute the full vector function
Φ(θ) along the currently specified path.
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4. An optimal Cartesian path and optimal joint profiles alongthis path are found for
the polynomial coefficients

xpar = { ax,1, . . . , ax,M−1, ay,1, . . . , ay,M−1,
az,1, . . . , az,M−1, aq4,1, . . . , aq4,M } ,

that maximize the area under the envelope function formed bythe individual joint
velocity constraints using (VII.8) and, at the same time, yield the shortest time for
traversing along a newly shaped path. Here, we simply integrate the dynamics
constructed in the(θ, θ̇)-phase plane applyingode45 from MATLAB for each pa-
rameter set within the current range of the path coordinateθ, which gives the time
to be minimized. For the numerical search we usefmincon such that the inverse
kinematics (VII.3) is feasible. The parameters[ax,0, ay,0, az,0]

T = p0(t = 0) are
already given by the initial point and[ax,M , ay,M , az,M ]T = p0(t = 1) by the final
point; aq4,0 is taken as the initial extension of the telescope.

In Fig. VII.7 we see the time-efficient path compared with thehuman-operated path
from the same initial point to the same target point. The time-efficient motion is two
times faster. As expected, the curves look much smoother in case of the optimal path.
In Fig. VII.8 it is shown that the optimal velocity profile along the new path is much
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Fig. VII.7: Evolution of Cartesian position of the boom tip with respect to time. The motion with
time-efficient Cartesian path and velocity profile from Procedure VII.3 isclearly faster than the one
of the driver and has a smoother path of the boom tip.
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higher compared with the one from the human operator and alsocompared with the path-
constrained optimized velocity profile from Procedure VII.2. Hence, changing the path
of the boom tip and optimizing for performance is a powerful tool for efficient motion
planning.
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Fig. VII.8: Velocity profiles along the individual Cartesian paths of the driver and the newly found
optimal path from Procedure VII.3 in the(θ, θ̇)-phase plane. Note that the length along the optimal
pathθmax is smaller compared with the one from the human operator.

VII.7 Conclusions

In this paper we have considered the problem of trajectory planning for a kinematically re-
dundant manipulator used on forestry machines. In particular, we have analyzed crane tra-
jectories that were recorded from a professional human operator moving the end-effector
from the tray towards logs, which is generally executed fastest because no payload has to
be taken care of.

An optimization procedure is suggested that takes advantage of the kinematic redun-
dancy so that the configuration of the crane along specified Cartesian paths can be modi-
fied giving efficient velocity profiles. Differential constraints imposed by the manipulator
dynamics are accounted for by employing a phase-plane technique for admissible path
timings. In this study we concentrated on the dominant velocity constraints which are
apparent in hydraulic actuators. It is straightforward to also account for acceleration con-
straints.

The following results have been presented:

• Path-constrained replanning of human-operated motions can speed up the process
by a factor of1.49 in average.

• Trajectory replanning for time-efficient paths and velocity can speed up the process
by a factor of2.
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We conclude that smart motion planning and control has a big potential to speed up mo-
tions of forestry cranes compared to today’s operators. It is important to note that we can
also use other quantities such as mechanical power or reaction forces to optimize for, but
it requires full knowledge of the system dynamics.

The following semi-autonomous scenario seems realizable in the near future: Fill the
working space of the crane with numerous paths to different targets required for the pro-
cess and have a driver select the target point. An offline/online motion planning strategy
together with a controller allows for moving the end effector in an optimal way. Near
the target point the driver can take over for the grasping task. An interesting question in
such a scenario is the interface of the driver to the automatic control system. We currently
study how to use the joysticks and a virtual environment to specify target motions and
possibly modify their velocity profiles or shift to nearby trajectories.
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Trajectory Planning and Time-Independent Motion Control for a Kinematically Re-
dundant Hydraulic Manipulator

Abstract — In this paper we consider the problem of motion planning andcontrol of
a kinematically redundant manipulator, which is used on forestry machines for logging.
Once a desired path is specified in the 3D world frame, a trajectory can be planned and
executed such that all joints are synchronized and constrained to the Cartesian path. We
introduce an optimization procedure that takes advantage of the kinematic redundancy so
that time-efficient joint and velocity profiles along the path can be obtained. Differen-
tial constraints imposed by the manipulator dynamics are accounted for by employing a
phase-plane technique for admissible path timings. In hydraulic manipulators, such as
considered here, the velocity constraints of the individual joints are particularly restric-
tive. We suggest a time-independent control scheme for the planned trajectory which is
built upon the standard reference tracking controllers. Experimental tests underline the
benefits and efficiency of the model-based trajectory planning and show success of the
proposed control strategy.

Keywords — Trajectory Planning, Motion Control, Robotics in Agriculture and
Forestry, Kinematically Redundant Manipulator

VIII.1 Introduction

Nowadays most of the harvesting and logging in forestry is performed by human-operated
machines. There is a clear trend towards autonomous processes due to the overall ben-
efits from robotics applications in industry [12]. Full automation of forestry machines,
however, can be considered as a long-term goal, since serious challenges are addressed
regarding motion planning and control of the manipulation tasks, maneuvering through
the rough forest environment, machine perception, localization and mapping. Semi-
autonomous schemes, still involving a human operator but with less complex tasks, on
the other hand, are to be expected in the nearest future. For instance, automated motions
from initial to target points are expected to provide great assistance and stress relaxation
to the operator. Teleoperation can further increase safetyand efficiency, since several
machines could be remotely operated by one person [12].

In this paper we consider the problem of trajectory planningand feedback control
design along given Cartesian paths for a forwarder crane. Forwarders are used to collect
logs from the ground to the tray for transportation out of theharvesting site. The human-
operated crane is a kinematically redundant manipulator whose end-effector position is
controlled in a 4D joint space; its orientation is not controlled. Thus, the movement of
the end effector from a start point to an end point is described in a 3D Cartesian space, its
coordination, however, is subject to a higher dimensional configuration space.

Our investigation aims for an intelligent strategy of trajectory planning and control
design for a hydraulic manipulator, such as depicted in Fig.VIII.1. Once a desired path
is specified in the 3D-world frame, a motion can be planned andexecuted such that all
joints are synchronized and constrained to the Cartesian path. We suggest an optimiza-
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q1

q2

q3

q4

Fig. VIII.1: Laboratory crane installed at the Department of Applied Physics and Electronics,
Umeå University. The joint coordinates of the redundant serial link manipulator are indicated.

tion procedure that takes advantage of the redundancy from task space to configuration
space. Those joint profiles that yield the maximum speed performance along the path are
found by employing a phase-plane technique for admissible path timings subject to cer-
tain constraints of the mechanical construction and dynamics. Eventually, a time-efficient
trajectory along a specified Cartesian path is obtained.

Planning a path at first and then computing a timing function along the path subject to
differential constraints is known asdecoupled approach[68]. We should note that such
methods were already introduced in the 1980’s by [13, 55, 104] proposing a time scaling
of trajectories in order to accommodate actuator torque limitations. The resulting trajecto-
ries are time-optimal and require a bang-bang control for switching between accelerating
and decelerating at full speed. For hydraulic actuators, however, the apparent velocity
constraints are dominant and will therefore be treated carefully in our study.

The rest of the paper is organized as follows. A kinematic model of the crane to-
gether with constraints in configuration and velocities is introduced in Section VIII.2. In
Section VIII.3 we specify a particular Cartesian path of theboom tip in order to illus-
trate the strategy of path-constrained trajectory planning without its explicit dependence
on time. An optimization procedure for time-efficient jointand velocity profiles is sug-
gested. Moreover, two trajectories along the predefined path are given as examples. The
time-independent control scheme is discussed in Section VIII.4. Experimental results are
presented in Section VIII.5. The paper ends with concludingremarks.

VIII.2 Modeling the Manipulator

The manipulator used for our study (see Fig. VIII.1) is a slightly downsized version of a
typical forwarder crane, very similar to it in configurationand dynamics. It is hydrauli-
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cally powered and consists of a series of links. We are concerned with the manipulation
task of moving the end effector from a start point to an end point in the world frame, i.e.
grasping tasks performed by the end effector are not considered here. Thus, the robot
geometry to be described is an open kinematic chain of four links from the base to the
joint where the end effector is attached. The joints are structured as follows:

(0) Base of the robot manipulator.

(1) Revolute joint forslewing, associated withq1.

(2) Revolute joint for theinner boom, associated withq2.

(3) Revolute joint for theouter boom, associated withq3.

(4) Prismatic joint fortelescopic extension of the outer boom, associated withq4.

(5) Joint where end effector is attached (boom tip).

The joint variables form the vector of generalized coordinatesq = [q1, q2, q3, q4]
T for this

4 degree-of-freedom system. They are measured by high-resolution encoders.
The forward kinematics can be conveniently expressed usingthe Denavit-Hartenberg

(DH) convention [120], where each link configuration is represented by the homogeneous
transformation

Ai = Rotz,θi
Transz,di

Transx,ai
Rotx,αi

, (VIII.1)

parameterized by joint angleθi, link offset di, link lengthai, and link twistαi. In Ta-
ble VIII.1 the parameters are provided that describe the configuration of the forwarder
crane used in this study. Eventually, the Cartesian position of the boom tip with respect

Table VIII.1: DH parameters of the 4-link manipulator

Link i θi [rad] di [m] ai [m] αi [rad]
1 q1(t) 2.202 0 π/2
2 q2(t) + θ2,0 0 1.4 0
3 π/2 + q3(t) − θ2,0 0 0.104 π/2
4 0 d4,0 + q4(t) 0 −π/2

Constants: θ2,0 = 0.1192 rad , d4,0 = 1.813 m

to the base frame of the robot is defined by

p0 =





x
y
z



 =
[
I3×3 03×1

]
T 0

4

[
03×1

1

]

where T 0
4 = A1(q1)A2(q2)A3(q3)A4(q4) .

(VIII.2)

Inverse kinematics from a configuration of the boom tip to thejoint variables can be
found as a solution of a set of nonlinear trigonometric equations given byT 0

4 in (VIII.2).
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In our case only the boom-tip position shall be specified along some motion such that
corresponding joint variables are computed in closed form by a function

q = F (p0, q4) , (VIII.3)

whereq4 is the chosen redundant joint variable. Here non-uniqueness issue is resolved so
that the function is continuous along the target path.

The configuration space of the manipulator is spanned by the joint variables and it
is restricted by the mechanical construction of the robot. Differential constraints, on the
other hand, are imposed by the system dynamics. The system dynamics can be described
by the following Euler-Lagrange equation [120]

d

dt

[
∂L(q, q̇)

∂q̇

]

− ∂L(q, q̇)

∂q
= B(q)u (VIII.4)

with the Lagrangian given byL(q, q̇) = K(q, q̇) − V (q), whereK(q, q̇) represents the
kinetic energy of the system,V (q) is the potential energy, andB(q)u forms the vector of
external and controlled forces and torques. For a hydraulically powered crane, velocity
constraints show up naturally due to a maximum flow rate through the hydraulic system,
while acceleration constraints are given through maximum producible forces and torques
of the hydraulic actuators. Differential constraints are typically configuration dependent.

In this study we will only use configuration and velocity constraints as given in Ta-
ble VIII.2. Procedures for computing reliable estimates ofdynamical parameters as well

Table VIII.2: Position and velocity constraints of the 4-link manipulator

Link i qi,min qi,max q̇i,min q̇i,max

1 −1 rad 0.5 rad −0.4 rad/s 0.4 rad/s
2 −0.45 rad 1.37 rad −0.16 rad/s 0.21 rad/s
3 −2.7 rad −0.1 rad −0.43 rad/s 0.39 rad/s
4 0 1.55 m −0.67 m/s 0.5 m/s

as obtaining accurate quantitative description of external forces in (VIII.4) are currently
under study. The range of allowable velocities has been obtained from experiments with
the individual joints as follows. We have applied the minimum and maximum control
input2 over some time intervals and have recorded the associated evolution of the joint
angles, which are used to estimate angular velocities. Eventually, the velocity constraints
are chosen as the most conservative value not to be violated.It is important to note that in
hydraulic actuators the velocity constraints are way more restrictive compared to standard
electric motors, since they directly depend on the maximum flow of hydraulic oil.

2The electro-hydraulic valve is controlled by direct current, which allows for actuation back and forth de-
pending on the polarity.
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VIII.3 Motion Planning

VIII.3.1 Path Planning

At first we have to specify a path that the boom tip should describe over time. In case of a
forwarder crane, one is generally interested to move from a given pointA to a target point
B. There are numerous ways for connecting two points in the Cartesian space that yield
feasible inverse kinematics (VIII.3) in the configuration space. However, in this study
we are not concerned with the path-planning problem. Our goal is to compute a timing
function along a predefined path subject to differential constraints.

Let us specify a desired path that we are going to work with from here on. This path
describes a 2D circle in thex-z–plane of the base frame as depicted in Fig. VIII.2. For
simplicity we skip one dimension of the boom-tip movement byrestricting the slewing
angle to be zero, i.e.q1(t) = 0. In particular, we define

p0(θ) =





x(θ)
0
z(θ)



 = R





cos(θ)
0

sin(θ)



+





xC

0
zC



 ,

where R = 0.7 m, [xC , zC ] = [3, 2.5] m
and θ ∈ [−π, π] .

(VIII.5)

Even though, this path might be unusual in practice, it is very illustrative for the following
analysis. Note that any other path could have been chosen connecting two points in the
workspace and involving all or less degrees of freedom, if desired. Note that for the 2D
circle we still have kinematic redundancy of the manipulator, since the motion lives in a
2D task space and the coordination is realized in a 3D configuration space.
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Fig. VIII.2: Path of the boom tip describing a 2D circle in thex-z–plane of the base frame.
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VIII.3.2 Path-Constrained Trajectory Planning

In this section we illustrate the parameterization of motions along predefined paths with-
out explicit dependence on time. The procedure is exemplified for the circular path
(VIII.5).

At first, we define a new variable that describes the path as a function of the gener-
alized coordinates. For instance, the arc length along the path would be one choice that
naturally yields a monotonic evolution. In the case of the circular path (VIII.5), such a
path coordinate is already introduced by the angular position

θ = atan2(z − zC , x− xC) (VIII.6)

associated with a pointp0 on the circle (see Fig. VIII.2).
As the second step, all joint variables must be parameterized as functions of the new

variableθ instead of time:






q1
q2
q3
q4







:= Φ(θ) =







φ1(θ)
φ2(θ)
φ3(θ)
φ4(θ)






, (VIII.7)

whereφ1(θ) = 0 due to the choice of (VIII.5) and the other functions are obtained from
(VIII.3). It can be interpreted as synchronization of all joints along the path clocked to
an independent configuration variable. With such representation the explicit dependence
of time disappears and, thus,θ(t) can be viewed as a motion generator. Once a velocity
profile forθ is chosen, all joint velocities are directly assigned by

q̇ = Φ′(θ)θ̇ . (VIII.8)

It means that the nominal evolution of the full state space vector [q, q̇]T is parameterized
along the path, without even using the system dynamics (VIII.4). This approach is known
aspath-constrained trajectory planning[81], which is subject to velocity and acceleration
constraints. In the context of control theory, the geometric function (VIII.7) is called avir-
tual holonomic constraint[112], if it is preserved by some control action along solutions
of the closed-loop system.

Finally, we have to assign a velocity profile along the path taking into account that
there are configuration-dependent differential constraints. In this study only velocity con-
straints (see Table VIII.2) shall be considered due to theirdominating relevance in hy-
draulic actuators. It is straightforward to also account for acceleration constraints linked
to the system dynamics (VIII.4) as soon as a reliable quantification of them is obtained.

Considering each linki of the manipulator, we get the individual constraints for al-
lowable θ̇ along the path using the equation for constrained joint velocities (VIII.8). It
means that the phase-space ofθ–dynamics can be directly shaped such that the individual
joint velocity constraints are not violated. Hence, a velocity profile along the path can be
obtained as a solution of the differential equation relating θ andθ̇. The evolution ofθ with
respect to time and thus the evolution of all joints in (VIII.7), is derived by integrating this
differential equation. As a result, the whole motion of the manipulator along a specified
path can be generated by following the simple numerical steps introduced above.
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VIII.3.3 Path-Constrained Time-Efficient Trajectory

The relation betweenθ andθ̇ is instrumental and helps with assignments of velocity pro-
files along the same path such that we can optimize trajectories for execution time or other
performance indices.

For our circular path (VIII.5) we are interested to achieve arather small execution time
of the motion. Given the fact that the manipulator is redundant allows for optimization of
the virtual holonomic constraint (VIII.7). The following procedure is suggested:

• Parametrize the redundant joint variableq4 := φ4(θ) by some function, chosen to
be a trigonometric polynomial of orderM

φ4(θ) = φ40 +

M∑

i=1

(
φ4a,i cos(iθ) + φ4b,i sin(iθ)

)
. (VIII.9)

• Apply inverse kinematics (VIII.3) to compute the full vector functionΦ(θ) along
the given path.

• The optimal joint profile (VIII.9) is found forx = [φ40, φ4a,i, φ4b,i], the polyno-
mial coefficients, that maximize the area under the envelopefunction formed by the
individual joint velocity constraints along the path using(VIII.8). A time-efficient
trajectory is finally obtained by constructing a smooth curve in the(θ, θ̇)-phase-
plane close enough to the velocity constraints without violating them.

VIII.3.4 Example of Two Trajectories

Here, we show two examples of possible trajectories along the circular path (VIII.5) in
order to illustrate the framework discussed in Sections VIII.3.2 and VIII.3.3. The trigono-
metric function (VIII.9) is used for the redundant joint variable q4 such that the joint
profiles (VIII.7) along the path are well defined. In particular, the following periodic
trajectories are chosen:

A: Trajectory with a constant angular velocity and disadvantageous joint profiles given
by

φ4(θ) = 0.5 + 0.15 cos(θ).

B: Trajectory with time-efficient joint profiles obtained fromthe optimization proce-
dure in the previous section as

φ4(θ) = 0.806 + 0.513 cos(θ) − 0.106 sin(θ).

The corresponding joint profiles—the individual virtual holonomic constraintsΦ(θ)—are
depicted in Fig. VIII.3 versus each other. As indicated by Table VIII.2, it is advantageous
to use the telescopic boom as much as possible for fast motions since the allowable veloc-
ities are much higher as compared to the inner boom. That is why, we can assign a high
velocity profile for TrajectoryB. The phase portraits forθ–dynamics of both trajectories
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are shown in Fig. VIII.4a indicating the significant difference of the individual velocity
profiles along the path. For TrajectoryA we wanted a constant angular velocity, which
is found to be0.3 rad/s at maximum due to velocity constraints of mainly the first link.
TrajectoryB, on the other hand, is shaped such that the potential of the individual joints
gets exploited.
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Fig. VIII.3: Individual virtual holonomic constraintsq := Φ(θ) as joint profiles for TrajectoryA
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Fig. VIII.4: Illustration of TrajectoryA (solid line) and TrajectoryB (dashed line) in the phase
plane of the path coordinateθ and the corresponding timing function. TrajectoryB gives an enor-
mous speed improvement.
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Given the velocity profiles along the path, we can also get therespective time evolution
by integratingθ–dynamics. In Fig. VIII.4b the solutions are depicted; the execution time
for TrajectoryB is 3 times smaller than the one for TrajectoryA. An illustrative summary
of Fig. VIII.3–VIII.4 is given in Fig. VIII.5 showing the crane kinematics along the path
for the two trajectories.
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Fig. VIII.5: Schematic of the crane kinematics at time instants of1 s along the path for the two
trajectories. The arrows represent tangential velocities at the corresponding time instants.

VIII.4 Time-independent Control Strategy

Motion planning should be complimented with a feedback control design. We are inter-
ested here to derive a time-independent control strategy that achieves invariance of the
preplanned trajectory[θ⋆, θ̇⋆] and contraction to it if the system is moved away by ex-
ternal forces. In particular, the virtual holonomic constraint, which is specified in the
trajectory planning step, must be satisfied such that the vectorial error signal

y(t) = Φ
(
θ(t)

)
− q(t) (VIII.10)

goes to zero. Additionally, the configuration variable mustevolve over time as pre-
planned, i.e. we need

|θ(t) − θ⋆(t)| → 0 as t→ ∞ . (VIII.11)

It is not an option to generate a desired time reference for the individual joints by sim-
ply applyingq⋆(t) = Φ (θ⋆(t)) to standard tracking controllers, since we want a strategy
that is configuration dependent. It means that the referenceshall be generated based on
the current position of the boom tip projected on the path by the function (VIII.6). The
equation to generate the referenceθ⋆(t + ∆s) for the next time-sampling step is then
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derived from an approximation of the desired velocity profile. In this way, the reference
signal for the evolution along the path is not explicitly depending on time, however, it can
be used with a standard tracking controller. It is also possible to include an estimated time
delay into the algorithm.

In the next section we finally show experimental tests of the proposed control strategy
implementing such an algorithm for a preplanned trajectory.

VIII.5 Experimental Results

The experimental test are carried out with a real-time prototyping platform of the type
dSPACE 1401 at a sampling time of∆s = 0.001 s. The utilized joint controllers con-
sist of a two-loop MFC (Model-Following Control) structure[95], which is based on an
identified nonlinear second order model of each link presented in [77]. The nonlinear
friction is compensated by a model-based addition to the control signal, whereas the plant
controller is formed by a discretized PID structure with encoder measurements used for
computation of the error signals.

Here, we show results for TrajectoryB planned along the circular path illustrated in
Section VIII.3.4. The reference signals to the individual joint controllers are generated
as described in Section VIII.4, fed through look-up tables containing the desired joint
profilesΦ(θ). The measurement delay is identified to be∆d = 0.26 s.
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Fig. VIII.6: Desired circular path for the boom tip and real experiment of the periodic trajectory
shown for several turns.

In Fig. VIII.6 the desired circular path is shown together with experimental results for
the periodic trajectory, where the crane’s boom tip was initialized about 0.5 m away from



212 VIII. Trajectory Planning and Motion Control for a Redundant Manipulator

0 1 2 3 4 5 6 7 8 9 10
−3

−2

−1

0

1

2

3

t [s]

θ 
[r

ad
]

 

 

planned
real

Fig. VIII.7: Time evolution of the boom tip along the path for several turns. The crane was initial-
ized away from the path.
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Fig. VIII.8: Invariance of joint profiles along the motion illustrated by referenceΦ
(
θ(t)

)
(dashed

line) versus real joint evolutionq(t) (solid line).

the path. We see convergence to the path with acceptable error to it along the motion
keeping in mind that the trajectory has a close to maximum velocity profile. In Fig. VIII.7
the time evolution is shown corresponding to Fig. VIII.6. Here,θ is the projection of the
boom tip onto the circular path using the function (VIII.6).Several turns are depicted,
where the period of the first one is slightly longer due to the initialization away from the
path. However, the real trajectories for each turn closely fit the planned one once the
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boom tip converged to the path. Let us also check that the specified joint profilesΦ(θ)
are invariant along the motion. Fig. VIII.8 shows that the individual joint controllers
work sufficiently well such that equation (VIII.10) is indeed satisfied with a reasonable
accuracy.

In Fig. VIII.9 we finally show a comparison of a time-reference tracking scheme to the
time-independent virtual-constraints-based control strategy. The 3D plot depicts the evo-
lution along the path for the individual controllers, whereboth trajectories are initialized
at the same point but the time reference is lagging behind at the start. It is clearly seen that
the time-independent control strategy is advantageous because the distance to the path is
diminished and at the same time the desired evolution along the path is obtained. Since
the time-reference tracking controller diminishes the error to a point evolving along the
path, which is initially different to the boom-tip position, the execution time for one turn
is much bigger compared to the desired one.
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Fig. VIII.9: Evolution along the path for a time-reference tracking scheme (dashed line)compared
to the time-independent virtual constraints based control strategy (solid line). Here, the time refer-
ence is lagging behind at initialization.

VIII.6 Conclusions

In this paper we have considered the problem of trajectory planning and control redesign
for a kinematically redundant manipulator, which is used onforestry machines for log-
ging. We introduce an optimization procedure that takes advantage of the kinematic re-
dundancy so that time-efficient joint and velocity profiles along the path can be obtained.
Differential constraints imposed by the manipulator dynamics are accounted for by em-
ploying a phase-plane technique for admissible path timings. In this study we concen-
trated on the dominant velocity constraints which are apparent in hydraulic actuators. It
is straightforward to also account for acceleration constraints.
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We have illustrated the case of a circular Cartesian path andtwo trajectories are chosen
as examples. The angular position of a point on the path is used as an independent config-
uration variable for parameterization of the whole motion in terms of a virtual holonomic
constraint and a velocity profile of the new variable along the motion. Such a parame-
terization can be instrumental and helps with assignments of velocity profiles along the
same path so that we can optimize trajectories for executiontime or other performance in-
dices. The explicit dependence on time disappeared, which allows for implementation of
a time-independent control strategy, built upon standard tracking controllers, that achieves
invariance of a preplanned trajectory and contraction to itif the system is moved away by
external forces. Experimental tests demonstrate the feasibility of the proposed strategy.

Our study has been motivated by current needs of forestry industry. The following
semi-autonomous scenario seems realizable in the nearest future: Fill the working space
of the crane with numerous paths required for the process (say 20) and have an operator
select a target point. An off-line/on-line motion planningstrategy together with a designed
feedback controller would allow moving the end effector in an optimal way (say as fast
as possible) to the target point. Whenever its vicinity is reached, the driver can take over
for the local grasping task.
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