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Abstract

T
he theory of quantum electrodynamics (QED) was born out of an attempt to
merge Einsteins theory of special relativity and quantum mechanics. Einsteins
energy/mass equivalence together with Heisenberg’s uncertainty principle allows

for particle pairs to be spontaneously created and annihilated in vacuum. These sponta-
neous fluctuations gives the quantum vacuum properties analogous to that of a nonlinear
medium. Although these fluctuations in general does not give note of themselves, effects
due to their presence can be stimulated or enhanced through external means, such as
boundary conditions or electromagnetic fields. Whereas QED has been very well tested
in the high-energy, low-intensity regime using particle accelerators, the opposite regime
where the photon energy is low but instead the intensity is high is still to a large degree
not investigated. This is expected to change with the rapid progress of modern high-power
laser-systems.

In this thesis we begin by studying the QED effect of photon-photon scattering. This
process has so far not been successfully verified experimentally, but we show that this may
change already with present day laser powers. We also study QED effects due to strong
magnetic fields. In particular, we obtain an analytical description for vacuum birefrin-
gence valid at arbitrary field strengths. Astrophysics already offer environments where
QED processes may be influential, e.g. in neutron star and magnetar environments. For
astrophysical purposes we investigate how effects of QED can be implemented in plasma
models. In particular, we study QED dispersive effects due to weak rapidly oscillating
fields, nonlinear effects due to slowly varying strong fields, as well as QED effects in
strongly magnetized plasmas. Effects of quantum dispersion and the electron spin has
also been included in an extended plasma description, of particular interest for dense
and/or strongly magnetized systems.
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Sammanfattning

K
vantelektrodynamiken (QED) är ett resultat av försöken att sammanföra Ein-
steins speciella relativitetsteori med kvantmekaniken. Einsteins energi/massa ek-
vivalens tillsammans med Heisenbergs osäkerhetsrelation till̊ater partikelpar att

spontant uppst̊a och annihileras i vakuum. Dessa spontana fluktuationer ger kvantvaku-
umet egenskaper liknande de hos ett icke-linjärt medium. Vakuumfluktuationerna gör
normalt sett inget väsen av sig, men effekter p.g.a. deras närvaro kan stimuleras eller
förstärkas genom extern p̊averkan, s̊asom t.ex. ett starkt elektromagnetiskt fält eller an-
vändandet av lämpliga mikrov̊agskaviteter. Medan QED är en vältestad teori i gränsen
för höga energier men l̊aga intensiteter s̊a har f̊a test kunnat göras i gränsen där fotonen-
ergin är l̊ag men intensiteten istället är hög. Detta förväntas snart förändras p.g.a. den
snabba utvecklingen av moderna högeffektlasersystem.

Denna avhandling börjar med en beskrivning av foton-foton spridning. Detta är en
process som hittills aldrig verifierats experimentellt, men vi visar att detta kan vara p̊a
väg att förändras med redan idag existerande lasersystem. Vi studerar även QED effekter
p.g.a. starka externa magnetfält. I samband med detta härleder vi ett analytiskt uttyck
för hur ljusets hastighet i ett magnetiserat vakuum beror av dess polarisation. Denna
analys är giltig för godtyckliga magnetfältsstyrkor. Det finns astrofysikaliska miljöer där
QED-processer kan vara betydelsefulla. Ett exempel är i närheten av neutronstjärnor
och magnetarer. För att göra resultaten tillämpbara i astrofysikaliska miljöer undersöks
hur effekter fr̊an QED kan implementeras i plasmamodeller. Närmare bestämt s̊a un-
dersöker vi dispersiva QED effekter fr̊an svaga men snabbt oscillerande fält, icke-linjära
effekter fr̊an starka l̊angsamt varierande fält samt QED effecter i starkt magnetiserade
plasmor. Effekter av kvantdispersion och elektronens spinn har ocks̊a inkluderats i en
utökad plasmamodel som är av speciellt intresse för täta och/eller starkt magnetiserade
system.

iv



Publications

The thesis is based on the following publications (reprinted with the kind permission of
the publishers):

I ”Using high-power lasers for detection of elastic photon-photon scat-
tering”
E. Lundström, G. Brodin, J. Lundin, M. Marklund, R. Bingham, J. Collier,
J. T. Mendonça, and P. Norreys,
Phys. Rev. Lett. 96, 083602 (2006).

II ”Analysis of four-wave mixing of high-power lasers for the detection
of elastic photon-photon scattering”
J. Lundin, M. Marklund, E. Lundström, G. Brodin, J. Collier, R. Bingham,
J. T. Mendonça, and P. Norreys,
Phys. Rev. A 74, 043821 (2006).

III ”An effective action approach to photon propagation on a magne-
tized background”
J. Lundin,
Europhys. Lett. 87, 31001 (2009).

IV ”Short wavelength quantum electrodynamical correction to cold plasma-
wave propagation”
J. Lundin, G. Brodin, and M. Marklund,
Phys. Plasmas 13, 102102 (2006).

V ”Short wavelength electromagnetic propagation in magnetized quan-
tum plasmas”
J. Lundin, J. Zamanian, M. Marklund, and G. Brodin,
Phys. Plasmas 14, 062112 (2007).

VI ”Circularly polarized waves in a plasma with vacuum polarization
effects”
J. Lundin, L. Stenflo, G. Brodin, M. Marklund, and P. K. Shukla,
Phys. Plasmas 14, 064503 (2007).

v



Other publications by the author not included in the thesis are:

+ ”Nonlinear propagation of partially coherent dispersive Alfvén waves”
M. Marklund, P. K. Shukla, L. Stenflo, and J. Lundin,
Phys. Scr. 74, 373 (2006).

+ ”Modified Jeans instability criteria for magnetized systems”
J. Lundin, M. Marklund, and G. Brodin,
Phys. Plasmas 15, 072116 (2008).

+ ”Quantum vacuum experiments using high intensity lasers”
M. Marklund, and J. Lundin,
Eur. Phys. J. D 55, 319 (2009).

+ ”High intensity physics - current and future possibilities”
M. Marklund, G. Brodin, J. Lundin, and A. Ilderton
AIP Conf. Proc. 1188, 301 (2009).

+ ”Strong field, noncommutative QED”
A. Ilderton, J. Lundin, and M. Marklund
SIGMA 6, 041 (2010).

+ ”A linearized kinetic theory of spin-1/2 particles in magnetized plasmas”
J. Lundin, and G. Brodin
Submitted (2010).

vi



Contents

Abstract iii

Sammanfattning iv

Publications v

Contents vii

1 Introduction 1

1.1 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2 Quantum Electrodynamics 7

2.1 Quantization of the Fields . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.1.1 Lagrangian Field Theory . . . . . . . . . . . . . . . . . . . . . . . . 8

2.1.2 Canonical Formulation . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.1.3 Path Integral Formulation . . . . . . . . . . . . . . . . . . . . . . . 9

2.2 Quantum Electrodynamic Interactions . . . . . . . . . . . . . . . . . . . . 10

2.3 Effective Field Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.3.1 The Heisenberg-Euler Lagrangian . . . . . . . . . . . . . . . . . . . 13

2.3.2 Weak Field Correction . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.3.3 High Frequency Correction . . . . . . . . . . . . . . . . . . . . . . . 15

2.3.4 QED Modifications to the Equations of Motion . . . . . . . . . . . 16

3 Wave Mixing 19

3.1 Four-Wave Mixing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

3.2 Photon-Photon Scattering Using High-Power Lasers . . . . . . . . . . . . . 22

4 A Strongly Magnetized Vacuum 27

4.1 Equations of Motion at Arbitrary Magnetic Field Strengths . . . . . . . . . 28

4.2 Vacuum Birefringence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

vii



5 Plasma Physics 33
5.1 Plasma Descriptions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

5.1.1 Kinetic Description of Plasmas . . . . . . . . . . . . . . . . . . . . 34
5.1.2 Fluid Description of Plasmas . . . . . . . . . . . . . . . . . . . . . . 35

5.2 Waves in Plasmas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
5.2.1 Linear Wave Theory . . . . . . . . . . . . . . . . . . . . . . . . . . 36
5.2.2 Nonlinear Wave Theory . . . . . . . . . . . . . . . . . . . . . . . . 37

5.3 QED Effects in Plasmas . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
5.3.1 Short Wavelength Linear Waves . . . . . . . . . . . . . . . . . . . . 39
5.3.2 Circularly Polarized Nonlinear Waves . . . . . . . . . . . . . . . . . 39

5.4 Quantum Effects in Plasmas . . . . . . . . . . . . . . . . . . . . . . . . . . 40
5.4.1 The Bohm-de Broglie Potential and the Fermi Pressure . . . . . . . 41
5.4.2 Magnetized Kinetic Spin Plasmas . . . . . . . . . . . . . . . . . . . 43

Summary of Papers 47

Acknowledgments 51

Bibliography 53

viii



Chapter 1

Introduction

T
he theory of special relativity and non-relativistic quantum mechanics, both de-
veloped in the beginning of the last century, profoundly changed our perception of
the world around us. Although these two theories gave very good agreement with

experiment in their domain of validity, it was soon realized that they were not compati-
ble with each other. This motivated a new theory, and its development lasted over two
decades. The result was quantum electrodynamics (QED). Although the main motivation
was a description for light and matter, the theory was soon generalized to describe weak
and strong force interactions as well. In quantum field theory (QFT), fields are quantized
and the interactions are mediated by particles, e.g. electromagnetic interactions are me-
diated by photons. The theory of photons and electrons is called QED. QED has been
found to predict phenomenas such as the Lamb shift and the anomalous magnetic mo-
ment of the electron with extreme precision. The latter has been verified in experiments
with an accuracy of 10 significant figures, making it the the most well-verified prediction
in physics [1]. QED has been thoroughly tested with remarkable precision, in particu-
lar in the high-energy, low-intensity regime of particle accelerators (CERN, SLAC etc.).
However, many QED processes remain untested in the regime of low photon energy but
high photon intensity, and only a few experiments has been made in this regime. This
has mainly been due to the limit of available high field strengths. However, high-Z atoms
offer high electric field strengths and has been used to detect Delbrück scattering [2] and
photon splitting [3]. The experimental study of QED in the low-energy, high-intensity
regime is expected to intensify in a near future with the rapidly growing powers of present
day laser systems. Intensity regimes where processes such as photon-photon scattering
and electron-positron pair production may be of importance is expected to soon become
within reach. More will be said about these processes below, but first we will consider
what effects QFT has on our perception of the vacuum.

Vacuum is usually defined as a volume absent of particles. However, QFT allows virtual
particle pairs to be spontaneously created in vacuum, provided that they annihilate each
other within a sufficiently short time governed by the Heisenberg uncertainty principle.
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These fluctuating particles can not be directly measured, and it is for this reason they
are termed virtual particles. Since fluctuations of virtual particles will always be present,
the classical definition of vacuum does not apply within QFT. Instead, the definition is
generalized such that vacuum is now the lowest energy state of a system. This usually
implies a volume in absence of real particles.

The fluctuations of virtual photons and electron-positron pairs in vacuum open for
new interesting physics. A few of these effects are briefly outlined below:

• The Casimir effect: The quantum vacuum does not give note of itself unless it
is disturbed by external means. The disturbance can be in the form of an external
field or sometimes in the form of boundary conditions. The Casimir effect is an
example of the latter [4, 5]. What Casimir realized was that vacuum fluctuations of
virtual photons must obey the same boundary conditions as classical fields. Consider
the case where we have two parallel perfectly conducting plates placed close to
each other in vacuum. Only standing wave modes are then allowed to exist in
between the plates, whereas any mode can exist outside where the boundaries are
at infinity. The vacuum energy density in between the two plates will therefore be
lower than outside, and there will consequently be a net attractive force between
the plates. This vacuum pressure has been successfully verified in experiment [6]-
[11] (see also references therein), and the pressure on the plates scales to the plate
separation distance, d, according to d−4. For nano-scale structures, this effect may
be strong. As an example, the vacuum pressure at a separation distance of 10 nm
is approximately equal to normal atmospheric pressure.

• Pair production of real particles: Suppose that a virtual electron-positron pair
is interacting with a strong external electromagnetic field. The virtual electron-
positron pair may then become real if the work exercised by the external field on
the virtual particle pair over their unperturbed lifetime is of the same order as
the electron rest mass. In a heuristic sense, the electric field is allowed to ’pay
back’ the energy that the virtual electron-positron pair ’borrowed’ from the vacuum
when they were created. Thus, pair production in vacuum does not violate the
energy conservation principle. The process of pair production has been observed in
experiment where high-frequency photons interacted with an intense electromagnetic
field, [12]. Pair production by collision of focused laser beams has also been discussed
in e.g. Refs. [13, 14].

• Photon-photon scattering and harmonic generation: In classical electrody-
namics there are no channels by which photons can interact with each other in
vacuum. However, in quantum electrodynamics photons may interact with the vir-
tual electron-positron pairs of the quantum vacuum. In this way, quantum vacuum
fluctuations may mediate an energy and momentum exchange among pairs of pho-
tons. For high-power laser-pulses colliding in vacuum, this would effectively be
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seen as photon-photon scattering. If the intensity of the colliding laser pulses is
high enough, several photons may interact at the same time with a given virtual
electron-positron pair while a smaller number of photons is generated as the particle
pair annihilate [15]. This process is called harmonic generation.

• Vacuum birefringence: The presence of a strong external magnetic field in vac-
uum will affect how virtual electron-positron pairs interact with light. The interac-
tion with light may be enhanced for certain polarization modes, while other modes
are less affected. As a consequence, the phase velocity of photons propagating in a
magnetized vacuum will be polarization dependent [16]. This polarization depen-
dence of the refractive index of a magnetized vacuum is called vacuum birefringence.

• Self-interaction effects: A pulse of light may substantially effect the properties
of the medium in which it propagates. This may also be true for intense laser pulses
in vacuum. However, due to Lorentz invariance, any self-interaction vanish for par-
allelly propagating plane waves. Consequently, the vacuum needs to be modulated
by an external electromagnetic field for self-interaction effects to be important. If
the external field is properly modulated, the self-interaction can have a self-lensing
effect on the pulse. This can lead to effects such as the formation of light bullets
in suitable waveguides [17] or properly modulated background fields [18], or pulse
collapse in an intense gas of photons [19]-[21].

The quantum vacuum effects listed above does not become important unless the vac-
uum is disturbed by a strong electric and/or magnetic field (the Casimir effect is an
exception). The electric field strength threshold above which quantum vacuum effects no
longer can be neglected is often set to be the Sauter-Schwinger limit, Ecrit = m2

ec
3/e~ ≈

1016 V/cm [22]. Here me is the electron rest mass, c is the speed of light in vacuum,
e is the elementary charge and ~ = h/2π where h is Plank’s constant. Above this field
strength the quantum vacuum becomes unstable and we can expect significant electron-
positron pair production. This field strength immediately translates into a critical inten-
sity, 1029 W/cm2. It should be pointed out that pair production may not, because of
Lorentz invariance, occur in a single plane wave. However, as will be discussed later, col-
liding laser pulses may produce pairs even at somewhat lower intensities than 1029 W/cm2.
Currently, lasers can reach intensities of around 1021 − 1022 W/cm2 [23, 24]. The laser
intensity evolution since the lasers were first invented is illustrated in Fig. (1.1), and the
laser power is expected to continue to increase for some time [24, 25]. There are proposals
of laser systems, e.g. the Extreme Light Infrastructure (ELI) [26] and the High Power laser
Energy Research system (HiPER) [27], that offers the potential of reaching intensities ex-
ceeding 1025 W/cm2 from secondary sources. Such intensities would perhaps open up for
direct studies of many properties of the quantum vacuum. A review of proposals aiming
to use high-power lasers to detect some of the various effects of the quantum vacuum
outlined above can be found in e.g. Ref. [28].
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Figure 1.1: The development of laser intensity as a function of time [24] (Copyright (2006)
by The American Physical Society).

1.1 Outline

This thesis primarily concerns photon-photon interaction effects in vacuum and plasmas.
Photon-photon collisions is an effect owing to the fluctuations of virtual electron-positron
pairs in vacuum, described by QED. For this reason, the thesis will begin with a short
introduction to QED in chapter 2. The QED effect of photon-photon scattering is trans-
lated into classical electrodynamics through the Heisenberg-Euler Lagrangian. This La-
grangian serves as the starting point for this thesis. In chapter 3, we introduce the concept
of wave-mixing. We see that the quantum vacuum has the properties of a medium with
cubic nonlinearities. It is therefore possible to study four-wave mixing of laser pulses in
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vacuum. This is something which has been investigated in paper I and II. In chapter
4 we consider vacuum birefringence at arbitrary strong magnetic field strengths. The
field strength is here allowed to surpass the equivalent Sauter-Schwinger field strength.
This has been investigated in paper III, where the analysis was generalized to investigate
vacuum polarization effects in a strongly magnetized electron spin-plasma environment.
The plasma theory needed in this thesis is summarized in the beginning of chapter 5.
Chapter 5 also concerns two effects of photon-photon interactions; dispersive effects due
to a rapidly oscillating field (paper IV and V) and nonlinear effects due to large amplitude
waves (paper VI). These studies have been performed in the presence of a plasma. In
the analysis of rapidly oscillating plasma waves in paper V, we also include quantum non-
locality effects in the plasma description. How this can be done has also been outlined in
this chapter. The thesis is concluded with a summary of the papers I to VI.
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Chapter 2

Quantum Electrodynamics

I
n an attempt to fit theory to experimental data concerning the spectra of black body
radiation, Max Planck proposed in 1900 that energy could only be emitted in dis-
continuous quanta. A few years later, in 1905, Einstein went a step further and

claimed that light itself was quantized, something which could explain the already ob-
served photoelectric effect and was later confirmed through Compton’s scattering experi-
ment. Planck’s and Einstein’s discoveries laid the foundation for non-relativistic quantum
mechanics which two decades later was summarized in the Schrödinger equation. The
Schrödinger equation is, however, not Lorentz invariant. Any attempt to merge special
relativity with quantum mechanics led to wave equations, such as the Klein-Gordon equa-
tion and the Dirac equation, with an infinite number of negative energy solutions. What
would stop an electron from forever falling down to even lower energy states? Dirac tried
to resolve this dilemma by filling up all negative energy states with electrons according
to the Pauli exclusion principle. This infinite electron density has been called the Dirac
sea. In this theory, a negative-energy electron could absorb radiation and be excited into
a positive-energy electron state leaving a ”hole” in the negative energy states which would
be interpreted as a positron. A consequence of Dirac’s hole theory was the possibility of
pair production and pair annihilation, and thus the possibility of vacuum fluctuations.
This lead to the first description of the quantum vacuum, a description which agrees very
well with the description found through modern quantum field theories (QFT). In partic-
ular, for the case of a vacuum perturbed by a slowly varying field, the agreement is exact
within the so called one loop approximation of QED. The one loop approximation will
be explained later in this chapter. The development of modern quantum field theories
and the detection of positrons in experiment led to a reinterpretation of the positron as
a real particle rather than a hole in the Dirac sea. This is convenient since it removes
the infinite positively charged vacuum needed to compensate for the infinite negatively
charged Dirac sea. A map of reasoning leading to QED is found in Fig. (2.1). A more
complete historic account on how QED came about can be found in e.g. Ref. [29].
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Figure 2.1: A line of thought illustrating how QED was developed. The motivation was
to reconcile quantum mechanics with Einstein’s theory of special relativity.

2.1 Quantization of the Fields

There are two main approaches for quantizing classical fields; the canonical formula-
tion and the path-integral formulation. The canonical formulation is a generalization of
Heisenberg’s approach to quantum mechanics and it emphasizes the uncertainty princi-
ple. The path-integral formulation, developed by Feynman, on the other hand emphasizes
the superposition law with regard to quantum probability amplitudes. The different for-
mulations are often complementary to each other, and results difficult to obtain in one
formulation may be transparent in the other. Below we briefly outline the basic ideas
behind the two different approaches to QFT. We note that the treatment here is far from
complete. The interested reader is advised to consult e.g. Mandl & Shaw [30] or Zee [31]
for a more complete introduction.

2.1.1 Lagrangian Field Theory

Both the canonical and the path-integral approach to QFT makes use of a Lagrangian
description of the classical fields. For this reason, we consider a system that is specified
by N different classical fields φn(x), n = 1, ..., N . We postulate that the field equations
can be derived from an action integral

S (Ω) =

∫

Ω

d4xL (φn, φn,µ)



Quantum Electrodynamics 9

by means of a variational principle. Here φn,µ = ∂φn/∂x
µ and Ω is some region of the

four-dimensional space-time. The Lagrangian density L (φn, φn,µ) is here assumed only to
depend on the field and its first derivative. This is not necessarily true for all systems,
but is sufficient in most cases. By performing a variation of the fields

φn → φn + δφn

and requiring the variation δφn to vanish on the surface Γ(Ω) bounding the region Ω, as
well as requiring the action S(Ω) to have an extremum, we obtain the Euler Lagrange
equations

∂

∂xµ

(
∂L
∂φn,µ

)
− ∂L
∂φn

= 0. (2.1)

2.1.2 Canonical Formulation

The canonical quantization procedure of a non-relativistic system of particles is done by
turning the particles’ coordinates ri and canonical conjugate momenta pi into Heisenberg
operators and then imposing a set of commutation relations. The canonical formulation
of QED is a generalization of this quantization procedure of discrete particles to also
apply to continuous fields with infinite degrees of freedom. The method of doing this is
to approximate the field to have a discrete number of degrees of freedom. The field is
then quantized in a similar way as a particle system, and in the end the continuum limit
of the system is taken. The result is that instead of conjugate momenta, we obtain the
conjugate fields as

πn(x) =
∂L
∂φ̇n

.

The fields are then taken to satisfy the continuous commutation relations

[φn(x, t), πm(x′, t)] = iδnmδ(x − x′)

[φn(x, t), φm(x′, t)] = [πn(x, t), πm(x′, t)] = 0.

2.1.3 Path Integral Formulation

The path integral approach to quantum field theory is based on two postulates made by
Feynman, [32]:

1. ”if an ideal measurement is performed to determine whether a particle has a path
lying in a region of space time, then the probability that the result will be affirmative
is the absolute square of a sum of complex contributions, one from each path in the
region.”
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2. ”the paths contribute equally in magnitude, but the phase of their contribution is
the classical action; i.e. the time integral of the Lagrangian taken along the path.”

This means that the probability amplitude T for a particle to propagate from point A to
point B is the sum of eiS(q) for all possible paths q connecting A and B, where S(q) is
the classical action of the path q. This treatment can be extended to also apply to fields.
The transition amplitude between two field configurations becomes

T =

∫
Dφei

∫
d4xL(φ,φ,µ), (2.2)

where Dφ denotes integration over all possible field configurations smoothly connecting
the initial and final configuration. The object of interest is not T but rather transitions
between asymptotic states with defined number of particles. These are calculated by
attaching appropriate states at t = ±∞.

2.2 Quantum Electrodynamic Interactions

Quantum electrodynamics describes the interaction of quantized electromagnetic fields
with electrons and positrons. Calculations are extremely hard to perform analytically,
and in most cases we have to rely on perturbation theory to obtain results. Perturbation
theory is justified because of the weak coupling of the photons and electrons, and for QED
it has proved to be an outstandingly successful method, also in calculating higher order
corrections.

The transition amplitude for a transition from an initial state 〈i| to a final state 〈f |
can be written in terms of a scattering matrix S, i.e. 〈f |S| i〉. The S-matrix expansion
due to Dyson, see e.g. Ref. [30] for a review, gives us the contribution to the transition
amplitude from each scattering channel of increasing order in perturbation theory. The
S terms are the normal products of appropriate destruction and creation operators which
destroys the particles in the initial state and create those present in the final state. Any
scattering process in QED can be decomposed into eight fundamental processes. These
can be illustrated by Feynman diagrams, Fig. (2.2).
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Photon absorption

Photon emission

e−

γ

e− e− e−e+

e− e−

e+

γ γ γ
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γγγγ

e+ e+ e−

e+ e+

e−

(a) (b) (c) (d)

Figure 2.2: The eight fundamental processes of QED in terms of Feynman diagrams. The
wavy lines represents photons while the solid lines represents fermions. We have four
types of events; (a) electron scattering, (b) positron scattering, (c) electron-positron an-
nihilation, and (d) electron-positron pair production. Each of these events involves either
absorption or emission of a photon, although none of these processes alone represents a
physical process since energy and momentum is not conserved.

The wavy lines represents photons, and the solid lines represents electrons or positrons,
depending on the direction of the arrow (an arrow to the left indicates a positron, and
an arrow to the right indicates an electron). None of these diagrams represent physical
processes since they alone do not conserve energy and momentum. However, they can be
combined to form real processes. For instance, the Feynman diagram describing Compton
scattering is seen in Fig. (2.3).

Figure 2.3: Compton scattering in terms of Feynman diagrams.

Feynman diagrams turn out to be a very useful help in QED. By the use of Feynman
rules, see e.g. Ref. [30], it is possible to go directly from a set of Feynman diagrams
representing the process we want to study to a given order in perturbation theory, to an
expression for the transition amplitude.
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2.3 Effective Field Theory

The quantum vacuum allows for vacuum fluctuations of virtual electron-positron pairs
which may mediate an exchange of energy and momentum among photons. This results
in the non-classical effect of elastic photon-photon scattering, which to lowest order is
illustrated in terms of Feynman diagrams in Fig. (2.4).

Figure 2.4: The lowest order contribution to photon-photon scattering.

The effective field theory approach to QED can successfully describe the macroscopic
dynamics of photon-photon interactions as long as photon energies are much smaller than
the energy of the electron rest mass1. This approach to QED has the advantage that it
translates the properties of a full quantum theory into classical electrodynamics. More
specifically, we separate the field into the contributions from the low energy photon fieldAµ

(which we describe classically through the four-potentialAµ defined by Fµν = ∂µAν−∂νAµ,
where Fµν is the electromagnetic field tensor), and the higher energy electron field ψ. For
the case of photon-photon scattering, we have no external electron fields, although the
virtual electrons will influence the photon dynamics. The idea is then to integrate out
the electron field contribution to the transition amplitude (2.2), and this will define an
effective Lagrangian, Leff, that only depends on the classical electromagnetic fields [33],

T =

∫
DAµDψ exp

[
i

∫
d4xL (Aµ, ψ)

]

=

∫
DAµ exp

[
i

∫
d4xLeff (Aµ)

]
.

With the effective action approach to QED, the vacuum effects of photon-photon scatter-
ing will show up as an additional contribution to the classical equations of motion, i.e.
Maxwell’s equations, in terms of a vacuum polarization and magnetization.

If higher order radiative corrections2 are neglected, the QED process of photon-photon

1This is usually called the soft photon approximation
2Higher order radiative corrections in terms of Feynman diagrams would be represented as photon

transitions between fermion lines within the photon-photon scattering loops in Fig. (2.5). With such
lines present, the diagram would no longer be a one loop diagram. This is why neglecting higher order
radiative effects is called the one loop approximation.
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scattering can be described by one-loop Feynman diagrams, see Fig. (2.5). The cross-
section for photon-photon scattering is approximately 10−4σT (where σT = 6.65×10−25 cm2

is the Thomson scattering cross-section) for photon energies of the order of the electron
rest energy [34], ~ω ≈ mec

2, as can be seen in Fig. (2.6). Here, ω is the photon frequency.
In the optical regime, however, the cross-section is of the order 10−65 cm2 and scales as
(~ω/1 eV)6.

Figure 2.5: The three lowest order channels for photon-photon scattering in terms of
Feynman diagrams within the one-loop approximation.

Figure 2.6: The cross-section for photon-photon scattering as a function of increasing
photon energy [34].

2.3.1 The Heisenberg-Euler Lagrangian

Within an effective field theory, all orders of the one-loop photon-photon interaction
processes displayed in Fig. (2.5) are captured by the so called Heisenberg-Euler Lagrangian
density,

L = −µ−1
0 F +

α

2µ0πe2

∫ ∞

0

ds

s3
e−iesBcrit

[
(es)2ab cot (eas) coth (ebs) +

(es)2

3

(
a2 − b2

)
− 1

]
,

(2.3a)
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2 Im =

2

Figure 2.7: The optical theorem relates the probability for Schwinger pair production to
the one loop effective Lagrangian [38, 40] (2ImL gives the probability per unit time per
unit volume that a pair is created). The double line represents all orders of coupling to
the external field.

where

a =
[(
F2 + G2

)1/2
+ F

]1/2

, b =
[(
F2 + G2

)1/2 −F
]1/2

. (2.3b)

Equation (2.3a) requires that the vacuum is perturbed by a static electromagnetic field.
This condition can be relaxed as long as the wave frequency is much smaller than the
Compton frequency, ω ≪ ωe = mcc

2/~. In eq. (2.3a), the term −µ−1
0 F is the classical part

of the Lagrangian, α = e2/4π~cε0 is the fine structure constant, µ0 is the empty space
permeability, ε0 is the empty space permittivity, the critical magnetic field is defined
as Bcrit = Ecrit/c, the field invariants are F = 1

4
FabF

ab = 1
2

(
B2 − c−2E2

)
and G =

1
4
FabF̂

ab = −c−1E · B where E and B are the electric and magnetic fields respectively,

and F̂ ab = ǫabcdFcd/2 where ǫabcd is the totally antisymmetric tensor. Here, we have
used the convention (+,−,−,−) for the metric used for lowering and raising four-indices.
Furthermore, the convergence of the integral in (2.3a) is ensured by the prescription
m2

e → m2
e − iǫ (since Bcrit ∝ m2

e). The Lagrangian (2.3a) was first formulated by Euler,
Kockel and Heisenberg [35, 36], and independently by Weisskopf [37] in 1935-1936. It is
interesting to note that this was before QED; the starting point was Dirac’s hole theory.
Still, their Lagrangian correctly describes the process of photon-photon scattering in the
quantum vacuum and their results were later confirmed through a formal derivation in
QED by Schwinger in 1951 [38]. The derivation of (2.3a) is complicated and will not be
accounted for in this thesis, but a review can be found in e.g. Ref. [39].

Depending on the field configuration, the Lagrangian (2.3a) may have both a real and
an imaginary part [38]. The real part describes all orders of photon-photon scattering
within the one loop approximation, and the imaginary contribution gives the probability
for pair production, see Fig. (2.7). For weak fields the imaginary part is exponentially
suppressed compared to the real part. Thus, as long as we are dealing with weak static
and spatially uniform fields it is sufficient to only consider photon-photon scattering pro-
cesses and neglecting pair production. The field of a laser pulse, however, is not static
and uniform but slowly varying compared to the Compton frequency and the Compton
wavelength. Several studies on time-varying fields have been performed suggesting that
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the pair production threshold intensity for a modulated laser pulse may be 1-2 order of
magnitudes lower than the critical intensity for static fields, 1029 Wcm−2 [13, 14, 41].
Some studies suggest an even lower threshold [42].

2.3.2 Weak Field Correction

With the use of Euler-Lagrange equations (2.1), the equations of motion can be obtained
from the Lagrangian (2.3a). The integral in the Lagrangian (2.3a) can, however, not be
solved analytically for the general case of arbitrary strong electromagnetic fields. One way
to proceed is to assume weak fields (E, cB ≪ Ecrit) and make a power series expansion
of the Lagrangian in field strengths. With this method we can successfully describe the
dynamics as long as the field strengths are well below the Sauter-Schwinger critical limit.
The Lagrangian then becomes

L = −µ−1
0 F + µ−2

0 κ
(
4F2 + 7G2

)
, (2.4)

where the parameter κ = 2α2
~

3/45m4
ec

5 gives the strength of the nonlinear coupling.
In the weak field limit, the nonlinear properties of the quantum vacuum are weak

and the dominant channel for photon-photon scattering is that described by the first
Feynman diagram in Fig. (2.5). Higher order diagrams will contribute with corrections of
higher order in α and does not become important until E, cB ≈ Ecrit, i.e. in the strongly
nonlinear regime.

2.3.3 High Frequency Correction

If photon energies are high (larger than the electron rest mass), the effective field theory
approach can no longer describe the dynamics. We can, however, still obtain some insight
into how QED effects due to high photon-energies influences the dynamics by assuming
that frequencies are smaller than the Compton frequency and make an expansion in ω/ωe.
The effect of rapidly varying fields can then be accounted for by adding a derivative
correction to the Lagrangian (2.4) [43],

LD = σµ−1
0

[
Fab�F

ab −
(
∂aF

ab
)
(∂cF

c
b)
]
. (2.5)

We call this a short-wavelength QED-correction, or a derivative QED-correction. Here
� = ∂a∂

a = (c−2∂2
t −∇2) is the d’Alembertian and σ = (2/45)αc2/ω2

e is the coefficient of
the derivative correction3. Although this is a correction for rapidly varying fields (rapid at
least in a laboratory sense), the constraints E, cB ≪ Ecrit and ω ≪ ωe must remain valid.
Below we will see that this correction will give rise to dispersive corrections to Maxwell’s
equations.

3There is a typo in paper IV and V as well as in Ref. [44], where the coefficient 2/15 should be 2/45.
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2.3.4 QED Modifications to the Equations of Motion

For large field strengths, the Lagrangian (2.3a) can not be treated analytically for the
general case. However, if we let the electric field vanish we can explicitly calculate the
equations of motion by analytical means at arbitrary magnetic field strengths. This re-
quires an extended analysis which has been performed in chapter 4, where we in particular
study the effect of vacuum birefringence. The full Lagrangian (2.3a) has also been used in
e.g. studies of photon splitting (see Refs. [39, 45] and references therein), and in studies
of photons interacting with a strongly nonlinear radiation gas of arbitrary intensity [46].
We will next consider the QED modified equations of motion for weak fields where we
also include the derivative correction due to rapid oscillations.

In general, a system is described by the vector potential and its first derivatives and we
obtain the Euler-Lagrange equation by means of a variation principle where the variation
is required to vanish at the boundary surface, see section 2.1.1. However, the Lagrangian
correction (2.5) depends on the second and third derivative of the four potential. With
higher order derivatives present, we must impose new constraints at the boundary surface
for a variational approach to be meaningful. In obtaining eq. (2.6) we have required the
variation of the first and second derivatives of the four potential to vanish at the boundary
surface. The Euler-Lagrange equation in the presence of a background of free charges then
takes the form

∂L
∂Aν

−
(

∂L
∂Aν,α

)

,α

+

(
∂L

∂Aν,αβ

)

,αβ

−
(

∂L
∂Aν,αβγ

)

,αβγ

= jν , (2.6)

where jν is the four current. From this relation we obtain the field equations [44]4 for the
Lagrangian (2.4) with the correction (2.5),

(1 − 6σ�) ∂µF
µν = 2ε0κ∂µ

[(
FαβF

αβ
)
F µν + 7

4

(
FαβF̂

αβ
)
F̂ µν

]
+ µ0j

ν . (2.7)

Classically, the equation of motion reduces to ∂µF
µν = µ0j

ν , so the nonlinear contribution
on the right hand side of eq. (2.7) comes from the weak field QED correction of eq. (2.4).
The dispersive term 6σ� on the left hand side of eq. (2.7) originates from the high-
frequency correction (2.5).

The time component of the field equation (2.7) gives a QED modified Gauss’ law,

(1 − 6σ�)∇ · E = ρε−1
0 − ε−1

0 ∇ · Pvac, (2.8a)

while the space component of the field equations give a modified Ampère’s law,

(1 − 6σ�)
(
∇× B − c−2∂tE

)
= µ0j + µ0 (∇× Mvac + ∂tPvac) . (2.8b)

4In paper IV and V, we have used eq. (2.1) when deriving the field equations. With the correct Euler-
Lagrange equation for this system, eq. (2.6), the 2σ in the field equations of paper IV and V should be
replaced with 6σ. The difference exactly cancels the typo in the expression for σ. Thus, the results in
paper IV and V are still correct.
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Here Pvac and Mvac are the vacuum polarization and magnetization,

Pvac = 2κε2
0

[
2
(
E2 − c2B2

)
E + 7c2 (E · B)B

]
, (2.9a)

Mvac = 2κε2
0c

2
[
−2
(
E2 − c2B2

)
B + 7 (E · B)E

]
. (2.9b)

It is clear that the vacuum can be assigned the properties of a nonlinear medium with
polarization Pvac and magnetization Mvac which to leading order are cubic in the field
strengths.

Wave equations for the E- and B-fields in vacuum can be deduced from the field
equations (2.8a) and (2.8b). In laser regimes, we may neglect derivative corrections (by
setting σ → 0) and the wave equations takes the form

�E (r, t) = − 1

ε0

[
∂2Pvac

∂t2
− c2∇ (∇ · Pvac) +

∂

∂t
(∇× Mvac)

]
, (2.10a)

and

�B (r, t) =
1

ε0

[
∇× (∇× Mvac) +

∂

∂t
(∇× Pvac)

]
. (2.10b)

Equations (2.10a) and (2.10b) offers a starting point for the study of weak nonlinear
interactions of classical electromagnetic fields with the quantum vacuum. This has been
studied in the context of four-wave mixing in papers I and II, and the procedure and
results are reviewed in chapter 3.
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Chapter 3

Wave Mixing

A
wave-wave interaction can be described as linear or nonlinear depending on the

amplitude of the wave and on the properties of the medium in which the wave
propagates. Linear wave interactions are generally defined as wave interactions

that satisfy the superposition principle. For small wave amplitudes, wave interactions are
linear to first approximation. However, the disturbance of the medium from one wave
will influence other waves, thus, the waves are coupled. In nonlinear theory, we take
into account these wave-wave couplings1. This nonlinear coupling can in general only be
treated analytically if the coupling is weak. The interaction is said to be weak if the
variation of the wave amplitude due to the nonlinearity of the medium is slow compared
to the harmonic oscillation, while it is otherwise said to be strong. Nonlinearities in most
medias are typically weak for moderate wave amplitudes. This is also true for the nonlinear
properties of the quantum vacuum for field strengths below the critical Sauter-Schwinger
limit, E ≪ Ecrit.

Weak nonlinear interactions can be modeled with either a random phase description
or a coherent phase description, depending on the physical situation. The coherent phase
description should be used if the coherence time of the interacting waves is much longer
than the time of interaction. When this is not the case, the random phase description
may be used. A more complete description of the coherent phase method can be found in
e.g. Ref. [49], while Ref. [50] gives a nice review of the random phase method. The wave
coupling is particularly strong for coherent interactions, i.e. when the frequencies and wave
vectors satisfy some matching conditions that depends on the nonlinear properties of the
medium in which the interaction takes place. If the nonlinearities of the medium are e.g.
quadratic, three wave mixing is possible and the matching conditions are ω1 = ω2+ω3 and

1Waves may also be coupled in linear theory. An example of this is mode conversion that can oc-
cur when two different wave-modes of the same frequency propagate in a non-uniform medium. The
wavenumbers of the different modes are rarely the same due to the different dispersion relations. How-
ever, since the wave wavenumber changes throughout the non-uniform medium, there may exist critical
points where the wavenumbers coincide. At these points we may have strong coupling and the waves may
undergo mode conversion, i.e. energy is transported in between the different modes. [47, 48]
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k1 = k2 + k3. Here ω is the wave frequency and k = (2π/λ)û is the wave vector, where
λ is the wavelength and û is a unit vector pointing in the direction of wave propagation.
It may be noted that while quadratic nonlinearities of the medium opens for three wave
mixing as well as higher order mixing, three wave mixing can not be achieved in a medium
with cubic (or higher order) nonlinearities. If the matching conditions for wave mixing
are poorly satisfied, the interaction will only produce small rapid ripples in the wave
amplitudes.

Below, we will consider wave coupling of laser pulses in the nonlinear quantum vacuum.
Thus, the coupling is weak and the interaction is coherent. Furthermore, we will restrict
ourselves to the treatment of plane waves.

3.1 Four-Wave Mixing

In nonlinear wave dynamics, waves can be made to drive new waves provided appropriate
matching conditions are satisfied. For the case of a medium with cubic nonlinearities,
such as the quantum vacuum, four-wave coupling where three waves are made to drive a
fourth wave is particularly interesting. This process will be investigated below. To begin
with, we assume that we have plane waves of the form

Ej (r, t) =
1

2

[
Ẽj (r, t) ei(k·r−ωt) + Ẽ

∗

j (r, t) e−i(k·r−ωt)
]

that must satisfy a cubic nonlinear wave equation

�

(
4∑

j=1

Ej (r, t)

)
= (3.1)

=
8∑

m=1

8∑

n=1

8∑

l=1

Am,n,lẼmẼnẼle
i[(km+kn+kl)·r−(ωm+ωn+ωl)t]ûm,n,l

where Ẽi+4 = Ẽ∗
i , ωi+4 = −ωi, ki+4 = −ki for i = 1, 2, 3, 4, ûm,n,l is a unit vector and

Am,n,l is a constant assumed to be small such that the nonlinear coupling is weak.
The amplitudes have a weak space-time dependence since we are considering weak

coupling, thus we find to the lowest non-vanishing order

�

(
Ẽj (r, t) ei(kj ·r−ωjt)

)
≈ −2iωjc

−2dẼj (r, t)

dt
ei(kj ·r−ωjt)

where we have used the dispersion relation ωj = ckj and used the convective derivative

d

dt
=

(
∂

∂t
+
∂r

∂t
· ∇
)

=

(
∂

∂t
+ ck̂j · ∇

)
.
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The wave equation (3.1) now takes the form

4∑

j=1

iωj

(
dẼj (r, t)

dt
ei(kj ·r−ωjt) +

dẼ
∗

j (r, t)

dt
e−i(kr·r−ωjt)

)
=

= −c2
8∑

m=1

8∑

n=1

8∑

l=1

Am,n,lẼmẼnẼle
i[(km+kn+kl)·r−(ωm+ωn+ωl)t]ûm,n,l (3.2)

Only terms where the left hand side and the right hand side of eq. (3.2) share the same
exponent become important. All other terms will only give rise to small ripples in the field
amplitudes and will average to zero. If we assume that the wave vectors and frequencies
satisfy the matching conditions

k1 + k2 = k3 + k4 and ω1 + ω2 = ω3 + ω4, (3.3)

the only nonlinear terms that will survive are those proportional to Ẽ∗
2Ẽ3Ẽ4, Ẽ

∗
1Ẽ3Ẽ4,

Ẽ1Ẽ2Ẽ
∗
4 , Ẽ1Ẽ2Ẽ

∗
3 and their complex conjugates.

Now we leave the context of four-wave mixing for a second and consider the case of
scattering of two single photons with energy ~ω1,2 and momentum ~k1,2 respectively. The
matching conditions (3.3) are then easily interpreted as conservation of momentum and
energy among the incoming (γ1, γ2) and outgoing (γ3, γ4) photons. The interpretation
of the matching conditions is a bit more subtle when we have three waves generating a
fourth one. In this case, the third wave can be seen as an external contribution to the
photons scattering in the k̂3-direction, thus enhancing the scattering in the k̂4-direction.

With the matching conditions (3.3), the wave equation (3.2) reduces to a set of coupled
wave equations of the form,

�Ē1 (r, t) = C1Ẽ
∗
2Ẽ3Ẽ4e

i(k1·r−ω1t)û1, (3.4a)

�Ē2 (r, t) = C2Ẽ
∗
1Ẽ3Ẽ4e

i(k2·r−ω2t)û2, (3.4b)

�Ē3 (r, t) = C3Ẽ1Ẽ2Ẽ
∗
4e

i(k3·r−ω3t)û3, (3.4c)

�Ē4 (r, t) = C4Ẽ1Ẽ2Ẽ
∗
3e

i(k4·r−ω4t)û4, (3.4d)

where the wave considered is given by Ei = 1
2

[
Ēi(r, t) + Ē

∗
i (r, t)

]
, Ci is the coupling

coefficient and ûi is a unit vector defining the polarization of that wave.
Now, if we let three external waves drive a fourth one under a short period of time, we

can assume that the generated field is much weaker than the other ones, Ẽ4 ≪ Ẽ1, Ẽ2, Ẽ3,
due to the weak nonlinearity and the brief time the wave has to build up. Thus, the driving
of the strong fields can be neglected and we only need to consider the wave equation (3.4d)
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for the generated field. The procedure of solving this equation is an identical analogue to
the familiar problem of solving the retarded potential in electrodynamics, �Aµ = µ0j

µ.
Thus, the solution to eq. (3.4d) takes the form [51],

Ē4 (r, t) =
1

4πc2
C4û4

∫

V ′

Ẽ1Ẽ2Ẽ
∗
3

∣∣∣
tR

ei(k4·r′−ω4tR)

R
dV ′ ≈

≈ 1

4πrc2
C4e

i(k4r−ω4t)û4

∫

V ′

Ẽ1Ẽ2Ẽ
∗
3

∣∣∣
tR
eik4(k̂4−r̂)·r′dV ′ (3.5)

where V ′ is the interaction volume, R = |r − r′|, and the fields are to be evaluated
at retarded time tR ≡ t − R/c. In the last step we have assumed that we are in the
radiation zone, i.e. r ≫ r′, such that the retarded time can approximately be written as
tR ≈ t− (r − r̂ · r′)/c and R ≈ r in the denominator of eq. (3.5).

3.2 Photon-Photon Scattering Using High-Power Lasers

Elastic photon-photon scattering is so far an untested process. Because of its fundamental
importance in QED, direct observation of this process would be of great scientific impor-
tance since it would provide a test of QED in a relatively unexplored parameter regime
where the photon energy is low but the intensity is high. Many suggestions on how to de-
tect elastic photon-photon scattering have been made throughout the last decades. Some
examples are; using harmonic generation in an inhomogeneous magnetic field [52, 53],
using resonant interactions between eigenmodes in microwave cavities [54, 55], using ultra
intense fields occurring in plasma channels [56], letting an x-ray probe interact with a
focused intense standing laser wave [57], as well as many others, see e.g. Refs. [18, 21, 58]-
[61]. So far, none of these suggestions have led to successful detection of photon-photon
scattering among real photons. This is likely to change within a near future thanks to the
rapidly growing power of present day laser systems.

The recent development in high-power laser technology has motivated the investigation
whether four-wave mixing of high-power lasers can be used for detection of elastic photon-
photon scattering. Four-wave mixing has the advantage that a scattering event is no longer
limited by the low cross-section (of the order of 10−65 cm2 in the optical regime) due to
the large number (≈ 1019) of interacting photons. This approach to study photon-photon
scattering was first proposed by Ref. [62], and theoretical [60, 63]-[65] and experimental
[66] studies have been performed since then. There are, however, practical considerations
that needs to be addressed before considering such a scheme. Ideally, you would want
to use at least two high-power lasers with different frequencies well separated from each
others harmonics. With such a system, it is possible to find configurations satisfying the
matching condition (3.3) where the generated wave is well separated in space from the
source beams, as well as in frequency from the fundamental frequencies and the harmonics
of the source beams. However, high-power laser-systems usually only operate at one single
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frequency. It is of course possible to use a high-power laser for two source beams, and a
second laser of less power for the third beam, in order to achieve an optimal configuration.
This kind of setup has been preferred by e.g. Ref. [66] for the reasons outlined above. The
drawback with this configuration is that the signal will be reduced by several orders of
magnitude since the signal is roughly proportional to the power of each source beam.

Another approach is to use a single laser and make use of beam splitters and frequency
doubling crystals. For the wave-vectors

k1 = 2kx̂,
k2 = 2kŷ,
k3 = kẑ,
k4 = 2kx̂ + 2kŷ − kẑ,

(3.6)

the matching condition (3.3) are satisfied and the direction of the generated beam is well
separated from the source beams. This configuration is illustrated in Fig. (3.1).

Figure 3.1: Suggested configuration of high-power laser-beams for the purpose of detecting
photon-photon scattering through four-wave mixing. The beam with wave number k3 has
the fundamental frequency, while k1 and k2 has been frequency doubled, and k4 represents
the generated wave.

The drawback with this scheme is that the frequency of the generated wave is the
same as the third harmonic of the fundamental frequency ω. This is a concern since
3ω is generated by first order nonlinear effects in amorphous materials. A crucial point
here is that the spatial separation and time of arrival should in principle suffice in order
to distinguish the generated wave from noise, at least in a sufficiently good vacuum.
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However, this is something which will need to be thoroughly investigated experimentally
before any attempt of a photon-photon scattering experiment can be undertaken. Papers I
and II theoretically investigates the possibility of using this scheme for detection of elastic
photon-photon scattering.

From the wave-equation for the quantum vacuum (2.10a) we can find the coupling
coefficient in eq. (3.5) for the generated wave. From this we can estimate the number of
scattered photons for given beam parameters and beam configurations. For the purpose
of keeping the calculations analytical we model the beam pulses as monochromatic flat
top pulses of length L and quadratic cross-section b2. For the given configuration (3.6),
the interaction region will take the form of a cube of side b, existing over a time L/c. The
analytical expression for the number of generated photons becomes

Nγγ =
27πκ2

~c4
η2G2

3DLλ
−3
4 P1P2P3, (3.7)

where λ4 is the wavelength of the generated beam, Pi = b2Ii is the power of beam i and
Ii is the intensity. Here G3D is called a geometric factor and is given by a complicated
expression that only depends the direction and the polarization of the incoming beams.
An expression for G3D for the particular setup given by (3.6) can be found in the appendix
of Paper II. For an optimal choice of polarization angles, the geometric factor here takes
the maximum value of G2

3d = 0.77. η2 is given by a complicated integral expression, also
found in Paper II, but can approximately be written as

η2 ≈ 0.025

(
λ4

0.267 µm

)2(
1.6 µm

b

)2

,

as long as the wavelength, λ, of the fundamental source beam is close to 800 nm and
the focal width is close to the diffraction limit ∼ 2λ. The expected number of generated
photons as a function of source beam power is illustrated in Fig. (3.2a). The power here
represents the power of a single λ = 800 nm source beam. The source beam is then first
split into two beams. One of the split beams is then frequency doubled with an expected
energy loss of 60%, and then split once again. The width of the interaction region is
assumed to be 2λ throughout the interaction region. The polarization dependence of the
signal is illustrated in Fig. (3.2b), where the polarization of the beam with wavevector k3

is kept fixed at an optimal value, while the polarization of the other two source beams are
varied.
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Figure 3.2: (a) shows the expected number of generated photons through photon-photon
scattering as a function of source beam power for an optimum choice of polarizations in
a four-wave mixing experiment in vacuum. (b) illustrates the polarization dependence of
the signal when the polarization of one beam is kept fixed at an optimal value, while the
polarization of the other two beams are varied.

Present day high-power laser-systems have a power of the order of 1 PW. For beam
parameters of e.g. the Astra Gemini system at the Rutherford Appleton Laboratory, the
scattering number would be about 0.07 photons per shot. However, the available laser
power is expected to further increase within a near future. For instance, there are plans
to upgrade the Vulcan laser system, also found at Rutherford Appleton Laboratory, to a
10 PW system [67]. And in the longer perspective, systems such as HiPER [27] and ELI
[26] will, if they are constructed, offer exawatt power regimes.

A legitimate question is why not simply use three-wave mixing rather than four-wave
mixing for the purpose of detecting photon-photon scattering? Since the quantum vacuum
exhibit cubic nonlinear properties, the matching conditions would have to be on the form
2k1 +k2 = k3 and 2ω1 +ω2 = ω3, or 2k1−k2 = k3 and 2ω1−ω2 = ω3 for the left hand and
right hand exponent of eq. (3.5) to be equal. Such matching conditions would imply that
all beams have to be counter propagating. In particular, the generated wave would have
to be parallel to at least one of the source beams making measurements hard to perform.
For the same reason, we do not consider the matching condition k1 + k2 + k3 = k4 and
ω1 + ω2 + ω3 = ω4.
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Chapter 4

A Strongly Magnetized Vacuum

T
here are in general no analytical means to study quantum electrodynamics at
electromagnetic field strengths above the Sauter-Schwinger limit. However, with
a vanishing electric field we can within the one-loop approximation and with the

help of sophisticated integration techniques study the dynamics at arbitrary magnetic
field strengths.

QED effects in a strongly magnetized vacuum has been extensively studied in a vast
number of previous publications, see e.g. [16, 45, 68]-[76]. Some examples of studies in
the context of vacuum birefringence are, e.g, the work of Ref. [71] who approaches the
problem analytically using the vacuum polarization tensor and can successfully describe
the dynamics as long as the deviation from the classical behavior is small. Another
example is Ref. [73] who has studied vacuum birefringence numerically for various photon
energies smaller than the electron rest energy. An effective action approach valid as long
as the QED corrections to the dynamics are small is used by Ref. [16] who expressed the
Lagrangian (2.3a) in terms of special functions, and Ref. [75] expresses the Lagrangian
with a non-perturbative slowly convergent series expansion derived in Ref. [77]. Reference
[78] uses the same starting point as Ref. [75] but extends the analysis to be valid for
arbitrary magnetic field strengths. It may, however, be noted that the results of Ref. [77]
are debated on grounds of renormalization, see Refs. [79]-[81].

To this field of research, paper III contributes with a new analytical expression for
the equations of motion expressed in terms of tabulated functions. The analysis is exact
within the one-loop approximation and the soft photon approximation, and the results
are therefore valid for arbitrary magnetic field strengths. Below, we outline the derivation
of the equations of motion from the Lagrangian (2.3a) for a photon propagating in a mag-
netized vacuum, and thus find a description of vacuum birefringence. We also introduce
the integration techniques needed to write the equations of motion on an analytical form.
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4.1 Equations of Motion at Arbitrary Magnetic Field

Strengths

With the Lagrangian (2.3a), the equations of motion can be obtained using Euler-Lagrange
equations (2.1), which for this case can be rewritten as

∂µ
∂L
∂Fµν

= −1

2
jν .

Using the Bianchi identity, F̂ µν
, µ = 0, and recognizing that ∂F/∂Fµν = F µν/2 and

∂G/∂Fµν = F̂ µν/2, the equations of motion takes the form,

γF∂µF
µν +

1

2

[
γFFF

µνFαβ + γGGF̂
µνF̂αβ + γFG

(
F µνF̂αβ + F̂ µνFαβ

)]
∂µF

αβ = −jν ,

(4.1)

where we have used the notation γF = ∂L/∂F , γFF = ∂2L/∂F2, etc.
The Lagrangian derivative terms, γF , γG, etc., can be calculated analytically for ar-

bitrary magnetic field strengths for the case of vanishing electric fields. To do this, we
first express the derivatives ∂F , ∂G, etc. in terms of a and b. With the definitions for
a and b found in (2.3b) it is straight forward to show the following helpful relations;
F = 1

2
(a2 − b2), |G| = ab and

∂a

∂F =
a

a2 + b2
,

∂b

∂F =
−b

a2 + b2
,

∂a

∂G =
b

a2 + b2
,

∂b

∂G =
a

a2 + b2
.

Using the chain rule we can now construct the derivatives of L with respect to F , G,
etc. in terms of derivatives with respect to a and b. The differentiation is then performed
inside the square bracket of (2.3a), after which we let the electric field vanish by taking
the limit b→ 0.

We proceed by noting that the prescription m2
e → m2

e − iǫ allows us to make use
of Jordan’s Lemma, which together with Cauchy’s Residue Theorem lets us rotate the
integration path from the real axis to the imaginary axis. After rotation of the integration
path, we make use of the substitution z = −iesa and we find after some algebra that the
Lagrangian derivatives can be rewritten as

γF = −µ−1
0 − α

2πµ0

∫ ∞

0

dz e−
Bcrit

B
z

[
− 2

3z
− 1

z sinh2(z)
+

coth(z)

z2

]
, (4.2a)

γFF = − α

2πµ0B2

∫ ∞

0

dz e−
Bcrit

B
z

[
2
z coth(z) − 1

z sinh2(z)
+

1

z sinh2(z)
− coth(z)

z2

]
, (4.2b)

γGG = − α

2πµ0B2

∫ ∞

0

dz e−
Bcrit

B
z

[
−2

3
coth(z) − 1

z sinh2(z)
+

coth(z)

z2

]
, (4.2c)
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and γG = 0, γFG = 0.
Performing the integration in (4.2a)-(4.2c) is easier if one consider each term within

the square brackets individually. However, integration of an individual term in (4.2a)-
(4.2c) leads to divergences. These divergences can be handled through regularization
procedures with which we separate the singularities from the finite results. To illuminate
this procedure, we will perform the integration of the first term inside the square bracket
of γF , but first we consider the following tabulated integral (found in e.g. Ref. [82], eq.
(3.381.4)),

∫ ∞

0

dz zν−1e−µz = µ−νΓ (ν) .

This integral is defined for ℜ [µ] > 0 and ℜ [ν] > 0. We see that we can perform the
integration of the first term in γF by multiplying the expression with zǫ and take the limit
ǫ→ 0 after the integration is performed,

∫ ∞

0

dz e−2hz 1

z
→ lim

ǫ→0

∫ ∞

0

dz zǫ−1e−2hz

= lim
ǫ→0

(2h)−ǫ Γ (ǫ)

= lim
ǫ→0

1

ǫ
− ln 2h− C + O(ǫ),

where C is Euler’s constant and Γ is the gamma function. We have now singled out the
singularity from the finite result. In the same way we can single out the singularities of
the remaining integrals in γF and, just as expected, they are found to cancel each other.
The regularization procedure presented above has been used in Appendix D of Ref. [39]
where all the integrals found in (4.2a), (4.2b) and (4.2c) are tabulated.1 The result is
expressed in terms of common tabulated functions. Putting everything together, we find
the scalars γF , γG, γFF , γGG and γFG to be the following: γG = 0, γFG = 0,

γF = −µ−1
0 − α

2πµ0

[
1
3

+ 2h2 − 8ζ ′ (−1, h) + 4h ln Γ (h) − 2h lnh+ 2
3
lnh− 2h ln 2π

]

(4.3a)

γFF =
α

2πµ0B2

[
2
3

+ 4h2ψ (1 + h) − 2h− 4h2 − 4h ln Γ (h) + 2h ln 2π − 2h lnh
]

(4.3b)

γGG =
α

2πµ0B2

[
−1

3
− 2

3
ψ (1 + h) − 2h2 + (3h)−1 + 8ζ ′ (−1, h) − 4h ln Γ (h)

+2h ln 2π + 2h lnh
]

(4.3c)

where we have defined h = Bcrit/2B. Here ψ denotes the derivative of ln Γ and ζ ′ is the
first derivative of the Hurwitz zeta function with respect to the first argument.

1It may be noted that the prescription m2

e
→ m2

e
− iǫ ensures the validity of the integrals in Appendix

D of Ref. [39] for arbitrary field strengths.
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4.2 Vacuum Birefringence

With an analytic expression for the scalars γF , γG, γFF , γGG and γFG, it is possible to
study QED effects of strongly magnetized systems where the only approximation is the
soft photon approximation and the one-loop approximation. Both vacuum effects and
electron-spin plasma effects of such strongly magnetized systems have been investigated
in paper III. Below, we will review the results concerning vacuum birefringence.

Consider a weak plane electromagnetic wave propagating on a background of a strong
external magnetic field, such that F µν

tot → F µν + fµν , where F µν is a strong static and
isotropic field and fµν is a weak field with an harmonic oscillation ei(k·r−ωt). Neglecting
any self-interaction of the plane wave we linearize the equations of motion, ∂µ → −ikµ,
γF → [∂L/∂F ]F µν

tot=F µν . Using ∇×E1 = −∂tB1 where the subscript 1 indicates the weak

field of the plane wave, the space component of the equations of motion (4.1) can be
written on the form DijE1j = 0 where the dispersion matrix Dij takes the form

Dij =





−γF

(
ω2 − c2k2

‖

)
0 −γFc2k⊥k‖

0 −γF
(
ω2 − c2k2

)
+ γFFc4k2

⊥B2
0 0

−γFc2k⊥k‖ 0 −γF
(
ω2 − c2k2

⊥

)
+ γGGω2c2B2

0




.

We have without loss of generality defined the coordinates such that B0 = B0ẑ and
k = k⊥x̂ + k‖ẑ. In a magnetized vacuum, we have two normal modes; the orthogonal
mode where the polarization is orthogonal to the B0,k-plane, and the parallel mode
where the polarization lies in that plane. The phase velocity ν = ω/k of the two modes
takes the form

ν2
⊥ vac =

(
1 +

γFFB2

0

γF
sin2 θB

)
c2, (4.4a)

ν2
‖ vac =



1 − γGGB2

0

γF
cos2 θB

1 −
γ
GGB2

0

γF



 c2, (4.4b)

where θB is the angle between B0 and k. It is clear that propagation along the magnetic
field (θB = 0) is trivial. Vacuum birefringence for orthogonal propagation (θB = π/2)
of the orthogonal and the parallel mode is illustrated in Fig. (4.1). It is evident that
in the limit of an infinitely strong magnetic field, propagation in the parallel mode is
strictly forbidden, whereas the orthogonal mode is only slightly affected by the vacuum
polarization. This can lead to magnetic lensing effects for photons in the parallel mode
which may be significant already for field strengths of a few hundred Bcrit. If the field is
sufficiently strong, photons in the parallel mode would be forced to follow the magnetic
field lines whereas photons in the orthogonal mode may more or less propagate freely.
Field strengths on the order of 100Bcrit are believed to have been observed in a certain
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Figure 4.1: The phase velocity squared for the orthogonal (a) and the parallel mode (b)
as a function of B/Bcrit at orthogonal propagation. The dashed line is the results found
in e.g. Ref. [71] and the dotted line is the weak field result obtained from eq. (2.4). The
deviation in (a) between the result of Ref. [71] and our result is smaller than the resolution
of the figure.

type of neutron stars, so called magnetars [83]. A safe theoretical upper limit for magnetar
fields can be estimated by requiring that the magnetic energy should be lower than the
gravitational binding energy. This corresponds to a field strength of about 10000Bcrit [84].

The reader might rightfully ask if the one-loop approximation is meaningful at ultra
strong magnetic field strengths, or if higher order radiative corrections will dominate
over the one-loop processes. A discussion on this is given in Ref. [39]. Starting from some
basic assumptions of how higher-loop corrections scales with the field strength, the author
argues that these corrections are likely to be harmless. Thus, the physical response of the
system may be largely governed by the dynamics described by the one-loop Lagrangian
even for ultra strong magnetic fields.
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Chapter 5

Plasma Physics

P
lasma is by far the most dominant state of matter in the visible universe. By
visible universe means the matter that we can observe, i.e. stars, cosmic clouds,
planets etc. This excludes dark matter which only reveals its presence through

gravitational effects, and dark energy, responsible for the accelerated expansion of our
universe. It is often stated that much more than 99% of the matter in the visible universe
is in a plasma state [85]. A more precise number depends on the definition of what
constitutes a plasma.

A plasma typically consists of an ionized gas. The free charges makes the plasma elec-
trically conductive so that the gas strongly responds to electromagnetic fields. Moreover, a
charge imbalance will attract/repel free charges of opposite/same charge. As a result, the
free charges act to form a screening cloud around the charge imbalance. Consequently,
the potential of a test charge in a plasma falls off exponentially. This is called Debye
shielding, and the shielding property of the plasma is described by the Debye length,

λD =

√
ε0kBT

npe2
(5.1)

where kB is Stefan-Boltzmann constant, T is the temperature in Kelvin, and np is the
proton number density. The Debye length is loosely defined as the separation distance of
an electron from a charge imbalance at which the potential energy is comparable to the
thermal energy, i.e. the distance at which the electron path will be significantly affected
by the charge imbalance. For distances larger than the Debye length, the Debye shielding
effectively screens the charge imbalance. Thus, the Debye length gives the maximum
distance for which significant charge separation can occur. For distances larger than the
the Debye length, the plasma remains quasineutral, i.e. np ≈ ne, where ne is the electron
number density. A good introduction to plasma theory is given by e.g. Nicholson [85],
and Chen [86].
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5.1 Plasma Descriptions

Exact plasma descriptions can be found in e.g. the Liouville equation and the Klimontovich
equation (details of these descriptions can be found in e.g. Ref. [85]). They describe the
exact motion of all particles in a plasma, including an exact description of collisions.
These equations are in reality of little use for describing the macroscopic dynamics of a
system. Instead, we need an average or approximate description. As a first step we ignore
collisions. This is usually a good approximation as long as ω ≫ νc ≈ ωpe/n0λ

3
D, where νc

is the collision frequency and ωpe = (nee
2/ε0me)

1/2
is the electron plasma frequency.

There are two main approaches for describing collisionless plasmas. The first is the
computationally challenging but more exact kinetic description found through the Vlasov
equation. The second approach, the fluid description, is computationally straight forward
but less accurate.

5.1.1 Kinetic Description of Plasmas

We define the distribution function fs(x,v, t) as the average number of point particles per
unit six-dimensional phase space. Here s denotes a particular particle species meaning that
each particle species in the plasma should be described by its own distribution function.
Following this definition, the number density of particles of species s at a given point in
space-time would be

ns(x, t) =

∫
fs(x,v, t)dv, (5.2)

and the bulk velocity would be

Vs(x, t) =
1

ns

∫
vfs(x,v, t)dv. (5.3)

The distribution function fs(x,v, t) can be thought of as a fluid in six-dimensional phase
space. If particles are neither created nor destroyed in the plasma and effects of collisions
are small, the fluid must satisfy the continuity equation,

∂tfs + ∇x · (vsfs) + ∇v · (asfs) = 0,

which reduces to the Vlasov equation

∂tfs + vs · ∇xfs +
qs
ms

(E + vs × B) · ∇vfs = 0, (5.4)

which describes the evolution of the distribution function fs(x,v, t) in a six-dimensional
phase space. Here the acceleration a is assumed to be purely electromagnetic and qs is
the charge of particle species s. The Vlasov equation together with Maxwell’s equations,

∇× E = −∂tB (5.5a)
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∇× B − c−2∂tE = µ0j (5.5b)

∇ · E = ρq/ε0 (5.5c)

∇ · B = 0 (5.5d)

with j =
∑

s qs
∫

vfs(x,v, t)dv, gives a complete description of a collisionless plasma.

5.1.2 Fluid Description of Plasmas

The velocity distribution of particles in a plasma can in many cases be assumed to be
Maxwellian so that the distribution is uniquely specified by the temperature1. For such
plasmas it is often of great help to use a fluid description rather than a kinetic description
for modeling the dynamics. In the fluid description, the species of particles are considered
as separate interpenetrating fluids, each with its own set of fluid equations. As outlined in
the previous section, macroscopic properties of the plasma, e.g. the number density n(x, t)
and the bulk velocity V(x, t), can be obtained from the distribution function f(x,v, t).
In the same way, if we integrate the Vlasov equation over all velocity space we get the
fluid continuity equation, also called the zeroth order moment equation,

∂tns + ∇ · (nsVs) = 0, (5.6)

and if we multiply Vlasovs equation with msv before we integrate we get the fluid mo-
mentum equation, or the first moment equation,

msns∂tVs +msns (Vs · ∇)Vs = −∇Ps + qsns (E + Vs × B) . (5.7)

Here Ps ∝
〈
(〈v〉 − v)2〉 is the thermal pressure exerted by particles of species s. Note

that the continuity equation involves the bulk velocity, Vs = 〈v〉, and that the momentum
equation contains 〈v · v〉. It is clear that every n-moment equation will contain a term
with n + 1 factors of v. In this way, each order of moment equation will contain a term
that needs to be determined from the next order moment equation. Thus, for a complete
description of the plasma we need an infinite number of moment equations unless we can
use an equation of state to truncate the series of equations. This is most commonly done
already in the first momentum equation, where an equation of state is used to determine
an approximate expression for the pressure Ps. If we, for instance, assume a isothermal
plasma we can model the pressure term as ∇Ps = kBTs∇ns. With this truncation,
the continuity equation and the momentum equation together with Maxwell’s equations
provide a complete description of the plasma.

The advantage of the fluid approach is its simplicity. Instead of working with the
Vlasov equation in six-dimensional phase space, we are only concerned about the three-
dimensional fluid equations. A disadvantage is that certain effects of wave-particle inter-
actions, such as Landau damping, is lost in the description.

1This is not a necessary condition for the analysis below. However, it must be possible to find an
equation of state for e.g. the pressure so that the system of equations can be closed.



36 Plasma Physics

5.2 Waves in Plasmas

In response to an external oscillating electric/electromagnetic field, the plasma con-
stituents will start oscillating. In accordance with Maxwell’s equations, the moving plasma
particles will give rise to new electric and magnetic fields. These self-consistent electro-
magnetic fields may in turn excite waves within the plasma. Plasma waves are generally
classified according to; their polarization and direction of propagation in relation to an
external magnetic field, whether they are electromagnetic or electrostatic, and whether
ions, electrons or both are important for the wave dynamics.

5.2.1 Linear Wave Theory

A plasma system is by nature a nonlinear system and is therefore in most cases difficult
to model exact within the model used (kinetic or fluid). However, if the amplitude of the
wave considered is sufficiently small, some understanding of the system can be obtained
using linear wave theory. Small amplitude linear waves can be described as a sum of
plane waves. Any oscillating quantity in a plane wave can be modeled with a complex
amplitude times an oscillating factor ei(k·r−ωt), where the complex amplitude specifies the
phase of the oscillation. The phase velocity in a plasma is defined as the velocity of a
surface with constant phase, dt(k · r − ωt) = 0. This definition immediately gives us an
expression for the phase velocity

vφ =
ω

k
k̂. (5.8)

The phase velocity may often exceed the speed of light, c. However, there is no violation
of the theory of special relativity since an infinitely long wave train of constant amplitude
can not carry any information. Only a modulation of the wave can carry information and
transport energy within the plasma, and that will most often occur at the group velocity,

vg =
dω

dk
. (5.9)

In linear plasma theory we assume that the system parameters are perturbed around
an equilibrium value. The number density, for instance, would take the form n = n0 + δn,
where n0 is a homogeneous static density and the perturbation δn is allowed to oscillate
with ei(k·r−ωt). The perturbation is assumed to be so small that terms proportional to
the product of any two perturbations can be omitted. This is called a linerization of the
system. The space and time derivative of a parameter, say η = η0 + δη, then simply
becomes

∇η → ikδη and ∂tη → −iωδη, (5.10)

since η0 is a constant.
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The way the wave-frequency is related to the wave-vector is described by the dispersion
relation. In vacuum, the dispersion relation has the simple form ω = kc, whereas in
plasmas the dispersion relation is in general more complicated and often predicts a wave-
vector dependent group velocity, i.e. dispersion. A common procedure in linear kinetic
or fluid theory for obtaining a dispersion relation for a wave follows below. First we
must linearize the Vlasov equation, eq. (5.4), or the fluid equations, eqs. (5.6) and (5.7),
and rewrite them on the form ji = σijEj, where σij is the conductivity tensor of the
plasma. The expression for j can then be used together with the linearized Maxwell’s
equations, e.g. (5.5a) and (5.5b), to obtain an equation on the form DijEj = 0, where
Dij = δij − kikjc2/ω2 − σij/ε0ω is a 3× 3 matrix whose determinant gives the dispersion
relation for all plasma modes within the model used.

The simplest example of a plasma wave is found in a cold plasma if we slightly displace
the electrons from a uniform static ion background. The Coulomb forces between the ions
and electrons will cause the electrons to oscillate about their equilibrium position. We will
use the fluid description to describe this system below, but the same result can be obtained
using a kinetic approach. Assume that the ions are infinitely massive, and thus stationary,
and we perturb the electrons slightly in the x-direction. The parameters describing this
system are the electric field, E = δEx̂, and the particle velocity, V = δvx̂, both induced
by the deviation from equilibrium of the electron density, n = n0 + δnx. This system can
be described by the fluid equations (5.6) and (5.7) together with Poisson’s equation (5.5c).
For simplicity we assume a cold plasma so that we can ignore the pressure altogether in
the momentum equation. The linearized system equations become

−iωδnx + ikn0δv = 0, (5.11a)

−iωmen0δv = −en0δE, (5.11b)

and

ikδE = −eδnx

ε0

. (5.11c)

We can express δv in terms of δnx in eq. (5.11a), and then use this result in eq. (5.11b)
to obtain an expression for δnx in terms of δE. Inserting this result into eq. (5.11c) we
find the equation (ω − ωpe)δE = 0. Thus, the dispersion relation becomes

ω = ωpe. (5.12)

This particular kind of plasma waves are called Langmuir waves, or plasma oscillations.

5.2.2 Nonlinear Wave Theory

Linear theory can successfully describe the evolution of small amplitude waves. However,
as the wave amplitude increases, a nonlinear treatment of the system becomes increasingly
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necessary. We will not go into details on how to analyze nonlinear systems here, but
simply say something about a few important nonlinear plasma phenomenas and list some
references for the interested reader. The most basic example of nonlinear wave interactions
is wave mixing. This was covered in detail in chapter 3 for the specific case of four-wave
mixing, and we will not consider this further here. Another example of a nonlinear
phenomena, related to that of wave mixing, is parametric instabilities [49]. The unstable
parameter is the wave amplitude, and it is said to be unstable because energy can be
transported between different modes provided the frequencies and wave-vectors of the
waves involved fulfill certain matching conditions. For instance, a large amplitude electron
wave (ωe,+,ke,+) can decay into a backward moving electron wave (ωe,,ke,−) and an ion
wave (ωi,ki), when the matching conditions ωe,+ = ωe,− + ωi and ke,+ = ke,− + ki are
satisfied.

As seen above, a single wave can parametrically decay into new waves with new fre-
quencies. As these new waves grow, they start interacting between themselves and with
the fundamental wave forming beat frequencies. Consequently, the plasma may, through
a series of wave-wave interactions, become so strongly excited that a continuous spectrum
of wave modes becomes present. The plasma is then said to be in a state of turbulence
[87], and statistical means are needed for a description.

It is of course not only in the context of wave mixing that we encounter nonlinear
effects. For instance, a strong amplitude wave will effect the medium in which it propa-
gates, and thus it may effect its own evolution. This opens for the possibility of formation
of solitons [88], where the dispersive effects of a medium may be canceled by its nonlinear
properties so that a wave packet can maintain its shape as it propagates. Self interac-
tions in a nonlinear medium may also lead to other effects such as pulse collapse [89] and
structure formation [90].

5.3 QED Effects in Plasmas

The QED effect of photon-photon scattering and electron-positron pair production may
play an important role in future high intensity laser-plasma experiments [91]. It is pre-
dicted that ponderomotive forces2 from high intensity laser pulses will force electrons out
of the pulse path causing electron density cavitation. This self created plasma cavity may
trap and compress the pulse [92, 93] leading to significantly enhanced field strengths. If
the pulse intensity increases to a critical limit, this may open for pulse collapse due to
the vacuum nonlinearities [94]. At this stage, the field strength may very well surpass
the Sauter-Schwinger field. Another approach that has been suggested for the purpose
of reaching field strengths near or even above the critical field strength is by means of
Langmuir waves as focusing mirrors for a laser pulse [24, 93], so called relativistic flying

2The ponderomotive force describes how charged particles will oscillate out of the central parts of a
focused laser beam due to the field gradients of the pulse.
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mirrors.

Astrophysics also offer many extreme environments where QED effects may be influ-
ential. In particular, high magnetic field strengths can be found in the vicinity of pulsars
[95, 96] and magnetars [97], where the latter offer field strengths above 1014 G, exceeding
the Sauter-Schwinger limit for corresponding electric field strengths. As seen in chapter
4, the vacuum exhibit truly nonlinear properties in these environments.

QED effects in plasmas can be studied by replacing the sourced Maxwell’s equations
(5.5a) and (5.5b) with the modified Maxwell’s equations (2.8a) and (2.8b).

5.3.1 Short Wavelength Linear Waves

If we consider a high-frequency low-amplitude field such that |Fab| /Bcrit ≪ ω/ωe, the non-
linear coupling can be neglected compared to effects from the derivative QED-correction.
Thus, we drop terms proportional to κ in equations (2.8a) and (2.8b). The resulting
modified Maxwell’s equations are linear in the field strength, and thus the methods of
linear theory outlined in section 5.2.1 can be used. The derivative QED-correction gives
rise to dispersive effects, and this has been studied in paper IV and paper V. Remarkably,
it is found that the dispersion relation for any classical plasma mode can be modified to
include the short wavelength QED contribution by making the substitution

ω2
ps → ω2

ps

[
1 − 6σω2

c2
(
n2 − 1

)]−1

, (5.13)

which gives the derivative QED-correction due to rapidly varying fields. Here n denotes
the refractive index.

Moreover, in the presence of a strong external magnetic field the effect of the short-
wavelength QED-correction is to make the vacuum itself dispersive.

5.3.2 Circularly Polarized Nonlinear Waves

Vacuum polarization effects due to strong fields can also be included in the plasma de-
scription. For large amplitude low frequency waves we may drop terms proportional to
σ in the modified Maxwell’s equations (2.8a) and (2.8b). Since we are considering large
amplitude waves (we still assume E, cB ≪ Ecrit), it is no longer appropriate to perturb the
system parameters in order to linearize the equations. In general, this makes the system
hard to study analytically. Large amplitudes may also require a relativistic treatment
of particle velocities. Circularly polarized waves propagating along an external magnetic
field, however, can be exact solutions to the continuity equation (5.6), and the relativistic
momentum equation

∂tps + vs · ∇ps = qs (E + vs × B) , (5.14)
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together with the QED modified Maxwell’s equations [98]. The relativistic momentum is

given by p = mv/ (1 − v2/c2)
1/2

. Since we have relativistic quiver velocities, we can often
assume thermal velocities to be relatively small, thus thermal effects can often be ignored.
In paper VI we adopt the analysis of Ref. [99] by introducing the symbols E± = Ex± iEy,
B± = Bx ± iBy and v± = vx ± ivy. The +/− signs represents right/left hand circularly
polarized waves. It is straight forward to verify that if

E = E0 (cos(ωt− kz)x̂ + sin(ωt− kz)ŷ) , (5.15)

then

E± = E0⊥e
±iωt∓ikz, B± = ±i k

ω
E±, v±s = ∓ iqs

γsms (ω + ωcs)
E±,

(5.16)

exactly solves the system equations. This owes to the fact that E · B = 0 and E2 as well
as B2 in this case are constants. Here ωcs = qsB0z/γsms is the relativistic gyrofrequency
of particle species s and γ = (1−v2

0/c
2)−1/2 is the Lorentz factor which in this case is also

a constant with v2
0 = v+v−.

In paper VI we derive a dispersion relation for this system which is exact within the
basic model used.

5.4 Quantum Effects in Plasmas

Quantum plasmas were first studied by Pines in the 1960’s [100, 101], and many studies has
appeared since then [102], e.g., kinetic models of the quantum electrodynamical properties
of non-thermal plasmas [103] and covariant Wigner function descriptions of relativistic
quantum plasmas [104]. The study of quantum plasmas in recent years have been partly
motivated by developments in microelectronics [105] and nano-scale technology [106],
the discovery of ultracold plasmas [107]-[109], and the experimental demonstration [110]
of collective modes in ultra cold plasmas. Quantum effects are also believed to be of
importance in e.g. high intensity laser plasma/solid-matter interaction experiments at
parameter regimes offered by the next generation of high intensity light sources [24, 91,
111, 112], as well as in the interiors of compact astrophysical objects [113]-[115] such as
white dwarfs, neutron stars, magnetars and supernovas, where the density can reach ten
order of magnitudes that of ordinary solids. In such dense and/or strong magnetic field
environments a quantum description of the plasma which incorporates the spin of the
particle is often desirable. A great deal of interest has been directed toward finding such
quantum plasma descriptions [116]-[124].
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5.4.1 The Bohm-de Broglie Potential and the Fermi Pressure

The QED derivative correction of section 5.3.1 is only important when considering short
wavelengths, and short wavelengths imply a high density for collective effects to be of
importance. If the density is so large that the mean separation of particles, n

−1/3
0e , is com-

parable to the de Broglie wavelength of the charge carrier, λdB = ~/ |p|, quantum non-local
effects such as tunneling become important. For this reason, it may be appropriate to also
include quantum non-local effects when considering short-wavelength QED-corrections in
plasmas. The condition λdB ≈ n

−1/3
0e leads to the definition of a dimensionless parameter,

~
2n

2/3
0e /mekBT , which is of the order of unity or larger when quantum non-local effects

are important.
The non-local properties of quantum particles can, within the fluid model, be described

by N independent Schrödinger equations, coupled by the Poisson equation. This results
in an additional term in the electron fluid momentum equation (5.7). This term is called
the Bohm-de Broglie potential [125]-[129],

~
2

2m2
∇
(

1√
n
∇2

√
n

)
. (5.17)

The derivation will not be accounted for here, but details can be found in e.g. Ref. [125].
This dispersive term tends to smooth out the density profile for short wavelengths. Effects
of the Bohm-de Broglie potential is most important for short wavelengths and high densi-
ties. Below, we will investigate the relevant parameter regimes more closely by considering
the effect of the Bohm-de Broglie potential on the dispersion relation for Langmuir waves
in a isothermal plasma. With an equation of state on the form ∇P = mv2∇n, the system
of equations describing the plasma dynamics is closed, and a dispersion relation may be
derived which takes the form

ω2 = ω2
p + k2v2 +

~
2k4

4m2
. (5.18)

It is straight forward to see that non-local effects are as important as thermal effects for
wave numbers larger than kc = mv/~. However, if the plasma density is too small (i.e. if
ωp is too small), the dispersion relation reduces to that for a free particle and collective
effects are not important. So, for collective and non-local effects to be important at the
same time, we must require ω2

p > ~
2k4

c/m
2, or equivalently, the dimensionless parameter

~ωp/kBTm should be of the order of unity. For reasons that will be explained below, Tm

should here be the largest quantity of either the thermodynamic temperature T or the
Fermi temperature TF .

For dense and/or low temperature plasmas, effects of the Pauli exclusion principle are
important. Since electrons can not share the same quantum state, all electrons can not
occupy the ground state at the same time. Thus, the system may possess a significant
amount of kinetic energy even at absolute zero temperature, where the fastest electrons
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Figure 5.1: The shaded part of the figure displays regions of importance in temperature-
density parameter space for the quantum plasma effects of wave function dispersion due to
the Bohm-de Broglie potential as well as effects of the Fermi pressure. Regions where the
Fermi pressure is important is bound by the (dashed) line TF/T = 1, and regions where
the Bohm-de Broglie potential is important is bound by the (solid) line ~ωp/kBT = 1.

will move with the Fermi velocity vFs = ~(3π2ns)
1/3/ms. Consequently, the typical ve-

locity of electrons in such a system will no longer be the thermal velocity. Under these
conditions, the plasma behaves as a Fermi gas, obeying Fermi-Dirac statistics rather than
Maxwell-Boltzman used in classical plasmas. We can take into account Fermi effects by
noting that v in the equation of state (∇P = mv2∇n) should contain both a thermal
and a Fermi contribution [125, 130]. For temperatures much higher than the Fermi tem-
perature, T ≫ TF = mv2

F/kB, the Fermi contribution can be neglected and the velocity
is approximately given by v2

s = kBT/ms. For temperatures much lower than the Fermi

temperature, however, the velocity term is given by v2
s = Dv2

Fs + C(kBT/~n
1/3
0 )2, where

D and C are some dimensionless constants that depends on the number of degrees of
freedom of the system [131]. It is common to include Fermi effects in the model whenever
non-local effects are considered. The reason for this is that the two effects are important
in approximately the same parameter regimes. This is clearly seen in Fig. (5.1) where we
plot the temperature T as a function of the number density n, and the two straight lines
represents T/TF = 1 and ~ωp/kBT = 1. A system where both short wavelength QED and
quantum non-local effects as well as Fermi corrections are included in the description has
been studied using linear fluid theory in paper V. It is found that the dispersion relation
for any classical plasma mode can be modified to include the quantum corrections of the
Bohm-de Broglie potential by making the substitution

v2 → v2 +
~

2k2

4m2
s

, (5.19)
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and effects of the Fermi pressure can be accounted for with an appropriate expression for
v.

5.4.2 Magnetized Kinetic Spin Plasmas

In chapter 4 we considered vacuum polarization effects in a strongly magnetized vacuum.
The analysis in chapter 4 can be extended to a plasma environment by keeping the current
term jν in the equations of motion (4.1) throughout the analysis. The vacuum polarization
effects does not become important unless field strengths are high. However, at strong
magnetic field strengths, other effects such as e.g. quantum effects due to the electron
spin, may also be important. It may therefore be wise to use a kinetic spin-plasma
model when trying to model vacuum polarization effects in strongly magnetized systems.
Effects of spin statistics, e.g. effects from the Fermi pressure and Landau quantization,
have previously been included in kinetic plasma models (see e.g. Ref. [132]). A more
recently developed semiclassical kinetic spin plasma model is outlined in Ref. [117] where
spin dynamics due to the magnetic moment of electrons and the intrinsic magnetization
that follows is modeled. This model was extended to a full quantum regime in Ref. [118]
by taking into account the fact that the spin-probability distribution in spin space is
always spread out.

The Vlasov equation for a magnetized spin plasma takes the form

∂f

∂t
+ v · ∇f +

[
qs
ms

(E + v × B) +
µs

ms

∇
(
ŝ ·
(
B − 1

c2
v × E

))]
· ∂f
∂v

+
2µs

~

(
ŝ ×

(
B − 1

c2
v × E

))
· ∂f
∂ŝ

= 0 (5.20)

where the semiclassical description of Ref. [117] is used to model the effect of the electron
spin. Here f (r,v, ŝ, t) is the distribution function, µs = (gs/2)(qs~/2ms) is the magnetic
moment of particles of species s, ge = 2.002319 is the electron spin g-factor and ŝ is a unit
vector pointing in the direction of the spin. In the derivation of eq. (5.20), trigonometric
operators are expanded in powers of ~. Consequently, eq. (5.20) is the long scale limit of
a more complete quantum description, where long scale here means length scales larger
than the thermal de Broglie wavelength. The spin term proportional to ŝ · B in eq.
(5.20) describes effects of the spin dipole force, and the term proportional to ŝ × B owes
to the spin precession. Here we have also included the spin-orbit coupling by letting
B → B − c−2v × E which for strong magnetic fields can give a contribution of the same
order that of the pure magnetic field coupling.

In a spin plasma we have both a magnetization and a free contribution to the current.
Within kinetic theory we may write the current as

j = jfree + ∇× M

=
∑

s

[
qs

∫
vfsd

2sd3v + µs∇×
∫

ŝfsd
2sd3v

]
, (5.21)
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where M is the magnetization and the summation goes over all particle species.3

The QED modified equations of motion (4.1) together with the spin-plasma Vlasov
equation (5.20) and the expression of the current (5.21) closes the system. In linear
theory it is relatively simple to solve the system while also including effects of e.g. the
Fermi pressure. This is done by simply replacing the unperturbed Maxwellian distribution
with the Fermi-Dirac distribution.

In paper III we derive the dispersion matrix for a strongly magnetized spin plasma
within linear theory using the kinetic method outlined in Ref. [117]. We assume that
all resonances are far out in the tail of the distribution function, and we assume that
ωc ≫ ω where ωc = qB/m is the magnetic gyro frequency. It is found that QED and spin
effects are important in different plasma modes. Below we investigate the three principle
electromagnetic modes separately.

Parallel propagation: In this mode the QED contribution vanish completely, and the
spin effects as well as the classical plasma contribution are suppressed by the strong mag-
netic field. The propagation is essentially unaffected.

Orthogonal propagation, orthogonal polarization: The vacuum polarization effects
in this mode are small for all field strengths (see section 4.2) and the classical plasma
contribution is suppressed in the parameter regime considered. There is however a spin
contribution that survives and gives a correction to the phase velocity. To the leading
order the correction takes the form

v2
⊥ plasma = 1 −

ω2
p~

2

4m2c4
. (5.22)

For sufficiently high densities, this spin contribution could significantly influence the dy-
namics.

Orthogonal propagation, parallel polarization: This mode is highly affected by
both vacuum polarization effects and classical plasma effects, while the spin contribution
remains small. The dispersion relation (in dimensionless units) for this mode takes the
form

Ω =
[(

1 − γFK
2
)
/
(
−γF + γGGB

2
0

)]1/2
, (5.23)

where we have normalized the relevant parameters according to Ω = ω/ωpe and K =
ck/ωpe. This wave mode is classically not affected by the presence of a magnetic field, so
the magnetic field dependence in Fig. (5.2) is a vacuum polarization effect.

3When the spin-orbit coupling in eq. (5.20) is needed, sometimes a polarization current density, j
P

=
−µsc

−2∂t

∫
v × ŝfsd

2sd3v, might be needed in eq. (5.21) for consistency.
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Figure 5.2: Ω as a function ofK for increasing values of B/Bcrit for orthogonal propagation
in the parallel mode.
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Summary of Papers

Paper I

Using high-power lasers for detection of elastic photon-photon scattering

In this paper we investigate the possibility of detecting elastic photon-photon scattering
through four-wave mixing using high-power lasers. An experimental setup is suggested
where only a single high-power laser is needed in order to generate a signal distinguishable
both in frequency and direction from the source beams. This can be achieved through the
use of frequency doubling crystals. We derive expressions for the coupling coefficients for
four-wave mixing of plane electromagnetic waves in the nonlinear quantum vacuum and
we find an expression for the expected number of generated photons. Using parameters
for the Astra Gemini system at the Rutherford Appleton Laboratory it is found that
the signal can reach detectable levels. We briefly review problems associated with noise
sources, and it is found that the the noise level can in principle be reduced well below the
signal. Thus, this paper suggest that detection of elastic photon-photon scattering may
for the first time be achieved.

In this work I have partly been involved in modifying the results of Lundström’s master
thesis [133] to apply to the geometry suggested in this paper. I have also contributed to
this work with an estimate of the magnitude of competing scattering events.

Paper II

Analysis of four-wave mixing of high-power lasers for the detection of elastic
photon-photon scattering

This paper can be seen as an in depth expansion of paper I. Whereas paper I focus
on the prospect of generating a detectable signal using four wave mixing of high-power
lasers in vacuum, this paper focus more on the analysis of noise sources and how to distin-
guish the generated signal from noise. The magnitude of noise from competing scattering
events such as Compton scattering and collective plasma effects is estimated, and prob-
lems associated with shot-to-shot reproducibility are reviewed. It is found that detection
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of elastic photon-photon scattering should in principle be possible with the Astra Gemini
system.

Since this paper focuses more on the analysis of noise sources, which was my main
contribution to paper I, I am the first author of this paper.

Paper III

An effective action approach to photon propagation on a magnetized back-
ground

Here I consider strongly magnetized systems where the magnetic field is allowed to take on
arbitrary values, even exceeding the corresponding Sauter-Schwinger critical field strength.
Using an effective action approach, a new explicit analytical form of the dispersion re-
lation for photon propagation in the presence of a strong background magnetic field is
derived. In a vacuum environment, the analysis is exact within the linearization proce-
dure, the one-loop approximation, and the soft photon approximation. The result are also
incorporated in a spin plasma description to allow studies of vacuum polarization effects
in strongly magnetized plasmas.

This is the first paper in which I am the single author, and I have been quite inde-
pendent when working with the QED analysis and the section concerning vacuum bire-
fringence. When it comes to including the spin plasma model in the analysis I have
performed the calculations myself but I have had some invaluable supervision by Professor
Gert Brodin. I am also very grateful to Professor Holger Gies for a productive discussion.

Paper IV

Short wavelength quantum electrodynamical correction to cold plasma-wave
propagation

Here we consider plasma wave propagation of high-frequency low-amplitude waves such
that the non-linear quantum vacuum effects can be neglected compared to the disper-
sive QED effects due to a non-stationary field. The effect on plasma oscillations and on
electromagnetic waves in an unmagnetized as well as a magnetized cold plasma is inves-
tigated. Applications in dense astrophysical environments as well as the possibility of a
high precision experiment are discussed.

My contribution here has been to perform the analytical calculations leading to the
dispersion relations for the wave modes investigated in this paper. I have also been active
in the analysis of the results.
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Paper V

Short wavelength electromagnetic propagation in magnetized quantum plas-
mas

In this paper we consider, just as in paper IV, plasma wave propagation of high-frequency
low-amplitude waves such that derivative QED effects are included in the analysis. Here
we have a thermal multi-component quantum plasma. We derive a general dispersion
relation for arbitrary plasma modes and we find that, within the basic model used, any
wave mode can be modified to include quantum and derivative QED effects by simple
substitutions of the thermal velocity and the plasma frequency. We have also investi-
gated the difficulties with detection of derivative QED-corrections and quantum effects in
laboratory plasma regimes. It is found that even for low temperatures, dispersive effects
due to the Fermi velocity dominate in this regime. Since it is known that magnetars and
pulsars offer environments with extreme magnetic fields, we have modified the dispersion
relation to include also effects of strong magnetic fields. The dispersion relations for the
two plasma modes likely to dominate in these environments has been derived. It is found
that the derivative QED-correction will give rise to dispersion in these wave modes, which
otherwise would be dispersionless in the zero temperature limit. Furthermore, it is found
that strong magnetic fields will induce dispersive effects in vacuum, owing to the derivative
QED-correction.

In this paper, I have performed the analytical calculations starting from the modified
fluid equations leading to the generalized dispersion relation. I have also performed a big
part of the analysis of the results.

Paper VI

Circularly polarized waves in a plasma with vacuum polarization effects

Since circularly polarized waves can be exact solutions to the fluid and Maxwell’s equa-
tions they allow for the possibility to study large amplitude waves propagating along the
magnetic field lines. Here we have included relativistic and vacuum polarization effects
in the analysis and we derive a dispersion relation which is exact within the basic model
we have used. When considering specific regimes, our dispersion relation unites many
previous works in a single formalism. Possible applications are discussed, in particular
applications to the next generation of free electron lasers (FELs).

I have contributed to this work by performing the analytical calculations leading to the
dispersion relation. I have also been involved in relating this work to the work of others.
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(1981).

[44] P. K. Shukla, M. Marklund, D. D. Tskhakaya, and B. Eliasson, Phys. Plasmas 11,
3767 (2004).

[45] W. Dittrich, and H. Gies, Phys. Rev. D 58, 025004 (1998).

[46] M. Marklund, P. K. Shukla, and B. Eliasson, Europhys. Lett. 70, 327 (2005).

[47] T. H. Stix, Waves in Plasmas (Springer-Verlag, New York, 1992).

[48] R. G. Littlejohn, and W. G. Flynn, Phys. Rev. Lett. 70, 1799 (1993).

[49] J. Weiland, and K. H. B. Wilhelmsson, Coherent Nonlinear Interaction of Waves in
Plasmas (Pergamon Press, New York, 1977).

[50] A. Hasegawa, Plasma Instabilities and Nonlinear Effects (Springer-Verlag, 1975).

[51] F. W. Byron, and R. W. Fuller, Mathematics of Classical and Quantum Physics
(Dover publications, New York, 1992).

[52] Y. J. Ding, and A. E. Kaplan, Phys. Rev. Lett. 63, 2725 (1989).

[53] Y. J. Ding, and A. E. Kaplan, Int. J. Nonlinear Opt. Phys. 1, 51 (1992).

[54] G. Brodin, M. Marklund, and L. Stenflo, Phys. Rev. Lett. 87, 171801 (2001).

[55] D. Eriksson, G. Brodin, M. Marklund, and L. Stenflo, Phys. Rev. A 70, 013808
(2004).



56 BIBLIOGRAPHY

[56] B. Shen, M. Y. Yu, and X. Wang, Phys. Pasmas 10, 4570 (2003).

[57] A. Di Piazza, K. Z. Hatsagortsyan, and C. H. Keitel, Phys. Rev. Lett. 97, 083603
(2006).

[58] E. B. Alexandrov, A. A. Anselm, and A. N. Mosalev, Zh. Eksp. Fiz. 89, 1181 (1985)
[Sov. Phys. JETP 62, 680 (1985)].

[59] A. E. Kaplan, and Y. J. Ding, Phys. Rev. A 62, 043805 (2000).

[60] N. N. Rozanov, Zh. Eksp. Teor. Fiz. 103, 1996 (1993) [JETP 76, 991 (1993)].

[61] D. Tommasini, A. Ferrando, H. Michinel, and M. Seco, J. High Energy Phys. 11, 043
(2009).

[62] S. L. Adler, J. N. Bahcall, C. G. Callan, and M. N. Rosenbluth, Phys. Rev. Lett. 25,
1061 (1970).

[63] R. L. Dewar, Phys. Rev. A 10, 2107 (1974).

[64] F. Moulin, and D. Bernard, Opt. Comm. 164, 137 (1999).

[65] A. Di Piazza, K. Z. Hatsagortsyan, and C. H. Keitel, Phys. Rev. D 72, 085005 (2005).

[66] D. Bernard, F. Moulin, F. Amiranoff, et al., Eur. Phys. J. D 10, 141 (2000).

[67] Vulcan Glass Laser,
http://www.clf.stfc.ac.uk/New+Initiatives/14764.aspx, 2010-08-03.

[68] T. Erber, Rev. Mod. Phys. 38, 626 (1966).

[69] S. L. Adler, Ann. Phys. 67, 599 (1971).

[70] Z. Bialynicka-Birula, and I. Bialynicki-Birula, Phys. Rev. D 2, 2341 (1970).

[71] W.-Y. Tsai, and T. Erber, Phys. Rev. D 12, 1132 (1975).

[72] Z. Bialnicka-Birula, Acta Phys. Polon. A57, 729 (1980).

[73] K. Kohri, and S. Yamada, Phys. Rev. D 65, 043006 (2002).

[74] A. Y. Potekhin, D. Lai, G. Chabrier, and W. C. G. Ho, Astro. Phys. J. 612, 1034
(2004).

[75] Y. M. Cho, D. G. Pak, and M. L. Walker, Phys. Rev. D 73, 065014 (2006).

[76] A. E. Shabad, and V. V. Usov, Phys. Rev. Lett. 96, 180401 (2006).



BIBLIOGRAPHY 57

[77] Y. M. Cho, and D. G. Pak, Phys. Rev. Lett. 86, 1947 (2001); 90, 199902(E) (2003).

[78] S.-W. Hu, and B.-B. Liu, J. Phys. A: Math Theor. 40, 13859 (2007).

[79] D. R. Lamm, S. R. Valluri, U. D. Jentschura, and E. J. Weniger, Phys. Rev. Lett.
88, 089101 (2002).

[80] Y. M. Cho, and D. G. Pak, Phys. Rev. Lett. 91, 039101 (2003).

[81] S. R. Valluri, D. R. Lamm, and W. J. Mielniczuk, Can. J. Phys. 71, 389 (1993).

[82] I. S. Gradshteyn, and I. M. Ryzhik, Tables of Series, Products and Integrals (Verlag
MIR, Moskow, 1981).

[83] D. M. Palmer, S. Barthelmy, N. Gehrels, et al., Nature 434, 1107 (2005).

[84] A. Reisenegger, RevMexAA (Serie de Conferencias) 35, 139 (2009).

[85] D. R. Nicholson, Introduction to Plasma Theory (John Wiley & Sons Inc, 1983).

[86] F. F. Chen, Introduction to Plasma Physics and Controlled Fusion (Plenum Press,
New York, 1984).

[87] A. A. Galeev, and R. Z. Sagdeev, Handbook of Plasma Physics Vol. 1, eds. M. N.
Rosenbluth, R. Z. Sagdeev, A. A. Galeev, and R. N. Sudan, (Elsevier, North-Holland,
1984), pp. 667-731;
V. E. Zakharov, Handbook of Plasma Physics Vol. 2, eds. M. N. Rosenbluth, R. Z.
Sagdeev, A. A. Galeev, and R. N. Sudan, (Elsevier, North-Holland, 1984), pp. 3-36.

[88] P. G. Drazin, and R. S. Johnson, Solitons: an Introduction (The Press Syndicate of
the University of Cambridge, Cambridge, 1989).

[89] V. E. Zakharov, Handbook of Plasma Physics Vol. 2, eds. M. N. Rosenbluth, R. Z.
Sagdeev, A. A. Galeev, and R. N. Sudan, (Elsevier, North-Holland, 1984), pp. 81-121.

[90] R. C. Davidson, H.-W. Chan, C. Chen, and S. Lund, Nonlinear and Relativistic
Effects in Plasmas, ed. V. Stefan, (American Institute of Pysics, New York, 1992),
pp. 425-453.

[91] M. Marklund, and P. K. Shukla, Rev. Mod. Phys. 78, 591 (2006).

[92] O. Shorokhov, P. Pukhov, and I. Kostyukov, Phys. Rev. Lett. 91, 265002 (2003).

[93] S. V. Bulanov, T. Esirkepov, and T. Tajima, Phys. Rev. Lett. 91, 085001 (2003).

[94] P. K. Shukla, B. Eliasson, and M. Marklund, J. Plasma Physics 71, 213 (2005).



58 BIBLIOGRAPHY

[95] V. I. Beskin, A. V. Gurevich, and Ya. N. Istomin, Physics of the Pulsar Magneto-
sphere (Cambridge University Press, Cambridge, 1993).

[96] E. Asseo, Plasma Phys. Controlled Fusion 45, 853 (2003).

[97] C. Kouveliotou, S. Dieters, T. Strohmayer, et al., Nature 393, 235 (1998).

[98] A. Di Piazza, K. Z. Hatsagortsyan, and C. H. Keitel, Phys. Plasmas 14, 032102
(2007).

[99] L. Stenflo, Phys. Scr. 14, 320 (1976).

[100] D. Pines, J. Nucl. Energy C: Plasma Phys. 2, 5 (1961) .

[101] D. Pines, Elementary Excitations in Solids (Westview Press, Oxford, 1999).

[102] D. Kremp, M. Schlanges, and W. D. Kraeft, Quantum Statistics of Noniedal Plasmas
(Springer, Berlin, 2005).

[103] B. Bezzerides, and D. F. DuBois, Ann. Phys. (N.Y.) 70, 10 (1972).

[104] R. Hakim, and J. Heyvaerts, Phys. Rev. A 18, 1250 (1978).

[105] P. A. Markovich, C. A. Ringhofer, and C. Schmeiser, Semiconductor Equations
(Springer-Verlag, New York, 1990).

[106] H. G. Craighead, Science 290, 1532 (2000).

[107] M. P. Robinson, B. Laburthe Tolra, M. W. Noel, T. F. Gallagher, and P. Pillet,
Phys. Rev. Lett. 85, 4466 (2000).

[108] T. C. Killian, Nature (London) 441, 297 (2006).

[109] W. Li, P. J. Tanner, and T. F. Gallagher, Phys. Rev. Lett. 94, 173001 (2005).

[110] R. S. Fletcher, X. L. Zhang, and S. L. Rolston, Phys. Rev. Lett. 96, 105003 (2006).

[111] D. Kremp, Th. Bornath, M. Bonitz, and M. Schlanges, Phys. Rev. E 60, 4725
(1999).

[112] A. V. Andreev, JETP Lett. 72, 238 (2000).

[113] Y.-D. Jung, Phys. Plasmas 8, 3842 (2001).

[114] M. Opher, L. O. Silva, D. E. Dauger, V. K. Decyk, and J. M. Dawson, Phys. Plasmas
8, 2454 (2001).



BIBLIOGRAPHY 59

[115] G. Chabrier, F. Douchin, and A. Y. Potekhin, J. Phys. Condens. Matter 14, 9133
(2002).

[116] G. Brodin, and M. Marklund, New J. Phys 9, 277 (2007).

[117] G. Brodin, M. Marklund, J. Zamanian, Å. Ericsson, and P. L. Mana, Phys. Rev.
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