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and formal reasoning in the case of derivative 
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Abstract: The arguments constructed in mathematical reasoning may be either formal or 

informal: They may be based either on definitions, axioms and previously proven theorems or 

on concrete interpretations of mathematical concepts and situations. In addition, arguments 

may be superficial or deep. Results shared in this paper are from three different studies in 

which both students’ skills to produce informal and formal arguments and their tendencies to 

choose between informal and formal reasoning in problem solving situations were studied. 

The students in all these studies were Finnish high school pre-service mathematics teachers, 

and the data was collected by using a written test and videotaped interviews. The tasks used 

were about the concept of derivative. Results of the studies indicated that the students’ skills 

to produce informal and formal arguments were dependent on each other. The difference 

between the levels of these skills was not significant, but several students had a tendency to 

avoid the use of the formal definition of derivative, which led to difficulties in problem 

solving situations. However, this tendency could not be explained by the students’ inadequate 

skills to handle the definition of derivative. 

Key words: argumentation, definition, derivative, informal and formal, mathematical 

reasoning, problem solving,  

1 Introduction 

Very often theoretical mathematical knowledge does not appear to have any 

connection to the empirical world in which we live. The definitions of the 

concepts and theorems with their proofs may be fully abstract, at least in the 

form in which they are presented in textbooks, in lectures or in research papers. 
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It may be difficult, even for an experienced mathematician, to recognize how 

these definitions and theorems could be connected to any phenomena in real life. 

From this point of view, it is well understandable that many students feel 

mathematics to be odd and difficult. However, in order to preserve the 

unambiguousness of mathematics, its scientific nature has to be retained exact, 

detailed and abstract.   

On the other hand, mathematics is widely applied in other subject areas such as 

physics, technology and economy. So, without any doubt, it has an important 

role in society. Therefore, mathematics cannot be considered as an isolated 

abstract construction. When mathematics is applied, it is crucial to understand 

the connections between the theory of mathematics and the field in which 

mathematics is needed. Usually this requires that mathematical concepts and 

results have to be interpreted by using visual, physical or other representations. 

Different representations have also a very important role in mathematical 

thinking in general (Goldin, 1998; 2008; Goldin&Kaput, 1996; Hähkiöniemi, 

2006a; 2006b). 

In this paper mathematics is viewed from two perspectives. According to the 

first view, mathematics is a formal axiomatic system with definitions, axioms 

and theorems with their proofs. If we look from this point of view, working with 

mathematics means applying different rules and techniques, checking details 

and using mathematical notations. According to the second view, working with 

mathematics is creative problem solving, in which different kind of 

interpretations based on more or less concrete representational systems (Goldin, 

1998) are used. In the first view, mathematics is seen as a system, whereas in the 

second view it is seen rather as a process.  

In this paper we will report on Finnish mathematics teacher students’ skills and 

preferences with respect to both these views in the connection of the concept of 
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derivative. We will discuss how well the students are able to produce informal 

and formal arguments and how they use informal and formal reasoning in 

problem solving situations when the way of reasoning is not determined. Results 

shared in this paper are from three different studies. The first one is a 

quantitative study concerning students’ skills to produce informal and formal 

arguments. It is based on the analysis of the results of a written test. In two other 

studies students’ reasoning processes are analyzed more deeply. These studies 

are based on interviews of some participants of the test. In the interviews 

students had a freedom to choose between informal and formal approaches when 

they solved problems. All these three studies are reported elsewhere 

(Viholainen, 2006: Viholainen, 2007: Viholainen, 2008a: Viholainen, 2008b), 

but, in this paper, the goal is to collect them all together and discuss the 

significance of them. 

The subjects in these studies are considered as students of mathematics on one 

hand, and as prospective subject teachers on the other. The findings of this study 

concern features of university students’ mathematical reasoning, but, because 

the subjects were studying according to teacher education programs, and, most 

of them were in the middle or in the final phase of their studies, they tell also 

about prospective mathematics teachers’ subject matter knowledge. In addition, 

the knowledge about different interpretations and representations and about their 

potential in mathematical thinking can also be seen as a factor of pedagogical 

content knowledge (Shulman, 1986: 1987). 

2 Theoretical framework 

2.1 Definitions for informal and formal arguments 

According to Toulmin’s (2003) model of argumentation (according to its 

simplest version), an argument includes three main elements: The data is the 

information concerning the initial state (assumptions), the conclusion is the 
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claim which is argued, and the warrant is an explanation for why the data 

necessitates the conclusion. By applying this model, I have classified arguments 

to informal and formal ones according to the foundations of their warrants. The 

definitions are the following: 

– An argument is formal, if its warrants are based on definitions, axioms, 

previously proven theorems and the given data, i.e. warrants are based on 

elements of the formal axiomatic system of mathematics.  

– An argument is informal, if its warrants are based on the use of informal 

interpretations of mathematical concepts and situations the argument is 

concerned with. By informal interpretations I mean (more or less) 

concrete counterparts for mathematical concepts which are based on 

different representational systems and which help an individual to 

interpret and understand the abstract mathematical problem field.  

An argument can be superficial or deep independently from it being formal or 

informal. The level of deepness depends on the level in which the argument is 

connected to the formal axiomatic system of mathematics. A formal argument is 

deep, if it is based on definitions, axioms and previously proven results so that 

all the details, like conditions of definitions and theorems, are taken into 

account. The level of deepness of an informal argument, for one, is dependent 

on how the used informal interpretations are evaluated with respect to their 

formal definitions. In a deep informal argumentation the warrants are based on 

informal interpretations, but the used interpretations are justified on the basis of 

the elements of the formal axiomatic system. In this way, a deep informal 

argument is connected also to the formal side of mathematics. 

Arguments are essential elements in reasoning. On the basis of the classification 

of arguments presented above, it is possible to define that formal reasoning is 

reasoning whose arguments are formal, and that informal reasoning is reasoning 

Markku Hannula� 7/29/10 10:31 PM

Antti Viholainen� 7/29/10 10:31 PM

Comment: It might be a good idea to relate your 
view with those of Vinner and Tall (concept image, 
three worlds) 

Comment: Vastaus yllä olevaan kommenttiin: 
Olen lisännyt lukuun 2.2 vertailun Tallin ja Vinnerin 
jaotteluun concept image/ concept definition. 



 5 

whose arguments are informal. Correspondingly, the reasoning can be said to be 

superficial or deep depending on what kind of arguments are used in it. 

2.2 Other more or less corresponding classifications 

The classification of arguments defined above is based on the two views of 

mathematics presented in Section 1. In the literature of mathematics education, 

several similar classifications have been presented. Next some of them are 

shortly reviewed. 

Tall and Vinner (1981) have separated reasoning based on a concept definition 

from reasoning based on a concept image. To some extent, this classification is 

similar to mine. However, according to Tall and Vinner, a concept image 

consists on an individual’s personal conceptions about a concept, whereas the 

elements used in informal reasoning are quite often based on generally shared 

interpretations. On the other hand, formal reasoning consists the use of all the 

formal elements of mathematics, not only the definitions. Tall and Vinner were 

especially interested in the contrast between the definition and students’ 

inadequate or erroneous conceptions, whereas the goal of my classification is to 

separate two different ways of arguing, which both have their own purposes in 

the learning of mathematics and in mathematical reasoning. 

When studying the process of a proof production, Raman (2003) has used terms 

a private argument and a public argument. A private argument is based on 

heuristic ideas, which give “a sense of understanding, but not conviction” (p. 

322). A public argument, for one, is based on procedural ideas (logic and 

formal manipulations), which leads to a formal proof. It has to be sufficiently 

rigorous for a particular mathematical community. As well, in the connection of 

a proof production, Weber and Alcock (2004) have distinguished syntactic and 

semantic knowledge. The syntactic knowledge refers to skills needed in drawing 

inferences by manipulating symbolic formulae in a logically permissible way, 

Antti Viholainen� 7/29/10 10:31 PM
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and the semantic knowledge means knowledge about the potentials of different 

instantiations1 of mathematical concepts, which can be used as a guide for the 

syntactic proof production. By using semantic knowledge, an individual can in a 

meaningful way make sense of the claim to be proven, get suggestions about 

inferences that could be drawn and become convinced at an intuitive level about 

the truth of the claim.  

Rodd (2000) has presented a classification based on the effect that an argument 

has on an individual. According to her, a justification is an argument that gives a 

reason to believe that a claim ought to be true, that is to say, it has an effect on 

intuitive beliefs. Instead, a warrant is an argument, which exhibits a logical 

inference chain showing the truth of the claim and thus convinces an individual 

that the claim is undoubtedly true2.  

Both private arguments, which are based on heuristic ideas in Raman’s 

terminology, semantic knowledge, which is needed in proof production in 

Weber’s and Alcock’s classification, and justifications, which according to 

Rodd influence personal beliefs, are all connected to intuitive and holistic 

argumentation. They all bring out the importance of different representations in 

mathematical reasoning and the view of mathematics as a creative process. 

Therefore, they are essential factors in informal reasoning. In contrast, public 

arguments, syntactic knowledge and warrants refer to general and rigorous, but 

yet procedural argumentation. They bring out the importance of rules and rigor 

and the view of mathematics as a system. They are thus important in formal 

reasoning.  

                                           
1 According to Weber and Alcock, the term ‘instantiation’ means “a systematically repeatable 
way that an individual thinks about a mathematical object, which is internally meaningful to 
that individual” (Weber and Alcock, 2004; p. 210). The instantiations may be considered 
either through their physical representations or through mental images. 
2 Note that the term ‘warrant’ has a different meaning in Rodd’s terminology and in 
Toulmin’s model of argumentation. In Toulmin’s model, a justification defined according to 
Rodd could also be treated as a warrant. 
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In addition, Davis and Hersh (1981) and Hanna (1990), among others, have 

distinguished between arguments which explain (help to understand) and 

arguments which convince (remove all doubt about the truth of a claim). Also 

this division is analogical with the abovementioned categorizations. 

Furthermore, Weber and Alcock draw an analogy between their own 

classification and Skemp’s (1976) classification, in which a distinction between 

instrumental understanding (understanding what to do) and relational 

understanding (understanding why to do) is made. This classification, for one, is 

analogous to the classification of mathematical knowledge into procedural and 

conceptual knowledge (Hiebert and Lefevre, 1986: Haapasalo and Kadijevich, 

2000), and, at least to some extent, to the classification of mathematical 

reasoning into imitative and creative reasoning (Lithner, 2008).  

Each of the mentioned classifications has been created for their own purpose, 

and thus the classifications are not identical at all. However, each of them 

contrasts two different sides of mathematics. Most of the earlier classifications 

have been applied when different elements of the process of mathematical 

reasoning have been studied. However, in this study, the purpose was to classify 

different arguments on the basis of their products, independently of the process 

they have been constructed. For that reason, the explicit warrants of the 

arguments (according to Toulmin’s model) were used as the main criterion in 

the classification. On the basis of this classification, it was possible to study 

students’ abilities to construct different arguments. 

2.3 Connections between informal and formal arguments – a challenge for 

students 

It is important to notice that very often the final products of proofs and 

explanations include both informal and formal elements. In addition, in 

mathematical thinking informal and formal arguments often underpin each 
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other. Informal interpretations and informal arguments may be used in 

explaining mathematical knowledge expressed in the formal form, and, informal 

ideas are also needed when formal proofs are constructed. However, it is very 

challenging especially for students to see connections between informal and 

formal sides of mathematics.  

According to Raman (2003), professional mathematicians are able to see 

connections between informal and formal arguments so that when a 

mathematician recognizes a heuristic idea based on informal arguments, he/she 

usually has no problems to translate it into a formal proof. Respectively, a 

mathematician often easily recognizes informal ideas through formal proofs. 

Thus, it is possible for a mathematician to utilize informal and formal 

argumentation simultaneously in their work. According to Raman, proof 

productions of mathematicians are essentially based on key ideas, which are 

links between heuristic ideas and formal arguments3. When comparing 

reasoning of mathematicians and college students, Raman noticed that students 

usually considered informal and formal arguments separately so that it seemed 

that they were not able to utilize informal arguments in producing formal proofs.  

Correspondingly, Weber and Alcock (2004) found that doctoral students utilized 

various informal interpretations4 in their reasoning whereas undergraduates 

mainly used only formal definitions. Stylianou and Dubinsky (1999) found that 

many students had difficulties in analyzing visual representations, and, 

therefore, they could not utilize visualization in problem solving. Instead, 

mathematicians tend to use visualization in a very systematic way, so that in 

their reasoning the visual and analytic steps are very closely connected and they 

interact with each other (Stylianou, 2002). Stylianou and Silver’s (2004) study 
                                           
3 According to Raman, a key idea is “an heuristic idea which one can map to a formal proof 
with appropriate sense of rigor. It links together the public and private domains, and in doing 
so gives a sense of understanding and conviction.” (Raman, 2003; p. 323) 
4 Weber and Alcock use the term ‘instantiation’. See footnote 1. 
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revealed that students considered visual representations useful mostly in 

geometric problems, whereas mathematicians saw a wider variety of problems 

where visualization could be used. As well, Eisenberg and Dreyfus (1991) and 

Vinner (1989), have reported students’ tendencies to avoid the use of 

visualization in problem solving. 

On the other hand, Vinner (1991) and Pinto (1998) have reported about 

students’ tendencies to avoid the use of definitions. Juter (2005) and Tsamir, 

Rasslan and Dreyfus (2006) have reported on cases in which university students 

used arguments and methods, which were not connected to theoretical 

knowledge, and such reasoning led to erroneous conclusions. However, in 

another context it had turned out that the students possessed all the necessary 

theoretical knowledge. These studies concerned the area of analysis: the concept 

of limit (the studies by Pinto and Juter) and the concept of derivative (the studies 

by Vinner and Tsamir et al.). 

Therefore, it seems that students’ reasoning is usually confined either to formal 

or informal reasoning. It is difficult for students to change from informal to 

formal reasoning or vice versa in a problem solving situation. 

3 Method 

The data used in the studies presented in this paper consists of written test 

answers and videotaped interviews. The written test was conducted at six 

Finnish universities between October 2004 and March 2005. At five universities 

the test was conducted at a lecture, which belonged to teacher education studies. 

At these universities, all the students who were studying the course were 

expected to attend the lectures and take the test. At one university, the test was 

given during a lecture of a mathematics education course, but participation was 

voluntary. The total number of participants of the test was 146. All the 

participants were studying in a teacher education program, and majority (about 
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60 %) of them were majoring in mathematics. The sample as a whole is quite 

extensive, because in Finland about 150-250 subject teacher students, who have 

mathematics either as a major or minor, graduate yearly. All the participants had 

completed at least 35 ECTS5 credits in mathematics. In fact, most of the 

participants were in the middle or final phase in their studies. The interviewees 

were selected among the participants of the test. The main criterion in the 

selection was the goal to select students with different levels of success in the 

test, but students’ possibilities and willingness to take part in the interviews 

were also taken into account. Together 21 students were interviewed. 

The mathematical context consisted mainly of the concepts of derivative and 

differentiability. The concept of continuity was also in some tasks considered. 

The written test included together six tasks, but in this paper we will consider 

only two of them. In these two tasks, a claim was given, and the students were 

asked to construct both informal (visual) and formal argument to it. The tasks 

were the following: 

1. a) How would you explain, by using graphical interpretations, why the 

derivative of a constant function is equal to zero everywhere? 

b) Prove the same by using the formal definition of derivative. 

2. Claim: Let f:R→ R be a differentiable function and x0 ∈ R be given. Then  

a) How would you visually argue this claim, by using a diagram? 

b) Prove the claim formally by using the definition of derivative. 

In the interviews the meaning of derivative and some informal interpretations 

connected to it were discussed. In addition, students were asked to study if some 

given functions were continuous/differentiable or not. In Sections 4.2 and 4.3 

                                           
5 ECTS refers to European Credit Transfer and Accumulation System. 
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some of these tasks are presented. Interviewee’s test answers were also 

discussed. Because the time in the interviews was limited, and the students’ 

performances were different, it was not possible to consider all the tasks with all 

the students. Both in the written test and the interviews the definitions of 

derivative and differentiability were given to students. Therefore, the students 

did not have to remember them. 

4 Results 

4.1 Students’ skills to construct informal and formal arguments 

The answers to all the tasks presented above (1a, 1b, 2a and 2b) were graded by 

using an integer scale 0-2. The main principle in the grading was that two points 

was given if the answer was fully acceptable and one point was given if the 

main idea in the answer was correct. More detailed criteria for the grading are 

presented in Viholainen (2008b). Because in the tasks 1a and 2a informal 

arguments were asked to construct, the scores from these tasks were added 

together resulting in a variable which indicated the ability to produce informal 

arguments concerning the concept of derivative. Respectively, the scores from 

the tasks 1b and 2b produced a variable, which indicated the ability to prove 

claims formally. The values of these two variables varied then between 0-4. 

Table 1: Distributions (%), means and standard deviations of the received 
scores. 

 Points     
0 1 2 Mean St. dev. 

1a 11.6 46.6 41.8 1,30 .67 
1b 21.2 13.0 65.8 1.45 .82 
2a 66.4 19.2 14.4 .48 .74 
2b 61.0 23.3 15.8 .55 .75 

1a+2a    1.78 1.14 
1b+2b    1.99 1.29 
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The proportional distributions presented in Table 1 shows that the task 2 was 

clearly more difficult than the task 1. According to Wilcoxon’s signed ranks test 

(two-tailed), the differences were very significant both between the tasks 1a and 

2a (Z = -8.31, p < .001), between the tasks 1b and 2b (Z = -8.19, p < .001) and 

between the combined scores 1a+1b and 2a+2b  (Z = -9.41, p < .001 . Almost 

three fourths (74,6 %) of the students received at least one point from both the 

tasks 1a and 1b, that is to say, students were able to present both an informal and 

a formal argument for this claim at least in a partially acceptable way. Instead, 

almost half (48,6 %) of the students received zero points from both the tasks 2a 

and 2b.  

The difference in success between the informal and the formal tasks showed to 

be not significant. This was studied by comparing results of the tasks 1a and 1b, 

2a and 2b, and 1a+2a and 1b+2b with Wilcoxon’s signed ranks test. None of 

these differences could be considered statistically significant. 

It was found that the success in the informal tasks and the success in the formal 

tasks were dependent. The correlations (Spearman’s rho) were very significant 

both between scores from the tasks 1a and 1b (r(144) = .30, p < .001), between 

scores from the tasks 2a and 2b (r(144) = .34, p < .001) and between the total 

informal scores 1a+2a and the total formal scores 1b+2b (r(144) = .42, p < 

.001). More detailed analysis also revealed that altogether 14 students received 

at least three points from the formal tasks but at most one point from the 

informal tasks. This indicates that it was possible to have a good success in the 

formal tasks even though the success in the informal tasks was poor. On the 

other hand, none of students who received at most one point from the formal 

tasks received four points from the informal tasks, and only three of them 

received three points. In Viholainen (2008b) this result has been interpreted in 

the following way: “A poor success in the formal tasks seemed to imply a poor 
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success also in the informal tasks, but a good success in the formal tasks did not 

indicate a good success in the informal tasks” (p. 79). 

4.2 Students’ preferences to choose between informal and formal approaches 

In the interviews, students were given the following question: 

Let   

Is the function f differentiable? 

As mentioned in Section 3, all the questions were not presented in all the 

interviews. This task was conducted with 18 students.  

In the case of this problem, no introduction was given beforehand to the 

students, but they were free to choose any methods to solve the problem. In fact, 

the goal was to study to what extent do the students use informal and to what 

extent do they use formal methods when they try to solve this problem. The 

findings were the following: 

– Three students applied only a formal method based on the definition of 

derivative. They all managed to solve the problem. 

– Three students applied only an informal method based on the graph of 

the function. One of them managed to solve the problem. 

– Six students started by an informal method, but when they did not 

manage to get a convincing solution, they switched to a formal method. 

By using a formal method, two of them managed to solve the problem. 

– The rest six students tried to apply some incorrect method. For example, 

three of them studied only continuity of the function and one of them 

tried to find out if the derivative of the function x4cos(1/x3) had a limit at 

zero. 
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In all the informal attempts, the student first tried to sketch the graph of the 

function and then to draw conclusions on the basis of it. The students tried to 

study the shape of the graph near origin: For example, they tried to find out if 

the graph had a jump or a corner in origin or how it oscillated near origin. Most 

of the students presented no conclusion, or they presented conclusions with 

very weak arguments. For example, two of the students concluded that the 

function was not differentiable, because it oscillated so much near zero. The 

definition of derivative had no role in the unsuccessful solving attempts. 

The only successful informal reasoning was the following: By analyzing 

graphs, the student understood that the function f oscillated between the 

functions –x4 and x4. Because these functions intersected at zero, the function f 

had to be continuous. Then the student analyzed secant lines going through the 

points (0,0) and (h, f (h)). He reasoned that the secant line was in its steepest 

position when it touched either the graph of the function –x4 or the graph of the 

function x4. Therefore, when h approached zero, the secant line pivoted to a 

horizontal position. Thus, the graph of the function f had a tangent line at the 

point x=0. In this reasoning, the limiting process in the definition of derivative 

was interpreted visually. The used visual interpretation was then justified by the 

definition. Thus, this reasoning can be considered as an example of a deep 

informal reasoning (see Section 2.1). 

Altogether, nine students attempted to solve this problem by applying a formal 

method and five of them succeeded. Likewise, nine students attempted to solve 

it informally, but only one of them succeeded. It is also notable that none of the 

students started by a formal method and switched from it to an informal 

approach.  

Those three students who applied only formal method (and did it successfully) 

had completed a lot of credits in university mathematics (60, 119 and 130 
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Finnish credits) with good grades. In addition, their test success both in the 

informal and in the formal tasks was good (at least three points both from the 

informal and from the formal tasks). 

The analysis of test results gives no reason to conclude that among the nine 

students who started by an informal method the test success would have been 

better in the informal tasks than in the formal tasks. In fact, five of these 

students received full points from the formal tasks in the test. 

In order to summarize this study, the following conclusion could be made: The 

given task proved to be easier to solve formally than informally. Despite of that, 

many students seemed to have a tendency for an informal approach when they 

tried to solve it. On the basis of students test success, this tendency cannot be 

explained by students’ potential skills to handle the concept of derivative 

informally and formally. 

More detailed analysis of this study is presented in Viholainen (2007). 

4.3 Two examples of incorrect reasoning methods 

In this section we will summarize the analysis of the reasoning of two students, 

which is discussed with more details in Viholainen (2006) and Viholainen 

(2008a). These case studies illustrate that reasoning may be logical and 

internally coherent but, despite of that, too confined so that it leads to erroneous 

conclusions. 

In the interviews with these two students, Mark and Theresa (pseudonyms), the 

differentiability of the following functions was considered: 



 16 

 

The graph of the function f1 has a jump, and the graph of the function f2 has a 

corner but no jump. The graph of the function f3 is a parabola with a hole. The 

graph of the function f4 has a jump like the graph of the function f1, but the slope 

is same in the both parts of the graph. Both the formulas and the graphs of these 

functions were given to the students, and the students were asked to study, if 

these functions were differentiable or not. 

Mark’s method to solve these problems was to differentiate both the expressions 

by using differentiation rules and then to check if the differentiated expressions 

obtained equal values at the point in which the expression was changed in the 

definition of the function. For instance, in the case of the function f1, Mark’s 

reasoning was: The derivatives of the given expression were 1 and -2. They 

were unequal at the point x=1 in which the expression was changed, and, 

therefore, the function f1 was not differentiable. In the cases of the functions f1, 

f2 and f3 this method seemed to work very well. Mark also had a strong 

confidence that his method was correct and compatible with the definition of 

derivative. 

In the case of the function f4 the use of this method leaded to an erroneous 

conclusion: Mark reasoned that because the derivates of both the expressions 

were equal, the function was differentiable. However, this conclusion was not 

easy for Mark, because he had a conception that a differentiable function had to 

be continuous, and he saw that the function f4 was discontinuous. This conflict, 

yet, did not break Mark’s confidence in his method, but he began to doubt his 
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memory about the relationship between continuity and differentiability. Thus, he 

began to search for another example of a discontinuous differentiable function. 

Finally, he decided to apply explicitly the definition of derivative. However, he 

calculated the limits of the difference quotient for the expressions x and x+1 

separately in the way presented in Figure 1. After that he concluded that his 

memory had to be wrong and a differentiable function did not need to be 

continuous. 

 

Figure 1: Mark’s calculation when he explored the differentiability of the 
function f4 at the point x=1 by applying the definition of derivative. 

Theresa’s method was to study on the basis of the graph of the function, if it was 

possible to draw a tangent line at all the points in the graph. As well, this 

method seemed to work very well, and Theresa had a strong confidence in her 

method. In the case of the functions f1 and f4, she reasoned that it was not 

possible to draw a tangent line to the graph at the point where the jump 

happened. Correspondingly, she reasoned that it was not possible to draw a 

tangent line to the corner in the graph of the function f2. However, in the case of 

the function f3, she reasoned that it was possible to draw a tangent line also at 

the point x=4: She drew a tangent line to the parabola as if there was not a hole. 

At the beginning of the interview Theresa thought that some theorem concerning 

the relationship between continuity and differentiability existed, but she did not 

remember what it said. However, she thought it said either that continuity 
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presumed differentiability or that differentiability presumed continuity. In the 

interview session she, yet, thought she had found both a continuous non-

differentiable function (the function f1) and a discontinuous differentiable 

function (the function f3), and, therefore, she concluded her memory had to be 

wrong: There could be no theorem concerning the relationship between 

continuity and differentiability. 

Mark’s method can be considered formal, because warrants of the arguments 

were based on differentiation rules, that is to say, on previously proven results 

(see Section 2.1). However, the conditions of these rules were not checked, and 

they were in no way related to the definition of derivative. Therefore, perhaps 

excluding the moment when Mark tried to argue differentiability of the function 

f4 on the basis the definition of derivative, his reasoning can be considered 

superficial. Theresa’s method was based on the visual interpretation for the 

differentiability as a possibility to draw a tangent line. Thus, it was clearly 

informal. However, Theresa took for granted the concept of tangent. She did not 

try to define it or to connect it to the definition of derivative. Thus, Theresa’s 

reasoning, also, was superficial. 

Both Mark and Theresa preferred other methods than the explicit use of the 

definition of derivative. Theresa did not use the definition at all, and Mark used 

it only as a last resort to solve the conflict in the case of the function f4. 

However, in other situations during the interviews both students performed 

several calculations in which they applied the definition of derivative. Even 

though in these situations the suggestion to use the definition came from the 

interviewer, this shows that the students were able to handle the definition of 
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derivative.6 Therefore, it is not possible to reason that poor skills to use 

definition would have be a reason for the tendency to prefer other methods. 

5 Discussion 

If the students are seen as learners of mathematics, the most important finding is 

the students’ tendency to avoid the use of the definition of derivative. This 

tendency was observed in the last two studies presented above. The study 

presented in Section 4.2 showed that nine of twelve students who applied some 

correct method preferred an informal approach instead of using the definition of 

derivative. This tendency hindered the problem solving process, because this 

task was easier to solve formally than informally. In the study presented in 

Section 4.3 Mark and Theresa applied their own methods when they studied 

differentiability of piecewise defined functions, but they did not evaluate these 

methods with respect to the definition of derivative. They had a strong 

confidence on their methods, and they assumed them to be valid in all cases. 

This led them to erroneous conclusions: First they gained an erroneous result 

about differentiability of one function, but, on the basis of this result, they made 

also an erroneous conclusion about the relationship between continuity and 

differentiability. 

A tendency to avoid the use of definitions or the use of theoretical knowledge 

has been observed also in some other previous studies concerning the analysis 

concepts (see Section 2.3). Neither any of these studies nor any of the studies 

presented in this paper reveal proper reasons for this tendency. The only thing 

which has been shown is that this tendency cannot be explained by inadequate 

skills to use definitions. In Viholainen (2006) it was found that Theresa had a 

low confidence in her skills to handle the definition of derivative. It is very well 
                                           
6 Mark made a similar error as presented in Figure 1 also when he was asked to calculate the 
left-hand limit of the difference quotient for the function f2 at the point x=1. Otherwise, it was 
noticed that Mark was able to handle the definition of derivative correctly (Viholainen, 2006). 
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possible that, in general, affective factors had a strong effect on students’ 

choices of methods. In addition, it has to be noted that the definitions of the 

concepts of analysis has a minor role in mathematics at upper secondary school. 

Most of the tasks concerning these concepts do not require the explicit use of the 

definitions. This may have an effect on students’ choices of methods still at the 

final phase of their university studies, despite of that the definitions has probably 

been emphasized in the university studies. However, more research about the 

roles of different factors influencing students’ choices of methods would be 

needed. 

The observations presented in this paper also underpin the conclusion presented 

in Section 2.3, according to which students’ reasoning is confined so that it is 

difficult for them to switch from one representational system to another in a 

problem solving situation. Particularly, it is difficult for them to observe and 

utilize the connections between informal and formal systems.  

With respect to the design of teaching practices, teaching materials or curricula, 

the most important conclusion of this study could be that the connections 

between definitions and informal interpretations and between definitions and 

used methods should be emphasized more in teaching. At first, students should 

understand the fundamental role of definitions in mathematics: They should 

become aware that all interpretations, qualities, results and methods concerning 

mathematical concepts are dependent on how the concepts are defined. They 

should also learn to evaluate critically all these on the basis of definitions. It is 

important that the definitions have a central role also in practical activities in 

teaching, like in exercises.  

The differences in students’ learning styles should be taken into account, also, in 

the case of definitions. Pinto and Tall (1999: 2001: 2002) and Pinto (1998) 

observed two different thinking styles among the first year mathematics students 
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at university. Formal thinkers attempted to base their reasoning on the formal 

theory and to extract meaning for the concepts on the basis of the formal 

definitions. Natural thinkers, for one, attempted to give meaning to the formal 

theory by using their existing informal imagery. According to Pinto and Tall, 

neither of these styles is better than the other, but both thinking styles may be 

successful or unsuccessful. Therefore, the teaching should support both thinking 

styles. 

If we consider the participants of this study as prospective subject matter 

teachers in mathematics being (at least almost) in the final phase of their studies, 

the observations are quite worrying. All the used tasks presented in this paper 

concern real valued functions of a single variable. No peculiar tricks are needed 

in solving them, but, in fact, a thorough understanding of the knowledge 

included in the curriculum of mathematics at the upper secondary school should 

be enough to solve them. Despite of that, it was observed that many students had 

serious problems with these tasks. Even though it has to be taken into account 

that the students did not prepare in any way for the test or for the interviews and 

that the intensity of answering in the test is not known, the findings of the study 

raise concern about the subject matter skills of prospective mathematics 

teachers. Certainly, the test results proved that almost three fourths of the 

participants managed to present both an informal and a formal argument for the 

claim saying that the derivative of a constant function is zero so that at least the 

main idea of the argument was correct (see Section 4.1). However, this result 

does not yet imply that the reasoning skills would be in a high level, because 

this claim was one of the simplest theorems concerning the concept of 

derivative. 

The finding that the students had a tendency to avoid using definitions is 

interesting, also, if the students are seen as prospective subject teachers. It raises 

a question: Do the prospective teachers in mathematics really understand the 
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fundamental role of definitions in mathematics? If the answer to this question is 

‘no’, it implies that they have not internalized the real nature of the (formal) 

mathematics. It would be interesting to study what kind of effects this would 

have on their teaching practices. 
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