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Underactuated mechanical systems:
Contributions to trajectory planning, analysis, and control

Pedro Xavier Miranda La Hera

Robotics and Control Lab, Umeå University, Sweden

ABSTRACT
Nature and its variety of motion forms have inspired new robot designs with inherent

underactuated dynamics. The fundamental characteristic of these controlled mechanical

systems, called underactuated, is to have the number of actuators less than the number of

degrees of freedom. The absence of full actuation brings challenges to planning feasible

trajectories and designing controllers. This is in contrast to classical fully-actuated robots.

A particular problem that arises upon study of such systems is that of generating pe-

riodic motions, which can be seen in various natural actionssuch as walking, running,

hopping, dribbling a ball, etc. It is assumed that dynamics can be modeled by a classical

set of second-order nonlinear differential equations withimpulse effects describing pos-

sible instantaneous impacts, such as the collision of the foot with the ground at heel strike

in a walking gait. Hence, we arrive at creating periodic solutions in underactuated Euler-

Lagrange systems with or without impulse effects. However,in the qualitative theory of

nonlinear dynamical systems, the problem of verifying existence of periodic trajectories

is a rather nontrivial subject.

The aim of this work is to propose systematic procedures to plan such motions and an

analytical technique to design orbitally stabilizing feedback controllers. We analyze and

exemplify both cases, when the robot model is described justby continuous dynamics, and

when continuous dynamics is interrupted from time to time bystate-dependent updates.

For trajectory planning, systems with one or two passive links are considered, for

which conditions are derived to achieve periodic motions byencoding synchronized move-

ments of all the degrees of freedom. For controller design weuse an explicit form to

linearize dynamics transverse to the motion. This computation is valid for an arbitrary

degree of under-actuation. The linear system obtained, called transverse linearization, is

used to analyze local properties in a vicinity of the motion,and also to design feedback

controllers. The theoretical background of these methods is presented, and developed

in detail for some particular examples. They include the generation of oscillations for

inverted pendulums, the analysis of human movements by captured motion data, and a

systematic gait synthesis approach for a three-link biped walker with one actuator.
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Sammanfattning

Naturen och dess mångfald av rörelsemönster har inspirerattill nya robotutformningar

med inneboende underaktuerad dynamik. Den grundläggande egenskapen hos dessa un-

deraktuerade reglerade mekaniska system är att antalet aktuatorer är färre än antalet fri-

hetsgrader. Avsaknaden av full aktuering gör det mer utmanande att planera genomförbara

rörelser och skapa regulatorer än för klassiska robotar medfull aktuering.

Ett särskilt problem uppstår hos dessa system när det handlar om att generera peri-

odiska rörelser, något som kan hittas i olika naturliga rörelseformer som gång, löpning,

hopp, bolldribbling etc. Det antas att dynamiken kan modelleras av andra ordningens ick-

elinjära differentialekvationer där impulseffekter beskriver möjliga ögonblickliga sam-

manstötningar, såsom kollision mellan fot och mark vid hälisättning i ett gångsteg. Då

återstår att finna periodiska lösningar i underaktuerade Euler-Lagrange-system med eller

utan impulseffekter. Det är dock inte trivialt att i detta sammanhang teoretiskt verifiera att

periodiska rörelser existerar.

Målet med detta arbete är att föreslå systematiska tillvägagångssätt för att planera

sådana rörelser samt en analytisk teknik för att utforma banstabiliserande återkopplad re-

glering. Vi analyserar och exemplifierar de fall när robotmodellen beskrivs enbart av kon-

tinuerlig dynamik, samt när kontinuerlig dynamik emellanåt avbryts av tillståndsberoende

uppdateringar.

Rörelseplanering för system med en eller två passiva frihetsgrader behandlas. För

dessa system härleds nödvändiga villkor för att åstadkommaperiodiska rörelser genom

att införliva synkroniserade rörelser hos alla frihetsgrader. För regulatordesignen linjäris-

erar vi dynamiken vinkelrätt mot rörelsen utifrån en explicit form, giltig för en godtycklig

grad av underaktuering. Det erhållna linjära systemet, kallat transversal linjärisering (eng.

transversal linearization), används för att analysera lokala egenskaper i direkt närhet till

rörelsebanan, samt för att designa återkopplad reglering.Den teoretiska bakgrunden för

dessa metoder presenteras här och utvecklas i detalj för några specifika exempel. Däri-
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bland skapandet av svängningar hos inverterade pendlar, analys av inspelade mänskliga

rörelsemönster, samt analys och syntes av gångrörelsen hosen tvåbent gående robot med

en enda aktuator.
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1 Introduction

The design of robotic mechanisms that can in somewhat outperform humans in terms of

speed and accuracy has had a satisfactory outcome in different industrial sectors. A clear

example is the automotive industry were most of the processes today are performed by

manipulator-like robots capable of executing repeatedly and accurately certain predefined

tasks. It is no less important to consider how this level of automation gives efficiency in

the production cycle time. Nevertheless, as technology advances, more challenges have

been arising for robotics research, as the idea of designingrobots that are productive,

intelligent and perfectly adapted to their environment. Byunderstanding nature and its

fascinating variety of motion forms, a major challenge has become the design of a new

generation of robotic mechanisms inspired on biological locomotion. As example, by

considering humans as intelligent, mobile sensor units, capable of performing all-terrain

and all-environment, humanoid robots have turned into a popular research topic in recent

years. Reaching the level of human autonomy represents, indeed, a major challenge in

robotics, since it consists in an unification of different sciences that study and analyze

human characteristics. However, the design of these sophisticated biologically inspired

systems, as a counterpart to existing manipulator-like andwheeled robots, has proved to

be remarkably challenging.

The difficulties to tackle in the development of such robots starts at the level of

defining a comprehensive way to design their mechanics and actuation system. For

manipulator-like robots there exist well defined design concepts of how to interconnect

links and introduce external forces at each joint by, for example, electric, pneumatic or

hydraulic actuators. However, in other class of systems, such as humanoid robots, dynam-

ically stable mobile robots [43], etc., the absence of actuation in some degrees of freedom,

or the inclusion of passive elements, have shown to be influential to attain motions, which

are richer in terms of speed, energy efficiency and dexterity[13,17,41,59,92,98]. Robots

of this kind are known as underactuated mechanical systems,and despite the recent inter-

1



2 1. Introduction

est in their design, they are the essence of various engineering applications, e.g. surface

vessels, most of the flying and water machines, underwater machines, mobile robots,

legged robots, etc.

In either case, i.e. fully actuated and underactuated robots, the design of their func-

tionality is similar in concept. The usual problem is planning the motion for the task to

be performed, and designing the control system to execute it. However, unlike the case

of fully-actuated robots, where there exist well established results to solve both tasks, the

trajectory planning and control of underactuated robots istheoretically more complex and

less general. Despite this difficulty, mechanisms that can perform complex tasks with

a reduced number of actuators are of interest to optimize energy consumption, increase

maneuverability, and to reduce cost and weight.

In many of these systems, motions that have a basic pattern repeated at regular in-

tervals are of interest for some applications. An illustrative example is the walking or

running of humans, which follow a periodic pattern during their execution. To motivate

the design of underactuated legged robots, it has been shownhow certain fully-passive

walking devices are capable of producing these behaviors based mainly on their natu-

ral dynamics [3, 17, 41, 59, 92]. Similarly, there exist passive hoppers, runners, etc. The

functionality of these robots is characterized mainly by a repetitive sequence, which is dy-

namically stable despite the absence of active control. These interesting findings, among

others, have motivated the analysis of producing these periodic motions as a dynamic

behavior of underactuated mechanical systems. However, due to the nonlinear and under-

actuated dynamics of these systems, making a periodic trajectory (or limit cycle) stable

by feedback control has proved to be a nontrivial subject fornonlinear control.

There exist a vast number of related work for the problem of limit cycles, and it is

difficult to give a broad summary in a single text. However, weemphasize that each of

the articles listed in the bibliography at the end of this book has had relevant importance

for the development of the work to be presented. Therefore, we will restrict ourselves on

the main information intended to be provided by this book, reviewing some publications

of interest in particular sections.

Here, we consider the case of underactuated mechanical system, which dynamics can

be modeled by Euler-Lagrange equations. For certain tasks these models are comple-

mented by impulse effects, to obtain hybrid models. The mainfocus of this thesis is to

address the problem that considers: 1) the planning of periodic orbits, both continuous

and hybrid, and 2) the design of nonlinear stabilizing controllers that can be used to ren-

der a limit cycle exponentially orbitally stable by feedback action. A particular goal is to
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elaborate a framework that has been the basis of this work. Clearly speaking, we intend

to survey on what is known as thevirtual holonomic constraints approach, based on the

work of [82]. This method, as it goes elaborated in the next chapters, defines a procedure

for: 1) systematic planning of limit cycles based on the robot dynamics, and 2) follow

a novel procedure for the analytical design of nonlinear stabilizing controllers. These

results have been theoretically and practically proved in various challenging problems

concerning exponential orbital stability, some of which will be presented here.

This thesis is organized as follows. In chapter 2, we introduce some technical back-

ground concerning modeling, trajectory planning and controller design. More consis-

tently, in section 2.1 we describe the modeling of mechanical systems, as well as the

modeling of impulsive effects that might undergo during theexecution of a motion, e.g.

collisions. In section 2.2, we provide our fundamental procedure used for a systematic

planning of periodic trajectories. In section 2.3, the maintechnique for controller design is

given, emphasizing the concept of transverse dynamics. In the papers chapter we provide

the main contributions of this thesis work, for which we haveselected five different prob-

lems, which solutions are relevant to emphasize the noveltyof this research. However,

due to the possible difficulty reading each contribution, inchapter 3 we shortly summa-

rize individually the main problem formulation, and describe how all tools of trajectory

planning and controller design have been applied for each particular example. Finally, in

chapter 4, we conclude with a short summary, and address someproblems not considered

in this work.
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2 Technical background

In this chapter we describe in some detail the mathematical tools that have been applied to

analyze and propose solutions to selected problems. Below we present separately standard

concepts for modeling mechanical systems. Subsequently, the task of trajectory planning

for underactuated mechanical systems is formulated, followed by the introduction of a

controller design algorithm.

2.1 Modeling mechanical systems

Different analytical solutions for robotic applications,regarding motion/trajectory plan-

ning and control system design, have been derived by the understanding of the fundamen-

tal first principles describing robot dynamics. These formulations, which are generally

defined by a set of differential equations, form the basis of mathematical models which

solutions predict how the configuration variables of the system evolve in time for a given

set of external generalized forces, treated here as controlinputs. Many interesting models

can be created from classical mechanics, when a robot is seenas a system of rigid bodies

interconnected by joints, i.e. a multi body system. The aim of the following section is to

introduce steps used for modeling these systems.

2.1.1 Euler Lagrange equations of motion

Classical mechanics has fundamental laws to define how objects move under the action of

external forces. The Euler-Lagrange equation is a formalism often used to systematically

describe robot dynamics [7,18,39,88]. Below we shall stateits main formulation.

For a classical mechanical system, a Lagrangian is the difference of kinetic and po-

tential energy,

L(q, q̇) = T (q, q̇) − V (q). (2.1)

5



6 2. Technical background

For a controlled system with several degrees of freedom (DOF), the Euler-Lagrange equa-

tions are given as

d

dt

(
∂L(q, q̇)

∂q̇i

)

− ∂L(q, q̇)

∂qi
= (B(q)τ)i , i = {1, 2, . . . , n}, (2.2)

whereq = [q1, ..., qn] are generalized configuration coordinates for the system with n

degrees of freedom,̇q = [q̇1, ..., q̇n] are generalized velocities.τ = [τ1, ..., τk] is the

vector of k external forces influencing the systems behavior.B(q) is the input force

matrix assumed to be of full column rank, withB(q)τ denoting the generalized forces

resulting from the control inputsτ . In a standard mechanical system the kinetic energy is

of the form

T (q, q̇) =
1

2
q̇TM(q)q̇, (2.3)

and the potential energyV (q) is the stored energy that is a function of the systems posi-

tion. The matrixM(q) is a symmetric and positive-definite matrix of inertias.

Definition 1 (Fully-actuated) A control system described by equation (2.2) is referred as

a fully-actuated system ifn = k, i.e.

rank[B(q)] = dim[q].

Definition 2 (Underactuated) A control system described by equation (2.2) is referred as

an under-actuated system ifn < k, i.e.

rank[B(q)] < dim[q].

Moreover, dim[q] − rank[B(q)] is called degree of underactuation. The controlled

Euler Lagrange equation (2.2) can also be given as a second order differential equation,

i.e.

M(q)q̈ + C(q, q̇)q̇ +G(q) = B(q)τ, (2.4)

where the gravity vectorG(q) = ∂V (q)
∂q , andC(q, q̇) is the matrix of Coriolis forces.

2.1.2 Instantaneous impact equations

Modeling collisions is of interest to describe dynamics of mechanical systems subject

to impact effects, such as legged robots. Collisions are difficult to model because they

involve many interacting phenomena. The collisional behavior of a given body is not

determined by that body alone, but by the properties of all colliding objects.
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Usually, the effect of collisional contact on motion is determined by the momentum

balance equations and collisional constitutive relations, also called collision laws [36].

This methodology forms the basis of approximation of the collision effect under the strong

assumption ofrigidity. The usual assumption is based on the knowledge of linear andan-

gular velocities of all the rigid parts at the instant prior to collision, which are assumed to

be consistent with the constraints of the various joints in each mechanism (the velocities

are kinematically admissible). Given these kinematicallyadmissible velocities, the col-

lision law should predict the corresponding kinematicallyadmissible velocities after the

impact.

Following the collision model of [46], and the derivations in [13,37,75], the equivalent

relation between the velocities before and after impact forplanar models can be computed

as

q̇e(t
+) = M−1

e

(
I −A(ATM−1

e A)−1ATM−1
e

)
Meq̇e(t

−), (2.5)

where t is the time when the impact occurs, with± denoting the moment after(·)+
and prior the impact(·)− correspondingly. The matrixA describes the directions of the

constrained velocities, or equivalently, the directions of the contact forces1. The matrix

Me is the extended inertia matrix defined for an extended set of generalized coordinates

that additionally include the position and orientation of one link of the robot.

2.1.3 Hybrid dynamical systems

Hybrid systems are systems characterized by the interaction between continuous and dis-

crete dynamics, as described in the previous sections. Hybrid dynamics provide a con-

venient framework for modeling systems in a wide range of engineering applications,

as for example mechanical systems where the continuous motion may be interrupted by

collisions. Combining (2.4) with (2.5) a hybrid model for studying the behavior of such

systems is given by

M(q)q̈ + C(q, q̇)q̇ +G(q) = B(q)u q /∈ Γ (2.6)

q+ = Fqq
−

q̇+ = Fq̇(q
−)q̇−

}

q− ∈ Γ

in whichFq̇(·) is the operator describing the jumps in the state vector, e.g. the right-hand

side of (2.5).Γ denotes the switching surface(s), which can often be definedas

Γ = {(q, q̇) : h(q, q̇) = 0}, (2.7)

1In most cases it is defined as the Jacobian of the cartesian coordinate of the impact point, based on the

reference frame of the origin.
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Fig. 2.1: Graphical representation of a hybrid system.

whereh(·) is a smooth function. The interpretation of (2.6) is that thedynamics evolve ac-

cording to the differential equation (2.4) whileq is in the complement of the autonomous

jump setΓ, but that the state is immediately reseted according to the mapFq̇(·) upon[q, q̇]

satisfying (2.7), see Fig. 2.1.

2.2 Trajectory planning

Trajectory planning consists in finding a feasible trajectory to achieve certain task in the

physical world. The research in robot trajectory planning can be split into two classes.

When all degrees of freedom can be directly influenced by control variables, we talk

about fully-actuated robots. In this context, trajectory planning consists on building a

trajectory which satisfies dynamics and various constraints, i.e. limited torque and veloc-

ities, avoiding obstacles in the work space. At the motion execution level, the tracking of

a given reference trajectory can be done by standard methods, as it is the case of feedback

linearization [88]. On the other hand, when we consider systems in which some of the

degrees of freedom cannot be directly actuated, we talk about underactuated robots. In

this case, finding a feasible trajectory for a particular task is highly nontrivial. The under-
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actuated dynamics of the robot imposes dynamic constraints, which makes the design of

motions rather complex [55].

The problem of trajectory planning for underactuated systems has been approached in

different ways. An example of this is the use of nonlinear dynamic optimization [56]. In

this approach, the motion is usually defined by basis functions (e.g. splines, polynomials,

Fourier series), whose coefficients are found to satisfy certain performance criteria (e.g.

distance, time, energy, etc.). The robot equations of motion are repeatedly integrated to

achieve local optimum, and the solution usually depends largely on an initial guess and

the local optima. However, dynamic constraints and the objective function evaluation

may involve expensive simulations, resulting in slow convergence times, specially when

dealing with a high number of degrees of freedom and underactuated variables [71].

In the work of [6], a trajectory planning technique using time-scaling control and

bidirectional motion planning for a robot with one passive joint is elaborated. The time-

scaling algorithm allows to control the angular velocity ofthe actuated joints, inducing

indirectly acceleration to the passive link. The bidirectional trajectory planning algorithm

searches forward from some desired initial conditions, andbackwards from the terminal

condition, in order to find a complete path. Nevertheless, the boundary conditions require

the robot to start and end the motion at rest, which is a feature not desired for every

application, and it is not generalizable for other systems.

A decoupled motion planning algorithm has been suggested in[11]. Here the au-

thors introduce the notion ofkinematically controllableunderactuated mechanical sys-

tems. The main idea is to use the standard decoupled approachdeveloped for designing

paths in fully-actuated robotic manipulators [55]. In thisform one achieves a kinematic

reduction which allows to plan feasible trajectories from areduced second order differen-

tial equation computed from dynamics of the robot. The advantage is the computational

efficiency for trajectory planning. This reduction in spacesearch allows to introduce

kinematic constraints to be dealt efficiently. Since the reduction to an-dimensional space

encodespreferredmotions for the system, a path found can also be used to find a time-

optimal trajectory along the path taking into account control constraints. In this form we

deal with constraints of various natures and provide time-optimal solutions. However, the

restriction of such approach is similar to [6], requiring the robot to start and end from rest.

The trajectory planning approach considered in this thesisis related to the generation

of limit cycles. This is motivated by many engineering applications, where the main mode

of operation is repetitive, e.g. walking, running, etc. Limit cycles are periodic trajectories

in state space, and the difficulty is to determine whether they exist for a given set of
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differential equations. It is also challenging to plan these orbits as feasible trajectories

that can be sustained as a dynamic behavior of a closed-loop system. Depending on the

application, we can differentiate two type of limit cycles,i.e. as solution of (2.4), or as

result of a hybrid system of the form (2.6)-(2.7). In the caseof limit cycles of smooth

dynamical systems, the nontrivial problem consists on determining the existence of an

orbit, or a family of orbits, around an equilibrium. For limit cycles of hybrid dynamical

systems, the problem is to formulate whether this cycles exist as a dynamic behavior of

the interaction between the system smooth dynamics and discrete events. An example

that builds upon these concepts is the analysis of trajectories in legged robots.

The existence of limit cycles and their stability analysis are key issues to plan such

motions. For both tasks a popular approach has been to analyze Poincaré maps. A pe-

riodic solution corresponds to a fixed point of a Poincaré map. Stability of the periodic

solution is equivalent to the stability of the fixed point in this map, and determined by the

eigenvalues of the Poincaré map linearized about this point. Such ideas were, as example,

used to find trajectories of passive walking mechanisms following the work of [59].

The problem encountered applying Poincaré maps is the difficulty of its analytical

analysis, especially when considering high dimensional state spaces [13]. Direct nu-

merical estimation of Poincaré maps often results in expensive simulations, which can

be sensitive to numerical errors. However, this method has had some success in the

trajectory planning and control design of underactuated robots, whenever this numer-

ical search can be applied by iterative simulations analyzing reduced one-dimensional

Poincaré maps [92].

In this work, we aim at proposing an alternative solution to the trajectory planning

of limit cycles, providing analytical tools for the design of such motions. In the case of

continuous systems the goal is to provide formulations to state the existence of periodic

solutions, not necessary in a small vicinity of an equilibrium. For hybrid systems, our

aim is to plan cycles that result as an interaction of continuous and discrete dynamics. In

either case, the key idea is to search for an invariant set of geometric relations among the

degrees of freedom, so that the motion is defined by synchronization. These geometric

relations are referred to asvirtual holonomic constraints[82, 92]. The term virtual im-

plies that the constraining forces are generated by feedback action, unlike the reaction

forces of holonomic constraints studied in classical mechanics [82]. The challenging task

of the trajectory planning is usually to define these constraint functions, such that their

enforcement corresponds to existence of a desired oscillatory motion. Below, we show

two different procedures to systematically determine feasible virtual constraints for the
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cases of systems with underactuation degree one and two separately.

2.2.1 Underactuation degree one

Here we consider the case when the robot is subject to one unactuated degree of freedom.

Below we discuss the trajectory planning for the scenarios of: 1) self-sustained continuous

oscillations as a behavioral characteristic of the nonlinear system, and 2) oscillations of

nonlinear systems described by differential equations with impulse effects [13].

Reparametrization of a motion in terms of VHCs

A trajectory in the2n-dimensional state space of the robot is represented by a solution of

(2.4) initiated at[q0, q̇0]T . Whenever this trajectory exist, it can be denoted as

q1 = q1∗(t), q2 = q2∗(t), . . . , qn = qn∗(t), t ∈ [0, T ], (2.8)

havingT > 0 as the duration of the motion. An alternative time independent description

of the same solution can be given in the parametric form:

q1 = φ1(θ, c), q2 = φ2(θ, c), . . . , qn = φn(θ, c), θ ∈ [θ0, θf ], (2.9)

whereφi(·) are parametric functions (virtual holonomic constraints)giving a geometric

description of the path in terms ofθ∗(t). In many casesθ can be directly chosen as one

of the generalized coordinates, e.g.θ = qn, such thatφn(θ, c) = θ. c denotes the vector

of constant parameters defining the shape of the constraint functions (e.g. coefficients of

polynomials). Dynamics of the robot in this new coordinatescan be found by introducing

the derivatives of (2.9):

q̇i = φ′iθ̇, q̈i = φ′′i θ̇
2 + φ′iθ̈, (2.10)

into the Euler-Lagrange equation of motion in the second order form (2.4), i.e.

M(q)q̈ + C(q, q̇)q̇ +G(q) = B(q)u. (2.11)

By substituting (2.10) in (2.11) we obtain

M(Φ(θ))
[

Φ′′θ̇2 + Φ′θ̈
]

+ C(Φ(θ),Φ′θ̇)Φ′θ̇ +G(Φ(θ)) = B(Φ(θ))u, (2.12)

whereΦ(θ), Φ′(θ), Φ′′(θ) are the vectors

Φ(θ) = [φ1(θ, c), φ2(θ, c), . . . , φn(θ, c)]
T
,

Φ′(θ) = [φ′1(θ, c), φ
′
2(θ, c), . . . , φ

′
n(θ, c)]

T
,

Φ′′(θ) = [φ′′1(θ, c), φ′′2(θ, c), . . . , φ′′n(θ, c)]
T
. (2.13)
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For the system (2.12), assuming underactuation degree one,there exist a vector function

B⊥(q), such thatB⊥(q)B(q)u = 0 ∀ q, so that the expressions:

α(θ, c) = B⊥(Φ(θ))M(Φ(θ))Φ′(θ),

β(θ, c) = B⊥(Φ(θ)) (C(Φ(θ),Φ′(θ))Φ′(θ) +M(Φ(θ))Φ′′(θ)) ,

γ(θ, c) = B⊥(Φ(θ))G(Φ(θ)). (2.14)

allow to write thereduced dynamics, i.e. (2.12) restricted by (2.9), as the single second

order differential equation

α(θ, c)θ̈ + β(θ, c)θ̇2 + γ(θ, c) = 0. (2.15)

The solutions of (2.15), whenever they exist, represent thefamily of trajectories that,

under some technical assumptions, can be imposed by a properdesign of feedback action.

Thus, it can be used as the motion generator. In this form, solutions of (2.15) define

solutions of (2.11) with the help of (2.9). Hence, analyzingproperties of (2.15) is crucial.

Explicit formulae for the general integral of motion for dyn amical systems (2.15)

The next statement extracted from [82] shows that any dynamical system of the form

(2.15) has a general integral of motion, which is a function of θ0, θ̇0, θ, θ̇. This integral of

motion is a conserved quantity whenever evaluated along a solution θ = θ∗(t), θ̇ = θ̇∗(t)

of the system (2.15) with origin in[θ0, θ̇0].

Property 1 Along any solution[θ∗, θ̇∗] of (2.15) it holds that

d2

dt2
θ(t) =

d

dθ

(
1

2
θ̇2(t)

)

. (2.16)

Introducing the function

Y (θ(t)) =

[
d

dt
θ

]2

, (2.17)

allows to convert the second order differential equation (2.15) into the first order differ-

ential equation
1

2
α(θ)

d

dθ
Y + β(θ)Y + γ(θ) = 0, (2.18)

where we have droppedc in α, β, γ for simplicity of notation. This differential equation

for Y is linear, withθ being an independent variable (notice that timet is removed). For

the case thatα 6= 0 we can redefine (2.18) in the form

d

dθ
Y +

2β(θ)

α(θ)
Y +

2γ(θ)

αθ
= 0, (2.19)
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whose general solution has the form

Y (θ) = ψ(θ0, θ)Y (θ0) − ψ(θ0, θ)

∫ θ

θ0

ψ(s, θ0)
2γ(s)

α(s)
ds, (2.20)

where

ψ(θ0, θ1) = exp

{

−2

∫ θ1

θ0

β(τ)

α(τ)
dτ

}

. (2.21)

It follows that the function

I
(

θ, θ̇, θ0, θ̇0

)

= θ̇2 − Y (θ) (2.22)

is identically equal to zero, irrespective of the boundedness of the solution[θ, θ̇]. Thus,

the following theorem holds

Theorem 1 [83] Along the solutions of the differential equation

α(θ, c)θ̈ + β(θ, c)θ̇2 + γ(θ, c) = 0, (2.23)

initiated atθ(0) = θ0 and θ̇(0) = θ̇0, the integral function

I(θ, θ̇, θ0, θ̇0) = θ̇2 − Ψ(θ0, θ)

[

θ̇20 −
∫ θ

θ0

Ψ(s, θ0)
2γ(s, c)

α(s, c)
ds

]

, (2.24)

with

Ψ(θ1, θ2) = exp

{

−2

∫ θ2

θ1

β(τ, c)

α(τ, c)
dτ

}

(2.25)

preserves its zero value.

Sufficient condition for existence of periodic solutions of(2.15)

Given the virtual constraints (2.9), we are interested on defining properties of (2.15), such

that this virtual limit system has aT -periodic solution, i.e.

θ∗(t) = θ∗(t+ T ), (2.26)

in a vicinity of certain point of interest. In this case we have q = φ(θ∗(t)) as a periodic

solution of (2.12). Below we follow the statements presented in [83].

Theorem 2 Let θe be an equilibrium of the system (2.15), i.e. solutions ofγ(θe) = 0.

Suppose that:
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1. There exist an orbitO with center atθe, in which the scalar functionsα, β, γ are

continuously differentiable, i.e.α(θ), β(θ), γ(θ) ∈ C0(O).

2. There exist a continuous time derivative ofγ(θ)
α(θ) at θ = θe.

3. For any initial conditionθ0 ∈ O, θ̇0, with |θ̇0| < δ, δ > 0, the corresponding

solution of the nonlinear system (2.15) that originates at this point is well defined

and unique.

Consider a linearization of the nonlinear system (2.15) around the equilibriumθe, i.e.

d2

dt2
z +

[
d

dθ

γ(θ)

α(θ)

]∣
∣
∣
∣
θ=θe

· z = 0, (2.27)

withα(θ), β(θ), γ(θ) beingC1-smooth functions. If the linear system (2.27) has a center

at z = 0, then the nonlinear system (2.15) has a center at the equilibrium θe. Besides, if

the constant

ω =

[
d

dθ

γ(θ)

α(θ)

]∣
∣
∣
∣
θ=θe

(2.28)

is positive, then this equilibrium is a center, and a saddle point if it is negative [83].

VHCs as a tool to plan hybrid periodic motions with a single jump

For the class of hybrid mechanical systems, motion planningincludes the problem of up-

date laws imposed on the system dynamics. Instantaneous updates are defined by hyper-

surfaces in the state space of the mechanical system, and they are mapped one to another

by update laws. Here we define properties useful to search forlimit cycles as solutions of

(2.6)-(2.7).

Suppose that for some control signalu∗(t) = u∗(t+ T ), we are interested on finding

a hybrid periodic solutionq∗(t) = q∗(t+ T ), with T > 0, of a hybrid mechanical system

with one jump. A procedure to design this cycle is as follows.We start by introducing the

set of constrain functions

Φ(θ, c) = {φ1(θ, c), . . . , φn(θ, c)} ,

which substituted in the system dynamics (2.4) allows to introduce the reduced dynamics

α(θ, c)θ̈ + β(θ, c)θ̇2 + γ(θ, c) = 0,

with a parametric family of 2-dimensional manifoldsZ(c) defined as

Z(c) =
{

[q, q̇] : q = Φ(θ, c), q̇ = Φ′(θ, c)θ̇, θ = θ(t) ∈ R

}

.
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Fig. 2.2: Hybrid dynamics with one jump.

The intersection between the switching surfaces withZ(c) defines the curves (see Fig.

2.2)

γ+ = Γ+ ∩ Z(c), γ− = Γ− ∩ Z(c),

and the mapping

F
([

θ, θ̇
])

= F ([q, q̇]) ,

where[θ, θ̇] ∈ γ− and[q, q̇] = [φ(θ, c), φ′(θ, c)θ̇]. F is the operator interconnecting the

pair of surfacesΓ± (e.g. impact law). Finally, we could search for the parameters c such

that the following algebraic equations:

I(a, b, x, y) = 0, F ([x, y]) = [a, b], [a, b] ∈ γ+, [x, y] ∈ γ−, (2.29)

have a nontrivial solution, which defines the hybrid cycle

q1 = φ1(θ, c), . . . , qn = φn(θ, c), θ = θ∗(t),

initiated atθ∗(0) = a, θ̇∗(0) = b. HereI(·) is the conservative quantity given by the

integral (2.24).
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2.2.2 Underactuation degree two

Here we analyze the case of underactuated mechanical systems with two unactuated de-

grees of freedom. Let us consider (2.9) as an alternative reparametrization of a trajectory.

The corresponding reduced dynamics of the system has the form

αi(θ, c)θ̈ + βi(θ, c)θ̇
2 + γi(θ, c) = 0. (2.30)

wherei = {1, 2}, i.e. two differential equations that must be satisfied simultaneously. A

trajectory in this case is defined as the common solution[θ∗, θ̇∗] of (2.30). By direct obser-

vation in the structure of (2.30), we can identify one scenario that simplify the trajectory

planning problem, i.e.

• if α1

α2

= β1

β2

= γ1

γ2

, then the trajectory planning is simplified to the analysis of one

differential equation of the set (2.30).

In this section we are mainly interested in the case when bothequations in (2.30) are

part of the trajectory planning task, i.e. the case described above does not occur.

At first glance we could think of blindly suggesting constraint functions of the form

(2.9), so that by manipulation of the parametersc we find a common solution satisfying

the conserved quantityI(i)
(

θ(t), θ̇(t), θ0, θ̇0

)

= 0, which is valid for both equalities.

However, the main difficulty with this straightforward approach is to have enough in-

tuition to define such constraint functions in a conventional way, so that the common

solution can be found. Let us assume we intend to define these constraint functions as

polynomials of some order. Firstly, it is difficult to know inadvance the order of each of

then − 1 polynomials required to specify a motion (consideringn as the number of de-

grees of freedom, and that one of the generalized coordinates is used as the reparametriz-

ing variable). Secondly, the search for all the coefficientsof these polynomials might lead

to an intractable numerical task. Therefore, we have to adopt some alternative algorithm,

which allows us to find the constraint functions and the common solution of (2.30). Below

we propose a systematic procedure, which allow us to find these functions as solutions

of an alternative set of differential equations. It is worthto mention that these concepts

have been inspired upon the work of [26, 60]. Below we elaborate the main procedure,

and show later an specific example of application.

When considering the reparametrization (2.9) as an alternative description of a trajec-

tory, with θ being defined by one of the degrees of freedom, we can rewrite dynamics in



2.2. Trajectory planning 17

the following form

αi(θ)θ̈ + βi(θ)θ̇
2 + γi(θ) = 0,

αj(θ)θ̈ + βj(θ)θ̇
2 + γj(θ) = uj−2, (2.31)

wherei = {1, 2} points to the underactuated reduced dynamics, and the second row rep-

resents the part of the dynamics of the actuated degrees of freedom, withuj corresponding

to then − 2 control inputs, andj = {3, ..., n}. The coefficientsα, β andγ are smooth

functions which depend onθ, φ, φ′ andφ′′ as follows

αl(θ) = αl

(

θ, φ1(θ), ..., φn−1(θ), φ
′
1(θ), ..., φ

′
n−1(θ)

)

,

βl(θ) = βl

(

θ, φ1(θ), ..., φn−1(θ), φ
′
1(θ), ..., φ

′
n−1(θ), φ

′′
1(θ), ..., φ′′n−1(θ)

)

,

γl(θ) = γl

(

θ, φ1(θ), ..., φn−1(θ)
)

,

since the choice ofθ as one of the generalized coordinate impliesn−1 constraint functions

φi, andl = {1, ..., n}.

The equations (2.31) can be explicitly used to find these constraint functions. Indeed,

if we select different pairs of (2.31), we can form a new set ofequations expressing the

evolutions ofθ̈ = θ̈∗(t) andθ̇2 = θ̇2∗(t) as follows

[

θ̈

θ̇2

]

1

= −
[

α1 β1

α2 β2

]−1 [

γ1

γ2

]

,

[

θ̈

θ̇2

]

2

= −
[

α1 β1

α3 β3

]−1 [

γ1

γ3 + u1

]

,

[

θ̈

θ̇2

]

3

= −
[

α1 β1

α4 β4

]−1 [

γ1

γ4 + u2

]

,

... =
... (2.32)

forming in this form the necessary2n − 3 number of linear equations2. These equalities

can be shortly written as

[

θ̈

θ̇2

]

k

=

[

D1k

D2k

]

, k =

{

1, 2, ...,
n(n− 1)

2

}

. (2.33)

2n − 1 equations for constraint functions, andn − 2 equations for the control inputs.



18 2. Technical background

As early stated , the functions̈θ∗ andθ̇2∗ are related by the equality [83]:

θ̈∗(t) =
1

2

d

dθ

(

θ̇2∗(t)
)

, (2.34)

which implies that also the relation

D1k =
1

2

d

dθ
(D2k) , (2.35)

is valid from our construction (2.33). If we apply the chain rule for eachk, we have that

2D1k =
d

dθ
D2k = χk +

∂D2k

∂u1
u′1 + ...

∂D2k

∂un−2
u′n−2 +

∂D2k

∂φ′′1
φ′′′1 +

∂D2k

∂φ′′2
φ′′′2 + ... (2.36)

with

χk =
∂D2k

∂θ
+
∂D2k

∂φ1
φ′1 + ...+

∂D2k

∂φn−1
φ′n−1 +

∂D2k

∂φ′1
φ′′1 + ...+

∂D2k

∂φ′n−1

φ′′n−1.

Finally, this system of algebraic equations can be solved for the highest derivatives of the

constraint functionsφ′′′, and the derivatives of the input signalsu′ as follows:

























φ′′′1

...

φ′′′n−1

u′1

...

u′n−2

























=












∂D21

∂φ′′1
· · · ∂D21

∂u1
· · ·

... · · ·
...

...

∂D2k

∂φ′′1
· · · ∂D2k

∂u1
· · ·












−1 









2D11 − χ1

...

2D1k − χk











. (2.37)

In order to solve this system of partial differential equations, we require of the vector of

initial conditions

ξ =
[
φ1(0), ..., φn−1(0), φ′1(0), ..., φ′n−1(0), φ′′1(0), ..., φ′′n−1(0), u1, ...un−2

]T
, (2.38)

and the range of motion for which the solution is valid, and defined for the interval

[θ(0), θ(T )], with T > 0. Certainly, not all initial conditions might be freely chosen.

Considering the dynamics (2.31), we observe that it is possible to solve such system for̈θ

andφ′′, with respect of the remaining variablesθ, θ̇, φ, φ′ andu. This implies that at the
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start of the motion, we could compute the values ofφ′′(0), based on the remaining ones.

This allows to reduce (2.38) to the vector

χ =
[

θ(0), θ̇(0), φ1(0), ..., φn−1(0), φ′1(0), ..., φ′n−1(0), u1, ...un−2

]T

, (2.39)

which might also contain some entries representing physical parameters, such as spring

coefficients, masses, lengths, etc. The search for initial conditions can be organized as a

numerical search, depending on the task. The aim of the search is theoretically simple,

i.e. the search of (2.39) such that the conserved quantityI(i)
(

θ(t), θ̇(t), θ0, θ̇0

)

is and

remains at zero for the whole interval of motion. The end process gives the advantage

of finding initial conditions, the constraint functions, and interestingly, the nominal input

signalsu for the motion, prior any controller has been designed. Thiscould be used to

find motions satisfying performance criteria based on energy.

2.3 Controller Design

Underactuated mechanical systems generate interesting control problems which require

fundamental nonlinear approaches. For the case of periodicmotions, the problem con-

sists on designing feedback control laws that ensures theirorbital stability [82]. The most

popular method of stability analysis is the Poincaré map, where orbital stability is char-

acterized by the stability of the associated map defined by the successive crossings of

the trajectories through a transversal hypersurface [67, 92]. The linearization of the first-

return map can be computed numerically, and its eigenvaluescan be used to determine the

stability of the orbit. A major contribution applying such an approach was given by the

work of [92, 93]. In their work, the authors propose a controldesign algorithm for biped

locomotion. The key idea is to impose virtual holonomic constraints in the robot dynam-

ics, so that the hybrid zero dynamics is invariant for the closed loop system, and stability

is analyzed by a numerical estimation of the Poincaré first return map. Experimental re-

sults were also provided validating their work [92]. However, from the theoretical point

of view, the disadvantage of the Poincaré map is that it focuses only at a point, and does

not characterize properties of the orbit in the full state space, such as location of parts

with highest sensitivity to disturbances.

In a consecutive number of publications, e.g. [28, 77, 78, 82], the authors proposed a

novel approach for the control of oscillations of underactuated mechanical systems. The

main idea is to construct the dynamics transverse to the orbit by an appropriate change of

coordinate system (transverse coordinates). This choice of coordinates allows to linearize
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the transverse dynamics in a neighborhood of a periodic trajectory. The main importance

of this linearization technique is that it is done analytically, and allows to introduce a

linear time varying system, whose stability is decisive to ensure stability of the orbit.

This linear system is defined on a family of transversal hypersurfaces which move along

the orbit. As a result, the challenging task of feedback stabilization is reformulated as

a simpler problem consisting on the stabilization of this linear system. Furthermore, the

exponential orbital stability of this auxiliary linear system implies the exponential orbital

stability of the target periodic trajectory for the nonlinear system [82].

The goal of this section is to present the steps to compute this transverse linearization,

and to show how it can be used for controller design. This method is valid for both smooth

and hybrid dynamical systems. Below we present the general formulations, and specify

later how they have been applied in this thesis work. We leave[78,82] as main references

for details on this approach. It is worth to mention that the approach to be presented is a

general case and valid for arbitrary degree of underactuation.

2.3.1 Transverse linearization approach

When considering a controlled system, transverse dynamics describes the influence of

control inputs on transverse coordinates. Stabilization of the linearization of the trans-

verse dynamics can be approached using methods of linear control theory. Therefore,

assuming thatO∗ is a periodic orbit of the nonlinear system, the control problem consists

in finding a linear equivalent system, whose dynamics approximate dynamics of coordi-

nates transversal toO∗. Below we present the steps to analytically find this linearization.

Change of coordinates

Let us consider a model of the form (2.4), withn degrees of freedom andm ≥ 0 indepen-

dent control inputs, i.e. underactuation degree(n −m) ≥ 1. Given a set of parametric

functions of the form (2.9), we can derive the second order differential equations

α(i)(θ)θ̈ + β(i)(θ)θ2 + γ(i)(θ) = 0, i = 1, ..., n−m (2.40)

whereθ = θ∗(t) is a simultaneous solution of these equations. Given a motion expressed

in the form (2.9), we can introduce new coordinates or outputfunctions in the vicinity of

the target trajectory as

θ, y1 = q1 − φ1(θ), y2 = q2 − φ2(θ), . . . , yn = qn − φn(θ). (2.41)
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These new set of coordinates represent also a new set of generalized coordinates in a

vicinity of the motion, and they allow us to define the Jacobian matrix

q̇ = L(θ, y)

[

ẏ

θ̇

]

, (2.42)

where3 y = [y1, . . . , yn−1], q = [q1, . . . , qn].

The introduction of these coordinates and their time derivatives into dynamics of the

system (2.4), yields the dynamics of the y-variables in the form

ÿ = R(y, θ, ẏ, θ̇) +N(y, θ)u, (2.43)

The coefficient ofR andN can be computed by the formulas

R = B⊥L−1(θ, y)M−1(q)B(q),

N = B⊥L−1(θ, y)

{

M−1(q) (−C(q, q̇)q̇ −G(q)) − L̇(θ, y)

[

ẏ

θ̇

]}

.

whereB⊥(q) = [I, 0] with I being an identity matrix of appropriate dimension.

Feedback transformation

We can introduce a control transformation fromu to v in the form

u = v + U(θ, θ̇, y, ẏ), (2.44)

whereU(θ, θ̇, y, ẏ) along the nominal target trajectory, i.e.θ = θ∗, θ̇ = θ̇∗, y ≡ 0, ẏ ≡ 0,

is equal to the nominal inputu∗(t). The combination of (2.44) and (2.43) allows to write

the dynamics of the y-variables as

ÿ = F (y, ẏ, θ, θ̇) +N(θ, y)v, (2.45)

where the functionF (y, ẏ, θ, θ̇) is given by

F (y, ẏ, θ, θ̇) = R(y, ẏ, θ, θ̇) +N(θ, y)U(θ, θ̇, y, ẏ), (2.46)

and is equal to zero along the desired orbit. In order to fullydescribe dynamics in the new

coordinates system (2.41), we need to incorporate dynamicsof theθ-variable. One way to

3Here we assume thatθ is one of the original coordinates.
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formulate such dynamics is to use one of the equations in (2.40), for whichα(i)(θ∗(t)) 6=
0, for all t. Thus, the dynamics ofθ can be rewritten as

α(i)(θ)θ̈ + β(i)(θ)θ2 + γ(i)(θ) = g(i)(θ, θ̇, θ̈, y, ẏ, v), (2.47)

where the second derivativëy is eliminated by (2.45), andg(i)(·) is a smooth function

equal to zero on the desired orbit. Following [82], it is possible to rewrite the local dy-

namics of (2.4) as

α(i)(θ)θ̈ + β(i)(θ)θ2 + γ(i)(θ) = g
(i)
I (θ, θ̇, θ̈, y, ẏ)I(i) + g(i)

y (θ, θ̇, θ̈, y, ẏ)y

+g
(i)
ẏ (θ, θ̇, θ̈, y, ẏ)ẏ + g(i)

v (θ, θ̇, y, ẏ)v,

ÿ = F (y, ẏ, θ, θ̇) +N(θ, y)v, (2.48)

whereI(i) is the scalar function (2.24).

Transverse coordinates and transverse linearization

A set of coordinates that are transversal to the periodic motion is given by the(2n − 1)-

dimensional vector

x
(i)
⊥ = [I(i)(θ, θ̇, θ∗(0), θ̇∗(0)); y; ẏ], (2.49)

in which I(i) is the conserved quantity (2.24)-(2.25), andx(i)
⊥ is zero along the desired

orbit, and its norm is related to the Euclidean distance to the desired cycle.

The choice of these transverse coordinates allows to introduce a moving Poincaré sec-

tionS(τ), which is defined for the time intervalτ ∈ [0, T ]. These sections are transversal

to the target trajectory at each instant of time and at each point of the motion, see Fig.

2.3. The coordinates needed to represent these moving sections are commonly trajectory

dependent. In addition, they can be used to change the original coordinates, given by po-

sitions and velocities[q, q̇]
T

, into a union of scalar variable that expresses position along

the orbits(τ), and components ofx⊥ expressing the position on a particular Poincaré

section of the familyS(τ).

Below we present an analytical method to compute a linearization of the transverse

dynamics for (2.45), and explain how they are related to the moving Poincaré sections.

Theorem 3 Let q∗(t) be the nominal motion of the nonlinear dynamical system (2.4),

which in(θ; y)-representation is defined by

y1∗
(t) ≡ 0, . . . , yn∗

(t) ≡ 0, θ ≡ θ∗(t), v∗(t) ≡ 0. (2.50)
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Fig. 2.3: A visual representation of a moving Poincaré section along a periodic orbit.

Then the linearization of dynamics of the transverse coordinates (2.49) along (2.50) is

defined by the linear time variant system

d

dτ
[δx⊥] = A(τ)δx⊥ +B(τ)δv, τ ∈ [0, T ]. (2.51)

The coefficientsA(·) andB(·) are computed by deriving the first-order terms in the Taylor

multi-series expansion forgi(·) in (2.45), and final formulas are given below [78].

• Consider the linearized dynamics for the scalarI(i), where

İ
(i)
• = a

(i)
11 (τ)I

(i)
• + a

(i)
12 (τ)Y1•

+ a
(i)
13 (τ)Y2•

+ b
(i)
1 (τ)δv,

with

a
(i)
11 (τ) =

2θ̇∗(τ)

α(i)(θ∗(τ))
·









θ̇ ∂gi

∂θ̇
− θ̈ ∂gi

∂θ

2(θ̇2∗ + θ̈2∗)

∣
∣
∣
∣
∣
θ=θ∗(τ)

θ̇=θ̇∗(τ)

θ̈=θ̈∗(τ)
y=ẏ=0

− β(i)(θ∗(τ))









,
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and

a
(i)
12 (τ) =

2θ̇∗(τ)

α(i)(θ∗(τ))
· g(i)

y (θ∗(τ), θ̇∗(τ), θ̈∗(τ), 0, 0),

a
(i)
13 (τ) =

2θ̇∗(τ)

α(i)(θ∗(τ))
· g(i)

ẏ (θ∗(τ), θ̇∗(τ), θ̈∗(τ), 0, 0),

b
(i)
1 (τ) =

2θ̇∗(τ)

α(i)(θ∗(τ))
· g(i)

v (θ∗(τ), θ̇∗(τ), θ̈∗(τ), 0, 0).

• The coefficients for the linearized dynamics of the[yT , ẏT ]-variables are

A21 =

[

θ̇ ∂F
∂θ̇

− θ̈ ∂F
∂θ

]

2
(

θ̇2 + θ̈2
)

∣
∣
∣
∣
∣
∣
θ=θ∗(τ)

θ̇=θ̇∗(τ)

θ̈=θ̈∗(τ)
y=ẏ=0

(2.52)

A22 =
∂F

∂y

∣
∣
∣
∣θ=θ∗(τ)

θ̇=θ̇∗(τ)

θ̈=θ̈∗(τ)
y=ẏ=0

(2.53)

A23 =
∂F

∂ẏ

∣
∣
∣
∣θ=θ∗(τ)

θ̇=θ̇∗(τ)

θ̈=θ̈∗(τ)
y=ẏ=0

(2.54)

B2 = N(θ∗(τ), 0). (2.55)

• Finally the components of matricesA(τ),B(τ) and the vectorδx⊥ are given by

A(τ) =






a11(τ) a12(τ) a13(τ)

0(n−1)×1 0(n−1)×(n−1) I(n−1)×(n−1)

A21(τ) A22(τ) A23(τ)




 ,

B(τ) =






b1(τ)

0(n−1)×m

B2(τ)




 , (2.56)

δx⊥ =
[

I
(i)
• ; Y1•

; Y2•

]

. (2.57)

Orbital stabilization of continuous-time periodic orbits

Here we present a systematic procedure, where the orbital stabilization of the periodic

motion expressed as (2.50) is achieved by stabilizing the corresponding transverse lin-

earization (2.51).
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Fig. 2.4: A visual representation of the transverse linearization.δx⊥ lives onTS(t).

Given a continuous periodic motion

q(t) = q∗(t) = q∗(t+ T ), T > 0, (2.58)

and the linear system (2.51) representing local propertiesin a vicinity of the orbit, we

could aim at finding aC1-smooth T-periodic matrixK(τ) = K(τ + T ), so that the

feedback control law

δv = K(τ)
[

I
(i)
• ; Y1•

; Y2•

]

, (2.59)

stabilizes the equilibrium of the linear time-varying system (2.51).

Theorem 4 [78] Let K(τ) be a T-periodic matrix gain that stabilizes the equilibrium

of the system (2.51), then a controller that achieves the orbital stability of the nonlinear

system (2.45) can be constructed as

v(t) = K(s) · x(i)
⊥ (t), (2.60)

wheres = s(θ(t)) is an index parameterizing the particular leaf of the movingPoincaré

section, to which the vectorx(i)
⊥ belongs at time momentst, i.e. a smooth function that

satisfies the identityS(θ∗(t)) = t for all t ∈ [0, T ].
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One way to design the matrixK(·) is to take

K(τ) = −Γ−1B(τ)
T

R(τ), ∀τ ∈ [0, T ],

whereR(τ) is positive definite and satisfies the periodic differentialRiccati equation

Ṙ(τ) +A(τ)
T

R(τ) +R(τ)A(τ) +G(τ) = R(τ)B(τ)Γ−1B(τ)
T

R(τ),

withG(τ) being a positive definite matrix of dimension(n×n), andΓ > 0, such that the

eigenvalues of the transition matrixΦ(τ) computed from

d

dτ
Φ(τ) = (A(τ) +B(τ)K(τ)) Φ(τ), Φ(0) = I,

are inside the unit circle. Notice that the controller design is valid for any underactuation

degree, but assumes controllability of the system (2.51).

2.3.2 Hybrid transverse linearization

The method of transverse linearization can be extended to impulsive systems of the form

(2.6)-(2.7). Below we consider the case when the states of the continuous-in-time dynam-

ics is updated by one impact law, see Fig. 2.1.

Lets consider a parametric description of the path given by the set ofC2-constraint

functions

q1 = φ1(θ), . . . , qn = φn(θ), (2.61)

where the variableθ is the reparametrizing variable for the continuous-in-time part of the

motion q = q∗(t). For simplicity we assume thatθ is one of the original coordinates,

such thatθ = qn. Considering the change of coordinate system in a vicinity of the motion

(2.41), the continuous part of the transverse linearization can be found similarly as (2.51).

To introduce a hybrid transverse linearization, we need to complement (2.51) with a

linearization of the impact map. This can be done by applyingthe instantaneous transfor-

mation proposed in [30], that allows to introduce the updatelaw as

F =
[

P+
~n(0)

]

dF
[

P−
~n(T )

]

, (2.62)

where the operatorsP+
~n(0) andP−

~n(T ) are defined as:

P+
~n(0) = Lc(0)

(

I − n(0)n
T

(0)

nT (0)n(0)

)

,

P−
~n(T ) =

(

I − n(T )m
T

−

nT (T )m−

)[

Lc(T )

n
T

(T )

]−1 [

I

0

]

, (2.63)
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whereT is the period of the target trajectory.Lc(·) defines the Jacobian matrix of the

coordinate transformation

[

∆I ∆y
T

∆ẏ
T
]T

= Lc(t)
[

∆q ∆q̇
T
]T

,

relating the linear parts of the increments of the transverse coordinates and the linear parts

of increments of the generalized coordinates. This can be computed from the relations

(2.41), and the formulas [28]

∂I(i)

∂θ

∣
∣
∣
∣θ=θ∗(t)

θ̇=θ̇∗(t)

= −2θ̈∗(t),
∂I(i)

∂θ̇

∣
∣
∣
∣θ=θ∗(t)

θ̇=θ̇∗(t)

= 2θ̇∗(t). (2.64)

Notice thatI in (2.63) is an identity matrix of appropriate dimensions, whereasI(i) in

(2.64) represents the conserve quantity (2.24). The vectorm− is normal to the lineariza-

tion of the switching surface, andn(t) =
[

q̇∗(t)
T

q̈∗(t)
T
]T

.

Finally, a hybrid transverse linearization is a linear hybrid control system of the form

d
dτ δx⊥(τ) = A(τ)δx⊥(τ) +B(τ)δv, for τ ∈ [0, T ]

δx⊥(T+) = F · δx⊥(T−), (2.65)

which constitutes an approximation of the transversal dynamics in a vicinity of the target

periodic orbit.

Notice that (2.65) can be extended to analyze motions composed by the interconnec-

tion of various continuous-in-time sub-arcs and update laws. For such a case we define a

linear system of the form (2.65) for each continuous-in-time sub-arc, and a linearization

(2.62) for each update law [28].

Orbital stabilization based on concepts of hybrid transverse linearization

Similarly to the continuous-in-time case, the time-varying matrixK(τ) is found such that

the eigenvalues of the transition matrixΦ(T+) computed from

d

dτ
Φ(τ) = (A(τ) +B(τ)K(τ)) Φ(τ), Φ(0) = I, τ ∈ [0, T )

Φ(T+) = F · Φ(T−), (2.66)

are inside the unit circle. This can be accomplished by following similar results, i.e.

solving the associated differential Riccati equation withadditional boundary conditions4,

4Notice that the computation of such a solution is nontrivial and requires approaches that go beyond the

scope of this thesis.
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for each continuous-in-time sub-arc of the motion, provided (2.65) is controllable. This

gain can later be used to control the hybrid nonlinear system(2.1).
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To facilitate the reading of the papers presented in the following chapters, here we provide

a more detailed description of the problem formulation for each individual case. For each

example it is also a described how the tools presented in the previous chapter have been

applied, and what is special for each particular system.

3.1 New Approach for Swinging up the Furuta Pendu-

lum: Theory and Experiments

Underactuated inverted pendulums are classical benchmarksetups for testing nonlinear

control algorithms. Examples of such systems are the Furutapendulum [20,33], the Pen-

dubot [21,51,99], the pendulum on a cart [31,76,91], the Acrobot [57], the inertia wheel

pendulum [84], etc. One of the main problems postulated in control is the stabilization of

the passive link around its open-loop unstable equilibrium. The classical partial solution

is the design of a linear controller that stabilizes the linearization of the system dynamics

around this equilibrium. This approach allows to ensure local asymptotic stability and

convergence for initial conditions inside a certain vicinity of this point. For other ini-

tial conditions, including the resting downward position,another controller is required

to drive the system into a region where convergence of the linear controller is ensured.

Typically, the latter controller does not ensure local asymptotic stability, thus, a switching

of controllers is needed. This process of bringing the system into the vicinity of the open-

loop unstable equilibrium is known as swinging up, and constitutes the main subject of

analysis ofpaper I, with the Furuta pendulum as an example. This system consists of an

horizontal actuated arm with a passive pendulum attached atits end. The motion of the

pendulum is orthogonal to the arm. The example presents a case of underactuation degree

one.

29
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Fig. 3.1: Open-loop nonlinear pendulum trajectories in phase portrait. On the phasespace[θ, θ̇] its

orbit rotates periodically (blue oval curves) around an elliptic fixed point(downward equilibrium).

The red orbit or separatrix is known as homoclinic orbit. It goes from andto hyperbolic points

(unstable upward equilibrium). Near homoclinic orbits there are trajectories that correspond to

free one directional revolutions in either direction. The energy at the hyperbolic point reaches a

maximum, and it is given by the potential energy analyzed at that point.

3.1.1 State of the art

Neglecting the arm dynamics and friction forces, the equation of motion for the pendulum

is

Jθ̈ −mgl sin θ = 0,

whereJ is the inertia,m the mass,l the length, andg the gravitational acceleration.

Around downward, i.e.θ = π, the pendulum rests in a stable equilibrium. The inverted

vertical positionθ = 0 represents the unstable upright equilibrium. The energy ofthe

uncontrolled pendulum is

E(θ, θ̇) =
1

2
Jθ̇2 +mgl(cos θ − 1).

A popular approach to solve the swinging up problem is based on the stabilization of the

homoclinic curve shown in Fig. 3.1 [20]. An approach based onenergy control is com-
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monly used, where the energyE(θ, θ̇) of the homoclinic curve is used as a measurement

of distance to this cycle [20, 33]. At a vicinity of the upwardequilibrium a switching

to the linear controller allows to stabilize the pendulum around this point. With such an

interaction between controllers the pendulum can be brought to upright from any desired

initial condition.

3.1.2 Motivation for a different approach

The intuitively simple approach described above presents two major drawbacks when

considering experimental studies and stability analysis.

For implementations, it is a fact that following this approach we disregard the transient

behavior of the actuated link. Therefore, in practice, the parameters of the swinging up

controller must be tuned by trials and errors. The closed-loop system with this controller

is often sensitive to perturbations, such as friction forces. Furthermore, dynamics near

homoclinic orbits is very sensitive to perturbations because a small force can change the

qualitative behavior of the pendulums motion, from periodic to unbounded. This effect is

undesirable in practice, especially when performing experiments under various hardware

limitations, i.e. limited range of motion for the arm and pendulums rotations.

From the theoretical point of view, when swinging up is seen as a process of stabiliz-

ing an orbit, rather than the particular task of driving the pendulum close to the upward

equilibrium, the stability analysis is important. When considering the energy based ap-

proach, the exponential convergence of the Lyapunov function, which is constructed from

integrals of the unforced sub-system (passive pendulum), including energy, may appear

to be enough to ensure the exponential stability of the homoclinic curve. However, the

exponential vanishing of such a Lyapunov function does not really imply that the distance

to the homoclinic curve approaches zero exponentially. To motivate this fact, we observe

that in a vicinity of a target orbit, the energy and the distance are related as follows [77]

|E(θ, θ̇) − E(θ∗(0), θ̇∗(0))|2 ≈
(

θ̇∗(τ0)
2) + θ̈∗(τ0)

2
)

·D(θ, θ̇), (3.1)

whereD(θ, θ̇) = min
0≤τ≤T

{

|θ − θ∗(τ)|2 + |θ̇ − θ̇∗(τ)|2
}

is the distance to the target orbit

θ = θ∗(t), andτ0 = arg min
0≤τ≤T

{

|θ − θ∗(τ)|2 + |θ̇ − θ̇∗(τ)|2
}

defines the point on the

target orbit closest to the particular point. It can be observed that along the homoclinic

orbit θ̇∗(τ0) and θ̈∗(τ0) simultaneously reach zero, and so the gain relating energy and

the distance vanishes. Thus, the exponential convergence to zero of a typical Lyapunov

function constructed from the energy, will not ensure the orbital exponential stability of

the homoclinic curve.
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3.1.3 Problem formulation

Considering the scenario presented above, the main hypothesis of analysis consists of

defining whether or not for the given dynamics of the Furuta pendulum it is possible

• to shape dynamics, so that other suitable trajectories for swinging up can be de-

signed,

• to force the arm follow a prescribed motion,

• to design a feedback controller to ensure orbital exponential stability of the target

motion, to ensure robustness with respect to small perturbations.

Fig. 3.2: Modified orbits in phase space.

In other words, our idea is to reshape dynamics, such that theupright equilibrium

becomes surrounded by a family of periodic trajectories, eliminating the existence of

unbounded motions, see Fig. 3.2. To perform these motions, we also intend to specify

the trajectory of the actuated degree of freedom within prescribed limits. The design

of an exponentially orbitally stabilizing controller would allow to cope for unmodeled

dynamics, disturbances, etc., which are of importance for experimental studies.
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3.1.4 Contributions

For trajectory planning we define a virtual holonomic constraint between the arm and the

pendulum. Based on (2.24) and (2.28) we derive a set of properties to analyze whether

for a given virtual constraint we can find periodic trajectories. The constraint function is

chosen in such a way that the arm moves within a predefined range of motion.

For control design we prove the existence of an input transformation (2.44), such that

the dynamics transverse in a vicinity of the motion can be analyzed based on an auxiliary

system of the form (2.51). A linear time variant controller of the form (2.59) is found to

achieve orbital stability.

For experimental studies we use a dSPACE board, which is a hardware developed

for rapid prototyping. The programming language is based onMATLAB/Simulink. The

angular position of the links are measured by encoders.

Since the methods presented do not consider friction forces, experimental tests are

carried out to identify a nonlinear map composed by coulomb and viscous friction. A

feedforward term is designed based on this map to make dynamics closer to the form given

by (2.4). System identification is performed to identify themodel parameters (inertias and

masses).

The estimation of velocities, which unavailability is not taken into account at the

controller design stage, is done by the use of high-gain observers [49] designed according

to the resolution of the encoders, and the sampling period ofthe hardware.

We provide results of simulations, as well as real-time experiments to validate the

approach.

3.2 Shaping Stable Periodic Motions of Inertia Wheel Pen-

dulum: Theory and Experiment

The problem of designing and controlling periodic orbits with predefined amplitude and

period is of interest for a vast number of applications. By applying the method of virtual

holonomic constraints, it is possible to impose oscillations that are shaped according to

desired values of amplitude or/and period. This is the topicof analysis ofpaper II , with

the inertia wheel pendulum as example of a system with underactuation degree one. It

consists of a passive pendulum with a wheel attached to its end. The actuation is provided

at the wheel, so that by means of its rotations the pendulum isindirectly actuated.
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3.2.1 Contributions

Based on section 2.2, we define existence of periodic orbits around upright equilibrium,

as well as downward equilibrium. The relations (2.24) and (2.28) serve as the basis to

provide additional formulations to specify motion in termsof amplitude. For any given

amplitude, the period of oscillation can be explicitly calculated. The resulting properties

allow to define a constraint function, such that we achieve synchronized motions around

upright or downward equilibrium, with required characteristics..

For control design we prove the existence of an input transformation (2.44), such that

the linearization of dynamics transverse to the orbit can bewritten in the form (2.51). One

of the contributions of this paper is the introduction of theadditional transverse coordi-

nate
∫ t

0
y(s)ds, which has been proved to be crucial to carry on successful experimental

studies.

For practical implementation we use the Mechatronics Control Kit from Mechatronic

Systems Inc. This kit provides the hardware of the inertia wheel pendulum, which consists

of the physical system, and a real-time processor together with encoders to measure the

angular positions of the pendulum and the wheel. Since the dSPACE board gives the

possibility to set different sampling rates, we make a exchange between the real-time

processors, so that we can achieve better performance.

The main problem of achieving oscillations in this setup is related to the constraint

on torque, which is certainly limited in this hardware. Therefore, for the case of upright

equilibrium, the periodic trajectories are carefully planned.

Similarly to the case of the Furuta pendulum, we design nonlinear high-gain observers

for velocity estimation. Feedforward friction compensation is used to partially eliminate

Coulomb and viscous friction. Results of simulations, as well as real-time experimental

data are shown .

3.3 Traversing from point-to-point along a straight line

with a ballbot

The ballbot presents a novel mechanical design, in which a tall rigid body is meant to

balance on a single omni-directional spherical ball. This is motivated by the expectations

of high mobility and efficiency, as a counterpart to classical wheeled robots. From the

control system stand point, to maintain the active balancing of the system around its up-

right unstable equilibrium, as well as moving gracefully from one location to another, are
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challenging problems.

In the last years some work has been done to understand the self-balancing problem.

Different results were presented [54, 63], in which linear stabilizing algorithms show to

achieve the stability of the body around its upright open-loop unstable equilibrium, de-

spite the nonholonomic constraints of the ball. However, the mobility issue related to

planning trajectories to traverse from one location to another, in a dynamic matter, has

had very little success [62]. This problem is the topic of study of paper III , in which

we assume a simplified planar model to approximate dynamics of the robot to a system

with underactuation degree one. The intention is to plan feasible trajectories to perform

motions in the plane, i.e. straight line paths in the workspace.

3.3.1 State of the art

The authors of [62], which are also the pioneers of this example, have proposed the use

of dynamic optimization with the goal of finding the optimal trajectory profile for the

body and the ball under dynamic constraints. The shape of these trajectories are defined

by parametric functions, which coefficients are found to minimize time and control effort.

Boundary conditions additionally constrain the motion to start and end at rest. The authors

also provide some experimental results.

Despite the success on experimental studies, a comprehensive check on the trajecto-

ries obtained by [62] show that the motion performed is rather slow, i.e. 1 meter in20

seconds. This could be attributed to various factors that weavoid discussing here, but

which are related to the selection of the body motion profile and boundary conditions.

However, it is certain that faster and more agile motions canbe achieved, and this moti-

vates the study given inpaper III .

3.3.2 Problem formulation

Let us consider the following scenario. A motion for traveling along a straight line can be

thought of as part of a periodic trajectory for the ball, in which going forward represents

half of the orbit, and getting back represents the other half. During this motion the body

can lean forward and backward as required, keeping dynamic stability. This idea can be

well resembled to the work of [83], in which the authors achieve oscillations of the cart

pendulum around upright equilibrium.

Considering the scenario presented above, we are interested in defining properties,

such that for a given virtual constraint function we can
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• shape dynamics to find periodic trajectories for the ball, given as data the distance

of travel (amplitude),

• select from a set of preplanned trajectories those which satisfy torque constraints,

• design a feedback controller to ensure the orbital stability of the target motion.

Similarly as in the case of the Furuta pendulum, once half of the periodic trajectory is

executed we can switch to a linear stabilizing controller tostop the motion.

3.3.3 Contributions

We apply (2.24) and (2.28) to define a set of properties to specify the existence of periodic

trajectories around the upright open-loop unstable equilibrium. The range of motion is de-

fined by the coefficients of the constraint function. A reduced dynamics of the form (2.15)

serves as a trajectory generator, solutions of which can be selected to satisfy velocity and

torque constraints.

For control design we prove the existence of an input transformation (2.44), such that

the dynamics transverse to the motion can be analyzed based on an auxiliary system of

the form (2.51). A linear time variant controller of the form(2.59) is derived to achieve

the orbital stability of the motion.

Since there is no availability of hardware for experimentaltests, the robustness of

the controller is tested via numerical simulations. To thisend, we present numerical

simulation results for the closed loop system, in which we introduce perturbations, model

uncertainty, and variations in initial conditions.

3.4 Motion Planning for Humanoid Robots Based on Vir-

tual Constraints Extracted from Recorded Human

Movements

Human locomotion is characterized by the outstanding synchronization reflected by all

the body parts involved in the motion. In the field of biomechanics, researchers analyze

the fundamental characteristics of human motions by means of recorded data from indi-

vidual subjects. Among this analysis we can encounter walking, running, jogging, sitting

down, standing up, etc. In different fields, including computer animation, biomechanics,
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robotics, rehabilitation, etc., it is of interest to reproduce these behaviors with lower di-

mensional dynamic models. These studies can help to gain better understanding of how

humans are able to produce such motions, and possibly find techniques to copy them.

In the field of bipedal robotics, in early stages of development, some researchers have

considered the possibility of reproducing human walking byextracting time domain kine-

matic data from human subjects [13]. Different methodologies helped to retrieve data for

each degree of freedom of the robot. Standard linear controllers, such as PID controllers,

were used for the tracking of these reference trajectories.However, researchers found

the need of high motor torques to reproduce such motions, since it is difficult to achieve

accurate models resembling human physiology, in both hardware and software.

3.4.1 Problem formulation

In paper IV we consider the case of human movement analysis, as a basis toestablish a

novel procedure for reproducing motions taken from captured data. We use planar biped

models with underactuation degree one, for which we intend to validate the following

hypothesis:

Hypothesis 1 If there exist a nominal motion for the recorded data approximated for a

reduced biped model, then it is possible

• to introduce a reparametrization of the motion in terms of a time-parametrizing

variableθ = θ∗(t),

• to extract virtual holonomic constraints from the recordeddata,

• to find a reduced second order model of the form (2.15), which could be used as the

trajectory generator,

• to find a stabilizing controller for the motion, such that theclosed loop system

simulation allows to qualitatively reproduce the originaldata.

The validation of this hypothesis would in principle give usa start to define a novel ap-

proach to reproduce human motion based on recorded data.

3.4.2 Contributions

In paper IV we consider the scenario described above for sitting down, standing up,

and walking. We firstly show the existence of consistent geometric relations among the
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generalized coordinates of the chosen individual body segments. For trajectory planning,

we suggest three algorithms to find a nominal motion in a set ofrecorded data. Reduced

planar models with 3, 5 and 7 degrees of freedom are used for analysis, where the ankle

is the unactuated degree of freedom. We propose the reparametrization of the motions

according to an independent variable, i.e. the projection of the hip joint to the ground for

walking, and the ankle for sitting down and standing up. The motion of the remaining

degrees of freedom are given in the form (2.9), and the virtual constraints are defined in

form of polynomial functions that approximate closely the nominal data.

Consecutively, we introduce these constraint functions into dynamics of the robot

models described by differential equations of the form (2.4). The solution of the reduced

order model (2.15) gives the time evolution of the reparametrizing variableθ(t), which

by construction closely resembles the time evolution of therecorded one. It is worth to

mention that in this case we search for motions that are not required to be periodic, but

trajectories which best approximate the nominal recorded ones.

For the case of sitting down, we find the motion as a portion of aperiodic trajec-

tory. For the cases of standing up and walking, the solutions[θ∗(t), θ̇∗(t)] correspond to

unbounded motions, from which a certain portion in phase space resembles the nominal

data.

For controller design we use the ideas of transverse linearization, and find two type

of controllers. For the case of sitting down and walking, thecontroller is designed as

introduced in section 2.3. However, for the case of standingup, the controller is designed

for a finite time interval, and allows to ensure thecontractionof the states to the desired

trajectory.

Various results of numerical simulations are provided to visualize all the steps of this

approach.

3.5 Stable walking gaits for a three-link planar biped robot

with one actuator

Inspired by the model introduced in [37], inpaper V we present an example of a planar

biped walker with two legs and upper torso, i.e. a three-linkwalker. We assume the upper

body to be kept upright by torsional springs, while active control torque is given for the

swing leg. The system is modeled as an impulsive nonlinear hybrid mechanical system

with underactuation degree two. One of our main objectives is to plan feasible trajectories

for walking in flat ground, exploiting the inherent natural dynamics of the robot.
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3.5.1 State of the art

Planar biped models resembling similar mechanics have beenanalyzed for the search of

passive gaits, see e.g. [95]. However, according to our knowledge, there are no results in

which walking on flat ground or uneven terrain have been considered for a similar model.

The closest related work is [37], in which the authors consider the same model equipped

with two actuators for posture and swing leg control, i.e. underactuation degree one. To

solve the problem, the authors of [37] propose a set of virtual constraints to keep the upper

body at a constant position, and to mirror the legs motion. The angle of the stance leg is

used to reparametrize the motion, since its time evolution is monotonic during a step. The

concepts of hybrid zero dynamics, developed by the same authors, are employed to find a

high gain PD controller to stabilize the y-dynamics (2.45).The numerical computation of

the Poincaré first return map is used to stability analysis, search of initial conditions, and

controller design. Similar method is considered in [92], with a variation of the constraint

functions to achieve better energy performance and speed ofmotion. However, it is our

believe that similar, or even better performance can be achieved reducing the number of

actuated degrees of freedom.

3.5.2 Problem formulation

Let us consider the vector of generalized coordinatesq = [q1, q2, q3]
T , whereq1 denotes

the absolute angle of the stance leg,q2 the swing leg, andq3 the upper torso. Similarly,

we have the vector of generalized velocitiesq̇ = [q̇1, q̇2, q̇3]
T . The input forceu is the

control input to the swing legq2. An impact map relates the velocity states prior and after

impact. Thus, the robot can be modeled as an impulsive hybridsystem of the form (2.6).

The goal is to find a procedure to find the vector of the seven unknown parameters

p∗ = [K, q1(0), q2(0), q3(0), q̇1(0), q̇2(0), q̇3(0)]T ,

whereK denotes the unknown stiffness value of the springs,[qi(0), q̇i(0)] denote the

initial conditions, withi = {1, 2, 3}. Apart of this vector, the duration of the motionT

is unknown, as well as the input forceu∗(t) required for a gait to exist. Summarizing,

considering the vectorp∗, the unknown vector of timet, and the unknown input force

u∗(t), the problem of finding a cycle is difficult due to the amount ofmissing data. If

we intend to apply a nonlinear optimization search, we run into an infinite dimensional

search.

An alternative solution is the search for virtual holonomicconstraints of the form

(2.9), having the stance legq1 as the independent parametric variableθ. This leads to the
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introduction of the reduced dynamics, given by two second order differential equations of

the form (2.30). However, as explained above, and in section2.2.2, the main difficulty is

to have enough intuition to define such constraint functions, so that the common solution

[θ∗(t), θ̇∗(t)]
T of (2.30) can be found. However, applying the formulations introduced in

section 2.2.2, the gait synthesis can be ease by an analysis of the reduced dynamics. This

is the topic of study onpaper V.

3.5.3 Contributions

The main contribution of this paper is the exemplification ofthe approach presented in

section 2.30. For trajectory planning we introduce a geometric description of the path in

the form (2.9), i.e.

q1 = θ, q2 = φ1(θ), q3 = φ2(θ),

where the constraint functionsφi are to be found. We start by defining a system of three

differential equations of the form (2.31), whereα, β, γ are functions which depend on the

reparametrizing variableθ, and the constraint functions and their partial derivatives.

Secondly, pairs of this system of differential equations are used to write linear equa-

tions for θ̈ = θ̈∗(t) and θ̇2 = θ̇2∗(t) in the form (2.33). The equality (2.34) is applied

to derive an auxiliary system of partial differential equations (2.37). For this new set of

differential equations we define the vector of unknown initial conditions

ξ∗ = [φ1(0), φ2(0), φ′1(0), φ′2(0), φ′′1(0), φ′′2(0), u(0)]T .

In other words, the system (2.37) can be used as the motion generator, which given the

vectorξ∗ provides the virtual holonomic constraint functions, and interestingly, it also

gives the nominal input signalu∗(θ). Thus, the problem for searching a gait, is relaxed

and posted as a finite dimensional optimization search for the initial conditionsξ∗.

Searching for a gait

We can recall from section 2.30, that some of the initial conditions in ξ∗ can be explicitly

found. To this end, we can solve the three differential equations of the form (2.31), in

terms ofθ̈ andφ′′i . This gives a linear system of equations which right-hand side depends

on [θ, θ̇, φ, φ′, u], i.e.





θ̈

φ′′1

φ′′2




 = f(θ, θ̇, φi, φ

′
i, u).
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Since the second order derivatives can be explicitly calculated, the required vector of

initial conditions is reduced to

η∗ = [θ(0), θ̇(0), φ1(θ(0)), φ2(θ(0)), φ′1(θ(0)), φ′2(θ(0)), u(θ(0))]T .

In flat ground, at the start of the gait the configuration of thestance leg and swing leg

are mirrored, i.e.φ1(θ(0)) = − θ(0). This implies that we can removeφ1(·) from

η. However, the spring coefficient for posture control is alsoan unknown parameter.

Therefore, the final set to search for a gait is defined by the vector

χ∗ = [K, θ(0), θ̇(0), φ2(θ(0)), φ′1(θ(0)), φ′2(θ(0)), u(θ(0))]T ,

whereK is the spring coefficient. We define the switching hypersurfaceΓ = {θ−φ1(θ) =

0}. To find a gait we start by an initial guess for the vectorχ∗. The following step is to

integrate (2.37), until the solution reaches the hypersurfaceΓ. The update law is applied

at this point, so that the states of the system have a reset back to the initial conditions in

χ∗. After a repetitive numerical evaluation, and whenever thealgebraic equations (2.29)

are satisfied, the initial conditions represent the fixed point. Once the virtual holonomic

constraints are found, and initial conditions, the duration of the motionT can be found by

integration of any of the reduced dynamics (2.31).

Controller design

For controller design we suggest a coordinate transformation, which allows to define the

auxiliary impulsive transverse linearization (2.65). We apply a numerical procedure to

find the stabilizing controller (2.59), which is also used tostabilize the complete nonlinear

hybrid model.

Result of simulations

Performance of the controller is tested via numerical simulations. We also give interesting

discussions regarding controller performance in various scenarios, as well as analysis of

energy efficiency in comparison to the work of [37]. Notice that the search does not

specify energy as performance index. However, we show that energy is in fact reduced by

the use of passive elements in the robot design.

In summary, this approach allows to find walking gaits in a systematic way by the

search of constraint functions, that can later be used to findan exponentially stabilizing

controller based on the concepts of hybrid transverse linearization.
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4 Concluding remarks

In this work we have studied the controller design and trajectory planning of periodic

orbits in underactuated mechanical systems. Depending on the robot dynamics and its in-

teraction with the environment, we have analyzed two scenarios, i.e. systems with purely

continuous dynamics, and systems with impulse effects thatare modeled as collisions.

In section 2.1, we have presented the fundamental first principles used to describe robot

dynamics for both cases.

We attribute the trajectory planning as the main contribution of this work, for which

we have proposed the theoretical basis for systematic design of limit cycles. The key

idea for trajectory planning is to introduce a parametric description of the motion in terms

of an independent scalar variable. This is done by defining a geometric relation of the

generalized coordinates with respect to a path coordinate,which we refer to as virtual

holonomic constraints. Such reparametrization allows to encode a desirable synchronized

behavior among the generalized coordinates. Dynamics of the robot, constrained to these

parametric functions, is given by a second order differential equation and referred to as

the reduced dynamics. The time evolution of the motion is found by integration of this

reduced dynamics, and thus, can be considered as the motion generator.

To design limit cycles for systems with smooth dynamics and underactuation degree

one, in section 2.2.1 we have formulated conditions to definethe existence of orbits

around an equilibrium of the reduced second order dynamics.These conditions allows

to analyze whether for a given constraint function there exist coefficients for which a

family of periodic trajectories can be found. Examples of application of such conditions

are applied in papers I, II and III.

For the case of systems with underactuation degree two, we have presented a novel

procedure to find constraint functions as solutions of partial differential equations. This

set of partial differential equations is found by manipulation of the system original dy-

namics. One of the advantages of such a procedure is the possibility to explicitly find the

43
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input forces required for a cycle to exist. These ideas are applied in paper V, in which

we transform the infinite dimensional search of gait synthesis of a three-link planar biped

model, into a relaxed finite dimensional optimization problem. This reduction transforms

the original problem of gait synthesis into a task that is similar to the search of passive

gaits, which has being studied in a vast number of precedent work. The gait synthesis for

such a case, is reduced to the task of searching for initial conditions.

An important application of virtual constraints is also in the context of analysis of

human recorded data, which is of interest to understand the mechanics of normal move-

ment. In paper IV we show that humans have a consistent synchronization of the body

joints during motion, i.e. walking, sitting down, standingup, etc. Technically, we approx-

imate human captured data as a collection of time-series describing the joint angles as they

evolve over time. A key challenge involves finding a nominal motion from a set of data.

Following our approach, we find a reparametrization of the joint trajectories as functions

of an independent scalar variable, and define a set of virtualholonomic constraints. These

constraint functions are used for controller design and trajectory planning following the

procedures presented in chapter 2. This study yields a comprehensive approach to carry

on the analysis of human motion.

When the method of Poincaré sections is applied for complex problems, it is common

to estimate numerically the Jacobian linearization of Poincaré maps, such that the stabil-

ity of a fixed point is determined on the basis of the eigenvalues. Despite this approach is

straightforward, the computation of such linearization becomes difficult when the dimen-

sion of the system is large, or whenever it is required for an iterative search for controller

design. Therefore, in section 2.3 we have introduced an alternative procedure for the

design of feedback stabilizing controllers based on concept of transverse dynamics. For

computing a linearization of the dynamics transverse to an orbit we have proposed a co-

ordinate transformation in a vicinity of the motion. This transformation of coordinates

allows to analytically find a time-variant linear systems, which can be used to analyze

local properties for the orbit, and to design feedback controllers applying methods of lin-

ear control theory. It is interesting that this procedure ofdesigning a feedback controller

for a linear auxiliary systems can be used to stabilize the nonlinear model. Although the

controller design is not a novel contribution of this work, the experimental validation of

this approach, presented in papers I and II, is considered the major contribution in this

context.

There are many interesting new aspects that can be investigated to complement these

studies. For example, in this work it has not been shown a general idea for planning tra-
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jectories in the case of underactuation of degree higher than two. Some examples of such

cases are three-dimensional legged robots with point feet,or planar bipeds with various

passive links, such as the robot MABEL with underactuation degree five [89]. Another

interesting point of study is the trajectory planning for uneven terrain. A challenging

problem, which has not been discussed, is related to the numerical computation of the

Riccati equation used for controller design. We have to givea formal acknowledgment to

the work of [38] and the references therein, since it has beenuseful to find this numerical

solution for all examples presented in this work.
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New Approach for Swinging up the Furuta Pendulum: Theory andExperiments

Abstract — The problem of swinging-up inverted pendulums has often been solved by

stabilizing a particular class of homoclinic structures present in the dynamics of a physi-

cal pendulum. Here, new arguments are suggested to show how different other homoclinic

curves can be preplanned for dynamics of the passive-link ofthe robot. This is done by

reparameterizing the motions according to geometrical relations among the generalized

coordinates, which are known as virtual holonomic constraints. After that, conditions that

guarantee the existence of periodic solutions surroundingthe planned homoclinic orbits

are derived. The corresponding trajectories, in contrast to homoclinic curves, admit ef-

ficient design of feedback control laws ensuring exponential orbital stabilization. The

method is illustrated by simulations and supported by experimental studies on the Furuta

pendulum. The implementation issues are discussed in detail.

Keywords — Motion Planning, Virtual Holonomic Constraints, Orbitalstabilization

of periodic trajectories, Implementation

I.1 Introduction

For decades underactuated inverted pendulums have been used as benchmark set-ups for

testing nonlinear control design methods. The original problem consists on stabilizing the

pendulum around the upright equilibrium. To this end, localstabilizing controllers can

be designed for the linearization of the system dynamics around the unstable equilibrium.

This ensures asymptotic stability of the upright equilibrium, but often with a small domain

of attraction. Thus, a swinging-up strategy has to be introduced to reach its vicinity

from a far located initial point, typically representing the system at rest. For this purpose

some nontrivial motion planning technique is required, since finding feasible motions for

underactuated system that are not feedback linearizable isa challenging task. A feedback

controller that makes the planed trajectory orbitally stable must be designed as well.

Various arguments have been suggested, and experimentallyvalidated, for a number

of popular setups belonging to these family. As examples we have the Furuta pendulum

[20, 33], the Pendubot [21, 51, 99], the pendulum on a cart [31, 76, 91], the Acrobot [57],

and the inertia wheel pendulum [84].

For all these setups it has been suggested to explicitly use the hyperbolic structure

that appears when all degrees of freedom, except one, are kept at target positions. The re-

maining degree of freedom, with appropriately chosen initial conditions, follows motions
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defined by the homoclinic curves of a physical pendulum. The integrals of the unforced

system or its subsystems can form an objective function for minimization to achieve or-

bital stabilization [20,22,33].

However, it is worth to note that the exponential convergence of the objective function

(Lyapunov function) does not necessarily imply exponential orbital stability of the homo-

clinic curve, i.e. it does not ensure that the distance to thehomoclinic curve approaches

zero exponentially. The target homoclinic orbit for swinging up has also some deficien-

cies. One of them is the presence of unbounded motions (perpetual one-directional rota-

tions) in an arbitrary small neighborhood of the target orbit.

To avoid this, we propose introducing other homoclinic structures into dynamics of

the system by feedback action. This is important for the following reasons. It is necessary

to restrict the travel of the revolute joints for some experimental setups. This can be done

by designing homoclinic curves that are surrounded only by bounded periodic trajectories.

It appears that any of these periodic trajectories, in contrast to homoclinic curves, admit

efficient design of feedback control laws ensuring exponential orbital stabilization with a

guaranteed rate of convergence. This is important for carrying out experimental studies.

Below we suggest such an approach for solving the swing-up problem with the Furuta

pendulum taken as an example. It is shown how to plan a large family of homoclinic

orbits taking into account the constraints of limited travel. Furthermore, it is shown how

to stabilize nearby periodic motions with a guaranteed rateof convergence.

The paper is organized as follows. In Sec. I.2 we describe theFuruta pendulum model,

formulate the objectives of the study, and show some preliminary steps for solving the

problem. The main theoretical contribution of this work, a new motion planning tech-

nique, is described in Sec. I.3. In Sec. I.4 results of computer simulations are shown,

while the results of experiments together with some detailsof implementation are de-

scribed in Sec. I.5. Concluding remarks are given in Sec. I.6.

I.2 Preliminaries

I.2.1 Dynamics of the Furuta Pendulum

The Furuta pendulum is a mechanical system with two degrees of freedom, see Fig. I.1,

whereφ is used to denote the angle of the arm’s rotation in the horizontal plane, andθ the

angle of the pendulum attached to the end of this arm. The behavior of the pendulum is

influenced by the acceleration of the arm, which is actuated by a DC motor.
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Fig. I.1: TheFuruta Pendulumbuilt at the Department of Applied Physics and Electronics, Umeå

University.

The equations of motion of the Furuta pendulum are, [81],

(p1 + p2 sin2 θ) · φ̈+ p3 cos θ · θ̈ + 2p2 sin θ cos θ · θ̇ · φ̇− p3 sin θ · θ̇2 = τφ(I.1)

p3 cos θ · φ̈+ (p2 + p5) · θ̈ − p2 sin θ cos θ · φ̇2 − p4 sin θ = 0 (I.2)

whereτφ is the external torque that allows to control the arm rotation. The constantsp1 to

p5 are positive and defined by physical parameters of the setup,see (I.20) in Appendix A..

I.2.2 Problem Formulation

Our objectives are the following:

• Plan a family of feasible motions of the Furuta pendulum thatbring the pendulum

from a vicinity of the downward equilibrium to a sufficientlysmall neighborhood

of the upright equilibrium satisfying restrictions on admissible travel of the links.

• Design a feedback controller to exponentially orbitally stabilize a suitable motion

from the family.
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I.2.3 Planning a Motion via Imposing a Geometric Relation between

φ and θ

Describing all the possible swing-up motions of the Furuta pendulum as a response to

some smooth control torques, at first glance, seems to be an intractable task. The next

arguments, however, give some insights into searching someof these motions. Suppose

that the motion[φ∗(t), θ∗(t)] of (I.1)-(I.2) with τφ = τφ∗(t) is a homoclinic curve of

θ-dynamics defined for all time moments between±∞, and such that the following two

conditions hold

I: lim
t→+∞

θ∗(t) = 0 and lim
t→−∞

θ∗(t) = 0

II: lim
t→+∞

φ∗(t) = φ0∗ and lim
t→−∞

φ∗(t) = φ0∗.

Suppose in addition that there exists aC2-smooth functionΦ(·), such that

φ∗(t) = Φ∗(θ∗(t)), ∀ t. (I.3)

This geometric relation is known as a virtual holonomic constraint [79]. The first and

second time derivatives ofφ∗(t) are then

d
dtφ∗(t)=Φ′

∗(θ∗(t))
d
dtθ∗(t),

d2

dt2φ∗(t)=Φ′′
∗(θ∗(t))

[
d
dtθ∗(t)

]2
+ Φ′

∗(θ∗(t))
d2

dt2 θ∗(t).

Substituting these relations and (I.3) into the equation (I.2) of the system dynamics, one

obtains the second order differential equation, called reduced dynamics

(p2 + p5 + p3 cos θ∗ · Φ′
∗(θ∗))

︸ ︷︷ ︸

= α(θ∗)

θ̈∗+

+
(

p3 cos θ∗ · Φ′′
∗(θ∗) − p2 sin θ∗ cos θ∗ · [Φ′(θ∗)]

2
)

︸ ︷︷ ︸

= β(θ∗)

θ̇2∗ + p4 sin(−θ∗)
︸ ︷︷ ︸

= γ(θ∗)

= 0
(I.4)

The homoclinic curveθ∗(t), described earlier, must be a solution of this equation. Sup-

pose that neither the functionΦ∗(θ∗) nor the particular solution—homoclinic curveθ∗(t)—

are known. The contribution of this paper is to show that existence of homoclinic curves

for dynamics of (I.4) can be deduced from a few properties of the coefficientsα(θ∗),

β(θ∗), andγ(θ∗). As a result, shaping new homoclinic structures1 for planning swing-up

trajectories for the Furuta pendulum becomes feasible.

1Note that the case of homoclinic curves of a physical pendulum,discussed in the introduction, fits naturally

into these settings withΦ∗(θ∗) being equal to a constant.
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I.3 Main Results

I.3.1 Planning New Homoclinic Curves for Swinging Up

Motivated by the observations above, let us start the searchfor swing-up motions consid-

ering the relation

φ(t) = Φ(θ(t)), ∀ t (I.5)

which is supposed to be satisfied along this motion, and wherethe scalar functionΦ(·) is

unknown. If (I.5) is imposed on the dynamics, it immediatelyimplies the next relations

between angular velocities and accelerations

d
dtφ = Φ′(θ) d

dtθ,
d2

dt2φ = Φ′′(θ)
[

d
dtθ
]2

+ Φ′(θ) d2

dt2 θ.

Substituting these relations into (I.2), we obtain the second order differential equation

(I.4). Important facts on qualitative behavior of its solutions are given in the next state-

ments.

Lemma 1 Let Φ(θ) be aC2-smooth function defined onIΦ = (−2π − ε, 2π + ε) with

ε > 0, such that the functionα(θ) = p2 + p5 + p3 · cos θ · Φ′(θ) is separated from zero2

onIΦ. Then, the following statements hold.

(A) The equilibria of the dynamical system (I.4), i.e. the solutions of the equationγ(θeq) =

0, are

θeq = k · π, k ∈ Z = {· · · ,−2,−1, 0, 1, 2, · · · } (I.6)

(B) Consider the equilibriumθ = kπ with k ∈ Z of the dynamical system (I.4). If the

constant

ωk :=
−p4 cos θ

p2 + p5 + p3 · cos θ · Φ′(θ)

∣
∣
∣
∣
θ=kπ

(I.7)

is positive, then this equilibrium is a center. If, in opposite,ωk is negative, then this

equilibrium is a saddle.

(C) Supposeω−1 > 0, ω0 < 0, ω1 > 0, then the dynamical system (I.4) has two homo-
clinic curves of the ‘upright’ equilibrium3 θeq = 0, see Fig. I.2(a), if and only if for
somea1, a2 with a1 ∈ (−2π,−π), a2 ∈ (π, 2π) the integrals

ai∫

0

e







2

∫ s

0

p3 cos τΦ′′(τ) − p2 sin τ cos τ [Φ′(τ)]
2

p2 + p5 + p3 · cos τ · Φ′(τ)
dτ







·
p4 sin s

p2 + p5 + p3 cos s · Φ′(s)
ds

2In other words, it is either positive or negative for allθ ∈ IΦ = [−2π − ε, 2π + ε].
3Note thatθ = 0 corresponds to the upright equilibrium for the Furuta pendulum.
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are equal to zeros. Furthermore, these homoclinic curves can be found as the

solutions of (I.4) with initial conditions

θ∗(0) = a1, θ̇∗(0) = 0 and θ∗(0) = a2, θ̇∗(0) = 0. (I.8)
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(a) (b)

Fig. I.2: Two homoclinic orbits of the equilibrium atθ = 0 are shown on the phase portrait of

(I.4). One of them intersects the line{θ̇ = 0} at a1, the other ata2. In (b) an exemplified periodic

trajectory orbiting two homoclinic curves is depicted.

Statement(A) is obvious. Statement(B) is proved in [83]. To validate(C) we observe

that the system (I.4) is integrable [82] and that the integral function I(θ(t), θ̇(t), θ0, θ̇0),

defined by

I = θ̇2(t)− exp

{

−2

∫ θ(t)

θ0

β(τ)

α(τ)
dτ

}



θ̇

2
0 −

θ(t)∫

θ0

exp

{

2

∫ s

θ0

β(τ)

α(τ)
dτ

}
2γ(s)

α(s)
ds




, (I.9)

remains zero on the solutionθ(t) of (I.4) initiated at[θ0, θ̇0]. If we assume that a homo-

clinic curveθ∗(t) of the equilibriumθeq = 0 of (I.4) does exist, then:

• In the expression (I.9) we can letθ0 and θ̇0 converge along the homoclinic curve

(in negative time) to the equilibrium, i.e.

θ0  0, θ̇0  0

• There is a point along a homoclinic curve at whichθ̇∗ should change sign:

∃ t• : θ∗(t•) = a, θ̇∗(t•) = 0
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Therefore, evaluating (I.9) at these points of the homoclinic curve, fromI = 0 we obtain
the equality

0 = θ̇2
∗(t•) − e

{

−2

∫ θ∗(t•)

θ∗(−∞)

β(τ)

α(τ)
dτ

} 






θ̇2
∗(−∞) −

θ∗(t•)∫

θ∗(−∞)

e

{

2

∫ s

θ∗(−∞)

β(τ)

α(τ)
dτ

}

2γ(s)

α(s)
ds








that reduces to

0 =

a∫

0

exp

{

2

∫ s

0

β(τ)

α(τ)
dτ

}
2γ(s)

α(s)
ds.

Substituting the expressions forα(θ), β(θ), γ(θ) as in (I.4), we arrive to the formula

in the statement.

To prove, in opposite, that the ‘upright’ equilibrium of (I.4) has two homoclinic

curves, observe that the conditionω0 < 0 implies that it is hyperbolic; thus, it has one-

dimensional stable and unstable manifolds. In turn, the property (C) ensures that both

branches of unstable manifolds intersect the line withθ̇ = 0 at pointsa1 anda2. To see

that these points indeed belong to homoclinic curves of the equilibrium θeq = 0, it is

enough to notice that the phase portrait of the dynamical system (I.4) has the mirror sym-

metry with respect to the line{θ̇ = 0}. Hence, the solutions initiated in (I.8) converge to

the ‘upright’ equilibrium in positive time (along its stable manifold) as they do in negative

time (along its unstable manifold).

Swinging up the Furuta pendulum based on stabilization of homoclinic curves, found

in Lemma 1, might be challenging, see the discussion in the introduction. Indeed, in or-

der to compensate for parametric uncertainties and effectsof unmodelled dynamics the

swing-up motion should be complemented with a feedback controller. This controller

should stabilize transverse dynamics of the system to the orbit of such a motion in the

four dimensional state-space of the Furuta pendulum. Presumably such a controller, if

constructed, would be non-robust and of limited use for experimental studies. The con-

clusion comes from observing that the linearization of the dynamics transverse to each

of the homoclinic curves is a linear control system with timevarying coefficients, for

which designing a stabilizing controller, estimating a rate of convergence, and verifying

robustness (even for a known controller) are difficult tasks.

To overcome the problem, we suggest to stabilize orbitally anearby periodic solution

of (I.4) rather than the homoclinic orbit itself. This periodic solution should be surround-

ing the homoclinic curves close enough, see Fig. I.2(b). Exponential orbital stabilization

of such a periodic solution, if it exists, can be achieved based on the recently proposed al-

gorithms of [79]. In the next statement, further mild sufficient conditions on the constraint
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functionΦ(θ) of (I.5) are given to ensure the presence of a strip of periodic solutions sur-

rounding two homoclinic curves of the ‘upright’ equilibrium on the phase portrait.

Lemma 2 Suppose that the conditions of Lemma 1 are valid. If the constantsω(−2) and

ω2 defined by (I.7) are both negative, then any solutionθ(t) of the dynamical system (I.4),

with initial conditions atθ̇(0) = 0 and

π < θ(0) < 2π or − 2π < θ(0) < −π

is periodic.

Proof is based on the fact that the phase portrait of (I.4) is symmetric with respect

to {θ̇ = 0} axis. Two homoclinic curves of the upright equilibrium, seeFig. I.2, cannot

be attractive or repellent for nearby solutions. This solutions should be bounded due to

continuous dependence of solutions on initial conditions,see e.g. [49]. Hence, nearby

solutions, i.e. the ones with initial conditions atθ̇(0) = 0 and

π < θ(0) < π + δ or − π − δ < θ(0) < −π

are all periodic for smallδ > 0.

Repeating the same arguments for nearby solutions of established periodic trajecto-

ries, we observe that they are valid everywhere between the hyperbolic equilibria at±2π

.

I.3.2 Choosing the Constraint Function

To plan a swing-up motion for the Furuta pendulum using the Lemmas above, we need to

find a functionΦ(θ) of (I.5) satisfying several properties. To show that such functions do

exist, and that the conditions of Lemmas 1 and 2 are mild and easy to meet, let us present

one of them as an example; namely, let

Φ(θ) = K · arctan(θ). (I.10)

Here, the value of the constantK limits the interval of possible target travel for theφ-

variable along a swing-up motion within
[
− 1

2Kπ,
1
2Kπ

]
.

With the choice (I.10) the corresponding coefficients of (I.4) are

α(θ) = p2 + p5 +
Kp3 cos(θ)

(1 + θ2)
, β(θ) =

−K cos θ

(1 + θ2)
2 (2p3θ +Kp2 sin θ) . (I.11)

Let us rewrite all the conditions of Lemma 1 and 2 as constraints on the constant

parameterK, with the parameters of the model given in (I.20):



58 I. Swinging up the Furuta Pendulum

(C1) The functionα(θ) should be separated from zero on[−2π − ε, 2π + ε] with some

ε > 0: The valueα
(

π
2

)
= p2 + p5 is positive, therefore the condition holds if

α(θ) > 0 for all θ ∈ [−2π, 2π]. The minimal value ofα(·) on this interval can be

found as

min
θ∈[−2π,2π]

{α(θ)} = min
{

α(−2π), α(2π), α(θ{i}
cr )
}

,

whereθ{i}
cr are the critical values, i.e. solutions of the equation

0 = α′(θcr) = − K · p3

1 + θ2cr

[

sin(θcr) +
2 · θcr · cos(θcr)

1 + θ2cr

]

,

which can be numerically found and that are apparently independent ofK. Fi-

nally, the condition of positiveness ofα(θ) within [−2π, 2π] can be rewritten as the

inequality

K ≥ −38.51 · p2 + p5

p3
, (I.12)

where the number is related to a solution of the transcendental equation forθcr.

(C2) The values of the five constantsωk with k = −2,−1, 0, 1, 2, defined by

ωk =
−p4 cos(θ)

p2 + p5 + p3 · cos(θ) · K
1+θ2

∣
∣
∣
∣
∣
θ=kπ

,

see (I.7), should have the following signs

ω(−2) < 0, ω(−1) > 0, ω0 < 0, ω1 > 0, ω2 < 0.

These conditions are equivalent to the following three independent inequalities for

the parameterK

K > −
(
1 + 4π2

) p2 + p5

p3
, K > −p2 + p5

p3
, K <

(
1 + π2

) p2 + p5

p3
. (I.13)

(C3) The value ofF (ai,K) given by

ai∫

0

e







∫ s

0

−2K(τp3 cos τ + p2K sin τ cos τ)

(1 + τ2)((p2 + p5)(1 + τ2) + p3K cos τ)
dτ





 p4(1 + s2) sin s

(p2 + p5)(1 + s2) + p3K cos s
ds

should be zeros for somea2 ∈ (π, 2π) anda1 ∈ (−2π,−π). The fact that this con-

dition is valid (or not) has intuitive geometrical interpretation: the stable and unsta-

ble manifolds (the separatrix) of the hyperbolic equilibrium θeq = 0 are bounded

(or not), see Fig. I.3.
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Fig. I.3: (a) The phase portrait for (I.4) when condition(C) of Lemma 1 is satisfied. (b) The phase

portrait for (I.4) when condition(C) of Lemma 1 is not valid.

A simple sufficient condition for this property can be given in terms of the values

F (a,K) at a = −2π, −π, π, 2π

If for someK both inequalities

F (−2π,K) · F (−π,K) < 0, F (2π,K) · F (π,K) < 0

hold, then the condition holds as well. The values ofF (π,K) andF (2π,K) as

functions ofKn = K
p3

p2 + p5
are shown in Fig. I.4.

As seen, whenKn < 0.01 both functionsF (π,K) andF (2π,K) are negative,

while for most of positive values ofKn on the plot they have different signs. Nev-

ertheless, both functions are difficult to compute accurately for Kn ≥ 6.6. The

behavior ofF (−π,K) andF (−2π,K) is the same. To conclude, condition(C) of

Lemma 1 is ensured if

0.01 · p2 + p5

p3
< K < 6.6 · p2 + p5

p3
, (I.14)

where the upper bound can be enlarged via a more accurate computation.

I.4 Results of Computer Simulations

Here some results of numerical simulations are given for themodel (I.1)-(I.2) with pa-

rameters defined by (I.20) in the appendix.
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Fig. I.4: The values ofF (π, K) andF (2π, K) versusKn = K · p3

p2+p5
, the upper (blue) and the

lower (red) respectively. As seen, they have different signs for most of positive values ofKn, while

around zero,Kn < 0.01, they are negative.

I.4.1 Choosing the Target Trajectory for Swining Up

Motion planning for swinging up is carried out with the constrained function (I.10), where

K = 1/π has been chosen. Such value ofK satisfies all the conditions of Lemma 1 and 2

described by (I.12)–(I.14). The phase portrait of the corresponding dynamical system (I.4)

is shown in Fig. I.5, where as predicted the upright equilibrium θeq = 0 has homoclinic

curves surrounded by a strip of periodic solutions.

In the following simulation results, the trajectory depicted with the bold line in Fig. I.5(a)-

(b) is chosen as an example of a swing-up motion and is to be orbitally stabilized.

I.4.2 Simulation with a Stabilizing Controller for the Peri odic Orbit

A stabilizing state feedback controller4 for this cycle has been designed following the

steps presented in [82, Appendix C, p. 1174]. The performance of the closed-loop system

is illustrated in Fig . I.6(a)-(d), where we show the target orbit and the trajectory of the

4The controller design is not discussed here. It is beyond thetopic of this article; a detailed description of its

derivation can be found in [82,83] while a specification to the Furuta pendulum case can be found in [81].
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Fig. I.5: (a) Phase portrait of the solutions for the reduced dynamics (I.4) with thevirtual constraint

(I.10). The trajectory marked with bold line represents the periodic solution chosen for swinging

up. This solution has a periodT ≈ 4.0454 s.

closed-loop system initiated at

φ = 0, φ̇ = 0, θ = π, θ̇ = 0, (I.15)

which is the downward open-loop stable equilibrium. The simulated motion of the

closed-loop system is in agreement with the theoretical results, i.e. the solution converges

to the target cycle with the relation between the angles (seeFig. I.6) being anarctan

function.

I.4.3 Simulation of Combining a Switching Law and Stabilizing Con-

trollers

A switching law and a local controller are needed around the upright equilibrium in order

to keep the pendulum balanced. With initial conditions around the downward resting

equilibrium, the upright position is approached first whenθ = 0 and−1.34 < θ̇ < 0,

see Fig. I.7. In our case, the opposite phase is chosen. This means that the switching is

to be performed when|φ| < 0.1, |φ̇| < 0.3, θ̇ andθ are within the intervals(0, 1.34) and

(−0.24, 0.24) respectively.

In Fig. I.8 we show results of a simulation of the swing-up andthe stabilizing con-

troller with the switching proposed. As it is seen, the swing-up strategy brings the pen-

dulum close toθ = 0 and then the locally stabilizing controller takes over. It is known

that a successful switching depends very much on the region of attraction5, of the local

5Note that we have chosen a linear stabilizing controller only for simplicity. The region of attraction can be
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Fig. I.6: Results ofnumerical simulationsfor the swing-up stage for the closed-loop system with

initial conditions defined in (I.15): (a) the pendulum angleθ(t) vs. its velocityθ̇(t) for the target

orbit; (b) the pendulum angleθ(t) vs. its velocityθ̇(t); (c) the arm angleφ vs. the pendulum angle

θ and the targetarctan-relation (I.10); (d) the pendulum angleθ vs. time.

balancing controller.

I.5 Sampling, Real-Time Implementation and Experimen-

tal Results

Let us discuss issues related to the controller’s real-timeimplementation. The Furuta

Pendulum (see Fig. I.1) built in our lab is equipped as follows. Rotation of the arm is

controlled by a DC-motor, while the pendulum moves freely inthe plane, orthogonal to

the arm. The DC motor is a brush-commutated Penta M1, equipped with a servo amplifier

enlarged with other designs, see e.g. [64,68].
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Fig. I.8: Results ofnumerical simulationsfor the closed-loop system with the proposed switching

strategy and initial conditions defined in (I.15): (a) the pendulum angleθ(t) vs. its velocityθ̇(t);

(b) the pendulum angleθ(t) vs. time.

SCA-SS-70-10. The angular positions are measured with optical incremental encoders:

Eltra EH53A (1024 imp/rev) for the arms angle and Wachendorff WDG 40S-2500-ABN-

H05-SB5-AAC (2500 imp/rev) for the pendulum’s angle.

The setup is connected to a dSPACE board 1104 used to run the real-time application.

The user interface consists of a PC equipped with ControlDesk ( c©dSPACE GmbH), used

for on-line communication with the dSPACE board. Matlab/Simulink ( c©Mathworks) is

the software used for the implementation of algorithms as well as simulations. Simulink

enables the generation and deployment of production C code for use in real-time embed-

ded systems. The compiled code is loaded into the dSPACE’s processor. The program

loaded contains a control function, which is executed according to a sampling period.
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I.5.1 Sampling

So far it has been assumed that disturbances are negligible and that the input signal is

realizable and the states are available at every instant of time. However, the dSPACE board

used, as well as any other digital hardware, works with an internal processor that runs in

discrete time according to an internal frequency generator. For this reason, the feedback

control law must be sampled, meaning that we have to apply fort : k h < t ≤ (k + 1)h

the control signal to the motor

ur(t) = u[k]
def
= Sat0.5 (u(k h)) , (I.16)

wherek is a natural number, the small constanth > 0 is the sampling time (h = 0.0008 s

in our case), andu(k h) is related to the input torqueτφ (see Appendix A.) from (I.1) at

t = k h, andSatM (·) is the standard saturation function with the cut-off levelM = 0.5,

which is due to the limitation of the available control torque.

I.5.2 Velocity estimation

The anglesθ andφ are the states measured by the encoders. The angular velocities,

which are needed for the feedback control law implementation, are not measured but

can be estimated by applying a high gain observer. A high gainobserver (HGO) is a

fast nonlinear (or linear) full order observer with high observer gains chosen via pole

placement, followed by a saturation. Saturation is needed in order to protect the plant

from peaking [49, Sec. 14.5]. We apply
[

˙̂x1

˙̂x2

]

=

[

v̂1

v̂2

]

+

[

2(y1 − x̂1)/ε1

2(y2 − x̂2)/ε2

]

,

[
˙̂v1
˙̂v2

]

= f0(x̂1, x̂2,
ˆ̇
φ,

ˆ̇
θ, u) +

[

(y1 − x̂1)/ε
2
1

(y2 − x̂2)/ε
2
2

]

,

ˆ̇
φ = SatM1

(v̂1) ,
ˆ̇
θ = SatM2

(v̂2) ,

(I.17)

where either

f0(φ, θ, φ̇, θ̇, u) = 0 (I.18)

orf0(φ, θ, φ̇, θ̇, u) is a nominal model defined by (I.1)-(I.2), the small parametersε1,2 > 0

are to be tuned,
[

y1

y2

]

=

[

φ(t)

θ(t)

]

+ w(t) with w(t) =

[

φ[k] − φ(t)

θ[k] − θ(t)

]
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is the measured output with the ‘measurement noise’ defined by sampling and encoders’

quantization6:

θ[k] =
2π

2500

⌊
2500

2π
θ(k h)

⌋

, φ[k] =
2π

1024

⌊
1024

2π
φ(k h)

⌋

,

∀t : k h < t ≤ (k + 1)h, and ”⌊·⌋” denotes the floor function.

The sampling period is set to beh = 0.0008 s. and the observer parameters are taken

as ε1 = 20h and ε2 = 10h, while M1 = M2 = 20 rad/s, which corresponds to a

reasonable level of upper bounds on the speeds.

I.5.3 Experimental Results for Swining Up

Experimental results with a feedback controller designed as in [81] are presented in

Fig. I.9(a)-(d) for the initial conditions (I.15).

It can be seen that the proposed swing-up method works in practice. In fact, the

desired cycle is approximately achieved. Irrespective of variation in initial conditions,

experiments show reproducibility and stability.

The mismatch between experimental and desired motions, seeFig. I.9(c), is thought

to be produced by the following factors: the friction torqueat the pendulum shaft is not

compensated; discretization of the measurements does not allow us to use sufficiently fast

differentiators and leads to introduction of additional delays imposed by our observers;

and there are presumably input and output delays present in the hardware. However, it is

experimentally verified that the steady-state in the experiment is not destroyed by those

factors. This validates robustness of our design.

I.5.4 Experimental Results for Combining Switching and Stabilizing

Controllers

Let us show now the results of switching controller described earlier. As above, switch-

ing is done whenever|φ| < 0.1 [rad], |φ̇| < 0.3 [rad/sec],0 < θ̇ < 1.34 [rad/sec], and

|θ| < 0.24 [rad]. The local controller is LQR designed for the linearization of the sys-

tem dynamics (I.1)-(I.2). In Fig. I.10(a)-(b) we show results of combining swinging up,

switching, and local stabilizing controller.

In experiments7 with different initial conditions, the stateθ converges to the desired

6Actually, there is also some smoothing done by the Simulink interface.
7Movies with recorded experiments are available at

http://www.control.umu.se/Set_Ups/Furuta_Pendulum/

Furuta_Pendulum_info.html
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Fig. I.9: Results ofexperimental validationfor the swing-up motion for the closed-loop system with

initial conditions defined in (I.15): (a) the pendulum angleθ(t) vs. its velocityθ̇(t) for the target

orbit; (b) the pendulum angleθ(t) vs. its velocityθ̇(t) observed in an experiment; (c) the arm angle

φ vs. the pendulum angleθ observed in an experiment and the targetarctan-relation (I.10); (d) the

pendulum angleθ(t) vs. time.

steady state as expected. It is worth mentioning that once the switching is done, and the

pendulum is stabilized, the friction compensation is deactivated. This is done to avoid the

chattering of the input signal due to numerical errors unavoidable when the velocity is

close to zero.

I.6 Conclusions

We have suggested a new systematic approach for planning trajectories suitable for swing-

ing up the Furuta pendulum. Our arguments are based on an accurate planning of a pe-

riodic trajectory that surrounds the vicinity of two homoclinic curves, which result from
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Fig. I.10: Results ofnumerical simulationsfor the closed-loop system with the proposed switching

strategy: (a) the pendulum angleθ(t) vs. its velocityθ̇(t); (b) the pendulum angleθ(t) vs. time.

analysis of a reduced dynamical system. This reduced dynamics describes the motions of

the non-actuated link. For the resulting motion, the arm andpendulum angles are regu-

lated by some control input to satisfy a certain geometric relation. This geometric relation,

known as virtual holonomic constraint, ensures certain restrictions on the target motion

of the pendulum during the swinging up. This is necessary in order to deal with hard-

ware constraints imposed by the maximum allowable motion ofthe rotational link. The

preplanned cycle has been robustly stabilized by the control method introduced in [82],

which ensures local exponential orbital stability with a specified rate of convergence. The

overall performance is illustrated by numerical simulations and experimental studies.
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A. Parameters of the Model

Using basic principles, the parameters of the dynamic modelof the Furuta pendulum

(I.1)-(I.2) can be computed as follows:

p1 = J + (M +mp)l
2
a [kg · m2], p2 = (M + 1

4mp)l
2
p [kg · m2],

p3 = (M + 1
2mp)lpla [kg · m2], p4 = (M + 1

2mp)lpg [Nm],

p5 = 1
12mpl

2
p [kg · m2],

(I.19)

where the values of the physical parameters for our experimental setup, see Fig. I.1, are:

the length of the armla = 0.15 [m], the mass of the armma = 0.298 [kg], the length of

the pendulumlp = 0.26 [m], the mass of the pendulummp = 3.2 · 10−2 [kg], and the

mass of the bob at the end of the pendulumM = 7.5 ·10−3 [kg]. An estimate of the arm’s

inertia according to CAD drawings isJa = 7.682 · 10−4 [kg · m2].

For these values the coefficientsp1 to p5 of (I.1) and (I.2) are

p1 = 1.8777 · 10−3, p2 = 1.3122 · 10−3,

p3 = 9.0675 · 10−4, p4 = 5.9301 · 10−2, p5 = 1.77 · 10−4
(I.20)

In order to apply the control law, described in [82], the values of the parameters above

must be verified and the control signal should appropriatelyshape the torqueτφ, applied

to the arm. This external torque consists of various components and can be modeled as

τφ = KDC · u+ Fφ
fr

with u being the control input andFφ
fr being the friction torque. The electromotive torque

constantKDC is estimated using a dynamometer attached at the end of the arm along the

horizontal plane. By applying input voltage of different levels the corresponding force

can be measured, producing a linear relation (see Fig. I.11(a)).

The torque is calculated by multiplying this force with the distance from the motor

axis to the end of the arm. The gainKDC is the slope of this linear relation, which is

estimated to beKDC = 0.51 [Nm/V].

The friction torqueFφ
fr can be modeled as a nonlinear static function of velocity. Its

approximation can be used for partial compensation of the friction present in the arm. The

compensation scheme adopted here takes into account Coulomb and viscous friction and

uses estimates of the arm velocity done applying (I.17)-(I.18).

In Fig. I.11(b) the static friction map identified for our setup using a standard proce-

dure is shown. The compensation law is defined as

ufr =







0.032 − 0.002 · φ̇, if φ̇ > 0

−0.033 − 0.002 · φ̇, if φ̇ < 0
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Fig. I.11: Results of identification experiments.

The parametersp1 to p5 from (I.1)-(I.2) need to be verified via identification, because

approximations given by (I.19) might not be in accordance with the real setup. It is done

in two steps: identification of the arm parameters when the pendulum is detached and

identification of the pendulum parameters when the arm is fixed.

Due to the complex shape of the arm (see Fig. I.1), the approximated valuep1 related

with its inertia needs to be verified. For this purpose, the pendulum was detached from

the setup. With such a modification the equation of motion (I.1) of the arm becomes

p1 · φ̈ = KDC · u+ Fφ
fr

The value for the parameterp1 can be calculated from this equation assuming that the

Coulomb part of theFφ
fr is perfectly compensated by some control inputu = uC . This

assumption leads to the arm dynamics:p1 · φ̈ = KDC · (u− uC)−KDC · bθφ̇. Then, the

transfer function from the input voltageu−uC to the arm velocityφ̇ is KDC/p1

s+KDC ·bθ/p1

. If we

apply a step input of some magnitudeu− uC = u0, the gainKDC/p1 can be calculated

from the step response dividing the magnitude of the steady-state velocityφ̇ = φ̇0 by the

input level. The identified value isp1 = KDC

φ̇0/(u−uC)
= 0.0034.

Let us proceed with verification of the pendulum parameters.The experiment consid-

ers only the movement of the pendulum with the arm fixed. No input is given, meaning

thatφ and its derivatives are zeros. Free oscillations of the pendulum are recorded. For

this experiment, the model (I.1)-(I.2) is reduced to:

(p2 + p5) · θ̈ − p4 sin(θ) = τθ

where the values ofp2, p5, p4 are to be identified and the torqueτθ mainly consists of

friction.
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The pendulum is manually positioned at some initial condition θ(0) where it is left

free, producing oscillations around the downward positionπ. The torqueτθ can be mod-

eled as viscous friction with a damping parameterbθ, so that we obtain:(p2 + p5) ·
θ̈ − p4 sin(θ) + bθ θ̇ = 0. The parameters are fit to the data using the nonlinear least

square method. This estimation results in the valuesp2 + p5 = 0.0014 [kg · m2] and

p4 = 0.0617 [Nm], from which p2 = 0.0013 [kg · m2]. These parameters are clearly

close to the calculated ones in (I.20).
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Shaping Stable Periodic Motions of Inertia Wheel Pendulum: Theory and Experi-

ment

Abstract — We present a new control strategy for an underactuated two-link robot

called the inertia wheel pendulum. The system consists of a free planar rotational pendu-

lum and a symmetric disk attached to its end, which is directly controlled by a DC-motor.

The goal is to create stable oscillations of the pendulum, which is not directly actuated.

We exploit a recently proposed feedback-control design strategy based on motion plan-

ning via virtual holonomic constraints. This strategy is shown to be useful for design

of regulators for achieving orbitally exponentially stable oscillatory motions. The main

contribution is a step-by-step procedure on how to achieve oscillations with pre-specified

amplitude from a given range and an arbitrary independentlychosen period. The theo-

retical results are verified via experimental implementation.

Keywords — Orbital stabilization, Periodic motions, Nonlinear feedback control, In-

ertia/reaction wheel pendulum, Underactuated systems

II.1 Introduction

The inertia (reaction) wheel pendulum (see Fig. II.1) is a mechanical system consisting of

a free planar rotational pendulum with a symmetric disk, attached to its end and directly

controlled by a DC-motor. The axis of rotation for the pendulum and for the disk are

parallel. This underactuated mechanical system is broadlyused for nonlinear control

education [10].

The typical problem is to design a regulator, which brings the non-actuated link into

the vertical open-loop unstable equilibrium. This problemcan be solved, as suggested

in [87], using switching between two regulators. The first one can be designed exploiting

passivity; it allows to move the robot close to the open-loopunstable configuration. The

second one can be designed using linearization around the upward equilibrium or partial

feedback linearization [85]. Alternatively, this problemcan be solved with a single con-

tinuous state feedback law [69], which makes the upward equilibrium of the closed-loop

system almost globally asymptotically stable. Also, it is possible to design an output

feedback controller, based only on measurements of the positions, to ensure that the pen-

dulum converges to the upward position for almost all initial conditions [70]. Recently

the controller of [70] has been modified allowing to keep the magnitude of the control

torque restricted within certain prescribed limits [74]. Some insights into design of feed-
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Fig. II.1: Inertia wheel pendulum.

back controllers with big regions of attraction via severely restricted control torques can

be found in [5]. The problem of global stabilization of the downward equilibrium via a

feedback that relies only on measurements of the position and the velocity of the disk is

solved in [52].

In all the papers mentioned above the friction forces as wellas other disturbances and

parametric uncertainties are neglected. A stabilization result, which takes into account

viscous friction, is given in [2], while the LuGre friction model is assumed in [72]. In

the later paper the problem of achieving oscillations of thependulum has been considered

and solved for a particular very restricted class of plannedmotions. As an alternative, a

completely different approach for generation of almost periodic motions (based on partial

feedback linearization [85], modifications of the energy-based strategy, and averaging

technique), as suggested in [24], can be employed for the inertia wheel pendulum as well.

Yet another way to achieve oscillations is to exploit chattering oscillations induced by an

appropriately modified sliding-mode controller [4].

In this paper, we demonstrate how to use thevirtual holonomic constraints approach,
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developed in [82], in order to describe a class of stabilizable periodic motionsin the

system and a way to achieve them by feedback control. The oscillations, generated in

such a way, are locally orbitally exponentially stable [49,Sec. 8.4]. For a practical im-

plementation, the region of attraction should be sufficiently large. It could be estimated

exploiting the available quadratic Lyapunov function, which can also be used to organize

switching between controllers. One of the other advantagesof the proposed strategy is

a systematic tuning procedure and the exponential nature ofattraction. Correspondingly,

we automatically obtain ‘for free’robustness with respect to sufficiently small distur-

bances[49, Sec. 9.1,9.2] and aguaranteed convergence rate.In addition, unmeasured

derivatives can be substituted with outputs of a high-gain observer [49, Sec. 14.5], [8]

keeping the exponential stability of the corresponding set.

Here we deal with a particular example of the class of controlled mechanical sys-

tems with underactuation degree one, treated in [82]. The main theoretical contribution

is showing how to tune the parameter of a linear holonomic constraint in order to gen-

erate oscillations of a given amplitude and period. It is of interest to notice that one of

the motions achievable via the approach of this paper, is a propeller-like rotation of the

pendulum. It can be used as another design for the classical swing-up strategy, however,

we will not elaborate here on this issue.

The rest of the paper is organized as follows. We describe thesystem dynamics in

Sec. II.2, solve the motion planning problem through an appropriate choice of a virtual

holonomic constraint in Sec. II.3, design a stabilizing regulator in Sec. II.4, formulate the

main result in Sec. II.5, show results of hardware experiments in Sec. II.6, and conclude

with some remarks in Sec. II.7.

II.2 Inertia wheel pendulum dynamics

Dynamics of an inertia wheel pendulum can be described [10, 87] by the system of two

differential equations, originating from Lagrangian mechanics

p1 θ̈ + p2 ϕ̈+ p3 sin θ = 0, p2 θ̈ + p2 ϕ̈ = u, (II.1)

whereθ is the absolute angle of the pendulum, counted clockwise from the vertical down-

ward position;ϕ is the absolute angle of the disk;p1, p2, p3 are positive physical parame-

ters, depending on the geometric dimensions and the inertia-mass distribution (we assume

thatp1 = 4.59695 · 10−3, p2 = 2.495 · 10−5, andp3 = 0.35481, see [10]); andu is the

controlled torque, applied to the disk.

Our main goal is to design a feedback control law that simultaneously ensures
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• stable oscillations of the pendulumwith the given amplitude1 A > 0 and period of

oscillationsT > 0, that is exponential orbital stability of the correspondingperiodic

motion ofθ satisfying the specifications:

θ∗(t+ T ) = θ∗(t) ∀t,
inf

t∈[0,T ]

{
θ∗(t) − θ̄

}
< 0, sup

t∈[0,T ]

{
θ∗(t) − θ̄

}
= A, (II.2)

whereθ̄ corresponds to one of the open-loop equilibria of the pendulum, and

• boundedness of the motion of the disk.

Theoretically, it is not hard to show that any desired motionof the pendulum, de-

scribed by (II.1), can be achieved since the dynamics can be rewritten as

(p1 − p2) θ̈ = −u− p3 sin θ,

(p1 − p2) ϕ̈ = (p1/p2)u+ p3 sin θ,
(II.3)

and linearized with respect to either of the generalized coordinates. The desired control

signal must be equal to

u∗(t) ≡ −(p1 − p2)θ̈∗(t) − p3 sin θ∗(t).

Hence, firstly, if we take into account limitations on the magnitude of the control signal,

we conclude that some periodic motions of the pendulum are not possible for a practical

implementation. Secondly, the corresponding steady-state solution for the disk position

must satisfy the differential equation

(p1 − p2)ϕ̈ = (p1/p2)u∗(t) + p3 sin θ∗(t),

plenty solutions of which are unbounded. Therefore, simplyignoring part of the dynamics

would not work and achieving our goal is a nontrivial task. Wesplit the problem into two

parts: planning a ‘smart’ motion, imposing a virtual holonomic constraint, and designing

a local controller for exponential orbital stabilization of such a motion.

II.3 Motion planning

A natural approach is to define a coordinate transformation and to plan the desired trajec-

tory that corresponds to the situation when some of these newcoordinates are regulated

1Motivated by applications, related to walking robots, we define theamplitudeof oscillations as the maximal

deviation from an open-loop equilibrium in a specified direction.
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to zero. The main idea of the virtual holonomic constraints approach is the special way

to define such a transformation imposing a relation between the position coordinates,ϕ

andθ in our case. Since we are interested in defining a special motion of the pendulum it

makes sense to introduce the constraint

ϕ = f(θ), (II.4)

wheref(θ) is a twice continuously differential function to be specified.

The dynamics, projected into this constraint (under assumption that there exists a

control law that makes it invariant) can be described by

α(θ∗) θ̈∗ + β(θ∗) θ̇
2
∗ + γ(θ∗) = 0, (II.5)

where
α(θ) = p1 + p2 f

′(θ), β(θ) = 2 p2 f
′′(θ),

γ(θ) = p3 sin(θ),
(II.6)

which is alwaysintegrable,providedα(θ∗) 6= 0 [83]. Moreover, for every forward com-

plete trajectory we have

I(θ∗, θ̇∗, x0, y0) =
θ̇2∗
2

− exp

{

−
∫ θ∗

x0

2β(τ)

α(τ)
dτ

}

y2
0

2

+

∫ θ∗

x0

exp

{

−
∫ θ∗

s

2β(τ)

α(τ)
dτ

}

γ(s)

α(s)
ds = 0,

(II.7)

wherex0 = θ∗(0) andy0 = θ̇∗(0) are constants. The corresponding synchronized evolu-

tion of the disk can be described byϕ∗(t) = f (θ∗(t)).

In order to complete the motion planning task, it remains to define the function in (II.4)

so that the reduced dynamics (II.5) with (II.6) possess a periodic trajectory, satisfying

our specifications (II.2). It is known that any periodic orbit for the second order system

(II.5) must encircle at least one equilibrium point [49, Sec. 2.6]. It is not hard to see

that (II.5) has infinitely many equilibria, solutions ofγ(θ) = 0, given by the formula

θ = θi
def
= π i, wherei is an arbitrary integer. These equilibria correspond to theupward

equilibrium if i is odd and to the downward equilibrium if it is even. It is shown in [83]

that the equilibrium is a center, provided

ω2 def
=

γ′(θi)

α(θi)
=

(−1)i p3

p1 + p2 f ′(π i)
> 0 (II.8)

and a saddle, provided the inequality above is reversed. Existence of cycles withA << 1

andT ≈ 2π/ω around the centers is trivial. In order to compute the periodof oscillations
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for a given periodic solution, we have to solve the nonlinearequationI(x, 0, θ̄ +A, 0) =

0 : ∫ x

θ̄+A

exp

{

−
∫ x

s

2β(τ)

α(τ)
dτ

}
γ(s)

α(s)
ds = 0

for the biggestx in the open half-planex < θ̄ and with this solution calculate (for an idea

see, e.g., [49, Exercise 2.18]):T =
√

2

∫ θ̄+A

x

dτ
√

I(x, 0, τ, 0)
.

Let us, for simplicity, investigate what kinds of periodic motions are achievable taking

the virtual holonomic constraint (II.4) from the class of linear functions, i.e., let

ϕ = f(θ)
def
= k θ + ϕ0, (II.9)

whereϕ0 = −k θ̄ and θ̄ ∈ {0, π}. The reduced-order dynamics (II.5) takes the form of

the dynamics of the standard uncontrolled physical pendulum

(p1 + k p2) θ̈∗ + p3 sin θ∗ = 0 (II.10)

and the conserved quantity (II.7) can be written as

I(θ∗, θ̇∗, x0, y0) =
(

Er(θ∗, θ̇∗) − Er(x0, y0)
)

/(p1 + k p2),

where

Er(θ, θ̇) =
(p1 + k p2)

2
θ̇2 + p3 (1 − cos(θ)) (II.11)

is the total energy of the pendulum, described by (II.10).

It is not hard to see from (II.8) and (II.9), that for oscillations around the downward

equilibrium, θ̄ = 0, we should takek > −p1/p2 and for oscillations around the upward

equilibrium, θ̄ = π, we needk < −p1/p2. We can choose any amplitude of oscillations

from the interval:0 < A < π, x = θ̄ −A and the period of oscillations is equal to

T = C(θ̄, A)

√

2 |p1 + k p2|
p3

, (II.12)

where

C(θ̄, A)
def
=

∫ θ̄+A

θ̄−A

dτ
√

| cos(τ) − cos(θ̄ −A)|
(II.13)

can be expressed in terms of an elliptic integral of the first kind. Therefore, we should

take

k =

(
T 2 p3

2C2(0, A)
− p1

)

/p2 (II.14)
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for the case of̄θ = 0 and

k =

(

− T 2 p3

2C2(π,A)
− p1

)

/p2 (II.15)

for the case of̄θ = π.

Let us summarize our findings.

Lemma 3 Dynamics of (II.1) projected onto the virtual holonomic constraint (II.9) are

described by (II.10) and possesses a periodic solutionθ∗(t) satisfying the specifications

(II.2), providedA ∈ (0, π) andk is chosen either as (II.15) for oscillations around the

upward equilibrium or as (II.14) for oscillations around the downward equilibrium.

From now on we will assume thatθ∗(t) is chosen as the solution of (II.10) with the

initial conditions:θ∗(0) = A+ θ̄ andθ̇∗(0) = 0. Moreover, eitherk is defined by (II.15)

andθ̄ = π or k is defined by (II.14) and̄θ = 0.

II.4 Controller design

Existence of the conserved quantity (II.7) for the projected dynamics implies that a simple

strategy, which only guarantees convergence of the trajectories to the hypersurface, where

(II.5) is defined, cannot ensure orbital stability of the chosen motion, since all the motions

restricted to the surface are either marginally stable or unstable. Correspondingly, the

controller not only has to make this hypersurface attractive but must also simultaneously

ensure that the integral (II.7) vanishes. In the special case of (II.10), which is implied

by (II.9), the requirementI(θ(t), θ̇(t), A + θ̄, 0) → 0 as t → ∞ is equivalent to

Er(θ(t), θ̇(t)) → E0 as t→ ∞, whereE0
def
= Er(A+ θ̄, 0) = p3(1 − cos(A+ θ̄)).

A possible feedback control strategy is the one suggested in[82] and is based on

the LQR design for periodic systems [97]. Here we are going tofollow the developed

procedure.

Let us define the change of variables(ϕ, ϕ̇, θ, θ̇) 7−→ (y, ẏ, θ, θ̇), wherey is the devi-

ation from the constraint (II.9):

y = ϕ− ϕ0 − k θ.

After straightforward calculations, proceeding with partial feedback linearization [85] and

the corresponding control transformation, we introduce the new control inputv, defined

by

u = − p2

p1 + k p2

(

(p3 + k p2) sin(θ) + (p2 − p1) v
)

, (II.16)



II.4. Controller design 79

and obtain the following system, equivalent to (II.1),

(p1 + k p2) θ̈ + p3 sin θ = −p2 v, ÿ = v. (II.17)

Differentiating (II.11) along the trajectories of (II.17), we obtain the classical passivity

relation
d

dt
Er(θ, θ̇) = −p2 v θ̇. (II.18)

It is intuitively clear, that in the vicinity of the trajectory defined by

y(t) = 0, ẏ(t) = 0, θ(t) = θ∗(t), θ̇(t) = θ̇∗(t), (II.19)

we must have

ÿ = v, Ėr =
(

−p2 θ̇∗(t)
)

v +
(

θ̇∗(t) − θ̇(t)
)

p2 v
︸ ︷︷ ︸

small term

. (II.20)

The linear time-periodic third-order system of equations obtained from (II.20) by drop-

ping the small term and substituting an appropriate controlsignal is atransverse lineariza-

tion for the closed-loop system around (II.19) as defined in [40],see also [80].

The key idea of [80, 82] is to design a regulator for this linearization, which can be

rewritten in state-space form as the time-periodic linear system

ζ̇ = A(t) ζ +B(t) vδ, ζ =
[

(Er − E0)δ, yδ, ẏδ

]T

, (II.21)

where indexδ denotes linear parts of deviations from0,

A(t) =






0 0 0

0 0 1

0 0 0




 and B(t) =






−p2 θ̇∗(t)

0

1




 ,

and modify it in a certain way for (II.17).

Lemma 4 The pair of matricesA(t) andB(t) is controllable over the period.

Proof: To check the controllability of the system (II.21) over the period, one can

use [73, Th’m 9.2]. Proceeding exactly as in [82, Prop. 5] it is not hard to obtain the

following necessary and sufficient condition

T 3

12

∫ T/2

−T/2

(

θ̇∗(t)
)2

dt >

(
∫ T/2

−T/2

t θ̇∗(t) dt

)2

. (II.22)
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Since
∫ T/2

−T/2
t2 dt = T 3

12 , validity of (II.22) follows from the classical Cauchy-Bunyakovski-

Schwarz inequality2.

Since the system (II.17) is always controllable over the period, we know [97] that for

any matrixG = GT ≥ 0 and scalarδ ≥ 0, there exists a positive definite solutionR(t)

of the matrix periodic Riccati equation

Ṙ+ 2δR+AT(t)R+RA(t) +G = RB(t)BT(t)R. (II.23)

Moreover, with a smooth projection operator [80]

τ = T (θ, θ̇), such that T
(

θ∗(t), θ̇∗(t)
)

= t (II.24)

the feedback control law [82]

v = −
[

−p2 θ̇ 0 1
]

R(τ)






Er(θ, θ̇) − E0

ϕ− ϕ0 − k θ

ϕ̇− k θ̇




 (II.25)

ensures that the desired trajectory,θ∗(t), is an exponentially orbitally stable solution of

the closed-loop system (II.1), (II.16), (II.11), (II.25).

II.5 Main result

The state feedback control law (II.16), (II.11), (II.25), (II.24) is not applicable in the case

when the derivatives (angular velocities) are not available. Therefore, we modify (II.25)

to

v =






p2 satL1
(x̂3)

0

−1






T

R(τ̂)






Er(θ, satL1
(x̂3)) − E0

ϕ− ϕ0 − k θ

satL2
(x̂4)




 , (II.26)

wheresatL (·) is the standard saturation function with unit gain and saturation at the

levels±L, which corresponds to the reasonable highest value of each derivative, τ̂ =

T (θ, satL1
(x̂3)), x̂3 andx̂4 are the outputs of the high-gain observer for (II.17):

˙̂x1 = x̂3 +
2(θ − x̂1)

ε
,

˙̂x2 = x̂4 +
2(ϕ− ϕ0 − k θ − x̂2)

ε
,

˙̂x3 = −p3 sin θ + p2 v

p1 + k p2
+
θ − x̂1

ε2
,

˙̂x4 = v +
ϕ− ϕ0 − k θ − x̂2

ε2
,

(II.27)

2Similarly it is not hard to show controllability for the cart-pendulum system changing the limits of integra-

tion in [82, (79)]
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andε > 0 is a small parameter of the observer. The saturation function is introduced

to protect the system from peaking [49, Sec. 14.5], even though the observer state for

the position can be initialized to the true measured system position, since it is known in

advance.

An alternative would be to design an observer for (II.1). However, the choice we have

made here works much better in simulations [23] for the case when the parameterk is big.

It would be of interest to extend the order of the observer to include an estimate of the

disturbances, unavoidable due to not perfect friction compensation and present parametric

uncertainties, as done in [25]. However, we will not pursue this idea here.

By combining the results of [82] and [8] we have the following.

Theorem 5 Suppose the desired motion is planned according to Lemma 3. Then,

(

θ∗(t), θ̇∗(t), ϕ0 + k θ∗(t), k θ̇∗(t), . . .
)

is an exponentially orbitally stable solution of the closed-loop system (II.1), (II.11), (II.16),

(II.26), (II.27).

It should be noticed that although only the case ofδ = 0 was treated in [82] and that

in [8] the saturation was on the control law instead of on the outputs of the observer as we

use it here, the proofs are essentially the same. This generalization is straightforward but

useful for a practical implementation.

Results of numerical simulations are presented in [23]. There, we have shown limit

cycles with total change ofθ(t) from −3π / 4 to 3π / 4 [rad] taking k = −29.9535

for oscillations with the periodT = 1 s andk = 432.9343 for oscillations with the

periodT = 2 s according to (II.14). Also, oscillations around the upward equilibrium of

amplitudeπ / 4 [rad] with the periodT = 0.5 s are achieved withk = −267.5125 based

on (II.15).

II.6 Experimental Results

In this section we concentrate on the real-time implementation of the algorithm presented.

An adaptation of the Mechatronics Control Kit from Mechatronic Systems Inc [10] is used

for experimental validation.
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II.6.1 Sampling and real-time implementation

The setup is connected to a dSPACE board 1104 used to run the real-time application.

The user interface consists of a PC equipped with ControlDesk ( c©dSPACE GmbH), used

for on-line communication with the dSPACE board. Matlab/Simulink ( c©Mathworks) is

the software used for the implementation as well as simulations. Simulink Real Time

Toolbox enables the generation and deployment of production C code for use in real-

time embedded systems. The compiled code is loaded into the dSPACE processor. The

program loaded contains a control function, which is executed according to a sampling

period (h = 0.001 s in our case).

In the design presented, it has been assumed that disturbances are negligible and that

the input signal as well as measured states are realizable atevery instant of time. However,

the dSPACE board, as well as any other digital hardware, works with an internal processor

which runs according to an internal frequency generator. For this reason the feedback

control law must be sampled, meaning that we have to apply fort : i h < t ≤ (i + 1)h

the control signal

ur(t) = u[i]
def
= Satρ

(

u(i h) + ûF

)

, (II.28)

where i is a natural number, the small constanth is the sampling time,u(i h) is the

value obtained from (II.16), (II.26), and (II.27) att = i h, while ûF is to be defined

in subsec. II.6.2. The statesθ andφ are the states measured by the encoders, and the

saturation levelρ = 1 is related to the limitation on the input signal.

The encoders provide sampled and quantized values. As a consequence, according to

the encoder resolution, fori h < t ≤ (i+ 1)h we have available

θ[i]=
2π

1000

⌊
1000

2π
θ(i h)

⌋

, φ[i]=
2π

1000

⌊
1000

2π
φ(i h)

⌋

,

where⌊·⌋ denotes the floor function.

These measurements are fed into discretized versions of theobserver (II.27) and the

controller (II.16), (II.26).

II.6.2 Friction compensation

The friction compensation adopted considers Coulomb and viscous friction [10]. After

standard identification tests, it is concluded that the friction torque at the motor can be

partially compensated applying the normalized input

uF =







0.03 + 0.001 φ̇, if φ̇ > 0

−0.032 + 0.001 φ̇, if φ̇ < 0
(II.29)
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The signal (II.29) withφ̇ substituted bysatL2
(x̂4) is denoted aŝuF in (II.28).

With all the modifications needed for a real-time implementation, we proceed with

description of the experimental results.

II.6.3 Oscillations around downward equilibrium

The DC motor used for experiments is able to produce a maximumtorque of0.049N [10].

For this particular reason the spectacular oscillations presented in [23] cannot be validated

experimentally. Namely, as seen in [23, Fig. 4(c)], the amount of torque needed for such

oscillations is twice larger than the maximum allowed.

The necessary magnitude of the control signal can be computed from (II.16) with

v = 0

û =

∣
∣
∣
∣

p2p3(k + 1)

p1 + k p2
sin
(
A+ θ̄

)
∣
∣
∣
∣
. (II.30)

Clearly, the parameterk and the amplitude of oscillationsA must be taken such that

û < 0.0049. So, the period of implementable oscillations is restricted.

Obviously, oscillations with a frequency close to the natural frequency of the pendu-

lum requires less control efforts. The period of the naturaloscillations with amplitude

A = 3π/4 rad can be computed from (II.12) withk = 0; the result isTnatural = 1.15 s.

TakingT = 1.1 s, from (II.13)-(II.14) we obtaink = 2.4507.

In order to improve robustness with respect to neglected disturbances, we have modi-

fied (II.21) to include an integral action into the controller as follows

ζ̇ = A(t) ζ +B(t) vδ,

A(t)=









0 0 0 0

0 0 1 0

0 0 0 0

0 1 0 0









, B(t)=









−p2 θ̇∗(t)

0

1

0









,
(II.31)

where the states described byζ are defined in Sec. II.4 above except for the extra one,

induced by
∫ t

0
y(s) ds.

The Riccati equation (II.23) is solved for the modified couple of matricesA(t), B(t)

using numerical methods of [97]. We usedG = diag{1, 0.5, 0.25, 1} andδ = 1. For real-

time implementation, the solution of the Riccati equation was approximated component-

wise by16 polynomials of order30. The controller (II.26) is modified to include integral

action.
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Fig. II.2: Experimental resultsfor oscillations around the downward equilibrium (the target motion

is represented by dash lines): (a) the angle of the pendulumθ(t) vs. the estimated angular velocity

of the penduluṁθ(t), (b) the angle of the diskφ(t) vs. the angle of the pendulumθ(t), (c) the angle

of the diskφ(t) vs. the estimated angular velocity of the diskφ̇(t), (d) the input signalu(t).

The results of an experiment are shown in Fig. II.2. We shall remark that the identical

steady-state has been achieved in runs with various initialconditions.

Remarkably, the desired oscillations of the pendulum are achieved as seen in Fig.

II.2(a). However, there is a mismatch between achieved oscillations of the disk and the

expected ones as seen in Fig. II.2(b). It might be related to the following factors: (a)

the friction torque at the pendulum shaft is not compensated, (b) discretization of the

measurements does not allow us to use sufficiently fast differentiators and leads to intro-

duction of additional delays induced by (II.27), and (c) there are presumably input and

output delays present in the hardware. The fact that oscillations are not destroyed by these

factors is an indication of robustness.
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II.6.4 Oscillations around upright equilibrium

Similar to the previous case, the main limitation of achievable oscillations is due to in-

sufficient power of the actuator, see [23, Fig. 7(c)] for the required torque. There are no

natural oscillations around the upward equilibrium. Hence, we have to choose a small

target amplitude such that the motor torque does not run intosaturation.

The desired period of oscillation in experiments is chosen as T = 0.48 s with an

amplitude ofA = π/36 rad. Applying (12)-(13), we obtaink = −267.51. The controller

is designed in the same way as for the experiment described above.

In Fig. II.3 the experimental results are shown. Due to smaller amplitude and much

slower target motion, imperfection in compensation of friction might be more significant.

From Fig. II.3(b) it is seen that the constraint function is fulfilled quite accurately while

there is a mismatch in achieved and target oscillations of both the pendulum (Fig. II.3(a))

and the disk (Fig. II.3(c)).
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Fig. II.3: Experimental resultsfor oscillations around the upright equilibrium (the target motion is

represented by dash lines): (a) the angle of the pendulumθ(t) vs. the estimated angular velocity of

the penduluṁθ(t), (b) the angle of the diskφ(t) vs. the angle of the pendulumθ(t), (c) the angle

of the diskφ(t) vs. the estimated angular velocity of the diskφ̇(t), (d) the input signalu(t).
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II.7 Conclusions

We have considered the problem of generating orbitally exponentially stable periodic mo-

tions of the inertia wheel pendulum via output feedback control. The technique of im-

posing a virtual holonomic constraint has been our choice for motion planning, which is

nontrivial due to the lack of full actuation. This techniqueis based on integrability of

the reduced dynamics. The controller ensures convergence of the conserved quantity to

a desired value. In order to make this strategy implementable, we have equipped it with

a high-gain observer design. Theoretical results have beensuccessfully tested via nu-

merical simulations in [23], where we have easily achieved oscillations with comparably

large amplitudes, chosen independently from the desired periods. These oscillations are

impossible to reproduce experimentally due to insufficientpower of the DC-motor. How-

ever, less spectacular oscillatory motions, carefully planned for smaller required control

efforts, have been demonstrated.
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Traversing from point-to-point along a straight line with a ballbot

Abstract — The planar motion to traverse from point to point with a ballbot is dis-

cussed. Our aim is to propose an analytical method to plan motions that can be ro-

bustly executed by feedback control. The approach is based on defining geometric vir-

tual relations among the generalized coordinates. These relations form the basis of a

reparametrization of the system dynamics for motion planning, and an introduction of

coordinates transverse to the desired trajectories usefulfor controller design. Results of

numerical simulation are presented to illustrate the performance and robustness of the

closed-loop system.

Keywords — Underactuated mechanical systems, virtual holonomic constraints, mo-

tion planning.

III.1 Introduction

Ballbots have been introduced as a novel type of locomotive systems, with the purpose to

introduce dynamic stability in mobile robots ( [54]). Theirmechanics intend to simplify

the complexity of wheeled robots by letting a tall rigid cylindrical body to balance on a

single omnidirectional spherical ball. This would in principle allow to execute more agile

motions to ease the navigability of the robots around complex flat ground environments.

From the theoretical point of view, this system belongs to the class of underactuated

mechanical systems, where the degree of underactuation depends on the task to be per-

formed. The basic scenarios to cope with this systems are: dynamic balancing around

the unstable equilibrium and traversing from point-to-point in the vertical plane (straight

line) and when the body behaves as a spherical pendulum (3D motions).

Balancing around upright equilibrium is a problem that has been theoretically and

practically considered in [54,63]. However, locomotion isa problem with no straightfor-

ward solution, and it remains challenging due to the underactuted nature of the system

dynamics. A publication which is relevant to this work is [62], where a solution based

on dynamic programming is presented to design motions from point to point in the verti-

cal plane. The model considered is planar and uses simplifying assumptions to a model

of underactuation degree one, in order to solve the particular problem postulated by the

ballbots creator [43], which main concept is cited below (refer to Fig. III.1):

“To maintain balance when still, the ballbot must keep its center of gravity directly

over its center of support (step 1). During movement, the ballbot manipulates its center
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of gravity to best effect. To go from one point to another on level ground, for example,

the drive ball first rotates slightly in the direction opposite to the intended direction of

travel, which tilts the body forward a bit to initiate the move (step 2). Next, the ball spins

in the direction of motion to accelerate ahead (step 3). While the ballbot is at constant

velocity, the body must remain nearly vertical (step 4). Theopposite actions must occur

to decelerate the machine and then prepare it to halt (step 5), which together bring it

to a stop (step 6). When traversing inclines, the body must lean into slopes to keep its

equilibrium.”

Fig. III.1: Traveling from point-to-point.

Our aim is to propose an analytical motion planning technique for a similar motion.

To this end we consider the application of the virtual holonomic constraints approach

( [92], [27]). We provide the design steps for both motion planning and controller design

for vertical plane motions, which can be readily extended to3D motions, where underac-

tuation higher than one is to be faced ( [78]).

The rest of the paper is organized as follows. The problem is formulated in Section

III.2. The main contribution in motion planning is presented in Section III.3, giving an

example of application. The step by step procedure to derivethe controller is described

in Section III.4. Different simulation results are presented in Section III.5. Concluding

remarks are given in Section III.6.
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III.2 Problem Formulation

Fig. III.2: Planar simplified model.

The dynamics of the ballbot in the vertical plane can be modeled as an underactuated

mechanical system with two degrees of freedom, see Fig. III.2. Under the assumption of

non-sliding ground contact, the Euler-Lagrange equationsyield the following dynamics,

M(q)q̈ + C(q, q̇)q̇ +G(q) =

[

u

0

]

, (III.1)

whereu is the external torque that allows to control the ball’s rotation, q = [qa, qu] with

qa being the ball’s angular position andqu the body angle with respect to the vertical

axis.M(q) is a positive definite matrix of inertias,G(q) is the gravity matrix,C(q, q̇) is

a matrix representing Coriolis and centrifugal forces. Thecomponents of these matrices,

as well as the numerical values of the physical parameters are presented in Appendix A..

The motion depicted in Fig. III.1 can in principle be thoughtas composed by three

separated parts:

1. initialization, which is represented by steps 1 and 2,

2. the forwarding (or backwarding) motion, visualized fromsteps 2 to 5, and
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3. the halting, which consists of stabilizing the robot around upright equilibrium once

the forwarding motion has been executed.

Our main idea is to design periodic trajectories for the firsttwo parts, and a stabilizing

controller to halt. In this form we introduced bounded motions, for which the design of

feedback controllers can be done by following a systematic procedure ( [82]). As a result,

the desired motion is embedded into half of a periodic cycle as illustrated in Fig. III.3.

The motion is executed by switching appropriately between the periodic trajectories and

the balancing controller that stops the motion.

Fig. III.3: Trajectories required to achieve a point-to-point motion.

To design these motions we first observe that a particular enforced solution of the

system dynamics (III.1), can be represented by

qa = qa∗(t), qu = qu∗(t), t ∈ [0, T ]. (III.2)

However, there exist always a geometrical reparametrization of the same path without

an explicit time dependence. In order to demonstrate this, let us suppose that there exist
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twoC2-smooth functionsφ1(·) andφ2(·), such that

qa = φ1(θ),

qu = φ2(θ), (III.3)

whereθ = θ∗ is some independent scalar variable used to reparameterizethe motion

(III.2). The identities in (III.3) are known asvirtual holonomic constraints, and express

geometric relations among the generalized coordinates along a motion. These constraints

are forced into dynamics of the robot by feedback action.

The dynamics of the system in terms of the new variableθ can be found by substituting

(III.3), with their first and second time derivatives

d
dtqdof (t) = φ′i(θ(t))

d
dtθ(t),

d2

dt2 qdof (t) = φ′′i (θ(t))
[

d
dtθ(t)

]2
+ φ′i(θ(t))

d2

dt2 θ(t),

wheredof = [qa, qu], i = [1, 2], into the the non actuated differential equation in the

second row of (III.1), yielding the second-order differential equation

α(θ, φi, φ
′
i)θ̈ + β(θ, φi, φ

′
i, φ

′′
i )θ̇2 + γ(θ, φi) = 0. (III.4)

The set ofachievable motionsof the robot is defined by the solutions[θ∗(t), θ̇∗(t)] of

the differential equation above, initiated at[θ0, θ̇0]. From this point of view, the motion

planning is reformulated as the task of defining the constraint relationsφi, which will

result in an appropriate desired motion. If such motion is found, the systematic controller

design steps introduced in [77] can be followed to achieve orbital exponential stability.

III.3 Motion Planning

Following the theoretical results presented in [27], this section introduces the sufficient

conditions that guarantee existence of periodic solutionsfor the system (III.4). Further-

more, one type of constraint function is proposed to exemplify the motion planning steps.

III.3.1 Conditions for existence of periodic solutions

If we consider the following geometric relations

qa = φ1(θ) = θ,

qu = φ2(θ) = φ(θ), (III.5)



III.3. Motion Planning 93

such that the pendulum motion is parametrized according to the ball’s position, the second

order reduced dynamics (III.4) takes the form:

α(θ, φ, φ′)θ̈ + β(θ, φ, φ′, φ′′)θ̇2 + γ(θ, φ) = 0, (III.6)

with

α(·) = (2b cosφ+ a+ c)φ′ + b cosφ+ a,

β(·) = (2b cosφ+ a+ c)φ′′ − b sinφφ′2, (III.7)

γ(·) = −b · g sinφ

r
,

for which the following conditions hold ( [82]).

Fig. III.4: Desired periodic motion for the ball.

Lemma 5 Letφ(θ) be aC2-smooth function such thatα(θ, φ, φ′) is separated from zero,

i.e. either positive or negative. Then (refer to Fig. III.4):

(A) The equilibria of the dynamical system (III.6), i.e. the solutions of the equation

γ(θ, φ) = 0, are located at some middle range of the motionθm, with φ(θm) = 0

(step 4 in Fig. III.1).
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(B) Considering the equilibrium of the dynamical system (III.6), if the constant

ω =
γ′(θ, φ)

α(θ, φ, φ′)

∣
∣
∣
∣
θ=θm,φ=0

, (III.8)

is positive, then this equilibrium is a center. If, in opposite,ω is negative, then this

equilibrium is a saddle.

(C) Supposeω > 0, then the dynamical system (III.6) has periodic solutions if for some
a1, a2 the integrals

θ∗∫

ai

e







2

∫ θ∗

ai

β(τ)

α(τ)
dτ







·
2γ(s)

α(s)
ds, (III.9)

are equal to zeros. Furthermore, these curves can be found assolutions of (III.6)

with initial conditions

θ(0) = a1, θ̇(0) = 0 and θ(0) = a2, θ̇(0) = 0. (III.10)

Proof 1 Statement(A) is obvious. Statement(B) is proved in [82]. To validate(C)

we observe that the system (III.6) is integrable ( [82]), andthat the integral function

I(θ(t), θ̇(t), θ0, θ̇0), defined by

I = θ̇2(t) − Ψ(θ)



θ̇20 −
θ∫

θ0

Ψ(θ)
2γ(s)

α(s)
ds



, (III.11)

with

Ψ(θ) = exp

{

−2

∫ θ

θ0

β(τ)

α(τ)
dτ

}

, (III.12)

remains zero on the solutionθ(t) of (III.6) initiated at [θ0, θ̇0]. If we assume that a curve

θ∗(t) exist, then by evaluating (III.11) aṫθ = 0, we obtain the expression (III.9).

III.3.2 Planning the forwarding motion

To exemplify this approach, let us consider the constraint function

φ(θ) = K · arctan(θ + θm), (III.13)

such that the angle of inclination of the body are limited by the constantK, irrespective

of the ball’s motion.With this choice the coefficientα(θ) > 0 for all θ ∈ [−2π, 2π].
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Substituting (III.7) in the expression (III.8) results in

− cosφ · φ′
(2b cosφ+ a+ c)φ′ + b cosφ+ a

> 0, (III.14)

which analyzed at the equilibriumθ = −θm, allows to compute the values ofK for which

periodic solutions exist according to the following inequality

−b− a

2b+ a+ c
< K < 0, (III.15)

numerically equivalent to−0.0629 < K < 0, which implies a maximum inclination

of the upper body of approximately5.66 degrees. A visualization of the effect of this

coefficient is given in Fig. III.5, showing the motion dependence on this value. An

important issue in the design is related to the motor’s maximum torque|umax| = 29Nm1.

Therefore, an optimization problem can be postulated to findthe valueK, that allows

to execute the motion in some prescribed time without exceeding the torque limitations.

However, this is not considered here, since by the choice of−0.035 < K < 0 the

requirement on available torque is within the allowed interval.

III.3.3 Planning the initialization of motion

The same analysis is applied for initialization; however, the value ofK is chosen accord-

ing to the following equality,

Kini =
K · arctan(θm)

arctan(θmini
)
, (III.16)

such that both motions connect at[θ, θ̇] = [0, 0].

The value ofθmini
is chosen so that we achieve small oscillations around upright

equilibrium considering torque limitations. As example, in Fig. III.6 we show different

solutions of the reduced dynamics for different values ofK.

The final periodic solutions chosen for stabilization can bevisualized in Fig. III.7,

where the trajectories are chosen for a value ofK = −0.0222 for the forwarding motion,

andKini = −0.0565 for initialization. The period of oscillation for the main motion is

T = 7.86[sec]. Both trajectories share a common point atθ = 0, θ̇ = 0, where the switch

is intended to be applied. The robot is assumed to start at a static configuration located at

θ = 0.6. The body movement during both stages is also shown in Fig. III.8.

1This limitation is considered for the ballbot platform of Carnegie Mellon University.
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Fig. III.5: The motion of the ball for1[m] distance (the rate between ball angular rotation and

horizontal traveled distance isx = qa · r). Here we show half of a periodic trajectory with initial

conditions[θ(0), θ̇(0)] = [0, 0]. Top left: Phase portrait solution of the reduced dynamics (III.6).

Top right: time evolution ofθ∗(t). Bottom left: body motionqu as function of the ball’s rotationθ.

Bottom right: nominal input torque for the different trajectories.

III.4 Controller Design

For the synthesis of a controller, the technique recently proposed in [77] is applied. This

design relies on concepts of a moving Poincaré section and a linearization of the dynamics

transverse to a desired orbit. This linearization in a vicinity of a cycle can be efficiently

constructed for forced motions of mechanical systems and further used for controller de-

sign.

Below we briefly present the general steps in constructing a transverse linearization,

and then show how it is used for controller design.
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i.e. θmini = −0.6[rad]) for initialization. Top right: time evolution ofθ. Bottom left: body

evolution as function of the ball’s rotationθ. Bottom right: nominal input torque for the different

trajectories

III.4.1 Changing the Generalized Coordinates

Given the scalar functionφ(·), we can introduce new generalized coordinates for (III.1)

in a vicinity of the motion as:

θ, y = qu − φ(θ), (III.17)

with the derivatives

θ̇ , ẏ = q̇u − φ′(θ)θ̇, (III.18)

θ̈ , ÿ = q̈u −
(

φ′′(θ)θ̇2 + φ′(θ)θ̈
)

. (III.19)
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Observe that as long as a control action makes the desired trajectory invariant and the

initial conditions are on the target motion, we have that:

θ = θ∗(t), θ̇ = θ̇∗(t), y = 0, ẏ = 0. (III.20)

Dynamics in the new coordinates can be found by introducing the expression from

(III.17), (III.18) and (III.19) into dynamics of the robot (III.1). The dynamics of the y-

variable can be then computed and denoted in short form as follows:

ÿ = R(y, θ, ẏ, θ̇) +N(y, θ)u. (III.21)

Proposition 1 Feedback Transformation - There exist the feedback transformation ( [82])

in the form

u = N(q)−1 [u⊥ −R(q, q̇)] , (III.22)
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well defined in the vicinity of the motion, such that the dynamics (III.1) can be rewritten

in the new coordinates (III.17) as follows

α(θ)θ̈ + β(θ)θ2 + γ(θ) = g(θ, θ̇, y, ẏ, ÿ), (III.23)

ÿ = u⊥, (III.24)

whereg(·) is a smooth function that is equal to zero in the desired orbit, and the left hand

side of (III.23) matches (III.6).

III.4.2 Tranverse Linearization

The dynamical system (III.24), (III.23) possesses a natural choice of(2n−1) - transverse

coordinates

x⊥ = [I(θ, θ̇, θ∗(0), θ̇∗(0)), y, ẏ]T , (III.25)

whereI(·) is defined in (III.11), and represents a measure of the Euclidean distance to the

desired trajectory. Linearization of (III.24) and (III.23) along (III.20) can be represented

by the linear system

d

dτ
x̂⊥(τ) = A(τ)x̂⊥(τ) +B(τ)û⊥(τ), τ ∈ [0, T ] (III.26)

where the matricesA(τ) andB(τ) are computed following the generic procedure pro-

posed in [77].
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III.4.3 Design of a feedback controller

Consider the time-varying control system (III.26) with initial conditionsx̂⊥(0) = x̂0
⊥.

A(τ) andB(τ) are matrices whose elements are bounded continuous for allτ ≥ 0. The

goal is to find aC1-smooth vector of gainsK(τ), such that the control input

û⊥(τ) = K(τ)x̂⊥(τ), (III.27)

stabilizes the equilibrium of the linear auxiliary system (III.26).

Theorem 6 A controller that locally achieves a similar property for the trajectory (III.20)

on the nonlinear system (III.24) is

u⊥(t) = K(s)x⊥(t), s = s(θ(t)), (III.28)

wherex⊥ is the vector of transverse coordinates defined by (III.25),ands(·) is an index

parameterizing the particular leaf of the moving Poincaré section, to which the vectorx⊥
belongs at time momentst (see [77]).

III.5 Simulation Results

Following the control design steps two different auxiliarysystems (III.26) are found for

the initialization and the forwarding motion. Two sets of controllers in the form (III.27)

are required to stabilize separately each cycle. A switching between controllers is applied

in the vicinity of [θ, θ̇] = [0, 0]. In Fig. III.9 the simulation results of this scenario shows

the convergence of the robot to the trajectories planned by appropriately combining the

controllers. Notice that we consider the robot to start at anoffset of 0.6[rad], which

is the equilibrium of the initialization cycle, but it is also a wrong initial condition of the

entire motion. However, the controller is able to handle this disturbance and exponentially

converge to the desired motion. The transverse coordinatesgiven by (III.25) are also

shown in Fig. (III.10) to visualize this effect. The time evolution of these coordinates

allow us to verify the exponential stability of the motion.

III.6 Conclusions

From the motion planning perspective, we have suggested a new procedure for designing

point-to-point motions in the case of a ballbot. This is doneby a reparametrization of

the system according to a geometric relation between the body and the ball. Solutions of
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the reduce dynamics resulting from this reparametrizationrepresent the family of motions

achievable for the particular constraint function.

To control any of the desired motions, we have suggested to introduce coordinates

transverse to the desired cycle. Stabilization of the dynamics transverse to the desired

trajectory, together with a partial feedback linearization, allows to ensure the stability of

the specified motion. Due to the property of orbital exponential stability of the controller,

it is important to realize that the design can be reduced to a forwarding motion and its

controller. However, we avoid this design, since in practical applications it would be

important to have control over the initialization of the motion.

An example of a constraint relation has been presented to illustrate the method, and

the simulation results were shown to verify its performance. However, equivalent results

with a bigger range of body inclination angle can be found by means of different other
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constraint equations, e.g. linear constraint. Here, we restricted the analysis to one exam-

ple.
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A. Matrices for dynamics (III.1)

The matrices of (III.1) are given below:

M =

[

a a+ b cos(qu)

a+ b cos(qu) a+ c+ 2b cos(qu)

]

,

C =

[

−b sin(qu)q̇2u

−b sin(qu)q̇2u

]

,

G =

[

0

− bg sin(qu)
r

]

.

The parametersa = Iball + (mball +mbody)r2, b = mbodyrl, c = Ibody +mbodyl
2,

and the physical valuesIball,mball,mbody, Ibody, r, l are taken from [62].

Symbol Parameter Value(unit)

mbody Body mass 51.663(kg)

mball Ball mass 2.437(kg)

r Ball radius 0.1058(m)

l Body center of mass 0.69(m)

Ibody Body Inertia 37.1873(kgm2)

Iball Ball Inertia 0.0174(kgm2)

Table III.1: Model Parameters
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Motion Planning for Humanoid Robots Based on Virtual Constraints Extracted

from Recorded Human Movements

Abstract — In the field of robotics there is a great interest in developing strategies and

algorithms to reproduce human-like behaviors. In this paper, we consider motion plan-

ning for humanoid robots based on the concept of virtual holonomic constraints. At first,

recorded kinematic data of particular human motions are analyzed in order to extract con-

sistent geometric relations among various joint angles defining the instantaneous postures.

Second, a simplified human body representation leads to dynamics of an underactuated

mechanical system with parameters based on anthropometricdata. Motion planning for

humanoid robots of similar structure can be carried out by considering solutions of re-

duced dynamics obtained by imposing the virtual holonomic constraints that are found in

human movements. The relevance of such a reduced mathematical model in accordance

with the real human motions under study is shown. Since the virtual constraints must be

imposed on the robot dynamics by feedback control, the design procedure for a suitable

controller is briefly discussed.

Keywords — Motion Planning, Humanoid Robots, Virtual Holonomic Constraints,

Underactuated Mechanical Systems

IV.1 Introduction

Humanoid robots are electro-mechanical systems resembling the morphology of the hu-

man body. Consequently, it is very much desired to reproduceordinary motions like

humans. Great efforts have been made already to construct especially walking robots to

study bipedal locomotion. For instance “ASIMO” from Honda [45], “JOHNNIE” from

the Technical University of Munich [90], and “RABBIT” from the French National Cen-

ter for Scientific Research [15] are very well known among several others. However,

humanoid robots shall not be restricted to follow only cyclic movement patterns such as

walking or running; we might expect that they are capable of performing other motions as

well. For example, they could sit down on a chair, pick up a book from the floor and put

it on the shelf, handle some tools, etc. In addition to autonomous humanoid robots which

are mainly targeted at service robotics, there is also an interest in generating human-like

motions for intelligent rehabilitation devices and prostheses. For example, a patient could

train affected muscles by utilizing some kind of electro-mechanical attachment as well as

an artificial leg with certain actuation.
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The literature is rich in reports about walking-pattern generation to enable versatile

bipedal robot locomotion. Planning of such gait trajectories is usually done according to

certain equilibrium criteria for the robot dynamics in order to maintain balancing during

motion. The most popular criterion is the so-called zero moment point (ZMP) which is

basically a renaming of the center of pressure (CoP) defined as the point on the ground,

where the resultant of the ground reaction forces acts—see [92,96] for the state-of-the-art

in bipedal robot locomotion. Quasi-statically stable motion can be achieved if the CoP

is always contained in the robot’s support polygon [92], i.e., the stance foot functions as

a base and is therefore not allowed to rotate during single support. Commonly, the mo-

tion planning of gait trajectories is then carried out basedon a simple inverted pendulum

approach augmented with the ZMP criterion and additional experimental (ad hoc) tuning

(see [48, 50, 65]). The main shortcomings of this approach are the following: first, the

limitation to rather unnatural looking motions with the stance foot flat on the ground; sec-

ond, sensitivity to parameters of the system and of the environment, and, third, the need

of time-dependent controllers, which become challenging for synchronizing the links of

the robot.

Truly human-like gaits can be only achieved if the feet are allowed to rotate dur-

ing single support—this happens naturally for humans due to plantarflexion at the ankle.

However, it is important to note that such roll-off effect causes the robot to be underactu-

ated, i.e., the number of independent control inputs is lessthan the number of generalized

coordinates. A surprising fact is thathumans experience some underactuationduring mo-

tions involving single support, even though the overall level of actuation is very high.

The reason for that lies mainly in the energy-efficient locomotion due to passive limb

dynamics. In fact, (passive) dynamic walking robots, whichutilize the leg dynamics for

locomotion, exhibit stable gait trajectories requiring minimal or mostly no position con-

trol [53]. This minimizes the energetic cost of transport dramatically compared to ZMP

driven robots. Moreover, energy losses during impacts can be reduced using semi-circular

feet [59] that generate the desired roll-off effect.

The main problem now is to find a constructive procedure for motion planning and

control of dynamically stable human-like motions given therobot dynamics subject to

underactuation. In nonlinear control theory the idea of imposingvirtual holonomic con-

straintson the system dynamics by feedback control appears promising to address the

challenges in bipedal locomotion. A scalar function of coordinates (for instance path

length) or possibly one coordinate itself has to be chosen asan independent variable that

parameterizes the motion with respect to time. Finally, alldegrees of freedom will be
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geometrically related to it. The whole motion is then represented by the evolution of

the chosen configuration variable which allows time-invariant synchronization of the in-

dividual body segments. This approach has been already proven successful in rendering

asymptotically orbitally stable periodic gait trajectories with the planar underactuated 5

degree-of-freedom robot “RABBIT” [12].

The control action in [12] is zeroing a certain set of outputs, defined by a class of

virtual constraints, creating an attracting invariant set—a 2D zero dynamics sub manifold

of the full hybrid closed-loop system consisting of continuous-time dynamics and impulse

(impact) effects [93]. It is worth emphasizing that the virtual holonomic constraints in [12]

are parameters of design and they must be found such that the hybrid zero dynamics

are indeed invariant for the closed-loop system and admit a scalar linear time-invariant

Poincaré return map for assessing exponential orbital stability of the gait cycle for the full

model. A detailed systematic presentation of this procedure can be found in [92].

In this paper, we extend the approach of using virtual constraints discussed in [80,

82, 83, 92, 93] with the objective to represent any kind of natural human motion. The

last means that we would like to identify, if possible, somewhat consistent patterns for

periodic gaits as well as for motions defined just on finite-time intervals. Assuming that

the human body consists of rigid multiple chain segments allows to introduce a suitable

Euler–Lagrange system with parameters approximated to anthropometric data as a start-

ing point as a mathematically tractable model. Recordings of real human movements

are used to obtain associated geometric relations between the generalized coordinates for

various motions instead of searching such functions to satisfy certain restrictions and de-

sign criteria as previously applied in control literature [92]. The investigation below is

aimed to validate and support wider and systematic use of virtual holonomic constraints

for analyzing, planning, and reproducing human-like motions.

IV.2 Problem Formulation

At first, we would like to show that there exist consistent geometric relations among the

individual body segments of humans during ordinary motions. Presumably, such geomet-

ric relations describe the evolution of involved joint angles characterizing a certain limb

synchronization. A brief qualitative analysis of recordedkinematic data demonstrates this

fact in Section IV.3. Given a robot with similar kinematics and mass distribution, such

relations can be used for human-like motion planning and control as to be demonstrated.

It has been worked out that underactuation plays an important role in the human gait.
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Consequently, the human body and thus the humanoid robot must be modeled as an un-

deractuated mechanical system. The virtual holonomic constraints approach allows to

deal with motion planning and control of such class of systems. Making a geometric re-

lation invariant by feedback action yields reduced-order dynamics—a scalar differential

equation of second order—representative for the overall closed-loop system, which can be

considered as a central pattern generator [44]. The solutions of the virtually constrained

system define achievable motions with given precise synchronization. Note that the ap-

propriate constraints may be found either analytically or by observation. Suppose now

that such virtual constraints extracted from human movements are perfectly imposed on

the feedback-controlled system. Then, the following questions arise:

• Does the approach based on the reduced-order dynamics, obtained for the approx-

imated dynamical humanoid model, allow to reproduce the original human motion

with respect to the evolution of the chosen configuration variable?

• How to design a controller that keeps the desired virtual constraints invariant and

diminishes effects of disturbances, uncertainties in modeling, errors in parameter

estimates, etc.?

One of the contributions of this paper is to provide the positive answer to the first

question. Two types of motions are studied here:

(a) sitting down motion and chair-rise, which are defined just on finite time intervals,

and

(b) single support phase of a cyclic walking gait.

For simplicity and also due to the nature of these motions, the analysis will be restricted

to the sagittal body plane, i.e., a moving 2D frame that separates the body in left and

right. An extension to the 3D case (for instance, the kinematic description of a ballerina

performing a pirouette would also require the transversal and possibly the frontal body

plane) is more or less straightforward, but it involves moredegrees of freedom. Note

however, that only the model description in Euler–Lagrangeform is essential.

According to the human kinematic data and with the help of anthropometry, we will

derive two simplified human body representations in SectionIV.4 for the studied motions

(a) and (b). As a result, one obtains a set of differential equations for dynamics of the

corresponding underactuated humanoid robots.

Achievable motions of the particular humanoid robot are defined by solutions of the

reduced system dynamics obtained by imposing the virtual constraints extracted from
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human movements. An assessment of qualitative and quantitative properties is given

in Section IV.5. We demonstrate there that the obtained virtually constrained motion is

indeed consistent with the studied human motions.

We shall remark that the whole motion-planning procedure isbased on the assumption

that virtual constraints can be imposed on the system dynamics by a feedback control

action. However, it is not an objective here to show a technical derivation of the control

law, but rather to emphasize that there is a constructive procedure available which allows

to implement the preplanned motion – see [80, 82, 83] for orbital stabilization based on

transverse linearization along a desired trajectory of thereduced dynamics, [30] for an

extension to hybrid limit cycles, and [61] for a modificationto finite time motions. Only

a short discussion on the controller design and some simulation results of the feedback-

controlled robot are presented in Section IV.6.

IV.3 Invariant Geometric Relations in Human Motions

Let us briefly present some results of studying various motions performed by human ac-

tors. A large library of kinematic motion data is kindly provided by the EYES JAPAN

Web3D Project [19].

The walking pattern of a test person is shown in Fig. IV.1 by the evolution of particular

joint angles. One can observe that the angular position of the left leg and the right arm

oscillate in common phase and different amplitude; the samehappens comparing the right

leg and the left arm. Intuitively, it is clear that swinging the arms is part of the natural

look of the human gait, although it is not really required forbipedal locomotion. However,

human walking is heavily driven by passive limb dynamics, which certainly requires some

synchronization of the individual body segments.

Another interesting motion pattern that will be further discussed in this paper, is sitting

down to a chair and rising from it. Here, one can expect a consistent relation between

angular positions at the joints of the hips, the knees, and ofcourse the waist since the

upper body is supposed to balance the center of mass. Indeed,Fig. IV.2 reveals that the

chest moves forward during the sitting down and rising process. Naturally, the angle about

the lateral axis of the knee plays the counterpart compared to the hip angle.

There are many ordinary and quite special human motions in the data base mentioned

above. It is evident that certain geometric relations describe the evolution of involved joint

angles, observable for instance in walking, sitting down, chair-rise, jumping, throwing,

karate, gestures, etc. The existence of such geometric relations among the human body
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Fig. IV.1: Angular positions about lateral joint axes of left hip and right shoulder (top graph)

and right hip and left shoulder (bottom graph) for a walking human; the person turns around at

approximately 3.5, 7.5 and 11.5 s and proceeds walking.

joints during motion and, moreover, the fact that they are consistent for multiple trials

motivates the application of the virtual constraints approach, provided that one has an

appropriate mechanical model. So, in the following section, we propose a simplified

human body representation, first, for sitting down and rising motion and, second, for

walking in single support. The corresponding dynamics of anunderactuated humanoid

robot represents the mathematical starting point for the motion-planning procedure.

IV.4 Human Body Representation—Modeling the

Humanoid Robot

IV.4.1 Sitting Down and Rising From a Chair

For motions like sitting down and rising from a chair, the very complex structure of the

human body can be reasonably simplified to just three links. Assuming that the feet are

fixed parallel to the ground, we can take the first link to be thecombined calfs (lower legs),
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Fig. IV.2: Angular positions about lateral joint axes of waist, hip and knee for a human who is

sitting down to a chair and rising from it. The real motion is actually performed in the time intervals

[0, 4], [7, 10] and [12.5, 15] s with small resting pauses on the chair.

the second link to be the combined thighs (upper legs) and thethird link to represent the

upper body including arms and head.

Of course, we know that humans are fully actuated during the considered motions

since the feet act as basis flat on the ground. However, it is reasonable to believe that,

although the whole body constitution balances about the ankles, stabilization is mostly

done without using torques of the ankle joints, but via synchronization of the other joints

[12]. Let us consider the ankle being weakly actuated with nonrelevant contribution to

the motion patterns. Hence, an underactuated planar three-link (3DOF) robot will be

modeled, where the combined ankles are chosen as a passive joint (see Fig. IV.3). Sitting

down and rising motions are mainly defined in the sagittal body plane which allows a

simplification to this 2D frame. The resulting dynamics is described by the following

controlled underactuated Euler–Lagrange system:






0

τa1

τa2




 = M3(q)






q̈p

q̈a1

q̈a2




+ C3(q, q̇)






q̇p

q̇a1

q̇a2




+G3(q) (IV.1)

whereq = [qp, qa1, qa2]
T is the vector of generalized coordinates withqa1, qa2 andqp

denoting two active and one passive coordinate;τa1 andτa2 are controlled torques that

can be applied to the second and the third link, respectively. M3(q) is the inertia ma-
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trix, the matrixC3(q, q̇) corresponds to Coriolis and centrifugal forces, andG3(q) is the

gravitational torque vector.
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(a) Planar 3DOF robot.
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(b) Planar 7DOF robot.

Fig. IV.3: Schematics of human-like robots for considering (a) sitting down and chair-rise motion,

and (b) single-support phase of walking.

The physical parameters of the system (IV.1) are approximated according to general-

ized anthropometric data2 reported in [66]. An evaluation of the kinematic data of the

actor “Azumi” from the human motion data base provided by [19] yields the parameter

values given in Table IV.1. Here, the mass distribution of a “small sized man” has been

scaled in order to match the dimensions of “Azumi”. Masses ofthe lower legs and the

upper legs are combined, respectively, tom1 andm2. All masses of the upper body parts

including arms and head are added up tom3, where the combined center of mass is cal-

culated by a weighted sum of the corresponding distances to the hip joint. The lengths of

the links are labeled byl1, l2, andl3, the distances to the particular center of masses by

2Straightforward computations of anthropometric data can be also found in [94] based on height and overall

mass of a person.
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Table IV.1: Parameters of the planar 3DOF robot (see Fig. IV.3(a)) based on anthropometric data.

Parameter Lower Leg Upper Leg Upper Body

Length(m) l1 = 0.456 l2 = 0.469 l3 = 0.623

Mass(kg) m1 = 6.2 m2 = 15.4 m3 = 40.2

Distance to CoM(m) r1 = 0.273 r2 = 0.261 r3 = 0.217

Inertia about CoM(kg m2) Jc1 = 0.559 Jc2 = 1.344 Jc3 = 3.061

Gravitational constant g = 9.81 m/s2

r1, r2, andr3. The inertiasJc1, Jc2, andJc3 are computed about the center of mass for

cylindric joints with certain radius corresponding to the anthropometric data.

Consequently, this simplified human body representation can be used in order to de-

scribe the motion-planning problem for the underactuated planar three-link robot. The

generalized coordinates of the Euler–Lagrange model (IV.1) have to be obtained as func-

tions of time from the corresponding recorded human motion in order to find geometric

relations among them. Since the third link represents several joints in one, the angleqa2

can be approximated by coordinate transformation according to its combined center of

mass.

IV.4.2 Single Support Phase of the Walking Gait

For dynamic walking we have to look at a model that allows bipedal locomotion and it

should be complex enough to take into account the body segments that are mainly in-

volved in the motion. As already mentioned, underactuationin the feet shows up during

single support. By introducing point feet with perfect ground contact, instead, simplifies

the considerations a little without losing the general characteristics of the gait pattern—of

course one can also introduce actuated feet or simply semi-arc feet, but this is not impor-

tant for our demonstration here. A reasonable human body representation for human-like

walking must further contain two legs with knee joints, a torso with a hip joint as well

as shoulder joints, and two arms. Once again, just the sagittal plane shall be considered

since the human gait is mainly defined there; in the 3D case onehas to take care of the

hip movement defined in the transversal body plane. The previous assumptions add up

to an underactuated planar seven-link (7DOF) robot as depicted in Fig. IV.3. Similar to

the 3DOF robot (IV.1), the resulting dynamics is described by the following controlled
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Table IV.2: Parameters of the planar 7DOF robot (see Fig. IV.3(b)) based on anthropometric data.

Parameter Lower Legs Torso

Length(m) l1R = l1L = 0.434 l3 = 0.542

Mass(kg) m1R = m1L = 3.62 m3 = 43.4

Distance to CoM(m) r1R = 0.254, r1L = 0.18 r3 = 0.386

Inertia about CoM(kg m2) Jc1R = Jc1L = 0.052 Jc3 = 2.812

Parameter Upper Legs Arms

Length(m) l2R = l2L = 0.438 l4R = l4L = 0.59

Mass(kg) m2R = m2L = 6.87 m4R = m4L = 5.88

Distance to CoM(m) r2R = 0.232, r2L = 0.206 r4R = r4L = 0.274

Inertia about CoM(kg m2) Jc2R = Jc2L = 0.086 Jc4R = Jc4L = 0.174

Gravitational constant g = 9.81 m/s2

underactuated Euler–Lagrange system:
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where the stance leg, indicated by the coordinateq1R, is not actuated. The physical model

parameters (see Table IV.2) are originally taken fromanthropometric dataof the test

person “Allan” within the Danish “AAU-BOT1” project from Aalborg University [1],

and appropriately scaled according to more purposeful multi-trial motion recordings of

another test person with unknown mass distribution.

IV.5 Motion Planning Based on Virtual Constraints

IV.5.1 Virtual Holonomic Constraints From Human Movement An al-

ysis

In the previous section we have introduced two dynamical models for possible humanoid

robots that can be used to plan particular human-like motions. At first, one has to find vir-
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tual holonomic constraints from the kinematic data of humanmovements with respect to

the generalized coordinates given in the model description(IV.1) and (IV.2), respectively.

Let us start with the sitting down and chair-rise motion thatwas already shown in

Fig. IV.2. Looking at the pure motion of interest, indicatedby the intervals, strong geo-

metrical relations between the generalized coordinatesqa1 (relative angle of upper legs)

andqa2 (relative angle of upper body) can be found as functions ofqp (angle of lower

legs). Recall that the chosen independent variable, in thiscaseqp, must be monotonic in

time in order to uniquely define the relating functions. For the sitting down motionthe

following third-order polynomials

qa1,S = −868.4 q3p + 3457.5 q2p − 4593 qp + 2036.7

qa2,S = 269.9 q3p − 1077.1 q2p + 1438.7 qp − 644.2
(IV.3)

describe very well the relations that were found for the studied human. For therising

motion, the following can be obtained:

qa1,R = −479.4 q3p + 1852 q2p − 2388.3 qp + 1029.2

qa2,R = 595.3 q3p − 2283.9 q2p + 2924.1 qp − 1250.7 .
(IV.4)

The holonomic constraints (IV.3) and (IV.4) are shown in Fig. IV.4, where the fitting to the

investigated human joint relations is revealed, although the rather small sampling rate of

30 Hz gives only a few points for the rather small time intervals in the human kinematic

data. It should be noted that from the robustness point of view, the chosen constraints

may not be optimal, because small changes in the values ofqp will result in comparably

big changes in the other angles. Possibly, one could improvethe robustness property by

using another choice of the independent variable. However,we keep these relations since

having the passive angle independent is more natural from the mechanical point of view

and simplifies the calculations to be done.

It is obvious that the geometric relations for sitting down and rising are different al-

though one could expect the motions being just the reverse ofeach other. The rising

motion covers also a wider range of the ankle jointqp, which is due to the fact that at

some point close to the chair, the person sitting down does not balance anymore and just

let the body fall. Geometric relations at the end of the sitting down motion are, therefore,

not covered by the considered human body dynamics. It is alsonot quite clear from the

recorded human data up to what extent the arms have been supportively used during the

rising as well as during the sitting down motion.

Let us now look at thesingle support phase of walking. Here, we will use kinematic

data of 20 independent trials of a test persons normal walking gait provided by Aalborg
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Fig. IV.4: Geometric relations of the joint anglesqa1 andqa2 as functions ofqp for sitting down

motion (solid curve) and rising motion (dashed curve) superimposed onthe investigated human

joint relations (dots, respectively circles).

University. In that way, it is possible to check whether the geometric relations are some-

what consistent for a particular motion—the data in Fig. IV.1is not very well suited for

this purpose. The Aalborg data has the additional advantageof a eight-times-higher sam-

pling frequency, namely 240 Hz, which gives much better resolution. One could also take

estimates for velocities and possibly accelerations into account for the regression. Indeed,

Fig. IV.5 shows very consistent geometric functions of the generalized coordinates with

respect to the chosen independent variableq3 defining the relative angle between torso

and stance leg. The following fifth-order polynomials are obtained from one of the trials

(solid curve) that is selected representative for the othertrials:
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Fig. IV.5: Geometric relations of the individual joint angles as functions of the torso angle q3 for

the single support phase of walking (solid curve) superimposed on the investigated human joint

relations for 20 trials (dots).

with the coefficient matrix

PW =














−10.9 −11.12 −6.42 −2.28 −0.65 1.25

14.97 15.22 7.45 2.22 −0.39 0.21

81.2 82.82 18.81 −3.88 0.68 3.74

−105.31 −117.11 −39.09 3.52 3.85 −0.65

3.46 0.75 −2.72 −1.70 0.38 3.39

−5.68 −3.65 0.55 1.52 −0.47 2.83














.

We have found now virtual holonomic constraints by analyzing particular human
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movement kinematics. The next step is to come to the motion-planning stage for the

corresponding humanoid robot. That is why, the properties of reduced order dynamics for

invariant virtual constraints will be overviewed next.

IV.5.2 Reduced Dynamics

Consider the underactuated controlled Euler–Lagrange system

d

dt

[
∂L(q, q̇)

∂q̇

]

− ∂L(q, q̇)

∂q
= B(q)u (IV.6)

with the Lagrangian given by

L(q, q̇) =
1

2
q̇TM(q)q̇ − V (q)

subject to underactuation degree one, i.e.,

dimq − dimu = 1 . (IV.7)

Above,M(q) is a positive definite matrix of inertia,V (q) represents potential energy of

the system, andB(q) is a full rank input matrix. We haveM(q) = M3(q) and ∂V (q)
∂q =

G3(q) for the 3DOF robot (IV.1), whileM(q) = M7(q) and ∂V (q)
∂q = G7(q) for the

7DOF robot (IV.2).

Suppose there exists a control lawu∗ that imposes the virtual holonomic constraint

{q1 = φ1(θ), q2 = φ2(θ), . . . , qn = φn(θ)} (IV.8)

with n = dimq, then the resulting closed-loop dynamics can be represented by the fol-

lowing scalar second order differential equation[83]

α(θ) θ̈ + β(θ) θ̇2 + γ(θ) = 0 (IV.9)

describing the evolution of the new independent variableθ(t). All degrees of freedom will

be geometrically related to it, i.e., the whole motion is parameterized by the chosen con-

figuration variable according to (IV.8). This reduced orderdynamics is always integrable,

providedα(θ) 6= 0. Specifically, the integral function

I(θ, θ̇, θ0, θ̇0) = θ̇2 − exp

{

−2

∫ θ

θ0

β(τ)

α(τ)
dτ

}

θ̇20

+

θ∫

θ0

exp

{

−2

∫ θ

s

β(τ)

α(τ)
dτ

}

2 γ(s)

α(s)
ds

(IV.10)
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preserves its zero value along a solutionθ(t) of (IV.9), initiated at(θ(0), θ̇(0)) = (θ0, θ̇0)

[83]. Note that (IV.10) can serve as a measure of distance to adesired trajectory for the

reduced system [80].

Onceθ is defined and the virtual holonomic constraint
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(IV.11)

together with their component-wise derivativesΦ′(θ) andΦ′′(θ) with respect toθ are

found, the smooth scalar functionsα(θ), β(θ), andγ(θ) of the reduced dynamics (IV.9)

can be computed as follows [82, Prop. 2]:

α(θ) = B⊥M (Φ(θ)) Φ′(θ) ,

β(θ) = B⊥
[

C (Φ(θ),Φ′(θ)) Φ′(θ) +M (Φ(θ)) Φ′′(θ)
]

,

γ(θ) = B⊥G (Φ (θ)) ,

whereB⊥ is a row vector defining the nonactuated coordinate, e.g.B⊥ = [1, 0, 0] for

system (IV.1) andB⊥ = [1, 0, 0, 0, 0, 0, 0] for system (IV.2).

Eventually, the motion-planning problem for the introduced robots (IV.1) and (IV.2)

can be defined in terms of desired solutionsθ∗(t) of the reduced dynamics (IV.9) obtained

by imposing the virtual holonomic constraint (IV.11). Let us take now the particular

virtual constraints (IV.3)–(IV.5) extracted from human movement analysis and use them

for motion planning.

IV.5.3 Solutions of the Reduced Dynamics for the Sitting Down Mo-

tion

Achievable motion patterns for sitting down of the controlled underactutated 3DOF robot

(IV.1) can be studied via the reduced system dynamics (IV.9), with the independent vari-

able chosen asθ := qp, obtained by the virtual holonomic constraint (IV.3) that is assumed

to be perfectly imposed by feedback control.

An important range of trajectories is shown in the phase portrait in Fig. IV.6—the

relevant interval forθ is basically given in Fig. IV.4. It is clearly seen that thereexist

trajectories which form closed orbits in the vicinity of theequilibrium point at (1.2, 0), i.e.,

corresponding solutions of the differential equation are periodic. The region of interest

for solutions representing the sitting down motion is highlighted. Here, the trajectories



IV.5. Motion Planning Based on Virtual Constraints 121

will have solutions forθ which correspond to the range for the real human motion, but

with different velocity profile each. The desired trajectory for the sitting down motion
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Fig. IV.6: Phase portrait with various trajectories for the reduced dynamics of the sitting down

motion and the chosen trajectory (dashed line) as part of a closed orbit.
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Fig. IV.7: Sitting down motion (solid curve) and rising motion (dashed curve) obtainedby the

virtual constraints approach versus the recorded human motion (dots,circles) valued at the ankle

joint qp as function of time.

(dashed curve in Fig. IV.6) is taken as a part of a closed trajectory. The corresponding
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solution of (IV.9)

θ∗,S(t) ∈ [1.26, 1.355] rad,

for t ∈ [0, TS ] with TS = 0.367 s, and

(θ∗,S(0), θ̇∗,S(0)) = (1.355 rad, − 0.10 rad/s)

(IV.12)

satisfies the performed human motion with respect to the timeTS needed to move. This

is visualized in Fig. IV.7, where the virtually constrainedmotion (solid curve) is super-

imposed on the real human motion (dots) valued at the ankle joint qp as function of time.

The actual quality of the obtained motion is shown more descriptively in Fig. IV.8 using

stick figures in a flip-book animation, where the virtually constrained motion (solid line)

is superimposed on the real human motion (dashed line). It can be seen that the planned

motion based on the virtual constraints approach is remarkably close to the real human

behavior. What also becomes obvious in Fig. IV.7 is that the velocity profile of the com-

t=0.00s t=0.07s t=0.13s t=0.20s

t=0.27s t=0.33s t=0.37s

Fig. IV.8: Flip-book animation of the virtually constrained sitting down motion (solid curve) su-

perimposed on the recorded human motion (dashed line).

pared motions slightly differs. Most likely, this is due to the fact that humans induce small

torques by using their ankles during the motion, i.e., the feet are not truly passive—unlike

our modeling assumption—and help a little to balance the body.

IV.5.4 Solutions of the Reduced Dynamics for the Rising Motion

Applying the same procedure to the rising motion results again in particular reduced sys-

tem dynamics, but now obtained by imposing the virtual holonomic constraint (IV.4). Its
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solutions are depicted in the phase portrait in Fig. IV.9. Here, there are no closed orbits

around any of the equilibrium points in the shown interval, i.e., corresponding solutions

are unbounded. However, the interesting trajectories for reproducing the considered mo-

tion are similarly shaped compared to the sitting down dynamics, but now in the upper

phase plane. The following solution (dashed line in Fig. IV.9) of the reduced dynamics
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Fig. IV.9: Phase portrait with various trajectories for the reduced dynamics of the rising motion

and the chosen trajectory (dashed line).

approximately matches the recorded human motion with respect to the timeTR needed to

move:
θ∗,R(t) ∈ [1.217, 1.343] rad,

for t ∈ [0, TR] with TR = 0.433 s, and

(θ∗,R(0), θ̇∗,R(0)) = (1.217 rad, 0.248 rad/s) .

(IV.13)

This is visualized as well in Fig. IV.7, where the virtually constrained motion (dashed

curve) is superimposed on the recorded human motion (circles) valued at the ankle joint

qp as function of time. A qualitative comparison is given againin the form of a flip-

book animation in Fig. IV.10. A little mismatch can be noticed comparing the postures

of the human and the virtual motion at several time instants.As expected from Fig. IV.7,

they should at least coincide in the starting and the end point; but especially those points

are not very well covered by the holonomic constraints (IV.4). In fact, with the poor

resolution of the kinematic recordings within the interesting time intervals, one cannot

improve the constraint functions with respect to reasonable estimates for velocity as part
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of the regression. It is also not quite clear from the recorded human data up to what extent

the arms have been supportively used during the rising as well as during the sitting down

motion. However, the rising motion as obtained by the virtual constraints approach is still

very much human-like. If the robot’s ankle joint would be chosen to be actuated, one had

the additional freedom to compensate for the posture mismatch by another controller.

t=0.00s t=0.07s t=0.13s t=0.20s

t=0.26s t=0.33s t=0.40s t=0.43s

Fig. IV.10: Flip-book animation of the virtually constrained rising motion (solid curve) superim-

posed on the recorded human motion (dashed line).

IV.5.5 Solutions of the Reduced Dynamics for the Single Support

Phase of the Walking Gait

Achievable motion patterns for walking in single support ofthe controlled underactu-

ated 7DOF robot (IV.2) can be also studied via the reduced system dynamics (IV.9), now

with the independent variable chosen asθ := q3, obtained by virtual holonomic constraint

(IV.5) that is assumed to be perfectly imposed by feedback control.

Corresponding trajectories are depicted in Fig. IV.11 in a relevant interval forθ (cf.

Fig. IV.5). Here, all solutions are unbounded, but some of them are reasonably defined in

the region where our studied motion lives in (highlighted).The desired solution (dashed

line), that satisfies the recorded human motion with respectto the timeTW needed to
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Fig. IV.11: Phase portrait with various trajectories for the reduced dynamics of the walking motion

in single support phase and the chosen trajectory (dashed line).
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Fig. IV.12: Walking motion in single support phase (solid curve) obtained by the virtualconstraints

approach versus the recorded human motion (dots) valued at the joint angleq3 as function of time.

move, is found by

θ∗,W (t) ∈ [−0.577, 0.133] rad,

for t ∈ [0, TW ] with TW = 0.475 s, and

(θ∗,W (0), θ̇∗,W (0)) = (−0.577 rad, 0.945 rad/s) .

(IV.14)

Other solutions that are defined in the region of interest give a different velocity profile
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for the evolution of the configuration variableθ(t). In Fig. IV.12 we can see the obtained

virtually constrained motion (solid curve) superimposed on the recorded human motion

(dots) valued at the angleq3 as function of time. A qualitative assessment of the robot

configuration with respect to time can be done with the help ofa flip-book animation in

Fig. IV.13. The virtually constrained motion is obviously in close accordance with the

desired human motion, although a slight mismatch indicatesthe importance of the foot

rotation which is not modeled here.

Of course, the single support phase of walking is just one part of the full hybrid cycle

that additionally requires an update map for feet impacts toreset and rename states [92].

It is, however, not our intention to discuss this further, but rather to demonstrate that

the reduced dynamics recover the continuous-time motion ofthe human test person with

consistent constraints for many trials.

t=0.00s t=0.07s t=0.14s t=0.20s

t=0.27s t=0.34s t=0.41s t=0.47s

Fig. IV.13: Flip-book animation of the virtually constrained walking motion in single support phase

(solid curve) superimposed on the recorded human motion (dashed line).

IV.6 Feedback-Controlled Robot

IV.6.1 Controller Design

The design step following the motion planning is the synthesis of a feedback controller

with the objective to keep solutions of the closed loop system as close as possible to
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the preplanned motion and to diminish effects of disturbances on the system behavior,

uncertainties in modeling, errors in parameter estimates,etc.

Taking a look now at our preplanned motions from Section IV.5, it is important to

observe that sitting and rising, as well as the single support phase of walking, are defined

onfinite time intervals.

A proper initialization of motions defined on finite time intervals is a challenging

task since initial velocities are usually non-zero. However, for most of the human finite-

time movements one can think of the following separation regarding modeling, motion

planning, and control:

• There exists an initial and possibly final phase where the humanoid model is under-

stood as fully actuated. This, indeed, happens right beforesitting down when the

person stands still and small ankle torques from the feet basis maintain the balance;

a chair-rise is usually initiated with the help of arm forcesexerted on the chair; etc.

• There exists a finite time interval determined by a particular motion pattern where

the humanoid model undergoes underactuation or weak actuation in some joints.

A certain synchronization of body segments is observed during the motion in this

phase. It can be used for controller synthesis.

For the first case of full actuation there are a number of ways to bring the robot in the

vicinity of initial states required for the proper initialization. A solution would be, for in-

stance, to extend the planned trajectory by a transition phase in which another controller

is employed. One could design some trajectory that starts ata static robot configuration

with zero initial velocities and passes into the desired initial states. Standard interpola-

tion tools such as splines allow to obtain smooth continuousfunctions of positions and

velocities. Note further that the single support phase of the walking gait is part of a hy-

brid cycle where impulse effects on the system dynamics attribute ground impacts. In this

case, it is certainly reasonable to have non-zero velocities at the start and at the end of the

continuous-time motion.

The actual motion patterns that we are interested in are covered by the latter case,

where motion planning and control design are left as nontrivial tasks due to underactuation

and the requested synchronization of joints in motion. The aim of this paper was to

suggest appropriate analyzing and design procedures for this case.

Among a few methods that can be used for synthesis of a feedback controller to

achieve contraction to the preplanned motion in finite time,we suggest to utilize the pro-

cedure proposed in [80,82,83]. It exploits transverse linearization of the system dynamics
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along a desired motion that can be found analytically. It is worth mentioning that such

feedback controllers have been already successfully implemented in several experimental

setups, in particular, to stabilize preplanned orbits for the Furuta Pendulum [81] and the

Pendubot [27].

To provide some insights into controller synthesis based ontransverse linearization,

let us introduce the following vector of new generalized coordinates for the underactuated

controlled Euler–Lagrange system (IV.6),(IV.7)

Y = q − Φ(θ) . (IV.15)

It is clear that the vectorY is zero along the target motion. Then degrees of freedom in

q are now described by(n + 1) excessive coordinates inY andθ. Hence, one of these

coordinates can be always locally expressed as a function ofthe others—let us assume

this is the case foryn—which yields the new independent coordinates [82]

y = (y1, y2, . . . , yn−1)
T and θ , (IV.16)

and the ‘old’ generalized coordinatesq in the form

q = Φ(θ) +

[

y

h(y, θ)

]

. (IV.17)

Taking time derivatives ofy, one obtains the relations
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...
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(IV.18)

that define the feedback transformation from the controlledinputs u to the new con-

trol inputsv. As shown in [80, 82], in the new coordinates the dynamics of the system

(IV.6),(IV.7) is given in partly linear form:

α(θ)θ̈ + β(θ)θ̇2 + γ(θ) = gy(θ, θ̇, θ̈, y, ẏ)y

+gẏ(θ, θ̇, θ̈, y, ẏ)ẏ + gv(θ, θ̇, y, ẏ)v

ÿ = v ,

(IV.19)

where the left-hand side of the upper equation corresponds to the one for the virtually

constrained system (IV.9), while the right-hand side is rewritten in the new coordinates

(IV.17) and is equal to zero along the target motion.
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Computing the variation of the integral function (IV.10) along the motion of (IV.19),

one obtains dynamics transversal to a trajectory defined by asolutionθ(t) of the reduced

dynamics (IV.9) and the desired synchronization [80]

d
dtI(·) = 2θ̇

α(θ) [gy(·)y + gẏ(·)ẏ + gv(·)v − β(θ)I(·)]
ÿ = v .

(IV.20)

Eventually, the controller design for (IV.19) can be based on a linearization of the trans-

verse dynamics (IV.20) along a desired solutionθ∗(t)—the linear time-varying system

commonly known as transverse linearization [80].

The technical derivation of the controller shall not be further discussed here. Note,

however, that the feedback transformation (IV.18) contains the control actionv that has

to be defined to achieve contraction to the preplanned motion, while the required torque

for perfectly imposed virtual holonomic constraints (i.e.v = 0) can be found from the

relationsτ = B(q)u, θ = θ∗(t), and

τ = [M(q)q̈ + C(q, q̇)q̇ +G(q)]|q=Φ(θ)

q̇=Φ′(θ)θ̇

q̈=Φ′′(θ)θ̇2+Φ′(θ)θ̈ .

(IV.21)

IV.6.2 Simulation of Sitting Down and Rising

Let us look now at some simulation results for sitting down and rising motion to show that

one can really reproduce the studied motion patterns with a feedback-controlled robot.

From the motion-planning procedure in Section IV.5 we foundthe desired trajectories

(IV.12) and (IV.13) for the corresponding reduced dynamicsobtained by the respective

constraints from human movements. Recall that the passive ankle joint qp was chosen

as independent variable that configures the whole robot posture. A comparison of the

planned motions to the feedback-controlled 3DOF robot is depicted in Fig. IV.14 valued

at the ankle jointqp. Obviously, the quality of the virtually constrained motion is highly

dependent on the accuracy of the initial position, which is naturally the case since there is

just a limited region of attraction. However, it is clear that the closer the initial condition

lies to the desired trajectory, the less the error in the qualitative and quantitative closed-

loop performance. The influence of additive measurement noise has been simulated as

well, but turned out to be insignificant for the controller performance as long as the noise

level is kept in a realistic range for ordinary sensors.

It is worth looking at the applied input which is generating the desired motion. Just for

the case of sitting down, the torquesτa1 andτa2 to the active joints are shown in Fig. IV.15

assuming perfectly invariant constraints (IV.3). The torques appear to be quite large for
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Fig. IV.14: Ankle jointqp = θ of the feedback-controlled robot compared to the desired solution of

the motion planning procedure.
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Fig. IV.15: Applied input torques to the active joints while sitting down assuming perfectly invariant

constraints.

short time intervals, but this seems to be still in a reasonable range for this particular

human movement where big forces occur (cf. [14, 47])—not shown here: for the rising

motion the curves look similar and for walking, as expected,the required torques are

much smaller. In the beginning, the motion is basically influenced by impulse-like peaks
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of the torques, afterwards they are almost constant. Intuitively, it is reasonable that the

torques should be immediately applied at time zero in order to maintain balancing.

The simulation results are meant to demonstrate that virtual constraints extracted from

human movement can be imposed on the robot dynamics by feedback control. For mo-

tions defined on finite time intervals, proper initiation is challenging. A possible approach

for implementation is discussed in the previous section. Note however, that proper design

for the transformed control inputv, based on transverse linearization, allows to relax re-

quirements for the precision.

IV.7 Conclusions

A new method to generate human-like motion patterns for humanoid robots has been

introduced. Recorded kinematic data of human movements were analyzed in order to

find geometrical relations among various joint angles characterizing the instantaneous

postures. The existence of such consistent holonomic constraints for various, even not

periodic, motions of humans is an interesting result of our investigation.

The extracted relations can be used to plan human-like motions for humanoid robots.

The motion planning and the subsequent feedback controllerdesign are based on an ap-

propriate modification of the virtual holonomic constraints approach, recently developed

to control mechanical systems with underactuation one. Making the virtual constraints

invariant by feedback yields reduced order dynamics—a scalar differential equation of

second order—representative of the overall closed-loop system. Hence, the motion plan-

ning problem is divided into, first, finding appropriate virtual holonomic constraints for

synchronization among the generalized coordinates, and second, choosing motions con-

sistent with those and defined by the reduced dynamics.

A conclusion from presented analysis is that one can reproduce original human mo-

tions exploiting reduced order dynamics. The virtual holonomic constraints were ex-

tracted from recorded human movements and were imposed on approximated humanoid

dynamics. Two types of motions were studied in the analysis,first, sitting down mo-

tion and chair-rise, which are defined just on finite time intervals, and second, the single

support phase of a cyclic walking gait. It is remarkable that, despite various assump-

tions in the humanoid modeling, the obtained virtually constrained motions are consistent

with the studied human movements. Not demonstrated here, but worth noting, is that the

reduced dynamics is not particularly sensitive to parameter uncertainties which is advan-

tageous for robots with similar kinematics but different mass distribution compared to the
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studied human. Finally, a short discussion on the controller design and some simulation

results of a feedback-controlled robot demonstrated the feasibility of imposing the virtual

holonomic constraints that were found.
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134 V. Biped Walker with Torso

Stable walking gaits for a three-link planar biped robot with one actuator

Abstract — We consider a benchmark example of a 3-link planar biped walker with

torso. An actuator is introduced between the legs, whereas the torso is kept upright by

two identical torsional springs. The mathematical model isa 3-DOF impulsive mechan-

ical system, and the aim is to induce stable limit-cycle walking on level ground. The

main contribution is a novel systematic motion planning procedure to solve the problem

of gait synthesis, which is challenging for non-feedback linearizable mechanical systems

with two or more passive degrees of freedom. The key idea is tofind a system of ordinary

differential equations for the functions describing the synchronization pattern for the time

evolution of the generalized coordinates along a periodic motion. These functions, known

as virtual holonomic constraints, are used for computing animpulsive linear system that

approximates the time evolution of the subset of coordinates that are orthogonal to the

orbit of the continuous part of the periodic solution. This linear system, known as trans-

verse linearization, is used to design a nonlinear stabilizing feedback controller. The

performance of the closed-loop system and its robustness with respect to various pertur-

bations and uncertainties is illustrated via numerical simulations.

Keywords — Biped robots, motion planning with dynamic constraints, orbital stabi-

lization, virtual holonomic constraints, transverse linearization, underactuated mechanical

systems

V.1 Introduction

Replicating human walking with mechanical bipedal systemsis remarkably challenging.

One of the main difficulties is attributed to the missing concepts required to describe the

fundamental mechanical aspects of biped locomotion. As an example, the way the human

body achieves highly energetically efficient and dexterousmotion is certainly unknown,

but these characteristics are desired to be attained by bipedal machines. The existing

technologies have pioneered different solutions mainly inspired by engineering intuition.

However, the results so far achieved [13] lack robustness, anthropomorphism and energy

efficiency, and therefore, new fundamental concepts are required to undertake new ap-

proaches regarding mechanical designs, control system strategies, and most importantly,

understanding the principles of how to generate these motions.

A breakthrough in the development of legged robots was certainly set by passive dy-

namic walkers. Their rather simple mechanics served to demonstrate how energy efficient
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and anthropomorphic hybrid limit cycles can be generated without the need of active con-

trol. The theory behind the passive walkers was supported bymany successful experi-

mental studies [16,32,35,59], giving a deeper understanding on how natural dynamics is

involved in the generation of reliable and energy-efficientmotions. However, the walking

achieved by fully passive machines is sensitive to perturbations, and besides it is restricted

to the domain of downhill slopes.

Focusing on dynamic walking, and attaining to bridge the gapbetween passive and

active walkers, a number of researchers have investigated the feasibility of adding a few

actuators to an otherwise passive device [16,34,37,42,58]. Systems of this kind are known

as underactuated robots [86], and the main purpose of their design is to gain the robustness

of active feedback control while heavily relying on the natural passive dynamics.

Within the context of underactuated systems, motion/trajectory planning and con-

troller design are theoretically complex. The lack of a sufficient number of independent

control inputs often restricts the possibility to transform the original nonlinear problem

into a feedback-equivalent linear form. Therefore, nontrivial analysis is required to ob-

tain solutions to the tasks of systematic trajectory planning and feedback control design.

A major contribution to the case of mechanical systems with only one passive degree of

freedom, i.e. of underactuation degree one, was given by thework of [37, 77, 92]. It was

demonstrated how analytical mathematical tools can be applied to solve the problems of

motion planning and feedback control design, despite the constraints imposed by the in-

directly actuated dynamics. Our goal is to extend the applicability of this approach for

systems possessing several passive links.

In this paper we discuss the analysis of a planar robot with three degrees of freedom,

two of which are passive. The aim is to use this standard example to present a novel

systematic procedure for motion/trajectory planning for mechanical systems possessing

several passive degrees of freedom. Here we are interested in the walking gaits in the

form of a periodic solution for a model in the form of a system of impulsive differential

equations [9] that is often referred to as limit-cycle walking [42].

It will be shown that the problem of finding a gait, which involves the search for a

time interval, a control input, and initial conditions, canbe reformulated as the search

for only the initial conditions of a system of differential equations. The solutions of this

system is a set of functions describing the synchronizationpattern for the motion of the

links along a step. Thus, searching for these synchronization functions, called below as

virtual holonomic constraints, allows to formulate the gait synthesis problem as a relaxed

optimization search: The input signal enters the search as asolution of a differential
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equation and not as an unknown function of time appearing in the right-hand sides as in

the original formulation. The exponential orbital stabilization of these gaits is achieved

following the procedure recently proposed in [29,77].

The remainder of this paper is organized as follows. In Section V.2, we present the

hybrid model of the walker. The motion planning procedure for finding forced limit cycles

is formulated in Section V.3. In Section V.4, we present the design of a feedback controller

to achieve orbital stability of the periodic gait. Discussion of the results supported by

numerical simulations and are provided in Section V.5. Herewe verify robustness via

numerical simulations, evaluate energetic efficiency, andcompare some characteristics

of a found gait and another one found earlier for a similar model. The final concluding

remarks are given in Section V.6.

V.2 Model Description and Problem Formulation

In this section we describe the mathematical model of the system under study. This model

consists of a combination of a system of differential equations describing the continuous-

in-time evolution of the robot’s generalized coordinates,and a nonlinear instantaneous

map that is used to update the states after the collision of the swing-leg with the ground.

As a result, a hybrid (impulsive) model [9] is obtained for its further use in motion plan-

ning and controller design.

We consider the three-link planar robot depicted in Fig. V.1. This robot consists of a

torso, a hip, and two symmetric straight legs. It is assumed that the torso is kept upright

by two identical torsional springs between the torso and each leg, while active torque is

applied only between the legs. With this design, the robot presents two passive degrees of

freedom, i.e. the support leg and the upper body.

The motions considered are constrained to the sagittal plane, where the inevitable

scuffing problem1 of the swing-leg is neglected during the swing phase of the motion.

V.2.1 Swing phase dynamic model

In a walking gait, the stance leg, see Fig. V.1, acts as a pivotjoint. Under the assumption

of non-sliding ground foot contact, the Euler-Lagrange equations yield a dynamic model

1Knee-less biped walkers require a special mechanism to avoidscuffing of the swing leg to the ground during

a walking step. A possible solution with prismatic legs is suggested in [59]. Crossings that are not heel-strike

related will be ignored.
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Fig. V.1: Schematics of the biped in the sagittal plane and level ground. The walking motion is

described by evolution of the support-leg angleq1, the swing leg angleq2 and the torso angleq3.

The length of each leg is denoted byr and the torso’s byl. The masses of the legs, denoted by

m, are lumped atr/2. The hip mass is denoted byMh and the torso’s byMt, and it is lumped at

a distancel from the hip. Each of the two torsional springs between the legs and the torsohave

stiffness coefficientK.

for the continuous-in-time part of the motion (the single support phase) as

M(q)q̈ + C(q, q̇)q̇ +G(q) = B(q)u, (V.1)

whereM(q) is the positive definite matrix of inertias,G(q) is the vector of gravity and

C(q, q̇) is the matrix of Coriolis and centrifugal forces. Entries ofthese matrices are given

in Appendix A., while the physical parameters of the model are listed in Table I2.

Table I: Physical parameters

Parameters Legs Hip Torso

Mass [kg] m = 5 Mh = 15 Mt = 15

CoM [m] r/2 = 0.5 r = 1 l = 1

Length [m] r = 1

Gravity g = 9.81m/s2

Spring constant K, to be found

2The values are taken from a similar model studied in [37].
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Equation (V.1) describes evolution of the generalized coordinates until the swing leg

hits the ground. The collision or impact occurred at this moment is modeled as presented

below.

V.2.2 Impact Model

An impact model re-defines the velocity vectorq̇ after the collision of the swing leg

with the ground at the end of each consecutive step. The new vector q̇+ is used to re-

initialize the Euler-Lagrange equation (V.1), so that the same dynamical model is valid

for all continuous-in-time phases of the walking cycle. Thewalking plane defines the

switching surfaces of the impact event, and it is given by

Γ+ = Γ− =
{
q ∈ R

2 : cos(q1 + ψ) − cos(q2 + ψ) = 0
}
, (V.2)

whereψ denotes the angle of the slope.

Following the collision model of [46], and the derivations in [13,37,75], the instanta-

neous jump in the values of the states due to impact can be computed as follows

q+ = ∆ · q−, q− ∈ Γ−, q+ ∈ Γ+

q̇+ = F(q−) · q̇−, (V.3)

where the expressions for the matrices∆ andF (q) are given in Appendix B.. The sub-

scripts(·)− and(·)+ denote the values just prior and immediately after the impact event

respectively.

V.2.3 Problem Formulation

Planning a walking gait, i.e. a hybrid limit cycle for (V.1)-(V.3), consists of finding a

function u∗(t) and a solutionq = q∗(t) of the equation (V.1), on a nontrivial interval

t ∈ [0, Te]. In addition, the solution must fulfill the boundary conditions given by the

end-values[q(Te−), q̇(Te−)], which are mapped by the instantaneous update law (V.3)

into the initial values[q(0+), q̇(0+)].

The main difficulty of finding such a motion is that in most cases neither the input

functionu∗(t), nor the periodTe, nor the initial conditions(q(0+), q̇(0+)) are known a

priori3. Thus, finding a hybrid cycle is a non-trivial problem that, at least theoretically,

can be solved via an infinite dimensional optimization search.

3For the case of purely passive walking this control input is trivial, i.e. u∗(t) ≡ 0 ∀ t ∈ (0, Te). However,

initial conditions and period of a cycle, if exists, are unknown and so finding the gait is still a challenging

task [26].
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Below, we propose a systematic procedure that allows reformulating the motion plan-

ning problem as a finite dimensional optimization search. After that, following our previ-

ous work [29, 77], we design a feedback controller making thefound hybrid cycle expo-

nentially orbitally stable.

V.3 Motion planning for the hybrid model (V.1)-(V.3)

In this section, we present our main contribution providinga systematic procedure to

find walking gaits. This is done by the search of virtual holonomic constraints, which

are functions describing the instantaneous postures of therobot along a periodic motion.

Rather than trying to approximate them by polynomial functions [92], we derive a system

of differential equations, which they must satisfy. Once these constraint functions are

known, the procedure presented in [29] can be followed to achieve orbital stabilization.

V.3.1 Reparametrization of the motion

Suppose that the system (V.1)-(V.3) has a non-trivial hybrid forced periodic solution.

Then, the time evolution of the generalized coordinates forthe swing-phase of the cy-

cle can be denoted as

q1 = q1∗
(t), q2 = q2∗

(t), q3 = q3∗
(t), t ∈ [0, Te], (V.4)

where the interval[0, Te] represents the duration of one step up to the time of the impact

event. Knowing that the evolution of the stance leg angleq1 along the cycle is monotonic,

an alternative parametric representation of the same motion can be given as

q1 = θ∗(t), q2 = φ2(θ∗(t)), q3 = φ3(θ∗(t)) (V.5)

letting the angle of the support leg to uniquely define the remaining states. In this form,

the motion is described in terms of the twovirtual holonomic constraintfunctionsφ2(·)
andφ3(·) according to the evolution ofθ∗ ∈ [Θb,Θe].

It can be readily verified that substituting the relations

q1 = θ, q2 = φ2(θ), q3 = φ3(θ), (V.6)

together with

q̇1 = θ̇, q̈1 = θ̈,

q̇i = φ′i(θ)θ̇, q̈i = φ′′i (θ)θ̇2 + φ′i(θ)θ̈, i = {2, 3}, (V.7)
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into the robot dynamics (V.1), results in the following system of three differential equa-

tions

α1(θ)θ̈ + β1(θ)θ̇
2 + γ1(θ) = 0,

α2(θ)θ̈ + β2(θ)θ̇
2 + γ2(θ) = 0, (V.8)

α3(θ)θ̈ + β3(θ)θ̇
2 + γ3(θ) = −u

where the coefficientsαj(·), βj(·), andγj(·) are functions that are defined by the con-

straint functions and their derivatives

αj(θ) = αj

(

θ, φ2(θ), φ3(θ), φ
′
2(θ), φ

′
3(θ)

)

,

βj(θ) = βj

(

θ, φ2(θ), φ3(θ), φ
′
2(θ), φ

′
3(θ), φ

′′
2(θ), φ′′3(θ)

)

,

γj(θ) = γj

(

θ, φ2(θ), φ3(θ)
)

, j = {1, 2, 3}.

Notice that in order for a gait to exist,θ = θ∗(t) must be a simultaneous solution of

all three differential equations in (V.8). To solve these equations, one needs the initial

conditions[θ0, θ̇0], the constraint functionsφ2, φ3, and the control inputu = u∗(t),

expressed as a function ofθ = θ∗(t). Thus, the problem at this point remains of similar

difficulty as the original one. However, given the assumption that a gait in fact does exist,

the remaining part of this section shows how to derive a set ofdifferential equations for

φ2, φ3, andu by manipulating (V.8).

V.3.2 Equations for Constraint Functionsφi(·) along a Gait (V.5)

The equations (V.8) can be used for finding the constraint functionsφ2 andφ3. Indeed, by

selecting different pairs of equations in (V.8) we can rewrite the evolutions of̈θ = θ̈∗(t)

andθ̇2 = θ̇2∗(t) along the gait as follows:

[

θ̈

θ̇2

]

1

= −
[

α1 β1

α3 β3

]−1 [

γ1

γ3 + u

]

,

[

θ̈

θ̇2

]

2

= −
[

α2 β2

α3 β3

]−1 [

γ2

γ3 + u

]

, (V.9)

[

θ̈

θ̇2

]

3

= −
[

α1 β1

α2 β2

]−1 [

γ1

γ2

]

.
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These equalities can be shortly written as
[

θ̈

θ̇2

]

j

=

[

D1j

D2j

]

, j = {1, 2, 3}. (V.10)

Furthermore, along the gait (V.5), the functionsθ̈∗ andθ̇2∗ are related by the equality [83]:

θ̈∗(t) =
1

2

d

dθ

(

θ̇2∗(t)
)

. (V.11)

implying the validity of the relation

D1j =
1

2

d

dθ
(D2j) . (V.12)

Differentiating we find that (V.12) for eachj = {1, 2, 3} is in the form

2D1j =
d

dθ
D2j = χj +

∂D2j

∂φ′′2
φ′′′2 +

∂D2j

∂φ′′3
φ′′′3 +

∂D2j

∂u
u′ (V.13)

with

χj =
∂D2j

∂θ
+
∂D2j

∂φ2
φ′2 +

∂D2j

∂φ3
φ′3 +

∂D2j

∂φ′2
φ′′2 +

∂D2j

∂φ′3
φ′′3 .

Here we assume that the control inputu = u∗(t) along the gait can be expressed as a

C1-smooth function ofθ = θ∗(t). Resolving the equations (V.13) with respect to the

highest derivatives of the constraint functionsφ′′′2 , φ′′′3 , and of the input torqueu′, allows

to find the differential equations for these constraint functions and the control input
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. (V.14)

To solve (V.14) one needs a vector of initial conditions

ξ =
[

φ+
2 , φ

+
3 , φ

′+
2 , φ

′+
3 , φ

′′+
2 , φ

′′+
3 , u+

]T

∈ R
7, (V.15)

where(·)+ denotes the values atθ(0) = θ+, i.e. the value of the angle of the support leg

at the beginning of the walking gait. The system of differential equations (V.14) should

be solved on an appropriate interval of values betweenθ+ andθ−, representing the initial

and final stance-leg angles. The time evolution of the parameterizing variableθ∗(t) can be

explicitly found by solving either of the two first equationsin (V.8), as soon as a solution



142 V. Biped Walker with Torso

for φi(·) is obtained. In addition, the time representation (V.4) canbe calculated using

(V.6)-(V.7).

In order to fully understand the advantage of using (V.14), it is worth to observe that

the infinite dimensional difficult task of computing

• an unknown in advance time interval (a gait periodTe),

• an unknown external generalized force, i.e. the control signal u = u∗(t) for t ∈
[0, Te], and

• initial conditions of the states,

is converted into a finite dimensional task of finding initialconditions (V.15) for differen-

tial equation (V.14). This task is similar to those that one arrives at searching for a gait in

passive walkers, and which have been extensively studied.

V.3.3 Procedure for finding a symmetric gait

The iterative search of a symmetric gait is based on solving (V.14) given the initial con-

ditions (V.15) and the spring coefficientK, which altogether constitute the unknown pa-

rameters. The initialization vector for the search is defined as

X∗ =
[

K, θ+, φ+
3 , θ̇

+, φ
′+
2 , φ

′+
3 , u+

]T

∈ R
7, (V.16)

since in a symmetric gait on level ground (with the slopeψ = 0) one hasφ+
2 = −θ+,

i.e. both legs touching the ground. In addition, the three equations in (V.8) can be solved

with respect töθ, φ
′′

2 , andφ
′′

3 , from which the reminder of the initial conditionsφ
′′+
2 and

φ
′′+
3 are explicitly computed using the values in (V.16). Overall, the proposed steps in the

iterative search are summarized below.

Procedure 1 A symmetric gait of the biped walker (V.1)-(V.3) is defined interms of eight

parameters. Six of them represent the initial states of the walker, one is the initial value

u+ for the input, and one parameter is the coefficientK of the torsional springs at the

hip. The search procedure consists of the following steps:

1. Choose the vectorX∗ defined by (V.16) such that[θ+, φ+
2 , φ

+
3 , θ̇

+, φ
′+
2 θ̇+, φ

′+
3 θ̇+] ∈

Γ+.

2. Calculateφ
′′+
2 andφ

′′+
3 from (V.8) to define the vector of initial conditions (V.15).
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3. Solve (V.14) with the initial conditions from the previous step for the interval[θ+, θ−],

whereθ− = −θ+. If the solution is not well-defined for the whole interval, come

back to the first step.

4. Use the end-values of the solution from the previous step to define the vector

[θ−, φ−2 , φ
−
3 , θ̇

−, φ
′−
2 θ̇−, φ

′−
3 θ̇−] ∈ Γ−. Apply the update law and compare

the resulting vector with the one defined in the first step. If they are not identical,

adjust the vector chosen on the first step and repeat all the steps, otherwise a fixed

point is found.

The search above can be organized as a standard numerical constrained nonlinear

optimization routine, by considering motions either from left to right or the opposite. This

nonlinear optimization intends to find a fixed point as it is usually done in the search of

gaits for passive walkers [59]. The optimization problem isnon-convex in the parameter

set, and therefore hard to solve. The convergence to a particular set of parameters is upon

the initial guess. Thus, reasonable initial values are required for the search. We have run

it with several initial conditions resulting in several solutions, one of which is presented

below. The initial conditions written as initial conditions (V.15) for the dynamical system

(V.14), are

ξ ≈ [0.3375, 0.5816, −0.0883, 0.1620,

−4.4508, 1.7286, 2.7132
]T

, (V.17)

and the found spring stiffness isK = 20.3429 N/m. The evolution ofθ is within the step

interval about[−0.3375, 0.3375] and the period isTe ≈ 0.56 sec. The graphs of the found

constraint functionsφ2(θ), φ3(θ) and of the control signalu = u∗(t) are shown in Fig.

V.2. A snapshot of the walking behavior is shown in Fig. V.3. The corresponding vector

of initial conditions written for the dynamics of the walker(V.1) are

q1∗(0) ≈ −0.3375, q2∗(0) ≈ 0.3375, q3∗(0) ≈ 0.5816

q̇1∗(0) ≈ 1.3470, q̇2∗(0) ≈ −0.1189, q̇3∗(0) ≈ 0.2182
(V.18)

V.4 Design of an Orbital Stabilizing Feedback Control

Law

In this section we show how to render the found orbit exponentially stable in the hybrid

model (V.1)-(V.3). To this end, the technique recently proposed in [30,77,78] is applied,
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Fig. V.2: Solutions of (V.14) as functions ofθ with initial conditions (V.17). Top Left: Support leg.

Top right: Swing Leg. Bottom left: Torso. Bottom right: Nominal input torque.The motion goes

from left to right.

and it is based on computing a special impulsive linear system. Finding a linear stabiliz-

ing feedback controller for this system leads to a straightforward design of an orbitally

exponentially stabilizing nonlinear feedback controllerfor the hybrid nonlinear system.

Our main contributions within this context are exemplifying the work of [29], employing

a special partial feedback transformation, and suggestinga particular matrix differential

Riccati equation with boundary conditions, solutions of which can be used for stabiliza-

tion.

Below we illustrate the approach and synthesize a state feedback controller to stabilize

the found gait. The possible steps to follow are recalled next for completeness.
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Fig. V.3: Animation of one step of the gait.

V.4.1 Computing a key impulsive linear system

Folllowing [29, 30, 77], we construct for the 3-DOF walker dynamics (V.1)-(V.3) an im-

pulsive system

d
dτ x̂⊥(τ) = A(τ modTe)x̂⊥(τ) +B(τ modTe)û⊥(τ), (V.19)

x̂⊥(τ+) := L x̂⊥(τ−) τ = Te · k, k = 1, 2, . . . (V.20)

where the linear system (V.19) approximates dynamics orthogonal to the trajectory (V.4)

andL ∈ R
5×5 corresponds to a linearization of the impact map.

Having known the model for dynamics of the walker (V.1)-(V.3), its solution (V.4),

and the associated constraint functions (V.5), the matrix-functionsA(τ), B(τ), and the

matrix L of this linear system can be found analytically following [77]. As soon as a

stabilizing feedback control law for (V.19), (V.20) is found, it can be transfered into a

nonlinear orbitally exponentially stabilizing state feedback control law for the nonlinear

system (V.1)-(V.3), see [77,78].

To compute (V.19) we follow the next steps.

Change of coordinates

Givenφ1, φ2, and their derivatives, introduce the following new generalized coordinates

for (V.1) in a vicinity of the motion:

θ = q1, y1 = q2 − φ2(θ), y2 = q3 − φ3(θ), (V.21)

with the derivatives

θ̇ = q̇1, ẏi = q̇i+1 − φ′i+1(θ)θ̇, (V.22)

θ̈ = q̈1, ÿi = q̈i+1 −
(

φ′′i+1(θ)θ̇
2 + φ′i+1(θ)θ̈

)

(V.23)

where i = {1, 2}. Observe that as long as a control action makes the desired cycle

invariant and the initial conditions are on the cycle, we have (up to a time shift)

θ = θ∗(t), θ̇ = θ̇∗(t), yi = 0, ẏi = 0. (V.24)
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Dynamics (V.1) in the new coordinates can be found by introducing the expression from

(V.21), (V.22) and (V.23) into dynamics of the robot (V.1). This substitution allows rewrit-

ing the dynamics in the following form:

αi(θ)θ̈ + βi(θ)θ
2 + γi(θ) = gi(θ, θ̇, y, ẏ, ÿ), (V.25)

ÿ1 = R1(y, θ, ẏ, θ̇) +N1(y, θ)u, (V.26)

ÿ2 = R2(y, θ, ẏ, θ̇) +N2(y, θ)u, (V.27)

where one can take eitheri = 1 or i = 2 andgi(·) is a smooth function that is equal to

zero on the desired orbit.

Partial feedback transformation

Introduce the feedback transformation linearizing (V.26)

u =
1

N1
u⊥ − R1

N1
, (V.28)

that is locally feasible for our case4, sinceN1(0, θ∗(t)) 6= 0 for all t ∈ [0, Te]. In this

form the nominal control inputu∗(t) is given by5

u∗(t) = U(θ∗(t), θ̇∗(t)) = −R1(0, θ∗(t), 0, θ̇∗(t))

N1(0, θ∗(t), 0, θ̇∗(t))
, (V.29)

The transformation (V.28) brings they1-dynamics into the form:̈y1 = u⊥. Substitut-

ing (V.28) into (V.27) yields the y-dynamics as:
[

ÿ1

ÿ2

]

=

[

0

R2 − N2

N1

R1

]

︸ ︷︷ ︸

R(θ,θ̇,y,ẏ)

+

[

1
N2

N1

]

︸ ︷︷ ︸

N(θ,y)

u⊥, (V.30)

Coordinates measuring the distance

The dynamical system (V.25), (V.30) possesses a natural choice of (2n − 1) so-called

transverse coordinates

x⊥ = [I(i)(θ, θ̇, θ∗(0), θ̇∗(0)), y1, y2, ẏ1, ẏ2]
T , (V.31)

whereI(i) is a conserved quantity that measures the Euclidean distance to the desired

cycle projected onto the[θ, θ̇] plane, see Appendix C..

4This transformation simplifies application of the technique from [78].
5This function is computed already in the motion planning stageand its graph is shown in Fig. V.2.
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Consider the nonlinear dynamical system (V.30), (V.25) andits solution defined for

t ∈ [0, Te]

y1 ≡ 0, y2 ≡ 0, θ ≡ θ∗(t), u⊥ ≡ 0, (V.32)

Analytically computing the differential equations for (V.31) in a vicinity of (V.32) and

dropping all the nonlinear terms one obtains the time-varying system (V.19) with

A(τ) =











a11(τ) a12(τ) a13(τ) a14(τ) a15(τ)

0 0 0 1 0

0 0 0 0 1

0 0 0 0 0

A21(τ) A22(τ) A23(τ) A24(τ) A25(τ)











,

B(τ) =
[

b1(τ) 0 0 1 B2(τ)
]T

, (V.33)

specified by the formulae given in Appendix D.. Computation of the matrixL in (V.20)

is done exactly as in [30,77].

Now, we proceed with designing a stabilizing feedback controller for the system

(V.19)–(V.20).

V.4.2 Feedback controller design

Suppose there exist aC1-smooth vector of gainsK(τ), such that the feedback control law

û⊥(τ) = K(τ) x̂⊥(τ), (V.34)

stabilizes the equilibrium of the impulsive linear system (V.19)–(V.20). Then, an orbitally

stabilizing controller for the nonlinear system (V.30), (V.25) can be constructed as follows

[77,78]:

u⊥(t) = K(s)x⊥(t), s = s(θ(t)), (V.35)

wherex⊥(t) is given by (V.31), ands(θ) is an index parameterizing the particular leaf of

the induced moving Poincaré section, to which the vectorx⊥ belongs at time momentst,

see [77]. For our example, we take a smooths(θ) such thats(θ∗(t)) = t for t ∈ [0, Te].

Finally, the gainK(τ) can be chosen via a few steps of the numerical minimization

procedure for the maximum absolute value of the eigenvaluesof the state transition matrix

Φ(Te+) computed as follows

d
dτ Φ(τ) =

[
A(τ) +B(τ)K(τ)

]
Φ(τ), Φ(0+) = I

Φ(T+
e ) = LΦ(T−

e ). (V.36)
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Alternatively,K(τ) can be computed via solving the associated differential Riccati equa-

tion on the period of the gait with additional constraints atthe beginning and the end of

the interval. More precisely, the stabilizing controller can be defined as

K(τ) = −Γ−1B(τ)TR(τ)

whereR(τ) is the positive definite solution of the equation

d
dtR(τ)+A(τ)TR(τ)+R(τ)A(τ)+G(τ) =

= R(τ)B(τ)Γ(τ)−1B(τ)TR(τ)

defined forτ ∈ [0, Te] such that

LTR(0)L ≤ R(Te)

HereG(τ), Γ(τ) are positive definite matrix functions of appropriate dimensions. Despite

the challenge of solving this numerical problem, we have followed this general method

and have computedK(τ) for the found gait, and its components are shown in Fig. V.4.

V.5 Discussion

Let us make a few remarks on the properties and characteristics of the designed gait.

First, we show some numerical simulations demonstrating performance of the closed-loop

system under various conditions to verify robustness with respect to certain disturbances

and variations of the nominal parameters. After that, we introduce the concept of energetic

autonomy and numerically verify the gait efficiency. Then, we illustrate an interesting

property of the obtained gait, known as unstable hybrid zerodynamics, to justify our

numerically involved stabilization technique.

Let us start with results of numerical simulations illustrating robustness and perfor-

mance of the designed above closed-loop system with a singlecontrol input.

V.5.1 Performance of the system without uncertainties

Convergence to zero of the transverse coordinates for our closed-loop system initiated

away from the planned limit cycle is demonstrated on Fig. V.5and V.6.

The aim of the rest of this section is to illustrate robustness with respect to parametric

uncertainty and disturbances.
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Fig. V.4: Graphs of computedKI(t), Ky1
(t), Kẏ1

(t), Ky2
(t) andKẏ2

(t) for one period (Te ≈

0.56 sec) of the walking gait.

V.5.2 Tolerance against disturbances

To test the reaction to introducing measurement noise, we have simulated the closed-loop

system with states corrupted by white noises of different powers, see Fig. V.7. One

can observe a phase shift that also affects the period of the obtained walking pattern.

Interestingly, the imposed geometric relations are almostnot perturbed, see Fig. V.8.

V.5.3 Tolerance against variation of model parameters

Since the controller is usually designed for a nominal plantmodel, parameters of which

can not be identified perfectly in practice, it is of interestto verify the quality of handling

parametric uncertainty.

In Fig. V.9 we present simulation results for the case where all the physical parame-

ters have values of90% from the nominal ones given in Table I. As might be intuitively

expected, the closed-loop system setteles at motions with different frequency. However,

once again, the controller is able to maintain the trajectories in a vicinity of the desired



150 V. Biped Walker with Torso

0 2 4 6 8 10 12 14 16 18 20
−0.05

0

0.05

0.1

0.15
TRANVERSE COORDINATES

I(
t)

0 2 4 6 8 10 12 14 16 18 20
−0.01

0

0.01

0.02

y 1(t
)

0 2 4 6 8 10 12 14 16 18 20
−0.02

0

0.02

0.04

time [sec]

y 2(t
)

Fig. V.5: Evolution of the transverse coordinates (which are zeros on the nominalgait) along a

solution of the closed-loop system with the perturbed initial conditions. As seen, the values are

zeros in about6 sec, i.e. the transient to the nominal gait takes about 11 steps.

nominal cycle. This can be seen in Fig. V.10, where the virtual constraints are shown to be

kept invariant with exception of the function describing the motion of the torso. However,

the biased torso function is maintained invariant and in a vicinity of the nominal one.

Now, with some numerical evidence of robustness of the designed closed-loop system,

we would like to discuss the characteristics of the planned motion itself.

V.5.4 Consumed energy

An important dynamic criteria of walking gaits, commonly used for evaluation and com-

parison, is the energetic efficiency [13, 92]. The index is defined as the energy spent per

unit of distance traveled, i.e.

J1(u⋆) =
1

Lstep
J0(u⋆), (V.37)
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Fig. V.6: Phase portrait for each of the coordinates. Top left: support legθ̇ vs.θ . Top right: swing

leg q̇2(θ) vs.q2(θ). Bottom left: torsoq̇3(θ) vs.q3(θ). Bottom right: torqueu vs.θ.

whereLstep = 2 r sin(θ+) is the step length andJ0(u⋆) is an integral of the absolute

power needed to generate the trajectory

J0(u∗) =

∫ Te

0

∣
∣q̇T

∗ (t)B
(
q∗(t)

)
u∗(t)

∣
∣ dt (V.38)

=

∫ Te

0

|(q̇1∗(t) − q̇2∗(t)) u∗(t)| dt. (V.39)

The numerical value for (V.37) with (V.39) for the gait presented in our example is

6.574W
m .

For the sake of comparison, let us consider the gait exemplified in the seminal work

of [37, 92], where a similar model equipped with two actuators is analyzed. The two

actuators act between each leg and the torso, i.e. exactly where we have put the torsional

springs. For the gait from [37], (V.38) becomes

J0

(

u [37]
1∗ , u [37]

2∗

)

=

Te∫

0

{∣
∣
∣

(

q̇ [37]
3∗ (t)−q̇ [37]

1∗ (t)
)

u [37]
1∗ (t)

∣
∣
∣

+
∣
∣
∣

(

q̇ [37]
2∗ (t)−q̇ [37]

3∗ (t)
)

u [37]
2∗ (t)

∣
∣
∣

}

dt

(V.40)

Using the code provided by the authors of [92], we have computed (V.37) with (V.40)

and obtained the value of35.548W
m . It is probably not surprising that efficiency of our

gait is almost six times better since the actuators in [37] not only impose the walking gait

but also keep the torso from falling, while in our system the latter is mostly done by the

passive torsional springs.
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Fig. V.7: The nominal trajectory is depicted with the blue signal (solid line) for the interval [8.8 −

9.6] seconds. The perturbed trajectory with a noise power of amplitude0.005 is plotted with red

color (dotted line). The perturbed trajectory with a noise power of amplitude0.01 is plotted with

black color (dashed line).

Assuming that we intend to apply two actuators to our robot, we could calculate the

two control inputs of [37] as

u1 = −u−K(q1 − q3), u2 = u−K(q2 − q3), (V.41)

obtaining in this form the same model as in [37]. Thus, we consider that our gait is

implemented with two control inputs instead of one. Hence, it is of interest to compute

the index (V.37) with control inputsu1∗(t) andu2∗(t) from (V.41) for our gait, i.e.

J0 (u1∗, u2∗) =
Te∫

0

{

|(q̇3∗(t)−q̇1∗(t))u1∗(t)|+|(q̇2∗(t)−q̇3∗(t))u2∗(t)|
}

dt

The value ofJ1 (u1∗, u2∗) is ≈ 17.51W
m and it is twice smaller thanJ1

(

u [37]
1∗ , u [37]

2∗

)

of (V.40). This observation provokes a question of whether or not for the system of
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Fig. V.8: Superimposing the virtual constraints of the nominal gait and the simulated once for the

case when Gaussian white noise corrupts the states.

underactuation one considered in [37], we could orbitally stabilize our gait applying the

simpler feedback control design strategy based on the notion of hybrid zero dynamics

[92,93]. We show next that the answer is negative.

V.5.5 Hybrid zero dynamics

The hybrid zero-dynamics6 takes the following form

αi(θ)θ̈ + βi(θ)θ̇
2 + γi(θ) = 0 for θ < θ−,

θ̇(t+) = F θ̇(t−), θ(t+) = θ+ for θ(t−) = θ−
(V.42)

whereF = F ([θ−, θ+]) = 0.6062 is defined in Appendix B., and can be equivalently

rewritten, using the integrability property and the quantity I(i) defined in Appendix C., as

the implicit discrete dynamical system [77]

I(i)(θ−, θ̇k(t−), θ+, θ̇k(t+)) = 0,

θ̇k+1(t+) = F θ̇k(t−)

wherek counts the number of instantaneous updates. The fact thatI(i) is quadratic in

θ̇, like a kinetic energy of a mechanical system, allows to arrive to the explicit analytical

6See the original seminal paper [93], as well as [92], for the definition and the description of the feedback

control strategy consisting of partial feedback linearization and additional linear static feedback ony1, y2, ẏ1,

ẏ2.
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Fig. V.9: The nominal trajectory is depicted with bold line for the time interval[8 − 10] seconds.

The dotted lines represent the trajectory for the case where the parameters have been reduced by

10% from the values used at the design stage.

expression

θ̇k+1(t+) = F

√

a1θ̇2k(t+) + a0, (V.43)

with some constantsa0, a1. This is the Poincaré first-return map for the hybrid zero

dynamics, see [37, 92, 93] for related calculations.θ̇+ = 1.3469 is a fixed point of this

map. The Lamerey diagram of the associated discrete system is depicted on Fig. V.11 and

it leads to the conclusion that it is exponentially unstable.

Therefore, the hybrid zero-dynamics associated with the walking gait found in this

paper is unstable as well. As a result, the gait cannot be orbitally stabilized directly

following the approach described in [92] based on stabilizing the manifold where such

dynamics is defined, even in the case when the system has two control inputs.

Note that clearly the found gait can be orbitally stabilizedfor the case with two control

inputs using the obvious modification (V.41) of the controller derived above. However,

using a similar approach applied directly to the system withtwo control inputs might lead

to a better performance.
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Fig. V.10: Superimposing the virtual constraints of the nominal gait with the simulated ones for the

case when the parameters are reduced by10%.

V.6 Conclusions

We have presented a systematic procedure for motion planning and control design for an

impulsive mechanical system with several passive links describing a walking device. The

procedure is presented on the standard example of the compass-like biped walker with

torso, modeled as an impulsive mechanical system with threedegrees of freedom and one

actuator. The characteristic features and difficulties areassociated with the dynamical

constraints imposed on any feasible trajectory due to underactuation. These constraints

prevent designing feedback transformations linearizing the dynamics in certain coordi-

nates and make the problem challenging.

The key for our successful motion planning is the search for relations among the

generalized coordinates, rather than for a forced motion asa function of time achieved in

response to an unknown control input. These relations, as well as the control input, are

found as a solution of a system of differential equations. Onthis way, we formulate a

finite-dimensional numerical search, which is similar to the procedure for finding gaits of

passive walkers.

To stabilize the motion we have re-used and extended the arguments of [29, 77]. The

method is based on stabilization of an analytically computed linear impulsive system that

approximates the dynamics of the special coordinates that measure deviations from the

planned periodic motion. This technique allows to design nonlinear feedback controllers

that ensure exponential orbital stability and correspondingly certain degree of robustness.
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Fig. V.11: Lamerey diagram. The dotted line represents a line forθ̇k+1 = θ̇k. The solid line is the

result of the mapping (V.43). Clearly, the slope of the solid line is bigger than one, and therefore it

represents an unstable gait.

We have also discussed some characteristics of the found gait and showed results of

numerical simulations verifying robustness against disturbances and parametric uncer-

tainties in the model.

A. Matrices for the dynamic model (V.1):

M =






(
Mh + 5

4m+Mt

)
r2 − 1

2mr
2c12 Mtrlc13

− 1
2mr

2c12
1
4mr

2 0

Mtrlc13 0 Mtl
2




 ,

C =






0 − 1
2mr

2s12q̇2 Mtrls13q̇3
1
2mr

2s12q̇1 0 0

−Mtrls13q̇1 0 0




 ,
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G =






(q1 − q3)K −
(
Mh + 3

2m+Mt

)
rs1g

(q2 − q3)K + 1
2mgr

2s2

(2q3 − q2 − q1)K −Mtgls3




 ,

B(q) =






1

−1

0




 ,

where
s1j = sin(q1 − qj),

c1j = cos(q1 − qj),

with j = {2, 3}.

B. Impact Modeling

The velocities after an impact can be computed by the next algebraic matrix system [46]
[

Mǫ −∂ζ(qǫ)
∂qǫ

T

∂ζ(qǫ)
∂qǫ

02×2

][

q̇+ǫ

ρ

]

=

[

Mǫq̇
−
ǫ

02×5

]

, (V.44)

where the matrixMǫ(qǫ) is an augmented inertia matrix of the model depicted in Fig.

V.12. The vectorqǫ = [q1, q2, q3, x, y]
T is an augmented vector, where the added states

[x, y] are the coordinates at the end of the stance leg. The expression ∂ζ(qǫ)
∂qǫ

is the Jacobian

of the transformation defining the cartesian coordinates atthe impact point.

ζ(qǫ) =

[

x+ r · sin(q1) − r · sin(q2)

y + r · cos(q1) − r · cos(q2)

]

. (V.45)

The vectorρ contains the normal and tangential reaction forces at the end of the swing

leg. By solving (V.44) with (V.45), and by introducing the angular states relabeling oper-

ator as

∆ =






0 1 0

1 0 0

0 0 1




 , (V.46)

the new states after an impact can be calculated as follows

[

q̇+ǫ

ρ

]

=




Mǫ −∂ζ(q−

ǫ )
∂qǫ

T

∂ζ(q−

ǫ )
∂qǫ

02×2





−1 [

Mǫq̇
−
ǫ

02×5

]

, (V.47)

from which the stateṡq+ are the first three components ofq̇+ǫ .
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Fig. V.12: Schematics of the biped in sagittal plane with the augmented coordinates[x, y]T at the

end of the support leg.

C. Integral of motion

Any of the second order differential equations of (V.8) is integrable, and the general inte-

gral of motion [83] is formulated in the following lemma.

Lemma 6 Along the solutions of the differential equation

αi(θ)θ̈ + βi(θ)θ̇
2 + γi(θ) = 0, i = {1, 2} (V.48)

initiated atθ(0) = θ0 and θ̇(0) = θ̇0, the integral function

I(i)(θ, θ̇, θ0, θ̇0) = θ̇2 − Ψ(θ0, θ)

[

θ̇20 −
∫ θ

θ0

Ψ(s, θ0)
2γi(s)

αi(s)
ds

]

, (V.49)

with

Ψ(θ1, θ2) = exp

{

−2

∫ θ2

θ1

βi(τ)

αi(τ)
dτ

}

(V.50)

preserves its zero value.
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D. Formulas for computation of A(t) and B(t)

• Consider the linearized dynamics for the scalarI(i), where

İ
(i)
• = a

(i)
11 (t)I

(i)
• + a

(i)
12 (t)Y1 + a

(i)
13 (t)Y2 + a

(i)
14 (t)Ẏ1 + a

(i)
15 (t)Ẏ2 + b

(i)
1 (t)V

with a(i)
11 = 2θ̇∗(t)

α(θ∗(t)) ·
(

θ̇
∂gi
∂θ̇

−θ̈
∂gi
∂θ

2(θ̇2
∗
+θ̈2

∗
)

− β(θ∗(t))

)

and

a
(i)
12 (t) =

2θ̇∗(t)

αi(θ∗(t))
· g(i)

y1
(θ∗(t), θ̇∗(t), θ̈∗(t), 0, 0),

a
(i)
13 (t) =

2θ̇∗(t)

αi(θ∗(t))
· g(i)

y2
(θ∗(t), θ̇∗(t), θ̈∗(t), 0, 0),

a
(i)
14 (t) =

2θ̇∗(t)

αi(θ∗(t))
· g(i)

ẏ1
(θ∗(t), θ̇∗(t), θ̈∗(t), 0, 0),

a
(i)
15 (t) =

2θ̇∗(t)

αi(θ∗(t))
· g(i)

ẏ2
(θ∗(t), θ̇∗(t), θ̈∗(t), 0, 0),

b
(i)
1 (t) =

2θ̇∗(t)

αi(θ∗(t))
· g(i)

v (θ∗(t), θ̇∗(t), θ̈∗(t), 0, 0).

• The coefficients for the linearized dynamics of the[yT , ẏT ]-variables are

A21 =

[

θ̇ ∂R
∂θ̇

− θ̈ ∂R
∂θ

]

2
(

θ̇2 + θ̈2
)

∣
∣
∣
∣
∣
∣
θ=θ∗(t),

θ̇=θ̇∗(t),

θ̈=θ̈∗(t),
y=ẏ=0

, (V.51)

A22 =
∂R

∂y1

∣
∣
∣
∣θ=θ∗(t),

θ̇=θ̇∗(t),

θ̈=θ̈∗(t),
y=ẏ=0

, A23 =
∂R

∂y2

∣
∣
∣
∣θ=θ∗(t),

θ̇=θ̇∗(t),

θ̈=θ̈∗(t),
y=ẏ=0

, (V.52)

A24 =
∂R

∂ẏ1

∣
∣
∣
∣θ=θ∗(t),

θ̇=θ̇∗(t),

θ̈=θ̈∗(t),
y=ẏ=0

, A25 =
∂R

∂ẏ2

∣
∣
∣
∣θ=θ∗(t),

θ̇=θ̇∗(t),

θ̈=θ̈∗(t),
y=ẏ=0

, (V.53)

B2 = N(θ∗(t), 0). (V.54)
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