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Abstract

In this thesis we develop and evaluate the performance of adaptive finite element
methods for multiphysics problems. In particular, we propose a methodology for
deriving computable error estimates when solving unidirectionally coupled mul-
tiphysics problems using segregated finite element solvers. The error estimates
are of a posteriori type and are derived using the standard framework of dual
weighted residual estimates. The main feature of the methodology is its capa-
bility of automatically estimating the propagation of error between the involved
solvers with respect to an overall computational goal. The a posteriori estimates
are used to drive local mesh refinement, which concentrates the computational
power to where it is needed the most. We have applied the methodology to sev-
eral common multiphysics problems using various types of finite elements in both
two and three spatial dimensions.

Multiphysics problems often involve convection-diffusion equations for which
standard finite elements are known to be unstable. For such equations we formu-
late a robust discontinuous Galerkin method of optimal order with piecewise con-
stant approximation. Sharp a priori and a posteriori error estimates are proved
and verified numerically.

Fractional step methods are popular for simulating incompressible fluid flow.
However, since these methods are based on operator splitting, rather than Galerkin
projection, they do not fit into the standard framework for a posteriori error
analysis. Here, we formally derive an a posteriori error estimate for a prototype
fractional step method by separating the error in a quantity of interest into a
finite element discretization residual, a time stepping residual, and an algebraic
residual.

Keywords: finite element methods, multiphysics, a posteriori error estimation,
duality, adaptivity, discontinuous Galerkin, fractional step methods
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Populärvetenskaplig sammanfattning p̊a svenska

Denna avhandling handlar om datorsimulering av fysikaliska fenomen, s̊asom
vätskeströmning, elastisk deformation och värmeledning. Dessa fenomen model-
eras matematiskt med partiella differentialekvationer, som ofta bara kan lösas
numeriskt med hjälp av dator. Ett standardverktyg därvidlag är finita element-
metoden, som är en generell metod att lösa differentialekvationer d.v.s. ekvation-
er som inneh̊aller en eller flera derivator av en okänd funktion. Denna funktion
kan t.ex. vara trycket hos en fluid, spänningen i ett material, eller tempera-
turen i en gas. Tyvärr kan man bara erh̊alla approximativa lösningar med fini-
ta elementmetoden, vilket gör det viktigt att kontrollera det numeriska felet.
För detta används feluppskattningar av a posteriori typ, vilka kännetecknas av
att vara direkt beräkningsbara. Speciellt viktigt är detta vid simulering av s̊a
kallade multifysikproblem där samverkan av flera fysikaliska fenomen tas hänsyn
till samtidigt. Ett typiskt exempel är hur uppvärmning av ett elastiskt material
ger upphov till termiska spänningar och expansion. Matematiskt beskrivs mul-
tifysikproblem av system av kopplade differentialekvationer där lösningen till en
ekvation kan vara indata till en annan ekvation. Detta kan ge propagering av
numeriska fel. Huvudresultatet i denna avhandling är en teknik för att härleda a
posteriori feluppskattningar för en viss typ av multifysikproblem där datautbytet
mellan ekvationerna bara är riktat åt ett h̊all. En huvudingrediens i analysen är
s.k. duala problem, som ger känsligheten för fel i en given m̊alkvantitet. Tekniken
illusteras med flera numeriska exempel. Avhandlingen adresserar även tv̊a andra
mindre problem som har anknytning till simulering av multifysikproblem.
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Paper III. R. Söderlund, M. Larson, F. Bengzon: Adaptive Finite Element
Approximation of Coupled Flow and Transport Problems with Applications in
Heat Transfer, Int. J. Numer. Meth. Fluids, vol. 57 iss. 9, pp. 1397-1420, 2008.

Paper IV. F. Bengzon, M. Larson: Adaptive Finite Element Approximation
of Multiphysics Problems: A Fluid Structure Interaction Model Problem (sub-
mitted).

Paper V. F. Bengzon, M. Larson: Adaptive Piecewise Constant Discontinuous
Galerkin Methods for Convection-Diffusion Problems (submitted).

Paper VI. F. Bengzon, M. Larson: A Posteriori Error Estimates for Frac-
tional Step Methods in Fluid Mechanics, Computational Methods in Marine En-
gineering, P. Bergan, J. Garcia, E. Onate, and T. Kvamsdal (Editors), CIMNE,
Barcelona, Spain, 2009.

vii



The following works are related to, but not included in this thesis:

(i) M. Larson, F. Bengzon, A. Johansson: Adaptive Submodeling for Linear
Elasticity Problems with Multiscale Features, LNCSE 44, pp. 169-180, Springer
Verlag, 2005.

(ii) H. Jakobsson, F. Bengzon, M. Larson: Adaptive Component Mode Syn-
thesis in Linear Elasticity (submitted).

viii



Acknowledgements

This thesis would not have been possible without the support of a number of
people.

First and foremost, I would like to thank my supervisor Professor Mats G.
Larson for sharing his vast knowledge of finite element methods with me and for
providing me with assistance and guidance in numerous ways. For this I am very
grateful and feel deeply indebted.

Second, I would like to thank my coauthors and research colleagues August
Johansson, Leonid Gershuni, Robert Söderlund, H̊akan Jakobsson, Karl Lars-
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Chapter 1

Introduction

Computer simulation in general and finite element methods in particular are by
now well established tools complementing analytic and experimental techniques
for understanding all kinds of real-world phenomena. Weather forecasting, ther-
mal stress analysis, and the design of modern wind mills, are just some examples
of areas of application. However, finite element methods were originally devel-
oped to solve problems in thermostatics and solid mechanics, followed later on
by fluid dynamics. It is no coincidence that the chronological ordering of these
application areas coincide with the complexity of the mathematical models used
to describe precisely heat transfer, elastic deformation, and fluid flow. The rapid
development of numerical algorithms and increase in computer power during the
last fifty years have enabled the simulation of more and more complex phenom-
ena. For a historic account of the origins of the finite element method see for
example Zienkiewicz [30].

The success of the finite element method stems from the fact that it is fast,
reliable, and accurate at the same time. Moreover, the finite element method is
based on a firm theoretical foundation, which allows error estimates to be rigor-
ously proved. This might not seem so important at first glance, but recall that
it is of the utmost importance that the results of a computation are accurate.
Indeed, the whole faith in computer simulation lies in its ability to deliver trust-
worthy results. A failure to do so jeopardizes the whole paradigm of simulation,
not to mention the potentially disastrous consequences inaccurate calculations
may have in the real world.

Computer simulation is a truly interdisciplinary subject since it links applied
mathematics, computer science, and application into one. It also links academia
and industry. The synergy effects of this can hardly be overestimated. Joint
efforts by scientists and engineers have today lead to a turning point where at-
tention is focused more on solving real problems than developing fundamental
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theory. Large resources are currently being allocated for computer simulation in
order to address major challenges, such as climate change and renewable energy
sources. There are two good reasons to believe that this venture will be suc-
cessful. First, the academic community is at a point where the basic numerical
methods for most equations describing a single physical phenomenon are rea-
sonably well developed. Second, the next generation of super computers is being
manufactured by the computer industry solely based on computational demands.

However, most phenomena involve several types of physics that interact in
some way. A simple example is a microwave oven where electromagnetic waves
are used to carry energy to the food, which is heated through thermal induc-
tion. Because this process involves two kinds of single physics, namely, wave
propagation and heat diffusion, it is said to be a multiphysics problem. Thus,
from a mathematical point of view multiphysics problems give rise to systems of
coupled single physics equations. The simulation of such problems has its own
set of difficulties associated with the coupling between the involved equations.
Regarding in particular finite element simulation of multiphysics problems one
important question is how to control the numerical error, which might propagate
and amplify from one equation to another.

1.1 Thesis Objectives

The main objectives of this thesis are:

• To develop and analyze new finite element methods for real-world problems,
especially multiphysics problems.

• To develop and analyze error control techniques for adaptive finite element
methods, in particular a posteriori error estimates for multiphysics prob-
lems.

1.2 Main Results

1.2.1 A Methodology for A Posteriori Error Estimation of
Unidirectionally Coupled Multiphysics Problems

We have developed a methodology for deriving a posteriori error estimates for
multiphysics problems. The methodology is intended for situations where several
different and highly specialized finite element solvers are used one after another
in a segregated fashion to solve a system of coupled partial differential equations
comprising a multiphysics problem. The methodology is applicable to any uni-
directionally or one-way coupled multiphysics problem, which means that the
coefficients of one equation may depend on the solution from another equation,
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but not vice versa. For such a problem the methodology yields a computable
estimate, which bounds the error stemming from finite element discretization of
the involved equations with respect to a certain quantity of interest. This a pos-
teriori error estimate is derived using duality techniques and is of dual weighted
residual type. The main feature of the methodology is that any propagation of
error between the equations making up the multiphysics problem is automatically
captured. We have applied our methodology to the following four multiphysics
applications:

• Micro-electro-mechanical systems (MEMS) (Paper I)

• Pressure driven contaminant transport (Paper II)

• Heat transfer in incompressible fluid flow (Paper III)

• Fluid-structure-interaction (Paper IV)

1.2.2 Error Analysis of a Piecewise Constant dG Method

Multiphysics problems often involve transport phenomena with low diffusion and
high convection that are difficult to discretize, since standard finite elements
yield unstable numerical methods. In Paper V we formulate a robust finite el-
ement method with piecewise constant approximation for convection-diffusion
equations. We show that with a careful choice of a mesh size parameter opti-
mal order a priori error estimates are obtained in both L2 and energy norm.
Our method extends the discontinuous Galerkin (dG) method of Nitsche [24]
for second order equations, provided that the aforementioned parameter is cho-
sen correctly. The common dG trick of upwinding is used to treat the convective
term. We also derive a posteriori error estimates and illustrate their performance
numerically.

1.2.3 A Posteriori Estimates for a Fractional Step Method

Simulation of viscid incompressible fluid flow is a common task in multiphysics
applications. Perhaps the most popular numerical methods for doing so are the
fractional step methods originally proposed by Chorin [8, 16], which are surpris-
ingly robust and simple to implement. Although there are many flavors of frac-
tional step methods they are all based on operator splitting (i.e., the operations
of diffusion, convection, and projection onto the space of solenoidal velocities act
during different parts of a timestep). This fact allows for a simple implemen-
tation, but makes the error analysis difficult. In Paper VI we formally derive
an a posteriori error estimate for a prototype fractional step method. The basic
idea is to interpret the fractional step method as a variant of a Galerkin least
squares (GLS) finite element method (cf. [28]) with only one nonlinear iteration,
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and apply duality based error estimation techniques. The resulting error esti-
mate consists of three contributions in the form of a finite element discretization
residual, a time stepping residual, and an algebraic residual. Each one of these
residuals can be kept small by decreasing either the mesh size, the time step, or
by making more nonlinear iterations.

1.3 Future Directions

There are a several natural directions to pursue when it comes to future work.
First, there is the extension of the methodology for a posteriori error esti-

mation of one-way coupled multiphysics problems to two-way coupled problems.
This is quite complicated and involves analyzing a sequence of functionals which
measure the strength of the couplings between the equations. This is ongoing
work in our research group.

Second, the piecewise constant dG method presented can probably be used for
other equations involving higher order derivatives such as the biharmonic equa-
tion, for instance. Also, a reason for studying piecewise constant approximations
is that it spreads light on the connection between dG methods and finite volume
methods.

Third, the a posteriori error estimate presented for fractional step methods
is general and should work also for other types of numerical methods based on
operator splitting.
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Chapter 2

Mathematical Modeling
with Partial Differential
Equations

2.1 Continuum Mechanical Modeling

The works presented in this thesis concerns the numerical approximation of the
mathematical models of continuum mechanics. These models are important be-
cause they provide descriptions for a wide range of phenomena in science and
technology. The models come in the form of partial differential equations (PDE),
and express the fact that the following three fundamental principles of physics
hold for any continuum (i.e., solid or fluid):

• Balance of momentum

• Balance of energy

• Mass conservation

As fundamental as they are, these principles are not enough to completely
describe all physical properties of a continuum, and have to be supplemented
with various other constitutive relations, which are empirical laws, to obtain
closed form partial differential equations. Let us for completeness quickly review
the derivation of the most common partial differential equations modeling single
physics phenomena, and see how they can be combined into more complex mul-
tiphysics models. For a more detailed derivation of the equations of continuum
mechanics see for instance the overview by Haug and Langtangen [17].
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2.2 Single Physics Models

2.2.1 The Equations of Linear Elasticity

Newton’s second law states that the net force on any material volume equals
mass times acceleration, or, more generally, the rate of change in momentum.

There are two kinds of forces which can act on a volume Ω ⊂ Rd. First,
there are forces penetrating the whole volume. These are described by a force
density f . Second, there are contact forces which acts on the surface ∂Ω. The
fundamental concept for describing contact forces is the stress tensor, which is a
symmetric d× d matrix σ, defined such that the force on a small surface ds with
unit normal n is given by σ · nds.

A material body responds to stress by deforming. The deformation can be
described by specifying how each material particle within the body is displaced
from its initial position. The displacement u is naturally defined as u = x− x0,
where x is the current and x0 the initial position of the particle. For small
displacements, acceleration is given by ü. Requiring that net force equals mass
times acceleration for any material particle yields the equations of motion

ρü = f +∇ · σ (2.1)

In order to close these equations it is necessary to supplement them with ad-
ditional constitutive equations, expressing the local relations between the stresses
and the local state of matter.

The general displacement of a body includes translations and rotations that
should not be classified as deformations, since a true deformation is characterized
by geometric changes within the body. The relevant quantity for describing de-
formation is the strain tensor, which under the assumption of small displacement
gradients is defined by

ε(u) =
1
2

(∇u+∇uT ) (2.2)

Local stresses can only depend on local strains. When the strains are small,
it is reasonable to assume that the relation between stresses and strains is linear.
This assumption is called Hooke’s law and is a constitutive equation, meaning
that it is not a law of nature, but deduced from empirical experiments. For
isotropic materials (i.e., materials characterized by properties which are inde-
pendent of spatial direction) Hooke’s law takes the form

σ = 2µε(u) + λtr(ε(u))I (2.3)

where µ and λ are constants called the Lamé parameters describing material
properties.
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Combining the equations of motion with this constitutive equation we get a
vector valued partial differential equation governing the displacement field

ρü− µ∆u− (λ+ µ)∇(∇ · u) = f (2.4)

This equation provides the basic continuum mechanical model for the dynamics
of linear elastic materials.

To yield a unique solution differential equations need to be supplemented by
auxiliary constraints called boundary conditions specifying the behavior of the
solution on the boundary of the domain on which the equation is posed. For
time dependent equations it is also necessary to impose initial conditions at a
starting time. For example, for equation (2.4) it is common to prescribe either the
displacement or the normal stress on the boundary ∂Ω as well as the displacement
and velocity at time zero.

2.2.2 The Heat Equation

Heat plays a key role in almost all physical and chemical systems. Let e be the
internal energy per unit mass, and let q be the heat flux vector per unit area of a
material volume with mass density ρ. The first law of thermodynamics says that
the rate of change of stored internal energy equals the inflow of heat plus the
heat power produced by internal heat sources. Denoting this heat power density
by h, we have

ρė+∇ · q = h (2.5)

According to the gas law internal energy is proportional to temperature T ,
viz.

e = cT (2.6)

where c is the heat capacity.
Further, heat flows from hot to cold regions. This is neatly expressed by

Fourier’s law

q = −k∇T (2.7)

where k is the heat conductivity.
Combining these three equations we end up with a partial differential equation

for the temperature

ρcṪ −∇ · (k∇T ) = h (2.8)

which is known as the heat equation.
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2.2.3 The Navier-Stokes Equations

From the principles of conservation of momentum and mass it is possible to derive
a set of partial differential equations governing viscid incompressible fluid flow.
These are the famous Navier-Stokes equations

u̇+ (u · ∇)u = ν∆u−∇p+ f (2.9)
∇ · u = 0 (2.10)

where u is velocity, p pressure, ν viscosity, and f a volume force.
If ν � 1, then the nonlinear term (u · ∇)u can be omitted and we are left

with a set of linear equations known simply as Stokes equations.

2.3 Multiphysics Models

The constitutive relations occurring in the the continuum mechanical models
depend on various material properties, which can vary in space and time. In par-
ticular, they can be functions of physical quantities governed by other continuum
mechanical models. For example, density is always a function of temperature,
which is governed by the laws of thermodynamics. As a consequence, one obtains
coupled partial differential equations where the solution or some post-processed
quantity of the solution to one equation appears as a coefficient in another equa-
tion. This is precisely the definition of a multiphysics problem. Let us illustrate
such a problem by considering thermal expansion of an elastic solid.

2.3.1 The Equations of Thermo-Elasticity

Heating or cooling of a material leads to isotropic expansion or contraction. The
strains associated with this are called thermal strains and their empirical model
is

εT = α(T − T0)I (2.11)

where α is the thermal expansion coefficient and T0 a reference temperature.
It is common to write the total strain ε as the sum of the thermal strains εT

and the mechanical strains εM , where the stresses from the latter obeys Hooke’s
law. These assumptions give rise to a generalized Hooke’s law relating stresses,
temperature, and deformation

σ = 2µε(u) + λtr(ε(u))I − α(3λ+ 2µ)(T − T0)I (2.12)

Given the temperature T this modified stress strain relationship can be inserted
into the equations of motion to yield a partial differential equation for the dis-
placement u. However, very often the temperature is not available in explicit
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form, but must be retrieved by solving some variant of the heat equation, for
example,

ρü−∇ · σ = f (2.13)
σ = 2µε(u) + λtr(ε(u))I − α(3λ+ 2µ)(T − T0)I (2.14)

Ṫ + ∆T = 0 (2.15)

Notice that this is a one-way coupled multiphysics problem in the sense that
the displacement u does depend on the temperature T , but not the other way
around. However, if the effect of elastic energy being converted into heat were
to be taken into account then a term proportional to −∇ · u̇ would appear in
the right hand side of the heat equation making the equations fully coupled, see
Speziale [27]. Needless to say, it is harder to analyze equations with this kind of
mutual data dependency.
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Chapter 3

Finite Element
Approximation

3.1 Basic Ideas

The finite element method is a general technique for the numerical solution of
differential equations. The starting point is to re-write the differential equation,
or strong form, in weak form. The weak form is a variational equation obtained by
multiplying the differential equation with a set of carefully selected test functions
and integrate by parts. This relaxes the concept of a solution to the equation,
since the weak form allows a solution in a bigger space of functions than the
strong form. Then, a solution to the weak form is sought in a finite dimensional
function space typically consisting of polynomials or some other type of simple
functions. The construction of this space is not trivial and involves partitioning
the computational domain into a mesh of geometrical simplices, such as triangles
or tetrahedrons, for instance. There are several good introductory texts to the
finite element method, for example, the books by Johnson [21], Eriksson et al.
[13], or Hughes [19]. More advanced texts include the books by Ciarlet [9], and
Brenner and Scott [4].

3.2 Weak Forms

Let us try to describe the basics of finite element theory in some detail. Suppose
we wish to find the solution u to a stationary partial differential equation posed
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on a domain Ω,

Lu = f, in Ω (3.1a)
u = 0, on ∂Ω (3.1b)

where L is a linear differential operator, such as the Laplacian ∆, for instance,
and f is a given source function.

The weak form of this problem is obtained by multiplying Lu = f with a
test function v, which is zero on the boundary, and integrating by parts. With a
slight abuse of notation we write this as

(Lu, v) = (f, v) (3.2)

This is a variational equation which is satisfied for all test functions v as long
as the involved integrals exist. The set of such test functions forms a function
space, V . Introducing the notation

a(u, v) = (Lu, v) (3.3)
l(v) = (f, v) (3.4)

we can formally state the weak form of our partial differential equation as the
abstract problem: find u ∈ V such that

a(u, v) = l(v), ∀v ∈ V (3.5)

The exact appearance of the bilinear form a(·, ·), the linear form l(·), and the
space V depends on the particular problem under consideration. For example, for
the stationary linear elasticity equations with zero displacement on the boundary
we have

a(u, v) = (σ(u), ε(v)) (3.6)
l(v) = (f, v) (3.7)

and V = [H1
0 (Ω)]d.

It turns out that the solution u to the abstract weak problem (3.5) exists
and is unique under additional assumptions (e.g., coercivity, inf-sup stability,
continuity, etc.) on a(·, ·) and l(·). Further, if the domain Ω and coefficients of
the partial differential equation are sufficiently regular it can usually be shown
that a weak solution is in fact also a strong one.

For time dependent problems the situation is essentially the same. By using
the fact that the solution exists, is unique, and well behaved for each fixed time
it is very often possible to prove, for example, existence and uniqueness for all
times.
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3.3 Finite Element Methods

Finite element methods are obtained by replacing the infinite dimensional space
V in the weak form (3.5) by a finite dimensional subspace Vh ⊂ V . Typically Vh

consists of piecewise polynomials, since they are easy to operate on (i.e., differ-
entiate or integrate), but other types of functions, such as splines and NURBS
[2, 10], for instance, are also used.

The construction of Vh is done by subdividing the computational domain Ω
into a mesh K = {K} of geometric simplices K. The most common simplex
types are triangles and quadrilaterals in two dimensions, and tetrahedrons and
hexahedrons in three dimensions. On each simplex K a polynomial space is
chosen along with a set of functionals controlling the degree of continuity between
adjacent simplex. The triplet of simplex, polynomial space, and functionals is
what defines a finite element. The space Vh is the direct sum of all polynomial
spaces on all elements.

A prototype finite element method for the abstract weak problem (3.5) takes
the form: find uh ∈ Vh such that

a(uh, v) = l(v), ∀v ∈ Vh (3.8)

In order to compute uh, let {ϕ}N1 be a basis for Vh, and observe that the
finite element method (3.8) is equivalent to

a(uh, ϕi) = l(ϕi), i = 1, . . . , N (3.9)

Further, writing uh as a linear combination

uh =
N∑

j=1

Ujϕj (3.10)

with unknown coefficients Uj , and inserting into the finite element method (3.8)
we have

bi = l(ϕi) =
N∑

j=1

Uja(ϕj , ϕi) =
N∑

j=1

AijUj , i = 1, . . . , N (3.11)

which is just a N × N linear system of equations. In matrix notation we write
this

AU = F (3.12)

where Aij = a(ϕj , ϕi), and Fi = l(ϕi). The matrix A and the vector F is for
historical reasons called stiffness matrix and load vector, respectively. Hence, to
summarize, uh can be found by solving a linear system of equations.
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The linear systems resulting from finite element discretization are usually very
large and sparse. This puts high demands on both computer hardware and the
linear algebra software used to solve them. The use of high performance parallel
computing is nowadays quite common to boost computational power.

3.4 Different Types of Finite Elements

For reasons of numerical robustness it is sometimes necessary to add certain
stabilizing terms to the finite element method, such as least squares terms, for
instance. In doing so, it is important to design the stabilization in such a way
that accuracy is not compromised. Indeed, the accuracy of the finite element
solution uh depends both on the particular finite element method employed, as
well as the approximation properties of the underlying space Vh (i.e., the type
of finite element). Which type of method and element is the better is hard to
say and depends on the partial differential equation under consideration. If the
exact solution u is very smooth then it pays of to have a continuous ansatz for uh.
However, if u have localized high gradients in the form of layers or shocks, then
it might be better to use a discontinuous ansatz for uh. Of course, information
about the regularity of u is hard to obtain in advance. From an abstract point of
view one might say that the discrete space Vh should mimic the continuous space
V as much as possible. For example, for incompressible fluid flow the velocity
u is divergence free and belongs to the space H(div). Therefore we expect that
the velocity is best approximated by a subspace of H(div), such as the Raviart-
Thomas or Brezzi-Douglas-Marini spaces, for instance. This may not be the
whole truth, but it turns out that these elements need less stabilization and have
better interpolation properties than standard elements. See the book by Brezzi
and Fortin [5] for details on these elements. In this thesis we have used a variety
of finite elements to solve the different problems.

In Paper V some of the issues on choosing a suitable finite element space for a
particular problem are illustrated. The paper presents a discontinuous Galerkin
method with a piecewise constant approximation of the solution to convection-
diffusion equations. The fact that the solution to this type of problem can have
layers makes the discontinuous ansatz particularly attractive, since it can capture
this type of behavior naturally. However, because our method is of lowest order
the design of the finite element method is cumbersome. When inserting piecewise
constants into Nitsche’s method, which is the standard dG method for second
order equations, the only term that survives from the Laplacian ∆ is a penalty
term on the jump of the finite element approximation across element edges times
a mesh size parameter. A careful choice of this parameter is critical to obtain a
method of optimal order. We show that the correct value of the parameter on
an edge is the inverse distance between the circumcenters of the two elements
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sharing that edge. The key observation is that this makes the jump of the finite
element approximation across the edge equal to the normal derivative of a certain
linear function. This in turn allows us to formulate an interpolation estimate and
prove an a priori error estimate, which guarantees the optimality of the method.

We shall return to study numerical errors in depth in the next chapter.
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Chapter 4

Adaptive Finite Elements

4.1 Goal Oriented Error Estimation

4.1.1 Numerical Errors

In numerical simulation the concept of reliability plays a key role since it is crucial
to be able to assess the accuracy of a computation. Thus, we are lead to consider
the size of the error e, which is naturally defined as the difference between the
exact and the finite element solution

e = u− uh (4.1)

This is often not the only error present in a finite element computation. Other
errors include those stemming from inexact quadrature, iterative solution of the
linear system, and uncertainties in the coefficients of the partial differential equa-
tion, for example. The latter type of error is called modeling error and appears
particularly in multiphysics problems. We shall return to study this in detail
shortly.

4.1.2 Galerkin Orthogonality

By subtracting the finite element method from the weak from it is easily seen
that the error e satisfies the following important property, called Galerkin or-
thogonality

a(e, v) = 0, ∀v ∈ Vh (4.2)

As we shall see this is a fundamental property for our error analysis and design
of efficient finite element methods.
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4.1.3 A Priori and A Posteriori Error Estimates

There are two types of error estimates, namely, a priori and a posteriori esti-
mates. A priori estimates typically bound the error e in terms of the global mesh
size h = maxK∈K hK with hK = diam(K), the time step δt, and a derivative
of the exact solution u. This kind of estimates are useful for investigating the
convergence rate of a particular finite element method. However, since a priori
estimates use information about the unknown solution u they are not very prac-
tical. By contrast, a posteriori estimates bound the error e using the local mesh
size hK , the time step δt, and the residual of the computed solution uh. As a
consequence a posteriori estimates are computable and can be used to determine
which elements contribute the most to the error e. This is important for the
design of adaptive finite element methods, which strive towards maximizing the
accuracy while minimizing the computational work.

Traditionally, a priori and a posteriori error estimates give a bound on the
error in a global norm such as the L2 or energy norm. In engineering applications,
however, the goal of a simulation is often not the accurate computation of the
solution u itself, but rather a quantity of interest depending on u. For example,
in computational fluid dynamics a common task is to compute the lift and drag
coefficients rather than the fluid velocity and pressure. Another example comes
from structural mechanics where often the mean stress on the boundary of a
solid is sought rather then the elastic displacement. Thus, instead of estimating
the overall error we would like to estimate the error relative to some interesting
characteristic measure. This line of reasoning leads us to consider goal oriented
error estimation. More precisely, given a linear functional m(·) on V expressing
the goal or quantity of interest we would like to estimate the error

m(e) = m(u)−m(uh) (4.3)

4.1.4 Duality

The standard way of deriving an estimate for the error in a goal functional m(·) is
to use a duality argument. To this end we introduce the following dual problem:
find φ ∈ V such that

m(v) = a′(v, φ), ∀v ∈ V (4.4)

where a′(·, ·) is a suitably chosen linearization of a(·, ·) in the case of a nonlinear
problem.
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Setting v = e in the the dual problem we have

m(e) = a′(e, φ) (4.5)
= a(u, φ)− a(uh, φ) (4.6)
= l(φ)− a(uh, φ) (4.7)
= l(φ− πφ)− a(uh, φ− πφ) (4.8)

where we have used Galerkin orthogonality (4.2) in the last step to subtract an
interpolant πφ ∈ Vh to φ. Further, introducing the weak residual R(uh) ∈ V ∗,
with V ∗ the dual of V , defined by

(R(uh), v) = l(v)− a(uh, v), ∀v ∈ V (4.9)

we have the so-called error representation formula

m(e) = (R(uh), φ− πφ) (4.10)

This formula has two desirable properties. First, the right hand side does not
contain the unknown exact solution u, but only the finite element approximation
uh. Second, it is an equality and not an inequality. Thus, given the dual solution
φ the error m(e) is exactly determined by the error representation formula. Note
that it is the factor φ − πφ that makes the right hand side, and, consequently,
also m(e), small. In fact, using interpolation theory we can estimate the size of
φ− πφ in terms of derivatives of φ and the mesh size h, which of course can be
made small by using a fine mesh.

The obvious weakness of using dual information is that the dual solution φ is
usually unknown in practice and has to be replaced by a computed counterpart
φh ≈ φ. Moreover, to be able to subtract an interpolant πφh from the finite
space Vh, φh can not belong to Vh. Instead, φh has to be computed on a finer
mesh or using a higher polynomial order then uh. This actually means that more
computational resources need to be spent on computing the dual φh than the
primal uh. Although there are some ways of circumventing this problem, they
all result in suboptimal rates of convergence for m(e).

To try to localize the error to a specific element K we break the integral in
the error representation formula (4.10) into a sum over the mesh K and use the
triangle inequality

|m(e)| ≤
∑
K∈K

|(R(uh), φ− πφ)K | (4.11)

≡
∑
K∈K

ρK (4.12)

where ρK is called the element indicator, giving an upper bound on the contri-
bution to the error in m(·) from element K. For example, for linear elasticity
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with zero displacement on the boundary the element indicator takes the form

ρK = |(f +∇ · σ(uh), φ− πφ)K + 1
2 ([n · σ(uh)], φ− πφ)∂K\∂Ω| (4.13)

where the brackets [n · σ(uh)] denote the jump in the normal stress across the
element boundary ∂K. Obviously, ρK consists of two terms. The first is the
interior residual f+∇·σ(uh), measuring how well the equation is satisfied within
element K. The second is the already mentioned normal stress jump, which is
due to the fact that the displacement uh is usually only piecewise continuous
with discontinuous derivatives across the element boundary ∂K.

The technique described above for deriving a posteriori error estimates using
duality was first introduced by Johnson and Eriksson, and Rannacher and Becker,
with coworkers. See for instance the overview articles by Eriksson et al. [12], or
Giles and Süli [14], and the references therein. Many researchers have since then
helped to mature this work into a framework called the dual weighted residual
method. A modern text on this matter is the book by Bangerth and Rannacher
[1].

Galerkin orthogonality is a key property when deriving the error representa-
tion formula (4.10). If the finite element approximation uh for some reason does
not lie in the finite element space Vh, this property is lost and the calculation
ends up with

m(e) =
∑
K∈K

(R(uh), π − πφ)K + (R(uh), πφ)K (4.14)

The first term is the familiar discretization error, while the second term is a re-
mainder in the form of an algebraic residual accounting for the fact that uh is
not a Galerkin approximation. The algebraic residual is, however, not a good
term in the sense that it need not be small, and some kind of additional infor-
mation is generally needed to control its size. Nevertheless, in Paper VI we have
used this simple splitting of the error to derive an a posteriori error estimate
for a prototype fractional step method, which is popular for simulating viscous
incompressible fluid flow. Due to the fact that the equations are time dependent
it turns out that the time step can be used to control the size of the algebraic
residual in this case.

We remark that another way of controlling the local error is to decompose
the solution u into a coarse and a fine scale component uc and uf , respectively,
such that u = uc +uf . The coarse scale is imagined to be a macro scale, which is
well resolved by the finite element mesh. Indeed, uc is usually approximated by
the finite element solution uh and can only vary as fast as the mesh resolution
allows. By contrast, the fine scale component uf represents fluctuations on a
micro scale, which is too expensive to resolve in the whole domain Ω. However,
to locally gain more accuracy uf may be computed in one or more subdomains of
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special interest ωi ⊂ Ω by solving an equation driven by the coarse scale residual
R(uc)|ωi

. In doing so, a finer mesh is used for ωi than for Ω. This line of reasoning
leads to submodeling techniques and multiscale methods. See for instance Oden
et al. [25] or Larson and Målqvist [22]. In paper (i) not included in this thesis
we have presented adaptive submodeling for linear elasticity.

In the next section we shall explain how to use the element indicators to
design efficient finite element methods.

4.2 Adaptive Mesh Refinement

There are essentially two ways of improving the accuracy of a finite element so-
lution. We can either increase the polynomial degree of the approximation space
Vh or add more elements to the mesh. The former is called p refinement and
the latter h refinement. Of course, we can do both h and p refinement, which is
then called hp refinement. Once we have decided to use either p, h, or hp refine-
ment we must also decide the number of elements to refine. If all elements are
selected for refinement, then we speak about uniform refinement. Analogously,
local refinement involves only a few elements. Combining goal oriented a pos-
teriori estimation with local mesh refinement we obtain adaptive finite element
methods, which automatically constructs optimal meshes for the accurate com-
putation of a goal quantity. A prototype adaptive finite element method with h
type mesh refinement is summarized in the following algorithm:

Algorithm 1 Adaptive Finite Element Method
1: Given a (coarse) initial mesh K, and a tolerance ε.
2: loop
3: Compute the finite element solution uh of the primal problem.
4: Compute a suitable numerical approximation φh of the dual problem.
5: Compute element indicators, ρK , for all elements K ∈ K.
6: if error < ε then
7: return
8: else
9: Refine a specified fraction of the total number of elements according to

the size of the element indicators ρK .
10: end if
11: end loop

Although adaptive finite element methods hold great promise for the future
there are many open questions that remain to be answered, e.g.:

• Does the adaptive algorithm converge?
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• What is the stability of a linearized dual for nonlinear problems?

• Is there a computationally cheap way of obtaining dual information?

Relatively recent work by Dörfler [11], Morin et al. [23], and Carstensen [7]
have shown convergence and optimal algorithmic complexity of adaptive finite
element methods for certain global goal quantities (e.g., the energy norm), but
unfortunately not for any general goal quantity.

The stability properties of the linearized dual used in the error analysis of
nonlinear problems are not very well investigated. This is unfortunate, since this
stability has implications for what kind of goal quantities are feasible to compute.
No general theory exist, so the dual of each nonlinear equation has to be studied
individually. In this context we mention the work by Hoffman and Johnson
[18] concerning turbulent incompressible fluid flow in which they conclude that
although it is impossible to compute accurate pointwise values of velocity and
pressure, certain averaged flow quantities, such as lift and drag, for instance, are
indeed computable based on the size of the linearized dual. This is numerically
verified also by Braak and Richter [3] for laminar flows.

The computational cost of computing finite element approximations can be
relatively high, especially if they are time dependent. A natural idea to try to
reduce this cost is to decrease the number of spatial basis functions for the finite
element space Vh, say, by using eigenmodes instead of piecewise polynomials.
This line of reasoning leads to model reduction methods, such as component
mode synthesis (CMS). Originally proposed by Hurty [20], CMS builds on the
idea of domain decomposition. First, the computational domain is partitioned
into subdomains with a common interface. On each subdomain and the interface
a corresponding eigenvalue problem is solved for eigenmodes, which are then
used as a reduced orthonormal basis for Vh. In paper (ii) not included in this
thesis we develop a posteriori estimates and formulate adaptive algorithms for
CMS. Numerical results indicate that this gives a fairly accurate and efficient
numerical method. A natural extension of this is to use CMS to try to compute
dual information at a low cost. However, this remains to be done.

We next explain how to construct adaptive finite elements for multiphysics
problems.

4.3 Error Estimation for Multiphysics Problems

Suppose we have a partial differential equation that depends on data u1. Typi-
cally, u1 is a function which is needed to evaluate a coefficient in the equation.
Further, let us assume that the equation can be written as the abstract weak
problem: find u2 ∈ V2 such that

a2(u1;u2, v) = l2(v), ∀v ∈ V2 (4.15)
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where V2 is a suitable function space. Here, we write the bilinear form a2(u1; ·, ·)
to emphasize the dependence on data u1.

Now, suppose that we do not have access to u1, but only to a computed
approximation uh

1 of u1. A prototype finite element approximation of (4.15)
then takes the form: find uh

2 ∈ V h
2 such that

a2(uh
1 ;uh

2 , v) = l2(v), ∀v ∈ V h
2 (4.16)

where V h
2 ⊂ V2 is a finite element space.

Let m2(·) be a functional on V2 expressing the goal of the computation, and
introduce the corresponding dual problem: find φ2 ∈ V2 such that

m2(v) = a′2(u1; v, φ2), ∀v ∈ V2 (4.17)

Setting v = e2 ≡ u2 − uh
2 in the dual problem we have

m2(e2) = a′2(u1; e2, φ2) (4.18)

= a2(u1;u2, φ2)− a2(u1;uh
2 , φ2) (4.19)

= a2(u1;u2, φ2)− a2(uh
1 ;uh

2 , φ2) + a2(uh
1 ;uh

2 , φ2)− a2(u1;uh
2 , φ2) (4.20)

= l2(φ2)− a2(uh
1 ;uh

2 , φ2)− a2(u1 − uh
1 ;uh

2 , φ2) (4.21)

= l2(φ2 − πφ2)− a2(uh
1 ;uh

2 , φ2 − πφ2) +m1(u1 − uh
1 ) (4.22)

≡ (R2(uh
2 ), φ2 − πφ2) +m1(u1 − uh

1 ) (4.23)

where we have introduced the functional

m1(u1 − uh
1 ) = −a2(u1 − uh

1 ;uh
2 , φ2) (4.24)

Hence, we have the error representation formula

m2(e2) = (R2(uh
2 ), φ2 − πφ2) +m1(u1 − uh

1 ) (4.25)

Here, we recognize the first term (R2(uh
2 ), φ2−πφ2) as the finite element residual,

which stems from the finite element discretization. The second term m1(u1−uh
1 )

is a contribution to the error due to the fact that the data uh
1 is only approximate.

The functional m1(·) is the modeling error. Obviously, in order to keep the overall
error m2(e2) small we need to keep both the finite element residual and the
modeling error small. We can keep the finite element residual small with adaptive
mesh refinement. However, to say something about the size of the modeling
error we need additional information. To this end we make the connection to
multiphysics problems and assume that uh

1 is a computed solution to another
partial differential equation, given by another abstract weak problem, say: find
u1 ∈ V1 such that

a1(u1, v) = l1(v), ∀v ∈ V1 (4.26)
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Thus, we assume that the two equations

ai(ui, v) = li(v), i = 1, 2 (4.27)

comprise a multiphysics problem, and that they are solved for ui in a segregated
fashion, that is, first with i = 1 and then with i = 2. We also assume that
this is done using two different finite element solvers with separate meshes and
possibly different types of finite elements. In view of the fact that the goal of the
computation for the first equation is given by the modeling error m1(·), we can
repeat the standard duality argument to estimate the error for also this equation
in terms of its finite element residual R1(uh

1 ). In doing so, we end up with the
following error representation formula

m1(e1) = (R1(uh
1 ), φ1 − πφ1) (4.28)

where φ1 is the solution to the dual problem a′1(v, φ1) = m1(v). Since we assume
that there are no uncertainties in data here we do not obtain any modeling error
for this equation. This would obviously not be the case if a1(·, ·) or l1(·) depended
on uh

2 or any other computed quantity. Thus, the above analysis introduces the
constraint that the multiphysics problem must be unidirectionally, or one-way,
coupled only.

Summarizing, we have the following error representation for the multiphysics
problem

m2(e2) = (R2(uh
2 ), φ2 − πφ2) +m1(u1 − uh

1 ) (4.29)

= (R2(uh
2 ), φ2 − πφ2) + (R1(uh

1 ), φ1 − πφ1) (4.30)

From this formula we see that the modeling error has been transformed into a
discretization error, which as usual can be kept small by adaptive mesh refine-
ment. In other words, by refining the mesh for each equation individually, all
discretization errors can be kept small, and as a consequence also the error in
the overall goal. Note that for this to be true it is essential that φi, i = 1, 2, are
precisely the solutions to the problems mi(v) = a′i(v, φi) with the modeling error
m1(·) and goal functional m2(·) as right hand sides, respectively.

The above reasoning applies to arbitrarily large sets of equations as long as
they are unidirectionally coupled.

Similar ideas have been developed in the context of multiscale decomposition
of systems of time dependent elliptic problems by Carey et al. [6]. Further de-
velopment has been done by van der Zee et al. [29], who recently used a closely
related technique to derive error estimates for multiphysics problems involving
free boundaries.

Some work has been done to extend this methodology to multiphysics prob-
lems with mutual data dependencies, that is, when the first equation depends on
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the solution from the second, and vice versa. The main problem encountered is
that the original goal m2(·) gives rise to a modeling error m1(·), which in turn
gives rise to a new goal m2(·), and so on. Thus, there is a question weather
or not the sequence of goals and modeling errors convergences. Intuitively, this
will be the case if the coupling between the equations is weak, but of course this
needs to be given a more precise meaning to be useful. This is ongoing research
and we mention the work by Söderlund and Larson [26] for a more thorough
discussion of this matter, and for numerical experiments. Perhaps needless to
say, in situations where there are strong mutual data dependencies between a set
of coupled equations it is always possible to view them as one compound system
and compute the finite element approximations in a monolithic fashion. This is
done, for example, by Grätsch and Bathe [15] for a fluid-structure-interaction
problem.
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Chapter 5

Summary of Papers

Paper I. Adaptive Finite Element Approximation of Multiphysics Problems:
In this paper we outline a general methodology for deriving error estimates for
unidirectionally coupled multiphysics problem when solving these using segre-
gated finite element solvers. The error estimates are of a posteriori type and
fits into the framework of dual weighted residual methods. The main advantage
of the methodology is that it automatically controls the error propagation be-
tween the equations in the multiphysics problem. We illustrate the methodology
numerically for a MEMS application.

Paper II. Simulation of Multiphysics Problems Using Adaptive Finite Ele-
ments: This paper was presented at the PARA06 conference on state-of-the-
art in scientific computing in Ume̊a. Here, we continue the development of the
methodology outlined in the first paper to include also time dependent multi-
physics problems. This is done for the specific application of pressure driven
contaminant transport in a porous medium.

Paper III. Adaptive Finite Element Approximation of Coupled Flow and Trans-
port Problems with Applications in Heat Transfer: In this paper we further ex-
tend our methodology to a nonlinear multiphysics problem in the form of heat
transfer in viscid incompressible fluid flow. Particular attention is given to the
performance of the mesh refinement algorithm.

Paper IV. Approximation of Multiphysics Problems: A Fluid Structure In-
teraction Model Problem: This is the final paper dealing with the methodology
for error estimation in multiphysics problems. The application is the elastic lid
driven cavity, which is a fluid-structure-interaction benchmark. The fact that
the flow is enclosed and the hydrostatic pressure level undetermined has some
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interesting consequences in the error analysis, for instance, a dual fluid velocity
field with a nonzero divergence. The convergence of a particular goal quantity is
studied numerically.

Paper V. Adaptive Piecewise Constant Discontinuous Galerkin Methods for
Convection-Diffusion Problems: In this paper we propose a discontinuous Galerkin
method with piecewise constant approximation for convection-diffusion equa-
tions. By choosing a mesh size parameter carefully we are able to prove optimal
order a priori error estimates in the L2 and energy norm. A posteriori error esti-
mates are also proved. The method is illustrated by several numerical examples
in both two and three dimensions.

Paper VI. A Posteriori Error Estimates for Fractional Step Methods in Fluid
Mechanics: This paper was presented at the MARINE’09 conference in Trond-
heim and concerns a posteriori error estimates for fractional step methods. We
formally derive an a posteriori error estimate in the form of a sum consisting of
three terms, namely, a time stepping residual, a discretization residual, and an
algebraic residual.
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