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A B S T R A C T

This thesis consists of three parts. The first part is a introduction to the
theory of domains of holomorphy through holomorphic convexity. The
second part gives a introduction to Stein neighborhood bases in Cn

and presents some minor results on the Nebenhülle of a compact set in
Cn. The third and final part reviews some results on the existence of
Stein neighborhood bases.

S A M M A N FAT T N I N G

Denna uppsats består av tre delar. Den första delen introducerar holo-
morfiomåden genom teorin för konvexitet med avseende på holomorfa
funktioner. Den andra delen är en introduktion till Steinomgivnings-
baser i Cn och presenterar några smärre resultat rörande Nebenhüllet
till en kompakt mängd i Cn. Den tredje och sista delen ger en överblick
över en del resultat om existensen av Steinomgivningsbaser.
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0.1 introduction 1

0.1 introduction

This thesis concerns analysis of several complex variables. While com-
plex analysis of a single variable is a part of most undergraduate degrees
in mathematics, the theory of several complex analysis is unknown
to most non-specialists. Throughout this thesis, we will therefore as-
sume familiarity with the standard results of the single variable theory,
but will not assume any knowledge of that of several variables. For
the reader who wants to refresh his knowledge on the single variable
theory, there are countless options but if he would be pressed for a
personal recommendation, the author found [Rem91] and [Rem98] to
be both nice and instructive.

Naturally this thesis cannot by any mean give a fair account of even
the basic theory of several complex variables. Instead we will merely
present the basic notations and results, and to the reader who aim at a
greater level of understanding of the subject, we recommend [Kra01]
as a good starting point.

0.1.1 Notation

Our main object of study will be subsets of Cn := C×C× . . .×C. Of
course Cn is a n-dimensional complex vectorspace, and on this vector
space we introduce the standard Hermitian inner product

〈z,w〉 =

n∑
j=1

zjwj.

The associated norm 〈z, z〉 will be denoted |z| and using this norm, Cn

can be topologically identified with R2n by the standard identification
Cn 3 (z1, . . . , zn) ∼ (x1 + y1i, . . . , xn + yni) ∈ R2n. This means that
all standard topological concepts that we know from studying Rn can
be carried over to Cn. Among those is the concept of the topological
boundary of a set D which will be denoted by bD. The closure of a
set D will be denoted D, and the interior D◦. If D is a compact subset
of Ω, we will say that D is relatively compact in Ω and denote this by
D ⊂⊂ Ω.

With a ball in Cn we will mean a set of the form B(p, r) := {z ∈ Cn :

|p− z| < r} for p ∈ Cn and r ∈ R. The number r will be called the
radius of B(p, r) and p its center. A set of the form P(p, r) := {z ∈ Cn :∣∣zj − pj∣∣ < rj, for all j = 1 . . . n} will be called a polydisc, with center p
and polyradius r = (r1, . . . rn).

When we talk about a domain we will mean an open, connected
subset of Cn. An open, but not necessarily connected subset will be
called a region. We will occationally use the term polydomain and mean
the cartesian product of n open, bounded and connected subsets of
C. A domain D ⊂ Cn is said to have a Ck boundary if there is a Ck

function ρ : U→ R where U is a neighborhood of bD, such that

i) D∩U = {z ∈ U : ρ(z) < 0};

ii) ∇ρ 6= 0 on bD.

We will call such a function a defining function of D.
When talking about approximation of a domain D ⊂ Cn, we will

frequently use the term normal exhaustion and mean a sequence {Aj}
∞
j=1

of sets such that:
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i) Aj ⊂⊂ A◦j+1 ⊂⊂ D for j = 1, 2, . . .

ii)
⋃∞
j=1Aj = D.

Quite often we will be concerned about the distance from a point z
of a set D to the boundary. We will denote this by dD(z) := sup{r ∈ R :

B(z; r) ⊂ D}. We will sometimes replace z with a subset Ω ⊂ D of D,
and mean d(Ω,D) := supz∈Ω dD(z).

Since Cn is identified with R2n, already objects in C2 becomes prob-
lematic to visualize geometrically. However, for some special sets, there
are methods to — at least symbolically — overcome this obstacle. A set
D is said to be Reinhardt if z ∈ D implies that (eiθ1z1, . . . , eiθjzj) ∈ D.
Such sets are completely determined by the moduli, of its compo-
nents and can therefore be meaningfully represented in absolute space
{(r1, . . . , rn) ∈ R : rj > 0, j = 1 . . . n} by the mapping τ : z 7→
(|z1| , . . . , |zn|).

Sometimes we will use the partial differential operators on Cn given
by:

∂

∂zj
:=
1

2

(
∂

∂xj
− i

∂

∂yi

)
∂

∂zj
:=
1

2

(
∂

∂xj
+ i

∂

∂yi

)
and sometimes, to simplify notations, we will use multi-indices, α ∈
(Z+)n as follows:

zα := z1 · · · zn,(
∂

∂z

)α
:=

(
∂

∂z1

)α1
· · ·
(
∂

∂z1

)αn
,

|α| :=

n∑
j=1

αj,

α! := Πnj=1αj,

zα := Πnj=1x
αj
j ,

Dαf :=
∂|z|

∂z
α1
1 . . . ∂zαnn

.

With |f|D, we will mean supz∈D |f(z)|.
A function f that in a neighborhood of z can be expressed as a

power series, will be called holomorphic at z, and if f is holomorphic
at all points of D ⊂ Cn, it is said to be holomorphic on D. The family
of all functions holomorphic on D will be denoted by O(D). It is a
classical result of complex analysis that a function is holomorphic if
and only if it is holomorphic in each variable separately, that is if
f̃(w) = f(z1, . . . ,w, . . . , zn) is a holomorphic function in the single
variable sense.
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1.1 introduction

Example 1. Choose a real r such that 0 < r < 1 and let H := A∪ B, where
the sets A and B are defined as follows:

A(r) := {(z,w) ∈ C2 : |z| < 1, r < |w| < 1}

B(r) := {(z,w) ∈ C2 : |z| < r, |w| < 1}

Then, for every function f ∈ O(H), there is an unique function f̃ ∈ O(P(0, 1))
such that f̃ = f on H.

Proof. For z fixed, f(z,w) is a function of one complex variable holo-
morphic in an annulus, and as such it can be written as a Laurent
series:

f(z,w) =

∞∑
j=−∞aj(z)w

j, (1.1)

where the Laurent coefficients aj(z) can be calculated by

aj(z) =
1

2πi

∫
|ζ|=r ′

f(z, ζ)
ζj+1

dζ,

where r < r ′ < 1. One sees that aj(z) varies continuously with z,
and since f(·, ζ) is holomorphic for |ζ| > r, we have know that f is
holomorphic in each variable separately and thus:

∂

∂z
aj(z) =

1

2πi

∂

∂z

∫
|ζ|=r ′

f(z, ζ)
ζj+1

dζ

=
1

2πi

∫
|ζ|=r ′

∂

∂z
f(z, ζ)

1

ζj+1
dζ = 0,

which shows that aj(z) is a holomorphic function of z.
However, for |z| < r, f(z,w) is holomorphic, and hence its Laurent

expansion coincides with its Taylor expansion. This means that for j < 0
and |z| < r, we have that aj(z) = 0. But since aj(z) is holomorphic,
the identity theorem forces aj(z) = 0 for all negative j when |z| < 1.
Therefore, the expression (1.1) turns into:

f(z,w) =

∞∑
j=0

aj(z)w
j

This function is defined by a convergent Taylor series on P(0, 1), and is
therefore holomorphic on the same domain.

This phenomenon, that any holomorphic function defined on a domain
D, can be uniquely extended to a holomorphic function defined on
a strictly larger domain D ′, is one of the distinguishing features of
analysis of several complex variables in contrast to that of a single
complex variable. However, not every domain of Cn does have this
remarkable property, and our task will be to get a good method of
recognizing them. But we will do it the other way round, by describing
the domains that do not possess the property.

5



6 domains of holomorphy

Definition 1. Let D be a domain in Cn, p ∈ bD a point of its boundary
and f ∈ O(D) a function holomorphic on the domain. Now suppose
that there is no neighborhood U of p such that there is a h ∈ O(U) that
agrees with f on any connected connected subset of U ∩D. We then
call f completely singular at p.

The idea behind this definition is that a function h, that is holomorphic
outside of D could be ’glued’ together with f to create a function f̂
defined on a strictly larger region, if only h equals f on U∩D for any
neighborhood U of p.

One might wonder if this definition could not be too strong, since it
only asks for h to equal f on a subset of U∩D, but the multidimensional
identity theorem ensures us that if h = f on a connected component of
U ∩D, then h = f on all of U ∩D. Hence our definition is equivalent
with the intuitive understanding of complete singularity, but with the
advantage that it is easier to work with, since one only have to compare
h and f locally.

Now when we know what it is like when a function cannot be
extended through a point of the boundary, we can try to describe the
domains possessing such points.

Definition 2. A domain D is called a weak domain of holomorphy if for
each point p ∈ bD of the boundary, there is a function f ∈ O(D) that is
completely singular at p.

In C, all domains are weak domains of holomorphy; to every point p
on the boundary of a domain D ⊂ C one can form fp : z 7→ (z− p)−1,
which is completely singular at p. In higher dimensions, the situation
is more complicated, and we have to resort to more sophisticated meth-
ods to construct completely singular functions. However, for convex
domains, we can use functional analysis to state the following result.

Theorem 1. Any convex domain D ∈ Cn is a weak domain of holomorphy.

Proof. Let p ∈ bD. Since D is open and convex, the Hahn-Banach
separation theorem ensures the existence of a continuous complex linear
functional l : D→ C such that Re l(z) < Re l(p) for each z ∈ D. Being a
linear function, l is holomorphic, and hence we can construct fp : z 7→
[l(z) − l(p)]−1, which is holomorphic as long as l(z) 6= l(p), which by
construction is the case when z ∈ D. But since fp is unbounded at p,
there is no way to find a h continuous, much less holomorphic, on a
neighborhood U of p that is equal to fp on U∩D. It follows that fp is
completely singluar at p.

A weak domain of holomorphy is weak in the sense, that for each
boundary point, we are allowed to find a different completely singular
function. Even though this is enough to ensure that there is no simulta-
neous extension of all f ∈ O(D), we want a domain of holomorphy to be
the maximal domain of existence of domain of holomorphy. Therefore,
the proper definition is the following.

Definition 3. D is called a domain of holomorphy if there is a f ∈ O(D)

that is completely singular at every p ∈ bD.

We will later examine the relation between the weak and the strong
version of domains of holomorphy, and surprisingly find that they
are equivalent. But first we examine some simple facts of domains of
holomorphy to get used to the concept.
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Theorem 2. In C all domains are domains of holomorphy.

Proof. Let D ⊂ C be a domain. First we want to construct a sequence
that accumulates at every p ∈ bD, but at no point in D. We start by
noting that the set E = {p ∈ bD : Imp, Rep ∈ Q} of rational points of the
boundary is dense in bD. This means that every sequence accumulating
at every point of E will also be accumulating at bD.

Since E is countable, there is an enumeration p1,p2 . . . of the points
of E. Now pj ∈ D so for every pj ∈ E there is a sequence {zjn}∞n=1
with wjn ∈ D that converges to pj. Using a diagonalization technique,
we can combine the sequences to create a new sequence {z ′n} that
accumulates at every pn ∈ E, and hence at every p ∈ bD. We are now
close to our wanted sequence, but we still do not have any guarantee
that our sequence {z ′n} do not accumulate at some points of the interior.
To overcome this possible problem, we construct a final sequence by
zj = z ′k where k = min{l > j : δD(z ′l) 6 1/j}, that obviously can not be
accumulating at any point of the interior.

Now the Weierstrass factorization theorem asserts us that there exists
an f ∈ O(C) such that its zeros in D are exactly the points of {zj}. If
p ∈ bD is arbitary, and U a neighborhood of p then every h ∈ O(U)

that equals f on a connected component of U∩D would equal zero on
a sequence that accumulates at p ∈ U. The identity theorem then tells
us that h must be identically zero on U, and since f is not constantly
zero, this is a contradiction to the assumption that h = f for a connected
component of U∩D. Hence there exists no such h, and D is a domain
of holomorphy.

In the previous theorem, the connectedness ofD did not play an explicit
part of the proof. Therefore it seems natural to try to extend the theorem
to any union of open sets. Strictly speaking, a domain D ⊂ Cn has to be
connected, and therefore, it must have only one connected component.
It is however possible to expand the idea of a domain of holomorphy
to open sets that are not connected. We then have the following result.

Theorem 3. Let Ω ⊂ Cn be a region and C1,C2, . . . its connected compo-
nents. Then there exists a function f ∈ O(Ω) that is completely singular at all
points p ∈ bΩ if and only if there for every Cj exists a function fj ∈ O(Cj)

that is completely singular at each boundary point p ∈ bCj of Cj.

Proof. Let us begin by showing the sufficiency. We then suppose that
there exists a f ∈ O(Ω) that is completely singular at every p ∈ bΩ.
Since for every p ∈ bCj it holds that p ∈ bΩ, it follows that f is
completely singular on every point p ∈ Cj. Since f ∈ O(Ω) implies
f ∈ O(Cj), we are finished.

Now suppose that for every j ∈ 1, 2, . . ., there exists a function
fj ∈ O(Cj) that is completely singular at each boundary point pj ∈ bCj
of Cj. Then the function defined by f(z) = fj(z) for z ∈ Cj will be
holomorphic on Ω, and completely singular at every point p ∈ bΩ.

In C we now have a complete description of the regions with a holomor-
phic function that is completely singular on every boundary point; they
are the open sets. The question arises what the domains of holomorphy
look like in higher dimensions. We begin by finding an easy example
of construction of a domain of holomorphy.

Theorem 4. Let D1 ⊂ Cn and D2 ⊂ Cm be domains of holomorphy. Then
D = D1 ×D2 is a domain of holomorphy in Cn+m.
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Proof. By assumption there exists f1 ∈ O(D1) and f2 ∈ O(D2) com-
pletely singular on the boundaries of D1 and D2 respektively. We now
combine these to construct a function on D:

f : D→ Cn+m, (z1, . . . , zn+m) 7→ f1(z1, . . . , zn) · f2(zn+1, . . . , zn+m)

By construction f is holomorphic in each variable separately, and hence
holomorphic. I also claim that f has to be completely singular in each
of its boundary points. To see why this is true, consider any boundary
point of D. It must also be a boundary point of at least one of D1 and
D2, say D1. If there were a neighborhood U and a function h ∈ O(U)

constituting an extension of f, they could have been projected onto the
n first coordinate axes thus generating an extension of f1, which of
course is a contradiction.

This simple result immediately generates an observation about polydo-
mains.

Corollary 1. All polydomains are domains of holomorphy.

Proof. Combine Theorem 2 and Theorem 4.

1.2 holomorphic convexity

In the previous section we saw how the notion of convexity can be
very helpful when we showed that every convex set in Cn is a weak
domain of holomorphy. We also showed that the same is true for any
open set in C, and since there are many open sets in the plane that are
not convex, we have to consider another notion. However, we are not
going to totally abandon the convex lead, but instead we will seek an
extension of the classical Euclidean notion of convexity.

Definition 4. Let K be a subset of D ⊂ Cn. Its holomorphic hull K̂O(D)

in D is the set

K̂O(D) = {z ∈ D : |f(z)| 6 sup
w∈K

|f(w)| , for all f ∈ O(D)}.

In many situations, the domain D will be clear from the context, and
we will then write K̂ instead of K̂O(D).

To get used to the concept, we prove some simple observations
regarding the holomorphic hull.

Lemma 1. For K ⊂ D, the following hold:

i) K ⊆ K̂;

ii) ̂̂K = K̂;

iii) if K ⊂ K ′, then K̂ ⊂ K̂ ′;

iv) if D ⊆ Ω, then K̂O(D) ⊆ K̂O(Ω);

v) K̂ is closed in as a subspace of D;

vi) if K is bounded, then so is K̂;

vii) Given p ∈ D \ K̂ there is for every real M, ε > 0 an f ∈ O(D) with
|f|K < ε and |f(p)| > M. ;
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Proof. i) K ⊆ K̂ if |f(z)| 6 supw∈K |f(w)| for all z ∈ K, which is true
by the definition of the supremum.

ii) By i), K̂ ⊆ ̂̂K. To see that ̂̂K ⊆ K̂ we note that this would be true
if |f(z)| 6 sup

w∈K̂ |f(w)| would imply |f(z)| 6 supw∈K |f(w)|, and

since K ⊆ K̂, this is the case.

iii) We want to show the implication

|f(z)| 6 sup
w∈K

|f(w)| =⇒ |f(z)| 6 sup
w∈K ′

|f(w)| ,

and this is trivially true since supw∈K |f(w)| 6 supw∈K ′ |f(w)|.

iv) For every f ∈ O(Ω), there is a corresponding f ′ ∈ O(D) = f|D, so
in that sence, we can say that being bounded by every f ′ ∈ O(D)

implies being bounded by every f ∈ O(Ω), which implies that all
z in K̂O(D) also belongs to K̂O(Ω).

v) For f ∈ O(D), let Kf = {z : |f(z)| 6 supw∈K |f(w)|}. We then have:
K̂ =

⋂
f∈O(D) Kf. Since each Kf is closed and the intersection of

closed sets is closed, K̂ is closed.

vi) The function fj : (z1, . . . , zj, . . . , zn) 7→ (0, . . . , zj, 0, . . .) is holomor-
phic in each variable separately, and hence holomorphic for each
j = 1, . . . ,n. Since K is bounded, we can let rj = supw∈K

∣∣fj∣∣ <∞.
Note that z ∈ K̂ only if f is bounded by |f|K for all f ∈ O(D), and
hence (z1, . . . , zj, . . . , zn) ∈ K̂ only if

∣∣zj∣∣ 6 rj for all j = 1, . . . ,n.
Thus K̂ ⊂ P̂(0, (r1, . . . , rn)), and hence bounded.

vii) p /∈ K̂ implies that there is a h ∈ O(D) such that |h(p)| > |h|K.
Through multiplication by a suitable constant, we get a h̃ ∈ O(D)

sucht that
∣∣∣h̃∣∣∣ > 1 > |h̃|K. Now we get our sought f by raising h̃

to a large enough power.

Definition 5. A domain D ⊂ Cn is called holomorphically convex if
K̂O(D) is relatively compact in D for every compact K ⊂ D.

This definition may seem a bit cryptic, and it is worthwhile to pause
and think about what it really says. The set K̂ is relatively compact

in D if K̂ is bounded and K̂ ∩ bD = ∅. Using lemma 1 we see that
for K compact, K̂ is always bounded, and closed in D. So what the

definition really asks for, is for K̂ to be fully contained in the interior
of D. Thus, one can understand a holomorphically convex domain as
a domain on which there is a holomorphic function strictly growing
near the boundary. Intuitively, this is a property close to our idea of a
singular function, and we should be able to exploit it. We will try to
express this idea more precisely in the following, but first we see how a
holomorphically domain can be expressed as a, for our purposes, very
convenient normal exhaustion.

Lemma 2. If D is holomorphically convex, there is a normal exhaustion {Kj}

such that K̂j = Kj.
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Proof. We will construct the sequence inductively. Let {Qj} be a normal
exhaustion of D. Since D is holomorphically convex, Q̂j is relatively
compact for all j, that is, Q̂j is properly contained in the interior of D.
Combining this fact with part 2 of lemma 1 we see the K1 = Q̂ has the
desired property.

In the next step, we suppose that K1, . . . ,Kk with the wanted prop-
erties have been constructed. We want to show that we then can find
a Kk+1 to the sequence. Of course, there is one Qj such that Kk ⊂ Q◦j .

We then let Kk+1 = Q̂j, which has the desired properties.
The principle of induction now ensures that the sequence can be

extended infinetely, and the property
⋃
Kj = D is inherited from the

exhaustion {Qj}.

With this result, we know that we can describe a holomorphic domain
in terms of an increasing sequence of Kj without worrying about K̂j
“spilling over” the boundary of Kj. We are now ready to make precise
math, out of our previous discussion of how functions behave on a
holomorphically convex domain.

Lemma 3. Let {Kj} be a normal exhaustion such that K̂j = Kj, and {zj}

a sequence such that zj ∈ Kj+1 \ Kj. Then there is a f ∈ O(D) such that
limj→∞ ∣∣f(zj)∣∣ =∞.

Proof. We construct the function f as the limit of a series
∑
fj where

each fj ∈ O(D). Let us suppose that we can find {fj} ⊂ O(D) such that:

|fj|Kj < 2−j (1.2)

|fk(zk)| > 1+ k+

k−1∑
j=1

∣∣fj(zk)∣∣ , for k > 2. (1.3)

From (1.2) we see that
∑
fj is dominated by

∑
2−j = 1, and hence

converges complactly on D. Since all fj ∈ O(D), this means that also
f ∈ O(D). Moreover we have:

|f(zk)| =
∣∣∣∑ fj(zk)

∣∣∣ (1.4)

>

∣∣∣∣∣∣|fk(zk)| −
∣∣∣∣∣∣
∑
j6=k

fj(zk)

∣∣∣∣∣∣
∣∣∣∣∣∣ (1.5)

= |fk(zk)| −

∣∣∣∣∣∣
∑
j6=k

fj(zk)

∣∣∣∣∣∣ (1.6)

> |fk(zk)| −
∑
j6=k

∣∣fj(zk)∣∣ (1.7)

> 1+ k−
∑
j>k

∣∣fj(zk)∣∣ (1.8)

> 1+ k−
∑
j>k

2−k (1.9)

> k. (1.10)

Which shows that limj→∞ |f(zk)| = ∞. Notice that step (1.6) only is
valid since the expression inside the absolute value turned out to have
a non-negative lower bound. Now we only have show that there really
exists a sequence like the one we used. We do that inductively. First we
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let f1 ≡ 0, then we suppose that the f1, . . . , fk have been constructed
with the prescribed properties. Part (vii)of Lemma 1 then assures us
the existence a fk+1 with the wanted properties. The existence of the
whole sequence now follows from the principle of induction.

Theorem 5. D is holomorphically convex if and only if for every sequence
{zj ∈ D} without an accumulation point in D, there is a f ∈ O(D) with
supj

∣∣f(pj)∣∣ =∞.

Proof. We begin by showing that the condition is sufficient. Let K be
compact. To show that D is holomorphically compact, all we have to
do is to show that K̂ is compact, or equivalently, that every sequence
{zj} ⊂ K̂ has a accumulation point p ∈ K̂. Since f ∈ O(D) is continu-
ous, supw∈K |f(w)| < ∞ for every f ∈ O(D). Hence, since zj ∈ K̂, we
have

∣∣f(zj)∣∣ 6 supw∈K |f(w)| < ∞, for all f ∈ O(D) which of course
implies supj

∣∣f(zj)∣∣ < ∞. By assumption, this implies that {zj} has a

accumulation point p ∈ D, and since K̂ is closed in D, p ∈ K̂.
We now want to show that if D is holomorphically convex, then for

every sequence {zj} ∈ D without a accumulation point in D, we can find
a function with the desribed property. By Lemma 2, there is a normal
exhastion {Kj} such that K̂j = K. We now construct new sequences {K ′j}
and z ′j in order to able to use lemma 3. We will construct the sequences
inductively. We start by letting:

K ′1 = K1;

z ′1 = min{j : zj /∈ K ′1};
K ′2 = min{j : z ′1 ∈ K1}.

Notice that z ′1 exists since {zj} has no accumulation points in D, because
if it did not exist, {zj} would be a sequence in K1, and since K1 is
compact, the sequence woud have a accumulating point p ∈ K1 ⊂ D.
Now we suppose that K ′1, . . . ,K ′l and z ′1, . . . , zl−1 have been constructed
with the prescribed properties. We then let:

z ′l = min{j : zj /∈ K ′l};
K ′l+1 = min{j : z ′l ∈ Kj}.

And of course, z ′l exists for the same reason as z ′1.
Now the principle of induction assures us that this process can be

extended infinetely, and hence we have the sequences {K ′j} and {z ′j}
described in lemma 3, and hence the lemma ensures us that there is
a f ∈ O(D) such that limj→∞ ∣∣∣f(z ′j)∣∣∣ =∞, which implies supj

∣∣∣f(z ′j)∣∣∣ =∞.

This characterization is really what we were looking for, and it seems
like holomorphically convex domains really is the right lead to follow.
Before we continue our task to examine their relations to the domains of
holomorphy, we should ask ourselves, are there really any holomorphi-
cally convex domains? We have seen that holomorphic convexity have
a strong implication, perhaps it could be too strong? To get rid of this
sneaking suspicion, and to get an idea of how we can use the previous
theorem to detect holomorphic convexity, we turn our attention to some
examples.

For a sequence without accumulation points in D, there are only
two options. Either, it is unbounded, or it has an accumulation point
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p ∈ bD of the boundary. Since the identity f : z 7→ z is holomorphic on
all domains, what we really have to be concerned about, is if we for
every p ∈ bD can find a f ∈ O(D), such that limz→p,z∈D |f(z)| =∞.

Here it may be worth pointing out that the problem is not finding
a holomorphic function unbounded at p; for example we can always
choose f : z 7→ 1/(zn − pn) where zn and pn are the n:th coordinate
of respective variable. The problem is to find such a function that is
holomorphic on all of D. In C, this is not a problem, but in higher
dimensions a holomorphic function cannot have isolated zeros. This
means that every construction of the type g : z 7→ 1/f(z) where fO(D)

and f(p) = 0will be zero also on some hypersurface containing p. If this
hypersurface intersects D, the function g will not be holomorphic on D,
so we have to be careful when picking the function f, and depending
on the boundary of D, such a function f might not even exist.

Theorem 6. All open sets in C are holomorphically convex.

Proof. Let {zn} ⊂ Ω be a sequence without accumulation points in Ω,
and let Ω be an open subset of C. If {zj} is unbounded, f : z 7→ z is a
function such that supj

∣∣f(zj)∣∣ = ∞. If {zj} is bounded, it has at least
one accumulation point p ∈ bΩ, and since Ω is open, p /∈ Ω. Hence
f : z 7→ [z− p]−1 is holomorphic on Ω, and supj

∣∣f(zj)∣∣ =∞. Theorem
5 now gives us that Ω is holomorphically convex.

This simple result cannot be extended to higher dimensions, since then
there are no isolated zeros. That is, we cannot construct a holomorphic
function that vanishes only in one point; in order to use the simple
reciprocal construction we used in C in Cn, we need a guarantee that
we can find a function that vanishes in p ∈ Ω but not in any point
in Ω. If we can find such a function, we can proceed as in C. As we
previously have seen, geometric convexity can grant us that guarantee.

Theorem 7. All convex domains D ⊂ Cn are holomorphically convex.

Proof. As wee have seen before, it is enough to show that for a convex
domain D, it is for each p ∈ bD possible to find a fp ∈ O(D) such that
limz→p,z∈D |fp(z)| = ∞. As seen in the proof of Theorem 1 we can
find a function l : Cn → C such that l(z) 6= l(p) for z ∈ D, and hence
fp : z 7→ [l(z) − l(p)]−1 is holomorphic on D but unbounded on any
neighborhood of p.

We follow up with some examples of how one can construct new
holomorphically convex sets out of old ones.

Theorem 8. A finite intersection of holomorphically convex sets, is holomor-
phically convex.

Proof. LetΩ1, . . . ,Ωk be holomorphically convex sets andQ =
⋂k
j=1Ωj

the intersection of them. Thus K̂jO(Ωj) ⊂⊂ Ωj for every compact

Kj ⊂ Ωj, or eqivalently: K̂jO(Ωj) is properly contained in bΩj. If

K ⊂ Q, we have K̂O(Q) ⊂ K̂jO(Ωj), for every j = 1, . . . ,k. But this also

means that K̂O(Q) ⊂
⋂k
j=1 K̂O(Ωj) ⊂⊂ Q. Since Q is open this means

that K̂O(Q) ⊂⊂ Q and hence Q is holomorphically convex.

Theorem 9. The product D = D1 ×D2 of two holomorphically convex
regions D1 ⊂ Cn,D2 ⊂ Cm is holomorphically convex.
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Proof. Let {(zν1 , zν2 )},ν ∈N be a sequence in D = D1 ×D2 without an
accumulation point in D. It then follows that there has to be at least
one {zνj }, j = 1, 2 without an accumulation point in Dj, and hence there

is a fj such that supν
∣∣∣fj(zνj )

∣∣∣ =∞. If we then let f : z 7→ fj(zj), we see
that f is holomorphic in D, and supν |f(zν)| =∞. Theorem 5 now tells
us that D is holomorphically convex.

Corollary 2. Every polydisc P(z0; r) is holomorphically convex.

Proof. Combine Theorem 6 and Theorem 9 and use induction.

We conclude this section by introducing a new class of domains and
proving that they are holomorphically convex. Even though this might
seem a bit random for the moment, the result will be needed later in
our work.

Definition 6. An analytic polyhedron is an open set Ω ⊂⊂ Cn such
that there is a neighborhood U of Ω and a finte collection of functions
f1, f2, . . . , fk ∈ O(U) such that:

Ω = {z ∈ U : |f1| < 1, . . . , |fk| < 1}.

One can understand an analytic polyhedron, as the domain bounded by
the level sets fk(z) − 1 = 0. We now prove that an analytic polyhedron
is holomorphically convex.

Theorem 10. Analytic polyhedra are holomorphically convex.

Proof. Let Ω be an analytic polyhedron defined by the functions
f1, . . . , fk ∈ O(U), where U is a neighborhood of Ω. If K is any compact
subset of Ω, then rj := supw∈K fj(w) < 1, and it follows that

K̂O(Ω) ⊂
k⋂
j=1

{z ∈ U : sup
w∈K

fj(w) 6 rj} ⊂⊂ Ω.

This concludes the proof.

1.3 holomorphic convexity and domains of holomorphy

Now that we have seen that there really are holomorphically convex
sets, and we have gained some experience in working with them, we
are ready to start examining the connection between holomorphically
convex sets and domains of holomorphy. We have already noticed that
holomorphically convex sets intuitively behave similarly to domains
of holomorphy, and with our results about unbounded functions in
mind, we have a good lead about how to prove that all holomorphically
convex sets really are domains of holomorphy.

To make the proof clearer, we begin by stating and proving an ele-
mentary topological result.

Lemma 4. Suppose that D ⊂ Cn is a domain, U is an open neighborhood
of p ∈ bD, and Ω is a nonempty connected component of U ∩D. Then
bΩ∩U∩ bD 6= ∅.

Proof. Since U and D are open, Ω is a connected component of the
open set U∩D, and hence open in Cn. Additionally, Ω can be written
as Ω = Ω ∩ (U ∩D), which shows that Ω is closed in U ∩D. Since
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U is a neighborhood of a point of bD, U 6= D, and hence Ω 6= U.
This combined with the fact that U is connected shows that Ω cannot
be closed in U and hence p ∈ (bΩ ∩ U) \Ω. Since the open set Ω
is closed in the open set U ∩D p ∈ bΩ, we must have p ∈ bD or
p ∈ bD. Since p ∈ U and U is open, we must have p ∈ bD. Hence
p ∈ bΩ∩U∩ bD

The meaning of the lemma might seem a bit clouded, but what it really
is saying is that a connected component of U ∩D must be sharing a
boundary point with bD. The reason for this complicated formulation
for a very simple and intuitive idea is that general sets in Cn, or in R2n

as well, can be very comlicated and we have to cover up against every
nasty possibility.

Why we need this lemma, will soon be clear, but the reader who
has been giving the definition of a completely singular function some
thought, might already have seen the need for the lemma.

Theorem 11. Let {Kj} be a normal exhaustion of the region D. Then there is
a subsequence {K ′j} of {Kj}, and a sequnce of points {pj} ⊂ D such that

i) pj ∈ K ′j+1 \K ′j,

ii) For every neighborhood U of p ∈ bΩ, each connected component of
U∩Ω contains infinetely many points from {pj}

Proof. Let {qj} be an enumeration of {z ∈ D : Re zj, Im zj ∈ Q, for j =

1, . . . ,n}. Then let rj = δD(qj) so that Bj = B(qj, rj) ⊂ D. Now let

{Qj} = {B1,B1,B2,B1,B2,B3,B1, . . .}

so that {Qj} contains each Bj infinetely many times. We will now
produce {K ′j} inductively. First we let K ′1 = K1 and p1 is any point
in D \ K ′1. We then then assume that K1, . . . Kl and p1, . . . pl−1 have
already been found so that (1) holds for j 6 j− 1. Ql is not properly
contained in any compact subset of D, and hence there is a a ∈ Ql \K ′l
and we can let pl := a and then let K ′l+1 = Kt where t = minj{pl ∈ Kj}.
The principle of induction now assures us that this construction will
produce sequences {K ′j} and pj so that i) holds. We now have to verify
that also ii) holds. Given Ω as in ii), Lemma 4 assures us that there is
a q ∈ bΩ∩U∩ bD. Since Ω is connected, and the rationals are dense
in the reals, we can pick a qj arbitrarily close to q, and by picking qj
closer and close to q we will eventually find a qk such that Bk ⊂ Ω.
Since Bk occurs infinetely often in {Qj} and pj ∈ Qj, we have that Bk
contains infinitely many points of {pj}, and hence also Ω.

Theorem 12. A holomorphically convex set D ⊂ Cn is a domain of holo-
morphy.

Proof. In Lemma 2 we showed that each holomorphically set has a
normal exhastion {Kj} such that K̂j = Kj. Let {Kj} be such a normal
exhaustion. We can then produce the sequences {K ′j} and {pj} as de-
scribed in Theorem 11 and use Lemma 3 to produce a f ∈ O(D) such
that limj→∞ ∣∣f(pj)∣∣ = ∞. We now want to show that f is completely
singular at each p ∈ bD. We prove this by contradiction.

Let U be a connected neighborhood of p and Ω a connected com-
ponent of U ∩D. Now ii) of Theorem 11 tells us that Ω ⊂ U ∩D
contains infinitely many of the points of {pj}, and hence there is a
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subsequence {p ′j} ⊂ U∩D such that limj→∞ ∣∣∣f(p ′j)∣∣∣ =∞. This implies
that |f|U∩D =∞.

We now suppose that there is a function h ∈ O(U) such that h = f

on Ω. The multidimensional identity theorem now tells us that f = h

on the whole of U∩D. This means that |f|U∩D = |h|U∩D 6 |h|U <∞,
which is a contradiction.

Now when we are half way through our program to find an alternate
description of domains of holomorphy, it is a good moment to take a
step back and reflect upon what made our approach succesful. We use
holomorphic functions to define the holomorphic hull, but often we
have only been occupied with purely topological questions, and when
we really used the holomorphic functions from the definition, the only
property of the holomorphic functions we have made use of is that the
algebra of holomorphic functions is closed under compact convergence.
All results about the holomorphic hull to this point, can be restated
for any function algebra closed under compact convergence. Does this
mean that have been too restrictful? Should we perhaps consider the
“continuous hull” instead? When trying to prove the converse result,
namely that all domains of holomorphy are holomorphically convex, it
is of outmost importance that we have not chosen a too special family of
functions for our definition, but we will soon see, when we start utilize
the special features of holomorphic functions, that the holomorphic
functions are exactly the function algebra we need.

One of the most important properties of holomorphic functions is
that they locally can be expressed as power series through their Taylor
expansions. Since the Taylor expansion of a holomorphic function
f ∈ O(D) is more or less given by the derivativesDαf of f, we would like
to estimate those. Such an estimate is given by the Cauchy estimates:

Theorem 13. Let f ∈ O(P(z; r)). Then, for all α ∈Nn,

|Dαf(z)| 6
α!
rα

|f|P(z;r).

This is a standard result from the theory complex analysis of several
complex variables, and we will not prove it here. The interested reader
can find more about it in [Ran86]. Since the Cauchy estimates work on
polydiscs, but our distance function δ work on balls, we introduce a
new distance function.

Definition 7. Suppose that D ⊂ Cn is a domain, a ∈ D, and that
r = (r1, r2, . . . , rn) > 0 is a multiradius. We then define the polydisc
distance to be:

δ
(r)
D := sup{λ ∈ R : P(a; λr) ⊂ D}.

We will now see how one sometimes can use Taylor series to extend
holomorphic functions f ∈ O(D) to greater domains.

Theorem 14. Let Ω be an open subset of the domain D and let r be a fixed,
positive multiradius. Pick η such that η < δ

(r)
D (z) for every z ∈ K. Then

for every a ∈ K̂, the Taylor series of an arbitrary f ∈ O(D) converges on
P(a; rη).

Proof of Theorem 14. Let f ∈ O(D) be a holomorphic function. We want
to show that its Taylor expansion converges on a specific polydisc,
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and for this we will use the Cauchy estimates for the derivatives of f.
The Cauchy estimates involves the uniform norm of f, and therefore
we want to restrict ourselves to a domain Q on which we know for
sure that f is uniformly bounded. We fix a positive η ′ < η and define
Q :=

⋃
a∈K P(a;η ′r). Q is then a compact subset of D, and we can

be sure that M0 := |f|Q < ∞. We are now ready to use the Cauchy
estimates:∣∣∣∣(∂f∂z

)α
(a)

∣∣∣∣ 6 α!
rα

|f|P(a;η ′r) 6
α!M0
rα

for all a ∈ Ω.

Since
(
∂f
∂z

)α ∈ O(D) and Ω ⊂ Q, we also have that∣∣∣∣(∂f∂z
)α

(a)

∣∣∣∣ 6 α!M0
rα

, for all a ∈ Ω̂.

Abel’s lemma says that if supν∈Nn |cνw
ν| = M < ∞, then

∑
cνz

ν

converges on P(0, r) for r = τ(w) = (|w1| , . . . , |wn|). If we apply this
lemma on the series

∑ Dαf(a)
α! (z− a)α, we see that since∣∣∣∣Dαf(a)

α!
(a− z)α

∣∣∣∣ 6 M

(η ′r)α
|a− z|α = M <∞, for z ∈ B(a,η ′r),

and since P(z;η ′r) ⊂ B(aη ′r), we have that the Taylor series converge
on P(a;η ′r). Since η ′ < η was chosen arbitrarily, it will converge on
P(a;ηr) as well.

When examining this theorem one see that if the boundary of Ω̂ is
closer to bD than the boundary of K is, then every f ∈ O(D) can be
extended across bD. This is of course an impossibility in the case when
D is a weak domain of holomorphy, but if dist(K̂,bD) > dist(K,bD),
for every K, then D is holomorphically convex, so we realise that a
weak domain of holomorphy has to be holomorphically convex. To
make a rigorous proof out of this idea, we will make use of the relation
between the polydisc distance and the ordinary boundary distance.

Theorem 15.

δD(a) = inf{δ(r)D (a) : |r| =
∑

r2j = 1}

Proof. Let η = inf{δ(r)D (a) :
∑
r2j = 1}. For any multiradius r such

that |r| = 1 one has that z0 ∈ P(a; λr) = {z :
∣∣zj − aj} < λrj∣∣ implies∣∣z0 − a

∣∣2 =
∑ ∣∣∣z0j − aj

∣∣∣2 < λ∑ r2j = λ, that is z0 ∈ B(a, λ). This implies

P(a; λr) ⊂ B(a, λ), which also means that δ(r)D (a) > δD(a) and η >
δD(a).

To show that strict inequality cannot occur, we pick an arbitrary
ε > 0 and choose a λ such that δD(a) < λ < δD(a) + ε. The definition
of ∆D(a) now implies that B(a, λ) 6⊂ D, that is, there is at least one
z̃ = (z̃1, . . . , z̃n) such that

∑ ∣∣z̃j − aj∣∣2 < λ, but z̃ /∈ D. We now let
∆j :=

∣∣z̃j − aj∣∣ and pick the multiradius r = (r1, . . . , rn) such that

rj :=
∆j√∑
∆2k

. We then have

∑
r2 =

1∑
∆2k

∑
∆2j = 1,
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and ∣∣∣z0j − aj

∣∣∣ = ∆j < ∆j
λ∑
∆2k

= λrj.

That is P(a; λr) 6⊂ D and δ(r)D 6 λ. Hence, for every ε > 0 we have
η < λ < δD(a) + ε which implies η 6 δD(a) and we are finished.

Theorem 16. If D is a weak domain of holomorphy, then

dist(K̂,bD) = dist(K,bD)

for every compact K ⊂ D.

Proof. Since K ⊆ K̂, it is obvious that dist(K̂,bD) 6 dist(K,bD). If we
can show that strict inequality cannot occur when D is a weak domain
of holomorphy, we have showed the theorem.

Let η := dist(K,bD) > dist(K̂,bD). Pick an a ∈ K̂ closer to bD than
any z ∈ K, that is, such that δD(a) < η. Since {r ∈ Rn : |r| =

∑
r2j = 1}

is closed, there is an r such that |r|2 and δ(r)D (a) = inf{δ(r)D (a) :
∣∣r2 = 1

∣∣}
and Theorem 15 gives us that for this r one has δ(r)D (a) = δD(a) <

η = inf{δD(z) : z ∈ K} 6 δD(z) 6 δ
(r)
D (z) for every z ∈ K. This η agrees

with the requirements from Theorem 14, and therefore we know that
the Taylor series for f ∈ O(D) centered at the point a converges on
P(a;ηr). Since δ(r)D > η, we also have P(a;ηr) 6⊂ D. This Taylor series
will agree with f in a neighborhood of a, and hence, as a consequence
of the identity theorem, on the connected component of P(a;ηr) ∩D
that contains a. This is the same as saying that no f can be completely
singular at any of the boundary points p ∈ bD∩ P(a;ηr), and of course
this means that D is not a weak domain of holomorphy, which is what
we wanted to show.

We have now indirectly proved that weak domains of holomorphy are
holomorphically convex and an explicit proof is not really needed, but
for the sake of clarity we nevertheless state and prove the result.

Theorem 17. Any weak domain of holomorphy is holomorphically convex.

Proof. Suppose D is a weak domain of holomorphy. D is holomorphi-
cally convex if K̂ is relatively compact in D for every compact K. This
is the case when dist(K̂,bD) > 0, and from Theorem 16 we have that
dist(K̂,bD) = dist(K,bD) > 0.

1.4 summary

This new characterization of domains of holomorphy through convexity
with respect to holomorphic functions proved helpful as it gave us some
examples of domains of holomorphy and as its main accomplishment it
helped us prove the equivalence of weak and ordinary domains of holo-
morphy. This means that we in a sense have made our understanding of
domans of holomorphy more local. We now understand that to prove
that D is a domain of holomorphy, it is enough to find a fp ∈ O(D) to
every p ∈ bD, such that fp cannot be extended through p. In a sense,
we can forget about how bD look on a large scale, and focus on a
neighborhood of p. On another hand, our selection of functions, O(D),
is still dependent on the large scale appearance of bD, and proving that
D really is a domain of holomorphy can become very cumbersome if D
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does not have a simple global structure. Therefore, a completely local
characterization of domains of holomorphy is desirable.

Fortunately, such a characterization exists, and the development of
it was one of the great accomplishments of the first half century of
analysis of several complex variables. In the following we will give a
brief account of the main results which we will need for the final part
of the thesis. As usual, we refer the interested reader to [Kra01].

1.4.1 Pseudoconvexity

Definition 8. Let U ⊂ Cn be an open set, f ∈ C2(U, R), p ∈ U and
ξ ∈ Cn. The Levi form Lz(p, ξ) is then defined as:

Lp(f, ξ) :=

n∑
j,k=1

∂2

∂zj∂zk
f(p)ξjξk

Definition 9. Let D ⊂⊂ Cn be a domain with a C2 boundary, with
defining function ρ. Suppose that p ∈ bD and

Lp(ρ,w) > 0 (1.11)

for all w ∈ Cn such that
n∑
j=1

∂ρ

∂zj
(p)wj = 0.

Then p is said to be a point of Levi pseudoconvexity.

Definition 10. If D, ρ and p are as in Definition 9, but the inequality
(1.11) is strict, then p is said to be a point of strict Levi pseudoconvexity.

Definition 11. A domain D ⊂⊂ Cn with a C2 boundary is said to be
(strictly) Levi pseudoconvex if all points of its boundary are points of
(strict) Levi pseudoconvexity.

The difference between Levi pseudoconvexity and strict Levi pseudo-
convexity is emphasized by the following theorem:

Theorem 18. If D is strictly Levi pseudoconvex, then D has a defining func-
tion ρ such that there is a positive constant C such that

Lp(ρ,w) > C |w|2

for all p ∈ bD and w ∈ Cn.

Since the second derivatives of ρ are continuous by assumption,
the inequality also holds in a neighborhood of bD. For ordinary Levi
convex domain this is not true. We will come back to this phenomenon
in the next chapter.

Theorem 19. A domain D ⊂⊂ Cn with C2 boundary is Levi pseudoconvex
if and only if it is a domain of holomorphy.

This is a very good result that gives us a local characterization of
domains of holomorphy. It is however only applicable to bounded
domains with C2 boundaries. Luckily, there is another characterization
that makes sense for all domains. It demand some extra definitions,
though.

Recall from single variable complex analysis the following definition:
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Definition 12. Suppose that u : D ⊂ C → R ∪ {−∞} is an upper
semicontinuous function Let K ⊂ D be a arbitrary compact subset of D
and let h be a arbitrary function that is continuous on K and harmonic
on K◦. If

u 6 h, on bK

implies that
u 6 h, on all of K,

then u is said to be subharmonic on D.

It turns out that the natural generalization of subharmonicity to
several complex variables is the following:

Definition 13. Let D ⊂ Cn and let u : D → R ∪ {−∞} be an upper
semicontinuous function. If the function

ζ 7→ u(a+ bζ)

is subharmonic for all a,b, ζ such that a+ bζ ∈ D, then u us said to be
plurisubharmonic on D.

Definition 14. Let D ⊂ Cn be a domain. Suppose that there is a
function ϕ : D→ R such that for every choice of k, the set Dk = {z ∈
D : ϕ(z) < k} is relatively compact in D. The function ϕ is then said to
be an exhaustion function for D.

Definition 15. Let D ⊂ Cn be a domain. Suppose that D has a exhaus-
tion function that is plurisubharmonic. The domain D is then said to
be pseudoconvex.

Theorem 20. A bounded domain D ⊂⊂ Cn with a C2 boundary is pseudo-
convex if and only if it is Levi pseudoconvex.

At this point, it is not obvious that pseudoconvexity is a local property.
The next theorem gives us the last piece of the puzzle.

Theorem 21. Let D ⊂ Cn be a domain. Suppose that there for every point
p ∈ D exists a neighborhood Up of p such that D∩U is pseudoconvex. Then
D is pseudoconvex.

Two results on pseudoconvex sets, which we will use later is the
following:

Theorem 22. Suppose that {Dα,α ∈ I} is a collection of pseudoconvex sets,
then the set {⋂

α∈I
Dα

}◦
is pseudoconvex.

Theorem 23. If {Dj}
∞
j=1 is a increasing sequence of pseudoconvex sets in Cn,

in the meaning that Dj ⊂ Dj+1 for j = 1, 2, . . ., then the union
⋃∞
j=1Dj is

also pseudoconvex.

We conclude with stating the following result, which is very useful,
but far from elementary.

Theorem 24. A domain D ⊂ Cn is pseudoconvex if and only if it is a
domain of holomorphy.
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2.1 introduction

Every domain of holomorphy can be approximated from inside in the
sence that every domain of holomorphy D has a normal exhaustion of
smooth, strictly pseudoconvex domains. This is a very useful property,
that can be utilized to extend results from smooth pseudoconvex do-
mains to more general pseudoconvex domains. However, sometimes
approximating from the inside will not do the trick, and one would
like to be able to do something similar from outside. This leads to the
following definition.

Definition 16. Let K ⊂ Cn be a connected, closed set in Cn. K is said
to have a Stein neighborhood basis if for every neighborhood U of K,
there is another neighborhood V ⊂ U of K, such that V is a domain of
holomorphy.

It is worth noting that having a Stein neighborhood basis, sometimes is
refered to as a pseudoconvexity for closed sets. This is the terminology
used in [Ran86].

Theorem 25. Let K ⊂⊂ Cn be a compact set. Then the following statements
are equivalent:

i) K has a Stein neighborhood basis.

ii) There is a sequence of sets {Dj} such that Dj is smooth and strictly
pseudoconvex, and

• K ⊂ Dj+1 ⊂⊂ Dj and

•
⋂
Dj = limn→∞Dj = K.

Proof. We begin with showing (2)⇒ (1). Suppose that (2) is true. Then
for every neighborhood U of K, there is an N such that Dj ⊂ U for
j > N. Then any Dj with j > N will do as the V from the definition of
a Stein neighborhood basis.

Next we show the reverse implication. We will do this by constructing
the sequence {Dj} recursively. Let:

Uj := {z ∈ Cn : d(z,K) < 1/j}.

Since K has a Stein neighborhood basis, there is a pseudoconvex domain
Ω1 such that K ⊂ Ω1 ⊂ U1. Now, since Ω1 is pseudoconvex, there is a
smooth, strictly pseudoconvex set D1 such that K ⊂ D1 ⊂ Ω1.

Since K ⊂ D1, there is a N such that Uj ⊂⊂ D1 for j > N. Since K has
a Stein neighborhood basis, there is a Ω2 such that K ⊂ Ω2 ⊂ UN ⊂⊂
D1, and as in the case with D1 we can find a smooth and pseudoconvex
set D2 such that K ⊂ D2 ⊂ Ω2.

Proceeding the same way, we will construct a sequence {Dj} such that
K ⊂ Dj+1 ⊂⊂ Dj and Dj is smooth and strictly pseudoconvex for all
j ∈ N. By construction K ⊂ limDj and since Dj ⊂ Uj and limUj = K,
it also follows that limDj ⊂ K.

23
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If we let K := D for a pseudoconvex domain D ⊂ Cn, we see how a
Stein neighborhood basis can be seen as an approximation of D “from
the outside".

An interesting question is if there is a connection between Stein
neighborhood bases and pseudoconvexity. If we suppose that D ⊂ Cn

is a domain of holomorphy such that D has a Stein neighborhood
basis, and z0 ∈ D, then also the closure of Ω := D \ {z0} has a Stein
neighborhood basis, since Ω = D. However, using the techniques from
Example 1 one easily sees that Ω is not a domain of holomorphy.

If one instead require that D has to be a fat domain, that is D◦ = D,
then Theorem 25 shows that D can be written as the interior of the
intersection of pseudoconvex domains, and by Theorem 22, this means
that if the closure of a fat domain D ⊂ Cn has a Stein neighborhood
basis, then D has to be pseudoconvex. One could perhaps suspect
that the converse would be true, that is that the closure D of any
fat pseudoconvex domain would have a Stein neighborhood basis,
but it was early discovered that this is not the case. The simplest
counterexample is probably the Hartogs triangle.

Definition 17. The set T = {(z1, z2) ∈ C2 : 0 < |z1| < |z2| < 1} is called
the Hartogs triangle.

The reason for the name becomes evident when plotting its projection
τ(T) in absolute space. First we confirm that T really is a domain of
holomorphy.

Theorem 26. The Hartogs triangle T is a domain of holomorphy.

Proof. It is enough to show that for every p ∈ bT there is a fp ∈ O(T)

such that limz→p fp(z) = ∞. If p = (z01, z02) ∈ {(z1, z2) ∈ C2| |z2| = 1},
we choose fp : (z1, z2) 7→ [z2 − z02]

−1. For p = (z01, z02) ∈ {(z1, z2) ∈
C2| |z1| = |z2|} we have that z01 = eθiz02 for some θ, and hence we can
choose fp : z 7→ [z1 − eθiz2]

−1.

Theorem 27. The closure T of the Hartogs triangle has no Stein neighbor-
hood basis.

Proof. Since T is a Reinhardt domain, for every neighborhood U of T
there is a Reinhardt domain Ω such that T ⊂ Ω ⊂ U. Now, every f ∈
O(Ω) can be written as a Laurent expansion f(z,w) =

∑∞
j=−∞ aj(z)wj.

Using the same arguments as seen in Example 1, one sees that aj(z)
is a holomorphic function of z and since Ω contains {(z,w) ∈ C2 :

|z| < δ, |w| < 1}, for some small δ, aj(z) has to vanish for j < 0 on that
region. Now the one-dimensional identity theorem forces the same to
be true for all |w| < 1, and hence, there can be no sequence {Dj} of
pseudoconvex domains that converge to T .

Now that we have seen that there are pseudoconvex domains without
a Stein neighborhood basis for the closure, it would be nice to see that
there really exists a large class of domains that have Stein neighborhood
bases for their closures.

Example 2. The following are examples of domains in Cn whose closures
have Stein neighborhood bases:

i) Balls and polydiscs;

ii) Geometrically convex domains;



2.1 introduction 25

iii) Strictly Levi pseudoconvex domains.

Proof. i) Let r be a positive real, and ρ a n-tuple of positive reals.
Then the sequences {B(z0, r+ 1/j)}∞j=1 and {P(z0, ρ+ 1/j)}∞j=1 are
Stein neighborhood bases for B(z0, r) and P(z0, ρ) respectively.

ii) Suppose that Ω is a geometrically convex domain. We then con-
struct the sequence {Ωj}

∞
j=1 where

Ωj :=
⋃
z0∈Ω

B(z0, 1/j).

It is obvious that Ωj+1 ⊂⊂ Ωj and limΩj = Ω, so if we can show
that each Ωj is pseudoconvex, we have found a Stein neighbor-
hood basis for Ω.

We now let z(λ) := (1− λ)z1 + λz2 denote a convex combination
of z1, z2 ∈ Ωj. By definition, if z(λ) ∈ Ωj for all λ ∈ [0, 1], Ωj is
convex. From the construciton of Ωj, we know that each zk ∈ Ωj
can be written as zk = z̃k + εk, where |εk| = 1/j and z̃k ∈ Ω.
Hence we have:

z(λ) = (1− λ)z1 + λz2

= [(1− λ)z̃1 + λz̃2] + [(1− λ)ε1 + λε2]

Let us call the expression enclosed in the first pair of brackets
z0. Since Ω is convex, z0 ∈ Ω. If we could show that the expres-
sion enclosed in the second pair of brackets lies within the ball
B(0, 1/j), we would know that z(λ) ∈ B(z0, 1/j) ⊂ Ωj, and we
would be finished. This is however easy to show since:

|(1− λ)ε1 + λε2| 6 (1− λ) |ε1| + λ |ε2|

< (1− λ)1/j+ λ1/j

= 1/j

And therefore, we are finished.

iii) Suppose that D is strictly Levi pseudoconvex. Then, according to
Theorem 18, D has a defining function ρ ∈ C2(U) where U is a
neighborhood of bD such that

Lz(ρ,w) > C |w|2 for all w ∈ Cn

for a positive C and all z ∈ U. For sufficient small ε, Dε = {z ∈
Cn : ρ(z) < ε} will be contained in U, and have the defining
function ρε := ρ− ε. Hence for p ∈ bDε, Lp(ρε,w) > 0 for all
w ∈ Cn. Therefore {Dε/j}

∞
j=1 is a Stein neighborhood basis for D.

Now when we have a few examples of sets with Stein neighborhood
bases, we show how one can use these to obtain new sets which have
the same property.

Theorem 28. Let K1,K2 ⊂ Cn be two closed sets with Stein neighborhood
bases. Then also K1 ∩K2 has a Stein neighborhood basis.

Proof. Suppose that {Dj} is a Stein neighborhood basis for K1 and that
{D ′j} is a Stein neighborhood basis for K2. Then {Dj ∩D ′j} is a Stein
neighborhood basis for K1 ∩K2.



26 stein neighborhood bases and the nebenhülle

For future reference we also state and prove the following theorem on
O(D)-convexity:

Theorem 29. Let D ⊂ Cn be a domain, and K ⊂ D a compact set. If
K̂O(D) = K, then K has a Stein neighborhood basis.

Proof. Suppose that U ⊂⊂ D is a neighborhood of K = K̂O(D) and let
δ := 1/2d(K,DC). Now

⋃
p∈bU B(p, δ) is an open covering of bU and

since bU is compact, it has an finite subcovering {B1, . . . ,Bk, where
Bj := B(pj, δ).

Since K̂O(D) = K, there is for every pj a function fj ∈ O(D) such that

sup
w∈K

∣∣fj(w)
∣∣ < f(z), for z ∈ D \K.

Now we let

mj := inf
w∈Bj

∣∣fj(w)
∣∣ ;

Mj := sup
w∈K

∣∣fj(w)
∣∣ ;

cj :=
mj +Mj

2
.

Scaling fj with cj we now get:

∣∣∣∣fj(z)cj

∣∣∣∣
< 1 z ∈ K

> 1 z ∈ Bj

The set
V := {z ∈ U : |f1(z)| < 1, . . . , |fk(z)| < 1}

is an analytic polyhedron such that K ⊂ V ⊂⊂ U. Since analytic polyhe-
dra are pseudoconvex, K has a Stein neighborhood basis.

2.2 the nebenhülle

Closely related to the idea of Stein neighborhood bases, is the idea of
the Nebenhülle.

Definition 18. Suppose that K ⊂⊂ Cn, is a compact set. Let

X(K) :=
⋂

{D ′ : K ⊂⊂ D ′, and D ′ is pseudoconvex}.

The Nebenhülle N(K) of K is then defined as

N(K) := X(K)◦

Note. This notation is due D. Jupiter and S. Sahutoglu ([JS09]).

Given a compact set K ∈ Cn, what does X(K) look like? In the case
when K has a Stein neighborhood basis, there is an easy answer.

Theorem 30. If a compact set K ⊂ Cn has a Stein nieghborhood basis, then
X(K) = K.

Proof. Suppose that K has a Stein neighborhood basis. Then there is a
sequence {Dj}, of pseudoconvex domains Dj ⊃ K such that

⋂
Dj = K.

Of course K ⊂ X(K) ⊂
⋂
Dj = K, and therefore X(K) = K.
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Another easy example is the Hartogs triangle T .

Example 3. Let T be the Hartogs triangle. As we saw in the proof of Theorem
27 all pseudoconvex domains containing T , also have to contain the bidisc
P(0; 1). This means that P(0, 1) ⊂ X(T). On the other hand, the bidisc has
a Stein neighborhood basis, and hence X(T) ⊂ P(0; 1). We conclude that
N(T) = P(0; 1).

The idea from the last example can be used to formulate the following
theorem, whose proof is obvious.

Theorem 31. Suppose that K,K ′ ⊂ Cn are compact sets and that K ⊂ K ′.
If K ′ has a Stein neighborhood basis, then N(K) ⊂ K ′.

To this point, the Nebenhülle has been pretty well-behaving. We have
noted its connection to Stein neighborhood bases and seen that if D is
fat and N(D) has a Stein neighborhood basis, then N(D) = D. Now the
question is if the opposite could be true, that is if N(D) = D does that
mean that D has a Stein neighborhood basis? Quite surprisingly, the
answer is no. In 1987 B. Stensønes [Ste87] produced an example of a
bounded domain Ω such that N(Ω) = Ω, but without Stein neighbor-
hood basis for Ω. Before that S. Sato [Sat80] had already produced a
false proof for the opposite claim.

We will later present a detailed presentation of Stensønes example,
but first we put some effort into collecting some elemantary facts about
X(K) and N(K) and eventually present and prove the proper version of
Satos theorem.

One thing we learn from Stensønes example is that the Nebenhülle
can be decieving. On the surface it is nice and well-behaving, but when
you dig a little deeper, surprises lie in wait. We will therefore try to
cellect as many elemantary properties of the Nebenhülle to get a good
picture of how it works, and we will be careful to not only rely on our
intuition, but to really present proves for all claims.

Theorem 32. Let K ⊂⊂ Cn be a compact set in Cn. Then X(K) is compact,
that is closed and bounded.

Proof. Since all bounded sets can be fit into large enough balls, and
balls are pseudoconvex and bounded, X(K) must also be bounded.

We now want to show that X(K) is closed. We do this by showing
that X(K)C is open. Suppose that z0 ∈ X(K)C. Then there has to be
a pseudoconvex set D ′, such that K ⊂ D ′, but z0 6∈ D ′. We would
like to assure us that z0 6∈ bD ′, but since the ε-contraction of D ′

is pseudoconvex, and for ε small enough K ⊂ D ′ε, we can always
replace D ′ with its ε-contraction. Assume therefore that z0 6∈ bD ′.
Then we let r := d(z0,D ′)/2 and construct the ball B(z0; r). Obviously
B(z0, r) 6⊂ D ′, and since X(K) ⊂ D ′, B(z0, r) ⊂ X(K)C. This shows that
X(K)C is open.

Corollary 3. Let K ⊂⊂ Cn be a compact set in Cn. Then N(K) is bounded
and pseudoconvex.

Proof. That N(K) is bounded is a direct consequence of the previous the-
orem, and since N(K) is the interior of the intersection of pseudoconvex
sets it also has to be pseudoconvex, by Theorem 22.

Next we will show a theorem similar to Theorem 16 about the boundary
distance of the holomorphic hull. The theorem can be found in [BT33]
by Behnke och Thullen .
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Theorem 33. Suppose that Ω ⊂⊂ Cn is a pseudoconvex domain, and that
K ⊂⊂ Ω is compact. Then:

d(K,ΩC) = d(N(K),ΩC)

For this proof, we will use a theorem found in [CT32].

Theorem 34. IfD ⊂⊂ Cn is a pseudoconvex domain, then the ε-contraction,
Dε := {z ∈ D : d(z,bD) > ε} is pseudoconvex for all ε > 0.

Proof. We begin by noting that the closure Dε, of Dε is a compact

subset of D. Therefore, by Theorem 16, d(D̂ε,O(D),D) = d(Dε,D) = ε,

and from the way Dε was constructed, this means that D̂εO(D) = Dε.
By Theorem 29, Dε then has a Stein neighborhood basis, and hence Dε
is pseudoconvex.

Proof of Theorem 33. Let ε := d(K,ΩC). Note that ε > 0. Let Ωε := {z ∈
Ω : d(z,ΩC) > ε}. According to Theorem 34, Ωε is pseudoconvex, and
therefore all its connected components will be domains of holomorphy.
We choose the component containing K and call it Ω ′. It follows that
X(K) ⊂ Ω ′, och hence also that N(K) ⊂ (Ω ′)◦ = Ω ′. We put this
together and arrive at:

ε 6 d(Ω ′,ΩC) 6 d(N(K),ΩC) 6 d(K,ΩC) = ε

Of course this means that d(N(D),ΩC) = ε, and this proves the theo-
rem.

Now we can finally prove a intuitive and useful property of the Neben-
hülle.

Theorem 35. Let K ⊂⊂ Cn be a closed set. Then one has:

N(N(K)) = N(K)

Proof. Suppose that D ′ is pseudoconvex and K ⊂ D ′, then, according
to Theorem 33, N(K) ⊂ D ′. Therefore, it holds that

X(K) =
⋂

{D ′ : K ⊂ D ′, D ′ pseudoconvex}

=
⋂

{D ′ : N(K) ⊂ D ′, D ′ pseudoconvex}

= X(N(K)),

and from this, the theorem follows.

Sato [Sat80] tried to prove this theorem using simpler methods, but a
closer examination shows that he makes use of the false assumption
that X(K) = N(K), which generally is false, as is shown by the already
mentioned example by Stensønes.

As an immediate consequence, we get that N(D) and D share bound-
ary points.

Corollary 4. If D ⊂⊂ Cn is a bounded domain, then:

bD∩ bN(D) 6= ∅

Proof. Assume that the converse holds, that is that D ⊂⊂ N(D). Then,
according to Theorem 33, it would follow that N(D) ⊂⊂ N(D), which
of course is impossible. We have come to a contradiction.
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Now we have all the results we need to present and prove the promised
correct connection between the Nebenhülle and Stein neighborhood
bases.

Theorem 36. Suppose that K ⊂ Cn is compact. Then X(K) has a Stein
neighborhood basis.

Proof. Let

Ωj = {z ∈ Cn : d(z, X(K)) < 1/j} and

Dj = X(Ωj).

We note that D◦j = N(Ωj) and therefore, by Corollary 3, pseudoconvex.
Moreover, Dj+1 ⊂ Dj, and this implies that

⋂∞
j=1Dj = limj→∞Dj =

X(X(K)) = X(K).
We now would like to claim that {D◦j }

∞
j=1 is a Stein nieghborhood

basis of X(K), but for this to be true, we first have to convince ourselves
that K ⊂ D◦j . This is obviously true since X(K) ⊂⊂ Ωj ⊂ Dj.

As a consequence, we get another equivalent definition of a Stein
neighborhood basis valid for bounded sets:

Corollary 5. A compact set K ⊂ Cn has a Stein neighborhood basis if and
only if X(K) = K.

Proof. To see that it is a sufficient condition, we simply note that, by
Theorem 36, X(K) has a Stein neighborhood basis. This means that if
X(K) = K, then also K has a Stein neighborhood basis.

The necessity of the condition was proved in Theorem 30.

We are now finally in a good position to understand how there can
exist a bounded domain D ⊂⊂ Cn without Stein neighborhood basis
such that N(D) = D.

If N(D) = D, then there is a sequence {Dj} of pseudoconvex sets
such that {

⋂
Dj}
◦ = D. If it also is true that {

⋂
Dj} = D, then D has a

Stein neighborhood basis, but in general this is not true. The reason for
this is that taking the interior of a set is not an injective operation, and
therefore there is no way reversing taking the interior. In other words,
there is no gurantee that X(K) = N(K). One way of visualizing this
situation is that X(K) might have “thin” outgrowths, that obstruct the
existence of a Stein neighborhood basis but that vanish when taking the
interior. Now when we have an understanding of what kind of domain
we are looking for, we are ready to take a look at Stensønes example.
But first we will have to state a very useful theorem when constructing
examples.

Informally, what the theorem says is that out of two pseudoconvex
sets with disjoint and fairly nice boundaries one can create one pseu-
doconvex set by joining them together with a thin hose. Formally the
theorem is stated like this:

Theorem 37. Let D1,D2 ⊂ Cn be two pseudoconvex domains with D1 ∩
D2 = ∅. Assume that for j = 1, 2 there is a point pj ∈ bDj such that bDj is
C2 and strictly pseudoconvex at pj. If there is a piecewise linear Jordan curve
γ : [0, 1] :→ Cn such that:

i) γ((0, 1))∩ (D1 ∪D2) = ∅,

ii) γ(0) = p1 and γ(1) = p2,
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iii) γ ′(0) is orthogonal to bD1 and γ ′(1) is orthogonal to bD2.

Then there is a neighborhood basis {Un} of γ([0, 1]) such that D1 ∪Un ∪D2
is pseudoconvex.

We do not present the proof here, but the interested reader is encour-
aged to consult Jarnicki and Pflug ([JP00]).

We now present the promised example of Stensønes.

Theorem 38. There is a bounded, pseudoconvex domain Ω ⊂ C2, such that
N(Ω) = Ω, but still Ω has no Stein neighborhood basis.

Proof. We will construct the example in three steps. First, we will create
a sequence of a kind of sliced Hartogs triangles that converges to a
lower dimensional Hartogs triangle that will serve as our “obstructing
outgrowth”. Then we will approximate these sliced triangles from the
outside to obtain smooth strictly pseduconvex domains and then we
join them together using Theorem 37. The resulting domain will have
the promised properties.

We begin by defining the sliced Hartogs triangles. Let an be the
sequence defined by a1 = π2/6− 1 and an = an−1 − 1/n2. Note that
this sequence is decreasing and liman = 0. Now we set:

Tn :=

{
(z,w) ∈ C2 : |w− ian| < |z| < 1+

1

n

}
Note that Tn basically is the Hartogs triangle shifted to have its centre
at the the point ani in the w-plane instead of at the origin. We then
define the two sets

Rn :=

{
(z,w) ∈ C2 :

1

2n
< |Rew| < 1, |Imw− an| <

1

n3

}
.

Of course Rn is pseudoconvex, and since Tn is only a shift of the Har-
togs triangle, which is pseudoconvex, the same holds for Tn. Therefore
S ′n = Rn ∩ Tn is pseudoconvex.

Since S ′n is invariant under rotations in the w-plane, it is a two-
dimensional Hartogs domain and can be visualized in R3. This can be
done by identifying the complex w-plane with the real xy-plane and
projecting the complex z-plane on the real z-axis. With this identification,
S ′n will be the result of slicing the cone Tn with the rectangular frame
Rn. An important note to be made is that the frame is not centered
over the centre of the cone. Therefore, the sliced Hartogs triangle S ′n,
unlike the ordinary Hartogs triangle, has a strictly positive distance to
the plane z = 0. This enable us find a Stein neighborhood basis for S ′n.
An example of such a basis is the sets:

S′jn :=

{
(z,w) ∈ C2 :

1

2n
−
1

j
< |Rew| < 1+

1

j
, |Imw− an| <

1

n3
+
1

j
,

|w− ian| −
1

j
< |z| < 1+

1

n
+
1

j

}
.

Now we let Un := {z ∈ C2 : d(z,S ′n) < 1/(2(n+ 1)4}. Since S ′n has a
Stein neighborhood basis, we can find a smooth, strictly pseudoconvex
domain Sn such that S ′n ⊂ Sn ⊂ Un. Now when the Sn are smooth
and strictly pseudoconvex, we should not have any problem joining
them together using Theorem 37. We only have to make sure that {Sn}



2.2 the nebenhülle 31

really forms a disjoint family of sets. This can be seen by the following
argument.

Suppose that (zn,wn) ∈ Sn and (zn+1,wn+1) ∈ Sn+1. Using the
simple estimate |(zn,wn) − (zn+1,wn+1)| > |Imwn − Imwn+1| it is
therefore enough to show that |Imwn − Imwn+1| > 0. We have:

an −
1

n3
−

1

2(n+ 1)4
< Imwn < an +

1

n3
+

1

2(n+ 1)4
,

and

an+1−
2(n+ 2)4 − (n+ 1)3

(n+ 1)32(n+ 2)4
< Imwn+1 < an+1+

2(n+ 2)4 + (n+ 1)3

(n+ 1)32(n+ 2)4
.

Combining these equations and using that an − an+1 = 1/n2 we
get:

wn −wn+1 >an −
2(n+ 1)4 +n3

2(n+ 1)4n3
− an+1 −

2(n+ 2)4 + (n+ 1)3

(n+ 1)32(n+ 2)4

=
1

n2
−
1

n3
−

1

2(n+ 1)4
−

1

(n+ 1)3
−

1

2(n+ 2)4

It turns out that the last expression is strictly positive for all n > 2, and
therefore {Sn} form a disjoint family.

We now can start joining the sets using Theorem 37. The idea is
that since Sn has a smooth, strictly pseudoconvex boundary, any point
pn ∈ Sn is smoothly pseudoconvex and hence has a normal. We can
therefore join bSn and bSn+1 with a γn as in Theorem 37. However,
since we want to join not only these two sets, but all the sets Sn, we
have to be a little more careful. For example, we do not want γn to
intersect with Sn+2, and we also have to make sure that γn and γn+1

does not interfere with each other. This is particulary important at the
points where both curves are to be connected to Sn+1. However, this
can be solved by requiring that the imaginary part of the w-component
of γn, has to be between an+1 and an.

Now all we have to do is to put everything together. Using Theorem
37, we get a U2 such that S2 ∪U2 ∪ S3 has a Stein neighborhood basis,
and chosing U2 small enough, the imaginary part of the w-component
of U2 will be greater than a3, and hence not interfere with our intended
starting point for γ3. We will eventually want to impose some additional
requirements on γ1, but for now, these will suffice for what we will
show.

Repeating this procedure, we construct the sets Ωn =
⋃k
k=2(Sk ∪

Uk ∪ Sk+1), which converges to limn→∞Ωn = Ω, that is our final set.
Now we only have to confirm that it has the promised properties.

We begin by noting that Ω is pseudoconvex, since it is the increasing
union of pseudoconvex sets, and such sets are pseudoconvex by Theo-
rem 23. Next we note that the set T∞ := {(z,w) : Imw = 0, 0 6 Rew 6
1 and |w| 6 |z| 6 1} is contained inΩ. Therefore, ifD is a pseudoconvex
neighborhood of Ω it has to contain K := {(z,w) : Imw = 0, 0 6 Rew 6
δ} for some δ > 0.

It is now easy to use the technique of pushing discs to show that
every pseudoconvex set that contains Ω, also has to contain K̂. This
shows that Ω∩ K̂ ⊂ X(Ω), which in turn shows that X(Ω) 6= Ω. Hence
by Corollary 5, Ω cannot have a Stein neighborhood basis.

We now want to show the reverse inclusion, that is X(Ω) ⊂ Ω ∪ K̂.
As was pointed out in Theorem 31, we can show this by showing that
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Ω∪ K̂ has a Stein nieghborhood basis. If we can do this, we will have
that X(Ω) = Ω∪ K̂, and therefore N(Ω) = X(Ω) = Ω.

Our idea of how this can be done is that we would like to find a
sequence of pseudoconvex neighborhoods of Ω∪ K̂ that converges to
Ω∪ K̂. We can do by finding a pseudoconvex neighborhood ω ′n of Ωn
contained in the set {p : d(p,Ωn) < 1/(4n3)}. This is possible since Ωn
has a Stein neighborhood basis by construction. The origin-near parts
of Ω we enclose by the rectangle

Qn =

{
(z,w) : −

1

4n2
< Imw < an +

1

4n2
, −

1

4n2
< Rew < 1+

1

4n2
,

and |z| < 1+
1

4n2

}
and now Ω ′n ∪Qn encloses all parts of Ω ∪ K̂, except for some parts
of the set Un connecting Sn with Sn+1. What we would like to do,
is to find a set U ′n that contains Un and such that Ω ′n ∪U ′n ∪Qn is
pseudoconvex. If we can do this, limΩ ′n ∪U ′n ∪Qn = Ω∪ K̂, and we
would be finished. As suspected, the key to finding U ′n is once again
Theorem 37.

To be able to use Theorem 37, we will have modify Qn to make
it strictly pseudoconvex. However, Qn has a Stein neighborhood ba-
sis, and therefore we can always find a smooth, strictly pseudoconvex
neighborhood Q ′n of Qn arbitrarily close to Qn. Now, γn connects Ω ′n
to Q ′n, and since both sets have nothing but smooth strictly pseudo-
convex boundary points, we can use Theorem 37 to find a connecting
neighborhood U ′n of γn such that Ω ′n ∪ U ′n ∪Q ′n is pseudoconvex.
Now two questions arises:

i) How can we be sure that γn is orthogonal to the boundaries of
Ω ′n and Q ′n at the points of intersections?

ii) How can we be sure that U ′n is a neighborhood not only of γn
but also of Un?

This is where the aforementioned requirements of γ come into the
picture. Before constructing γn, we have to construct Q ′n and Ω ′n and
make sure that γn, in addition to the previous restrictions, intersects
each of the boundaries bΩ ′n and bQ ′n orthogonally and doing so only
once. We can then apply Theorem 37 to a find a neighborhood U ′n of
γn such that Ω ′n ∪U ′n ∪Q ′n is pseudoconvex. The theorem gives us a
whole neighborhood basis to choose from, but we chose U ′n as big as
possible. We can then make sure to choose Un small enough such that
Un ⊂ U ′n.

These new requirements on γn and Un will not change the properties
already proved for Ω, and in addition, we now have that {Q ′n ∪U ′n ∪
Ω ′n} forms a Stein neighborhood basis for Ω ∪ K̂. This finally proves
the final step of the theorem.

The property N(D) = D has been given various names by different
authors. Trivial Nebenhülle and empty Nebenhülle are common in the
literature and some authors have even called it no Nebenhülle. In light of
the last example, some authors have come to call the property weak Stein
neighborhood basis. There still does not exist a common agreement on the
terminology, and as late as 2008 Krantz and Peloso [KP08] suggested
that the domain whose closure does not have a Stein neighborhood
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basis should be said to have a nontrivial Nebenhülle, which would be
contradictory to older definitions.

In a compromise between tradition and clarity we will say that a
domain D such that N(D) = D has a trivial Nebenhülle.

Our inspiration to study Stein neighborhood bases in first place, is
that we want to approximate pseudoconvex domains. One may ask
what kind of approximation property trivial Nebenhüllen represent.
The following theorem shed some light on that question.

Theorem 39. Let D ⊂⊂ Cn be a domain such that N(D) = D and suppose
that µ is the Lebesgue measure on Cn. Then there is a sequence {Dn} of
pseudoconvex sets such that D ⊂ Dj and

lim
n→∞ (µ(D) − µ(Dn)) = 0.

Proof. Since N(D) = D, X(D) can be written as X(D) = D ∪ K, where
D∩K = ∅ and K is a set without interior points. We then have:

µ(X(D)) = µ(D∪K)

= µ(D) + µ(K)

= µ(D)

And since X(D) has a Stein neighborhood basis, it can be written as
X(D) =

⋂
Dj, for a shrinking sequence {Dj} of pseudoconvex sets. We

therefore have:

µ(D) = µ(X(D))

= µ(∩Dj)
= lim

j→∞µ(Dj)

This suggests that it could be possible that some theorems which have
required a domain with a Stein nieghborhood basis, the assumption
has been stronger than necessary.

2.2.1 The Connectedness of N(K)

It would be interesting to know if there can be a connected, compact
K ∈ Cn such that N(K) is disconnected. Intuitively, it is hard to imagine
what such a K would look like, but we have seen that one should
never completely rely on ones intuition, when working with complex
geometry. In [Sat80], Sato claimed that N(D) is connected for bounded
domains D ⊂⊂ Cn. He did however not present any proof for his
claim.

Frizsche and Grauert [FG02] had another approach. To ensure that
N(D) really is a domain, they defined the Nebenhülle of D to be the
connected component of {

⋂
Dj}
◦ that contains D.

Even though our main interest is directed at N(K), we choose to
direct our attention to X(K). The reason for this is that we have mcuh
more control over how X(K) is behaving. As first result we show:

Theorem 40. If the compact set K ⊂ Cn is connected, then so is X(K).
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Proof. Let C be the connected component of X(K) that contains K. As
X(K) is closed and has a Stein neighborhood basis, the same holds for
C. This means that there is a pseudoconvex neighborhood U of C such
that U∩

(
X(K) \C

)
= ∅. But since U is a pseudoconvex neighborhood

of K we also have that X(K) ⊂ U. Therefore C is the only connected
component of X(K).

This means that the only chance for N(K) to be disconnected is if
X(K) is held together by thin parts, that vanish when taking the interior.
We use this to get a first result about the connectedness of N(K).

Theorem 41. If K ⊂ Cn is a compact set and X(K)◦ = X(K), then d(bC1,bC2) =

0 for every pair C1,C2 of connected components of N(K).

Proof. If X(K)◦ = X(K), then N(K) has a Stein neighborhood basis,
by Theorem 36. If N(K) is connected, the theorem is vacuously true.
Therefore, suppose that N(K) is disconnected and let C be the connected
component to N(K) that contain K and let ε := d

(
C, N(K) \C

)
. Since

N(K) is open, so is C. This means that we cannot be sure that ε > 0, but
if we suppose that this is the case, the same argument as in Theorem 40

leads to the contradictory conclusion that N(K) is connected. Therefore,
if N(K) is disconnected, the distance between its connected components
must be zero.

2.3 the diederich-fornæss worm

The first work on the Nebenhülle was published in 1933 by H. Behnke
and P. Thullen [BT33]. They studied its basic properties and they pro-
duced a whole class of domains with non-trivial Nebenhüllen. However,
like the Hartogs triangle, they all had non-smooth boundary. Therefore
it was suggested that a C∞-smooth boundary would be a sufficient
condition to ensure a non-trivial Nebenhülle. For decades to come
mathematicans would be searching a proof for the conjecture, until
1977 when quite sursprisingly K. Diederich and J.E. Fornæss found a
counterexample in the so called worm domain [DF77].

Our presentation of the worm domain will follow the elegant presen-
tation of S. G. Krantz and M.M. Peloso [KP08].

Definition 19. Let

W =

{
(z1, z2) ∈ C2 :

∣∣∣z1 − ei log|z2|
2
∣∣∣2 < 1− λ(log |z2|

2)

}
,

where λ : R→ R is chosen such that:

i) λ is C∞-smooth;

ii) λ non-negative, even and convex;

iii) λ−1(0) = [−µ,µ] := Iµ;

iv) λ(x) > 1 if |x| > a, for some a;

v) λ ′(x) 6= 0 if λ(x) = 1.

W is called a Diederich-Fornæss worm.
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To see why it is called a worm, one can visualizeW in R3 by identifying
the complex z-axis with the real xy-plane and projecting the complex
w-component onto the real z-axis. The cross-sections of W for fixed
|w| are discs centered around ei log|z|2 , a point that circle around the
|w|-axis as |w| takes on the values such that λ(|w|2) < 1. One also see
that the worm will be of maximal thickness, 1, as long as log |z|2 ∈ Iµ,
and outside that interval, the worm will be smoothly rounded off to
create a smoothly bounded domain of holomorphy.

Theorem 42. A Diederich-Fornæss worm is a smoothly bounded domain of
holomorphy.

Proof. Let W be a Diederich-Fornæss worm. It is obvious from iv)

from the definition of the worm that it is bounded. To show that it is
smoothly bounded, we have to find a smooth defining function for it.
A natural candidate for a defining function is

ρ : (z1, z2) 7→
∣∣∣z1 − ei log|z2|

2
∣∣∣2 + λ(log |z|2) − 1. (2.1)

It is obvious that W = {z : ρ(z) < 0}, and ρ is also smooth, so to show
that ρ is a defining function for W we only have to show that for points
of dW,∇ρ 6= 0. Let us suppose that ∂ρ∂z1 (p) = 0 for a p = (p1,p2) ∈ dW.
We then have:

∂ρ

∂z1
(p) = p1 + e−i log|p2|

2

= 0. (2.2)

And if we let r := z1 + ei log|z2|
2
, we have:

∂ρ

∂z2
=

∂r(z)

∂z2
r(z) + r(z)

∂r(z)∂z2
+

λ ′(log |z2|
2)

z2

|z2|
2

.

Using (2.2) we see that r(p) = 0 = r(p), and hence:

∂ρ

∂z2
(p) = λ ′(log |p2|

2)
p2

|p2|
2

.

We now have to convince ourselves that the last equation is nonzero.
Since p ∈ dW, we have that ρ(p) = |r|2 + λ(log |z|2) − 1 = 0, but since
|r(p)|2 = r(p)r(p) = 0, we must have λ(log |p2|

2) = 1 and from property
iv) we then conclude that ∂ρ∂z2 (p) 6= 0, and hence ∇ρ 6= 0 on all of dW.

We now want to show that W is pseudoconvex. For this purpose we
expand the first term from (2.1) and write ρ as

ρ = |z1| + 2Re(ze
−i log|z2|

2

) + η(log |z2|
2).

Locally log z22 = log |z2|
2 + i arg z22 which gives us that locally W is

defined by:

|z1| + 2Re(z1e
−i log(z22−i argz22) + η(log |z2|

2) < 0,

or
|z1| e

argz22 + 2Re(z1e
−i logz22 + η(log |z2|

2)eargz22 < 0.

The function g(z1, z2) := z1e
−1/2i logz22 is locally separate holomorphic,

and hence |g|2 = |z1| e
argz22 is plurisubharmonic. Once again using

separate holomorphy we see that zelogw2 is holomorphic. Therefore,
beeing a positive multiple of the real part of a holomorphic function,
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also the second term is plurisubharmonic. If we now can show that the
third term is plurisubharmonic, we are finished.

Since it only depends on one variable z2, it is enough to calculate its
Laplacian.

∆
(
η(log(|z2|

2)eargz22
)

= ∆η
(
log(|z2|

2)
)
eargz22 + η

(
log(|z2|

2)
)
∆eargz22 .

Now Property ii) of the definition of W ensure us that this expression
is nonnegative. The first term is nonnegative, since η is convex, and
that the second term is nonnegative since η is convex. We have now
shown that W is locally defined by a plurisubharmonic function and
we are finished.

Theorem 43. A Diederich-Fornæss worm W with µ > π does not have a
trivial Nebenhülle.

Proof. Suppose that log |z2| < µ. Then W is defined by∣∣∣z1 + ei log|z2|
2
∣∣∣2 < 1.

Since µ > π this means that the set

K1 := {(z2, z2) ∈ C2 : log |z2|
2 = ±π and |z1 − 1|2 < 1}.

must be contained in W. The closure W, on the other side, is defined
by ρ 6 0, or equivalently∣∣∣z1 + ei log|z2|

2
∣∣∣2 + η(log |z2|

2) 6 1.

Putting z1 = 0 one sees that the closure must contain the set:

{(0, z2) : η(log |z2|
2) 6 1},

and since η(λ) = 0 for |λ| < µ we see that this set must contain the set

K2 := {(0, z2) : log |z2|
2 6 π}.

Hence, W must contain K1 ∪K2, and every neighborhood of W must
contain a neighborhood of this set. Using the technique of Example 1

we can now easily show that every function f holomorphic on a neigh-
borhood U of W can be holomorphically extended to K = {(z1, z2) :

−π 6 log |z2|
2 6 π and |z1 − 1| < 1}. This means that every pseudocon-

vex neighborhood of W must contain K, that is K ⊂ N(W). Since K has
inner points, this means that W has non-trivial Nebenhülle.

2.4 uniform h-convexity

If we know that K has a Stein neighborhood basis, we know that for
every nieghborhood U of K, there is a pseudoconvex set V such that
K ⊂ V ⊂ U. However, we have no control of how close to K one has to
look to find the set V . Sometimes it is necessary to have some sort of
control of how much smaller than U the neighborhood V must be. This
leads to the following definition.

Definition 20. Suppose that D ⊂ Cn is a domain and that there are
positive constants 0 < c1 < c2 and δ0 > 0 such that for every positive
δ 6 δ0 there is a Stein neighborhood Dδ of D such that:

δc1 < d(D,DCδ ) < δc2

Then D is called uniformly H-convex.
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This can be compared to Theorem 34, which says that the ε-contraction
of a pseudoconvex domain will be pseudoconvex. If D is uniformly
H-convex, then for every δ > 0, there is a pseudoconvex domain Dδ
containing the c2δ-inflation ofD but being in the c2δ-inflation ofD. This
means that in a way, the δ-inflation of D will be almost pseudoconvex,
for small δ.

In light of this discussion, the following theorem is obvious.

Theorem 44. Let D ⊂⊂ Cn be a bounded, pseudovoncex domain. If D is
uniformly H-convex, then D has a Stein neighborhood basis.

Proof. Let
Dc2δ := {z ∈ Cn : d(z,D) < c2δ}

From the definition of uniform H-convexity, it follows that for any
δ > 0, we can find a D ′ such that D ⊂ D ′ ⊂ Dc2δ. This means that
X(D) ⊂ Dc2δ, and since limε→0Dc2δ = D, it follows that X(D) = D.
This means that D has a Stein neighborhood basis.

Another, even stronger, approximation property that is applicable on
smooth bounded domains is the following, introduced by S. Sahutoglu
[Sah07]:

Definition 21. Suppose that D ⊂ Cn is a smooth bounded pseudocon-
vex domain. If D has a defining function ρ and there is a δ0 > 0 such
that the domains Dδ = {z ∈ Cn : ρ(z) < δ} are domains of holomorphy
for positive δ < δ0, D is said to have a strong Stein neighborhood basis.

Another of phrasing the previous definition is that D has a strong Stein
nieghborhood basis if it has a defining function whose level surfaces
define a Stein nieghborhood basis of D.

It is easy to see that a strong Stein neighborhood basis implies uni-
form H-convexity.

Theorem 45. Suppose that D has a strong Stein neighborhood basis. Then
D is also uniformly H-convex.

Proof. Since D has a strong Stein neighborhood basis, it has a defining
function ρ, continuous on a neighborhood of D. This means that the
level sets Ω(ε) := {z : ρz = ε} varies continuously along with the
parameter ε and therefore also ∆(ε) = d(D,DCε ) as well. The ordinary
single-variable intermediate value theorem now assures us that for all
c1, c2 such that c1 < c2 there is an ε0 such that δc1 < ∆(ε0) < δc2 for
sufficiently small δ. Since ∆(ε0) = dist(bDε,bD) and Dε is a domain
of holomorphy, the result now follows.

The natural question is now: Is having a strong Stein nieghborhood
basis really a stronger property than just having an ordinary Stein
neighborhood basis? That is, does there exist a smooth, bounded do-
main D such that D has a Stein neighborhood basis, but one can not
find a defining function for D such that its level curves defines pseu-
doconvex domains? This question remains open, but since domains
whose closures have strong Stein nieghborhood bases are a priori easier
to work with, it would be useful if one could prove equivalence of the
notions.
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2.5 the mergelyan property

Stein neighborhood bases and Nebenhüllen concern the approximating
of sets. A different, but yet related question is that of approximation
of functions. Consider for example, the following question: Given a
domain D ⊂ Cn, and a function f ∈ O(D). Is it then possible to find
another function f̃ that is holomorphic on a strictly larger domain and
that approximates f arbitrarily well on D. If D is not a domain of
holomorphy, the answer is naturally yes. On the other hand, if D is a
domain of holomorphy, one can find a function that grows unboundedly
when approaching bD. Of course, this function cannot be approximated
by a function that is holomorphic on a larger domain Ω. If we choose
to ignore those functions, that obviously cannot be approximated, and
look at the functions holomorphic on D, and continuous on D, the
problem becomes more interesting. It turns out that in some domains
of holomorphy all such functions can be approximated, but in other
this is false. The problem of recognizing the domains that have this
property is far from trivial, and has led to the following definition.

Definition 22. Let A(D) = C(D) ∩ O(D) be the space of functions
holomorphic on D and continuous on D. Let O(D) be the space of
functions holomorhpic on some neighborhood of D. D is said to have
the Mergelyan property if the uniform closure of O(D) equals A(D).

Intuitively, approximating holomorphic functions on a smaller domain
with functions holomorphic on a larger domain, will be easier the closer
the domains are to each other. When looking for domains with the
Mergelyan property, it is therefore no wonder that Stein neighborhood
bases come to mind. This has led some authors to conjecture some
sort of implication between the properties. In the paper [Ste87], B.
Stensønes claims that the Mergelyan property implies the following
approximation property.

Definition 23. The closure D of a domain of holomorphy D ⊂ Cn is
said to have a nonschlicht Stein neighborhood basis if for every neigh-
borhood V of D there exists another neighborhood U ⊂ V such that Ũ,
the envelope of holomorphy of U, has the property that its projection
π(Ũ) ⊂ U.

Here the envelope of holomorphy Ũ is the largest Riemann domain
to which all functions f ∈ O(U) can be extended. If U is a domain of
holomorphy, Ũ = U, but otherwise Ũ might not exist in Cn, but as a
simple form of manifold that can be thought of as hovering over Cn.
The projection π(Ũ) can then be thought of as the shadow cast by Ũ.

It is easy to see that this kind of Stein neighborhood basis is weaker
than the usual.

Theorem 46. Let D ⊂⊂ Cn be a domain. If D has a Stein neighborhood
basis, then it also has a nonschlicht Stein neighborhood basis.

Proof. Since D has a Stein neighborhood basis, the sets U from the
definition of a nonschlicht Stein neighborhood basis can be chosen to
be pseudoconvex. Then Ũ = U ⊂ V .

It is however not obvious that the reverse implication does not hold.
If it would hold, one would have found a proof that the Mergelyan
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property implies the existence of a Stein neighborhood basis. Unforto-
nately, the implication does not hold. In the same paper as refered to
earlier ([Ste87]), Stensønes showed:

Theorem 47. There is a bounded pseudoconvex domainΩ, whose closure has
a nonschlicht Stein neighborhood basis but non-trivial Nebehülle.

It is important to note that this by no means settles the question about
the connection between Mergelyan property and Stein neighborhood
bases. It merely leaves it open.

Since there appearently are domains with non-trival Nebenhüllen,
but with a nonschlicht Stein neighborhood basis, an interesting question
is if the opposite situation can occur, that is: Is there a domain with
trivial Nebenhülle that does not have a nonschlicht Stein neighborhood
basis? A good start could be to try to find out if Stensønes example of a
domain with trivial Nebenhülle but without Stein neighborhood basis
has a nonschlicht Stein neighborhood basis.
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2.6 summary

We sum up this chapter by restating the different variations of Stein
neighborhood bases we have met this far.

• If K ⊂ Cn is a compact subset of Cn we then form the set X(K) =⋂
{D ′ ⊂ Cn : K ⊂ D ′, D ′ pseudoconvex}. The Nebenhülle of K

is then the set N(K) = X(K)◦.

• If we for every neighborhood Ω of K can find a pseudoconvex
neighborhood, D, such that K ⊂ D ⊂ Ω, we say that K has a Stein
neighborhood basis. Another way to state this is to say that there
is sequence, {Dn}, of strictly pseudoconvex neighborhoods of K
such that Dn+1 ⊂⊂ Dn and

⋂
Dn = K. This is equivalent to

X(K) = K.

• In the case when D ⊂ Cn is a domain and N(D) = D we say
that D has a trivial Nebenhülle. This does not mean that D has
a Stein neighborhood basis.

• When we for every neighborhood Ω of K can find another neigh-
borhood, D, such that K ⊂ D ⊂ Ω and such that such that the
natural projection of the envelope of holomorphy of D, π(D̃),
is contained in Ω, then we say that K has a non-schlicht Stein
neighborhood basis. This is believed to have some sort of con-
nection to the Mergelyan property.

• Suppose that there are positive constants, c1 and c2, such that for
every small δ, there is a pseudoconvex domain Dδ, such that it
holds that δc1 < d(K,DCδ ) < δc2. We then say that K is uniformly
H-convex.

• If D is a smooth and bounded pseudoconvex domain with a defin-
ing function ρ such that for small ε, the set {z ∈ Cn : ρ(z) < ε} is
pseudoconvex, then we say that D has a strong Stein neighbor-
hood basis.

The implications between these different notions of neighborhood bases
can be illustrated by the diagram below. Note however that the existence
of a Stein neighborhood basis only implies a trivial Nebenhülle for fat
sets.

Pseudo-
conv.

Str. Stein 
N. Basis

Uniform 
H-convex

Stein 
Neighb. 
Basis

Trivial
Nebenh.

Non-schlicht 
St. Neigh.Basis

Figure 1: Diagram of known implications
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Many authors have studied sufficient conditions for a domain D ⊂ Cn

to have a Stein neighborhood basis for its closure. In the following
section will give a short description of some of their results.

3.1 plurisubharmonic defining functions

In 2008, Fornæss and Herbig [FH08] showed that any smooth, bounded
domain in Cn that has a plurisubharmonic defining function, has a
Stein neighborhood basis for the closure. This was a generalisation of a
result from their previous work [FH07] in 2006 in which they showed
the same result in C2. We will not be able to present the proof, in all its
details, but the parts within the scope of this thesis will be covered. In
our respect the Cn proof is essentially the same as te C2 version, but
we will present the theorem only in C2, to avoid some technicalities.

The first thing we have to clarify is what is meant by a plurisubharm-
onic defining function for D. In this section we will mean a defining
function ρ for D such that Lp(ρ, ξ) > 0 for all p ∈ bD and all ξ ∈ Cn.

We are now in the position to understand the meaning of the main
theorem of this section. This theorem is proved in [FH07], and is actually
the main achievement of the paper. However, we simply accept it as
true, and concentrate how one can use it to prove the existence of Stein
neighborhood basis.

Theorem 48. Let D ⊂⊂ C2 be a smoothly bounded domain with a smooth
defining function that is plurisubharmonic on the boundary bD. Then for
each ε,K > 0, there exist defining functions r1, r2 for D and a neighborhood
V of bD such that for all ξ ∈ C2 the following hold:

Lp(r1, ξ) > εr1(p) |ξ|2 +K |〈∂r1(p), ξ〉|2 for p ∈ V ∩ D̄,

and

Lp(r2, ξ) > −εr2(p) |ξ|2 +K |〈∂r2(p), ξ〉|2 for p ∈ V ∩DC.

We can now state and prove the main theorem of this section.

Theorem 49. Suppose that D ⊂⊂ Cn is a smoothly bounded domain and
that D has a defining function that is plurisubharmonic on the boundary bD
of D. Then the following is true:

i) For any η ∈ (0, 1) there exists a smooth defining function r1 such that
−(−r1)

η is strictly plurisubharmonic on D.

ii) For any η > 1 there exist a smooth defining function r2 of D and a
neighborhood V of bD, such that rη2 is strictly plurisubharmonic on
V \ D̄.

Proof. We begin by letting r1 := re−δ|z|
2
. We now want to show that

for η ∈ (0, 1) there is a δ > 0 and a smooth defining function r of

41
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D such that g = −(−re−δ|z|
2
)η is plurisubharmonic on D ∩W, for a

neighborhood W of bD.
We start by computing the Levi form of g. To simplify the notation,

we will temporarily let φ = δ |z|2. First we note that for r ∈ C2(U, R)

and h ∈ C2(R) we have:

Lz(h ◦ r, ξ) = h ′′(r(z)) |〈∂r, ξ〉|2 + h ′(r(z))Lz(r, ξ). (3.1)

And for r, ρ ∈ C2(U, R) holds:

Lz(rρ, ξ) = Lz(r, ξ)ρ+ Lz(ρ, ξ)r+ 2Re
(
〈∂rz, ξ〉〈∂ρz, ξ〉

)
.

We now use these identities to find:

Lz(e
−ηφ, ξ) = e−ηφ |〈∂ηφz, ξ〉|2 − e−ηφLz(ηφ, ξ)

= e−ηφη
[
|〈∂φz, ξ〉|2 − ηLz(φ, ξ)

]
.

And:

Lz((−r)
η, ξ) = η(η− 1)(−r)η−2 |〈∂(−r)z, ξ〉|2 +

η(−r)η−1Lz(−r, ξ)

= η(−r)η−2
[
(1− xη) |〈∂rz, ξ〉|2 + rLz(r, ξ)

]
.

Combining these results we get:

Lz(g), ξ) = −Lz((−r)
ηe−ηφ, ξ)

= −Lz(e
−ηφ, ξ)(−r)η − Lz((−r)

η, ξ)e−ηφ +

−2Re
(
〈∂((−r)η)z, ξ〉〈∂(e−ηφ)z, ξ〉

)
.

The last term can be reduced by using the following:

〈∂((−r)η)z, ξ〉〈∂(e−ηφ)z, ξ〉 = −η(−r)η−1〈∂rz, ξ〉
(
−ηe−ηφ〈∂φz, ξ〉

)
= η2(−r)η−1e−ηφ〈∂rz, ξ〉〈∂φz, ξ〉.

We now combine these results and regroup to get:

Lz(g, ξ) = η(−r)η−2eηφ
[
(1− η) |〈∂rz, ξ〉|2 − rLz(r, ξ)+

− r2η |〈∂φ, ξ〉|2 + 2rηRe
(
〈∂rz, ξ〉〈∂φz, ξ〉

)
+ r2Lz(φ, ξ)

]
.

(3.2)

We now note that using the elementary inequality 2 |a| |b| 6 τ |a|2+
|b|2

τ
for τ > 0, we have:

−2rηRe
(
〈∂rz,η〉〈∂φz,η〉

)
6 |〈∂rz,η〉| |rη〈∂φz,η〉|

6 (1− η) |〈∂rz,η〉|2 +
|〈∂φz,η〉|2

(1− η)
.

And hence:

2rηRe
(
〈∂rz,η〉〈∂φz,η〉

)
> −(1− η) |〈∂rz,η〉|2 −

|〈∂φz,η〉|2

(1− η)
. (3.3)

Putting that into (3.2) we get:

Lz(g, ξ) > η(−g)(−r)−1
[
Lz(r, ξ) − r

(
Lz(φ, ξ) −

η

1− η
|〈∂φz,η〉|2

)]
.
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It is now time to remember that φ is only our short for δ |z|2. We then
get:

Lp(g, ξ) =
∑ ∂2

∂zj∂zk
δ |z|2 ξjξk = δ

∑
j

∂

∂zj
ξj
∑
k

∂

∂zk

∑
l

zlz̄lξk

= δ
∑ ∂

∂zj
ξj
∑

zkξk = δ |ξ|2

〈∂φ, ξ〉 =
∑ ∂

∂zj
δzzξjδ

∑
zjξj

= δ〈z, ξ〉.

And thus:

Lp(φ, ξ) −
η

1− η
|〈∂φp, ξ〉|2 = δLp(|z|2 , ξ) −

η

1− η
|δ|2 |〈z, ξ〉|2

> δ

(
|ξ|2 −

η

1− η
δ |η|2 |z|2

)
> δ |ξ|2

(
1−

η

1− η
δM

)
.

Where M := maxz∈D |z|2. We now choose δ := 1−η
2ηM to get:

Lp(g, ξ) > η(−g)(−r)−1
[
Lp(r, ξ) +

δ

2
(−r) |ξ|2

]
for ξ ∈ D.

We are now ready to use Theorem 48. There is a neighborhood W of
bD and a defining function ρ such that for all ε > 0 and q ∈ D∩W:

Lq(ρ, ξ) > ερ(q) |ξ|2 +K |〈∂ρq, ξ〉|2 > ερ(q) |ξ|2 . (3.4)

Since we to this point have not made any assumptions on the function
r other than it has to be a smooth defining function for D, we can now
choose r := ρ and by letting ε = δ

4 we finally arrive at:

Lq(g, ξ) > η(−g(q))
δ

4
|ξ|2 > 0 for q ∈ D∩W. (3.5)

We have thus shown that there is a function g such that −(−g)η is
plurisubharmonic in points close to bD, but we want to find a function
with this property on all of D. With some tricks, we can however extend
g plurisubharmonically to all of D.

Our idea is to replace the function r from the definition of g with an
altered function r̃ for which (3.4) is true on all of D. A candidate for r̃
would be constant on D \W, and equal to g when close to bD. If we in
between these regions, can construct r̃ in such a way that it is smooth
and plurisubharmonic, we will have Lq(r̃, ξ) > 0 > δ

4 r̃(q) |ξ|2 for all
q ∈ D, and hence we can extend the inequality from (3.5) to all q ∈ D,
and this, of course, would prove the theorem.

We now claim that r̃ := −e−λ(− log(1/r)) would be such a function,
where λ is a smooth, convex, increasing function such that λ(t) is
constant for t 6 K and λ(t) = t for s > 1/2K, with

K := sup
z∈D\W

log(−1/r(z))

This function, r̃, will obviously be equal to r close to bD and constant
on D \W. All we have to do is to assure ourselves that it will be
plurisubharmonic in between, as claimed.
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The identity (3.1) shows us that the composition ϕ(r) of a convex,
increasing function φ : R ∪ {∞} → R ∪ {∞} and a plurisubharmonic
function r : Ω → R ∪ {∞} is still plurisubharmonic. The functions
t 7→ et and λ are both convex and increasing, so if we can show that
log(−1/r) is plurisubharmonic, we are finished. Using (3.1) we see that:

L(− log(−1/r), ξ) =
1

r2
|〈∂r, ξ〉|2 −

1

r
L(r, ξ).

And since r(z) < 0 when z ∈ D and Lz(r, ξ) > 0 for z ∈ D∩W we have
that − log(−1/r) is plurisubharmonic also for the region in between,
and we are finished with the first part of the theorem. We can prove
the second part of the theorem in essentially the same way as we
proved the first part. What we want to show is that there is a function
g such that gη is plurisubharmonic on W \D = D

C ∩ V for η > 1 and
a neighborhood V of bD. For g we choose g := reδ|z|

2
, where r is a

smooth defining function for D, and δ > 0 is a constant to be specified
later.

Almost repeating the previous calculations we get:

L(gη, ξ) = L(rηeηφ, ξ)

= L(rη, ξ)eηφ + rηL(eηφ, ξ) + 2Re
(
〈∂rη, ξ〉〈∂eηφ, ξ〉

)
= ηeηφrη−2

[
(η− 1) |〈∂r, ξ〉|2 + rL(r, ξ)

+ rη2Re
(
〈∂r, ξ〉〈∂φ, ξ〉

)
+ r2L(φ, ξ) + ηr2 |〈∂φ, ξ〉|2

]
.

Paralleling the calculations leading up to (3.3) we get:

−rη2Re
(
〈∂r, ξ〉〈∂φ, ξ〉

)
6 (η− 1) |〈∂r, ξ〉|2 +

η2r2

η− 1
|〈∂φ, ξ〉|2 .

This gives us the lower bound:

rη2Re
(
〈∂r, ξ〉〈∂φ, ξ〉

)
> −(η− 1) |〈∂r, ξ〉|2 −

η2r2

η− 1
|〈∂φ, ξ〉|2 .

Using this estimate and regrouping we get:

L(gη, ξ) > ηgηr−1
(

L(r, ξ) + r

[
L(φ, ξ) −

η

η− 1
|〈∂φ, ξ〉|2

])
.

Using φ = δ |z|2, we get that the expression within the brackets equals:

δ |ξ| +
η

η− 1
δ2 |〈z̄, ξ〉|2 > δ

(
|ξ|2 −

η

η− 1
δ |z|2 |ξ|2

)
.

Now we let M := maxz∈W |z|2 and choose δ := η−1
2ηM . This gives us:

L(gη, ξ) > ηgηr−1
(

L(r, ξ) +
δ

2
r |ξ|2

)
.

We now use Theorem 48 to find a neighborhood U of bD and a smooth
defining function r1 of D such that

Lq(r2, ξ) > −
δ

4
r2(q) |ξ|2 .

for all q ∈ DC ∩ V . We now choose V := U∩W and it follows that:

Lq(gη, ξ) > ηgη
δ

4
|ξ|2 > 0 for q ∈ D̄C ∩ V ,

which proves the second part of the theorem.
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Suppose that D ⊂⊂ Cn is a smooth bounded domain. A number
η ∈ (0, 1] such that there is a smooth defining function r of D such
that −(−r)η is plurisubharmonic on D, is called a Diederich-Fornæss
exponent. Using this terminology, part (i) of the preceeding theorem
says that any η ∈ (0, 1) is a Diederich-Fornæss exponent for smooth
domains with plurisubharmonic defining functions. More on Diederich-
Fornæss exponents can be found in their paper [DF77].

As mentioned before, Fornæss and Herbig also showed:

Theorem 50. Theorem 49 is true also for domains D ⊂⊂ Cn.

Corollary 6. A smooth, bounded domain D, for which there exists a defining
function ρ which is plurisubharmonic on the boundary bD is uniformly H-
convex.

Proof. Let η > 1 be a fixed real number. From the previous theorem,
we know that there is a neighborhood U of D and a defining function
ρ for D, such that ρn is plurisubharmonic on U \D. If we now let
r := sup(ρ, 0), the function rη will be plurisubharmonic on the whole
of U, and it will be constantly zero on D. By chosing ε small enough we
can be sure that the level surfaces defined by r(z) = ε will be compactly
contained in U. We now set r̃ε = rη − ε and then ϕ = 1/r̃ε is a
plurisubharmonic exhaustion function for the set Dε = {z : rη − ε = 0}.
Since {Dε} forms a Stein neighborhood basis we are finished.

3.2 property (p) and property (p̃)

The next condition we will look at has its roots in the theory of partial
differential equations. In 1984 D. Catlin ([Cat84]) found a sufficient
condition for a certain type of equations to be solvable. The condition
is commonly called Property (P).

Definition 24. Suppose that D ∈ Cn and that for every M > 0, there
is a plurisubharmonic function φ ∈ C2(D) such that for every w ∈ Cn

the following is true:

i) 0 6 φ(z) 6 1 for z ∈ D,

ii) M |ξ|2 6 Lz(φ, ξ) for z ∈ bD.

D is then said to satisfiy Property (P).

The reason that this property is interesting for us, is that in 1987,
N.Sibony ([Sib91]) proved the following theorem.

Theorem 51. The closure D̄ of a C3-pseudoconvex domain D ⊂ Cn with
Property (P) is uniformly H-convex.

We do not present the proof here, but the result comes from that for
domains satisfying Property (P), one can prove the same result as in
Theorem 49.

Recently P.S. Harrington ([Har08]) showed that the same result can
be obtained for more general boundaries.

Theorem 52. The closure D̄ of a C1-pseudoconvex domain D with Property
(P) is uniformly H-convex.

In 2001 J.D. McNeal ([McN01]) introduced a weaker version of Property
(P) and defined what he chose to call Property (P̃).
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Definition 25. Suppose that D ∈ Cn and that for every M > 0, there is
a φ ∈ C2(D̄) such that for every ξ ∈ Cn the following is true:

i) |〈∂φz, ξ〉|2 6 Lz(φ, ξ) for z ∈ D̄

ii) M |ξ|2 6 Lz(φ, ξ) for z ∈ bD

D is then said to satisfiy Property (P̃).

We begin by proving that Property (P) indeed implies Property (P̃).

Theorem 53. Suppose that D satisfies Property (P). Then it also satisfies
Property (P̃)

Proof. Suppose that D has Property (P). Then for every M there is a ϕ
such that 0 6 ϕ 6 1 on D. Let φ := Ceϕ where C := maxz∈Dϕ(z) > 1.
We then have:

|〈∂φ, ξ〉|2 =
(
C−1eφ

)2
|〈∂ϕ, ξ〉|2 6 C−1eφ |〈∂ϕ, ξ〉|2

L(φ, ξ) = C−1eϕ
(
|〈∂ϕ, ξ〉|2 + L(ϕ, ξ)

)
Since ϕ is plurisubharmonic on D, it follows that L(φ, ξ) > 0, and
hence |〈∂φ, ξ〉|2 6 L(φ, ξ), and hence D has Property (P̃).

It turns out that to replicate Sibony’s proof that a C3-smooth domain
is uniformly H-convex, one do not need all the power of the Property
(P). According to Sahutoglu ([Sah06]), the same kind of proof is valid
for Property (P̃). Sahutoglu even stretched it a bit further and managed
to extract those properties of Property (P̃) that really are needed to
the existence of a strong Stein neighborhood basis in case of a C3-
smooth domain. Since both his result and the extracted properties are
of technical level beyond this thesis, we do not present them here,
but encourage the reader to read Sahutoglu’s interesting dissertation
([Sah06]).

3.3 runge pairs and the disc property

To this point we have tried to find a sufficient condition for a domain
of holomorphy to have a Stein neighborhood basis for its closure. We
will now take another approach and try to isolate a necessary condition
for the property. We will do this in the spirit of M. Abe [Abe82].

We begin by introducing a concept from approximation theory.

Definition 26. Suppose that D1 ⊂ D2 ⊂ Cn are domains such that for
every function f ∈ O(D1), there is a sequence {gj} ⊂ O(D2) converging
uniformly to f on every compact subset of D1, then (D1,D2) is said to
be a Runge pair.

One think of the Runge property as even though it may not be possi-
ble to holomorphically extend all the functions in O(D1) to D2, they
can be approximately extended in the sense that there are functions
holomorphic on D2 that approximate O(D1) arbitrarily well.

We now state a theorem regarding Runge pairs, that we will need for
our work with the Nebenhülle. At this time we are not in the position
to prove the theorem, but the interested reader may find a proof in
[Ran86].
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Theorem 54. Suppose D is a domain of holomorphy and that K ⊂ D is
compact. If K̂O(D) = K then (K,D) is a Runge pair.

We now use this theorem to prove the following eqivalences for
Runge pairs.

Theorem 55. Suppose that D1 ⊂ D2 in Cn are two domains of holomorphy
and that K ⊂ D1 is any compact subset of D1. Then the following statements
are equivalent:

i) (D1,D2) is a Runge pair;

ii) K̂O(D2) ∩D1 = K̂O(D1);

iii) K̂O(D2) ∩D1 ⊂⊂ D1;

iv) K̂O(D2) ⊆ D1;

v) K̂O(D2) = K̂O(D1).

Proof. We are not in position to give a complete proof of all the impli-
cations, but we will prove all the steps we have the tools to prove.

• (i)→ (ii): From Lemma 1 we know that K̂O(D1) ⊂ K̂O(D2), and
therefore, it is enough for us to show that z0 ∈ K̂O(D2) implies
that z0 ∈ K̂O(D1) for each z0 ∈ D1 . To this end, we suppose that
|f(z0)| 6 supw∈K |f(w)| for each f ∈ O(D2) and pick an arbitrary
g ∈ O(D1). Since (D1,D2) is a Runge pair, we know that there
is a f ∈ O(D2) such that supw∈K ′ |f(w) − g(w)| < ε/2 where
K ′ := K∪ {z0}. We then have:

|g(z0)| = |g(z0) − f(z0) + f(z0)|

6 |g(z0) − f(z0)| + |f(z0)|

6 ε/2+ sup
w∈K

|f(w)|

= ε/2+ sup
w∈K

|f(w) − g(w) + g(w)|

6 ε/2+ sup
w∈K

|f(w) − g(w)| + sup
w∈K

|g(w)|

6 ε+ sup
w∈K

|g(w)|

Since ε can be chosen arbitrarily small, this proves that |g(z0| 6
supw∈K |g(w)| for every g ∈ O(D1), or equivalently that K̂O(D2) ∩
D1 = K̂O(D1).

• (ii)→ (iii): Since D1 is a domain of holomorphy, by Theorem12

it is holomorphically convex, that is K̂O(D1) ⊂⊂ D1.

• (iii) → (iv): Let K ′ := K̂O(D2) ∩ D1 and K ′′ = K̂O(D2) \ D1.
K ′ and K ′′ are obviously disjunct, and from the assumptions
we get that d(K ′,K ′′) := ∆ > 0, and hence we can define a
function f : z 7→ 0 if z ∈ K ′ and z 7→ 1 if z ∈ K ′′, and f will
be holomorphic on D2. Now, using Theorem 54 we see that
(K̂O(D2),D2) is a Runge pair, and therefore we can find g ∈
O(D2) such that |f− g|

K̂O(D2)
< 1/2. This means that |g| < 1/2 on

K ′ but |g| > 1/2 on K ′′, and since this means that K ′′ 6⊂ K̂O(D2),
we must have that K ′′ = ∅, or K̂O(D2) ⊂ D1.
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• (iv)→ (i): Let {Kj} be a normal exhaustion of D1. By assumption
K̂jO(D2)

⊂ D1, and since K̂jO(D2)
⊂ K̂j+1O(D2)

, {K̂jO(D2)
} is

also a normal exhaustion of D1. By Theorem 54, we now know
that (K̂jO(D2)

,D1) is a Runge pair, and since
⋃
K̂jO(D2)

= D1,
(D1,D2) is a Runge pair.

• We have now showed that (i) − (iv) are equivelent statements,
and we want to show that these are equivalent to (v). It is obvious
that (v) implies (ii) and together, (ii) and (iv) imply (v).

Definition 27. Let D ∈ Cn be a domain. Suppose that for any K ⊂ D
there exists a Runge pair (D1,D2) such that D ⊂ D2 and K ⊂⊂ D1 ⊂⊂
D. We then say that D has Property (N).

Theorem 56. A domain D ⊂ Cn has Property (N) if and only if for every
compact K ⊂ D there exists a domain of holomorphy D ′ such that D ⊂ D ′
and K̂O(D ′) ⊂⊂ D.

Proof. For suffiency put L := K̂O(D ′). Then L is compact and L̂O(D ′) =

L, and hence L has a neighborhood basis of analytically polyhedron
with respect to O(D ′). Thus there is a domain of holomorphy D1 and
functions f1, . . . , fj ∈ O(D ′) such that L ⊂⊂ D1 ⊂⊂ D and D1 := {z ∈
D ′ : fl(z) < 1, l ∈ 1 . . . j}. Now we letD2 := D ′, and if we can show that
(D1,D2) is a Runge pair, we are finished. If now K ⊂ D1 is compact,
there has to be be an fl and an ε > 0 such that supt∈D2 |fl(t)| = 1− ε.

Then we have that K̂O(D2) ⊂ D1, since for z ∈ D2 \D1 we have that
|fl(z)| > 1 > supt∈K |fl(t)|. Theorem 55 now gives us that (D1,D2) is a
Runge pair.

For necessity, we use that Theorem 55 gives us that for any compact
K ⊂ D1 we have K̂O(D2) = K̂O(D1). Since K̂O(D1) ⊂⊂ D1, we set
D ′ = D2 and are finished.

Theorem 57. If a domain D ∈ Cn has Property (N), then D is a domain of
holomorphy.

Proof. By Theorem 56 there is a D ′ ⊃ D such that for any compact K ⊂
D, K̂O(D ′) ⊂⊂ D. Since K̂O(D) ⊆ K̂O(D ′) we also have that K̂O(D) ⊂⊂
D, or that D is holomorphically convex. Hence the result follows.

We are now in position so see what Runge pairs and Property (N) have
to do with Stein neighborhood bases.

Theorem 58. If a domain D ⊂ Cn has Property (N), then (D, N(D)) is a
Runge pair.

Proof. Suppose that K ⊂ D is a compact set and that (D1,D2) is the
Runge pair from the definition of Property (N). We then have that
K ⊂ D1 ⊂ D ⊂ N(D) ⊂ D2. This implies that K̂O(D1) ⊂ K̂O(D) ⊂
K̂O(N(D)) ⊂ K̂O(D2). Since (D1,D2) is a Runge pair, Theorem 55 gives
us that K̂O(D1) = K̂O(D2), which implies that K̂O(D) ⊂ K̂O(N(D)), and
using Theorem 55 we get that (D, N(D)) is a Runge pair.

The next theorem shows that having Propety (N) is a necessary condi-
tion for the closure of a bounded domain to have Stein neighborhood
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basis. It might be worth pointing out that Abe’s statement of this theo-
rem in [Abe82] is false, since it assumes that the fact that D has trivial
Nebehülle, would imply that it also a Stein neighborhood basis, which
we have already proven to be wrong.

Theorem 59. If D ⊂⊂ Cn is a bounded domain and D has a Stein neigh-
borhood basis, then D has Property (N).

Proof. Suppose that K ⊂ D is a compact set. We then let ε := d(K,bD),
and note that since K is compact ε > 0. We now observe that F :=

{B(p, ε/2) : p ∈ bD} is an open covering of the compact set bD, and
hence there is a finite subcovering of F. That is there is a finite number of
points qj ∈ bD such that bD ⊂

⋃
B(pj, ε/2) =: A. Now since pj ∈ bD,

for every pj we can find a qj ∈ B(pj, ε/2) such that qj 6∈ D. Let us
choose such qj and let Q := {q1, . . . ,ql}.

SinceD has a Stein neighborhood basis, we can find a domain of holo-
morphy D ′ such that D ⊂ D ′ ⊂ D ∪A \Q. Now let p ∈ A be chosen
arbitrarily. We then have that there is a pj such that p ∈ B(pj, ε/2)
and hence d(p,qj) 6 d(p,pj) + d(pj,qj) < ε/2 + ε/2 = ε. Since
qj 6∈ D1 we now have that d(p,bD1) < ε. We also have d(K,bD ′) >
d(K,bD) = ε. Since D ′ is a domain of holomorphy, Theorem 16 says
that d(K̂O(D ′),bD ′) = d(K,bD ′), and hence p 6∈ K̂O(D ′) and since p
was chosen arbitrarily from A, we have that d(K̂O(D ′),bD) > ε/2 that
is, K̂O(D ′) ⊂⊂ D. Using Theorem 55 we now get that D has Property
(N).

Theorem 60. If D ⊂⊂ Cn is a bounded domain and D has a Stein neigh-
borhood basis, then K̂O(D) = K̂O(D) for every compact K ⊂ D. Especially
this means that D is convex with respect to the family O(D) of functions
holomorphic on a neighborhood of D.

Proof. Let K ⊂ D be compact. By Theorem 59, D has Property (N),
and hence there is a Runge pair (D1,D2) of domains of holomorphy
such that K ⊂ D1 ⊂⊂ D and D ⊂ D2. Since D is bounded and open
and D2 is open we even must have that D ⊂⊂ D2. Now we have
K̂O(D1) ⊂ K̂O(D) ⊂ K̂O(D) ⊂ K̂O(D2). Since (D1,D2) is a Runge pair,

K̂O(D1) = K̂O(D2), and hence K̂O(D) = K̂O(D) as we wanted.
To see that D is O(D)-convex, we only have to remember that D is

a domain of holomorphy, and therefore K̂O(D) ⊂⊂ D ⊂ D, for every
compact K ⊂ D.

Definition 28. Suppose that ∆ := {z ∈ C : |z| < 1} and that Ω ⊂ Cn

is a domain. If ψ : ∆ 7→ Ω is a function that is continuous on ∆

and holomorphic in ∆, then S = ψ(∆) is called an analytic disc and
∂S = ψ(b∆) is said to be the boundary of the analytic disc.

Definition 29. LetD be a domain in Cn. Suppose that for every analytic
disc S ∈ D such that ∂S ⊂ D, we have that S ⊂ D. We then say that D
has the Disc property.

In the next theorem we will use that the mapping of a holomorphic
hull is contained in the holomorphic hull of the mapping. We therefore
prove the following lemma.

Lemma 5. Suppose that X ⊂ Cn and Y ⊂ Cm, and that ψ : X → Y is a
holomorphic map. Then for any U ⊂ X, ψ(ÛO(X)) ⊂ ψ̂(U)O(Y).
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Proof. We want to show that for every z ∈ ψ(ÛO(X)) we have

|f(z)| 6 sup
t∈U

|f ◦ψ(t)| for all f ∈ O(X). (3.6)

But since the composition of holomorphic maps is still holomorphic,
we have that f ◦ψ ∈ O(Y), and (3.6) follows.

Theorem 61. If the domain D ∈ Cn has Property (N), then D has the Disc
property.

Proof. Suppose S ⊂ D is an analytic disc such that ∂S ⊂ D. Then there
is a continuous map ψ : ∆→ D holomorphic in ∆ such that ψ(b∆) ⊂ D.
This means that there is an ε > 0 such that ψ(T) ⊂ D for T := {z ∈ C :

1− ε 6 |z| 6 1}. Let C := {z ∈ C : |z| = 1− ε}. Since C is closed, ψ(C)

is closed, and since ψ(C) ⊂ ψ(T) ⊂ D, ψ(C) is a compact subset of
D. Therefore, since D is supposed to have Property (N), there exists a
domain of holomorphy D ′ such that D ⊂ D ′ and ψ̂(C)O(D ′) ⊂ D. We
now pick an r ′ ∈ (1− ε, 1) and let ∆ ′ := {z ∈ C : |z| < r ′}. The function
ψ restricted to ∆ ′ is then a holomorphic map. Now using the one-
dimensional weak maximum principle we see that ĈO(∆ ′) = ∆ \ T and

hence using Lemma 5, we get ψ(∆ \ T) = ψ(ĈO(∆ ′)) ⊂ ψ̂(C)O(D ′) ⊂ D.
Thus both ψ(T) ⊂ D and ψ(∆ \ T) ⊂ D and we are finished.

Theorem 62. Suppose that D ⊂⊂ Cn is a bounded domain of holomorphy
with a Stein neighborhood basis for the closure. ThenD has the Disc property.

Proof. Since D has a Stein neighborhood basis, it follows from Theorem
59 that D has Property (N), and Theorem 61 then implies that D has
the Disc property.

We can now use this theorem to test if the closure of a domain of
holomorphy D can have a Stein nieghborhood basis. If we can show
that D does not have the Disc property, we know for sure that it cannot
have a Stein neighborhood basis. It is however important to point out
that in the case when D indeed has the Disc property we have not
proved anything.

We now show how the Disc property can be used to give an easy
proof that an generalization of the Hartogs triangle does not have a
Stein neighborhood basis for its closure.

Example 4. Let Tn := {z ∈ Cn : |z1| < . . . < |zn| < 1} be the Har-
togs triangle. ψ : ∆ → Cn, z 7→

(
(z2 )n, (z2 )n−1, . . . , z2

)
. We then have:

∂ψ(∆) = ψ(b∆) = {
(
(z2
n), . . . , z2

)
: z ∈ C, |z| = 1} ⊂ Tn. But since

ψ(0) = (0, . . . , 0) 6∈ Tn, ψ(∆) 6⊂ Tn, and hence Tn does not have the Disc
property. Since Tn does not have the Disc property, it follows that Tn does
not have a Stein neighborhood basis.

One may now ask the question how strong this test really is. We
have already showed that the closure of the Hartogs triangle does not
have a Stein neighborhood basis, and that was done with only basic
techniques. In that light, it is not surprising that Abe in 1993 showed
that for C1-smooth domains, having the Disc property is equivalent
to being pseudoconvex. This means that the only domains for which
the Disc property test has a chance of giving any information is for
non-smooth domains.
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