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Introduction

In 1995 two different research groups observed for the first time the Bose-
Einstein condensation (BEC) in ultracold gases of 87Rb [1] and 23Na [20].
When the confining magnetic trap was turned off the gas was left free to
expand, and the velocity of the particles shown a clear peak: most of the
particles were occupying the same single particle state, the one of lowest
energy. These experiments were the culmination of more than 70 years of
theoretical and experimental efforts.

The Bose-Einstein condensation had been predicted in 1925 by Einstein
in Ref. [28], written by inspiration of a work on the statistic of the photons
by Bose [9] (1924). In this work Bose described the behavior of an ensemble
of photons, treating them as massless particles, with no number conservation
associated. Einstein extended this approach to particles with a mass and with
fixed number, creating what now is called the Bose-Einstein distribution. The
particles that follow such a description are now called “bosons”, as opposed
to the “fermions” of the Fermi-Dirac statistics. Einstein predicted that in a
gas of bosons - under a critical temperature - a finite fraction of the total
number of particles would have been in the ground state, and act as a single
entity.

This amusing theoretical discovery found its utility a few years later. In
the late thirties, new techniques allowed to cool 4He a few Kelvins above the
absolute zero. The properties of the resulting liquid were a puzzlement to
the scientific community: among others, it could flow without experiencing
friction. The liquid was called a “superfluid”. A first explanation was given
by London [49] in 1938, which linked the superfluid behavior to the presence
of a BEC among the bosonic Helium particles.

The fermions cannot condense by themselves. On the other hand, they
can form bound pairs and act as bosons, as it happens in a metal at low
temperature. Using this approach, in 1957 Bardeen, Cooper and Schrieffer
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created a successful model of superconductivity [5], by describing a super-
conductor as a superfluid in a charged system.

In the 80’s a laser cooling technique was developed (see Chu [18], Cohen-
Tannoudji [19] and Phillips [64]) that allowed to cool a gas of alkali metals at
temperatures of a few millionths of Kelvins, and trap them in the minimum
of an external potential due to a magnetic field. The temperature can be
further lowered by sweeping out of the trap the most energetic atoms, using
a technique known as evaporative cooling.

These atoms interact weakly, and well below the critical temperature the
gas is almost exclusively in the condensed state. Under these conditions it
is appropriate to describe the particles using a mean field approach, where
all the particles in the condendensate are described by using the same wave-
function, and the fraction of particles outside the BEC forms a set of excited
states. The condensate alone follows the Gross-Pitaevskii equation (GP),
and the presence of the excitations act as a small perturbation on the mean
field picture. The behavior of the gas can be described accurately by using
this model.

During the course of these years we explored the superfluid properties of
Bosons and Fermions in different settings. The purpose of this thesis is to
introduce the work done in the included papers. We do not pretend to give
an exhaustive explanation of the different subjects, but to give a small taste
of the background and, where possible, to show what happened behind the
curtain of our research, as well as some dead ends of our work.

In the first two chapters, we review the GP equation and the generation of
lattice structures by means of laser beams. Afterwards, we describe what are
the original contribution of our thesis. In the third chapter we speak about
the generation and stability of solitons in a periodic optical lattices, both
fixed or in motion. This part is related to Papers I, II, and III. In the fourth
chapter we study the generation of giant vortices in cold fermions, by using a
generalized hydrodynamical approach, as done in Paper IV. In chapter 5 we
study the effect of a quasiperiodic lattice and the glassy phase it produces
on a gas of bosons, introducing the work of Papers V and VI. Finally, we
study the interaction of normal matter and superfluids with gravitational
waves. While this interaction is seen to be extremely small, we believe that
the resulting formalism is interesting by itself, as it is explained in Paper VII.
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Chapter 1

The Gross-Pitaevskii equation

In this chapter we introduce the basic instruments for the description of a
Bose-Einstein condensate. A key step consists in defining the interaction
between particles that compose the gas: For temperature and densities low
enough this interaction is well approximated by an effective potential which
involves only pairs of particles. In the same conditions of temperatures and
densities - using a mean field approach - the overall state of the particles
is described by a unique wave-function. These two approximations lead to
the Gross-Pitaevskii equation (GPE), one of the most used expression to
describe the dynamics of Bose-Einstein condensates. Finally, under proper
experimental conditions, the condensate assumes a one-dimensional shape;
we shall see that in this situation the GPE can be simplified.

1.1 Effective potential

The interaction potential U(r) between two bosons depends on the relative
distance r among the particles. This potential has a finite interaction range
r0, beyond which the interaction is negligible. Calling n = N/V the gas den-
sity and d = n−1/3 the average distance between the particles, the condition
r0 ≪ d defines a dilute gas ; in this situation it is possible to consider only the
interaction between pairs of particles, since the scattering probability among
three (or more) particles is negligible.

In the context in which the condensate is obtained the temperature is
extremely low, therefore the average velocity of the particles is very small,
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so that
r0
ΛT

≪ 1 , (1.1)

where ΛT = (2π~2/(mkBT ))1/2 is the thermal De Broglie wavelength.
The interaction between the particles is a scattering process [45], and the

scattering amplitude is determined by solving the Schrödinger equation of
the relative motion between the two particles

[

− ~2

2m∗∇
2 + U(r)

]

ψ(r) = Eψ(r) , (1.2)

where m∗ = m1m2/(m1 +m2) is the reduced mass.
Before the scattering the relative motion of the two particles is well rep-

resented by a plane wave which is propagated along the z axis. After the
scattering, for r ≫ r0, the form of the solution is expected to be

ψ(r) = eikz + f(θ)
eikr

r
, (1.3)

where θ is the angle between the z axis and the direction of r, and k =
√

2m∗E/~2 is the momentum exchanged in the scattering in units of ~; notice
that (1.1) is equivalent to kr0 ≪ 1. If the gas is at the temperature T then
E ∼ kbT , and for low temperature k r0 ∼ 0.

The function f(θ) is called scattering amplitude and it determines the
cross section according to the expression

σ =

∫

dΩ |f(θ)|2 . (1.4)

It is possible to write ψ using an expansion in spherical harmonics, sum-
ming over the components of angular momentum l. For r ≫ r0

ψ(r) =
∞
∑

l=0

Pl(cos θ)
Al sin

(

kr − πl
2

+ δl
)

kr
, (1.5)

which, compared with (1.3), gives an expression for f :

f(θ) =
∞
∑

l=0

(2l + 1)Pl(cos θ)

(

e2iδl − 1
)

2ik
(1.6)
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For r ≫ r0 and for small k we hace δl ∼ k2l+1 [45]; in our conditions of low
temperature the most relevant component of the sum is the one relative to
l = 0

f(θ) =
δ0
k

≡ a(1)
s , (1.7)

where the number a
(1)
s is called scattering length and it characterizes com-

pletely the scattering at low energies. Some typical values are [21]

7Li -1.45 nm
23Na 2.75 nm
87Rb 5.77 nm

The sign of a
(1)
s tells that the interaction is attractive for 7Li, while it is

repulsive for 23Na and 87Rb.
However the particles are identical. For Bosons this means that the wave-

function has to be symmetric with respect to the exchange of coordinates,
i.e., ψ has to be invariant after the substitution r ↔ −r (which implies
θ ↔ π − θ and z ↔ −z). Therefore the symmetrized wavefunction is

ψ(r, θ) = eikz + e−ikz + (f(θ) + f(π − θ))
eikr

r
, (1.8)

and, according to (1.4) the cross section reads

σ =

∫

dΩ |f(θ) + f(π − θ)|2 = 8π
(

a(1)
s

)2
. (1.9)

The Fourier representation of the interparticle potential is given by

Ũ(k) =

∫

dr e−ikrU(r) , (1.10)

where k is the momentum exchanged in the scattering process. For T ∼ 0 the
interaction among bosons involves only small momenta and we are justified
to use only the k = 0 component of the Fourier representation of the potential

Ũ(k) ≈ Ũ(0) ≡ Ũ0 , (1.11)

Which in real space
U(r) ≈ Ũ0 δ(r) . (1.12)
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If we consider the interparticle interaction as a small perturbation with
respect to the free particle case, we can apply the Born approximation to the
scattering between two bosons1

|f(θ) + f(π − θ)| = 2 a(1)
s =

m

2π~2

∫

dr eikrU(r) ≈ m

2π~2
Ũ0 . (1.13)

Since for kr0 ≪ 1
∫

dr eikrU(r) ≈
∫

drU(r) ≈ Ũ0 , (1.14)

it is possible to see that - for very low temperatures and for a dilute gas - the
very same properties of the “true” potential are summed up in the effective
potential

U (1)(r) =
4π~2a

(1)
s

m
δ(r) = g δ(r) . (1.15)

A peculiar aspect in the experiments on condensates is that the value of
the scattering length can be modified with the technique called Feshbach
resonance, to which we dedicate the next paragraph.

1.2 Feshbach resonances

In a scattering process the particles’ internal states are described by a set
of quantum numbers, commonly referred as channels. Depending on the
energy of the particles some of the final states are not accessible, and the
corresponding channel is closed. However, even these closed channels can
contribute to the scattering process, in a phenomenon called Feshbach reso-
nance (for example, see [45] and [63]): Two particles can temporarily scatter
in a closed channel and than decay in a closed one. The Feshbach resonances
appear when the total energy of the two particles Etot is near to the energy
of a bound state Eres in a closed channel.

In order to describe this phenomenon in a formal way, it is appropriate
to write the state vector as a sum of the projection on two subspaces: A,
which contains the open channels, and C, containing the closed ones

|ψ〉 = A|ψ〉 + C|ψ〉 = |ψA〉 + |ψC〉 . (1.16)

1Indeed the application of the Born approximation in this context is quite subtle. We
refer to [66] for a more complete explanation.
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Multiplying on the left side the Schrödinger equation H|ψ〉 = E|ψ〉 with A
and C we obtain two coupled equations for |ψA〉 and |ψC〉:

(E −HAA)|ψA〉 = HAC |ψC〉 , (1.17)

and
(E −HCC)|ψA〉 = HCA|ψC〉 , (1.18)

where HAA = AHA, HAC = AHC, HCA = CHA and HCC = CHC.
The formal solution to this system of equations [63] has the form

(HAA +H
(2)
AA)|ψA〉 = E|ψA〉 , (1.19)

which describes the diffusion only in the space of the open channels; H
(2)
AA is

an operator which represents the effective interparticle interaction due to the
transition from the subspace A to C, and than back from C to A.

It is useful to separate the Hamiltonian H in two parts: The first one does
not depend on the separation among the atoms, the other one represents the
interaction. Therefore we write

HAA = H0 + U (1) H
(2)
AA = U (2) , (1.20)

where U (1) is the interaction potential of the previous paragraph. Equation
(1.19) is rewritten

(H0 + U (1) + U (2))|ψA〉 = E|ψA〉 , (1.21)

which is the Hamiltonian of a system of particle that interact according to
the effective potential Ueff = U (1) + U (2).

Let ψ be the wavefunction of the scattering particles, and let ψn be the
wavefunctions of the bound states in a closed channel. Under above men-
tioned conditions of low temperature, where the potential is completely de-
fined by the scattering length, the potential U (2) can be rewritten

U (2)(r) =
∑

n

|〈ψn|HAC |ψ〉|2
Etot − En

δ(r) (1.22)

≈ |〈ψn|HAC |ψ〉|2
Etot − Eres

δ(r) ,

where in the last passage we suppose that the scattering energy of the atoms
is close to the energy of a particular bound state.
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Figure 1.1: Typical behavior of the scattering length close to a Feshbach
resonance.

If the atoms are immersed in a magnetic field, than Eres depends on its
intensity; if we expand the denominator near the value B0 of the external
magnetic field for which Etot = Eres

Etot − Eres ≈ C(B −B0) . (1.23)

In conclusion, the effective potential Ueff has a scattering length

as = a(1)
s

(

1 +
∆

B −B0

)

, (1.24)

where ∆ is the width if the resonance. We see that it is possible to change
the amplitude and the sign of the scattering length varying the experimental
conditions, as symbolically shown in Fig. 1.1.

1.3 The condensate wavefunction

For extremely dilute gases an additional simplification is used: The behavior
of the whole ensemble can be described by a single function. In the sec-
ond quantization formalism the operator Ψ̂(r) =

∑

φα(r) âα and its adjoint
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Ψ̂†(r) =
∑

φ∗
α(r) â†α respectively decrease and increase of one unity the num-

ber of particles in the system, destroying or creating a particle in the point r.
In this notation φα is a complete set of eigenfunctions for the single particle
problem, while âα and â†α are the destruction and creation operator in the
Fock space, defined by the relations

â†α|n0n1...nα...〉 =
√
nα + 1 |n0n1...nα + 1...〉

âα|n0n1...nα...〉 =
√
nα |n0n1...nα − 1...〉 . (1.25)

Moreover, they follow the commutation rules

[âα, â
†
β] = δα,β [âα, âα] = 0 [â†α, â

†
α] = 0 . (1.26)

Our bosonic system is composed by N particles in volume V . The Bose-
Einstein condensation happens when a particular state of the system, with an
occupation number N0, has a finite ratio N0/N in the thermodynamic limit,
obtained for N → ∞ and V → ∞ while keeping N/V fixed and equal to the
particle density. The macroscopic occupation can be proved analytically for
the ground state of a non interacting system, in the homogeneous case [37],
and in a harmonic potential [66].

For a homogeneous and non-interacting system Bogoliubov [31] proposed
the following approach to the Bose-Einstein condensation: The operators

ξ̂0 =
â0√
V

ξ̂†0 =
â†0√
V
, (1.27)

commutes as [ξ̂0, ξ̂
†
0] = 1/V . In the thermodynamic limit N0/V and (N0 +

1)/V converge to the same value n0 and the commutator between ξ̂0 and ξ̂†0
vanishes. In this way the operators ξ̂0 and ξ̂†0 behave as numbers, so that it
is possible to write ξ̂0 = ξ̂†0 = N0/V = n0.

In a homogeneous system the ground state is φ0(x) = 1/
√
V ; the field

operators can be rewritten as

Ψ̂(r) = ξ̂0 +
∑

α 6=0

φα(r) âα = n0 +
∑

α 6=0

φα(r) âα (1.28)

Ψ̂†(r) = ξ̂†0 +
∑

α 6=0

φ∗
α(r) â†α = n0 +

∑

α 6=0

φ∗
α(r) â†α , (1.29)

The peculiarity of these expressions is that the expectation value of the
destruction operator is finite (〈Ψ̂〉 =

√
n0 6= 0). We are in the presence of a
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broken symmetry : The state of the system does not have the same symmetry
of the Hamiltonian, and Ψ0 is the order parameter which signals the broken
symmetry.

When the Bose-Einstein condensation happens in a non homogeneous and
interacting system the order parameter is a function of the position and time
Φ(r, t) = 〈Ψ̂(r, t)〉, where the operator is written in the Heisenberg picture.
Writing δΨ̂(r, t) = Ψ̂(r, t) − Φ(r, t) we obtain a situation formally identical
to (1.28)

Ψ̂(r, t) = Φ(r, t) + δΨ̂(r, t) . (1.30)

The function Φ(r, t) is called condensate wavefunction, and the square
modulus determines the density of the condensate n0(r, t) = |Φ(r, t)|2; in
particular

∫

n0(r) dr =

∫

|Φ(r, t)|2 dr = N0 . (1.31)

For T = 0, in a uniform system, using an effective potential (1.15), the
Bogoliubov approximation allows to compute the number of particles outside
the condensate.

Nα 6=0 =
8

3
√
π

√

N

V
a3

s . (1.32)

The particle density for a condensate of an alkali gas N/V is typically be-
tween 1013 and 1015 cm−3, while the scattering length is of the order of the
nanometer: For these values the number of particles in the condensate is
about 99% of the total number of atoms. On the other hand, Helium has a
bigger interaction strength, and the same expression, for T = 0 brings the
condensate part to be about 10%.

1.4 The Gross-Pitaevskii equation

Using the approximations introduced in the previous chapters it is possible
to obtain an approximate equation which defines the behavior of a boson
gas for temperatures close to T = 0: This is the Gross-Pitaevskii equation.
In the second quantization formalism the dynamics of an interacting boson
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system, under an external potential Vext, is described by the Hamiltonian

Ĥ =

∫

dr Ψ̂†(r)

[

− ~2

2m
∇2 + Vext(r)

]

Ψ̂(r)

+
1

2

∫

dr dr′ Ψ̂†(r)Ψ̂†(r′)U(r − r′)Ψ̂(r)Ψ̂(r′) , (1.33)

where U(r − r′) is the interaction potential.
The Bogoliubov approximation (1.30) allows us to simplify the equation;

moreover it is possible to substitute the effective potential (1.15) to U(r−r′).
Neglecting the non-condensed part we obtain a functional of Φ

H[Φ∗,Φ] =

∫

drΦ∗(r)

[

− ~2

2m
∇2 + Vext(r) +

g

2
|Φ(r)|2

]

Φ(r′) . (1.34)

Neglecting the energy given by the excited states, this expression is the av-
erage value of the total energy of the system.

Using the variational principle [62] the eigenstates of the system corre-
spond to the functions Φ that minimize (1.34), with a condition over the
normalization of the function (1.31), that determines the total number of
particles. Using the Lagrange multipliers Φ must satisfy

δ

δΦ∗

[

H[Φ,Φ∗] − µ

(∫

dr |Φ(r)|2 −N

)]

= 0 , (1.35)

and we obtain
[

−~2∇2

2m
+ Vext(r) + g|Φ(r)|2

]

Φ(r) = µΦ(r) , (1.36)

which is the expression for the time-independent Gross-Pitaevskii equation.

Using Eq. (1.33), an expression for the behavior in time of the bosonic
system is obtained

i~
∂

∂t
Ψ̂(r, t) = [Ψ̂, Ĥ]

=

[

−~2∇2

2m
+ Vext(r) +

∫

dr′ Ψ̂†(r′, t)U(r − r′)Ψ̂(r′, t)

]

Ψ̂(r, t) . (1.37)
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Proceeding as done before, we substitute to U the effective potential Ueff

and we neglect the non-condensate part in the expression (1.30), so that

i~
∂

∂t
Φ(r, t) =

[

−~2∇2

2m
+ Vext(r) + g|Φ(r, t)|2

]

Φ(r, t) , (1.38)

which is the expression for the time-dependent Gross-Pitaevskii equation.

We conclude this section underlining that the noncondensate term δΨ̂
gives a contribution to the total Hamiltonian. Any term linear in the non-
condensate contribution is proportional to the Gross-Pitaevskii equation, and
it must vanish. The second order term is finite, and it can be written as

K =

∫

dr

(

δΨ
δΨ∗

)∗
· (1.39)

·
(

−∇2

2
+ V + 2 g |Ψ|2 − µ gΨ2

g (Ψ∗)2 −∇2

2
+ V + 2 g |Ψ|2 − µ)

) (

δΨ
δΨ∗

)

.

This second order cutoff in the fluctuations is the basis for the Bogoliubov
theory of the excitations in a BEC. We discuss this theory in a path integral
formalism in our Paper VI, where we estimate the correlation of a Bose gas
in a quasiperiodic potential

1.5 One-Dimensional approximations

The Bose-Einstein condensate is confined in a magnetic trap; near the the
potential energy minimum the magnetic field can be approximated by a har-
monic potential (neglecting constant terms)

Vext(x, y, z) =
m

2
(ω2

xx
2 + ω2

yy
2 + ω2

zz
2) . (1.40)

For a non-interacting boson system the ground state wavefunction is a
Gaussian

ψ(x, y, z) =
(mωho

π~

) 3
4
exp

[

−m

2~
(ωxx

2 + ωyy
2 + ωzz

2)
]

, (1.41)

where ωho = (ωxωyωz)
1
3 . Changing the physical parameters of the magnetic

trap gives the possibility to broaden or tighten the wavefunction. The inter-
particle interaction changes the shape of the condensate, but it is reasonable
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that Eq. (1.41) expresses qualitatively the shape of the condensate under an
external magnetic field.

The magnetic trap can exhibit spherical symmetry, so that ωx = ωy =
ωz. It can also have an axial symmetry, in which case ωx = ωy = ω⊥ and
ωz = ω‖. If the ratio ω‖/ω⊥ is very small than the condensate is “cigar
shaped”. Moreover, if ω‖/ω⊥ ≪ 1 we expect that the dynamics of the gas
is well described by a one-dimensional model. After the elongated shape is
obtained, it is interesting to consider the situations where the magnetic field
along z is turned off, while another potential V (z) is raised up to control the
behavior of gas in this direction. Therefore, the external potential becomes

Vext(r) =
mω2

⊥
2

(x2 + y2) + V (z) . (1.42)

It is handy to express the state of the system using ψ = Φ/
√
N , so that

∫

|ψ(r, t)|2 dr = 1 . (1.43)

With this normalization Eq. (1.36) becomes
[

−~2∇2

2m
+ Vext(r) + gN |ψ(r)|2

]

ψ(r) = µψ(r) . (1.44)

GP1D. A first one-dimensional approximation is given in Ref. [82] for
magnetic traps with cylindrical symmetry, transverse frequency ω⊥, and neg-
ligible axial confining. Moreover, the energy associated to the interparticle
interaction is considered small with respect to ~ω⊥. The minimization of the
functional (1.34) is done under the hypothesis that the transverse part of the
condensate is in the ground state of the two-dimensional harmonic oscillator,
which follows from 〈Eint〉 << ~ω; in this case the wavefunction has the form

ψ(r) = φ0
ω⊥

(x, y) f(z) , (1.45)

where

φ0
ω⊥

(x, y) =

√

mω⊥
π~

exp
[

−mω⊥
2~

(x2 + y2)
]

. (1.46)

The minimization of (1.34) with the ansatz (1.45) gives the equation [82]
[

− ~2

2m

d2

dz2
+ V (z) + g1DN |f(z)|2

]

f(z) = µf(z) , (1.47)
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where g1D = 2as ~ω⊥ = g/(2πa2
⊥). This expression is the one-dimensional

Gross-Pitaevskii equation (GP1D).

NPSE. Instead of assuming the transverse part in the ground state of the
harmonic oscillator, in [74] Salasnich et al. minimize the functional (1.34),
under the assumption that the wavefunction has a Gaussian shape in its
transverse part. The variational ansatz is therefore

ψ(r) = φ(x, y, z) f(z) , (1.48)

where both f and φ are normalized to one, i.e.

∫ ∞

−∞
dz |f(z)|2 = 1 , (1.49)

φ(x, y, z) = φ(x, y, b(z)) =

√

b(z)

π
e−

b(z)
2

(x2+y2) . (1.50)

This approach has one more degree of freedom with respect to the previ-
ous case, and it is expected to be more accurate in describing the 3D case.
The functional to minimize is

F [ψ, ψ∗] =

∫

dr ψ∗(r)

[

− ~2

2m
∇2 + Vext(r) +

gN

2
|ψ(r)|2

]

ψ(r)

− µN

(∫

dr |ψ(r)|2 − 1

)

, (1.51)

where

Vext(r) =
mω2

⊥
2

(x2 + y2) + V (z) . (1.52)

Substituting (1.48) in (1.51), and integrating in x and y we obtain

F [b(z), f(z)] =

∫

dz f∗(z)
{

− ~2

2m

∂2

∂z2
+

~2

2m
b(z) +

mω2
⊥

2

1

b(z)

+

[

~2

8mb(z)2
b′(z)2

]

+
g

4π
b(z)N |f(z)|2 + V (z)

}

f(z) − µN

(∫

dz |f(z)|2 − 1

)

. (1.53)
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An additional hypothesis is that φ varies very slowly in the axial direction,
i.e., b′(z) ≪ 1, so that it is possible to neglect the term between square
parenthesis in (1.53).

Eventually, the equations for b and f can be found by using the Ritz
variational principle, (fractionally) differentiating the grand potential in Eq.
(1.53)

δF

δb
= 0

δF

δf∗ = 0 , (1.54)

or, in other words,

δF

δb
=
{ ~2

2m
b +

~2

2m

1

a4
⊥

1

b
+

~2

2m
2 asN |f 2| + V (z) − ~2

2m

∂2

∂z2

}

f − µf = 0 ,

(1.55)

δF

δf∗ =
~2

2m
− ~2

2m

1

a4
⊥

1

b2
+

~2

2m
2asN |f |2 = 0 , (1.56)

where a⊥ =
√

~/(mω⊥) and as is the scattering length. From (1.56) we have

b(z) =
1

a2
⊥
√

1 + 2asN |f |2
, (1.57)

which, substituted in (1.55) gives

[

− ~2

2m

∂2

∂z2
+ V (z) +

~2

ma2
⊥

1 + 3asN |f(z)|2
√

1 + 2asN |f(z)|2

]

f(z) = µf(z) . (1.58)

Equation (1.58) is the non polynomial Schrödinger equation (NPSE).

This equation is obtained under two hypotheses: That the transverse part
of the condensate wavefunction follows a Gaussian, and that the Gaussian
varies very slowly in the axial direction (b′(z) ≪ 1). These assumptions
have been verified a posteriori for the ground state of an external harmonic
potential in Ref. [74], in which it is shown that the NPSE predicts results
in good agreement with the complete GPE, even when the GP1D is not
accurate any more.

The energy per particle associated to an eigenstate of the NPSE is ob-
tained in this way: The ansatz (1.48) is inserted in the functional (1.34); after
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the integration in x and y the terms in b′(z) are neglected and the (1.57) is
applied, finally obtaining the expression

HNPSE[f ∗, f ] =

∫

dz f∗(z)
[

− ~2

2m

∂2

∂z2
+ V (z)

+
~2

ma2
⊥

√

1 + 2asN |f(z)|2
]

f(z) . (1.59)

Let us suppose that the gas is weakly interacting, i.e. asN |f |2 ≪ 1;
we see than b(z) a2

⊥ ≈ 1 for every z, meaning that the transverse part of the
condensate wavefunction is similar to the ground state of the two-dimensional
harmonic oscillator. According to Eq. (1.57), neglecting terms of order
O(asN |f |2)2, the expression (1.58) becomes

[

− ~2

2m

d2

dz2
+ V (z) + g1DN |f(z)|2 + ~ω⊥

]

f(z) = µf(z) , (1.60)

where g1D = 2as ~ω⊥, which has the form of the GP1D (1.47) plus a constant
term equal to ~ω⊥, the ground state energy of a two dimensional harmonic
oscillator.

On the other hand, if asN |f |2 ≫ 1 (keeping asN |ψ|2 ≪ 1 to satisfy the
dilute gas condition) Eq. (1.58) is rewritten

[

− ~2

2m

d2

dz2
+ V (z) +

3

2

√

2asN |f(z)|
]

f(z) = µf(z) . (1.61)

In this limit the kinetic term can be neglected (Thomas-Fermi approxima-
tion), and the axial profile of the wavefunction follows a particularly simple
expression:

|f(z)|2 =
4

9

(µ− V (z))2

2asN
. (1.62)

This axial profile is quadratic in (µ−V (z))2; the same quadratic dependence
is found applying the Thomas-Fermi approximation to Eq. (1.44), neglecting
the gradient and integrating along x and y.

In our thesis’ work we have used extensively both of these two one-dimensional
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approximations. While the GP1D seems enough to capture the main physics
of a 1D system (correlation and time evolution), the NPSE successfully pre-
dict the collapse of the condensate under appropriate conditions for the ex-
ternal potential and interaction.
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Chapter 2

Optical lattices

The physical parameters that characterize a Bose-Einstein condensate in an
optical lattice posses an extraordinary flexibility. This makes the boson gas
an excellent test bed for phenomena traditionally linked to solid state physics
and non-linear optics, as Bloch states and solitons. In this chapter, after
briefly explaining what generates an optical lattice, we shall see that the
condensate states can be understood in terms of Bloch functions. Afterwards
we see that the nonlinearity can modify the typical band structure of these
states, leading to a richer behavior than in the non-interacting case.

2.1 Interaction with a variable electric field

An atom in an electric field experiences a shift of its own energetic levels. Let
E(r, t) be the electric field that operates on an atom; if E varies on length
scales much bigger than the atomic ones, we are authorized to use the dipole
approximation; in this approximation the atom-field coupling term is

V (r, t) = −d · E(r, t) , (2.1)

where d is the electric dipole operator for the atom. Let us call ri the position
operators for the electrons in relation to the atomic nucleus, so that we can
write

d = −e
∑

i

ri . (2.2)

Moreover, let us put E(r, t) = E0(r) e
−iωt. Using perturbation theory it is

possible to compute the energy change of the ground state under the effect of
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this electric field. At the first perturbative order the correction is vanishing:
The unperturbed atom does not have a dipole moment, and the expectation
value of (2.1) over the ground state is vanishing. At the second perturbative
order, averaging over times T much longer than the period 2π/ω of the
oscillation of the field, the energy of the ground state is found to be

〈∆Eg(r)〉T =
1

T

∫ T

0

∆Eg(r, t) dt = −1

2
Re(α(ω))|E0(r)|2 , (2.3)

where α is the dynamic polarizability function, whose real part is

Re(α(ω)) =
∑

e

2(Ee − Eg)|〈d · ǫ̂〉|2
(Ee − Eg)2 − (~ω)2

. (2.4)

In this expression ǫ̂ is the unit vector in the direction of the electric field,
Eg is the energy of the unperturbed state, with the sum made over all the
excited states Ee

1. Using the time average is justified by the temporal scale
of the variations in an electromagnetic field (for visible light 2π/ω ∼ 10−15 s),
which is much smaller than the one associated to the motion of the atoms.

The component of the EM field along the z axis resulting from two coun-
terpropagating lasers of a wavelength λ0 is the stationary wave described
by

Ez(z, t) = E0 cos(kL,z z) e
−iωt , (2.5)

where we assumed that the beams are in phase and forming an angle θ among
themselves. Therefore we have kL = 2π/λ0, kL,z = kL cos θ, ω = c/(2πλ0)
(see Fig. 2.1). In this situation, the shift in energy given by Eq. (2.2) gives
an effective potential

V (z) = V cos2
(π

d
z
)

= V cos

(

2π

d
z

)

+ cost. (2.6)

where

d =
λ0

2 sin θ
2

. (2.7)

It is important to remark that more general interference patterns between
any number of beams are also possible.

1Typically the frequency ω is close the resonance frequency of an excited state. For
~ω ≈ Ee−Eg the sum in (2.4) has only one dominant contribution. However, the frequency
ω should not be too close to the resonance; if this were the case a relevant part of the
radiation would be absorbed, and Eq. (2.3) would not be valid any more
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Figure 2.1: Unidimensional lattice created by a pair of counterpropagating
lasers of equal wavelength, forming an angle θ among them.

2.2 Bloch functions

The condensate lives in a confined geometry. In particular, we focus on the
case in which the condensate is cigar shaped, with the main axis directed
along z; the coordinate z can vary between 0 and L, with L the axial length
of the condensate. If we neglect surface effects, we can impose periodic
boundary conditions. It is indeed possible to obtain the BEC even in a
toroidal confinement; in this case the periodicity is an experimental condition
and L is the bigger circumference of the torus. We discuss this kind of setup
in article II.

With the potential (2.6) the GP1D becomes

[

− ~2

2m

d2

dz2
+ V cos

(

2π

d
z

)

+ gN |ψ(z)|2
]

ψ(z) = µψ(z) . (2.8)

The linear part of this equation reminds of the Hamiltonian of an electron
in a metallic lattice. In fact, if g = 0 it is possible to apply the Bloch theorem
[4]. This theorem defines the shape of the wavefunction of a particle in a
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periodic potential. If d is the period of the potential and L = M d is a
multiple of the lattice spacing (for M integer), the wavefunction is

ψ(z) = eikz u(z) , (2.9)

where u(z) has the same period as the potential (u(z) = u(z + d)) and
k = 2πm/(Md) satisfies the periodic boundary conditions, with m integer,
0 ≤ m ≤M .

However, Eq. (2.8) has a nonlinear part. We want to obtain the form of
the solutions in the most general case. With the periodic boundary condition
we have chosen the wavefunction can be written

ψ(z) =
∑

q

cqe
iqz q =

2π

L
n n ∈ N , (2.10)

for appropriate values of cq, while the periodic potential can be written as

V (z) =
V

2

(

eiGz + e−iGz
)

G =
2π

d
, (2.11)

where G is the basis vector of the reciprocal lattice. In Eq. (2.8), the terms
relative to the external potential and the the interparticle potential become

V (z)ψ(z) =
V

2

∑

q

cqe
i(q+G)z +

V

2

∑

q

cqe
i(q−G)z

=
∑

q′

eiq′z V

2
(cq′−G + cq′+G) , (2.12)

|ψ(z)|2 ψ(z) =

(

∑

p

c∗pe
−ipz

)(

∑

l

cle
ilz

)(

∑

q

cqe
iqz

)

=
∑

pql

c∗p cl cqe
i(q+l−p)z

=
∑

plq′

eiq′zc∗p cl cq′+p−l , (2.13)

where q, q′, p, l are values like q = 2πn/L with integer n.
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Finally, the GP1D (2.8) can be rewritten as

∑

q′

eiq′z
[

(

~2

2m
q′2 − µ

)

cq′ +
V

2
(cq−G + cq+G)

+ gN
∑

pl

c∗p cl cq′+p−l

]

= 0 . (2.14)

The functions eiq′z are a complete set of eigenfunctions for this physical prob-
lem: The term between square parentheses has to vanish for every q′. Let
us rewrite this term, making the substitution q′ → k − K, p → k′ − K ′,
l → k′′ −K ′′, where K, K ′ ,K ′′ are vectors of the reciprocal lattice, chosen
such that k, k′, k′′ are inside the first Brillouin zone; we arrive to an infinite
set of equations (one for every combination of K, K ′ ,K ′′)

[

(

~2

2m
(k −K)2 − µ

)

ck−K +
V

2
(ck−G−K + ck+G−K)

+ gN
∑

k′k′′K′K′′

c∗k′−K′ ck′′−K′′ ck+k′−k′′−K−K′+K′′

]

= 0 . (2.15)

For g = 0 Bloch’s results is found again: Eqs. (2.15) link only values of
ck that differ for vectors of the reciprocal lattice; in this case - for a given k
- the solution has the form

ψk(z) =
∑

K

ck−Ke
i(k−K)z = eikz

∑

K

ck−Ke
−iKz = eikzuk(z) (2.16)

uk(z) = uk(z + d) .

Equation (2.8), for g = 0, is already known in the literature as the Math-
ieu equation, whose eigenfunctions and eigenvalues are computable - within
the needed approximation - using a perturbative approach.

For g 6= 0 Eq. (2.15) relates coefficients that do not differ by a vector
of the reciprocal lattice. The situation is richer than in the non-interacting
case: there is one more degree of freedom, the periodicity of the solutions uk.

Equation (2.8) expresses formally the behavior of a particle in an effective
potential

Veff (z) = V cos

(

2π

d
z

)

+ gN |uk(z)|2 . (2.17)
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Due to the second term, Veff can have a bigger periodicity than the lattice
pace. Let us suppose Veff (z) = Veff (z + jd), j integer, then the Bloch
theorem - applied to this potential - gives the form of the solutions

ψk(z) = eikzuk(z) (2.18)

uk(z) = uk(z + jd) j ∈ Z .

We see that in the interacting case the form of the solutions depends on
the periodicity of the effective potential, whose expression depends on |uk|2.
Indeed, we used this relation to build a self-consistent code for investigating
the soliton structure in our work, as explained in Paper I and II.

2.3 Band structure

In the non-interacting case the energy dispersion curve of the Bloch states
takes the form of a band structure [4]. In fact for g = 0 Eq. (2.8) is equivalent
to

[

− ~2

2m
(∇ + ik)2 + V cos

(

2π

d
z

)]

uk(z) = µuk(z) , (2.19)

with uk(z) = uk(z + d). Due to the periodicity of the solutions it is natural
to normalize uk over a period in the lattice

1

d

∫ d
2

− d
2

|uk(z)|2 dz = n0 , (2.20)

where n0 is the particle density per lattice site.
In the linear case the properties of the function uk are well known [4],

and we cite the ones pertinent to our description:

• Give a k there exists a discrete set of solutions unk completely char-
acterized by k and n. The number n identifies the band which the
solution belongs.

• Every band is associated to an energy interval, and the solutions that
belong to the band have an energy within that interval. The energy
dispersion curve takes the form in fig 2.2.

• unk is continuous in k and periodic for translations of a vector of the
reciprocal lattice, uk = uk+K .
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Figure 2.2: Dispersion curve of the energy per particle (2.22) as a function
of k (in units of π/d), measuring the energies in units of ~/(md2). In the
picture on the left we show the case g n0 = 0 and V = 1; on the right the
parameters are g n0 = 0.5 and V = 1.

• A particle in an eigenstate of (2.19) under a constant force experiences
periodic oscillations of the velocity 2, which are completely character-
ized by the band structure of the system.

Turning on the interaction the band structure is altered. If we assume
that even for g 6= 0 the solutions have the form (2.16) the GPE becomes

[

− ~2

2m
(∇ + ik)2 + V cos

(

2π

d
z

)

+ g|uk(z)|2
]

uk(z) = µuk(z) . (2.21)

We solved the equation (2.21) with a self-consistent algorithm, normalizing
uk according to (2.20). Figure 2.2 shows the behavior of the energy per
particle

ǫN [unk] =

∫ ∞

−∞

(

~2

2m
|u′nk(z)|2 +

g N

2
|unk(z)|4 + V cos

(

2π

d
z

)

|unk(z)|2
)

dz .

(2.22)

2This fact is valid until the force is below a critical threshold. A more detailed expla-
nation can be found, for example, [4], appendix J.
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Figure 2.2 compares the energies obtained for the solutions of the linear case
using g n0 = 0 and V = 1 (in units of ER = ~2π2/(2md2)), with the ones
of the interacting case, obtained for V = 1 and g n0 = 0.5. We see that the
dispersion curve does not change qualitatively.

However, it has to be stressed that in the interacting case the dispersion
curve in Fig. 2.2 is an artifact of our assumption that the states have the
Bloch form (2.16). These states have by construction a density |ψ|2 which
has the same periodicity of the optical lattice. The nonlinear term makes
possible other types of solution. For example, in the article [52] Machholm
et al. minimize the energy functional per particle (2.22) with an ansatz

ψk(z) = eikz
∑

j

aj e
i 2 π j z/(2 d) . (2.23)

These solutions have a density |ψ|2 which has a periodicity that is twice the
lattice constant. These states have no correspondent with the linear case.
There are other examples of new states introduced by the nonlinear term
g |ψ|2 in the GP equation. Among these new states there are solitonic solu-
tions, which we discussed in our articles I, II and III. This type of solutions
is treated more in detail in Chap. 3.



Chapter 3

Solitons

Solitons are solutions of a nonlinear system of equations that present the
following characteristics [26]

1. They are localized.

2. In the temporal evolution they maintain their shape unaltered.

3. They are stable after a perturbation: They can interact with other
solitons and - after some time - come back to the original form.

It is known [82, 43] that the GP1D allows localized eigenstates. In this
chapter, we present some aspects relative to the statics and dynamics of
solitons in 1D.

The localized solutions of the GP1D are eigenfunctions of the system’s
Hamiltonian: This means that the profile of their density remains unchanged
in time. These states satisfy property 1 and 2; the third property is not
investigated in the current work. It is therefore with some abuse of language
that we refer to localized states as to “solitonic solutions”.

This chapter is organized as follows: First we describe how a bright soliton
can appear without any external potential, then we explain the multiscale
approach, and we see that the main conclusion of this approximation is that
solitons are possible even in the presence of a lattice, by renormalizing the
mass and the interaction of the GPE. Afterwards, we present our numerical
solutions, comparing them to an experimental result. Finally, we study the
case of moving solitons by introducing a variational approach.
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The equation that we solve is
[

−1

2

d2

dz2
− V cos(2πz) + gN |ψ2(z)|

]

ψ(z) = µψ(z) , (3.1)

where we have taken as units of length the period d of the optical lattice,
and as unit of energy the quantity ~2/md2. In our units gN = 2 (as d/a

2
⊥)N ,

where N is the total number of particles, and ψ is normalized over the whole
lattice

∫ L

0

|ψ(z)|2 dz = 1 ,

assuming that the lattice in question has length L.
The choice of the negative sign in front of the periodic potential in Eq.

(3.1) simplifies our exposition; with this choice we always work with V > 0,
and the soliton is centered in the median minimum of the periodic potential.

3.1 A very brief history of solitons

In 1834 John Scott Russel, a Scottish naval engineer, saw in a channel be-
tween Edinburgh and and Glasgow a “solitary wave” that was propagating
almost unaltered. Russel made a few studies on the phenomenon, and he ob-
tained some empirical laws [78]. Inspired by Russel’s observations Boussinesq
[11] and Lord Rayleigh [71] gave a preliminary theoretical explanation on the
shape and velocity of the solitary wave, based on the equation of motion of an
incompressible non-viscous fluid. However, it was only in 1895 that Korteweg
and de Vries [44, 26] wrote an equation that admits the solitonic profile as a
solution. In their formulation the soliton is a wave packet that maintains its
stability through a delicate balance between the dissipation of the medium,
which would tend to delocalize the profile, and the nonlinearity of the forces,
which fights the dissipative action. The Korteweg-de Vries (KdV) equation
is an approximate description for the evolution of one-dimensional waves of
small amplitudes and long wavelength, as the propagation of waves in a shal-
low channel, acoustic waves in a crystal, waves in a rotating atmosphere, and
many other.

The literature presents another nonlinear equation that admits exact soli-
tonic solutions: The nonlinear Schrödinger equation (NLS). In one dimen-
sion this equation has the form of the GP1D (3.1) with V = 0. It is possible
to demonstrate analytically that when the nonlinear term is negative, the
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NLS has strongly localized solutions, “bright” against a background that
has no probability of finding particles; these solutions are called bright soli-
tons. Moreover, for repulsive potentials, it is possible to show [14, 26]) that
the NLS admits solution of opposite character, in which the density profile
presents some low probability zones on a almost constant background; these
solutions are called dark solitons. In our work we worked only with the first
type of solutions.

The observation of bright solitons in a strongly elongated condensate is
reported in [42] and [83]. In particular, in [83] Strecker et al. find trains of
solitons in a condensate of ∼ 3×105 atoms of 7Li. The boson gas is confined
in an asymmetric magnetic trap, with ω⊥ = 800 Hz and ω‖ = 70 Hz, and the
scattering length as is modified through Feshback resonances. The authors,
using as = −3a0, observes the formation of trains of solitons that oscillate
along the major axis without dispersion, with an oscillation amplitude of
∼ 370µm.

The analysis of solitons in a periodic system is born from the study of the
propagation of light in waveguides. These waveguides are particular materials
built using alternating layers of different composition. The dispersion curves
exhibit a band structure, and in the gaps between the bands propagation is
not allowed. Therefore, there are intervals of frequencies where the material
shows a high refractive index.

During the first half of the year 1980, using materials whose refractive
index strongly depends on the intensity of the light wave, it was possible
to see [88] that brief impulses could propagate in the forbidden gap. This
propagation was explained in a first quantitative model by Chen and Mills
[17], which described the wavepacket separating the components with fast
variation from those with slow variation, introducing the method the envelope
function; in the same article the authors introduced the term gap soliton to
describe the nature of the “anomalous” (with respect to the band structure)
impulse. This model was perfected in [54] by de Sterke and Sipe, through
the technique of multiscale analysis [6].

The envelope function approach was used again to study solitons in BEC
through two different techniques: the effective mass method [47, 82]), and
the multiscale analysis [43], which takes direct inspiration from the work of
[54]. Gap solitons in optical lattices are discussed in the theoretical work of
Ref. [82], and observed in an experiment by the group of Esslinger in Ref.
[27] in 2004.
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3.2 The nonlinear Schrödinger equation

While working with attractive interparticle potentials, for V = 0 the the
GP1D equation (3.1) can be rewritten

−1

2

d2ψ(z)

dz2
− g̃N |ψ(z)|2 ψ(z) = µψ(z) , (3.2)

where g̃N = 2 |as| dN/a2
⊥. Imposing 0 < z < L, with periodic boundary

conditions, it is possible to study the ground state upon varying g̃N .
We note that for g = 0 the fundamental state of Eq. (3.2) is the uniform

state

ψ(z) =
1√
L
. (3.3)

Upon turning on the interaction, we see that the uniform state is still an
eigenstate of Eq. (3.2), with eigenvalue µ = −g̃N/L and energy per particle

ǫunif [ψ] =

∫ L

0

[

1

2
ψ′(z)2 − g̃N

2
|ψ(z)|4

]

dz (3.4)

= − g̃N

2L
.

For small values of g̃N , Eq. (3.3) remains the ground state. In order to
understand how big g̃N needs to be change the profile of the groundstate, we
note that (3.2) admits other real eigenstates. In fact, by multiplying both
sides of Eq. (3.2) by dψ(z)/dz we have

d

dz

[

1

4

(

dψ(z)

dz

)2

+
g̃N

4
|ψ(z)|4 +

µ

2
|ψ(z)|2

]

= 0 , (3.5)

or
1

2

(

dψ(z)

dz

)2

+
g̃N

2
|ψ(z)|4 + µ |ψ(z)|2 = E0 , (3.6)

where E0 is a constant number that characterizes the solution. By writing
y = ψ(z) we can consider z as the “time” parameter for the mechanical
system described by

ÿ = − d

dy
V (y)

V (y) =
g̃N

4
y4 +

µ

2
y2 .
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Therefore Eq. (3.6) is the energy of this system. For a fixed E0, the trajectory
can be found by solving the following integral and then inverting the solution

z = z0 +

∫ y(z)

y(z0)

dy
√

2E0 − g̃N/2 y4 − µ y2
. (3.7)

This is an elliptic integral, which solution can be expressed in terms of elliptic
functions. In order to simplify the exposition, let us assume that the ground
state of Eq. (3.2) does not have nodes 1. Under these conditions the most
general solutions is

ψ(z) = A dn(k z + z0|m) , (3.8)

where k and m are determined by the periodic boundary conditions, and dn
is one of the Jacobi elliptic functions [55]. Let us impose ψ(0) = ψ(L); since
dn has period 2K(m), where K(m) is the elliptic integral of the first kind,
we have

k = 2
K(m)

L
,

where 0 ≤ m ≤ 1. Let us choose the function (3.8) as centered at z0 =
−k L/2.

The normalization condition
∫ L

0
|ψ(z)|2 dz = 1 then imposes

A2 L
E(m)

K(m)
= 1 , (3.9)

where E(m) is the elliptic integral of the second kind. By means of the
substitution (3.8) in (3.2), and by equating same order power in dn it is
obtained

{

A = 2 K(m)

L
√

g̃N

µ = −2 (2−m) K2(m)
L2

. (3.10)

Eventually, by substituting the last expression for A, Eq. (3.10) in (3.9)

4K(m)E(m) = L g̃N , (3.11)

which expresses L g̃N as a function of m.

1This assumption is verified for many physical systems; in Ref. [13] Carr et al. demon-
strate this formally.
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Figure 3.1: Picture on the left: behavior of L g̃N as a function of m. For L
fixed, for m = 0 there exists a value g̃N under which there are no solutions
for Eq. (3.11); this function has a vertical asintote for m = 1. Picture on the
right: behavior of a period of the function dn(kz,m) for m ∼ 0 (top) and for
m ∼ 1.
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The behavior of this relation (fig. 3.1) shows that for m = 0 there is a
value gc under which Eq. (3.11) is not verified any more. Taking the limit of
Eq. (3.11) for m→ 0 we obtain

π2

L
= gc , (3.12)

which is the condition on g̃N for which there can be solutions like Eq. (3.8).
The energy for particle associated to the state (3.8) is

ǫdn[ψ] =

∫ L

0

[

1

2
ψ′(z)2 − g̃N

2
|ψ(z)|4

]

dz (3.13)

= µ+
g̃N

2

∫ L

0

|ψ(z)|4 dz

= −2K(m)2

3E(m)
((m− 2)E(m) + (m− 1)K(m)) ,

which coincides with the expression found in [40]. Using Eq. (3.11) to ex-
press m as a function g̃N we can compare the energy of the localized state
(3.13) with the energy of the uniform state. (3.4), and it is verified that ǫdn

is always less than ǫunif . This means that for g̃N > π2/L the ground state is
represented by Eq. (3.8).

We note that Eq. (3.8) the length scale of noticeable variations is

λ = k−1 . (3.14)

This becomes explicit when taking the limit L→ ∞. In this case we see that
m must go to unity, as shown in Fig. (3.1). Taking the limit m→ 1 implies

dn(kz|m) → sech(kz) ,

E(m) → 1 ,

k =
g̃N

2E(m)
→ g̃N

2
,

and the wavefunction becomes

ψ(z) =
1√
2λ

sech
( z

λ

)

, (3.15)

with

λ =
2

g̃N

µ =
1

2λ2
, (3.16)

which expresses a localized wavefunction.
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3.3 The envelope function

In the case of localized solutions λ (3.14) gives the characteristic length of
the variations of the wavefunction. The solution is more localized when the
interaction strength is greater.

Upon turning on the periodic potential, for small V , the GP1D should
admit an eigenfunction similar to Eq. (3.8), with overimposed oscillations on
the same scale of the lattice. The solution then presents two characteristic
lengths: d and λ.

If d ≪ λ we can separate the “fast” contribution from the “slow” ones;
this operation is the heart of the multiscale approach [6] or, equivalently, of
the effective mass formalism [67], and it gives an approximate expression of
the eigenstates of the GP1D for weak nonlinearities. In the following we sum
up the steps over which this approximation develops.

The Bloch functions ψnk are a complete set: Every state vector can be
written as

ψ(z, t) =
∑

n

∫ 1
2

− 1
2

dk fn(k, t)ψnk(z)e
−i En(k)t , (3.17)

where fn(k, y) are the weights to associate to every Bloch component. If the
state has a localized shape of width δx ≫ d then the functions fn(k) are
nonvanishing only in a small interval δk ≈ 1/δx.

The Gross-Pitaevskii equation describes the behavior of the condensate.
By substituting Eq. (3.17) in (2.8) the equations for the amplitudes fn(k) are
obtained. However, this approach results in some very complicated equations.
On the other hand, following the division between fast and slow coordinates
it is natural to write an expansion like2

ψ(z, t) =
∑

n

A(z, t)ψnk0(z)e
−i En(k0)t , (3.18)

in which the Bloch states capture the rapid oscillations of the wavepacket, and
A(z, t), called envelope function, varies slowly, with a characteristic length of
many lattice sites.

For a small interparticle interaction we expect it to be enough to consider
the Bloch state of one band ñ only, because the nonlinearity enters the GP1D

2In our units ~ = m = 1.
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as a small perturbation; therefore the state has the form

ψ(z, t) = A(z, t)ψñk0(z)e
−i Eñ(k0)t . (3.19)

Starting from this expression, in Ref. [43] Konotop and Salerno apply the
multiscale method [6]: They introduce different scales of length zα = σα z
and time tα = σα t, with σ = 1/λ, so that the partial derivatives can be
rewritten

∂

∂z
=

∂

∂z0

+ σ
∂

∂z1

+ σ2 ∂

∂z2

+ . . . (3.20)

and
∂

∂t
=

∂

∂t0
+ σ

∂

∂t1
+ σ2 ∂

∂t2
+ . . . (3.21)

Consistently with this division in fast and slow variables, the state of the
system is written as a sum of terms

Φ(z, t) = C
(

σψ1(z0, z1, z2; t0, t1, t2) + σ2ψ2(z0, z1, z2; t0, t1, t2) + . . .
)

,
(3.22)

where ψ1 has the shape

ψ1(z, t) = A(z0, z1, z2; t0, t1, t2)ψñk0(z0)e
−i Eñ(k0)t0 . (3.23)

Then, in Ref. [43] Eq. (3.22) is inserted in the time dependent GP1D

i~
∂Φ(z, t)

∂t
=

[

−1

2

d2

dz2
− V cos(2π z) + gN |Φ(z, t)|2

]

Φ(z, t) , (3.24)

and the partial derivatives are rewritten according to Eqs. (3.20) and (3.21);
by equating terms of equal powers in σ they obtain the equation of motion
for the envelope function.

i~

(

∂A(x, t)

∂t
+ vg

∂A(x, t)

∂x

)

= − 1

2m∗
∂2A(x, t)

∂x2
+ gN γ |A(x, t)|2A(x, t) ,

(3.25)
where

vg = vn(k0) =
∂En(k0)

∂k
, (3.26)

is the group velocity of the Bloch state ψk0 . In Fig. 2.2 it is seen that such
a velocity vanishes for k0 = 0 or k0 at the band edge3.

3We are measuring lengths using the lattice spacing d as units of length; in this way
the wavenumber k is measured in units of d

−1 and the band edge is found for k = π.
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The effective mass m∗(k0) is

m∗(k0) =

(

∂2En(k0)

∂k2

)−1

, (3.27)

and it is proportional to the band curvature at k0. In Fig. 2.2 we see that
this expression is positive for the lowest states, while it is negative for the
ones at the top of the band.

The constant

γ =
1

C2

∫ 1/2

−1/2

dx |ψnk0(x)|4 , (3.28)

with

C =

∫ 1/2

−1/2

dx |ψnk0(x)|2 , (3.29)

describes the renormalization of energy given by the localization of the wavepacket.
For vg = 0, (k0 = 0 or k0 at the band edge), equation (3.25) is formally

the nonlinear Schrödinger equation. We know that in this situation there
exist functions A whose temporal dependence appears as a phase factor

A(z, t) = A(z) eiEAt , (3.30)

and Eq. (3.25) has its equivalent time independent formulation

− 1

2m∗
d2A(z)

dz2
+ gN γ|A(z)|2A(z) = EAA(z) (3.31)

This means that even in this case there is a threshold value gc over which
we find solitonic solutions, modulated by the Bloch function relative to k0.
The particle interaction couples the Bloch states in a way to create localized
stationary states.

Equation (3.31) can be rewritten as

−1

2

d2A(z)

dz2
+ gN m

∗ γ|A(z)|2A(z) = m∗EAA(z) . (3.32)

which is Eq. (3.2) with the substitutions g̃N → −gN m
∗ γ, µ → m∗EA.

Following 3.12 the value of gc is given by

gc = − π2

Lm∗ γ
. (3.33)
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3.4 The numerical approach

Figure 3.2: Turning on the interaction there appear localized solution with
energy outside the band structure. In the picture we show the energy per
particle of these solutions of (3.1) for V = 4, as a function of gN . We see that
for attractive potentials the ground state and the first state of the second
band lowers their energy. For repulsive potentials the highest state of the
first band rises in the interband gap.

In order to solve (3.1) we use a self consistent approach: Starting from a
trial function, we solve Eq. (3.1) as a linear eigenvalue problem; then the nth

eigenstate is chosen. This process - when it converges - leads to an eigenstate
of the nonlinear problem.

This numerical approach employs only a finite number of periods of the
optical lattice, discretized in a mesh of a finite number of points. When
considering L lattice sites, each band is composed by L eigenstates disposed
on L/2 energetic levels. Referring to Fig. 3.2, we see that - for attractive
potentials - the self consistent algorithm, applied on the first and (L + 1)th

eigenstate (the first of the second band, in the linear case), develops localized
solutions with an energy outside the band structure. Similarly - for repulsive
potential - self consistency on the Lth eigenstate (the highest of the first
band, in the linear case) rises the state energy and comes to convergence in
the middle of the interband gap.
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Figure 3.3: Density profiles of the ground state soliton. Upper panel: using
attractive potentials the solitons becomes more and more localized upon
increasing |gN | (V = 4). Lower panel: Fixing gN = −1 the soliton narrows
upon increasing V .
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In sec. 3.3 we estimated the critical interaction |gc| for which we have
localized solutions. In fig. 3.3 we show that for |gN | ≥ |gc|, and attractive
interaction, there are solitons from the ground state, centered in a well of the
periodic potential. The localization increases upon rising the nonlinearity.
Eventually, upon increasing the periodic potential the groundstate localizes
itself within a well of the potential.

In addition, the interaction between the particles, attractive or repulsive,
helps the formation of localized states with energy in the interband gap:
These solutions are called gap solitons. Typically, their profile shows nodal
points, and their shape is not well idealized by a Gaussian profile.
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Figure 3.4: Density profiles of the (L + 1)th self consistent state (the lowest
of the second band, in the linear case) for V = 4, 8, 12, L = 32 and attractive
interparticle potential (gN = −1,−2,−5). The solitons localizes itself upon
raising |gN | and V .

For example, the solitons that are born from the lowest state of the second
band - for attractive interactions - contain a central node. To these states it
is associated an energy per particle (3.4) which is lower when the number of
atoms in the condensate is bigger (Fig. 3.2). In Fig. 3.4 it is seen that, with
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attractive nonlinearity, the profile of the soliton localizes upon increasing
|gN | and V : For V = 4 and gN = −1 the state is completely delocalized;
while keeping a constant V , for gN = −2 there appears a solitonic profile
centered in a well of the periodic potential, whose width

√

〈z2〉 lowers upon
increasing the interaction; for gN = −5 this state occupies only a few lattice
sites. Starting from the delocalized state - and keeping gN constant - we find
the same behavior: To a bigger modulation of the external field corresponds
narrowed solitonic profiles.
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Figure 3.5: Density profiles of the Lth self consistent state (the highest of the
first band, in the noninteracting case), for V = 2, 5, 10, repulsive interatomic
potentials (gN = 1, 2, 3), and L = 32.

Equation (3.32) allows localized states also for repulsive interparticle po-
tentials, provided the effective mass is negative. The last case happens for
the Bloch states at the top of the first band. Figure 3.2 shows that increasing
the interaction, the state that in the linear case is on the top of the first band
increases its energy, ending up in the interband gap.

We conclude this paragraph comparing our numerical approach with the
experimental observation of a soliton in the interband gap, using repulsive
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interaction.

In [27] Eiermann et al. confines a condensate of 87Rb (as ≈ 5.77nm) in
an asymmetric trap, with ω⊥ = 2π × 85 Hz and ω‖ = 2π × 0.5 Hz. Then,
they crank up a lattice with a period of d = 391.5; the modulation of the
laser is VR ≈ 0.7ER, where ER = ~π2/(2md2) is the recoil energy, the energy
increment of an atom due the absorption of a photon with wavelength l = 2 d.
By moving the lattice, the boson gas is accelerated (adiabatically, in order to
avoid excitation on the second band) towards a velocity of v = ~/m × π/d:
The condensate is then at the edge of the first band. The authors observe a
solitonic profile of 250± 50 atoms, with

√

〈z2〉 = 5.4± 0.9µm, that does not
move and does not dissipate itself in time.

In our units, using Eq. (1.47), their parameters are V ≈ 3.5 and gN ≈ 0.8.
Using the self-consisted algorithm on a lattice of length L = 64 periods and
a mesh of 513 points, imposing periodic boundary conditions. The resulting
solitons has a width of

√

〈z2〉 ∼ 10 periods, equal to ≈ 3.9µm. The compar-
ison is relatively good, considering the estimated error on the atoms in the
solitons (≈ ±20%).

3.5 The collapse of the condensate

For attractive interaction the gas of bosons naturally increases its own density
at the center of the trap, lowering the interaction energy. Stable situations
can appear when the kinetic pressure balances this phenomenon. However,
when the nonlinear weight overcomes a critical threshold, stability is not
possible any more and the condensate collapses; in this phase the gas density
grows over the limit by which the GP theory is valid (asN |ψ|2 ≪ 1), and the
model based on the particle wavefunction is not applicable any more.

The collapse happens when the number of particles in condensate is be-
yond a certain critical number; this threshold strongly depends on the exper-
imental setup. The collapse of the condensate in a harmonic trap is studied
in Ref. [21], where the critical number of atoms is estimated using a simple
Gaussian approach. In general, more realistic results are obtained using the
GP3D [77, 73]. In Refs. [25, 77] the authors report the observation of the col-
lapse of a BEC of 87Rb atoms in an harmonic potential. In these article the
scattering length is made change sign through the technique of Feshbash res-
onances, and it is modulated in intensity until the collapse happens. These
measurements signal a systematic overestimation of the critical number of
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atoms from the theory. The explanation is most probably given by the fact
that close to the collapse the behavior of the gas differs significatively from
the mean field one.

The collapse can also happen for magnetic traps strongly elongated in one
direction. With this confining potential the BEC takes a “cigar” shape, and
the equation that describes its behavior can be approximated by an effective
one-dimensional equation (par. 1.5). In [76] - using the NPSE - Salasnich
et al. find an attractive interaction threshold over which the diffusion of the
soliton through a Gaussian barrier trigger the collapse.

The papers I and II are about the collapse of a BEC in a lattice. We
show that the critical number of atoms decreases upon increasing the external
field strength. In fact, if the intensity of the potential is sufficiently big, the
wavefunction is well localized in a single lattice site, making it easier for the
collapse to happen.

3.6 Moving solitons

The first theoretical study of a moving soliton in an optical lattice is given
in [81], by Smerzi and Trombettoni; they describe the the behavior of the
soliton which is subject to an initial kick. The consequent behavior is studied
as a function of the imparted momentum p and the interaction strength; the
result is is divided in different phases: The soliton can propagate without
dispersion, remain pinned on one lattice, or increment its width indefinitely.
However, the approach of Ref. [81] is valid when the lattice is so strong that
the global wavefunction can be described as a superposition of states well
localized in each well. As discussed in the previous paragraph, this is not the
case for ground state solitons.

In order to find the behavior of a ground state soliton, one can employ
a variational approach. As we know, a strongly elongated Bose-Einstein
condensate in a cylindrical trap - in which the transverse confinement is
given by a magnetic field of frequency ω⊥ - obeys the following equation of
motion:

i
∂ψ(z, r, t)

∂t
= −1

2
∇2ψ(z, r, t) +

1

2
r2 ψ(z, r, t) (3.34)

− V cos(2kLz)ψ(z, r, t)

− 2π g |ψ(z, r, t)|2 ψ(z, r, t) ,
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where z is the coordinate in the axial direction, r is the distance from the
axis of the cylinder and kL = π a⊥. All the lengths are measured in units
of a⊥ =

√

~/(mω⊥), time is measured in units of ω−1
⊥ and the energy is

measured in units of ~ω⊥.; as before we use g = 2 |as|/a⊥N . Equation
(3.35) can be derived from the following Lagrangian density

L = i ψψ̇ − 1

2
|∇ψ|2 − V cos 2kLz |ψ|2 −

1

2
r2 |ψ(z, r, t)|2 − πg |ψ|4 , (3.35)

where

|∇ψ|2 =

∣

∣

∣

∣

∂ψ

∂z

∣

∣

∣

∣

2

+

∣

∣

∣

∣

∂ψ

∂r

∣

∣

∣

∣

2

. (3.36)

Equation (3.34) is the GP3D. We are interested in the motion of the solitons
along the z axis. In order to study this effectively one-dimensional problem,
we employ a Gaussian ansatz for a qualitative study of the localized solutions
of (3.35)

ψ(z, t) = Ae
− (z−z0(t))2

2η(t)2 e−
r2

2 (3.37)

× ei [p(t) (z−z0(t))+αη(t) (z−z0(t))
2+ασ(t) r2] ,

in which the value of A is given by the normalization
∫

dr dz 2πr |ψ|2 = 1,
so that A = 1/(π3/4 η

√
σ). Substituting (3.38) in (3.35) and minimizing the

action S =
∫

dt
∫

dz dr 2πrL with respect to z0, p, σ, η, ασ, αη we obtain the
equation of motion for those variables. The minimization can be obtained
by using the Euler-Lagrange equations with the Lagrangian

L =

∫

dz dr 2πrL , (3.38)

so that the equations of motion are given by

d

dt

∂L

∂q̇
− ∂L

∂q
= 0 , (3.39)

in which q = {z0, p, σ, α}
After some lengthy calculation we obtain

i

∫

dz dr 2πr ψ∗ ψ̇ = p ż0 −
1

2
η2 α̇η − σ2 α̇σ , (3.40)
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the second term of (3.38) is

−1

2

∫

dz dr 2πr

[

∣

∣

∣

∣

∂ψ

∂z

∣

∣

∣

∣

2

+

∣

∣

∣

∣

∂ψ

∂r

∣

∣

∣

∣

2
]

(3.41)

= − 1

2σ2
− 2α2

σ σ
2 − p2

2
− 1

4 η2
− α2

η η
2 ,

the term related to the external potential becomes

∫

dz dr 2πr

(

−V cos 2kLz +
1

2
r2

)

(3.42)

= −V e−k2
L η2

cos 2kLz0 +
1

2
σ2 ,

and the last term gives

π g

∫

dz dr 2πr |ψ|4 =
g

2
√

2πσ2η
. (3.43)

The Lagrangian (3.38) is therefore

L =

∫

dz dr 2πrL (3.44)

= p ż0 −
1

2
η2 α̇η − σ2 α̇σ

− 1

2σ2
− 2α2

σ σ
2 − p2

2
− 1

4 η2
− α2

η η
2

+ V e−k2
L η2

cos 2kLz0 +
1

2
σ2

+
g

2
√

2πσ2η
.
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Using the Euler-Lagrange equations (3.39) we derive

ż0 = p (3.45)

ṗ = −2kL V e−k2
L σ2

sin 2kLz0 (3.46)

η̇ = 2αη η (3.47)

α̇η = − g

2
√

2π σ2 η3
+

1

2 η4
− 2α2

η (3.48)

− 2k2
L V e−k2

Lη2

cos 2kLz0

σ̇ = 2ασ σ (3.49)

α̇σ = − g

2
√

2π σ4 η
+

1

2σ4
− 2α2

σ − 1

2
. (3.50)

It is possible to rewrite the Lagrangian (3.44) using (3.49) and (3.50), so that

αη =
η̇

2η
(3.51)

ασ =
σ̇

2σ
(3.52)

substituting these expression in (3.44) and neglecting terms which are total
derivatives with respect to the time we obtain

L(2) =
1

4
η̇2 +

1

2
σ̇2 +

1

2
ż0

2 − 1

2

1

η2
− 1

4

1

η2
(3.53)

+
g

2
√

2π σ2 η
− 1

2
σ2 + V e−k2

L η2

cos 2kLz0 .

The conjugate momenta are

pz0 =
∂L(2)

∂ż0

= ż0 (3.54)

pσ =
∂L(2)

∂σ̇
= σ̇ (3.55)

pη =
∂L(2)

∂η̇
=
η̇

2
, (3.56)
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and the Hamiltonian is

H =
[

ż0 pz0 + σ̇ pσ + η̇ pη − L(2)
]

ż0=pz0 ,η̇=2 pη,σ̇=pσ
(3.57)

=
1

2
p2

z0
+

1

2
p2

σ + p2
η +

1

4

1

η2
+

1

2

1

σ2
− g

2
√

2π σ2 η

+
1

2
σ2 − V e−k2

Lη2

cos 2kLz0 ,

so that the equations of motion become

ż0 =
∂H

∂pz0

= pz0 (3.58)

ṗz0 = −∂H
∂z0

= −2 kL V e−k2
L η2

sin 2kLz0 (3.59)

η̇ =
∂H

∂pη

= 2 pη (3.60)

ṗη = −∂H
∂η

=
1

2 η3
− g

2
√

2π σ2 η2
(3.61)

− 2k2
L η V e−k2

L η2

cos 2kLz0

σ̇ =
∂H

∂pσ

= pσ (3.62)

ṗσ = −∂H
∂σ

=
1

σ3
− g√

2π σ3 η
− σ . (3.63)

At time t = 0 we use z0 = pz0 = pσ = pη = 0, while the initial conditions
σ(0) = σ0 and η(0) = η0 are found minimizing the Hamiltonian [75],

H[ψ] =

∫

d3rψ∗(r)
[

− 1

2
∇2 (3.64)

+
1

2
(x2 + y2) + U(z) − π g |ψ(r)|2

]

ψ(r),

U(z) = −V cos (2kLz) , (3.65)

with ψ written as

ψ(r) =
1

π3/4σ0η
1/2
0

exp

{

−(x2 + y2)

2σ2
0

− z2

2η2
0

}

. (3.66)
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Figure 3.6: Phase diagram of the behavior of the Gaussian profile for V = 0.5.
The Gaussian ansatz predict a transition from a wide profile to a narrow one
for g∗ = 0.33, thus affecting the behavior of the temporal evolution. All the
“wide” profiles propagate at a constant velocity with the same width, while
the temporal evolution of the narrow ones is more complicated (see text).

0 50 100 150 200

t
0

10

20

30

40

50

z 0

0 50 100 150 200

t
7

7.5

8

8.5

9

9.5

10

η

Figure 3.7: Behavior of z0 and η as a function of time, for V = 0.5, g = 0.3
and k = 0.25.
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Figure 3.8: Left panels: Behavior of z0 and η as a function of time, for
V = 0.5, g = 0.55 and k = 0.364; the Gaussian profile stays trapped until
t ≈ 270. Right panels: Behavior of z0 and η as a function of time, for V = 0.5,
g = 0.75 and k = 0.44. The Gaussian profile shows an erratic behavior.

It is known that this ansatz is not completely reliable, because it predicts a
sudden transition between a multi-site soliton and a well localized one for an
interaction strength g∗ = g∗(V ), while a numerical approach shows instead
a smooth transition [75]. In the following numerical examples we will work
in the case kL = 1, V = 0.5, in which this transition happens for g∗ ≈ 0.33.

The existence of two kinds of solution - a “large” one and a “narrow” one
- characterizes the temporal evolution: We may therefore divide the phase
plane in two areas (Fig. 3.6). As far as we have seen in the bottom area
the situation is quite simple: the temporary evolution has a solution which
propagates at a constant velocity without changing its profile (as seen in Fig.
3.7).

In the top area things get more complicated: An example is given for
g = 0.55. In this case there are self-trapped solutions for low value of k,
but for k = 0.364 we report a solution which is trapped for a while, and
then breaks out for t ≈ 270, with a diverging longitudinal width; using
higher values of k the trapping time becomes shorter. It is therefore not
straightforward to draw a line between the trapped and the diverging width
regime. In order to make a comparison with the numerical approach, the line
drawn in Fig. 3.6 refers to the points in which the trapping time becomes
shorter than 200 (in units of ω−1

⊥ ).
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Using higher values of g we have seen also an erratic behavior, i.e. z0,
η and σ act in a complicated way (Fig. 3.8): The Gaussian profile stays
trapped for a while, then moves away and gets trapped for a short time,
eventually moving away again.

The variational analysis gives only a qualitative result. Paper III gives
a full numerical approach. What is then found is a complicate interplay in
the states that compose the soliton that cannot be captured by the gaussian
ansatz. In fact, the soliton can be understood as a superposition of Bloch
states (since they form a complete set); when the soliton is very narrow, it
includes states from the top of the band; these states have a negative mass,
and they react in the opposite direction of the initial kick. On the other
hand, the lowest energy states have positive mass, and therefore go in the
same direction of the kick. The localized solution is then torn apart due to
this difference in the time evolution.
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Chapter 4

Giant vortex in a fermion gas

The presence of vortices is the hallmark of superfluidity: While solitons and
Anderson localization can happen in different systems, quantized vortical
solutions can appear only when the velocity of the fluid is irrotational.

The usual description is given by Feynman and by Onsager [30, 61], and
it starts with the consideration that when ∇× v = 0 the circulation

∫

dl · v
vanishes on simply connected domains. If one allows ∇ × v to diverge in
some isolated points, then the circulation around these points must be

∫

dl · v = Q , (4.1)

with nonvanishing Q. By postulating v = ~/m∇θ, Onsager and Feynman
found that Q must be a multiple of ~/m

∫

dl · v =
~

m
q . (4.2)

The value of the integer q is called the charge of the vortex.

The experimental evidence of vortical solutions has been reported in ul-
tracold bosons as well as fermions , and a monumental amount of theoretical
work has been written on this subject. Of particular interest is the stability
of the rotating solutions under various confining potential. In the work we
present we studied numerically the appearance of a giant vortex in a Fermion
system at the unitarity limit.
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4.1 BEC-BCS theory

The description of an interacting Fermion system comes out naturally by
introducing an effective mean field. In fact, in the path integral formalism
the action for a system of N fermions with spin up and one fermion with
spin down is

S =

∫

dx dτ

[

∑

σ=↑,↓
ψ∗

σ (∂τ −
∇2

2
− µσ)ψσ + g |ψ↓(x, τ)|2 |ψ↑(x, τ)|2

]

. (4.3)

This expression cannot be integrated directly, because of the interaction
term. An auxiliary field ∆(x, τ) is introduced by means of the Stratonovich-
Hubbard transformation

exp

{

−g
∫

dx dτ |ψ↓|2 |ψ↑|2
}

(4.4)

=

∫

D[∆∗,∆] exp

{

−
∫

dx dτ

[

1

g
|∆|2 −

[

ψ↓ ψ↑ ∆∗ + ψ∗
↓ ψ

∗
↑ ∆
]

]}

,

obtaining a quadratic form in (ψ↓, ψ↑). The partition function becomes

Z =

∫

D[∆∗,∆, ψ∗
↓, ψ↓, ψ

∗
↑, ψ↑]

× exp
{

−
∫

dx dτ
[1

g
|∆|2 +

∑

σ=↑,↓
ψ∗

σ (∂τ −
∇2

2
− µσ)ψσ

+
[

ψ↓ ψ↑ ∆∗ + ψ∗
↓ ψ

∗
↑ ∆
]

]}

=

∫

D[∆∗,∆, ψ∗
↓, ψ↓ψ

∗
↑, ψ↑]

× exp
{

−
∫

dx dτ
[1

g
|∆|2

+

(

ψ↑
ψ∗
↓

)∗
·
(

(∂τ − ∇2

2
− µ↑) ∆

∆∗ (∂τ + ∇2

2
+ µ↓)

) (

ψ↑
ψ∗
↓

)

]}

. (4.5)

Let us now make the substitution

∆ = ∆0 + η

∆∗ = ∆∗
0 − η∗ (4.6)
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so that the partition function Z reads

Z =

∫

D[η∗, η, ψ∗
↓, ψ↓ψ

∗
↑, ψ↑]

exp

{

−
∫

dx dτ

[

1

g
(|∆0|2 − |η|2) (4.7)

+

(

ψ↑
ψ∗
↓

)∗
·
(

(∂τ − ∇2

2
− µ↑) ∆0 + η

∆∗
0 − η∗ (∂τ + ∇2

2
+ µ↓)

) (

ψ↑
ψ↓

∗)]}

.

The value for ∆0 needs to minimize the thermodynamic potential; one way
to express this condition is to impose δZ/δ∆∗

0 = 0, obtaining

∆0 = g 〈ψ↓ ψ↑〉 , (4.8)

and ∆0 is called the Cooper pair order parameter. It describes the coupling
between spin up and spin down Fermions (the Cooper pairs); ultimately
∆0(x) describes a boson field. The path integral over η takes care of the
fluctuations around the order parameter. In the BEC-BCS theory of a Fermi
gas these fluctuations are not considered, and we shall neglect them in the
following. Moreover, notice that the propagator for the Fermion fields can
be obtained by an inversion

G =

(

(∂τ − ∇2

2
− µ↑) ∆0

∆∗
0 (∂τ + ∇2

2
+ µ↓)

)−1

. (4.9)

and the particle spectrum is obtained by taking the determinant of G−1.
The result is the spectrum of free particles plus an appropriate value of ∆0.
For definiteness, let us consider a system which is uniform and not polarized
(µ↑ = µ↓ = µ); then

E2
k = det

(

G−1
)

=

(

k2

2
− µ

)2

+ ∆2
0 . (4.10)

This means that in order to split the Cooper pairs an energy equal to or
greater than the gap ∆0 is needed. For temperatures such that KB T ≪ ∆0

a fermion system admits a macroscopic boson field to exist, isolated from the
environment by the gap. This model describes the existence of superfluidity
in fermion systems, and it was first proposed by the Bardeen, Cooper, and
Schrieffer [5] to explain superconductivity in metals at low temperatures.
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+ + +...

a)

b)

Figure 4.1: For low temperatures, the weight of bare interaction between
two particles (a) is described by the constant 4π ~2 as/m. At the unitarity
limit, when as → ±∞, the cross section of each particle diverges, and one
must consider an effective interaction that takes in account all the collision
between the particles (b). In the ring approximation this interaction g is
given by Eq. (4.12)

4.2 Unitarity limit

The unitarity limit is reached when the scattering length aS is much greater
than the interparticle spacing, or kF aS ≫ 1, where kF is the Fermi momen-
tum. In this limit the cross section is so big that the interaction constant
g must take in account all the collisions between the particles. The main
contribution is given by a ring approximation: An effective interaction g can
be computed by summing up over all the steps of the latter diagram in fig
4.1. The result can be written as

g = U0 (1 − U0G0)
−1 , (4.11)

where U0 = 4π ~2 aS/m is the single particle interaction, and G0 is the
bubble term for the free fermions. For low energy collisions the renormalized
interaction is given by the Lippmann-Schwinger formula

1

g
=

m

4π ~2 aS

− 1

V

∑

k

m

~2 k2
. (4.12)

We see that even in the unitarity limit - for diverging scattering length - the
interaction has a meaningful expression.

The unitarity limit is also seen as a universal regime: When the scat-
tering length diverges, the only characteristic length in the system is given
by the interparticle spacing n−1/3. Using a dimensional argument, the only
characteristic energy is ~n2/3/m ∝ ǫF , and all the energies of the system
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(like the groundstate energy E0 and the gap energy ∆0) should appear to be
proportional to this value. As a matter of fact, it can be found [63] that

E0

N
= ξ

3

5
ǫF

µ = ξ ǫF

∆0 ≈ 0.6 ǫF , (4.13)

where for a two species Fermi system Monte Carlo calculations give ξ =
0.44± 0.01. Note that, at the unitarity limit, the ground state energy of the
interacting system is proportional to the energy of a noninteracting Fermi
gas. This consideration is extremely important; in fact, as far as a local
density approach is valid, one can imagine to have a similar behavior when
an external potential is introduced.

4.3 LDA theory of superfluid Fermions

Local density approximations (LDA) have been used to model the behavior
of the system in the presence of an external potential. The main assumption
of this approximation consists in assuming the characteristic length of the
potential Lext much bigger than any characteristic length of the gas. As a
consequence, the system can be described locally as uniform, and the effect
of the external field appears as a term that shift the energy of the system
by the value of the potential. At the unitarity limit, the only characteristic
length is the interparticle spacing, and the condition for the LDA to work is
rs ≪ Lext. Under these assumptions the energy functional of the Fermi gas
can be written as

ELDA =

∫

drn(r) (ǫ(r) + U(r)) , (4.14)

where n(r) is the particle density. The equilibrium density is found by taking
the functional derivative

δELDA

δn(r)
− µ̄ = 0 , (4.15)
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with µ̄ being the Lagrange parameter associated to the total number of par-
ticles

µ̄ =
δELDA

δn(r)

=
δn(r)ǫ(r)

δn(r)
+ U(r)

= µ((n(r)) + U(r) . (4.16)

We implicitly defined µ(r), the chemical potential of a uniform system of
density n. According the discussion in the previous paragraph, the energy
per particle of a uniform Fermi gas at the unitarity limit is

ǫ(n) = ξ
3

5

~2

2m
(3π2)2/3 n2/3 . (4.17)

In a fermion system, this LDA approach can be made more accurate by
adding a term that contains the gradient of the particle density

ǫg(n,∇n) = ǫ(n) + λ
~2

2m

(∇n
n

)2

. (4.18)

This term is known as the von Weizsäcker contribution . It was first intro-
duced in nuclear physics to describe the surface contribution to the energy
in nuclei; later it has been employed in the density functional theory for
fermions [62]. This term yields an extended Thomas-Fermi approach (ETF),
where the new energy functional is

EETF =

∫

drn(r) (ǫg(r) + U(r)) . (4.19)

For non interacting fermions λ = 1/9, therefore one would expect that at
unitarity λ = ξ/9. However, the comparison with Monte Carlo calculations
show that the actual value is slightly different. Therefore, one should treat
the expansion (4.18) as a variational expression, where ξ and λ are the fitting
parameters. The best values seem to be ξ = 0.44 and λ = 0.18.

Equation (4.16) can be interpreted as a balance of the forces acting on a
fluid element [89]

F0 = −∇
(

δELDA

δn(r)

)

= 0 . (4.20)
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In the ETF approach, it is natural to define a generalized force

F = −∇
(

δEETF

δn(r)

)

= −∇ (µg(r) + U(r)) , (4.21)

with

µg(r) =
δ(n(r)ǫg(r))

δn(r)
= µ− λ

~2

2m

∇2
√
n√
n

. (4.22)

The hydrodynamic equations for the Fermi fluid are

∂n

∂t
+ ∇ · (nv) = 0

m

(

∂

∂t
+ v · ∇

)

v + F = 0 . (4.23)

If the unitary Fermi gas is superfluid, then the velocity is irrotational v =
~/2m∇θ, where θ is the phase of the Cooper pairs. Under this assumptions,
Eqs. (4.23) are the equations for a Madelung fluid, and they can be rewritten
as a Schrödinger-like equation

[

− ~2

8m
∇2 + V (r) + ξ

~2

2m
(3π2)2/3

(

|ψ(r)|2
)2/3

+ (
1

4
− λ)

~2

2m

∇2|ψ(r)|
|ψ(r)|

]

ψ(r) = µψ(r) . (4.24)

Interestingly enough, this equation looks like the GP equation, and it admits
vortical solutions.

4.4 Giant vortices

Vortices in a superfluid gas are physically generated by inducing a rotation on
the particles that compose the system. When this rotation energy overcomes
the energy required to excite a vortical state, the gas starts to rotate. Upon
increasing the rotation velocity, states are excited with a higher angular mo-
mentum. The stability of these multiply quantized vortices is an interesting
topic by itself, and it was addressed in [51]. The main result is that for a har-
monic potential multiple charge vortices are unstable, since they lose angular
momentum by emitting phonon radiation. If the original vortex has q units
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of angular momentum, eventually the system reaches a stable configuration
where there are q single quantized vortices in the medium.

The limit to the highest angular velocity is the confining potential: when
the centrifugal energy is stronger than the potential energy, the gas naturally
spreads out of the trap. For a harmonic potential, the condition is trivial:
The rotation frequency Ω must be lower than the harmonic frequency ω, so
that mΩ2r2 < mω2r2 for each small volume of gas centered in r. If the
potential is not harmonic, but it goes like

1

2
α rn , (4.25)

with n and even number, than the stability condition is different. Even more
interestingly, it turns out that in this case multiply quantized vortex can be
stable. Indeed, a phase diagram can be drawn as a function of n, the particle
interaction, and the rotation frequency [51, 53, 41, 38].

The characteristic sign of a multiply quantized vortex is the depletion of
gas from the center of rotation. The density profile appears ring-like, and it
becomes narrower upon increasing the rotation frequency. For this reason,
this type of solution is called giant vortex. In the Paper IV we investigate
the appearance of giant vortices in a superfluid Fermi gas at unitarity, by
using Eq (4.24).
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Quasiperiodic systems

In a seminal article [2] called “Absence of diffusion in certain random lat-
tices”, Anderson found that the localization of the wavefunction of a quantum
system. In a tight binding approximation, he considered the hopping of one
particle from site to site. He found out that if the spacings between the dif-
ferent lattice sites random, then the probability of finding the wavefunction
decays exponentially with increased distance from the initial site, provided
some conditions for the initial energy of the particle are realized. This ob-
servation led to the Nobel Prize for Physics, and the phenomenon itself was
called “Anderson localization”. In a metal, it tells that disorder can lead to
an insulating state, since the propagation of the particle is forbidden.

In cold atoms research, Anderson localization has been experimentally
investigated in a one-dimensional system by two different groups: The one
of Alain Aspect in Orsay [8], and the group of Modugno and Inguscio in
Florence [70]. They both employed a BEC where the interaction was turned
off by means of the Feshbach resonance technique. The two groups used
different kinds of disorder: in Orsay they employed a speckle potential (a
potential with random Fourier components), in Florence they settled for a
bichromatic quasiperiodic potential. In both cases the density of the particles
in the condensate turned out to be exponentially localized.

A fertile field of research is the investigation of the effect of a repulsion
between bosons, when a disordered potential is present. In the late 80’s it was
speculated [34, 32] that a new phase of matter exists under this condition:
The Bose glass. The group in Florence has been leading the research on this
topic, showing in a series of experiments (see for example [29, 22]) that such
a phase exists. This experimental research has been walking side by side
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with a corpus of analytical and numerical articles [72, 69, 23, 70, 33], that
helped explaining the properties of the glassy phase, as well as predicting
where in the parameter space it should be found. In our article [15] we gave
a contribution to this line of research, spotting signs of the Bose glass in a
one-dimensional quasiperiodic potential by means of Bogoliubov approach.
In the following we provide a brief introduction to the description of the
effect of such a potential to a BEC.

5.1 KAM theorem in a nutshell

One striking effect of the quasiperiodic potentials is that - below a certain
strength - the wavefunction appears as completely delocalized. The Ander-
son localization phenomenon appears only when the external potential is
stronger than a critical threshold. In a one-dimensional system, this delocal-
ization can be explained by the Kolmogorov-Arnold-Moser theorem, which
we introduce in the present section.

Any non-dissipative classical dynamical system can be modelled by a
Hamiltonian function H(q, p). As it is known, this function defines the be-
havior of the system according to

q̇ =
∂H
∂p

ṗ = −∂H
∂q

. (5.1)

The true power of the Hamiltonian formalism lies in the flexibility that it
gives when changing coordinates. This is particularly useful when there are
constants of motion. A classical example is the harmonic oscillator, described
by the Hamiltonian

H =
1

2

(

p2 + ω2 q2
)

. (5.2)

The canonical transformation

p =
√

2 I ω cosφ p =
√

2 I/ω sinφ , (5.3)

introduces the action-angle variables (I and φ). The Hamiltonian becomes

H = ω I , (5.4)
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where φ is not present. This means that I is a constant of motion, İ = 0,
and the conjugate variable φ evolves according to

φ = φ0 + ω(I0) t . (5.5)

with periodic boundary conditions: One can imagine it wrapping around
the “invariant circle” of frequency ω. In more complicated cases (like the
pendulum), ω can be a function of the action I. What is important to notice
is that the transformation of variables makes evident what are the conserved
quantities: If a variable is not in H, then its conjugate variable is a constant.

This feature is directly extended to a system of many variables. This
is the core of the Liouville-Arnold theorem, which states that if there are
n constants of motion in a system described by n conjugate coordinates
(q1, ...qn, p1, ...pn), then locally there is a canonical coordinate change (p,q) =
T (I, φ) where only the action coordinates I1, ...In appear, and

H(I, φ) = h(I) = ω · I . (5.6)

Such a system is called integrable.
The flexibility for a coordinate change turns out to be extremely helpful

in perturbation theory. For example, in the case of a quasi-integrable system

H = ω(I) · I + ǫ f1(I, φ) , (5.7)

with ǫ sufficiently small, then it is possible to devise a transformation (I′, φ′) =
Tǫ(I, φ), with Tǫ ∼ 1 +O(ǫ), that

H′ = ω(I′) · I′ + ǫ g(I′) + ǫ2 f2(I
′, φ′) . (5.8)

In order for such a transformation to exist, ω must not contain resonances,
a condition that (simplifying) we write as

ω · ν 6= 0 , (5.9)

for any ν ∈ Qn 1. Under these conditions (and little else) the transforma-
tion can be applied an infinite number of times. In the end, the part of the
Hamiltonian that depends on the angles φ can be made small at will, there-
fore the perturbation of a system that does not contain resonances is still an
integrable system. This statement is the core of the KAM theorem, which is
explained in more detail - for example - in Ref. [7].

1The condition for the transformation to exist is more restrictive. We have simplified
the discussion as much as possible for the purpose of this little introduction. For a better
description, in order to understand why Eq. (5.9) is not enough, the reader is invited to
see the discussion on the Diophantine numbers on [7].
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5.2 The Schrödinger equation

Let us consider the Schrödinger equation of a system with a quasiperiodic
potential U(ω x)

ψ(x)′′ + U(ω x)ψ(x) = E ψ(x) , (5.10)

where
U(ω x) = U(ω1 x, ω2 x, ..., ωn x) , (5.11)

and ω ∈ Rn satisfies the nonresonant condition (5.9). Moreover, let us make
some “cosmetic” changes: The variable x is referred as the time, so that
ψ′ ≡ ψ̇; we define

ψ = I1 ψ̇ = I2 . (5.12)

Moreover, we define φ = ω x (φ ∈ Rn), so that

φ̇ = ω . (5.13)

Using the short notation I = (I1, I2), the equation for I reads

İ = A(φ) I , (5.14)

with

A(φ) =

(

0 1
−E 0

)

+

(

0 0
U(φ) 0

)

. (5.15)

If U(φ) = 0, Eqs. (5.2) and (5.14) describe an integrable dynamical system.
If the perturbation is small, then a KAM approach can be applied to the
equations of motion. It is in fact possible to construct a coordinate transfor-
mation close to unity that maps the dynamics of Eqs. (5.2) and (5.14) onto
an integrable system. The result can be summarized by the Dinaburg-Sinai
theorem [24], which states that in the presence of a small quasiperiodic per-
turbation the Schrödinger equation admits two linearly independed solutions

ψ1 = ei k x χ(x) (5.16)

ψ2 = ψ∗
1 , (5.17)

where k is a real number, and χ is a complex quasiperiodic function. These
solutions are extended over the whole domain of the Schrödinger equation,
and they give the quasiperiodic equivalent of the Bloch (or Floquet) solutions
of the case with a periodic potential. Therefore, if the potential is weak
enough the solutions to the quasiperiodic system are completely delocalized.
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We must stress that there are two independent solutions no matter how
many periodic component there are in the external potential, i.e., any func-
tion of the form U(ω x) = U1(ω1 x)+U2(ω2 x)...+Un(ωn x) is permissible. The
number of independent solutions depends on the fact that the Schrödinger
equation (5.10) is a second order differential expression.

On the other hand, if the potential is not weak, the KAM theorem cannot
be applied. This case was studied by Aubry and Andre in Ref. [3]. They
treat the case of a discrete system

E ψ(xn) = ψ(xn + 1) + ψ(xn − 1) + λ cos(2π αn)ψ(xn) , (5.18)

with α an irrational number. The evolution of the system can be studied by
considering the matrix TL

TL

(

u(0)
u(1)

)

=

(

u(L)
u(L+ 1)

)

= A(L)A(L− 1) ...A(1) (5.19)

with

A(n) =

(

0 1
−1 E − λ cos(2π αn)

)

. (5.20)

In the Aubry-Andre model it is shown that the Lyapunov coefficient

γ = lim
|L|→∞

ln ||TL|| (5.21)

is greater than unity if λ > 2. This means that the trajectories are either
exponentially growing or decaying at ±∞. In Ref [80], this result is extended
to a more general quasi-periodic potential U(ω n), that substitutes the cosine
function in (5.18). Since the square of the wavefunction must be Lebesgue
integrable, only the exponentially decaying solutions are allowed, so that we
can say that the Aubry-Andre result predicts an Anderson localization for a
particle in a quasiperiodic potential, when this potential is strong enough.
This is true also for a continous system, as it is shown in Fig. 5.1; in this
picture the external potential is the sum of two incommensurate cosine func-
tions.

Therefore, when no interaction is present, the external potential does not
localize the particles before a certain critical strength; beyond this threshold
the Anderson localization comes into play. The critical threshold depends on
the specific shape of the quasiperiodic potential employed.
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Figure 5.1: Anderson peak for the Schrödinger equation under the quasiperi-
odic potential in Eq. (5.22), with V = 2 ∆ = 4 ~2/md2.

5.3 Effects of interaction

Following the approach of Refs. [32, 39], the interplay between interaction
and a quasiperiodic potential with V as the amplitude of the main lattice
and ∆ as the amplitude of a small quasiperiodic perturbation

V (x) = V cos

(

2π

d
x

)

+
∆

2
cos

(

2π λ

d
x

)

, (5.22)

where d and λ are uncommensurate numbers, can be understood by using
the Bose-Hubbard Hamiltonian

Ĥ = −J
∑

〈i,j〉
b̂†i b̂j +

U

2

∑

i

n̂j (n̂j − 1) +
∑

i

ǫi n̂j , (5.23)

where the perturbation ǫi is included in the interval [−∆/2,∆/2]. The main
result of Ref. [32] is the following: While for no perturbation (∆ = 0) the
system admits only two phases, superfluid (SF) and Mott insulator (MI),
for a nonvanshing ∆ a new quantum phase comes along: The Bose glass
(BG). This phase is insulating (the one body correlation function decays
exponentially), however - unlike the Mott phase - the excitation spectrum
has no gap.

There has been some fervid discussion in the literature about the correct
way to plot the phase diagram for the Hamiltonian (5.23). These discussions
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Figure 5.2: Top Panel: Upon adding a quasiperiodic potential a new phase
comes along: The Bose glass; the Mott insulating phase is completely washed
out from the diagram when the perturbation energy is greater than the in-
teraction one. Bottom panel: The Bose glass appears both for small and big
interaction.



70 Quasiperiodic systems

0 10 20 30 40 50 60 70 80

10
0

ψ
(x

)

0 10 20 30 40 50 60 70 80

10
0

ψ
(x

)

0 10 20 30 40 50 60 70 80

10
0

ψ
(x

)

0 10 20 30 40 50 60 70 80

10
−1

ψ
(x

)

x

Figure 5.3: Upon increasing the interaction between the particles, the wave-
function goes from the single Anderson peak, to a series of peaks with little
overlap, until finally coherence is established on the whole system.

terminated with an exact theorem, called theorem of inclusions [68], which
states that a direct transition from SF to MI is impossible under very general
conditions for the perturbation ǫi. The correct way to draw the phase dia-
gram is therefore plotted in Fig 5.2 (top panel). Another significative result
of Ref. [32] is the fact that for ∆ > U the system is always in the BG phase,
and the MI is wiped away from the diagram.

One of the earliest results for the BG phase was provided in Ref. [34] by
Giamarchi and Schultz. In the case when the MI phase is not present, then
the phase diagram as a function of the interaction J and the perturbation
amplitude ∆ assumes the form in fig. 5.2 (bottom panel). Following their
analysis, one can see two sides of the Bose glass: One for weak interaction
and the other one for strong repulsion between the particles. The profile of
the boson gas in the weak interaction regime is discussed in Ref. [50] by
Lugan et al., and also in Ref. [22] by Deissler et al.. Picture 5.3 captures
the main physics: For no interaction the system is Anderson localized; upon
increasing the interaction the system starts to be split in barely overlapping
peaks, and the system is in a situation called the Lifschits glass regime, or
Anderson glass regime. When increasing the repulsion between the particles
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the peaks overlaps even more, and eventually coherence is extended to the
whole system: The gas becomes superfluid. The Anderson glass can therefore
be interpreted as a deep BG regime. As explained in [50] it is not a separate
phase, and this is what we confirm in our work in Paper V.

5.4 Bogoliubov approach

The Bogoliubov description of the excitation of a Bose gas can be obtained
using a path integral approach. Starting from the total action of the boson
scalar field ψ

S =

∫

dx d t

[

ψ∗ (∂t −
∇2

2
− µ)ψ + g |ψ(x, t)|4

]

, (5.24)

and making the substitution

ψ(x, t) = ψ0(x) + e−i µ t (u(x) e−i ω t − v∗(x) ei ω t) , (5.25)

we arrive to an expansion for the action

S = S0 + S1 + S2 , (5.26)

where S0 contains only terms with ψ0, S1 is linear in u and v, and S2 con-
tains terms quadratic in u and v. The minimization of the action functional
δS0/δψ

0 = 0 yields the Gross-Pitaevskii equation. The variation of the ac-
tion δS1 disappears identically, while the expression δS2/δ(u, v) = 0 brings
the equations for the Bogoliubov amplitudes

(

−1

2
∇2 + v + 2n g − µ

)

u− n g v = ω u

(

−1

2
∇2 + v + 2n g − µ

)

v − n g u = −ω v , (5.27)

where n = |ψ0|2 is the density of the system. In the uniform case (V = 0) it is
possible to show [63] that the Fourier components of the Bogolibov functions
are

u2
q =

1

2

(

ξq
ωq

+ 1

)

v2
q =

1

2

(

ξq
ωq

− 1

)

, (5.28)
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with ξq = k2/2 + n g and the the Bogoliubov spectrum

ω2
q = ξ2 − (n g)2 , (5.29)

is gapless. This is central feature of the Bogoliubov ansatz (5.25), even for a
nonuniform system (V 6= 0).

Moreover, in a homogeneous system and for T = 0 the correlation func-
tion between two points (ignoring density fluctuations) can be expressed as
[63]

g(x,x′) = 〈ψ(x′)† ψ(x)〉

= exp

{

1

2n

∑

q

(uq + vq)
2 (1 − cosq · |x − x′|)

}

. (5.30)

In one dimension, this correlation function decays as a power law

g(x, x′) ∼ 1

|x− x′|α , (5.31)

with some α > 02. This means that a one-dimensional boson system has no
long range order. However, as we show in our Paper V, it is still meaningful to
speak about superfluidity and the GP equation still describes the behavior
of the mean field ψ0 =

√
n, provided u and v are small. Therefore the

assumption of a BEC is not necessary for the Bogoliubov approach to work.
In our work we apply the Bogoliubov theory to a system in quasiperiodic

potential in order to find sign of the glassy phase. Notice that the Bogoli-
ubov ansatz cannot describe states where the excitation spectrum has a gap,
therefore it cannot describe the Mott insulator phase. In our work we con-
sider the case ∆ = V in Eq. (5.22), which ensures that the Mott phase is
washed away from the Phase diagram.

By considering fluctuations in the density and phase of the Bose gas (and
relating them to the Bogoliubov amplitudes), it is eventually possible to plot
the T = 0 one body correlation function [58, 33, 15]

g(x, x′) ∼ exp







−1

2

∣

∣

∣

∣

∣

v(x′)
√

n(x′)
− v(x)
√

n(x)

∣

∣

∣

∣

∣

2






. (5.32)

2Notice that the integral (5.30) does not converge in 1D, and a cutoff must be introduced
to obtain the power law decay. This is explained (for example) in Ref. [63], Chapter 15.
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Figure 5.4: The top panel show the logarithm of the one body correlation
function, Eq. (5.32), the lower ones represent the first four Bogoliubov am-
plitudes vj. As it can be seen, the phase flips in the lowest energy Bogoliubov
amplitudes are responsible for the decay in the correlation function. In the
Bose glass phase, the correlation function (5.32) decays exponentially on a
scale of many lattice sites. On a smaller scale, this function is composed by
a series of steps. These steps happen in correspondence of the phase flips for
the Bogoliubov amplitudes.

In our work we see that this function - under a certain range of parameters
- decays exponentially. Since we have eliminated by construction the MI
phase, we argue that when this happens we have found the BG regime.

The existence of the glass phase can be explained better by plotting the
lowest energy Bogoliubov amplitudes vi(x) relative to a state in the BG
phase, as it is done in fig. 5.4. The density profile consists in series of peaks,
with profound dips between some of them. At the position of those dips, the
Bogoliubov amplitudes can flip their phase with very little energy. Phase
coherence is present on a length scale that is shorter than those of the phase
flips. This length scale is a few lattice sites, and particles are superfluid over
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this characteristic length, and coherence is lost only on a scale that includes
many nodal points of the Bogoliubov amplitudes. On the contrary, in the
MI regime particles are confined in each site, and in order to move they
have to overcome a gap energy. This explains why in the Mott insulator the
spectrum has a gap, while the Bose glass is gapless.



Chapter 6

Gravitational waves and

superfluids

One of the fundamental consequences of the Einstein’s theory of relativity
is the existence of “ripples” in the space-time metric that can propagate
through space; these objects are called gravitational waves, and they couple
very weakly to the matter. Indeed, there is at the moment no direct evidence
of the existence of such relativistic features, and the most convincing hint is
given by the acceleration of the rotational period of a binary star system (for
a review, see [86]).

The detection of gravitational waves has been pioneered by John Weber
[85]. He envisioned that a wave-like perturbation in the space-time metric
would produce a measurable strain in a crystal, allowing to spot the effect of
the incoming wave. In particular, he concentrated on the response of elon-
gated bars, speculating that the induced vibrations could be enhanced if the
frequency of the incoming wave matches some resonant condition, achieved
by carefully tuning the length of the bar itself. The Weber resonators never
gave a decisive proof of the existence of gravitational waves. However, this
did not stop the theoretical activity in this issue.

In his original work, Weber studies the response of a crystal. In a metal,
this is equivalent to consider only the movements of the ions. However, some
authors (see Ref. [87] and references within) suggested that the electronic
contribution would improve the response of the material, but this enhance-
ment has never been measured, and it does not seem to resist to a microscopic
analysis of behavior of a metal [12]. A laboratory scale detector for a gravi-
tational wave seems unlikely, and the most likely candidates for the detection
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are laser interferometers. The sensitivity of these structures is proportional
to the length of the laser path. For this reason, ground interferometers are
L-shaped structures in which each arm is about two kilometers long. The
construction of a space based interferometer would put three satellites at
three earth-sun Lagrangian points, and the laser path would cover a distance
of the order of 106km.

A recent article spoke about the possibility of building mirrors for grav-
itational waves using superconductors [57]. If true, this would enable the
construction of gravitational telescopes, with tremendous consequences on
the information that can be gained about the cosmos: The penetrating ca-
pacity of gravitational waves could unveil the internal structure of supernovae
and nuclei of galaxies, as well as give information about the early structure
of the universe. In this chapter we introduce the work done in our Paper VII,
giving an overview on how a gravitational wave should couple to the matter;
in particular, we show that - according to our analysis - the construction of
gravitational mirrors is not possible.

6.1 Gravitational waves dynamics

A gravitational wave is a perturbation in the space time metric that propa-
gates through space. An explicit solution is easy to find if the perturbation
is small with respect to a flat space metric. The expression

gµν = ηµν + hµν , (6.1)

visualize the fact that the total metric gµν is the sum of the special relativistic

ηµν =









1
−1

−1
−1









, (6.2)

and the perturbation hµ ν , with |h| ≪ 1. Any equation of motion for h should
start from the gravitational field action

S =

∫

dt dx
√−g R , (6.3)

where g is the determinant of gµν and R is the Ricci scalar [46]. In free space,
it is possible to choose a gauge for h that simplifies the calculations: The
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Figure 6.1: The two independent polarizations for a gravitational wave. The
wave produces a quadrupolar strain to the sample, either shaped as a vertical
+ or as a diagonal one ×. Correspondently, the independent variables in the
metric perturbation are two: h+ or h×, as in Eq. (6.5)

transverse and traceless gauge (TT) [59]. With this choice

h0µ = 0 ,

hµ
µ = 0 ,

∂νhµν = 0 , (6.4)

and there are only two degrees of freedom for the elements of h

hµν =









0 0 0 0
0 h+ h× 0
0 h× −h+ 0
0 0 0 0









, (6.5)

therefore, the gravitational waves has two polarizations, as depicted in fig.
6.1. The action (6.3) becomes

S =
1

4

∫

dt dx
∂hij

∂xµ

∂hij

∂xµ
, , (6.6)

where i, j denote only the spatial coordinates. By imposing δS/δhij = 0 we
obtain

�hij = 0 , (6.7)

with � = c−2 ∂2
t − ∇2 being the d’Alembertian operator. The associated

Green’s function to Eq. 6.7 is

�Gijkl(xtx
′t′) = δ(x− x′) δ(t− t′) δik δjl , (6.8)
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which in Fourier space becomes

Gijkl = c2
δik δjl

ω2 − c2 k2 + i ǫ
. (6.9)

This expression can be thought as the free propagator for the graviton1.

In the presence of matter the total action of the system reads

S =
1

2κ

∫

dt dx
√−g R +

∫

dt dx
√−g L , (6.10)

where κ = 8πG/c4 (G being the Newtonian gravitational constant), and L
is the Lagrangian for the matter. It is possible to prove [79] that if the
curvature produced by the matter is much greater than the wavelength of
the gravitational wave, then the TT gauge can still be employed, and the
equation for h is

�hij = −2κTij . (6.11)

With Tij we indicate the space components of the energy-momentum tensor.
What we show in Paper VII is that the presence of matter appears as the self
energy in the propagator of the graviton. Moreover, provided the perturbation
h is small, this self energy can be computed by using flat space quantities,
such as the stress tensor T 0

ij and the pressure P .

6.2 Flat space expansion

Since h is small, it is possible to take a Taylor expansion for the matter La-
grangian L and find a suitable expression for the stress tensor. For example,
in Paper VII the action (6.10) is expanded up to second order in h. This is
enough to find an equation for the field linear in the perturbation.

However, one must use a special care when dealing with covariant and
contravariant indices. As a matter of fact, the order in the expansion for
upper indices is different from the one with lower indices:

O(hij) 6= O(hij) . (6.12)

1With a small abuse of language, we introduced the word “graviton” even if we are still
talking about a classical description of the gravitational wave. This is equivalent to using
the word “photon” in a semiclassical theory of the electromagnetic interaction.
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This fact can be seen in the expression for the perturbation itself: While
gij = δij + hij by definition, the expression for gij = δij − hij must satisfy

gik gkj = δi
j . (6.13)

If one wants Eq. (6.13) to be satisfied up to second order in hij, then the
following expression must hold:

gij = δij − hij + hik hkj , (6.14)

therefore.
hij = hij − hik hkj . (6.15)

Moreover, if a quantity transforms as a tensor

Tij = gik T
kl glj

= T ij + hik T kl + T ik hkl . (6.16)

This means that, even if the end result only includes flat space quantities,
one needs to carry out all the transformations in a consistent way, otherwise
the Taylor expansion is flawed. In the article VII, our equation for the field
contains only down indices. By doing the proper calculations, an explicit
expression is obtained for Eq. (6.11). For a Lagrangian of noninteracting
particles it reads

�hij = 4κ〈P 〉hij − 2κ 〈T 0
ij T

0
kl〉hkl , (6.17)

where P is the pressure and T 0 is the flat space (unperturbed by the gravita-
tional strain) stress tensor of the system. It is interesting to draw a parallel
between Eq. (6.17) and the equation for the electromagnetic field: If Ai are
the components of the vector potential and Ji are the components of the
charge current, then linear response theory yields

�Ai = µ0 Ji

= µ0〈ρ〉δij Aj − µ0 〈J0
i J

0
j 〉Aj . (6.18)

Notice the formal analogy between the two cases. In both we have a dia-
magnetic term (depending on the pressure P or the charge density ρ), and
a correlation function that describes the paramagnetic response. This last
term is responsible for the resonances in the system.
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6.3 The stress tensor

The stress tensor T 0
ij in condensed matter (flat space) is defined by the ex-

pression
∂Ji

∂t
+
∂T 0

ij

∂xj

= 0 , (6.19)

and it is possible to derive it by considering the system’s response to a small
strain. For example, in a single particle quantum mechanical system, the
action can be written as [35]

S =

∫

dt dx

[

~

2
(ψ∗∂tψ − ∂tψ

∗ψ) − ~2

2m
|∇ψ|2

]

= St + Spart . (6.20)

Introducing a small displacement u in the coordinate system

ψ(x, t) →
(

∂x + u(x, t)

∂x

)1/2

ψ(x + u(x, t)) , (6.21)

then Eq. (6.19) can be obtained by imposing δS/δui = 0

δSt

δui

+
δSpart

δui

= 0. (6.22)

In fact we have

δSt

δui

=
∂

∂t

~

2 i

(

ψ∗ ∂

∂xi

ψ − ∂

∂xi

ψ∗ψ

)

=
∂Ji

∂t
, (6.23)

and
δSpart

δui

= − ∂

∂xi

2
δSpart

δhik

= − ∂

∂xi

T 0
ij , (6.24)

where hij is the strain

hij =

(

∂ui

∂xj

+
∂uj

∂xi

)

, (6.25)

and

T 0
ij =

1

4m
(∇1 −∇1′)i (∇1 −∇1′)j ψ

∗(1′)ψ(1)|1′→1 . (6.26)

The relation

T 0
ij = 2

δSpart

δhik

, (6.27)
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Figure 6.2: Left panel: The displacement between electrons an ions would
produce a charge imbalance and generate an electric field. Right panel: The
velocity field produced by the gravitational strain is irrotational, suggesting
that there is no strategic difference between considering Cooper pairs or
normal electrons.

is more general than the noninteracting case. In fact, it can be taken as the
flat space definition for the stress tensor. If the action has an interaction
term

Sint =

∫

dt dx dyψ†(x)ψ†(y)U(|x− y|)ψ(y)ψ(x) , (6.28)

then the corresponding stress tensor has been written by Godfrey [35]

T int
ij = 2

δSint

δhik

= lim
x′→x

1

16π
(∇−∇′)i (∇−∇′)j

∫

dy dz n̂A(y) n̂B(z)

(

1

|x− y| +
1

|x′ − z|

)

UA B(|x− y| + |x′ − z|) , (6.29)

which in the Coulomb case reduces to the Maxwell stress tensor.

6.4 Response of metals and superconductors

As we saw in chapter 4, the velocity field for a superfluid is irrotational. To
some extent, the superfluid is rigid to a perturbation that tries to stir it, until
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a vortex is created. This does not happen for a normal fluid. Recently, a
proposal has been advanced [57] that would exploit this difference in behav-
ior: A superconductor is composed by superfluid electrons (cooper pairs) and
normal ions. While the ions would follow the geodetic equation (6.11), the
superfluid part would not be able to respond to the transverse perturbation
caused by a gravitational wave. Even a small displacement between electrons
and ions would create an enormous electrostatic force between then, acting
against the displacement. Thereby, this large electrostatic energy should
render the superconductor stiff to the propagation of the wave [57].

A study of this proposal underscores the need for a theory of the inter-
action of gravitational waves with matter; this theory should treat coupling
of the gravitational wave to electrons and ions on a unified footing, take into
account the microscopic degrees of freedom, and also include the Coulomb
interaction. A complete treatment is done in Paper VII.

Here we propose a simpler hydrodynamical argument to understand what
is the weak point of the reasoning in Ref. [57]. Let us consider a normal
metal, and treat electrons and ions as fluids, both subject to small longitu-
dinal perturbations

ne(x, t) = n0
e + δne(x, t) (6.30)

nI(x, t) = n0
I + δnI(x, t) . (6.31)

If the number of charge carriers in the ions is Z, we consider the system
neutral for no perturbation n0

e = Z n0
I , and the (time, space) average of the

perturbations itself vanishes

〈δne〉 = 〈δnI〉 = 0 . (6.32)

The electron and ion densities satisfy the continuity equations

∂ne(x, t)

∂t
+ ∇ · (ne(x, t) ve) ≈ ∂δne(x, t)

∂t
+ n0

e ∇ · (ve) = 0

∂nI(x, t)

∂t
+ ∇ · (nI(x, t) vI) ≈ ∂δnI(x, t)

∂t
+ n0

I ∇ · (vI) = 0 . (6.33)

Moreover, considering the electric field given by the Laplace equation

∇ · E = 4π (ni Z − ne) e = 4π (δni Z − δne) e . (6.34)
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The equation of motion for the electrons and ions becomes

me n
0 ∂ve

∂t
= −∇pe − ne eE

mI n
0 ∂vI

∂t
= nI Z eE mI nI . (6.35)

Taking the divergence of Eqs. (6.35), substituting Eqs. (6.30) and Eq. (6.34),
and neglecting terms of order δn2

∂2δne

∂t2
= c21 ∇2(δne) +

4π n0
e e

2

me

(δnI Z − δne) (6.36)

∂2δnI

∂t2
= −4π n0

I Z e
2

mI

(δnI Z − δne) , (6.37)

where we put

∇2P/me ≈ (∂P/∂δne)S ∇2δne

= c21 ∇2δne , (6.38)

The solution of the system of equations (6.35) is given by imposing the fol-
lowing determinant to vanish

∥

∥

∥

∥

ω2 − c21 k
2 + Ω2

e −Ω2
e Z

−Ω2
I ω2 + Ω2

I Z

∥

∥

∥

∥

= 0 , (6.39)

which gives two branches for the energy spectrum:

ω2 = Ω2
e + Ω2

I (6.40)

ω2 = c21 k
2 , (6.41)

with Ω2
I = 4π n0

I e
2 Z/mI . The first one is the superposition of the harmonic

motion of the ions and electrons with their respective plasma frequency. In
the second type of motion the ions and the electrons oscillate together, with
phonon-like excitation at the speed of sound for the electrons. Therefore, for
longitudinal oscillations far from the plasma frequencies, the electrons are
effectively glued to the ions, and there is no significant displacement between
the two in a normal metal. We stress that this argument is supported by
microscopic calculations in our Paper VII.



84 Gravitational waves and superfluids

Moreover, if the electrons are superfluid there is no significant change
in the behavior of the system: The effect of a gravitational wave is to pro-
duce a strain on a sample, and this strain couples to the stress tensor of
the specimen. While it is true that the transverse current-current response
vanishes in a superfluid, the response to a gravitational wave has the form
of a stress-tensor–stress-tensor correlation function, which does not vanish.
The superfluid part of a superconductor responds to the gravitational wave
in the same fashion as the normal part.

As we see in figure 6.2 the velocity field produced by the deformation of
the gravitational wave is irrotational. There is no reason to suspect a different
response from the Cooper pairs, and a mirror for gravitational waves does
not seem feasible.
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