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Generalised Linear Models

with Clustered Data

Henrik Holmberg

Abstract

In situations where a large data set is partitioned into
many relatively small clusters, and where the members within
a cluster have some common unmeasured characteristics, the
number of parameters requiring estimation tends to increase
with sample size if a fixed effects model is applied. This fact
causes the assumptions underlying asymptotic results to be
violated.

The first paper in this thesis considers two possible solu-
tions to this problem, a random intercepts model and a fixed
effects model, where asymptotics are replaced by a simple form
of bootstrapping. A profiling approach is introduced in the
fixed effects case, which makes it computationally efficient even
with a huge number of clusters. The grouping effect is mainly
seen as a nuisance in this paper.

In the second paper the effect of misspecifying the dis-
tribution of the random effects in a generalised linear mixed
model for binary data is studied. One problem with mixed
effects models is that the distributional assumptions about the
random effects are not easily checked from real data. Models
with Gaussian, logistic and Cauchy distributional assumptions
are used for parameter estimation on data simulated using
the same three distributions. The effect of these assumptions
on parameter estimation is presented. Two criteria for model
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selection are investigated, the Akaike information criterion and
a criterion based on a χ2 statistic. The estimators for fixed
effects parameters are quite robust against misspecification of
the random effects distribution, at least with the distributions
used in this paper. Even when the true random effects
distribution is Cauchy, models assuming a Gaussian or a
logistic distribution regularly produce estimates with less bias.

2



Acknowledgements

I would like to thank
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1 Introduction

When a data set is partitioned into many relatively small clusters,
and where the members within a cluster have some common
unmeasured characteristics, the number of parameters requiring
estimation tends to increase with sample size if a fixed effects model
is applied. Data of this composition is commonly encountered in
many fields of application, for example in medical studies with
repeated measures of patients, and in demographic studies, where
it is realistic to assume that members of a family have common
characteristics. Generalised linear mixed models are frequently used
to analyse binary and count response grouped data of this kind. The
generalised linear model with random intercept has implementations
in many standard software packages. It is available in SAS, Stata,
and in R (R Development Core Team 2009). There are also (at
least) five R packages available, the lme4 package (Bates, Maechler
& Dai 2008) includes the lmer function, the MASS package (Venables
& Ripley 2002) includes Ripley’s glmmPQL function, the glmmAK

package (Komarek 2009), the glmmBUGS package (Brown 2009), and
the glmmML package (Broström 2009).

In this thesis glmmML is used for model fitting. As the name
implies, the package fits the model via a direct maximum likelihood
approach, how this is implemented is described in the first paper
where we show how to construct the log-likelihood function and the
derivatives thereof needed for maximisation.

When considering models for data sets consisting of groups,
the presence or non-presence of clustering effects is an important
issue, since if there are no clustering effects, then fitting a mixed
effects model would be to complicate the problem unnecessarily;
a fixed effects model would describe the data just as well, but
with less complexity and at a much lower computational cost. In
the first paper we study two ways of testing the hypothesis of no
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clustering. The first route is through a fixed effects model and testing
is performed via a simple bootstrap. Under the null hypothesis of
no cluster effect, the grouping factor can be randomly permuted
without changing the probability distribution. This is the basic idea
in estimating the p-value by simulation. The other way to test this
hypothesis that we are investigating is via a mixed effects model
where the scale parameter of the mixing distributions is estimated.
If it differs significantly from zero then we can conclude that there
is clustering.

There has been some debate over the need for mixed effects
models for this kind of binary clustered data, Yano, Beal & Sheiner
(2001) illustrate examples where a fixed effect model produces
more accurate estimates of the fixed effect parameters then its
corresponding mixed effects model. In a reply to that article,
Murphy & Dunne (2005) performed a similar simulation study
including only models with no covariates, the models fitted were
a fixed effects model and a mixed model, the latter using either
Laplace approximation or Gauss-Hermite quadrature for likelihood
approximation. In the first paper in this thesis we investigate the
same phenomena, but expand the study to include covariates and
the step of testing whether there is a significant clustering effect or
not.

The estimation of parameters using maximum likelihood relies on
the model being correctly specified. One important part in a mixed
model specification that is often neglected is the random effects
distribution. The most common way to specify the random effects
distribution is to assume that it is Gaussian; this assumption is hard
to check since the random effects are unobserved. An important
question is: what is the effect on the regression parameter estimates
when the deterministic part of the model is correctly specified while
the random effect distribution is misspecified?

There are several papers addressing this problem. Litière, Alonso
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& Molenberghs (2007) focus on the type I and type II errors of the
test for the mean structures in GLMMs with misspecified random
effects distributions. The models fitted in Litière et al. (2007)
assumed a Gaussian random effects distribution while data were
generated using three non-Gaussian distributions. Agresti, Caffo
& Ohman-Strickland (2004) investigated by simulation the effect on
fixed effects parameter estimates of misspecifying the mixed effects
distribution. Their data were simulated with four different random
effects distributions and the models fitted with the parametric
assumption of Gaussian random effects and via a non-parametric
approach. Model comparison was difficult using the non-parametric
approach.

The problem with clustering in demographic applications has
been studied in a few reports and papers from our research group
(Edvinsson, Brändström, Rogers & Broström 2005, Lindkvist &
Broström 2006, Broström & Holmberg 2009). In the second paper in
this thesis the impact of random effects distribution misspecification
on a smaller scale on parameter estimation is studied by simulation.
The distributions used in the simulation study are similar in shape
and the largest differences are in the tails of the distributions,
so compared to the articles mentioned the misspecification is of
a much smaller magnitude in this study. Three random effects
distributions, the Gaussian, logistic, and Cauchy, are used for data
simulation and as random effects distribution assumptions for model
fitting. For each data set three models are fitted, one with the
standard assumption of Gaussian random effects, the second logistic
and the third with a Cauchy random effects assumption. But to
abandon the commonly considered quite safe parametric assumption
of Gaussian random effects in the model specifications, one needs a
model selection procedure to rely on. Two criteria for model selection
are investigated in the simulation study.

The Akaike information criterion (AIC) is used as one model
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selection criterion and is compared to an alternative model selection
criterion based on a goodness of fit χ2 statistic. Since the model
fitting is done by maximum likelihood, AIC is readily available
whereas the χ2 statistic requires that the marginal distribution of
number of events in clusters for the estimated model be derived.

2 Random intercept model

For a more thorough description of generalised linear models,
see McCullagh & Nelder (1989). A mixed effects model consists
of a random and a deterministic structure. Assume that there
are n groups of observations in our data, each consisting of ni

responses, i = 1, . . . , n. The observed responses are denoted
(yi1, . . . , yini

) and the explanatory variables (xi1, . . . ,xini
), where

xij is a p-dimensional vector with the first element equal to unity,
corresponding to the mean value of the random intercept. The
random part of the intercept, ui, is assumed to follow a distribution
with density

h(u;σ) =
1

σ
p

(

u

σ

)

, −∞ < u <∞, σ > 0,

i.e., with location zero and scale σ. It is assumed that u1, . . . , un are
independent and identically distributed.

The conditional response given the random effect ui, is assumed
to follow a multivariate distribution

Pr(Yij = yij | ui;x) = P (βxij + ui, yij),

yij = 0, 1, . . . ; j = 1, . . . , ni, i = 1, . . . , n.

For example, with the Bernoulli distribution and the logit link, we
get

P (x, y) =
exy

1 + ex
, y = 0, 1; −∞ < x <∞, (1)
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and for the Poisson distribution with log link we have

P (x, y) =
exy

y!
e−ex

, y = 0, 1, 2, . . . ; −∞ < x <∞. (2)

What model should be used for a particular data set, i.e., when
is a mixed effects model preferable over a fixed effects model?
Generally speaking, a random effects model is appropriate if the
observed clusters may be regarded as a random sample from a (large,
possibly infinite) pool of possible clusters. The observed clusters are
of no practical interest per se, but the distribution in the pool is. Or
this distribution is regarded as a nuisance that needs to be controlled
for. A fixed effects model, on the other hand, is appropriate if we
consider the given clusters as the full universe of clusters.

In the random effects case, we expect the number of clusters to
grow as sample size grows, and the family sizes to remain stable.
In the fixed effects approach, on the other hand, it is expected that
the number of clusters is stable, while cluster size grows with sample
size.

3 Summary of Paper I:

Generalised Linear Models with Clustered

Data: fixed and random effects models

In this paper we consider two kinds of models, a random intercepts
model and a fixed effects model, where asymptotics are replaced by a
simple form of bootstrapping. A profiling approach is introduced in
the fixed effects case, which makes it computationally efficient even
with a huge number of clusters. Both solutions are implemented in
the R (R Development Core Team 2009) package glmmML (Broström
2009).
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3.1 Fixed group effect with profiling

In this case the log likelihood function becomes

ℓ
(

(β,γ);y,x
)

=

n
∑

i=1

ni
∑

j=1

log P (βxij + γi, yij), (3)

where P is given by (1) The parameters in the model are then
estimated by finding the maximum of the likelihood function with
respect to all parameters. To do this we need the partial derivatives
with respect to all the parameters in the model. Setting the n partial
derivatives with respect to γ to zero defines γ implicitly as a function
of β, γi = γi(β), i = 1, . . . , n:

F
(

β, γi(β)
)

=

ni
∑

j=1

G
(

βxij + γi(β), yij

)

= 0, i = 1, . . . , n. (4)

where

G(x, y) =
∂

∂x
log P (x, y) =

∂
∂x

P (x, y)

P (x, y)

Generally, we get no explicit form for γi(β), but the equations in (4)
can be solved numerically.

By replacing γi in (3) with γi(β) we get the profile log likelihood
ℓ(p):

ℓ(p)
(

β;y,x
)

=

n
∑

i=1

ni
∑

j=1

log P
(

βxij + γi(β), yij

)

, (5)

in order to maximise (5) we need the partial derivatives. For γi(β)
we get them via implicit derivation, from

∂

∂βm
F

(

β, γi(β)
)

=
∂γi

∂βm

∂F

∂γi
+

∂F

∂βm
= 0
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we get

∂γi(β)

∂βm
= −

∂F
∂βm

∂F
∂γi

= −

∑ni

j=i xijmH
(

βxij + γi, yij

)

∑ni

j=1 H
(

βxij + γi, yij

) , i = 1, . . . , n; m = 1, . . . , p.

(6)

The profiling reduces the complexity of the optimisation problem
which now consists of

1. Set q = 0 and choose initial values for the parameters.

2. Solve the n equations for γ(β̂
(q)

), equation (4).

3. Plug the results of step 2 into the profile partial derivatives

w.r.t β to obtain β̂
(q+1)

4. Check for convergence, ‖β̂
(q+1)

− β̂
(q)
‖ < ǫ, if no, q ← q + 1

and repeat step 2-4.

Furthermore all clusters, in which all responses are zeros are removed
from the calculations after setting the corresponding γi to −∞.
In the binomial case, clusters with all responses equal to one can
be removed and the corresponding γi = ∞. These extreme cases
correspond to probabilities of zero and one, respectively.

3.2 Random group effect

For the mixed effects model we assume conditional independence,
and conditioned on u(= γ), the random effect, we get a conditional
likelihood. Since u is unobserved, the unconditional likelihood
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function is of greater interest, and we get it by “integrating out”
u:

L
(

(β, σ);y,x
)

=

∫

· · ·

∫

Rn

n
∏

i=1

ni
∏

j=1

P (βxij+ui, yij)
1

σ
p

(

ui

σ

)

du1 · · · dun.

Due to independence, this n-dimensional integral can be written as
a product of n simple integrals:

L
(

(β, σ);y,x
)

=

n
∏

i=1

∫

∞

−∞

p(u)

ni
∏

j=1

P (βxij + σu, yij)du,

where a variable substitution (u→ σu) has taken place. The purpose
of this variable substitution is to avoid numerical problems when σ

is zero or very small. The log likelihood function thus becomes

ℓ
(

(β, σ);y,x
)

=
n

∑

i=1

log

∫

∞

−∞

p(u)

ni
∏

j=1

P (βxij + σu, yij)du,

For numerical evaluation of the integrals we use the Laplace
approximation or Gauss-Hermite quadrature.

3.3 Comparisons

In the simulation study, two questions are asked; (i) How should
the presence or non-presence of a clustering effect be tested? (ii)
Regarding the (possible) clustering effect as a nuisance, which
method gives best performance of fixed parameter estimates? In
all simulations, the fixed effects and the random effects models are
compared, given that simulated data comes from a random effects
model with a Gaussian random effects distribution.

The presence of a clustering effect is tested in two ways, via a
mixed effects model and a fixed effects model. The fixed effects test,
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where p-values are estimated by a bootstrap procedure, had better
performance in terms of higher power when the clusters consisted
of two observations. When cluster sizes were larger, five or ten
observations, the test based on the mixed effects model violated the
significance level, i.e. it rejected the null hypothesis too often when
it was true. For all cluster sizes included in this study the test based
on the bootstrap procedure was conservative, with an empirical size
in the range of 3.2− 3.6% with the nominal significance level of 5%.

In most cases where there is no mixing the parameter estimates
from a fitted fixed effect model has much smaller standard error
compared with its mixed effect counterpart. On the other hand if
there is reason to suspect that a mixing distribution is present, then
a generalised linear mixed effects model (GLMM) should be fitted,
since it has better precision when estimating the fixed effects and
also estimates the variance component of the mixing distribution.

Of the methods investigated here, the mixed effects model fitted
using Gauss-Hermite quadrature, with eight quadrature points, gives
the most stable estimates of the fixed effects parameters, while the
estimates from the other two models, the fixed effects model and the
mixed using Laplace approximation, are somewhat erratic. Note:
Gauss-Hermite approximation can be viewed as a generalisation of
the Laplace approximation; instead of using just a single point, the
approximation is built around approximations in several points.
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4 Summary of Paper II:

Generalised Linear Models with Clustered

Data:

robustness against a misspecified random

effects distribution

In this paper the effect of misspecifying the distribution of the
random effects in a generalised linear mixed model (GLMM) for
binary data is studied. The most common way to specify the
random effects distribution, in model building, is to assume that
it is Gaussian. One problem with mixed effects models is that the
distributional assumptions about the random effects are not easily
checked from real data. Models with Gaussian, logistic and Cauchy
distributional assumptions are used for parameter estimation on data
simulated using the same three distributions. The effect of these
assumptions on parameter estimation is presented. Two criteria for
model selection are investigated, the Akaike information criterion
and a criterion based on a χ2 statistic.

4.1 Layout of the study

This simulation study aims at investigating; (i) What are the effects
on the regression parameter estimates when the deterministic part of
the model is correctly specified but the random effect distribution is
misspecified? (ii) Can Akaikes information criterion (AIC) be used
as a model selection tool when the models only differ in the random
effect distribution assumptions, or is a χ2 criterion better?

The responses Yij, j = 1, . . . , ni; , i = 1, . . . , n, in the simulations
are Bernoulli distributed with success parameters pij. Three random
intercept mixed effects models are used to simulate data. The models
have the same parametrisation and differ only with respect to the
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random effects distribution. The logistic random intercept model
used to generate data is

Pr(Yij = yij | ui;x) = P (β0 + β1x1ij + β2x2ij + ui, yij)

i = 1, . . . , n; j = 1, . . . , k,
(7)

where x1 is a discrete covariate and x2 is drawn from a continuous
distribution. For the simulations β0 = .85, β1 = 1 and β2 = 1
are used. These model parameter settings give, disregarding the
stochastic part of the intercept, an average proportion of events of
0.8.

For each combination of the three levels of the study parameters,
cluster size, number of clusters and the scale parameter of the mixing
distribution, three samples were generated for each replicate, the
difference between them being that the random effects, ui, were
drawn from Gaussian, logistic or Cauchy distributions. To each
of these samples three models are fitted using model (7) assuming
Gaussian, logistic and Cauchy random effect distribution priors.

The AIC and a χ2 statistic were calculated and used to select
the preferred model with respect to the random effect distribution.
Estimates of the βs and the scale parameter for ui were recorded
and their performances compared. Bias and root mean square error
(RMSE) were used as performance measures.

4.2 Results

This study includes three distributions similar in shape but with
different tail probabilities, ranging from Gaussian via logistic to
Cauchy. Using a model assuming Gaussian random effects for data
with a true random effects distribution, which is logistic of course
violates the assumption, but since the distributions are so close to
each other the Gaussian assumption is not as badly violated as
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when a Cauchy distribution is used. The result shows that, when
concerned with estimation of the fixed effects, the gain of using the
correct assumption of the logistic distribution in the model when
data is logistic compared to a model assuming Gaussian random
effects is truly small. More surprising is that the model assuming a
Gaussian random effects distribution, in most cases studied, is better
in terms of the precision of the fixed effect parameter estimates than
a model assuming a Cauchy distribution when data is generated
using a Cauchy distribution.

4.2.1 Fixed effects parameters

For both fixed effect parameters, β1 and β2 in this study, the
results from the simulation suggest that no matter which distribution
generated the data the models with Gaussian and logistic priors have
bias of the same approximate size, while the model assuming Cauchy
distributed random effects performs worse in most cases, even when
the data are generated with Cauchy distributed random effects. The
situations where a Cauchy model gives better estimates of the fixed
effects parameters for Cauchy data, compared to the other models,
are when the number of observations per cluster is large and the
scale parameter in the data-generating Cauchy distribution is large.

4.2.2 Random effects parameters

The distributional assumption has greater impact when it comes to
estimating the variance component and intercept of the model. This
coincides with the result in Litière et al. (2007) that the estimation
of parameters included in the random effect structure of a model are
much more sensitive to misspecification than the other estimated
effects.

The scale parameter estimates of the Gaussian and logistic prior

17



models were compared by calculating the estimated variances and
then comparing those numbers. Once again, the differences between
the logistic and Gaussian models were small. The pattern in this
part of the simulation results was that the logistic model consistently
overestimates the variance when the true random effects distribution
is Gaussian, while the Gaussian model consistently underestimates
the variance when the random effect truly is logistic.

Other measures of spread could of course have been used to allow
the model assuming a Cauchy distribution to be included in this
comparison, but due to the unimpressive performance of that model
during the simulation study, the decision to exclude it and use the
variance measure was made.

4.2.3 Model selection

Model selection with AIC, when the competing models differ only in
their random effects distribution assumption requires large amounts
of data. It only worked well with the largest cluster size, 100, used
in this study, so it might have limited practical application. Model
selection by comparing the marginal distributions, in this case a
over-dispersed binomial distribution, of the models with data by
calculating a χ2 statistic gave promising results with the simple
random intercept model with no covariates used in this paper. When
model selection using χ2 was compared to model selection using
AIC, the correct model was ranked as best to a much larger extent
by χ2 when the true random effects distribution was Cauchy. For
Cauchy random effect data the model with the correct distributional
assumption was selected 1444 times of the 1800 replicates, while it
was only selected once by AIC. But then again the χ2 procedure
indicated a Cauchy model in 248 cases when the generating model
had a logistic random effects distribution.
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4.2.4 Concluding remarks

If the main interest of a GLMM fitting is to estimate a parameter
associated with a covariate, for example a treatment effect, the
assumption of Gaussian random effects distribution will not induce a
large bias, at least under the settings used in this study. If the aim is
to estimate the intercept, the probability of the typical cluster, or the
scale parameter for the random effect, the distributional assumption
in the model plays a crucial role. Assuming the wrong distribution
induces bias in the intercept estimation.

The estimators for fixed effects parameters are quite robust
against misspecification of the random effects distribution, at least
with the distributions used in this paper. Even when the true
random effects distribution is Cauchy, models assuming a Gaussian
or a logistic distribution regularly produce estimates with less bias.
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